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Off-Policy Evaluation for Large Action Spaces
via Policy Convolution

Anonymous Author(s)

ABSTRACT

Developing accurate off-policy estimators is crucial for both evalu-
ating and optimizing for new policies. The main challenge behind
the off-policy estimators is the distribution shift between the log-
ging policy which generates the data and the target policy that we
aim to evaluate. Typically, techniques for correcting distribution
shifts involve some form of importance sampling. This approach
results in unbiased value estimation but often comes with the trade-
off of high variance, even in the simpler case of one-step contextual
bandits. Furthermore, importance sampling relies on the common
support assumption, which becomes impractical when the action
space is large. To address these challenges, we introduce the Policy
Convolution (PC) estimator. This method leverages latent struc-
ture within actions—made available through action embeddings—to
strategically convolve the logging and target policies. This convo-
lution introduces a unique bias-variance trade-off, which can be
controlled by adjusting the amount of convolution. Our experiments
on synthetic and real-world benchmark datasets demonstrate re-
markable mean squared error (MSE) improvements when using
PC, especially when either the action space or policy mismatch
becomes large, with gains of up to 5 — 6 orders of magnitude over
existing estimators.
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1 INTRODUCTION

Off-policy estimation (OPE) is a fundamental problem in reinforce-
ment learning and decision making under uncertainty. It involves
estimating the expected value of a target policy, given access to
only an offline dataset from a different policy, often referred as the
logging policy (see [45] for a comprehensive survey). This decou-
pling between data collection and policy evaluation is crucial in
many real-world applications, as it allows for the assessment of
new policies using historical data without having to deploy them
in the environment, which can be costly or risky. In this paper, we
focus on OPE for the one-step contextual bandit setting, i.e., we
perform decision making with only an observed context that is
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assumed to be independently sampled (e.g., a user coming to a web-
site), and do not consider any recurrent dependencies in the context
transitions as is the case in reinforcement learning. A variety of
practical applications naturally fall into the off-policy contextual
bandit framework, e.g., recommender systems [32, 33], healthcare
[22, 23], robotics [25], etc.

OPE, in its most general setting, can be a very challenging prob-
lem due to its inherently counterfactual nature, as we observe the
true reward only for those actions taken by the logging policy,
while we aim to evaluate a target policy which might have an
arbitrarily different context-action visitation distribution. For ex-
ample, consider a situation where the logging policy in a movie
recommendation service recommends a particular type of action
movies 99% of the time, but a target policy—whose value we’re
trying to estimate—recommends a different type of action movies
99% of the times. Despite both policies recommending movies of
the same genre, this distribution-shift, in the worst case, can lead
to irrecoverable bias in our estimates [28], making it difficult to
accurately evaluate a target policy or learn a better one, e.g., using
counterfactual risk minimization [12, 40].

Typical off-policy estimators utilize Importance Sampling (IS)
to correct for the policy mismatch between the target and logging
policies [4, 10, 14, 20, 29, 37, 39, 41, 44, 48], leading to unbiased
value estimation, at the cost of high variance. The variance prob-
lem caused by IS is exacerbated if the target and logging policies
exhibit significant divergence, and even more so if the action space
is large. Notably, large action spaces frequently occur in practical
OPE scenarios, e.g., recommender systems which can have mil-
lions of items (actions) [27, 49], extreme classification [18, 21, 34],
discretized continuous action-spaces [43], etc.

To address the aforementioned limitations of IS, we propose
the Policy Convolution (PC) estimator. PC strategically convolves
the logging and target policies by exploiting the inherent latent-
structure amongst actions—available through action-embeddings—
to make importance sampling operate in a more favorable bias-
variance trade-off region. Such structure can occur naturally in
different forms like action meta-data (text, images, etc.), action
hierarchies, categories, etc. Or they can be estimated using domain-
specific representation learning techniques [2]. Notably, the uti-
lization of additional action-structure has also been studied in the
online multi-armed bandit literature (Lipschitz bandits) [15, 35, 36],
albeit in the context of regret minimization.

To better understand the practical effectiveness of PC, we com-
pare its performance with various off-policy estimators on syn-
thetic and real-world benchmark datasets, simulating a variety of
off-policy scenarios. Our results demonstrate that PC can skillfully
balance the bias-variance trade-off posited by policy convolutions,
leading up to 5 — 6 orders of magnitude better off-policy evaluation
(in terms of MSE), particularly when the action space is large or
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the policy mismatch is high. To summarize, in this paper, we make
the following contributions:

e Introduce the Policy Convolution (PC) off-policy estimator
that posits a novel bias-variance trade-off controlled by the
amount of convolution on the logging and target policies.

e Experiment with four different convolution functions and
four different backbone estimators for PC, where each combi-
nation is accompanied with its unique set of inductive biases,
thereby leading to distinct performance comparisons.

e Conduct empirical analyses on synthetic and real-world bench-
mark datasets that demonstrate the superiority of PC over a
variety of off-policy estimators, especially when the action
space or policy mismatch becomes large.

2 PRELIMINARIES

2.1 OPE in Contextual Bandits

We study OPE in the standard stochastic contextual bandits setting
with a context space X and a finite action space A. In each round
i, the agent observes a context x; € X, takes an action a; € A,
and observes a reward r; € [0, 1]. The context x; is drawn from
some unknown distribution p(x). The action a; follows some policy
7(+|x;), and the reward r; is draw from an unknown distribution
p(rlxi, a;) with expected value 5(a,x) = Ey~p(r|ax) [r]. The value
of a policy is its expected reward

Vir) &

E [5(a,x)]] .

a~7m(-|x)

E
x~p(x)

In OPE, given a target policy 7, we aim to estimate its value V (i)
using some bandit feedback data D = {(x;,a;,7i)}]; collected

under a different policy p. We call y the logging policy and assume
it is known.

