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Ondřej Kubı́ček
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ABSTRACT

Using additional computation during inference improves performance across do-
mains ranging from games to language models. In this work, we explore ap-
plying additional test-time training in imperfect-information games. We focus
on two-player zero-sum games and show that modern policy-gradient algorithms,
which converge to equilibria when applied to the full game, can produce highly
exploitable strategies when applied locally at test time. This phenomenon, previ-
ously observed in tabular settings, persists in the function approximation regime.
We extend safe subgame-solving techniques based on gadget games from the tab-
ular setting to reinforcement learning and show that they can prevent this degra-
dation. Scaling these methods to more complex domains may require learned
generative models of the environment, as test-time training demands the ability to
generate states and trajectories on the fly, and restarting a simulator from the cur-
rent position may not always be feasible. More broadly, our findings are relevant
beyond games, as LLM-based agents are increasingly trained via reinforcement
learning, and similar safeguards may be necessary when trained in adversarial
settings.

1 INTRODUCTION

Subgame solving is a technique for playing large games by decomposing them into smaller parts to
be addressed separately. The major advantage of this is that compute can be focused in real time on
positions that actually occur during play (Gilpin & Sandholm, 2006). In imperfect-information
games, subgame solving is notoriously difficult, as players cannot observe the full state of the
game (Gilpin & Sandholm, 2006; Burch et al., 2014; Ganzfried & Sandholm, 2015). Subgame solv-
ing methods must therefore consider a set of possible current world states, and the resulting strategy
depends on the probability distribution over those states (Burch et al., 2014; Moravčı́k et al., 2016;
Brown & Sandholm, 2017). Subgame solving techniques can be divided into two categories based
on the world states they consider. When a player faces a decision, knowledge-limited subgame solv-
ing (KLSS) constructs a subgame from all world states that the player cannot distinguish (Zhang &
Sandholm, 2021; 2026; Liu et al., 2023).1 Public state subgame solving (PSSS) constructs a sub-
game from the set all world states, such that it is common knowledge between players, the game is
in a state from this set. This is a superset of world states used for KLSS (Gilpin & Sandholm, 2006;
Burch et al., 2014; Ganzfried & Sandholm, 2015; Moravčı́k et al., 2016; Brown & Sandholm, 2017;
Moravčı́k et al., 2017; Brown & Sandholm, 2018; Schmid et al., 2023; Kubı́ček et al., 2024).

Recent research has produced policy-gradient algorithms that converge to various types of equilibria
even in large imperfect-information games (Perolat et al., 2021; 2022; Sokota et al., 2023; 2025;
Masaka et al., 2025; Kalogiannis & Farina, 2025). However, these algorithms assume that the player
follows the trained strategy throughout play and do not provide a mechanism for using additional
computation to improve decisions at specific points encountered during a match.

Recently, computation at test time has been introduced into policy-gradient algorithms for imperfect-
information games. The update-equivalence framework simulates a single gradient step of the train-

1More generally, KLSS can construct a subgame from more world states
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Figure 1: Modified version of Matching Pennies with Player 2 acting first.

ing algorithm to improve the strategy local to the current decision. It was used in the superhuman
Stratego agent (Sokota et al., 2024; 2025). However, its safety guarantees hold only for a single step
and cannot be maintained beyond that, because it assumes static opponent in the past. An alterna-
tive approach explicitly builds subgames, which are solved using tabular algorithms (Kubı́ček et al.,
2024; Kubı́ček & Lisý, 2026). This approach involves complex training, and the tabular algorithm
limits its scalability.

In this paper, we combine elements of both approaches: we use the same learning algorithm for
training and testing, but adapt the sampling strategy at test time to mitigate the risk of converging to
exploitable strategies. Our work is a first step toward a fully scalable subgame solving algorithm that
uses only interaction trajectories generated by a simulator. It does not yet include nested or depth-
limited subgame solving. Moreover, it requires constructing the entire game tree to obtain necessary
statistics and relies on domain-specific properties. We discuss how each of these limitations can be
addressed by future research in Section 5.

