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Abstract

Real-world machine learning applications often involve deploying neural networks
to domains that are not seen in the training time. Hence, we need to understand the
extrapolation of nonlinear models—under what conditions on the distributions and
function class, models can be guaranteed to extrapolate to new test distributions.
The question is very challenging because even two-layer neural networks cannot
be guaranteed to extrapolate outside the support of the training distribution without
further assumptions on the domain shift. This paper makes some initial steps
towards analyzing the extrapolation of nonlinear models for structured domain
shift. We primarily consider settings where the marginal distribution of each
coordinate of the data (or subset of coordinates) does not shift significantly across
the training and test distributions, but the joint distribution may have a much bigger
shift. We prove that the family of nonlinear models of the form f(x) = 3" fi(x;),
where f; is an arbitrary function on the subset of features x;, can extrapolate to
unseen distributions, if the covariance of the features is well-conditioned. To the
best of our knowledge, this is the first result that goes beyond linear models and the
bounded density ratio assumption, even though the assumptions on the distribution
shift and function class are stylized.

1 Introduction

In real-world applications, machine learning models are often deployed on domains that are not seen
in the training time. For example, we may train machine learning models for medical diagnosis on
data from hospitals in Europe and then deploy them to hospitals in Asia.

Thus, we need to understand the extrapolation of models to new test distributions — how the model
trained on one distribution behaves on another unseen distribution. This extrapolation of neural
networks is central to various robustness questions such as domain generalization (Gulrajani and
Lopez-Paz|[2020]], Ganin et al.| [2016]], Peters et al. [2016]] and references therein) and adversarial
robustness [|[Goodfellow et al., 2014, |Kurakin et al.,[2018]], and also plays a critical role in nonlinear
bandits and reinforcement learning where the distribution is constantly changing during training
[Dong et al.| [2021} |Agarwal et al., 2019, |Lattimore and Szepesvari, |2020, |Sutton and Barto, [2018]].

This paper focuses on the following mathematical abstraction of this extrapolation question:

Under what conditions on the source distribution P, target distribution @, and function class F do
we have that any functions f,qg € F that agree on P are also guaranteed to agree on QQ?

Here we can measure the agreement of two functions on P by the /5 distance between f and g under

distribution P, that is, || f — g||p2 Eu~p[(f(z) — g(x))?]'/2. The function f can be thought of
as the learned model, g as the ground-truth function, and thus || f — g|| p as the error on the source
distribution P.
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This question is well-understood for linear function class F. Essentially, if the covariance of ) can
be bounded from above by the covariance of P (in any direction), then the error on () is guaranteed
to be bounded above from the error on P. We refer the reader to[Lei et al.|[2021]],[Mousavi Kalan
et al.|[2020] and references therein for more recent advances along this line.

By contrast, theoretical results for extrapolation of nonlinear models is rather limited. Classical
results have long settled the case where P and () have bounded density ratios [Ben-David and Urner}
2014| |[Sugiyama et al., |2007]. Bounded density ratio implies that the support of ) must be a subset of
the support of P, and thus arguably these results do not capture the extrapolation behavior of models
outside the training domain.

Without the bounded density ratio assumption, there was limited prior positive result for characterizing
the extrapolation power of neural networks. |Ben-David et al.|[2010] show that the model can
extrapolate when the HAH-distance between training and test distribution is small. However, it
remains unclear for what distributions and function class, the HA?H-distance can be bounded In
general, the question is challenging partly because of the existence of such a strong impossibility
result. As soon as the support of () is not contained in the support of P (and they satisfy some
non-degeneracy condition), it turns out that even two-layer neural networks cannot extrapolate—there
are two-layer neural networks f and g that agree on P perfectly but behave very differently on )
(See Proposition @ for a formal statement.)

The impossibility result suggests that any positive results on the extrapolation of nonlinear models
require more fine-grained structures on the relationship between P and () (which are common in
practice Koh et al.| [2021]], Sagawa et al.|[2022]]) as well as the function class . The structure in the
domain shift between P and () may also need to be compatible with the assumption on the function
class F. This paper makes some first steps towards proving certain family of nonlinear models can
extrapolate to a new test domain with structured shift.

We consider a setting where the joint distribution of the data can does not have much overlap
across P and @ (and thus bounded density ratio assumption does not hold), whereas the marginal
distributions for each coordinate of the data does overlap. Such a scenario may practically happen
when the features (coordinates of the data) exhibit different correlations on the source and target
distribution. For example, consider the task of predicting the probability of a lightning storm from
basic meteorological information such as precipitation, temperature, etc. We learn models from some
cities on the west coast of United States and deploy them to the east coast. In this case, the joint test
distribution of the features may not necessarily have much overlap with the training distribution—
correlation between precipitation and temperature could be vastly different across regions, e.g., the
rainy season coincides with the winter’s low temperature on the west coast, but not so much on the
east coast. However, the individual feature’s marginal distributions are much more likely to overlap
between the source and target—the possible ranges of temperature on east and west coasts are similar.