2.2 Conventional OPE Estimators
We now briefly discuss a few prominent OPE estimators, which

will also be used to instantiate our proposed Policy Convolution
(PC) estimator discussed in Section 3.

2.2.1 Direct Method (DM). Taking a model-based approach, DM
leverages a reward-model to estimate the value of the target policy.
Formally, given a suitable S AxXX R, the estimator is defined
as follows:

1 £ E
oM () el g

> x(alx) - 5<a,x)},

acA

where the outer expectation is over the finite set of logged bandit
feedback data 9. Notably, the variance of Voy(-) is often quite low,
since § is typically bounded. However, it can suffer from a large
bias problem due to model misspecification [5].

2.2.2 Inverse Propensity Scoring (IPS). IPS [10] estimator uses
Monte-Carlo approximation and importance sampling to account
for the policy-mismatch between 7 and p as follows:

7(alx) .

Vips(m) = (alx)

(x,a,r)~D

Anon.

The IPS estimator is unbiased under the following two assump-
tions which we too assume throughout the paper unless otherwise
specified:

AssumpTION 2.1. (Unconfoundedness) The action selection pro-
cedure is independent of all potential outcomes given the context, i.e.,
VxeX,rell,a~ n(:|x); {6(a’,x)}yren L alx.

AssUMPTION 2.2. (Common Support) The target policy m shares
common support with the logging policy i1, if Vx € X, a € A; n(alx) >
0 = p(alx) > 0.

However, IPS estimator can suffer from a large variance problem,
since the importance weights 7 (a|x)/u(alx) can be unbounded and
huge. Several estimators are proposed to reduce the variance of the
IPS estimator.

2.2.3  Self-normalized Inverse Propensity Scoring (SNIPS). Built on
the observation that the expected propensity weight in IPS equals
1, SNIPS [41] uses the empirical average of the propensity weights
as a control variate for IPS as follows:

[ 7(alx) ] . [H(GIX)]
——— r|st.p= E .
(x.ar)~D | p - plalx) (x.a)~D | p(alx)
SNIPS typically enjoys smaller variance at the cost of a slight added
bias in comparison to IPS, especially when the variance of the
propensity weight is large[8]. Further, Vsnips(7r) is a strongly con-
sistent estimator of V(i) by the law of large numbers.

Vantps () £

2.2.4 Doubly Robust (DR). DR combines the benefits of unbiased
estimation in IPS and the low-variance, model-based estimation in
DM:

Vor(7) £ B oo Z((lej:)) - (r = 8(a, %)) + A(m, x)
st A(m,x) £ Z x(d|x) - 8(d, %),
aeA

where § is the same reward-model as used in DM (Section 2.2.1).
Intuitively, DR uses the reward-model as a baseline, and performs
importance sampling only on the error of the given reward-model.
DR is unbiased and can be of smaller variance than IPS when the
reward-model § is close to the true reward & [4].

2.2.5  Self-normalized Doubly Robust (SNDR). Similar to the idea be-
hind SNIPS (Section 2.2.3); SNDR [26, 44] performs the same control
variate trick on the DR estimator (Section 2.2.4) as follows:

i . raly)
Vsnor () = xaD [p (el (r—6(a,x)) + A(m,x)
s (alx) . e .S
st.p= (x,a%~@ [,u(a|x)} ; A(m,x) = Z n(alx) - 6(a, x).

aceA

Hence, SNDR encapsulates the ideas behind all the aforementioned
estimators to conduct strongly consistent, low-variance policy value
estimation that might perform well (in terms of MSE) in practice.
While effective to some extent, the importance sampling based
estimators mentioned above can still suffer from large variance
due to large importance sampling weights, especially when the
action space is large. In particular, the variance of these impor-
tance sampling based estimators grows roughly linearly w.r.t. the
maximum propensity weight in O. And the maximum propensity
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Figure 1: Intuition for the PC estimator demonstrated using a hierarchical action tree, where similar actions (movies in this
example) are recursively agglomerated together. The last level (leaf nodes) represents the complete action space, and the higher
levels consist of “meta-actions” that represent a group of individual actions. As we go higher, PC defines the convolved policy
for a given action, as the mean probability of all actions inside its corresponding meta-action. Hence, we obtain the uniform
policy at the topmost-level, and recover the original policy at the last-level.

weight can grow linearly w.r.t. the size of action space Q(|A|) [42],
making these estimators undesirable for OPE for large action-space
problems. Further, when Assumption 2.2 is violated, the variance of
such importance sampling based estimators becomes unbounded, in
addition to incurring a bias of E [Zae(u(x) n(a|x)5(a|x)], where
U (x) is the set of actions where p(-|x) doesn’t put any probability
mass on (blind spots) [28].

To address the aforementioned problems of importance sampling
based estimators, we introduce policy convolution that makes use
of action-similarity information in the next section.

3 OPE VIA POLICY CONVOLUTION

In addition to the offline dataset D, we further posit access to some
embedding & : A R? of the actions, which maps an action a
to a d-dimensional embedding space E(a) € R? Let § 4 ¢ RY be
the subspace spanned by &. Ideally, the embedding should capture
action-similarity information, i.e., smaller distance in the embed-
ding space should imply smaller difference in terms of expected
reward for each context x € X. Notably, such action-embeddings
are typically readily available in many industrial recommender sys-
tems. We are now ready to define our policy convolution estimator,
PC-IPS as follows:

Voe— m) £
pc—1ps (1) s

(7 (-1x) * fr,) (a) .r]
(p(-lx) * fr,) (@)
Za (@ %) - fr,(E(a), E(d)) r]

" xan~0 | To m@ ) - fr,(E(@), E@)) ]
where ‘«’ represents the convolution operator specified in the

action-embedding domain, and f; : R? x R? - R is an action-
action similarity (or pooling) function which has a parameter 7 to

control the level of smoothing. We illustrate the intuition behind
policy convolution in Figure 1, where PC “strategically” biases the
logging and target policies toward the uniform policy, by leveraging
the underlying action structure.

