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Abstract

The classical convergence analysis of SGD is carried out under the assumption that the
norm of the stochastic gradient is uniformly bounded. While this might hold for some loss
functions, it is violated for cases where the objective function is strongly convex. In Bottou
et al. (2018), a new analysis of convergence of SGD is performed under the assumption that
stochastic gradients are bounded with respect to the true gradient norm. We show that
for stochastic problems arising in machine learning such bound always holds; and we also
propose an alternative convergence analysis of SGD with diminishing learning rate regime.
We then move on to the asynchronous parallel setting, and prove convergence of Hogwild!
algorithm in the same regime in the case of diminished learning rate. It is well-known that
SGD converges if a sequence of learning rates {n, } satisfies > .~ n — oo and Y_,=,n? < co.
We show the convergence of SGD for strongly convex objective function without using
bounded gradient assumption when {7;} is a diminishing sequence and > .-, 7; — co. In
other words, we extend the current state-of-the-art class of learning rates satisfying the
convergence of SGD.
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1. Introduction

We are interested in solving the following stochastic optimization problem
min {F(w) = E[f(w;§)]}, (1)
weR?

where £ is a random variable obeying some distribution.

In the case of empirical risk minimization with a training set {(z;,v;)}/;, & is a random
variable that is defined by a single random sample (x,y) pulled uniformly from the training
set. Then, by defining f;(w) := f(w;&;), empirical risk minimization reduces to

1
min ¢ F(w) = — (w) ¢ . 2
U£Rd{ () == > il )} @
Problem (2) arises frequently in supervised learning applications (Hastie et al., 2009).
For a wide range of applications, such as linear regression and logistic regression, the
objective function F' is strongly convex and each f;, i € [n], is convex and has Lipschitz
continuous gradients (with Lipschitz constant L). Given a training set {(x;,y;)}i; with

z; € R?, 1; € R, the fo-regularized least squares regression model, for example, is written as

(2) with f;(w) def ((zi, w) —yi)? + %HwH2 The /lo-regularized logistic regression for binary

classification is written with f;(w) &t log(1 + exp(—y;(zi, w))) + 3|lwl||?, v € {~1,1}. Tt is

well established by now that solving this type of problem by gradient descent (GD) (Nesterov,
2004; Nocedal and Wright, 2006) may be prohibitively expensive and stochastic gradient
descent (SGD) is thus preferable. Recently, a class of variance reduction methods (Le Roux
et al., 2012; Defazio et al., 2014; Johnson and Zhang, 2013; Nguyen et al., 2017) has been
proposed in order to reduce the computational cost. All these methods explicitly exploit the
finite sum form of (2) and thus they have some disadvantages for very large scale machine
learning problems and are not applicable to (1).

To apply SGD to the general form (1) one needs to assume existence of unbiased gradient
estimators. This is usually defined as follows:

Ee[V f(w;§)] = VF(w),

for any fixed w. Here we make an important observation: if we view (1) not as a general
stochastic problem but as the expected risk minimization problem, where £ corresponds to a
random data sample pulled from a distribution, then (1) has an additional key property:
for each realization of the random variable £, f(w;¢) is a convex function with Lipschitz
continuous gradients. Notice that traditional analysis of SGD for general stochastic problem
of the form (1) does not make any assumptions on individual function realizations. In
this paper we derive convergence properties for SGD applied to (1) with these additional
assumptions on f(w;€&) and also extend to the case when f(w;&) are not necessarily convex.

Regardless of the properties of f(w;&) we assume that F in (1) is strongly convex. We
define the (unique) optimal solution of F' as ws.

Assumption 1 (u-strongly convex) The objective function F : RY — R is a p-strongly
convez, i.e., there exists a constant > 0 such that Vw,w' € R?,

Fw) = F(w') > (VF(w'), (w =) + Sllw = w'|%. (3)
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It is well-known in literature (Nesterov, 2004; Bottou et al., 2018) that Assumption 1 implies
2u[F(w) = F(w,)] < |[VF(w)|*, Vw € R”. (4)

The classical theoretical analysis of SGD assumes that the stochastic gradients are
uniformly bounded, i.e. there exists a finite (fixed) constant o < oo, such that

E[|Vf(w;&)|*] < o, Yw € R? (5)

(see e.g. Shalev-Shwartz et al. (2011); Nemirovski et al. (2009); Recht et al. (2011); Hazan
and Kale (2014); Rakhlin et al. (2012), etc.). However, this assumption is clearly false if
F' is strongly convex. Specifically, under this assumption together with strong convexity,
VYw € R, we have

2ulF(w) — F(w,)] < [VF@)|? = [E[V f(w: )]
<E[IVF(w: o)) 2 o2

Hence,

2
F(w) < g— + F(w,) , Yw e R
I

On the other hand strong convexity and VF(w,) = 0 imply
F(w) > pllw —w,|* + F(w.) , Yw € R%

The last two inequalities are clearly in contradiction with each other for sufficiently large
lw — w. .

Let us consider the following example: fi(w) = Jw? and fo(w) = w with F(w) =
2(fi(w) + fo(w)). Note that F is strongly convex, while individual realizations are not
necessarily so. Let wg = 0, for any number ¢ > 0, with probability % the steps of SGD
algorithm for all i < t are w;;1 = w; — 1;. This implies that w; = — Y.!_; 7; and since
>0 i = oo then |wy| can be arbitrarily large for large enough ¢ with probability % Noting
that for this example, E[||V f(wy; €)||?] = 2w? + 3, we see that E[[|V f(wy; €)[|%] can also be
arbitrarily large.

Recently, in the review paper (Bottou et al., 2018), convergence of SGD for general
stochastic optimization problem was analyzed under the following assumption: there exist
constants M and N such that E[||V f(w; &)[|?] < M||VE(w;)||? + N, where wy, t > 0, are
generated by the SGD algorithm. This assumption does not contradict strong convexity,
however, in general, constants M and N are unknown, while M is used to determine the
learning rate 7, (see Bottou et al. (2018)). In addition, the rate of convergence of the SGD
algorithm depends on M and N. In this paper we show that under the smoothness assumption
on individual realizations f(w,¢) it is possible to derive the bound E[||V f(w;&)[]?] <
My [F(w) — F(w,)]+ N with specific values of My, and N for Yw € R%, which in turn implies
the bound E[||V f(w; €)||?] < M||VF(w)||> + N with specific M, by strong convexity of F.
We also note that, in Moulines and Bach (2011), the convergence of SGD without bounded



NGUYEN, NGUYEN, RICHTARIK, SCHEINBERG, TAKAC, AND VAN DIJK

gradient assumption is studied. We then use the new framework for the convergence analysis
of SGD to analyze an asynchronous stochastic gradient method.

In Recht et al. (2011), an asynchronous stochastic optimization method called Hogwild!
was proposed. Hogwild! algorithm is a parallel version of SGD, where each processor applies
SGD steps independently of the other processors to the solution w which is shared by all
processors. Thus, each processor computes a stochastic gradient and updates w without
"locking" the memory containing w, meaning that multiple processors are able to update w
at the same time. This approach leads to much better scaling of parallel SGD algorithm
than a synchoronous version, but the analysis of this method is more complex. In Recht
et al. (2011); Mania et al. (2017); De Sa et al. (2015) various variants of Hogwild! with
a fixed step size are analyzed under the assumption that the gradients are bounded as in
(5). In this paper, we extend our analysis of SGD to provide analysis of Hogwild! with
diminishing step sizes and without the assumption on bounded gradients.

In Leblond et al. (2018) Hogwild! with fixed step size is analyzed without the bounded
gradient assumption. We note that SGD with fixed step size only converges to a neighborhood
of the optimal solution, while by analyzing the diminishing step size variant we are able to
show convergence to the optimal solution with probability one (w.p.1). Both in Leblond
et al. (2018) and in this paper, the version of Hogwild! with inconsistent reads and writes is
considered.

It is well-known that SGD will converge if a sequence of learning rates {n;} satisfies the
following conditions (1) Y52, m — oo and (2) 5%, n? < co. As an important contribution
of this paper, we show the convergence of SGD for strongly convex objective function
without using bounded gradient assumption when {7} is a diminishing sequence and
Yoot — oo. In Moulines and Bach (2011), the authors also proved the convergence of
SGD for {m = O(1/t9)},0 < ¢ < 1, without using bounded gradient assumption and the
second condition. Compared to Moulines and Bach (2011), we prove the convergence of
SGD for {n: = O(1/t%)} which is 1/p times larger and our proposed class of learning rates
satisfying the convergence of SGD is larger. Our proposed class of learning rates satisfying
the convergence of SGD is larger than the current state-of-the art one.

We would like to highlight that this paper is originally from Nguyen et al. (2018)
(Proceedings of the 35th International Conference on Machine Learning, 2018) but it
presents a substantial extension by providing many new results for SGD and Hogwild!.

1.1 Contribution

We provide a new framework for the analysis of stochastic gradient algorithms in the
strongly convex case under the condition of Lipschitz continuity of the individual function
realizations, but without requiring any bounds on the stochastic gradients. Within
this framework we have the following contributions:

e We prove the almost sure (w.p.1) convergence of SGD with diminishing step size. Our
analysis provides a larger bound on the possible initial step size when compared to
any previous analysis of convergence in expectation for SGD.

e We introduce a general recurrence for vector updates which has as its special cases (a)
the Hogwild! algorithm with diminishing step sizes, where each update involves all
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non-zero entries of the computed gradient, and (b) a position-based updating algorithm
where each update corresponds to only one uniformly selected non-zero entry of the
computed gradient.

e We analyze this general recurrence under inconsistent vector reads from and vector
writes to shared memory (where individual vector entry reads and writes are atomic
in that they cannot be interrupted by writes to the same entry) assuming that there
exists a delay 7 such that during the (¢ + 1)-th iteration a gradient of a read vector w
is computed which includes the aggregate of all the updates up to and including those
made during the (¢ — 7)-th iteration. In other words, 7 controls to what extent past
updates influence the shared memory.

— Our upper bound for the expected convergence rate is O(1/t), and its precise
expression allows comparison of algorithms (a) and (b) described above.

— For SGD we can improve this upper bound by a factor of 2 and also show that
its initial step size can be larger.

— We show that 7 can be a function of ¢ as large as /(t/Int)(1 — 1/Int) without
affecting the asymptotic behavior of the upper bound; we also determine a constant
Ty with the property that, for ¢ > T, higher order terms containing parameter 7
are smaller than the leading O(1/t) term. We give intuition explaining why the
expected convergence rate is not more affected by 7. Our experiments confirm
our analysis.

— We determine a constant 77 with the property that, for ¢ > T3, the higher order
term containing parameter ||wg — wy||? is smaller than the leading O(1/t) term.

e All the above contributions generalize to the setting where we do not need to assume
that the component functions f(w;&) are convex in w.

Compared to Nguyen et al. (2018), we have following new results:

e We prove the almost sure (w.p.1) convergence of Hogwild! with a diminishing sequence
of learning rates {n;}.

e We prove the convergence of SGD for diminishing sequences of learning rates {n;}
with condition > 72,7 — co. In other words, we extend the current state-of-the-art
class of learning rates satisfying the convergence of SGD.

e We prove the convergence of SGD for our extended class of learning rates in batch
model.