Concretely, we assume that the features x € R#®1*92 have Gaussian distributions and can be divided
into two subsets 21 € R®! and x2 € R*2 such that each set of feature z; (i € {1,2}) has the same
marginal distributions on P and ). Moreover, we assume that x; and - are not exactly correlated
on P—the covariance of features x on distribution P has a strictly positive minimum eigenvalue.

As argued before, restricted assumptions on the function class F are still necessary (for almost any P
and () without the bounded density ratio property). Here, we assume that F consists of all functions
of the form f(x) = f1(x1) + fa(z2) for arbitrary functions f; : R® — Rand fy : R*2 — R. The
function class F does not contain all two-layer neural networks (so that the impossibility result does
not apply), but still consists of a rich set of functions where each subset of features independently
contribute to the prediction with arbitrary nonlinear transformations. We show that under these
assumptions, if any two models approximately agree on P, they must also approximately agree on )
— formally speaking, Vf,g € F, [|f — gllo< ||f — gllp (Theorem ).

We also prove a variant of the result above where we divide features vector 2 € R? into d coordinate,
denoted by * = (z1,...,24) wWhere 2; € R. The function class consists of all combinations

of nonlinear transformations of z;’s, that is, 7 = {Zle fi(z;)}. Assuming coordinates of z

'In fact, the HA#H-distance likely cannot be bounded when the function class contains two-layer neural
networks, and the supports of the training and test distributions do not overlap —when there exists a function
that can distinguish the source and target domain, the HAH divergence will be large.
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Figure 1: Visualization of three different training distributions and a test distribution, where the
orange color blocks marks the support. (a) and (b): distributions that do not satisfy our conditions
and cannot extrapolate. (c¢): a distribution that satisfies our conditions even with a sparse support.

are pairwise Gaussian and a non-degenerate covariance matrix, the nonlinear model f € F can
extrapolate to any distribution @ that has the same marginals as P (Theorem [4).

These results can be viewed as first steps for analyzing extrapolation beyond linear models. Compared
the works of |Lei et al.|[2021]] on linear models, our assumptions on the covariance of P are quali-
tatively similar. We additionally require P and @) have overlapping marginal distributions because
it is even necessary for the extrapolation of one-dimensional functions on a single coordinate. Our

results work for a more expressive family of nonlinear functions, that is, 7 = {Z;izl fi(z;)}, than
the linear functions.

We also present a result on the case where x;’s are discrete variables, which demonstrates the key
intuition and also may be of its own interest. Suppose we have two discrete random variable z; and
Z2. In this case, the joint distribution of P and () can be both presented by a matrix (as visualized in
Figure[I)), and the marginal distributions are the column and row sums of this joint probability matrix.
We prove that extrapolation occurs when (1) the support of the marginals of @ is covered by P, and
(2) the density matrix of P is non-clusterable — we cannot find a subset of rows and columns such
the support of P in these rows and columns lies within their intersections.

In Figure[I] we visualize a few interesting cases. First, distributions P, P, visualized in Figures 1a
and 1b, respectively, do not satisfy our conditions. Fundamentally, there are two models that agreed
on the support of distribution P; (or P), but still differ much on the non-support. In contrast, our
result predict that models trained on distribution P5 in Figure 1c¢ can extrapolate to the distribution @
in Figure 1d, despite that the support of Ps is sparse and their support have very little overlap.

We also note that the failure of P; and P, demonstrate the non-triviality of our results. The overlapping
marginal assumption by itself does not guarantees extrapolation, and condition (2), or analogously
the minimal eigenvalue condition for the Gaussian cases, is critical for extrapolation.

Our proof techniques for the theorems above is generally viewing ||h||% as Kp(h,h) for some
kernel Kp : F x F — R. Here h is a shorthand for the error function f — g. Note that the kernel
takes in two functions in JF as inputs and captures relationship between the functions. Hence, the
extrapolation of F (i.e., proving ||h||gS ||h]|p for all A € F) reduces to the relationship of the
kernels (i.e., whether K¢ (h, h) < Kp(h, h) for all h € F), which is then governed by properties of
the eigenspaces of kernel K p, K. Thanks to the special structure of our model class F = > fi(z;),
we can analytically relate the eigenspace of the kernels K p, K to more explicitly and interpretable
property of the data distribution of P and Q).