As we will observe further in Section 4.2, such convolutions
in-turn lead to a new bias-variance trade-off that is controlled by
the level of smoothing (7). We explore four suitable instantiations
of the action-action similarity (or pooling) function, f; for PC:

e Kernel Smoothing. Perhaps the most intuitive, we use the idea
of multi-variate kernel smoothing [46] in the action-embedding
space to derive our similarity function as:

fr (8(a),E(a")) = ‘K(S(a),(‘}(a'))

8(a)1,8(a )i
- dn |EnE),

where, K is a suitable kernel function (e.g., Gaussian), and 7 € R
now corresponds to the bandwidth. It is worth noting that such a
formulation can also be derived by viewing actions as continuous
treatments, as defined by their embeddings [9, 14]. However, in
such a formulation, since there cannot exist an inverse mapping
from RY A, having treatments outside & # doesn’t make
sense.

e Tree Smoothing. In this setting, we use & to recursively par-
tition the action-space (see Figure 1 for a depiction) into a tree-
like structure of depth D, where each depth can be specified
by 75 = {ag1,a42,...,a4}, where ag; is a meta-action (set)
comprising of singular actions, such that A = U{'C:I ag;, and
ag;Nag ;= foralli# jpairs. Notably, 7p (root node) consists
of a single meta-action with all actions, and 71 = A (last level)
consists of each singular action. The similarity function is then
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Anon.

IPS with |D] = 1
ap a2 a3 ag | V() S with [ D] = 10
MSE Bias? Var
5(-,x1) | 5 0 15 20| - | - - -
7(-|x1) 00 02 02 06| 17
=1 480 ~0 480
’ p(-lx1) 02 02 04 02| 13
(e f)Clx) | 01 01 04 04| 155 | o
(u*f)Clx) | 02 02 03 03| 135
_, (ref)Cl) 025 025 025 025 125 | oo o o
(u*f)(Clx) | 025 025 025 025 125

Table 1: A toy example to intuit PC using the Tree similarity function, and constrained to have 7; = 7. Similar to Figure 1, in
this toy example, the action tree is a 3-level complete binary tree, where the action partitioning is defined as {(aj, az, as,a4)} —

{(a1,a2), (a3,a4)} = {(a1), (a2), (a3), (a4)} from top to bottom.

defined as:
I(a’ € ac(a))
laz(a)] -
where, I(+) represents the indicator function, 7 signifies the depth
of the action-tree to use, and a,(a) represents the meta-action at
depth 7 corresponding to the action a.
o Ball Smoothing. In this setting, we define a binary similarity

function based on a fixed-radius ball around the given action, as
defined by & as follows:

fr (6(a).6(a)) =

L(lIE(a) - &)} < 7)

f: (8(a).8(a)) * { &) - &@Nl; <z|Va” e A}

where, 7 signifies the radius of the ball around &(a).
e kNN Smoothing. In this setting, we define a binary similarity
function as the k-nearest neighbors decision function:

£ (@), &) 2 L WN@D)

T

where, 7 signifies the number of nearest neighbors to use, and
kNN(aq, 7) represents the set of 7 nearest neighbors of &(a) in
E4q.

Notably, PC is not limited for the IPS estimator discussed hith-
erto, and we analogously define PC for other “backbone” estima-
tors, namely, Self-Normalized IPS (SNIPS), Doubly Robust (DR), Self-
Normalized DR (SNDR) discussed in Sections 2.2.3 to 2.2.5, and call
such estimators PC-SNIPS, PC-DR, and PC-SNDR for convenience.

Witnessing existing solutions for conducting OPE in large action-
spaces [24, 30], we note that off CEM [30] and grouplPS [24] are
both specific instantiations of our more general Policy Convolution
framework. More specifically, groupIPS can be generalized as PC-
IPS and offCEM as PC-DR, both using a two-depth tree (i.e., flat
clustering) in the tree convolution function, and with an additional
constraint of 71 = 73 = 1. As we will further note in our experiments
(Section 4.2): (1) using the kernel and kNN convolution functions
tend to perform better than others; and (2) convolving the logging
and target policies differently (i.e., 71 # 12) adds a lot of flexibility
to PC, leading to much better estimation than either convolving the
two policies equally, or convolving only one out of the two policies.

Motivating example. To gain a better intuition of PC, we refer
to Figure 1 and construct a four-action, single-context toy example
described in Table 1. We conduct OPE using the IPS estimator at
various levels of the action-tree, with a sample size of |D| = 10 and
repeat the experiment 50k times. The results demonstrate that as
we progress to higher levels of the tree (increased pooling), variance
decreases, but bias increases. At the leaf level, IPS is unbiased but
exhibits high variance. At the top-most level, while variance is the
lowest, bias is significantly increased. When 7 = 2, we observe the
best bias-variance trade-off, leading to the lowest MSE.