1.2 Organization

We analyse the convergence rate of SGD in Section 2 and introduce the general recursion
and its analysis in Section 3. Section 4 studies the convergence of SGD for our extended
class of learning rates. Experiments are reported in Section 5.
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Algorithm 1 Stochastic Gradient Descent (SGD) Method

Initialize: wg
Iterate:
fort=0,1,2,... do
Choose a step size (i.e., learning rate) n; > 0.
Generate a random variable &.
Compute a stochastic gradient V f(wy; &;).
Update the new iterate wyy1 = wy — eV f(wy; & ).
end for

2. New Framework for Convergence Analysis of SGD

We introduce SGD algorithm in Algorithm 1.
The sequence of random variables {& };>0 is assumed to be i.i.d.! Let us introduce our
key assumption that each realization V f(w;¢&) is an L-smooth function.

Assumption 2 (L-smooth) f(w;§) is L-smooth for every realization of &, i.e., there exists
a constant L > 0 such that, Yw,w’ € R?,

IVf(w; &) = V('8 < Liw—w']. (6)

Assumption 2 implies that F' is also L-smooth. Then, by a property of L-smooth
functions in Nesterov (2004), we have, Vw,w’ € RY,

F(w) < F(w') + (VF(W'), (w - w')) +§Ilw—w’||2- (7)

The following additional convexity assumption can be made, as it holds for many problems
arising in machine learning.

Assumption 3 f(w;&) is convex for every realization of £, i.e., Yw,w' € R,
fw; &) — f(w';€) = (Vf(w';€), (w—w')).

We first derive our analysis under Assumptions 2, and 3 and then we derive weaker
results under only Assumption 2.

2.1 Convergence With Probability One

As discussed in the introduction, under Assumptions 2 and 3 we can now derive a bound on

E[|V f (w; )],
Lemma 1 Let Assumptions 2 and 3 hold. Then, for Yw € R,
E[[|V f(w; §)|?] < AL[F(w) — F(wy)] + N, (8)

where N = 2E[||V f(ws; €)||?]; € is a random variable, and w, = arg min,, F(w).

1. i.i.d. stands for independent and identically distributed.
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Using Lemma 1 and Super Martingale Convergence Theorem from Bertsekas (2011)
(Lemma 5 in Appendix A), we can provide the sufficient condition for almost sure convergence
of Algorithm 1 in the strongly convex case without assuming any bounded gradients.

Theorem 1 (Sufficient conditions for almost sure convergence) Let Assumptions 1,
2 and 3 hold. Consider Algorithm 1 with a stepsize sequence such that

1 o0 o
_ 2
O<7It§ﬁatzzo77t—ooa”dtzzo7h<oo'

Then, the following holds w.p.1 (almost surely)
|wy — we||* — 0.

Note that the classical SGD proposed in Robbins and Monro (1951) has learning rate
satisfying conditions

o0 oo
Znt:oo and Zn? < 00
t=0 =0

However, the original analysis is performed under the bounded gradient assumption, as in
(5). In Theorem 1, on the other hand, we do not use this assumption, but instead assume
Lipschitz smoothness and convexity of the function realizations, which does not contradict
the strong convexity of F'(w).

The following result establishes a sublinear convergence rate of SGD.

Theorem 2 Let Assumptions 1, 2 and 3 hold. Let E = % with o = 2. Consider Algorithm
1 with a stepsize sequence such that n; = ﬁ <my = ﬁ Then,

402N 1

E - 21 <
[[Jwe — wa]|7] < 2 (—T+E)

for
AL Lu ) AL
/«L ma‘x{ N HU}O w*H Y } /,L Y

where N = 2E[||V f(ws; €)||?] and w, = argmin,, F(w).

2.2 Convergence Analysis without Convexity

In this section, we provide the analysis of Algorithm 1 without using Assumption 3, that is,
f(w; &) is not necessarily convex. We still do not need to impose the bounded stochastic
gradient assumption, since we can derive an analogue of Lemma 1, albeit with worse constant
in the bound.

Lemma 2 Let Assumptions 1 and 2 hold. Then, for Vw € R¢,
E[[|V f(w; §)]] < ALK[F(w) — F(w.)] + N, (9)

where k = 5 and N = 2E[||V f(w.; &)|]?]; € is a random variable, and w, = arg min,, F(w).
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Based on the proofs of Theorems 1 and 2, we can easily have the following two results
(Theorems 3 and 4).

Theorem 3 (Sufficient conditions for almost sure convergence) Let Assumptions 1
and 2 hold. Then, we can conclude the statement of Theorem 1 with the definition of the

step size replaced by 0 < np < ﬁ with kK = %

Theorem 4 Let Assumptions 1 and 2 hold. Then, we can conclude the statement of

Theorem 2 with the definition of the step size replaced by ny = m <ny= ﬁ with kK = %

and o = 2, and all other occurrences of L in E and T replaced by Lk.

Remark 1 By strong convezity of F, Lemma 2 implies E[||V f(w; €)||?] < 2k2||VF (w)||?*+N,

for Vw € R?, where k = % and N = 2E[||V f(ws; €)||?]. We can now substitute the value

M = 2k? into Theorem 4.7 in Bottou et al. (2018). We observe that the resulting initial
learning rate in Bottou et al. (2018) has to satisfy ny < ﬁ while our results allows
Ny = ﬁ We notice that Bottou et al. (2018) only assumes that F' has Lipschitz continuous
gradients with Lipschitz constant Lr while we need the smoothness assumption on individual
realizations. Therefore, Ly and L may be different. Both Lp and L values are hard to
compare and Lg in Bottou et al. (2018) can potentially be much smaller, however, no general
comparative statements can be made.

By introducing Assumption 2, which holds for many ML problems, we are able to provide
the values of M and N. Recall that under Assumption 3, our initial learning rate is ng = i
(in Theorem 2). Thus Assumption 3 provides an improvement of the conditions on the
learning rate.

3. Asynchronous Stochastic Optimization aka Hogwild!

Hogwild! (Recht et al., 2011) is an asynchronous stochastic optimization method where writes
to and reads from vector positions in shared memory can be inconsistent (this corresponds
to (13) as we shall see). However, as mentioned in Mania et al. (2017), for the purpose of
analysis the method in Recht et al. (2011) performs single vector entry updates that are
randomly selected from the non-zero entries of the computed gradient as in (12) (explained
later) and requires the assumption of consistent vector reads together with the bounded
gradient assumption to prove convergence. Both Mania et al. (2017) and De Sa et al. (2015)
prove the same result for fixed step size based on the assumption of bounded stochastic
gradients in the strongly convex case but now without assuming consistent vector reads and
writes. In these works the fixed step size n must depend on ¢ from the bounded gradient
assumption, however, one does not usually know o and thus, we cannot compute a suitable
7 a-priori.

As claimed by the authors in Mania et al. (2017), they can eliminate the bounded
gradient assumption in their analysis of Hogwild!, which however was only mentioned as a
remark without proof. On the other hand, the authors of Leblond et al. (2018) formulate and
prove, without the bounded gradient assumption, a precise theorem about the convergence
rate of Hogwild! of the form

Efllwe — w.]?] < (1 = p)'(2f|wo — wil®) + b,
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where p is a function of several parameters but independent of the fixed chosen step size 7
and where b is a function of several parameters and has a linear dependency with respect to
the fixed step size, i.e., b = O(n).

In this section, we discuss the convergence of Hogwild! with diminishing stepsize where
writes to and reads from vector positions in shared memory can be inconsistent. This is
a slight modification of the original Hogwild! where the stepsize is fixed. In our analysis
we also do not use the bounded gradient assumption as in Leblond et al. (2018).
Moreover, (a) we focus on solving the more general problem in (1), while Leblond et al.
(2018) considers the specific case of the “finite-sum” problem in (2), and (b) we show that
our analysis generalizes to the non-convex case of the component functions, i.e., we do
not need to assume functions f(w;¢) are convex (we only require F(w) = E[f(w;&)] to be
strongly convex) as opposed to the assumption in Leblond et al. (2018).

3.1 Recursion

We first formulate a general recursion for w; to which our analysis applies, next we will
explain how the different variables in the recursion interact and describe two special cases,
and finally we present pseudo code of the algorithm using the recursion.

The recursion explains which positions in w; should be updated in order to compute
wWy41. Since wy is stored in shared memory and is being updated in a possibly non-consistent
way by multiple cores who each perform recursions, the shared memory will contain a vector
w whose entries represent a mix of updates. That is, before performing the computation of
a recursion, a core will first read w from shared memory, however, while reading w from
shared memory, the entries in w are being updated out of order. The final vector w; read by
the core represents an aggregate of a mix of updates in previous iterations.

The general recursion is defined as follows: For ¢ > 0,

W1 = wy — ede, S$V f (W3 &), (10)
where

e 0 represents the vector used in computing the gradient V f(iy;&;) and whose entries
have been read (one by one) from an aggregate of a mix of previous updates that led
to wj, j < t, and

e the S§ are diagonal 0/1-matrices with the property that there exist real numbers dg
satisfying
d¢E[S5|€] = D, (11)

where the expectation is taken over u and Dy is the diagonal 0/1 matrix whose 1-entries
correspond to the non-zero positions in V f(wj; &) in the following sense: The i-th entry
of D¢’s diagonal is equal to 1 if and only if there exists a w such that the i-th position
of Vf(w;€) is non-zero.

The role of matrix Sf}t is that it filters which positions of gradient V f(uy; &) play a role
in (10) and need to be computed. Notice that D¢ represents the support of V f(w;§); by
|D¢| we denote the number of 1s in Dy, i.e., | D¢| equals the size of the support of V f(w;¢).
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We will restrict ourselves to choosing (i.e., fixing a-priori) non-empty matrices S§ that
“partition” D¢ in D approximately “equally sized” SE:

u

where each matrix S§ has either ||D¢|/D] or [|D¢|/D] ones on its diagonal. We uniformly
choose one of the matrices Sfft in (10), hence, d¢ equals the number of matrices S¢, see (11).

In other to explain recursion (10) we first consider two special cases. For D = A, where

A = max{| Del}

represents the maximum number of non-zero positions in any gradient computation f(w;¢&),
we have that for all £, there are exactly |D¢| diagonal matrices S¢ with a single 1 representing
each of the elements in D¢. Since pe(u) = 1/|Dg¢| is the uniform distribution, we have
E[S5|¢] = D¢/|Dgl, hence, d¢ = |Dg|. This gives the recursion

wiy1 = wi — Ne| De| [V f (03 &) (12)

where [V f(wy; & )], denotes the ui-th position of V f(iy; &) and where u; is a uniformly
selected position that corresponds to a non-zero entry in V f(iy; &).

At the other extreme, for D = 1, we have exactly one matrix Sf = D¢ for each &, and
we have d¢ = 1. This gives the recursion

w1 = wg — NV f (W5 &) (13)

Recursion (13) represents Hogwild!. In a single-core setting where updates are done in a
consistent way and w; = wy yields SGD.

Algorithm 2 gives the pseudo code corresponding to recursion (10) with our choice of
sets SS (for parameter D).

Algorithm 2 Hogwild! general recursion

1: Input: wy € R?

2: for t =0,1,2,... in parallel do

3:  read each position of shared memory w denoted by @, (each position read is
atomic)

4:  draw a random sample & and a random “filter” Sﬁj

5. for positions h where Sfft has a 1 on its diagonal do

6: compute gy, as the gradient V f(wy; &) at position h

7 add n;de,gn to the entry at position h of w in shared memory (each position
update is atomic)

8:  end for

9: end for

10
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3.2 Analysis

Besides Assumptions 1, 2, and for now 3, we assume the following assumption regarding
a parameter 7, called the delay, which indicates which updates in previous iterations have
certainly made their way into shared memory w.