2 Problem Setup and Preliminaries

We use P and @ to denote the source and target distribution over the space of features X =
Xy X -+ x X, respectively. We measure the extrapolation of a model class 7 C RY from P to ) by



the the following quantityﬂ

T £ su EQ[(f(x) _g(x))Z]
(P.QF) = swp g @) = g(@)]”

When 7(P,Q, F) is small, if two models f,g € F approximately agree on P (meaning that
Ep[(f(x) — g(x))?] is small), they must approximately agree on @ because Eq[(f(z) — g(z))?] <
TEp[(f(2) — g(=))]-

If the model class F is expressive enough to include the ground-truth labeling function, 7 becomes an
upper bound of the ratio between the loss on distribution ) and the loss on distribution P (formally

stated in Proposition|[I)), which provides the robustness guarantee of the trained model. This is because
when g corresponds to the ground-truth label, Ep[(f(x) — g(x))?] becomes the £ loss of model f.
Proposition 1. Let 7 the quantity defined in Eq. (1). For any distribution P, Q) and model class F, if
there exists a model in F that can represent the true labeling y : X — R on both P and Q:

3f* € F such that E%(P+Q)[(y(x) — f*(x)?] <eF, 2)

(D

then we have
Vy € F,Eql(y(z) — f(x))?] < (87 + 4)er + 47Ep[(y(x) — f(2))?]. 3)

Proof of this proposition is deferred to Appendix [F1]

Relationship to the HA%#H-distance. The quantity 7 is closely related to the HAH-distance [Ben/
David et al.,[2010]:

duan(P, Q) = 2supy ye 7 [Pranpf(x) # 9(2)] — Pravg[f(z) # g(2)]l; 4)

with the differences that (1) we consider /5 loss instead of classification loss, and (2) 7 focuses on
the ratio of losses whereas dy; A% focuses on the absolute difference. As we will see later, these
differences bring the mathematical simplicity to prove concrete conditions for model extrapolation.

In this paper, we focus on the model class F = {Zle fi(x:) : Ep[fi(z:)?] < 0o, Vi € [d]} where
fi + X — R is an arbitrary function. Since F is closed under addition, we can simplify Eq. (I)

to 7(P,Q,F) = supscr %. For simplicity, we omit the dependency on P, ), 7 when the

context is clear.

3 Summary of Main Results

3.1 Features with Discrete Values

In this section, we relate the extrapolation power of a training distribution P to the clusterablity of its
density matrix. Without loss of generality, we assume that x; takes the value in {1,2,---,7;}.

We measure the (approximate) clusterablity by eigenvalues of the Laplacian matrix of a bipartite
graph associated with the density matrix P € R"*"2. Concretely, let G p be the bipartite graph
where P(z1 = i,z2 = j) corresponds to the weight of the edge between the i-th vertex on the left
part of the graph and the j-th vertex on the right part. The Laplacian of Gp is computed as follows.

Let d; € R™ and dy € R™ be the row and column sums of the weight matrix P (in other words,
degree of the vertices). Define diagonal matrices D; = diag(d;) € R™*" and D, = diag(dz) €
R"2*72_ Then the (signless) Laplacian K p and normalized Laplacian of K p is:

D P - . _ . _
Kp= ( P Dz) . Kp = diag(Kp)~'/?Kpdiag(Kp)~'/*. ©)
And our main theorem in this section is stated as follows.

Theorem 2. For any two dimensional distribution P, Q) over discrete random variables 1, x2, and
the model class F = { f1(x1) + fa(x2)} where f; : X; — R is an arbitrary function, we have
_ P(z; =1t)
P.Q,F) <2X\(Kp)~?! — 6
TR QF) < 2aKe) T e Qe =) ©

?For simplicity, we set 0/0 = 0.



Remarks. Cheeger’s inequality provides upper and lower bounds of \o(K p) by the sparest cut
o(G p) of the bipartite graph G'p [Chung, |1996, |Alon, |1986]:

X (Kp)/2 < ¢(Gp) < \/2Xa(Kp), (7)

When the bipartite graph is not connected (e.g., the distribution in Figure ), we get p(Gp) =0
and therefore Ao (K p) = 0. In this case, Theoremis vacuous because the upper bound in Eq. (6)
becomes infinity, and therefore we have no extrapolation guarantees. In fact, we can even find two
models f, g and a input z' such that || f — g||p= 0 but f(x') # g(z) (see Proposition .

The following corollary proves sufficient conditions for 7(P, @, F) < oo, which are visualized in
Figure
Corollary 3. In the setting of Theorem 7(P,Q,F) < oo if

1. the marginals of Q has a smaller support than that of P, and

2. we cannot find a subset of rows and columns such that the support of P in these rows and
columns lies within their intersections.

The proof of Corollary B|is deferred to Appendix

Compared with prior works that assumes a bounded density ratio on the entire distribution (e.g.,
Ben-David and Urner|[2014]],|Sugiyama et al.| [2007])), we only require a bounded density ratio of the
marginal distributions. This is because the model class f(z) = f1(z1) + f2(22) can extrapolate to
distributions with a larger support (see Figure[Tk). In contrast, for an unstructured model considered
in prior works (in this case, f(x) is an arbitrary function of the entire input ) we do not have any
control of the model’s behavior on data points outside the support of P.

The proof sketch of Theorem [2]is deferred to Appendix

3.2 Features with Real Values

We also consider the case when x1, x5, -,z are real-valued random variables. Let Xp =
Ep[zzT],Sq = Eg[zz "] be the covariance matrix of = on distributions P, Q). Recall that our

model has the structure f(z) = Zle fi(x;) where f; is an arbitrary one-dimensional function.
Without loss of generality, we assume diag(Xp) = diag(X¢g) = I (a detailed discussion is deferred
to Appendix [B.2)), then we have the following theorem.