2 EXAMPLE AND BACKGROUND ON GADGET GAMES

We illustrate the well-documented problem of naive subgame solving on a modified version of
Matching Pennies. In this game, two players each choose a face of a coin: Heads (H) or Tails
(T). If the faces match, Player 1 wins; otherwise, Player 2 wins. In our modified version, if both
players choose Tails, the reward is doubled, breaking the game’s symmetry. We model this as a
sequential game where Player 2 chooses first and Player 1 acts without observing Player 2’s choice.
The game tree is shown in Figure 1a.

This game has a unique Nash equilibrium in which both players play Heads with probability 0.6.
Neither player wants to deviate, since the expected value of each action is 0.2. Now consider a
subgame in which Player 1 faces a decision, knowing that Player 2 has already acted. The game
tree of this subgame is shown in Figure 1b. Player 1’s optimal strategy depends on the belief about
Player 2’s action. Let p denote the probability that Player 2 played Heads. If p > 0.6, Player 1’s
optimal strategy is always to play Heads. If p < 0.6, the optimum is always to play Tails. If p = 0.6,
any strategy is optimal in the subgame, so the solution depends entirely on the algorithm used.
LP-based methods will typically converge to a pure strategy, while regret-minimization methods
converge to the uniform strategy (Koller et al., 1996; Zinkevich et al., 2007; Tammelin, 2014).
Neither of these is a Nash equilibrium of the original game. For this reason, this approach is called
unsafe subgame solving.

Safe subgame solving uses gadget games, which are based on a pretrained blueprint strategy for
the resolving player, that is improved during gameplay. The gadget game modifies the subgame so
that the opponent does not play a fixed strategy in the past but can instead choose any adversarial
belief over the initial states. The resulting strategy is guaranteed to perform at least as well as the
blueprint. In the worst case, the gadget game reconstructs the blueprint strategy; empirically, it
often leads to significant gains (Moravčı́k et al., 2017; Brown & Sandholm, 2018; 2019; Schmid
et al., 2023; Zhang & Sandholm, 2026; Kubı́ček et al., 2026).

In this work, we use the resolving gadget game, which adds one decision node for Player 2 before
each initial node of the subgame. At these new nodes, Player 2 can either continue into the sub-
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game (C) or terminate (T) and receive the value of its best response against the blueprint. The initial
chance node probabilities are proportional to the product of Player 1’s and chance’s reaches, which
are player’s contribution to the probability of sampling the world state. The chance node does not
carry information about Player 2’s strategy. In any Nash equilibrium of the resolving gadget game,
Player 1’s subgame strategy is guaranteed to be at least as good as the blueprint.

Figure 1c shows the resolving gadget game for Player 1. The values v1 and v2 depend on the
blueprint. For the uniform blueprint, v1 = 0 and v2 = 0.5, while for Nash, v1 = 0.2 and v2 = 0.2.

3 LEARNING IN THE GADGET GAME

A common approach to reinforcement learning in games, which has been scaled to create strong
agents in Stratego (Perolat et al., 2022; Sokota et al., 2025), is to sample entire trajectories and train
in actor-critic architecture. The actor learns a policy, and the critic estimates the expected value of a
player following that policy.

In general, algorithms designed to converge to optimal strategies in single-player settings do not
converge to Nash equilibria in two-player zero-sum imperfect-information games. One option to
guarantee convergence to Nash equilibria is to introduce a regularization policy (Perolat et al., 2021;
Sokota et al., 2023) that modifies the utility function of the underlying game. The algorithms either
adjust the regularization strength or modify the regularization policy throughout training.

While these algorithms provably approximate Nash equilibria, they require sampling trajectories
from the start of the game. Naively applying the same approach at test time does not guarantee that
trajectories pass through the current decision point, limiting its effectiveness under a fixed compute
budget. The update-equivalence framework improves upon this by applying KLSS. It samples world
states consistent with the acting player’s information based on the learned belief, then samples a
trajectory from that state (Sokota et al., 2024; 2025). This approach simulates a single gradient step,
which limits the potential improvement.