Assumption 4 (Consistent with delay 7) We say that shared memory is consistent
with delay T with respect to recursion (10) if, for all t, vector wy includes the aggregate of the
updates up to and including those made during the (t — 7)-th iteration (where (10) defines
the (t + 1)-st iteration). Each position read from shared memory is atomic and each position
update to shared memory is atomic (in that these cannot be interrupted by another update to
the same position).

In other words in the (¢ + 1)-th iteration, @; equals w;_, plus some subset of position
updates made during iterations t — 7,t — 74+ 1,...,t — 1. We assume that there exists a
constant delay 7 satisfying Assumption 4.

3.3 Convergence With Probability One
Appendix D.5 proves the following theorem

Theorem 5 (Sufficient conditions for almost sure convergence for Hogwild!) Let
Assumptions 1, 2, 8 and 4 hold. Consider Hogwild! method described in Algorithm 2 with a
stepsize sequence such that

1 1

— k> 37.
0 <m LD(2+ﬁ)(k+t)<4LD’6>O’ =4

Then, the following holds w.p.1 (almost surely)
||wy — w|| — 0.
3.4 Convergence in Expectation

Appendix D.2 proves the following theorem where

Ap ¥ D -E[[|D¢|/D7].

Theorem 6 Suppose Assumptions 1, 2, 3 and 4 and consider Algorithm 2 for sets S with

parameter D. Let n, = ﬁ with 4 < oy < a and E = max{27, %}. Then, the expected
number of single vector entry updates after t iterations is equal to
t' =tAp/D,
and
Blllie —wil’) < 202% Gt + O ()
Blwe —wil’) < 452 e + O ()

where N = 2E[||V f(ws; €)||?] and w, = argmin,, F(w).

11
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In terms of ¢/, the expected number single vector entry updates after ¢ iterations,
E[||w; — w+||?] and E[||w; — wy||?] are at most

402ApN 1 Int
—z 7 o

Remark 2 In (12) D = A, hence, [|D¢|/D] = 1 and Ap = A = max¢{|D¢|}. In (13)
D =1, hence, Ap = E[|D¢|]. This shows that the upper bound in Theorem 6 is better for
(13) with D = 1. If we assume no delay, i.e. 7 =0, in addition to D = 1, then we obtain
SGD. Theorem 2 shows that, measured in t', we obtain the upper bound

40%,pApN 1
2o

with aggp = 2 as opposed to o > 4.

With respect to parallelism, SGD assumes a single core, while (15) and (12) allow
multiple cores. Notice that recursion (12) allows us to partition the position of the shared
memory among the different processor cores in such a way that each partition can only
be updated by its assigned core and where partitions can be read by all cores. This allows
optimal resource sharing and could make up for the difference between Ap for (12) and (13).
We hypothesize that, for a parallel implementation, D equal to a fraction of A will lead to
best performance.

Remark 3 Surprisingly, the leading term of the upper bound on the convergence rate is
independent of delay 7. On one hand, one would expect that a more recent read which
contains more of the updates done during the last T iterations will lead to better convergence.
When inspecting the second order term in the proof in Appendiz D.2, we do see that a smaller
T (and/or smaller sparsity) makes the convergence rate smaller. That is, asymptotically t
should be large enough as a function of T (and other parameters) in order for the leading
term to dominate.

Nevertheless, in asymptotic terms (for larger t) the dependence on T is not noticeable.
In fact, Appendix D.J shows that we may allow T to be a monotonic increasing function of t
with

2LaD
<) <t L),
©
where L(t) = o — W (this will make E = max{27(t), 4L§D} also a function of t). The

leading term of the convergence rate does not change while the second order terms increase

to O(+). We show that, for

tint

(L+ p)a

t > Ty = exp[2VA(1 +
0

)l;

where A = max; P (i € D¢) measures sparsity, the higher order terms that contain 7(t) (as
defined above) are at most the leading term.

Our intuition behind this phenomenon is that for large 7, all the last T iterations before
the t-th iteration use vectors w; with entries that are dominated by the aggregate of updates

12
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that happened till iteration t — 7. Since the average sum of the updates during the last T

iterations is equal to
1 t=L

9] N
—= D mide, SulV f (dy; &) (14)
T Jj=t—r
and all W; look alike in that they mainly represent learned information before the (t — 7)-th
iteration, (14) becomes an estimate of the expectation of (14), i.e.,

t—1 t—1
> UE[de, SHV(h6)] = Y —EVE(@;). (15)
j=t—r Jj=t—r
This looks like GD which in the strong convex case has convergence rate < ¢t for some
constant ¢ > 1. This already shows that larger T could help convergence as well. However,
estimate (14) has estimation noise with respect to (15) which explains why in this thought
experiment we cannot attain c¢=t but can only reach a much smaller convergence rate of e.g.
O(1/t) as in Theorem 6.
Experiments in Section 5 confirm our analysis.

Remark 4 The higher order terms in the proof in Appendiz D.2 show that, as in Theorem
2, the expected convergence rate in Theorem 6 depends on ||wo — w||?. The proof shows that,

for

12
a?ND
the higher order term that contains ||wo—wy||? is at most the leading term. This is comparable
to T in Theorem 2 for SGD.

t>T = [wo — wy |,

Remark 5 Step size n, = ﬁ with 4 < oy < « can be chosen to be fixed during periods

whose ranges exponentially increase. Fort + E € [2",2"1) we define oy = %. Notice
that 4 < ay < 8 which satisfies the conditions of Theorem 6 for a = 8. This means that we

can choose
Ot 4

T WY E) T 2k

as step size fort + E € [2h,2h+1). This choice for ny allows changes in n; to be easily
synchronized between cores since these changes only happen when t+ E = 2" for some integer
h. That is, if each core is processing iterations at the same speed, then each core on its own
may reliably assume that after having processed (2" — E) /P iterations the aggregate of all P
cores has approzimately processed 2" — E iterations. So, after (2" — E)/P iterations a core
will increment its version of h to h+ 1. This will introduce some noise as the different cores
will not increment their h versions at exactly the same time, but this only happens during a
small interval around every t + E = 2", This will occur rarely for larger h.

3.5 Convergence Analysis without Convexity

In Appendix D.3, we also show that the proof of Theorem 6 can easily be modified such that
Theorem 6 with E > 452D 3156 holds in the non-convex case of the component functions,
i.e., we do not need Assumption 3. Note that this case is not analyzed in Leblond et al.
(2018).

13
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Theorem 7 Let Assumptions 1 and 2 hold. Then, we can conclude the statement of
Theorem 6 with £ > % for k= %
Theorem 8 (Sufficient conditions for almost sure convergence) Let Assumptions 1
and 2 hold. Then, we can conclude the statement of Theorem 5 with the definition of the

step size replaced by 0 < ny = m with Kk = %

4. Convergence of Large Stepsizes

In Robbins and Monro (1951), the authors proved the convergence of SGD for step size
sequences {n;} satisfying conditions

o0 o0
Zm = oo and Zn? < 00.
=0 t=0

In Moulines and Bach (2011), the authors studied the expected convergence rates for
another class of step sizes of O(1/tP) where 0 < p < 1. This class has many large step sizes in
comparison with Robbins and Monro (1951). For example 1 = O(1/t?) does not satisfy the
second condition (i.e., 302, n? — o) where 0 < p < 1/2. In this section, we prove that SGD
will converge without using bounded gradient assumption if {;} is a diminishing sequence
and > 2,7 — oo. Compared to Moulines and Bach (2011), we prove the convergence of
SGD for step sizes n, = O(1/t?) which is 1/p times larger. Our proposed class is much larger
than the classes in Robbins and Monro (1951) and Moulines and Bach (2011).

4.1 Convergence of Large Stepsizes

The proofs of all theorems and lemmas in this subsection are provided in Appendix D.6.

Theorem 9 Let Assumptions 1, 2, and 8 hold. Consider Algorithm 1 with a step size
sequence such that: ny < i, n — 0, %nt <0 and >72yn — oo. Then,

Elflwi 1 — wi]]?] 0.

Theorem 9 only discusses about the convergence of SGD for the given step size sequence
{m¢} above. The expected convergence rate of SGD with the setup in Theorem 9 is analysed
in Theorem 10.

Theorem 10 Let Assumptions 1, 2, and 3 hold. Consider Algorithm 1 with a step size
sequence such that n < ﬁ, n — 0, %Ut <0, and Y 72on: — 0o. Then,

n(t+1)
n(0)
+exp(—M (t + 1)) [exp(M (1))n* (0)N + E[|lwo — w.|*]],

E[[[wi1 — wl’] < N exp(n(0))2n(M " (In] |+ M(t+1)))

where n(t) = gy and M(t) = [I_,n(z)dz.

xr=

14
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The upper bound in Theorem 10 can be interpreted as being approximately equivalent to
E[|Jw;—ws|?] < Un(t—A)+V exp(—M (t)) where U = N exp(n(0)), V = exp(M (1))n?(0) N+
E[||wo — w«|?] and A is a delay computed from ln[ns(jg)l )]. Since n(t) decreases and M(t)
increases when t approaches to infinity, E[||w; — w.||?]] decreases in the same way as n(t) to
0, except for some delay A.

As shown in (53) (see also Appendix D.6), we have

E[|we — w.|’] < AC(t) + Bexp(~M(t)),

where A and B are constants and C(t) is defined in (16) below. We show that an alternative
proof for the convergence of SGD with the setup above based on the study of C'(¢) can be
developed.

Lemma 3 Let

t
C(t) = exp(=M (1) [ exp(M(a)n(e)*de, (16)
=0
where L M(x) = n(z) with function n(x) satisfying the following conditions:

1. %n(az) <0,
2. Ln(x) is continuous.

Then, there is a moment T such that for allt > T, C(t) > n(t).

Proof We take the derivative of C(t), i.e.,

90) = —ep(-ME)n(r) [ exp(M(@)na)?ds + exp(~M(6) exp(M (D))
=0

— n(t)[n(t) - C ()]

This shows that
C(t) is decreasing if and only if C(t) > n(t).

Initially C'(0) = 0 and n(0) > 0, hence, C(t) starts increasing from ¢ > 0. Since n(t)
decreases for all t > 0, we know that there must exist a first cross over point x:

e There exists a value = such that C(t) increases for 0 < ¢ < z, and
e C(z) = n(z) with derivative dC(t)/dt|;— = 0.

Since n(x) has a derivative < 0, we know that C(t) > n(t) immediately after x. Suppose
that C(y) = n(y) for some y > = with C(t) > n(t) for < t < y. This implies that
dC(t)/dt|i—y, = 0 and since dC(t)/dt is continuous

Cly—e€) =Cly) +0(&).

Also,
n(y — €) = n(y) — edn(t)/dt]i—y + O(e2).

15
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Since dn(t)/dt|;—y < 0, we know that there exists an e small enough (close to 0) such that

Cly—e€) <n(y—e).

This contradicts C(t) > n(t) for x <t < y. We conclude that there does not exist a y > x
such that C(y) = n(y):

e Fort > x, C(t) > n(t) and C(t) is strictly decreasing.

We conclude that for any given n(t), there exists a time 7" such that C(t) < n(t) for all
t€[0,T7), C(T) =n(T) after which C(t) > n(t) when ¢ € (T, 00]. Note that C(t) is always
bigger then zero. |

As proved above, C(t) decreases for ¢ > T'. In addition to this we note that C'(¢) converges
to zero when ¢ goes to infinity (see the proof of Theorem 9 in Appendix D.6). In addition
to C(t) — 0 when t — oo, also exp(—M(t)) — 0 when ¢ — oo because Y 2, n(t) — oc.
Based on these two results we conclude that E[[Jw; — wy||?] — 0 when ¢ — co. This is an
alternative proof for the convergence of SGD as shown in Theorem 9.