Theorem 4. For any distributions P, Q) over variables x = (x1, - - -, x4) with matching marginals, if
(x4, ;) has the distribution of a two-dimensional Gaussian random variable for every i, j € [d] on
both P and Q, and diag(Xp) = diag(Eq) = I, then

7 < dAmin(Zp)) L (®)

Compared with linear models Fiinear £ {vTx TvE Rd}, Theoremproves comparable conditions

for the structured nonlinear model class f(x) = Zle fi(x;) to extrapolate because linear model
. H'UTIH2 s _ .

requires 7 (P, Q, Flinear) = SUP,cRd W = SUP,cRa % < Amin(Zp) 7! to be small, which

is the requirement of Eq. (§)) (up to factors that is independent of the distributions P, Q).

We can extend to the case where 71 € R%, 25 € R are two subsets of the input x, and the input

& = (z1, z2) has Gaussian distribution (Theorem 5).
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3In fact, we can prove Corollary [3|directly without referring to Theorem [2} We start with the fact that
|l fIlp= 0 implies f(x) = O for all z € supp(P). Then we can iteratively expand the set of points that we know
f(z) = 0, using the fact that for any z1, z2, T, T4, the three equations f1(x1)+ fo(x2) = 0, f1(x])+ fo(x2) =
0, and f1(x1) + f2(xh) = 0 together implies f1(x}) + f2(xh) = 0.
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A Useful Notations

In this section, we introduce some useful notations.

Let I [E] be the indicator function that equals 1 if the condition E is true, and 0 otherwise. For an
integer n, let [n] be the set {1,2, - -, n}. Fora vector z € R?, we use [z]; to denote its i-th coordinate.
Similarly, [M]; ; denotes the (%, j)-th element of a matrix A/. We use M ©™ to represent the element-
wise n-th power of the matrix M (i.e., [M©"]; ; = ([M]; ;)™). Let I; € R4*? be the identity matrix,
1, € R the all-1 vector and e;,q4 the i-th base vector. We omit the subscript d when the context is
clear. For a square matrix P € R?*9, we use diag(P) € R?*? to denote the matrix generated by
masking out all non-diagonal terms of P. For list oy, - - -, 04, let diag({o1, - -+, 04}) € R4*? be the
diagonal matrix whose diagonal terms are o1, - - -, 04.

For a symmetric matrix M € R4 let \; (M) < X\y(M) < --- < M\g(M) be its eigenvalues
in ascending order, and Apax (M), Amin (M) the maximum and minimum eigenvalue, respectively.
Similarly, we use 01 (M) < -+ < Opin(ds,do) (M) to denote the singular values of M € R% >4z,

B Main Results

In this section, we present our additional main results.

B.1 Proof Sketch of Theorem [2] Values

Proof sketch of Theorem[2] 1In the following we present a proof sketch of Theorem [2] and defer
the complete proof to Appendix We start with a high-level proof strategy and then instantiate the
proof on the setting of Theorem

Suppose we can find a set of (not necessarily orthogonal) basis {b1,---,b,} where b; : X — R,
such that any model f € F can be represented as a linear combination of basis >_'_, v;b;. Since the
model family F is closed under subtraction, we have

/1% Eo[( X, vibi(x))’] 2 =1 [Viv];Eq [bi(x)b; ()]
= = = = & .9
TR TR B (S, wbi@))] e S LB B )y @]
If we define the kernel matrix [Kp|; ; = Ep[b;(x)b;(x)], it follows that
up Sz tBalbi@b @] T Ko w0

= p .
verr T4y vy Eplbi(2)b(2)]  verr vTKpo
Hence, upper bounding 7 reduces to bounding the eigenvalues of kernel matrices Kp, K.

Since the model has the structure f(z) = fi(x1) + f2(22). we can construct the basis {b;};_;
explicitly. For any i € [2],¢ € [r;], with little abuse of notation, let

biﬂg(l‘) :]I[Jil :t]. (11)

We can verify that the set {bi,t}ie[r]’te[”] is indeed a complete set of basis. As a result, the kernel
matrices K p can be computed directly using its definition:

Pz, =t,xz; =) when i # j
Eplb; bjs = 1Y ’ D 12
sty (o] = { ot T T e 2 (12)
which is exactly the Laplacian matrix defined in Eq. ().
Let Dp = diag(Kp) and D¢ = diag(Kg). To prove Eq. (6), the high level intuition is that
’UTKQ’U . UTDé/QKQDé/2U
sup — = sup TR 172 (13)
verr V' Kpv werr T DY KpD g %0
_ 1/2 19 _
)\max K D v )\max K Px; =t
wx(Kq) [1Dg vll> _ (Ko) (zi = 1) (14)

< ——= sup < _ max —————=.
Amin (KP) veRrr D}D/zvng Amin(Kp) i€2]te[r:] Q(x; = t)




However, this naive bound is vacuous because for any P we have Ay (I_( p) = 0. In fact, Kp and
K¢ share the eigenvalue 0 and the corresponding eigenvector. Therefore we can ignore this directions
first, and then the desired result directly follows.