To enable more substantial improvements, we adopt the gadget games from the tabular setting.
We simulate the resolving gadget game by introducing a third network that handles only Player 2’s
gadget decisions, while continuing to train the blueprint actor-critic on the subgame. We precompute
the counterfactual best response values and reaches P1, Pc to each initial world state w. On each
iteration, we sample an initial world state proportional to the product of Player 1’s and chance’s
reach probabilities, unroll the trajectory to the end of the game, and train all networks with the same
policy-gradient algorithm used during training, with the only change that the loss is weighted by the
probability pc of the gadget actor predicting to continue. We use the CBV and the value estimate of
the trajectory to train the gadget actor. This training mimics the tabular usage of the gadget game,
ensuring that the discovered strategy cannot increase the exploitability. We cannot fully recover this
guarantee because the strategy’s parameters are shared, meaning that changing it at one point can
affect it at all other points. We provide a training schema in Section A.

4 EXPERIMENTS

We evaluate our approach on three games: Rock-Paper-Scissors, Imperfect-Information Goofspiel
with 5 cards and Battleships on a 2× 2 board with a single ship of size 2. We use Regularized Nash
Dynamics as the policy-gradient algorithm (Perolat et al., 2021; 2022). For each game, we train 3
blueprint networks with different random seeds. Then, for selected training checkpoints, we train
3 subgame networks (again with different seeds), each trained in a subgame after one decision by
each player.

Figure 2 shows the exploitability at a representative checkpoint. Additional checkpoints are provided
in the Appendix. The results mirror those of tabular methods: in some games, such as Goofspiel,
naive subgame solving produces strategies with lower exploitability than the blueprint, while in oth-
ers, such as Battleship and Rock-Paper-Scissors, it converges to highly exploitable strategies. In con-
trast, the gadget game approach does not significantly increase exploitability. In the tabular setting,
gadget games guarantee non-increasing exploitability; with function approximation, exploitability
can increase slightly, but the degradation is far less severe than with the naive approach.
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(a) Rock-Paper-Scissors (b) Goofspiel 5 (c) Small Battleship

Figure 2: Exploitability of the subgame-solving strategy using different subgame solving.

5 DISCUSSION AND FUTURE WORK

We have studied subgame solving in two-player zero-sum games by extending the gadget games to
the reinforcement learning setting. In small games, we have shown that naively continuing training
in a subgame can degrade performance, and that simulating the gadget game prevents this degra-
dation. Our results are preliminary, as our current approach makes several simplifying assumptions
that limit its generality and scalability. We discuss these limitations and potential solutions below.

Exact counterfactual best-response values. In the experiments, we compute exact counterfactual
best-response values, which is intractable in large games. In on-policy sampling, the critic estimates
the counterfactual value of an information set. However, this value represents an expected value if
both players follow the actors strategy, which may be different than the best-response value during
training. Nevertheless, it may serve as a reasonable approximation, consistent with the use of coun-
terfactual values in nested depth-limited solving (Moravčı́k et al., 2017; Brown & Sandholm, 2018;
Brown et al., 2018; Kubı́ček et al., 2026). We have further explored this in Section B.

Exact reaches and state enumeration. We exploit the small game sizes to extract exact reach
probabilities from the blueprint actor and to enumerate all states in the subgame, from which we
then sample. Neither extracting exact reaches nor enumerating states is tractable in large games.
Belief generation in partially observable systems has been studied (Seitz et al., 2021; Solinas et al.,
2025), and we believe these techniques can be extended to our setting, enabling sampling of states
proportional to blueprint reach probabilities conditioned on the current observation.

Nested subgame solving. Both issues above become more pronounced in nested subgame solv-
ing, where each encountered subgame is solved by reusing strategies from previously solved sub-
games (Brown & Sandholm, 2017; Moravčı́k et al., 2017). The new solution influences every sub-
sequent subgame through both the counterfactual values and the reach probabilities. One approach
is to ignore changes from previous subgames and always assume the resolving player followed the
blueprint, though this may lead to unsafe strategies. Alternatively, one could reuse both the critic and
the belief model from previous subgame solves, but this requires correction terms since beliefs in
the subgame may be biased because the gadget game does not directly represent the original game.