Theorem 11 Among all stepsizes g+ = 1/(K +t)? where ¢ > 0, K is a constant such that
Nt < i, SGD algorithm enjoys the fastest convergence with stepsize m = 1/(2L +t).

4.2 Convergence of Large Stepsizes in Batch Mode
We define

‘Ft = O—(w07§(l)a ug, - - - 751{,—17 ut—l)y

where

g'z = (fi,l) e 75@’,]@')'
We consider the following general algorithm with the following gradient updating rule:
Wil = Wy — Tltdggsgivf(wt; &), (17)

where f(wy;&]) = k% Zf;l (we; i)

Theorem 12 Let Assumptions 1, 2 and 3 hold, {n;} is a diminishing sequence with condi-
tions Y roogm — 00 and 0 < np < ﬁ for allt > 0. Then, the sequence {w;} converges to
wy where

wi1 = wr — gy etV f (wrs ).
The proof of Theorem 12 is provided in Appendix D.7.
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Figure 2: ijennl data set for different 7 with the whole non-zero set

5. Numerical Experiments

For our numerical experiments, we consider the finite sum minimization problem in (2). We
consider fo-regularized logistic regression problems with

fi(w) = Tog(1 + exp(—yias, w) + S lwil,

where the penalty parameter A is set to 1/n, a widely-used value in literature (Le Roux
et al., 2012).

We conducted experiments on a single core for Algorithm 2 on two popular data sets
ijennl (n = 91,701 training data) and covtype (n = 406, 709 training data) from LIBSVM
(Chang and Lin, 2011) data sets. Since we are interested in the expected convergence rate
with respect to the number of iterations, respectively number of single position vector updates,
we do not need a parallelized multi-core simulation to confirm our analysis. The impact
of efficient resource scheduling over multiple cores leads to a performance improvement
complementary to our analysis of (10) (which, as discussed, lends itself for an efficient
parallelized implementation). We experimented with 10 runs and reported the average
results. We choose the step size based on Theorem 6, i.e, 7, = ﬁ and F = max{2T, %}.
For each fraction v € {1,3/4,2/3,1/2,1/3,1/4} we performed the following experiment: In
Algorithm 2 we choose each “filter” matrix S§ to correspond with a random subset of size
v|Dg,| of the non-zero positions of Dy, (i.e., the support of the gradient corresponding to &).
In addition we use 7 = 10. For the two data sets,

Figures 1 and 3 plot the training loss for each fraction with 7 = 10. The top plots have
t', the number of coordinate updates, for the horizontal axis. The bottom plots have the
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number of epochs, each epoch counting n iterations, for the horizontal axis. The results
show that each fraction shows a sublinear expected convergence rate of O(1/t'); the smaller
fractions exhibit larger deviations but do seem to converge faster to the minimum solution.

In Figures 2 and 4, we show experiments with different values of 7 € {1, 10,100} where
we use the whole non-zero set of gradient positions (i.e., v = 1) for the update. Our
analysis states that, for ¢ = 50 epochs times n iterations per epoch, 7 can be as large
as /t- L(t) = 524 for ijcnnl and 1058 for covtype. The experiments indeed show that
7 < 100 has little effect on the expected convergence rate.

6. Conclusion

We have provided the analysis of stochastic gradient algorithms with diminishing step size in
the strongly convex case under the condition of Lipschitz continuity of the individual function
realizations, but without requiring any bounds on the stochastic gradients. We showed
almost sure convergence of SGD and provided sublinear upper bounds for the expected
convergence rate of a general recursion which includes Hogwild! for inconsistent reads and
writes as a special case. We also provided new intuition which will help understanding
convergence as observed in practice.
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Appendix A. Review of Useful Theorems

Lemma 4 (Generalization of the result in Johnson and Zhang (2013)) Let Assump-
tions 2 and 3 hold. Then, Yw € RY,

E[|Vf(w;€) = Vf(wi;©))%] < 2L[F(w) = F(w,)], (18)
where £ is a random variable, and w, = arg min,, F(w).

Lemma 5 (Bertsekas (2011)) Let Yy, Zi, and Wy, k = 0,1,..., be three sequences of
random variables and let {Fj}r>0 be a filtration, that is, o-algebras such that Fi, C Fii1
for all k. Suppose that:

e The random variables Yy, Zi, and Wy are nonnegative, and Fi-measurable.
e For each k, we have E[Yyy1|Fi) < Yy — Zy + W.
e There holds, w.p.1,

oo

Z Wi < o0.

k=0

Then, we have, w.p.1,

oo
ZZk<ooandYk—>Y20.
k=0

Appendix B. Proofs of Lemmas 1 and 2

The proofs of Lemmas 1 and 2 can be done in the following sub-sections.

B.1 Proof of Lemma 1
Lemma 1. Let Assumptions 2 and 3 hold. Then, for Yw € R?,

E[I9f(1;€)|2) < AL[F(w) — F(w,)] + N,
where N = 2E[||V f(ws; €)||?]; € is a random variable, and w, = arg min,, F(w).
Proof Note that
lall* = lla — b+ b]* < 2[la — b]]* + 2/|b]|*, (19)
= %HCLH2 = [bl* < lla — b]*. (20)

Hence,
SEIIV £ )] ~ BV F (s 1] = B [SIV7 (s O ~ IV F (s O

(20) )
< E[[Vf(w;€) = Vf(ws; ]

(18)
< 2L[F(w) - F(w,) (21)
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Therefore,

EIV )2 S AL[F(w) — F(w,)] + 2E[|V fws: )]2].

B.2 Proof of Lemma 2
Lemma 2. Let Assumptions 1 and 2 hold. Then, for Yw € R%,

E[|Vf(w; )|* < ALK[F(w) — F(w,)] + N,
where k = % and N = 2E[||V f(w.; &)|]?]; € is a random variable, and w, = arg min,, F(w).

Proof Analogous to the proof of Lemma 1, we have
Hence,

SENV A @s&)7) ~ Bl Y f (e O] = E [ LIV )2 ~ [V f(wa; &)

(20)

< E[IVf(w;€) — Vf(wi; )]
< 12w — . ?

(3) 212
< = IP(w) — Fw)] = 2LslF () = F(w.)]. - (22)

Therefore,

(19)(22)
E[IVf(w;)*] < 4Lk[F(w) — F(w.)] + 2E[[|V f (ws; €)|°]-

Appendix C. Analysis for Algorithm 1

In this Section, we provide the analysis of Algorithm 1 under Assumptions 1, 2, and 3.
We note that if {£;};>0 are i.i.d. random variables, then E[||V f(w.;&)|?] = -+ =
E[||V f(ws;&)]|?]. We have the following results for Algorithm 1.

Theorem 1 (Sufficient condition for almost sure convergence). Let Assumptions 1,
2 and 3 hold. Consider Algorithm 1 with a stepsize sequence such that

1 (o@) oo
< — = 2 .
O<nt72L,§)nt ooand;)nt<oo

Then, the following holds w.p.1 (almost surely)

|wg — ws]|* — 0.
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Proof Let F; = o(wp,&,...,&—1) be the o-algebra generated by wo, &, . .., &1, i.e., Fy
contains all the information of wy, ..., w;. Note that E[V f(wy; &)|F:] = VF(w:). By Lemma
1, we have

E[|V f (we; &)|°| F] < AL[F(wr) = F(w,)] + N, (23)

where N = 2E[||V f(wi;&)|]?] = -+ = 2E[[|Vf(ws; &)||?] since {&}i>o are i.i.d. random
variables. Note that w1 = wy — 7V f(wy; &). Hence,
Eflwer1 — wil*|F] = Elllwe — 0oV f (we; &) — wal|*| 7]

= [lwy — wi | = 20V F (wy), (wi — w.)) + 7 B[V f (we; &) || F]

(3)(23) ) )
< we = wil® = peljwe — w7 = 20e[F(we) = F(ws)]

+ALn; [F(we) = F(w.)] + 7 N
= [Jwe — wi|* — pmel|we — wi|® — 20e(1 — 2Lng) [F(we) — F(ws)] + 77 N
< Jlwe = will* = pmellwe — wil|* + niN.

The last inequality follows since 0 < 7y < i Therefore,
Elllws1 — w2 Fe) < Jlwe — wil|* — pme|we — w]|* + 17 N. (24)
Since Y52, n?N < 0o, we could apply Lemma 5. Then, we have w.p.1,
|ws — we||* = W >0,

oo
and Y pnpelw; — w. [ < oo.
t=0

We want to show that ||w; — ws||*> — 0, w.p.1. Proving by contradiction, we assume that
there exist € > 0 and tg, s.t. ||w; — w.||? > € for Vt > to. Hence,

o o
S pmellwg — wil? > pe Y-y = oo
t=to t=to

This is a contradiction. Therefore, ||w; — w.|[?> — 0 w.p.1. [ |

Theorem 2. Let Assumptions 1, 2 and 3 hold. Let F = % with o = 2. Consider Algorithm
1 with a stepsize sequence such that n = m <ny= i Then,

402N 1
w (t—T+FE)

E[]|we — w.|’] <

fort > T = %max{%”wo — wy|?, 1} — %, where N = 2E[||V f(ws; €[] and w, =
arg min,, F'(w).
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Proof Using the beginning of the proof of Theorem 1, taking the expectation to (24), with
0<nm < %, we have

Ef|werr — wi®] < (1 — pno)Elflwe — wil|*] + niN.

We first show that

N 1
Efljw — w.]?] £ = 2
where G = max{I, J}, and
E 2
I = —E[fwo — w.|] >0,
2
«
J = o1 > 0.

We use mathematical induction to prove (25) (this trick is based on the idea from Bottou
et al. (2018)). Let ¢t = 0, we have

which is obviously true since G' > ET“QHU)O — w,%
Suppose it is true for ¢, we need to show that it is also true for ¢ + 1. We have

N e

t+FE) p?(t+E) p?(t+ E)?
t+F—a o?N

(u2(t+E)2 p2(t + E)?

t+FE—1 a—1 a’N
=5 ——5 | NG5 —=5 | NG+ ————.
(/ﬂ(t+ E)Q) “ <u2(t+ E)2> Gt p2(t + E)?

NG+

2
3 o
Since G Z a1’

a—1 a’N
(=2 ING+ <.
(i) Y6+ iy <

t+FE—1
(M@+EP>NG

((t+E)2—1> NG

This implies

IN

Efwer1 — w.l]

(t+E)? | p(t+E+1)
NG
D e S
pr(t+E+1)
This proves (25) by induction in ¢.
Notice that the induction proof of (25) holds more generally for £ > % with a > 1
(this is sufficient for showing n; < i In this more general interpretation we can see that
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Q‘z‘LL and for this reason we have

the convergence rate is minimized for I minimal, i.e., £ =
fixed F as such in the theorem statement.

Notice that

20¢Lu a?

G = max{I, J} = max{ E[lwo — w. %], o — 1}'

We choose a = 2 such that 7; only depends on known parameters p and L. For this a we
obtain

G = 4max{@E[|yw0 — w21,

For T = max{g\‘,‘E[Hwo —w,||?],1} — %&£ we have that according to (25)
Ly 9 Ly N G
—E|||wr — w <
L 4max{L“E[Hw0 —w, 4,1} (26)
A max{RER]lwo — wa]?), 1}
Applying (25)with wy as starting point rather than wq gives, for ¢ > max{T, 0},
N 1
E — < —G@—7>r——
e =il € 5G gy
where G is now equal to
Ly 2
tmax{ L[ Jwr - w1},
which equals 4, see (26). For any given wg, we prove the theorem. |

Appendix D. Analysis for Algorithm 2

The analysis for Algorithm 2 can be done in below.