Theorem [2| can be easily extend to the case when k > 2. We choose to present the current version
because of simplicity, and because the kernel matrix K p coincides with the Laplacian of a bipartite
graph when k = 2, which provides further insights and better intuitions.

B.2 Features with Real Values

In this section we extend our analysis to the case where x1, 22, - - -, x4 are real-valued random
variables. Let ©p = Ep[zz '], 2o = Eg[za "] be the covariance matrix of x on distributions P, Q.

Recall that our model has the structure f(z) = Zle fi(x;) where f; is an arbitrary one-dimensional
function. We first focus on the case where diag(¥Xp) = diag(Xg) = I for simplicity, and then
extend to general cases.

When d = 2, this setting is almost the same as the one in Section [3.1] and the only difference is that
the Laplacian “matrix” will be infinite dimensional (indexed by a pair of real numbers) because the
feature x; is a real number. However, we can still compute the eigenvalues of the kernel with some
Gaussianity assumptions on the distribution of features, as stated in the following theorem (restate of
Theorem [d)).

Theorem 4. For any distributions P, Q) over variables x = (x1, - - -, x4) with matching marginals, if
(@i, ;) has the distribution of a two-dimensional Gaussian random variable for every i, j € [d] on
both P and Q, and diag(Xp) = diag(Eq) = I, then

7 < dAmin(Zp)) 7L ®)

Remarks. For the general case where diag(Xp) # I, we can normalize the input z; to ¢; £
varp(2;)~Y/?(x; — Ep[z;]) first. Let P’, %, be the density and covariance of ¢ when z ~ P (and
similarly Q). Then we have diag(¥}) = diag(¥{;) = I when P, @ have matching marginals.

Hence, we can prove that 7(P, Q, F) = 7(P',Q', F) < /\#(2’) (Lemma.
min P

Compared with linear models, Theorem [4] proves comparable results for the structured nonlinear

model class f(z) = Z?:l fi(x;) to extrapolate. For linear models Fiipear = {v' 2 : v € R} we
have

lvTz]3 v gu
P,Q, Fiincar) = = < Amin(Zp) 7!
T( aQ7 lmear) f;lﬂgd ||’UTSC||?3 neRd ’UTEPU ~ mm( P) )

which is the RHS of Eq. (8) (up to factors that is independent of the distributions P, Q).

We emphasize that we only assume the marginals on every pair of features x;, x; is Gaussian, which
does not imply the Gaussianity of the joint distribution of z. In fact, there exists a non-Gaussian
distribution that satisfies our assumption.

Proof sketch of Theorem[d] On a high level, the proof intuition is to pretend the real numbers are
discrete, and follow the same proof strategy as Theorem [2] We present this non-rigorous proof sketch
below for its simplicity, and the rigorous proof is deferred to Appendix [F.3]

First we consider a simplified case when d = 2. Following the same argument as Theorem
we can compute the normalized kernel Kp explicitly. Because z1, x5 are continuous random
I A
AT T)°
where A is an infinite dimensional “matrix” indexed by real numbers x1,z2 € R, with values
[Alsy 2z, = P(z1,22)/+/P(x1)P(x2), and I is the “identity matrix” (rigorously speaking they are
kernel functions that map R x R to R.)

variables, the kernel K p will be infinite dimensional, and have the form Kp =

Similar to Theorem [2} we need to lower bound the second smallest eigenvalue of K p. To this end,
we first decompose A using singular value decomposition A = UAV ", where UUT = I,VVT =1
and A = diag({oy, }n>0) with og > o1 > - - -. Then we get

_ I A U 0 I A\ /UT o0
KP:(AT 1>:<0 V) (AT 1)(0 VT)' (a5)
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. S A . . .
Since the matrix Kp = ( AT g ) consists of four diagonal sub-matrices, we can shuffle the rows

n

and columns of K p to form a block-diagonal matrix with blocks { <01 01"> } .
n=0,1,2,---

As aresult, \o(Kp) = Ag(f(p) = 1 — 0. By the assumption that (21, x2) follows from Gaussian
distribution, the “matrix” A is actually a Gaussian kernel, whose eigenvalues and eigenfunctions can
be computed analytically — Theorem proves that o1 = |Ep[z122]|. Consequently, A2 (Kp) =
l—01=1- |EP[£B1‘T2”: )\min<2P)‘

Now we briefly discuss the case when d = 3, and the most general cases (i.e., d > 3) are proved
similarly. When d = 3, the normalized kernel will have the following form

B I A B
Kp=|AT I C]. (16)
BT CcT I
By the assumption that x1, zs,- - -, x4 have zero mean and unit variance, matrices A, B, C are

symmetric. In addition, Theorem [TT|shows that the eigenfunctions of the Gaussian kernel is inde-
pendent of the value Ep[z;x;]. Hence, the matrices A, B, C' shares the same eigenspace and can be
diagonalized simultaneously:

) I A B U 0 0\ (I Aa Ap\ [UT 0 0
Kp=[AT I «C :(o U 0) Ay I Ac o U o |. a”n
BT CT 1 0 0 U/ \A) AL T o o0 UT

By reshuffling the columns and rows, the eigenvalues of K p are the union of the eigenvalues of
following matrices

) . 1 on(4) on(B)
{KP }n:0,1,2,~-- = O'n(A) 1 an(C) . (18)
on(B) 0n(C) 1 n=0,1,2,-.-

Theorem implies that 0,,(A) = ((Zpl12)", 0n(B) = ([Ep]1,3)" and 0,(C) = ([Epl2,3)™
Consequently we get K 1(3") = E%”. Finally, this theorem follows directly from Lemma |13 which
shows )\min(E%") > Amin(Zp) forn > 1.

B.3 Two Features with Multi-dimensional Gaussian Distribution

Now we extend Theorem E] to the case where z; € R%, 25 € R% are two subsets of the input z,
and the input z = (x1, z2) has Gaussian distribution Since f1, fo are arbitrary functions and P, Q)
have the same marginal distribution, we can assume without loss of generality that Ep[z;z,] =
EQ[(EZQJ;W = Idi,VZ' € [2]

The main theorem for this case is given below, whose proof is deferred to Appendix [F.6]

Theorem 5. For any distributions P, Q) over variables © = (21, x2) where x1 € R4, o € R, Jet
Yp = Ep[zx ). If (21, 22) follows from Gaussian distribution on P and Q with matching marginals
and Ep[z12]] = I4,, Ep|roxg | = I4,, then

2

i S )\min(EP). (19)

Compared with Theorem ] where the features are not grouped, our condition for the covariance
is almost the same — that is, A\yin(Xp) is bounded away from zero. However, the model class
considered Theorem [3is more powerful because it captures nonlinear interactions between features
within the same group. As a compromise, the assumption on the marginals of P and () is stronger
because Theorem [5| requires matching marginals on each group of the features, whereas Theorem 4]
only requires matching marginals on each individual feature.

In the following, we show the proof sketch of Theorem [5]

“Ideally, we want to handle the general version where the inputs are divided into multiple subsets, but due to
technical reasons we can only use our proof techniques to two subsets.

11



Proof sketch of Theorem We start by considering a simpler case when d; = dz and 19 £
Ep[z17g] € R4*92 has only diagonal terms. In other words, ([x1];, [x2];) are independent with
every other coordinates in the input. In this case, we can decompose the multi-dimensional Gaussian
kernel into products of one-dimensional Gaussian kernels in the following way

[Alay a0 = P(1,22)//P(21)P(x2) = [1%, P([e1);, [x2]:)//P([21]:) P([w2]:)- (20)

Consequently, the singular values of A will be the products of singular values of these one-dimensional
Gaussian kernels: {Hfl;1 I[Z12)iil* }x, Jka,++,kq, >0- Therefore, the second largest singular value of
A will be max;e(q,)|[E12]i,:|- Following the same reasoning as Theoremwe get

2 2
T < =
- 1- maxie[dl]‘[212]i7i| 1-— O—max(212)

where 0.y (X12) is the largest singular value of ¥12. Combining with Lemma we get Eq. (I9).

Now we turn to the general cases where Y12 is not diagonal. Recall that our model is f(z) = fi(z1)+
fa(x2) for some arbitrary functions f1, fo. Hence, we can rotate the inputs 1, 2o without affecting
the model class. Formally speaking, for any orthogonal matrices U € R4 *% and V' € R92* %2,

sup Eq(fi(21) + fa(22))?] _ sup Eq((f1(Uz1) + fo(V2))?]

rer Ep[(fi(z1) + f2(22))?]  jer Ep[(fi(Uz1) + fo(Va))?]

If U,V are the orthonormal matrices in the singular value decomposition 315 = U TA15V where
A5 is a diagonal matrix, we get

Ep[(Uz1)(Vaa) '] = Ao, Ep[(Uz1)" (Uz1)] =1, Ep[(Vae) (V) =1. (22)

As a result, reusing the result from the previous case on inputs Uz, Vx5 proves the desired result.

2

Remarks. Our current techniques can only handle the case when the input is divided into k£ = 2
subsets. This is because for k£ > 3 we must diagonalize multiple multi-dimensional Gaussian kernels
simultaneously using the same set of eigenfunctions, as required in the proof of Theorem 4] However,
these multi-dimensional Gaussian kernels do not share the same eigenfunctions because the rotation
matrix U, V depends on the covariance Ep [xlx;r] Hence, the proof strategy for Theoremfails.

C Lower Bound

In this section, we prove a lower bound as a motivation to consider structured distributions shifts. On
the high level, the following proposition shows that models learned on P cannot extrapolate to )
when the support of distribution () is not contained in the support of P.