4 EXPERIMENTS
4.1 Setup

We measure PC’s empirical effectiveness on two datasets. Firstly,
we simulate a synthetic contextual bandit setup, beginning by sam-
pling contexts x ~ N(0,I). Subsequently, to realize our assumption
that there indeed exists a latent structure amongst individual ac-
tions, we randomly assign each action to one of 32 latent topics,
denoted by a. We also assign each latent topic a corresponding
mean {y; ~ N(0, I)}?il and covariance {a; ~ N(0,I) ?il To re-
alize the assigned structure in the action-space, we sample each
action’s embedding from its correspondingly assigned topic, i.e.,
&E(a) ~ N (g, 03). We then model the reward function (x, a) as
a noisy and non-linear function of the underlying context- and
action-embedding: 6(x,a) = ®(x||E(a)ll€), where “||” represents
concatenation, € ~ N(0,I) is white-noise, and @ is a randomly
initialized, two-layer neural network. Such a formulation realizes
two crucial assumptions: (a) semantically closer actions are nearby
according to &, and (b) & shares a causal connection with the down-
stream reward function. Finally, we define the logging policy u(:|x)
as a temperature-activated softmax distribution on the ground-truth
reward distribution §(-, x), and the target policy as the e—greedy

policy:
exp(f - q(x, a))
2Za exp(f-q(x.a’))

(1-¢€)-I[8(a,x) = sup {5(a’,x)}]| +
aeA

>

p(alx)
(1

€
Al

13

m(alx)
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Figure 2: Change in MSE while estimating V(740,4) With varying number of actions (log-log scale) for the synthetic dataset,
using data logged by (top) funiform, Or (bottom) pigy04. Results for V(7,,4) can be found in Appendix B, Figures 7 and 8.

Furthermore, to test the practicality of PC on a real-world, large-
scale data, we also synthesize a bandit-variation of the Movielens-
100k dataset [7] which consists of numerous (user, item,rating)
tuples. Taking inspiration from previous recommender system —
bandit feedback conversion setups [31], we define a positive reward
if the provided rating > 4, or else zero. We then define contexts
and action-embeddings as the user- and item-factors attained by
performing SVD on the binary user-item rating matrix, respectively.
Furthermore, to simulate continuous instead of binary reward, for
missing entries, we define the reward as the dot product of the
corresponding user- and item-factors, estimated using SVD before.
While we define the target policy similarly as in Equation (1), in
the hope of following a realistic, two-stage recommender system
setup [19], we define the logging policy p(-|x) using the following
procedure: (1) shortlist a set of 100 best actions defined by (-, x),
and 400 actions at random, (2) sample a logit from U(0, 1) for each
positive action, and from U(0, 0.8) for the random actions, (3) take
a temperature softmax as in Equation (1) only on the sampled logits,
and (4) perform e—greedy on the obtained action probabilities to
satisfy Assumption 2.2.

As per our setup, V*(i) o« f and V*(xr) o ! for both the
datasets. To avoid clutter, we define jiyniform When 8 = 0, and pigo0d
when f = 3. Similarly, we define 7,4 when € = 0.8, and 7004 Wwhen
€ = 0.05. Unless specifically mentioned, we use the default values
of the remaining hyper-parameters in the bandit data generation
procedure, as listed in Appendix A.

For evaluating the performance of various estimators, we com-
pute the Mean Squared Error (MSE) between the true and predicted
value of the target policy. We reserve a large test-set just to compute
the true value of the target policy. We also estimate the squared bias
and variance of our predicted estimates by repeating each experi-
ment for 50 random seeds, and also compute the 95% confidence

interval for visualization purposes. Note that the bias, variance,
and MSE of any estimator are naturally linked to each other by the
following decomposition: MSE(-) = Bias(-)2 + Var(-).

For the PC estimator, we chose the optimal convolution values
(i.e., 71 and 72) using the MSE obtained on a validation set. Notably,
while PC for any given backbone estimator strictly contains the
naive backbone (i.e., when 73 = 73 = 0); we only report results for
PC with a non-negative amount of pooling.

4.2 Results

(Figure 2) How does PC perform with a varying number of
actions? Observing the effect of increasing the number of actions
(|A|) on different estimators’ performance while keeping the size
of the available bandit feedback (|D|) constant, we find that the
MSE of all IS-based estimators deteriorates, in accordance with
the Q(|A|) growth of their variance. We further note that utilizing
Hgood rather than piyniform as the logging policy, results in an almost
2-orders of magnitude reduction of MSE across all estimators. We
hypothesize this finding to be an artifact of the increased overlap
between figood and mgooq- Finally, a general trend that holds across
various convolution strategies is that the improvement in MSE
achieved by PC w.r.t. its respective backbone, significantly increases
with increasing | A|. Notably, in the extreme scenario of 10k actions,
PC-DR outperforms DR by up to 5-orders of magnitude in terms of
MSE. While we note that no single backbone estimator or pooling
strategy is optimal in every scenario for PC, PC-SNDR and kernel or
kNN convolution strategies generally exhibit better performance
than other combinations.

(Figure 3) How does PC perform with varying amount of
policy-mismatch? We analyze the impact of increasing the policy
mismatch between the target and logging policies on off-policy
estimation performance, specifically by tuning the  parameter in
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Figure 3: Change in MSE while estimating V(74004) with varying policy-mismatch (log scale) for (top) synthetic, and (bottom)
movielens dataset. The policy-mismatch is higher when f is lower. Results for estimating V (1p,4), and the observed bias-variance

trade-off can be found in Appendix B, Figures 9 to 12.
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Equation (1) that controls the quality of the logging policy, keeping
the target policy fixed. We observe that OPE becomes hardest on
both ends of the spectrum, i.e., when the logging and target policies
have large divergence. The difficulties of OPE in such low-overlap
scenarios have been well documented in the literature [1, 13, 28],
and we observe that PC—through the use of latent structure amongst
actions—is particularly helpful in such conditions. An analysis of
the exact bias-variance trade-off provided in Appendix B, Figure 10
reveals that PC is able to effectively (1) reduce the variance when
policy-mismatch is low, i.e, |f| = 0, and (2) counteract the bias
introduced by IS when Assumption 2.2 is violated, i.e., |f] is large.
Both of these improvements result in significantly better MSE for PC
across the entire policy-mismatch spectrum, as depicted in Figure 3.