D.1 Recurrence and Notation

We introduce the following notation: For each &, we define Dg C {1,...,d} as the set of
possible non-zero positions in a vector of the form V f(w; &) for some w. We consider a fixed
mapping from u € U to subsets S§ C D¢ for each possible . In our notation we also let D
represent the diagonal d x d matrix with ones exactly at the positions corresponding to D¢
and with zeroes elsewhere. Similarly, S5 also denotes a diagonal matrix with ones at the
positions corresponding to Dg.

We will use a probability distribution pg¢(u) to indicate how to randomly select a matrix
S¢. We choose the matrices S5 and distribution pe(u) so that there exist d¢ such that

d¢E[S51¢] = D, (27)

where the expectation is over p¢(u).
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We will restrict ourselves to choosing non-empty sets S§ that partition D¢ in D approxi-
mately equally sized sets together with uniform distributions p¢(u) for some fixed D. So, if
D < |D¢|, then sets have sizes ||D¢|/D] and [|D¢|/D]. For the special case D > |D¢| we
have exactly |Dg¢| singleton sets of size 1 (in our definition we only use non-empty sets).

For example, for D = A, where

A = max{|Del}

represents the maximum number of non-zero positions in any gradient computation f(wj;¢&),
we have that for all £, there are exactly |Dg¢| singleton sets S¢ representing each of the
elements in Dg. Since pe(u) = 1/|D¢| is the uniform distribution, we have E[S§|¢] = D¢/| D¢/,
hence, d¢ = |D¢|. As another example at the other extreme, for D = 1, we have exactly one
set S§ = D¢ for each £. Now p¢(1) = 1 and we have d¢ = 1.

We define the parameter
def

Ap = D-E[[|D¢|/D]],
where the expectation is over £. We use Ap in the leading asymptotic term for the
convergence rate in our main theorem. We observe that

AD SEHDﬁu +D -1

and Ap < A with equality for D = A.
For completeness we define

AL mzaX]P)(i € D).
Let us remark, that A € (0, 1] measures the probability of collision. Small A means that
there is a small chance that the support of two random realizations of V f(w; &) will have
an intersection. On the other hand, A = 1 means that almost surely, the support of two
stochastic gradients will have non-empty intersection.
With this definition of A it is an easy exercise to show that for iid &; and &» in a finite-sum
setting (i.e., & and & can only take on a finite set of possible values) we have

E[[(V f(w1;&1), V f(w2; £2))]]

< Y2 (B flwns I + ]IV f(uzs €0)]7) (28)

(see Proposition 10 in Leblond et al. (2018)). We notice that in the non-finite sum setting
we can use the property that for any two vectors a and b, {a,b) < (||al|? + ||b]|?)/2 and this
proves (28) with A set to A = 1. In our asymptotic analysis of the convergence rate, we will
show how A plays a role in non-leading terms — this, with respect to the leading term, it
will not matter whether we use A =1 or A equal the probability of collision (in the finite
sum case).

We have

Wiyl = Wy — ntdgtSSin(@t; &), (29)
where ; represents the vector used in computing the gradient V f(uy; &) and whose entries

have been read (one by one) from an aggregate of a mix of previous updates that led to w;,
7 <t. Here, we assume that
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e updating/writing to vector positions is atomic, reading vector positions is atomic, and

e there exists a “delay” 7 such that, for all ¢, vector w0 includes all the updates up
to and including those made during the (¢t — 7)-th iteration (where (29) defines the
(t 4+ 1)-st iteration).

Notice that we do not assume consistent reads and writes of vector positions. We
only assume that up to a “delay” 7 all writes/updates are included in the values of positions
that are being read.

According to our definition of 7, in (29) vector w; represents an inconsistent read with
entries that contain all of the updates made during the 1st to (t—7)-th iteration. Furthermore
each entry in @y includes some of the updates made during the (¢ — 7 4 1)-th iteration up to
t-th iteration. Each entry includes its own subset of updates because writes are inconsistent.
We model this by “masks” ¥ ; for t —7 < j <t —1. A mask ¥ ; is a diagonal 0/1-matrix
with the 1s expressing which of the entry updates made in the (j + 1)-th iteration are
included in ;. That is,

t—1

j=t—r

Notice that the recursion (29) implies

t—1
W =wi—r — Y Nide, S%Vf(wj;ﬁj)- (31)
Jj=t—r1
By combining (31) and (30) we obtain
t—1 N
wp— by =— Y nide, (I — 45) S0V f (53 5), (32)
j=t—r1

where I represents the identity matrix.

D.2 Main Analysis
We first derive a couple lemmas which will help us deriving our main bounds. In what
follows let Assumptions 1, 2, 3 and 4 hold for all lemmas. We define
‘Ft - O'(’LU(), 507 UQ, 00y - - - 7515—17 Ut—1, Ut—l)a
where
Ot—1 = (Et,t—n ceey Et,t—l)-

When we subtract 7 from, for example, ¢t and write ¢ — 7, we will actually mean max{t—7,0}.

Lemma 6 We have

E[||de, S5V £ (s &) ||°|Fi, &) < DIV f (s &) ||

t

and
E[dﬁtsz%vf(wt; &)|Fi) = VF ().
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Proof For the first bound, if we take the expectation of ||dg, S5 V f(t; &)||* with respect
to u, then we have (for vectors x we denote the value if its i-th position by [z];)

E[”dftsétvf(wtﬂ §t)” | Ft, &) = dgt ZP& \S&Vf(wt, ft)” =

= dg, Zpgt DIV E))Fde, D [V f (s &) = de, || f (&) IIP < DIV f (s &) |17,

Zesft ’L’eDgt
where the transition to the second line follows from (27).

For the second bound, if we take the expectation of dp, S&Vf(wt, &) wrt ug, then we
have:

Eldg, S5V f (ty; &) | F, &) = dthpgt )S5V f (s &) = De, V f (&) = V(i &),

and this can be used to derive

>

Elde, S5 f (i; &)|F1) = E[E[de, S f (t0; &)| T, &) | Fe) = VF (1dy).

As a consequence of this lemma we derive a bound on the expectation of ||w; — 1¢||%.

Lemma 7 The expectation of ||w; — ||? is at most

t—1
Elllws — @:l’) < 1+ VAT)D 3 07 2L°E[|[d; — wil’] + N).
Jj=t—r
Proof As shown in (32),
t—1 .
wp =y == Y njde, (I — D) S} VI (556;5)-
j=t—r1

This can be used to derive an expression for the square of its norm: ||w; — ||

t—1
IS mjde, (I —$0)S% Y f (s )|
j=t—r
t—1 9
> Amide, (I — S05) StV f (5 €5) 12
Jj=t—71

+ > (mjde; (I — 0.5)Se Y f (@53 &), mide, (I — $4.5) S5V f (33 &)
itjelt—re A1}
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Applying (28) to the inner products implies

t—1
~ &, N
Jwy —@el|> < >0 myde, (I — $4,5) SV f (55 €5) |12
Jj=t—71

S ngde, (I - S0) S5V f (51
itje{t—r,...t—1}

Fllmide, (I — $4.3)SSV f (w33 &) PIVA /2
t—1
= (14 VA7) Y |Injde, (I - £05) S5V f (s €)1

j=t—r

t—1
< (A+VAT) S Pllde, SaV f ()12

Jj=t—r

Taking expectations shows

E[[lw; — @]%) < (1+ VA7) Z 2E]||de, S5V f (53 €)]12]-

j=t—r1

Now, we can apply Lemma 15: We first take the expectation over u; and this shows

E[[Jw; — )] < (1+ VAT) Z 2 DE[||V f (w;; &)|1%].

j=t—r

From Lemma 1 we infer
B[V f(d;;&)]|2] < ALE[F (i) — F(w,)] + N (33)
and by L-smoothness, see Equation 7 with VF(w,) = 0,
. L, . 2
F(;) = F(ws) < 5[0 —wi]|.

Combining the above inequalities proves the lemma. |

Together with the next lemma we will be able to start deriving a recursive inequality
from which we will be able to derive a bound on the convergence rate.

Lemma 8 Let 0 < n < ﬁ for allt > 0. Then,
Elllwesr — w1 F] < (1 - ’“”7) e — wal® + [(L + e + 2L22 D) — will® + 202 DN.

Proof Since wy41 = wy — ntd&SSftVf(uA)t; &), we have
lwers = wall® = [Jwe = wa|* = 20¢(de, S5V f (53 &), (wr — wa)) + 07 ||de, S5V f (15 &0)]|
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We now take expectations over u; and & and use Lemma 15:

E[[| w41 — we|*|F]

[wi = wl|* = 20e(V F (1), (wr — w.)) + 07 DE[||V f (dr; &) ||| F]

= lw — wl? = 20:(V F (1), (wi — @r)) — 206 (VF (i), (b — w,))
02 DE[||V f (dy; &) |17 F4].

IN

By (3) and (7), we have
~(VE (), (i~ w2)) < ~[F() ~ F(w.)] ~ &l — w.]?, and (34)

—(VF(iy), (wy — dr)) < F(iy) — Fwy) + |y — wy|? (35)

Thus, E[||wi+1 — wy||?|F] is at most
(34)(35)
< lwe = wil® + 200 [F () — F(we)] + L[|y — we|* — 2im[F(¢) — F(w,)]
— pnpel[ e — wil|* + 17 DE[||V f (dr; & )[|*| 7]
= flwy — wi [ = 20 [F (we) — F(wy)] + Lagl|e — wel|* — pnl|de — w.]?
+ 17 DE[[|V f (d4; &) ||*| Fi).-

Since

(20)
— [l = wi* = = (wp = wi) = (wy — @) [[* < —gllwe = w|? + [ — e,

E[||wes1 — wa||?|Ft, o] is at most

(1= 55w = wa > = 200 [F (we) = F(w)] + (L4 ol = wi|* + 7 DE[V £ (63 )| ).

We now use ||al|? = ||a — b+ b||? < 2|la — b||? + 2||b||? for E[||V f(1ds; &)||?|F] to obtain
E[||V f (3 &)I*|F) < 2E[|V f(di; &) — V f (wes &) |1*|F2] + 2E[|[V f (wi; &) |*|F]. - (36)
By Lemma 1, we have
E[[|V f (wi; &)1*|Fi] < AL[F(w;) — F(w.)] + N. (37)
Applying (6) twice gives
E[||V f(d; &) — V f(we; 5t)||2|]:t,0t] < LQHwt - wt||2
and together with (36) and (37) we obtain

E[|Vf (e &)1 F2] < 202y — we[® + AL[F (we) — F(w.)] + N.
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Plugging this into the previous derivation yields

e N
Elfwe = wil*IF) < (1= ) we = will” = 20[F(we) = Fw.)] + (L + el e =
+ 2L Dy — wyl|* + 8Lng D[F (w;) — F(w.)] + 207 DN
e N
=== we — wl|? + [(L 4 ) + 2Ln7 D]|[doy — wy||?

— 2n(1 = 4L, D)[F (wy) — F(w.)] + 25 DN.