Proposition 6. Let the model class F be the family of two-layer neural networks with ReLU acti-
vation: F = {3, a;ReLU(w]  + b;) : w; € R%, a;,b; € R} . Suppose for simplicity that all the
inputs have unit norm (i.e., ||z||2= 1). If Q has non-zero probability mass on the set of points
well-separated from the support of P in the sense that

de >0, Qz:|zl2=1,dist(z,supp(P)) > €}) > 0, (23)

we can construct a model f € F such that || f||p= 0 but || f||q can be arbitrarily big.

A complete proof of this proposition is deferred to Appendix On a high level, we prove this
proposition by construct a two-layer neural network g; that represents a bump function around any
given input t € S?71. As a result, when ¢ is a point in supp(Q) \ supp(P), the model g;(z) will
have zero ¢5 norm on P but have a positive /2 norm on (. This construction is inspired by [Dong
et al. [2021], Theorem 5.1].

D Related Works

The most related work is[Ben-David et al.|[2010]], where they use the HAH-distance to measure the
maximum discrepancy of two models f, g € F on any distributions P, ). However, it remains an
open question to determine when H A7 -distance is small for concrete nonlinear model classes and

12



distributions. On the technical side, the quantity 7 is an analog of the HAH-distance for regression
problems, and we provide concrete examples where 7 is upper bounded even if the distributions P, @
have significantly different support.

Another closely related settings are domain adaptation [Ganin and Lempitskyl 2015} |Ghifary et al.,
2016, |Ganin et al.,|2016]] and domain generalization [Gulrajani and Lopez-Paz, 2020, Peters et al.,
2016|, where the algorithm actively improve the extrapolation of learned model either by using
unlabeled data from the test domain [[Sun and Saenkol 2016} |Li et al., 2020alb} Zhang et al.,|2019],
or learn an invariant model across different domains [Arjovsky et al., 2019, [Peters et al., [2016|
Gulrajani and Lopez-Paz, 2020]]. In comparison, this paper studies a more basic question: whether a
model trained on one distribution (without any implicit bias and unlabeled data from test domain)
extrapolates to new distributions. There are also prior works that theoretically analyze algorithms
that use additional (unlabeled) data from the test distribution, such as self-training [Wei et al., 2020,
Chen et al.,[2020]], contrastive learning [Shen et al., [2022] [HaoChen et al., 2022], label propagation
[Cai1 et al.,[2021], etc.

E Conclusions

In this paper, we propose to study domain shifts between P and () with the structure that each
feature’s marginal distribution has good overlap between source and target domain but the joint
distribution of the features may have a much bigger shift. As a first step toward understanding the

extrapolation of nonlinear models, we prove sufficient conditions for the model f(x) = Zle filzy)
to extrapolate where f; is an arbitrary function of a single feature. Even though the assumptions
on the shift and function class is stylized, to the best of our knowledge, this is the first analysis of
how nonlinear models extrapolate when source and target distribution do not have shared support in
concrete settings.

There still remain many interesting open questions, which we leave as future works:

1. Our current proof can only deal with a restricted nonlinear model family of the special form

flz) = Zle fi(x;) due to technical reasons. Can we extend to a more general model
class?

2. In this paper, we focus on regression tasks with ¢ loss for mathematical simplicity, whereas
majority of the prior works focus on the classification problems. Do similar results also hold
for classification problem?

F Missing Proofs

In the following, we present the missing proofs.
F.1 Proof of Proposition I]

In this section, we prove Proposition

Proof of Proposition|l] By the definition of 7, for any f € F we get

Eol(f(z) - f*(2)))
Epl(fx) — fr@)f] = 4

Or equivalently,
Eq[(f(z) — f*(2))*] < TEp[(f(2) — f*(2))]. (25)
As aresult,
Eql(y — f(2))?] < 2Eql(y — f*(2))?] + 2Eq[(f(z) — f*(x))?] (26)
< der + 27Ep[(f(x) — f*(2))?] < der +47 (Ep[(y — f(2))*] + Ep[(y — f*(=))?]) 2D
< (87 +4)er +47Ep[(y — f(z))?. (28)
O
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F.2 Proof of Proposition|7]

In this section, we state and prove Proposition [7]

Proposition 7. Let P(x1,x2) be a distribution over discrete random variables x1 € X1, x5 € X,
and recall that F = {f1(x1) + fo(x2)}. If there exists subsets Uy C X1,Us C Xy such that (1)
0 < |Upl< |X1| and 0 < |Usl< |Xs|, and (2) P(x1,22) = 0 when L[z € Up] # L[zo € Us] (e.g.,
the distribution visualized in Figure|lp), then we can construct models f,q € F and xt € X1 x X
where || f — gl p= 0 and f(z") # g(aT).

Proof. Since the model class F is closed under addition, we only need to construct h € F such that
|h||p= 0 but h(z) # 0.