(Figure 4) How does PC perform with a varying amount of
bandit feedback? Keeping all other factors fixed, we investigate
the impact of increasing the size of the logged bandit feedback (| D|)
on the MSE of various off-policy estimators. Like other baseline es-
timators, we observe that PC exhibits consistency and is effectively
able to balance the bias-variance trade-off. Specifically, PC is most
advantageous in the low-data regime, due to its variance reduction
properties. However, as |D| continues to increase, PC converges
to its respective backbone estimator, i.e, when 71 = 73 = 0 rep-
resents the optimal bias-variance trade-off point. This pattern of
a decreasing amount of optimal pooling (71, 72) with increasing
|D| is anticipated, as the variance of IS-based estimators naturally
decreases with growing |D|, and any reduction in variance at the
cost of increased bias negatively impacts the overall MSE. We take
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Figure 5: Change in MSE, Squared Bias, and Variance for PC-IPS and other baseline estimators while estimating V(74,04) with
varying support (log-log scale) for the synthetic dataset (with 2000 actions), using data logged by pniform- Results for other
backbones in PC, and estimating V(7,,4) can be found in Appendix B, Figures 21 and 22.
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Figure 6: Visualizing the bias-variance trade-off for PC-SNIPS

(Tree pooling) with varying amount of pooling, while estimating

V(7g00d) and using figooq for logging on the synthetic dataset (with 2000 actions). When 71 # 72, we plot results for 7; on the plot.
The naive SNIPS estimator is the left-most point, i.e., when there’s no pooling. Results for other backbones, pooling methods,
and the movielens dataset can be found in Appendix B, Figures 27 and 28.

further note of this observation for even more kinds of logging
policies and backbone estimators in Appendix B, Figures 29 to 31.

(Figure 5) How does PC perform with a varying amount of
deficient support? To understand the effect of varying amount of
support (or overlap) between the logging and target policies on vari-
ous estimators, we simulate such a scenario by explicitly forcing the
logging policy to only have support (i.e., non-zero probability) over
a smaller, random set of actions, and have zero probability for all
other actions. Varying this deficient action ratio, we firstly observe
an expected increase in the MSE and squared bias of baseline esti-
mators like IPS, SNIPS, DR, etc. due to the violation of Assumption
2.2, which has been shown to to add irrecoverable bias in impor-
tance sampling based estimators [28]. On the other hand, even with
an increasing number of deficient actions, the MSE for PC tends
to stay relatively constant, with kernel-based convolutions being
the best approach. This goes to show that PC is able to accurately
leverage action-embeddings as a guide for appropriately filling-in
the blind spots while performing OPE.

(Figure 6) How does the amount of convolution affect the bias-
variance trade-off? We examine the influence that the amount
of convolution in PC has on the bias-variance trade-off for three
variations of PC with the tree pooling function: (1) only the tar-
get policy is convolved, ie, 72 = 1 which is equivalent to the
similarity estimator [6]; (2) both the logging and target policies
are convolved equally, i.e, 71 = 72 which is equivalent to the of-
fCEM [30] and grouplIPS [24] estimators; and (3) both the logging
and target policies are convolved and 71, 72 can be different. From
Figure 6, we observe that the amount of convolution results in a
bias-variance trade-off, where larger pooling leads to decreased
variance, but increased bias. It is worth mentioning that the initial
decrease in bias with convolution is due to the use of pgo0q for
logging, which partially violates Assumption 2.2. This results in a
biased SNIPS estimate, which the PC estimator is able to effectively
recover. Further, we note that solely convolving the target policy
(i.e., the similarity estimator) does not necessarily result in a suitable
bias-variance trade-off, with the other two convolution strategies
being significantly better, and having 71 # 72 consistently being
the best approach.
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5 RELATED WORK

Off-policy evaluation. A wide body of literature in operations
research, causal inference, and reinforcement learning studies the
problem of off-policy evaluation. Prominent off-policy estimators
can be grouped into the following three categories: (1) Model-
based: dubbed as the direct method (DM), the key idea in DM is to
use a parametric reward model to extrapolate the reward for un-
observed (context, action) pairs [4]. These methods typically have
a very low variance, at the cost of uncontrollable bias. (2) Impor-
tance sampling based: these estimators use the propensity ratio
between the target and logging policies to account for the distri-
bution mismatch [10]. Such estimators, though unbiased, suffer
from large variance, with typical remedies being propensity clip-
ping [11, 39] or self-normalization [41]. (3) Doubly robust: these
estimators use importance sampling only on the error of a reward
model leading to unbiased estimation with a much lower variance
[3-5, 26, 37, 44].

Off-policy evaluation for large action spaces. Most relevant
to this paper, two kinds of major problems occur when attempting
to perform OPE in large action spaces. Firstly, the variance of any
importance sampling method grows linearly w.r.t. the size of the
action-space [42], and the common support assumption tends to
become impractical [28] leading to irrecoverable bias in estimation.
Recent work [6, 24, 29, 30] attempts to use some notion of latent
structure in the action-space to address both of the aforementioned
limitations. The MIPS estimator [29] builds on the randomness in
available action-embeddings to improve OPE. However, in a setting
where only a 1:1 action-to-embedding mapping is available (as in
this paper), MIPS reduces to vanilla IPS. Further, as we discussed
in Section 3, off CEM [30], similarity estimator [6], and groupIPS
[24] are all specific instantiations of our proposed PC estimator.