Depth-limited solving. We sample trajectories from the subgame to the end of the game. In games
like Stratego, trajectories can span up to a thousand moves, which limits the number of samples
within a fixed budget. Naively using critic at a depth limit may yield exploitable strategies (Kovařı́k
et al., 2023). Value function in the form of reward continuation policies (Brown et al., 2018; Brown
& Sandholm, 2019) has been trained alongside policy-gradient algorithms, but this modification
loses all theoretical guarantees (Kubı́ček et al., 2024). Potential future work would be to develop a
method which would be able to train this value function, while retaining theoretical guarantees.

Practical considerations. Based on our results, the naive approach does not immediately degrade
strategy quality, so the safety provided by gadget games may not be useful in practical scenarios
when using a limited compute budget. Also, the gadget game ensures that exploitability does not
increase, but in head-to-head play against a fixed opponent, lower exploitability does not guarantee
better performance.
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Figure 3: Schema for a single training trajectory. It starts with sampling the initial world state.

A TRAINING SCHEMA

Figure 3 summarizes the subgame training, when using the additional gadget actor.

B ADDITIONAL EXPERIMENTS

In Figures 4 to 6 we show the exploitability curves for all the checkpoints trained for Rock-Paper-
Scissors, Imperfect Information Goofspiel 5, and Battleship, respectively. We have also included 3
more versions of subgame solving. We have also included a max-margin gadget game, which is a
different type of gadget (Moravčı́k et al., 2016). For both resolving gadget and max-margin gadget,
we have also included a plot showing how the exploitability changes when we do not compute
the exact counterfactual best response values but instead use the trained critic. Surprisingly, even
though the trained critic lacks theoretical guarantees, its performance is on par with the exact values,
suggesting that using the critic may be sufficient.

Figure 4: Exploitability of the subgame-solving strategy in Rock-Paper-Scissors using different
checkpoints.

Figure 5: Exploitability of the subgame-solving strategy in Goofspiel 5 using different checkpoints.

Figure 6: Exploitability of the subgame-solving strategy in Battleship 2×2 with ship of size 2 using
different checkpoints.

C ADDITIONAL EXPERIMENTAL DETAILS

In our experiments we have used Regularized Nash Dynamics (RNaD) (Perolat et al., 2021; 2022)
as the policy-gradient algorithm, which uses Neural Replicator Dynamics to train the actor (Hennes
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et al., 2020), V-trace to predict the value estimate for training the critic (Espeholt et al., 2018). RNaD
regularizes the reward by the KL-divergence between current policy and the regularization policy.
It periodically sets the regularization policy to the current policy. We have used the same algorithm
for training the Gadget critic. We have used a Multi-layered Perceptron for each neural network.

When training the actor-critic in the original game, we multiply the loss by the probability of gadg-
ing continuing into the subgame. We have clipped the probability to be at least ϵ · P2, where P2 is
the opponent’s reach to the sampled world state if it followed the blueprint and ϵ is a hyperparam-
eter. This has been shown to provide substantial performance improvements in the tabular setting
(Kubı́ček et al., 2026).

We provide all the used hyperparameters in Table 1

Parameter Value
RNaD regularization η 0.2
RNaD regularization policy change 2000
NeuRD β clip 2.2
NeuRD avantage clip 1000
Continue clip ϵ 5 · 10−3

MLP hidden size 256
MLP hidden layers 2
Learning rate 3 · 10−4

Optimizer ADAM
ADAM β1, β2 0.0, 0.999
V-trace λ 1.0
Discount Factor γ 1.0

Table 1: Hyperparameters.

D LLM USAGE

Throughout the writing of this paper we have used Large Language Models. We have checked and
verified every output before using it. We have used these LLMs for these tasks:

• Claude Sonnet 4.5, Claude Opus 4.5 and Claude Opus 4.6 as a coding assistant.
• Gemini 3 pro and Claude Opus 4.6 for text formatting.
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