Since n < 125, —2m(1 — 4Ly D)[F(w;) — F(w.)] < 0 (we can get a negative upper bound
by applying strong convexity but this will not improve the asymptotic behavior of the
convergence rate in our main result although it would improve the constant of the leading
term making the final bound applied to SGD closer to the bound of Theorem 2 for SGD),

Ellwesn — a7 < (1= 8) e = wal + (L + e+ 2202 Dl — wil* + 202 DN

and this concludes the proof. |

Assume 0 < 7 < ﬁ for all t > 0. Then, after taking the full expectation of the

inequality in Lemma 8, we can plug Lemma 7 into it which yields the recurrence

K1
Bllwes - wel?) < (1= ) Blur - wa )+

t—1
(L + p)me + 2L°n?D)(1 + VAT)D Y n?(2L%E[||w; — w.]*] + N)
j=t—r

+2n?DN. (38)

This can be solved by using the next lemma. For completeness, we follow the convention
that an empty product is equal to 1 and an empty sum is equal to 0, i.e.,

k k

[[oi=1and Y g;=0if k <h. (39)
i=h i=h

Lemma 9 Let Yy, By and v be sequences such that Yii1 < B:Yy + ¢, for allt > 0. Then,

Vi < QLT 8ilw) + (T 8))Yo. (40)
j=0

i=0 j=i+1

Proof We prove the lemma by using induction. It is obvious that (40) is true for t = 0
because Y7 < 1Y) + 1. Assume as induction hypothesis that (40) is true for ¢ — 1. Since
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Yie1 < BeYr + v,

Yio1 <BYi+v

-1 -1 -1
<BIOQITT Bilve) + (H Bi)Yo] +

i=0 j*i-i—l

Zﬂt H B]% + Bi( Hﬁ] Yo + ( H BJ

= j=i+1 J=t+1

t—1 t
=[O TT Bl +( H ﬁj)%H(H B8i)Yo
=0

i=0 j=i+1 j=t+1

= O I B + (I 8)Yo
=0

i=0 j=i+1

Applying the above lemma to (38) will yield the following bound.
Lemma 10 Let ny = ottpy with 4 < oy < o and E = max {2, %}. Then,

a?D 1
p? (t+E—1)2

Ell|wi1 — ws?] <

t i—1
-(Z da;(1+ VAT)NT +2L* > E[|[d; — w.|?] + 2N )
i=1 j=i—T
2
ol — w. P,

where a; = (L + p)n; + 2L*n?D.

Proof Notice that we may use (38) because 1 < ﬁ follows from n; = u(to-é%tE) < u(tiE)
combined with F > %. From (38) with a; = (L + p)n; +2L?n? D and 7; being decreasing

in t we infer E[||wir1 — wy|?]

< (1= 5 Ellwe — wilP) + ar(1+ VAT)Dip_ S50 (2LPE[|d) — w. ] + N)
+2n2DN

= (1= ) Elflw — w.l|?) + a(1 + VAT) DR [N+ 2L2 ST} B[l — w. |
+2n2DN.

Since E > 27, +E < t+E Hence, together with n;_, = e tTer) < = T+E) we have

40 1

P —— 41
M—r = Mg (t+E)2 ( )
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This translates the above bound into

El|[we1 — wsl|*] < BE[[lwe — we®] + 1,

for
el
— 1 _ "
fr=1-10,
1 t—1
v = das(1 + \/>7') (t T R)? S [NT + 2L2j:ZtETE[HQDj — w,||?] + 202 DN, where

= (L4 p)n + 2L*n}?D.

Application of Lemma 9 for Y;,1 = E[[|lwir1 — wi|?] and Y; = E[|lw; — w.||?] gives

Elflwess — wa?] < (Z[H (1-1) %>+<1j0(1“;“))1wwow*|m.

i=0 |j=i+1
. . (671 .
In order to analyze this formula, since 7; = WJZE) with a; > 4, we have

ey o g2
2 2+E) = JtE
Hence (we can also use 1 — z < e~* which leads to similar results and can be used to
show that our choice for 7; leads to the tightest convergence rates in our framework),

t t
,unj> ( > j+E -2
1-22) < 1-—
JI_IZ( 2 _jHi j+E H j+E
i+ E— 22+E—1 z+E i+E+1 t+E—-3t+E-2

i+F i+EF+1i+F+2i+E+3 t+FE—-1 t+FE

_G+E-2)(i+E-1) _ (i+E—-1)2 - (i+ E)?
- (t+E-1)(t+E) T (t+E-1({t+E) " (t+E-1)2%

From this calculation we infer that

i 2 ’
m] %‘> " Of(fgi)l)?E[HMO —wl’l (42)

t

E[f|wes1 — wa]|*] < (Z
i=0

Now, we substitute 7; < m in ~; and compute
(i+E)?
t+E—1)2"
(i + E)? | , = . 9
= ————"4a(1 AT)D— ——=[N7 + 2L E[||; — ws
(t+E—1)2 a;(1+ VA7) 12 (z’+E)2[ T+ j_ZZET [llj — w.]l"]
(i + E)? N a?
(t+ E —1)2 (i + E)?
oD 1 (.
TRy da;(1 + VAT)NT +2L% > E[|lw; — ws|*] + 2N
J=i—T
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Substituting this in (42) proves the lemma. |

As an immediate corollary we can apply the inequality |la + b||> < 2||a||? + 2/|b]|? to
E[||¢11 — w«||?] to obtain

Ell[tr41 — ws||?] < 2E[[|tdeg1 — wega |*] + 2E[lwegr — wal?], (43)

which in turn can be bounded by the previous lemma together with Lemma 7: E[||t;41 —w.||?]

t
< 20+ VATD > pQL%E[|d; — w.]?*] + N) +

j=t+1-7
2 4a;(1 +VAT)[NT + 2L E[l|w; — w«|[*] + 2N | | +
prt+E-12 3 =it
(E+1)?
o & e lllwo —wsl)

Now assume a decreasing sequence Z; for which we want to prove that E[||d; —w.|?] < Z;
by induction in ¢. Then, the above bound can be used together with the property that Z;
and 7; are decreasing in ¢t to show

t
Y nfQLE[lw; —w]+ N) < i (2L*Zip1—7 + N)
j=t+1-—71
< 1w 0127, 4 N)
g T/_,L2 (t—|— E o 1)2 t+1*T

where the last inequality follows from (41), and
i—1
S Ellld; — ] < 72 .

Jj=t—T7

From these inequalities we infer

2
1
Bl —wel?] < 81+ VANDYE — — _(212Z,1 .+ N
lesr = wal?] < B0+ VADDS o QL e + V) +
22D ! i{4a'(1+\/AT)[NT+2L2TZ' | +2N] ) +
:U’2 (t+E—1)2 Pt 1 1—T
(E+1)? 2
T RBf|lwe — w2 44
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Even if we assume a constant 4> 7y > 721> Zy > ..., we can get a first bound on the
convergence rate of vectors w': Substituting Z gives

o2
E[Hwtﬂ—w*HQ] < 8(1+\FT) 2 (t-i-El—l)(ZL2Z+N)+
a’D 1 t ,
2 w2 (t+E—1)2 (2:1 {4%(1 +VAT)[NT + 2L*7 7] +2N}> +
2
AU Bllwo — .l 5)

Since a; = (L + p)n; + 2L*n?D and n; < ﬁ, we have

t

¢ t
Zai = (L+,LL)Z77¢+2L2DZ771-2

i=1 i=1 =1

t 2
[0 [0
<(L+p)y ——— +2I°DY —————
;M(1+E) ;M(“LE)Z
L+,uazt:1+2L2 o’D &1
le ’u' zli2
L+ p)a L?a2Dr?
_ (Lt () + =5, (46)

where the last inequality is a property of the harmonic sequence ZZ 1 < 1+4Int and
t 1 o 1 2
<

=1 i2— i:1i2_ 6 °

Substituting (46) in (45) and collecting terms yields

E[|Jter1 — ws]]?] <

o’D 1 (L+ p)a L?a?Dr?
2 #2 (t T E — 1)2 <2Nt + 4(1 + \/ET)T[N + 2L2Z] {,u(l + lnt) + W})
2
ol — w. P (a7)

Notice that the asymptotic behavior in ¢ is dominated by the term

40°DN t
p? (t+E—-1)%

If we define Z; 11 to be the right hand side of (47) and observe that this Z;; is decreasing
and a constant Z exists (since the terms with Z decrease much faster in ¢ compared to
the dominating term), then this Z;; satisfies the derivations done above and a proof by
induction can be completed.

Our derivations prove our main result: The expected convergence rate of read vectors is

462DN t Int
Ellld. — w. 2] < O —r— ).
(D1 —wi7] < 2 (t+E—1)2 + ((t+ E - 1)2)
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We can use this result in Lemma 10 in order to show that the expected convergence rate
E[||wir1 — wy||?] satisfies the same bound.

We remind the reader, that in the (¢ 4 1)-th iteration at most < [|Dg,|/D] vector
positions are updated. Therefore the expected number of single vector entry updates is at
most Ap/D.

Theorem 6. Suppose Assumptions 1, 2, § and 4 and consider Algorithm 2. Let n, = (f_‘ﬁE)
with 4 < oy < « and E = max{2r, %}. Then, t' = tAp/D is the expected number of
single vector entry updates after t iterations and

~ 2
Elly —w.|?) < %2PN ot 10 (),

2
Elllwy - wil’]) < 2PN g + 0 (it )

where N = 2E[||V f(ws; €)||?] and w, = arg min,, F(w).

D.3 Convergence without Convexity of Component Functions

For the non-convex case of the component functions, L in (33) must be replaced by Lk and
as a result L? in Lemma 7 must be replaced by L?s. Also L in (37) must be replaced by
Lr. We now require that 7, < ;725 so that —2n,(1 — 4Lm7tD)[F( ) — F(wy)] <0. This
leads to Lemma 8 where no changes are needed except requiring n; < ;7 LH 5+ The changes in

Lemmas 7 and 8 lead to a Lemma 10 where we require £ > % and where in the bound
of the expectation L? must be replaced by L?k. This perculates through to inequality (47)
with a similar change finally leading to Theorem 7, i.e., Theorem 6 where we only need to
strengthen the condition on E to F > % in order to remove Assumption 3.

D.4 Sensitivity to 7

What about the upper bound’s sensitivity with respect to 77 Suppose 7 is not a constant
but an increasing function of ¢, which also makes F a function of t:

2LaD
j‘ < r(t) <t and E(t) = 27(t).

In order to obtain a similar theorem we increase the lower bound on oy to
12 < < a.

This allows us to modify the proof of Lemma 10 where we analyse the product

ne-3).
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The remaining part of the proof of Lemma 10 continues as before where constant F in the
proof is replaced by 1. This yields instead of (42)

t

Eflwer1 — w. ] < (Z

i=1

(i +1)?
t2

4
%>+ﬂmmm—mWy

; ; . A : (i+1)
We again substitute n; < m in ~;, realize that ——~~ < 1, and compute

(+E@#) —

(i+1)2

t2 Vi

i+1 a? 1 4 = s
= s+ VB DS s VT 227 S Bl - )
j=i—r (i)

(i +1)2 o?
B R (0

OézDi i—1

da;(1+ VAT@)NT(i) + 207 Y E[d; — w.]?] + 2N

j=ir(i)

This gives a new Lemma 10:

Lemma 11 Assume % < 7(t) <t with 7(t) monotonic increasing. Let ny =

M)
with 12 < oy < v and E(t) = 27(t). Then,

a’D 1
Ef[Jwerr —wi?] < R
t i—1
Z da;(1+ VAT (@) [N7(i) + 202 > E[d; — wi?] +2N
i=1 j=i—(i)

4
+ o — w2,
where a; = (L + p)n; + 2L*n?D.