Off-policy evaluation for continuous action spaces. Another
line of work builds off-policy estimators when the action-space
is continuous, e.g., the dosage of a treatment. If we discretize the
action-space into a fixed number of bins as per some resolution, the
action-space becomes too large for typical off-policy estimators to
work well [43]. To this end, typical approaches extend the discrete
rejection sampling idea into a smooth rejection operation using
standard kernel functions [14, 16, 47]. Notably, in PC, we marry
the two disparate fields of (1) OPE with continuous action spaces,
and (2) OPE with large action spaces through a simple connection:
viewing action embeddings as continuous treatments themselves.
In this way, we can reliably perform off-policy evaluation in the con-
tinuous, low-dimensional embedding space rather than the discrete,
large action space.

6 CONCLUSION & FUTURE WORK

In this paper, we proposed the Policy Convolution (PC) estimator
which leverages latent action structure specified via action embed-
dings to perform better off-policy evaluation. More specifically,
PC convolves both the target and logging policies according to an
action-action convolution function, which posits a new kind of
bias-variance tradeoff controlled by the amount of convolution.
Conducting empirical evaluation over a diverse set of off-policy
estimation scenarios, we observe that the PC estimator is up to

Anon.

5 orders of magnitude better than other baseline estimators in
terms of MSE, especially when (1) the action-space is large, (2) the
policy mismatch between logging and target policies is high, or
(3) the common support assumption for importance sampling is
violated. We believe that our findings can expand the potential use
of off-policy estimators into new and practical scenarios, and also
encourage further exploration into the use of additional structure
for efficient OPE.

We also discuss limitations and unexplored directions in this
paper that we believe are promising directions for future work.
Firstly, having a deeper formal understanding about the statistical
properties of PC might help in designing more robust off-policy
estimators. Next, even though we experiment with four different
action convolution (or pooling) functions, having a better under-
standing of the downstream effect of various convolution functions
on the PC estimator might guide us in designing even better and
more principled approaches. Finally, trying to understand and de-
velop principled techniques for automatically selecting the level
of convolution to conduct on the target and logging policies is an
interesting research direction [17, 38].
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A APPENDIX: HYPER-PARAMETERS

Anon.

Hyper-param Value Hyper-param Value Hyper-param Value
|A| 2,000 |D| 10,000 | Test data | 100,000
B 0.0 € 0.05 # Seeds 50
dim(context) 32 dim(action-embed) 16 dim(noise) 8
B APPENDIX: ADDITIONAL RESULTS
Varying Number of Actions (|A|)
1. Synthetic Dataset Estimating V (7p,4) using funiform -« -« -« - - Page 11, Figure 7
2. Synthetic Dataset Estimating V(7pad) USING Hgood ««vvvvvn - - Page 12, Figure 8
Varying Policy-mismatch through p(f)
1. Synthetic Dataset Estimating V(Zgood) -+ ovvvveereeeeeeinn. Page 13, Figure 9
2. Synthetic Dataset Estimating V(/pad) ««ovovvveenenenenenenn. Page 14, Figure 10
3. Movielens Dataset Estimating V(Zgood) -+ vvvvveereeeeeein.. Page 15, Figure 11
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Figure 11: Change in MSE, Squared Bias, and Variance while estimating V(75004) With varying policy-mismatch (log scale) for

the movielens dataset.
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Figure 12: Change in MSE, Squared Bias, and Variance while estimating V (7,,4) with varying policy-mismatch (log scale) for

the movielens dataset.

16

1799
1800
1801
1802
1803
1804
1805
1806
1807
1808
1809
1810
1811
1812
1813
1814
1815
1816
1817
1818
1819
1820
1821
1822
1823
1824
1825
1826
1827
1828
1829
1830
1831
1832
1833
1834
1835
1836
1837
1838
1839
1840
1841
1842
1843
1844
1845
1846
1847
1848
1849
1850
1851
1852
1853
1854
1855
1856



Off-Policy Evaluation for Large Action Spaces via Policy Convolution Conference acronym XX, June 03-05, 2018, Woodstock, NY

1857 1915
1858 1916
1859 1917
1860 1918
1861 1919
1862 1920
1863 1921
1864 1922
1865 1923
1866 1924
1867 1925
1868 (a) Bias-Variance trade-off for PC-IPS (b) Bias-Variance trade-off for PC-SNIPS 1926
1869 . i 1927
1870 w100 » \ 1928
S i
1871 m 3 m 5 1929
1872 g w02t = 2 5 1930
1873 ) 5 g g 1931
& 10 = g =
1874 3 3 1932
1875 v . " 1933
1876 0 02 04 06 08 1 0 02 04 06 08 1 0 02 04 06 08 1 1934
1877 (c) Bias-Variance trade-off for PC-DR (d) Bias-Variance trade-off for PC-SNDR 1935
1878 101 101 1936
1879 @ @ 1937
9 10-1 9 107!
1880 A 2 a ] 1938
o = o =
1881 g . 'E% S 100 'E% 1939
1882 ] 5 ] =) 1940
2 > 2 >
1883 o' o' 10-5 1941
» 107 \V \./ A
1884 v ) o 1942
1885 0 02 04 06 08 1 0 02 04 06 08 1 0 02 04 06 08 1 1943
1886 1944
1557 IPS Backbone DR Backbone SNDR Backbone 1015
1888 === —_, —_, 1946
— f— d=— \0\ \.\
1889 10° '—=§3\' e —. 1947
1890 1 — ‘ 1948
1891 %’ 102 -\.\ 1949
1892 ® 7 1950
1893 10-4 N y 1951
1894 o 1952
1895 0 02 04 06 08 1 0O 02 04 06 08 1 O 02 04 06 08 1 0 02 04 06 08 1 1053
1896 € (quality of m) € (quality of m) € (quality of m) € (quality of m) 1954
1897 i ; 1955
Baselines Pooling Functions for PC
1898 1956
— DM — IPS —— SNIPS DR —— SNDR —— kNN Tree Kernel =~ —— Ball
1899 1957
1900 1958
1901 Figure 13: Change in MSE, Squared Bias, and Variance while estimating various target policies (log scale) for the synthetic 1959
1902 dataset, using data logged by pyniform- 1960
1903 1961
1904 1962
1905 1963
1906 1964
1907 1965
1908 1966
1909 1967
1910 1968
1911 1969
1912 1970
1913 1971

1914 17 1972



1973
1974
1975
1976
1977
1978
1979
1980
1981
1982
1983
1984
1985
1986
1987
1988
1989
1990
1991
1992
1993
1994
1995
1996
1997
1998
1999
2000
2001
2002
2003
2004
2005
2006
2007
2008
2009
2010
2011
2012
2013
2014
2015
2016
2017
2018
2019
2020
2021
2022
2023
2024
2025
2026
2027
2028
2029
2030

Conference acronym °XX, June 03-05, 2018, Woodstock, NY

(a) Bias-Variance trade-off for PC-IPS

Squared Bias
Variance

100 /./o 10!
@ ’\/./' R
Ma 10 o X _ 8
k] [ — g
g 1074 o ‘0
g S
o
wn 107° ./A
L, o’
0 02 04 06 08 1 0 02
10!
LT-l
[9)]
S 10° 3
1075
0 02 04 06 08 1 0 0.2
€ (quality of m)
Baselines
— DM — IPS —— SNIPS

Figure 14: Change in MSE, Squared Bias, and Variance while estimating various target policies (log scale) for the synthetic

dataset, using data logged by 1i5004-

0.4

0.6

0.4
€ (quality of m)

DR

Squared Bias

0.8 1

Squared Bias

06 0.8 1 0

—— SNDR

18

(b) Bias-Variance trade-off for PC-SNIPS

(d) Bias-Variance trade-off for PC-SNDR

.\-—0-+-

—-——-o-—-—-

0.6

02 04 06
€ (quality of m)

—— Kernel

Variance

0.8 1

Variance

=

0.8 1

10!

._.
<

_
=
&

_
=
&

0

0.2
€ (quality of m)

0.2

0.4

Pooling Functions for PC

Ball

Tree

0.4

Anon.

06 0.8 1

—— kNN

2031
2032
2033
2034
2035
2036
2037
2038
2039
2040
2041
2042
2043
2044
2045
2046
2047
2048
2049
2050
2051
2052
2053
2054
2055
2056
2057
2058
2059
2060
2061
2062
2063
2064
2065
2066
2067
2068
2069
2070
2071
2072
2073
2074
2075
2076
2077
2078
2079
2080
2081
2082
2083
2084
2085
2086
2087
2088



Off-Policy Evaluation for Large Action Spaces via Policy Convolution Conference acronym XX, June 03-05, 2018, Woodstock, NY

2089 2147
2090 2148
2091 2149
2092 2150
2093 2151
2094 2152
2095 2153
2096 2154
2097 2155
2098 2156
2099 2157
2100 (a) Bias-Variance trade-off for PC-IPS (b) Bias-Variance trade-off for PC-SNIPS 2158
2101 101 2159

2102 %3] %2} 10-2 2160
] ]
2103 e @ M 8 Lo 2161
=} a .
2104 T & 2 8 1o 2162
= o = ) o,

2105 a @ 1] < 2163
2106 & - & = 2164
1 1

wn wn 10-6
2107 2165
2108 2166
2109 (d) Bias-Variance trade-off for PC-SNDR 2167
2110 -1 -1 2168
. 10 1071 4 .

1%} »n  10-3 ~— 2169
2112 & 10 © = e © 2170

m o M o5 e Tt o
2113 ° = k] N g 2171

© o) _7 * O @ e S ]

© j0-s & L 107 T o

2114 « < g ol ® o] 2172
10~ " .

2115 g‘ _ s =) - > 2173

wn 10 wn 10-11
2116 2174
2117 2175
2118 2176
2119 2177

107t
2120 2178
2121 10-3 2179
2122 [0 2180
2123 E 10-5 2181
2124 2182
2125 10-7 S > 2183
2126 - ° 2184
2127 0 02 04 06 038 1 0 02 04 06 0.8 1 0 02 04 06 0.8 1 0 02 04 06 0.8 1 2185
2128 € (quality of m) € (quality of m) € (quality of m) € (quality of m) 2186
2129 . . 2187
Baselines Pooling Functions for PC
2130 2188
— DM — IPS —— SNIPS DR —— SNDR -—— kNN Ball Tree  —— Kernel

2131 2189
2132 2190
2133 Figure 15: Change in MSE, Squared Bias, and Variance while estimating various target policies (log scale) for the movielens 2191
2134 dataset, using data logged by pyniform- 2192
2135 2193
2136 2194
2137 2195
2138 2196
2139 2197
2140 2198
2141 2199
2142 2200
2143 2201
2144 2202
2145 2203

2146 19 2204



2205
2206
2207
2208
2209
2210
2211
2212
2213
2214
2215
2216
2217
2218
2219
2220
2221
2222
2223
2224
2225
2226
2227
2228
2229
2230
2231
2232
2233
2234
2235
2236
2237
2238
2239
2240
2241
2242
2243
2244
2245
2246
2247
2248
2249
2250
2251
2252
2253
2254
2255
2256
2257
2258
2259
2260
2261
2262

Conference acronym °XX, June 03-05, 2018, Woodstock, NY

(a) Bias-Variance trade-off for PC-IPS

= e
s °
IS &

Variance

Squared Bias
s s

10-10

0.2 0.4 0.6

(c) Bias-Variance trade-off for PC-DR

107!