Now we can continue the same analysis that led to Theorem 6 and conclude that there
exists a constant Z such that, see (45),

B[t — wel[?] < 8(1+ VAT(#))7(t)D ﬁé@LzZJr N+
2 t
5 t12 (Z [4a:(1+ VAT(0)[NT(0) + 2L27(5) 2] + 2ND n
=1
A Bl — w1 .
Let us assume
T(t) < \/t- L(2), (19)
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where
1 1

Lit)= — — ——
®) Int (Int)?
which has the property that the derivative of ¢/(Int) is equal to L(t). Now we observe

ian(z‘)Q = i[(L+u)m+2L2 Zt: [(L+ p)— +2L2;%D] iL(i)
=1 =1 i=1
_ L*“ ZL )+ O0(Int) = (LZ wa h’ft +0(Int)
and
t t t 2
Yoair(@) = Y [(L+ pmi +2L%n; D] ()_Z[(Lw)ﬂ +2L2TD] Vi
=1 =1 i=1
L1
= 00 =)=0t
(; )=o)
Substituting both inequalities in (48) gives E[||w41 — wq||?]
< 8(1+VAr(t)r ()D—2t3(2L2Z+N)
sztl (2Nt 4 4\F[(L+M’“‘)ahl: + O 0)][N +2127] + oM)) +
SE[wo — w.
o’D 1 (L+,u)a t 9
< 2—— 1 <2Nt+4xf[( T)mjLO(lnt)][Nj%L Z]+O(ﬁ))
+ 3 E{lwo — w. (50)

Again we define Z;1; as the right hand side of this inequality. Notice that Z; = O(1/t),
since the above derivation proves

402DN 1 1
E[|ltps1 — wil]’] < ———= + O(——
e = wel'] € —5—=3 + O

).

Summarizing we have the following main lemma:
Lemma 12 Let Assumptions 1, 2, § and 4 hold and consider Algorithm 2. Assume 2L3D <

7(t) < \/t- L(t) with 7(t) monotonic increasing. Let n, = Ty with 12 < oy < a. Then,
the expected convergence rate of read vectors is

46’DN 1 1
E[||dir1 — we|?] < ——= 4+ O0(——),
@1 — well7] < 2 s (tlnt)
where L(t) = & (1n1t)2' The expected convergence rate E[||wy1 — wy||?] satisfies the same

bound.
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Notice that we can plug Z; = O(1/t) back into an equivalent of (44) where we may bound
Zi_riy = O(1/(i — 7(i)) which replaces Z in the second line of (45). On careful examination
this leads to a new upper bound (50) where the 2L?Z terms gets absorped in a higher order
term. This can be used to show that, for

(L+ p)a
T )]s

the higher order terms that contain 7(¢) (as defined above) are at most the leading term as
given in Lemma 12.
Upper bound (50) also shows that, for

t > Ty = exp[2VA(1 +

2

12T = gy

the higher order term that contains ||wg — wy||? is at most the leading term.

lwo — w4 |?,

D.5 Convergence of Hogwild! with probability 1

Lemma 13 Let us consider the sequence wg, w1, Ws, ..., W, ..., W, generated by (29):

W1 = we — nede, S5V f (W &),

and define
me = max IV F(wes &)l
Then,
t—1
my < moexp(LD Z i) (51)
i=0

where dg, < D for all &.

Proof From the L-smoothness assumption (i.e., |V f(w; &)—V f(w';€)|| < L|jw—w'||, Yw,w" €
R?), for any given &;:

IV f w13 6) — Vf(wi; &) < Lllwgsr — wel| = L|mede, SV f (dio; &) ||
< LDne||V f (5 &) -

Since

my = max ||V f(wy; &)l

0<i<n,0<t'<t
we have
IV f(wir1: &) = Vf(w &) < LDnemy
for any i € [n] and ¢. Using the triangular inequality, we obtain
IV fwer1; &)l < NIV f(wes &) + [V f(weg15 &) — VI (wi &)l

Vi, ||V f (we;€i) | <me R
< my + LD ||V f (3 &) |

Vi, ||V fi (01363 || <mne
< (1 + LDne)my.
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Moreover, the result above implies m;+1 < (1 + LDn;)m; and unrolling m; yields

t

mer1 < Mo H(l + LD??i)-
=0

For all x > 0, it is always true that 1 4+ = < exp(z). Hence, we have

t t t

mer1 < mo H(l + LDn;) < my H exp(LDn;) < my exp(LD[Z 7).
i=0 i=0 i=0

Theorem 5 (Sufficient conditions for almost sure convergence for Hogwild!) Let
Assumptions 1, 2, 8 and 4 hold. Consider Hogwild! method described in Algorithm 2 with a
stepsize sequence such that

1 1
k> 3r.
D@+ B)k+d) ~aLpP = 0F=37

0<n =

Then, the following holds w.p.1 (almost surely)
|we — wy|| — 0.

Proof As shown in Lemma 8, for 0 < n; < ﬁ, we have

Bl — w2173 < (1= 29 ) Jur = wl + (L + e+ 2L Dl — i + 202 DN
HT1 N
= e = w2 = 25 = w0l + (L + e+ 2L D — P
+ 2n2DN

If we can show that S 0°([(L + p)n: + 2L*n2 D]y — wy||? is finite, then it is straight
forward to apply the proof technique from Theorem 1 to show that ||w; — wy|? — 0 w.p.1.
From the proof of Lemma 7, we know |jw; — w||? is at most

t—1 t—1
1+ VA7) S 2lde, S3 V(561 < (1 +VATD? S 02|V f (g &)1
Jj=t—T1 Jj=t—T1

< (1 + VAT D*rm?n?__.

Since ni—r = (1 — z5=)m < $m when k > 37 for all ¢ > 0, it yields |Jw, — ] <
(1+ \/KT)DQTinth%. Hence S27°,[(L + p)ne + 2L*n2 D]|J10y — wy]|? is at most

oo
(L + w)no + 2L2778D](1 + \/ET)DQT Z nfm?
t=0
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Combining m; < mgexp(LD Yt_qn;) (see (51)) and n; = m yields

1
2+

1 1
7)t2+5_
2+ 06

S|

t
1
my < mo exp( Z ) <mgpexp(=——(1+1Int)) < mgexp(
i=1

2+

The second inequality is a property of harmonic number Hy = 3"}_; % <1+ Int. Hence,

1
mo ex 5173 —(148)
1 1 ! 0exp(535) as

< -
ntmy < L( )tmoexp(2+5

CE S et )

Hence, we obtain

]2t_(1+p)
L(2+8) 0 L(@2+p)

(neme)® < [

where p = % Due to the property of over-harmonic series, > ;o tl%P converges for any
p > 0. In other words, 3292, (n;my)? is finite or 32902 [(L+pu)ns+2L%n? D] ||y —wy||? is finite. W

D.6 Convergence of Large Stepsizes

Theorem 9 Let Assumptions 1, 2, and 8 hold. Consider Algorithm 1 with a stepsize sequence
such that ny < ﬁ, e — 0, %Ut <0 and Y 72gn: — 0o. Then,

E[[[wi1 — wl|?] = 0.
Proof As shown in (24)
Ef|lwe1 — wil?] < (1 — pme)E[we — w.|[?] + ni N,

when 7, < i
Let Yii1 = E[||wis1 — wi|?], Vi = E[||wy — w||?], Bt = 1 — un; and v, = n2N. As proved
in Lemma 9, if ;11 < 3:Y; + 74, then

Yirr < T Bihi + (I 8
i=0

i=0 j=i+1
t ot t
=T IT (0= + [T = g JE ][ — w.|?]
i=0 j=i+1 i=0
Let us define
n(j) = pn;. (52)
Since 1 — z < exp(—x) for all z > 0,
t t t
[T (0= pmy) <exp(= Y (umy)) = exp(= > n(5)).
j=i+1 j=it+1 j=i+1
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Furthermore, since n(j) is decreasing in j, we have

t 1
Z n(y) 2/;+ n(x)dz.

j=i+1 =i+l
These two inequalities can be used to derive

t

Y1 < exp(— Y n(f))n(i)’N + exp(— Y _n(j))Yo
j=0

i=0 j=i+1

< exp(—

< ;) p( /x
> exp(—[M(t+1) — M(i + D)])n(i)>N + exp(—M (t + 1)) Yy,
=0

(2

t+1 t+1

n(z)dz)n(i)2N + exp(— / n(z)dz)Yy

=i+1 =0

where ” J
M(y) = [ nlwydz and M (y) = n(y).
=0 Y
We focus on

F=> exp(—[M(t+1) — M(i+ 1)])n(i)*.
=0

‘We notice that .
F=exp(—M(t+1))) exp(M(i+1))n(i)*.
1=0

We know that exp(M(x + 1)) increases and n(z)? decreases, hence, in the most general
case either their product first decreases and then starts to increase or their product keeps
on increasing. We first discuss the decreasing and increasing case. Let a(x) = exp(M(x +
1))n(x)? denote this product and let integer j > 0 be such that a(0) > a(1) > ... > a(j) and
a(j) <a(j+1) <a(j+2)<...(notice that j = 0 expresses the situation where a(i) only
increases). Function a(x) for > 0 is minimized for some value A in [j, j 4 1). For 1 <i < j,
a(i) < [i_,_;a(x)dz, and for j +1 <4, a(i) < "1 a(x)dz. This yields the upper bound

=1

t

Za(i) =a(0) + Za(i) + Z a(i)
i=1

i=0 i=j+1
J t+1
< a(0) —|—/ a(x)dr + a(x)dz,
=0 r=7+1
t+1
< a(0) +/ a(x)dx
=0

The same upper bound holds for the other case as well, i.e., if a(i) is only decreasing. We
conclude

F < exp(—M(t +1))[exp(M(2))n(0)* + /;J: exp(M(x + 1))n(z)?dz].
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Combined with
r+1 T
Me+1)= [y < [ nlydy+n(e) = M) +n()
y
we obtain

F < exp(-M(t-+ 1)fesp (M) + [ esp(M(@)n(e) exp(n(a))da]
< exp(-M(t-+ 1) foxp(M)n(0)? +exp(n(0)) [ exp(M(@)n(x)da].

This gives

Vi < exp(=M(t+ D)exp(M(D)n(0)? + exp(n(0) [ exp(M (2))n(x)?da] N

+exp(—M(t+1))Y)
= Nexp(n(0))C(t + 1) + exp(—M (t 4 1))[exp(M(1))n(0)*N + Yp), (53)

where .

C(t) = exp(—M (1)) / exp(M (z))n(z)2dz.

=0

For y < t, we derive (notice that n(z) is decreasing)
¢
C(t) = exp(-M (1) [ exp(M(@))n(2)*ds
=0

— exp(—M(#)) / yoexp(M(x))n(x)de+exp(—M(t)) / tyexp(M(x))n(x)Qdac

Yy t

<exp(-M(0) [ exp(M@)n(@)ds +exp(-M () [ esp)n()n(y)dr

— exp(—M(1)) /x yzo exp(M(2))n(z)2dz + exp(—M(£))n(y) /x t:y exp(M (z))n(z)dz

—exp(~M(0) [ exp(M(@)n(@)de + n{y)[L — exp(~M(®) exp(M(y))]
<exp(-M(0) [ exp(M(x))n(a)’ds +n(y).