\ 10-2
e ®©

10-3 ¢

— —

1074

Variance

Squared Bias

o,

o

0 02 04 06 08 1 0
€ (quality of m)

Baselines

— DM — IPS ~— SNIPS

Figure 16: Change in MSE, Squared Bias, and Variance while estimating various target policies (log scale) for the movielens

dataset, using data logged by 1i5004-

SNIPS Backbone

—_

..-“-:::::=li5..===

0.2 04

DR

——_

e ® e

0.6
€ (quality of m)

Squared Bias Squared Bias

(X

0.8 1 0

—— SNDR

20

Anon.

(b) Bias-Variance trade-off for PC-SNIPS

0.6

0.8 1

0 0.2 0.4 0.6 0.8 1

(d) Bias-Variance trade-off for PC-SNDR

02 04
€ (quality of m)

— Tree

0.6

0.8

1

107" g,

_

o
&

00

———
E&:\i;

1075 e
e,

Variance

h
S
4

0 02 04 06 08 1

SNDR Backbone

.---—o-—-~
.\
—

0 02 04 06 08 1
€ (quality of m)

Pooling Functions for PC

Ball

Kernel —— kNN

2263
2264
2265
2266
2267
2268
2269
2270
2271
2272
2273
2274
2275
2276
2277
2278
2279
2280
2281
2282
2283
2284
2285
2286
2287
2288
2289
2290
2291
2292
2293
2294
2295
2296
2297
2298
2299
2300
2301
2302
2303
2304
2305
2306
2307
2308
2309
2310
2311
2312
2313
2314
2315
2316
2317
2318
2319
2320



2321
2322
2323
2324
2325
2326
2327
2328
2329
2330
2331
2332
2333
2334
2335
2336
2337
2338
2339
2340
2341
2342
2343
2344
2345
2346
2347
2348
2349
2350
2351
2352
2353
2354
2355
2356
2357
2358
2359
2360
2361
2362
2363
2364
2365
2366
2367
2368
2369
2370
2371
2372
2373
2374
2375
2376
2377
2378

Off-Policy Evaluation for Large Action Spaces via Policy Convolution Conference acronym XX, June 03-05, 2018, Woodstock, NY
(a) PC-IPS

Muniform, |-A| =10 Muniforms |A| = 2K Mgood: |A| =10 Mgood: |A| =2K

...-""--.-.-..
— o)
) e

— s
——

500 1K 2K 5K 10K 25K 500 1K 2K 5K 10K 25K 500 1K 2K 5K 10K 25K 500 1K 2K 5K 10K 25K
DI DI DI DI

(b) PC-SNIPS

Huniform, |A| = 10 Huniforms |A| = 2K HMgood- |A| =10 HMgood: |A| = 2K
10t e——
PR ———

m' T
- N ————

S\_\\ * =
f\M .=’~: — — . om—

» 7 o ® ®
®

500 1K 2K 5K 10K 25K 500 1K 2K 5K 10K 25K 500 1K 2K 5K 10K 25K 500 1K 2K 5K 10K 25K

|D D |D| |D|
(c) PC-DR
Muniform, |A| = 10 Muniforms |A| = 2K HMgood: |A| =10 HMgood: |A| = 2K
102 o-.;__.

— Fr—

)

.%;;:o—o

. ""‘-—-—.—-—-—-.—-—._;
—

500 1K 2K 5K 10K 25K 500 1K 2K 5K 10K 25K 500 1K 2K 5K 10K 25K 500 1K 2K 5K 10K 25K

|D| |D| D |D|
(d) PC-SNDR
Muniform. |A| =10 Muniforms |A| = 2K Mgood: |A| =10
2 -
10 —_
o--u---m..==== °
100 :_ﬂ_:=+.>§=

f\.’@\,

500 1K 2K 5K 10K 25K 500 1K 2K 5K 10K 25K 500 1K 2K 5K 10K 25K 500 1K 2K 5K 10K 25K
DI DI DI DI
Baselines Pooling Functions for PC

— DM — IPS ~— SNIPS DR —— SNDR —— Kernel Tree kNN —— Ball

Figure 17: Change in MSE while estimating V (75504) with varying amount of bandit feedback (log-log scale) for the synthetic

dataset.
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Figure 19: Change in MSE while estimating V(75004) With varying amount of bandit feedback (log-log scale) for the movielens
dataset.
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Figure 20: Change in MSE while estimating V (7,,4) with varying amount of bandit feedback (log-log scale) for the movielens
dataset.
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Figure 21: Change in MSE, Squared Bias, and Variance while estimating V(74,,4) with varying support (log-log scale) for the
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Figure 22: Change in MSE, Squared Bias, and Variance while estimating V (r,,4) with varying support (log-log scale) for the
synthetic dataset (with 2000 actions), using data logged by yniform-
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Figure 23: Change in MSE, Squared Bias & Variance while estimating V (75004) With varying action embedding size (log-log scale)
for the synthetic dataset (2000 actions), using data logged by 1 niform-
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(a) Optimal amount of pooling with varying number of actions, i.e., | A| (log scale)
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(b) Optimal amount of pooling with varying amount of bandit feedback, i.e, | D| (log scale)
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Figure 30: Change in the optimal amount pooling for PC while estimating V (775004) for the synthetic dataset, using data logged
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