Let € > 0. Since n(y) — 0 as y — oo, there exists a y such that n(y) < €/2. Since
M(t) — oo as t — oo, exp(—M(t)) — 0 as t — oco. Hence, there exists a T" such that for
t > T, exp(—M(t)) [V, exp(M (z))n(z)?dz < €/2. This implies C(t) < € for t > T. This
proves C(t) — 0 as t — oo, and we conclude Y; — 0 as t — oc. [ |

Theorem 10 Let Assumptions 1, 2, and 3 hold. Consider Algorithm 1 with a stepsize
sequence such that n < ﬁ, n — 0, %Ut <0, and > 72y n — 00. Then,

n(t+1)
n(0)
+exp(=M (t +1))[exp(M (1))n(0)*N + E[|Jwo — w.|*]],

Ef|wesr — wil|?) < N exp(n(0))2n(M ™" (In| |+ M(t+1)))
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where n(t) = pmy and M(t) = [

oo n(x)d.

Proof We are ready to compute the convergence rate of Y; = E[||w; — w,||?] for a given
M (t). We have shown that C(t) < exp(—M(t)) [*_,exp(M (z))n(z)*dz + n(y). We are
interested in the following problem: finding the largest y < ¢ such as
y
exp(~M()[ [ exp(M(@))n(a)da] < n(y).
The solution is equal to
y

y =sup{y <t: eXp(—M(t))[/ exp(M (z))n(z)*dz] < n(y)}.

x=0

Since M (x) always decreases,

y = supfy <t exp(-MO)[ [ exp(M(@)n()n(0)da] < n(y)}
— supf{y < ¢ : exp(~M())n(0) [exp(M(y)) — exp(M(0)] < n(y)}

=sup{y <t:exp(M(y)) <exp(M(0)) + Z

> sup{y <t:exp(M(y)) < exp(M(0)) +

vV
3
=

> sup{y < t:exp(M(y)) <

— sup{y < t: M(y) < In[ ] + M(1)}

S
~—~

o
S~—

IO}

where M ~1(t) exists for t € (0,1(0)] (since M(y) strictly increases and maps into (0,7(0)]
for y > 0).
Therefore,

and
n(t+1)
n(0)

Yii1 < Nexp(n(0))2n(M(In |4+ M (t+1)))+exp(—M (t41)) [exp(M (1))n(0)> N+Y).

Theorem 11 Among all stepsizes gy = 1/(K +t)? where ¢ > 0, K is a constant such that
Ngt < ﬁ, SGD algorithm enjoys the fastest convergence with stepsize m = 1/(2L +t).
Proof In (53) we have

Efwe — w.|’] < AC(t) + Bexp(=M(t)),
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where A = Nexp(n(0)) and B = exp(M(1))n(0)°N + E[||wo — ws|?]. Let us denote
Cy(t) = C(t),ng(t) = /(K + t)? where ngs = 1/(K 4 t)9. It is obvious that ng(t) > ni(t)
for all t and ¢ < 1. It implies for any ny(t) with ¢ <1,

t t

pl/(K + z)dzr) < exp(—/gﬁ pl/zdz) < 1/t.

exp(—M(t)) < exp(—/x

Therefore, we always have exp(—M (t)) < 1/t = ni(t) < ng(t) < Cy(t). Now, we consider
the following case. We find n(t) such that n(t) = C(t)/2. We rewrite this as
t
C(t) = exp(—M(t)) / exp(M (x))n(x)?dx = 2n(t).
=0
Taking derivatives of both sides, we have:

d d
_n2 _ — _ 20 =
n nn—2n)=n(n—-C) = tC 2 tn

This is solved for 1/(at) : —1/(at?) = —2/(at?) Hence, a = 1/2 and n(t) = 2/t. It means,
Cy(t) > Ci(t) and thus, the stepsize 114 = 1/(K +t) enjoys the fastest convergence. [ |

D.7 Convergence of Large Stepsizes in Batch Mode

We first derive a couple lemmas which will help us deriving our main bounds. In what
follows let Assumptions 1, 2 and 3 hold for all lemmas.

Lemma 14 Let us define f(w;(&1,...,6k)) = ¢ LSk f(w; &), then we have the following
properties:

Elf(w; (&1, --,8))] = F(w),

Wy 2
BV (e (&1, &6))7) = LSS

and

E[IV.f (w; (€1, &)%) < 4L[F(w) — F(w,)] +%

Proof The expectation of f(w;(&1,...,&)) is equal to

k
Elf(ws (61, )] = 7 D Blf(wi )] = Flw) 54)
i=1
Now we write E[||V f (w.; (€1, ..., &)%) as E[Z;l:l(% SF L[V F(ws; &)];)%]. This is equal
to
d 1 k
E[Z{ﬁ Z[vf(w*a 5@ i+ Z Vf Wse; 5@0)] ~[Vf(w*; &ir )]j}]
j=1 i=1 zo#h
d k
—E[3" 5 (VS (wei &) +El z S (Vs )1V Fwes )]
j=1 i=1 = 107521
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The first term E[Z?Zl = K LV (ws; &3] is equal to

d k d k
> 1 L EIVS i) = Z IV s 0] = 5 S BV e I
=1 j=1 i=1

j=1" =1

= B[V (0 &)

The second term E[ZJ 1% 21075%1 [V f(we; &) [V f(ws; &y )]5] is equal to

d
>+ 3 IV (i )] IV (w0
J=1""1t0#0
d
lei S [BIV f(wai o)) - [BIV f(was €]

J=1"rip#i1

Note that E[V f(ws; &, )] = VE[f(ws; &)] = VF(w,) = 0. This means that the second term
is equal to 0 and we conclude

wy; €))%
IV f(wsi &1, &) = SIS O] (55)

We have the following fact:

k
V505 €1, 66)) = VT (s €1, 6D = 5111 DV F (i) = V f(wes ) )

=1

—
o

< N IVF(wi &) — Vf(was &)
=1

= [ VF(w; &) — Vf(we &)
Since E[||V f(w; &) — V f(ws; €] < 2L[F(w) — F(w,)] (see (18)), we obtain

B[V f(w; (&1, &) = Vf(ws; (€1, &))IIP] < 2LIF (w) = F(w.)).

k‘

By using a similar argument as in Lemma 1 we can derive

B9 (w; (€1, &)%) < AL[F(w) = F(w,)] + 2E[[ 9 (wei (€1, )]
B L{F () - Pl 4 21V @ O

k
N
= 4L[F(w) = Fw)] + (56)
where N = 2E[||V £ (w.; €)% [ |
We define
‘Ft = O-(w07§(l)7 ug, - - - 751{,71711’25—1)7
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where
61, = (E’i,la cee 752',1%)'

We consider the following general algorithm with the following gradient updating rule:
Wity = wy — ntdggsgivf(wt; &);
where f(w; &) = ki, ;‘621 (wt; &)
Lemma 15 We have
E[|ldg; S5V £ (wes €)1 7, €) < DIV f(we: €)1
and

Eldg SitV f (wi; €)|F) = VF(uwy).

Proof For the first bound, if we take the expectation of ||d§£S§§Vf(wt; €))||? with respect
to ug, then we have (for vectors z we denote the value of its i-th position by [z];)

Ellldg; S5, V £ (wes €)1 €] = d2 > pey (w) | S5V £ (wrs €)1

= dé Zpg;(u) > [V £ (wi; €))7
“ iest
=dg > [Vf(wi €))7 = de |l f(we; )? < DIV f(we; &)1,

iEDét/:

where the transition to the second line follows from (27).

For the second bound, if we take the expectation of dﬁi SE@V f(wy; &) wrt ug, then we
have:

Eldey S5,V f (wes €)1 Fe, €] = dgy 3 peg () S5V f (wis ) = V f (wi; ),
and this can be used to derive
E[dg, St f (wi; €)|F) = E[Eldg; S5 f (wi; )| Fr, €)1 F) = EIV £ (w: €)] = VF(wy).

The last equality comes from (54). |

Lemma 16 Let Assumptions 1, 2 and 8 hold, 0 < n; < ﬁ for allt > 0. Then,

,ND

Efllwerr — w®] < (1= pme) e — wl|* + ng &
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Proof Since w1 = wy — ntd&S’SéVf(wt; &}), we have

5/ g/
[wesr = wil|? = lwe = wil|* = 204 (dgy S V f (wi; &), (we — wi)) + 0 | dgg Sai ¥ f (wis €)1
We now take expectations over u; and & and use Lemmas 15 and 14:

E[[|we1 — w|*|F)
< Jwe = wil[* = 20e(VF (w), we — wy) + 17 DE[||V f (w; €)]|*| F2]

By (1), we have
—(VF(w),w; — wy) < =[F(w) = F(w.)] = p/2[|we — w.]|? (57)

Thus, E[||wir1 — ws||?|F] is at most

(57)
< lwe = wil® — pme|we — wi|* = 2 [F(w) — F(w.)] + 0 DE[|V f (we; &) |1*]F].

Since E[[|V £ (wy; €)||2|F) < 4L[F(w) — F(w,)] + & (see (56)), Elllwis1 — w.|?F] is at
most

(56) ND
< (1 — pne)|Jwe — ws||* = 2my(1 — 2 LD)[F(w) — F(w.)] + nth

Using the condition 7y < ﬁ yields the lemma. |

As shown above,

E — E 2ND
[llwesa w*H?} < (1= pn)Effjwe — w*||2] mTtv
W 1

hen n; < 5D

Let Yoy = w21 Y; = Elllwy — w,|2], By = 1— Ay = BND A d
et Vi1 = Eflwi st — w2, Yi = Elllwy — w, 2], 6 = 1 — oy and 5 = 22 As prove

in Lemma 9, if ;11 < 3:Y; + 74, then

Yir1 <> T Bilvi+ (J] 8:)Yo
i=0

i=0 j=i+1
= > U IT =)l + (TTQ = s JE[[wo — w.]|?)
i=0 j=i+1 i=0

Let us define n(j) = pn; and M(y) = [Y_,n(x)dz as in Section 4.

T

Theorem 12 Let Assumptions 1, 2 and 3 hold, {n;} is a diminishing sequence with conditions
Yoot — 00 and 0 < n < ﬁ for all t > 0. Then, the sequence {w;} converges to w,
where

Wit = we — el S,V f (wes ).
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Proof To prove the convergence of wy, we only need to prove the convergence of

t n\x 2
C(t) = exp(=M(1)) [ exp(M (@) k(<x)>

Let T denote the total number of gradient computations and define K (t) = ['_, k(z)dx =
T; we have t = K~(T) and dlg;x) = k(z). We define y = K(z) or x = K~ !(y) with
dy = k(x)dx. We write

t n(x 2
C(t) = exp(-M1(0) [ expl(0(a) | da

= exp(~M(K~(T))) <) exp(M(K_l(y)))k

—1 Kﬁl(T) —1
< exp(—M (K~\(T))) / exp(M (K~ (1))

The last inequality is based on the fact that K(0) > 1.

Let us define n/(z) = % and using the fact that dy = k(z)dz, we obtain

-1 Kﬁl(T) -1 / -1 2
< exp(—M(K (T)))/1 exp(M (K™ (y)))[n' (K" (y))]"dy.

Since K~1(y) = z, we have dK(;iyl(y) = ﬁ where y = K(z). This implies

n(K—1 _ .
H = n/(K~1(y)). Hence, by denoting

dM(K~(y))
dy

we can convert the general problem into the problem of Section D.6. This implies that the
analysis of C(t) in Section D.6 can directly apply to analyze C(K (7). Since we already
proved the convergence of C(t) in Section D.6, we obtain the theorem. |
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