Let hy(z1) = (=1)=1€U1) and hy(zy) = —(—1)"#2€V2], Consider the model h(z) = hi(z1) +
ha(x2). Forany 1, zo where I [xzy € U] = I[ze € Us], we get h(z) = 0. Combining with condition
(2) we get ||h|| p= 0.

On the other hand, let z! = (2, 2}) with 21 € Uy and 2} € X, \ Us. Such a1 exists because of
condition (1). Then h(z) = —2. O

F.3 Proof of Theorem2]
In this section, we prove Theorem |ZI

Proof of Theorem[2] Let

bi(z1,x2) :{

Then for any f, f/ € F, we can always find v € R™%"2 such that f(x1,22) — f'(2z1,22) =
ZHHQ v;b;(x1, x9) for all x1, 5. Indeed, for any f, f’ € F the architecture of our model implies

(f = ) z1,22) = (fi = fi)(@1) + (f2 — f3)(22). Therefore, we can simply set v; = (f1 — f1)(t)
forl1 <t <rjandv, = (fo — f5)(t — 1) forry <t <rs.

Iz =1¢], when ¢t < 7y,

2
I[ze =t—mr], whenr; <t<ry+rs. 29

Consequently,
oy BelU@ s @R EolS P ba ]
rrer Ep[(f(@) = F'(2))?]  emritre Ep[(37E1" bi(x1, w2)v;)?)
~ sup SO v Eqlbi(w, 22)b; (w1, w2)] a1
vERT1+T2 25134-7“12 ’Uﬂ}] [ (1‘1,1‘2) (1‘1, 33‘2)}
The definition of b;(x1, x2) implies that for any distribution P,
I[i=j]P(x1 =14), whenl<i,j <y,
I[i =j]P(xe =j), whenr; <i,j<r;+re
E bz 3 b; ) = . . ’ . = . ’ 32
plbi(@1, 22)bj (21, 72)) P(zxy =i,29=7), whenl<i<r <j<r +ry, (32)
P(xy=j,20=1), whenl<j<r <i<r]+rso.
Then we have [Kpl; ; = Ep[b;i(z1,22)b;(z1, x2)]. Consequently,
Z:l;rrf v;v;Eq[bj (21, 2)bj (21, T2)] v Kqu (33)
T = sup e = su ,
verritrs YT 00 Bp b (w1, 2)bj (1, 22)]  verritrs VT Kpv
Let u € R™¥"2 such that
fu]s = 1, when ¢ < rq,
CT =1, whenr <i <.

We claim that u is a eigenvector to both K and K p with eigenvalue 0. To see this, for any distribution
P and i € [r1] we have

[Kpul; = Pz = i)[u); + Z P(zy =i, 29 = 5)[ulr, 1 (34)
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=Y Plar =i, vy =j) =0. (35)

Similarly for ¢ € [ro] we have [Kpul,,1; = 0. Combining these two cases together we prove
Kpu =0.

Then, by algebraic manipulation,

v Kqu v Kqu vT DY KDy *v 6
su = u = S
’UG]R7111T2 v KPU v€]RTl+E viu Y KPU vGerJr’g vlu UTD1/2K Dl/2
_ 1/2 _
Amax (K D v Amax (K Px; =t
(7 Q)Sup | 73 ”2 < (7 Q) max L) 37
M (Kp) o ||DP/ o2 7 Xe(Kp) icl2ltcln) Qz =1)
As aresult, we only need to prove )\max(f( @) < 2. To this end, note that
- u' Kou v Kgu
Amax (Ko) =  su = su 38
(o) uelRT1p+T2 u'u ue]Rﬁszrz vT Dqu e
_ sup Zie[m]ddm} P(l‘l =1,29 = ])([ ] [U]TlﬂLJ)Q (39)
vERT1IHT2 2 uic(ry] P(zy =i)[v]} + Zje[rg] P(x2 = j)[]r+5)?
2> et P(xy =1i,29 = 7)([v]; + [v]Z
< sup 216[71]736[7"2]. (21 2 ‘7)([ ] [ ] 1+J) (40)
vERT1HT2 Zie[rl} P(zy =1)]; + Zje[rz] P(z2 = j)[v]ri45)?
< 2. (41)
O
F.4 Proof of Corollary[3]
In this section, we prove Corollary 3]
Proof of Corollary[3] Recall that Theorem 2] proves
_ P(x; =1
r < 0(Rp)! max L@ZD 42)

ie[2)telr] Q(z; =)
As aresult, we only need to prove conditions (a) and (b) implies the RHS of Eq. (2) is finite.

First of all, by definition condition (a) implies max;c(2] ¢[r;] % < 00. Secondly, we prove that

A2 (Kp) =0 implies the negation of condition (b), which is equivalent to the statement ”condition
(b) implies A2 (K p) > 0. By Cheeger’s inequality (Eq. (7)), A2(Kp) = 0 implies that ¢(Gp) = 0.
By the definition of ¢(G p), there exists subsets Uy C [r1], Uz C [ro] such that

1. P(J?l =Uy, T2 = ug) = 0whenuy € U1,U2 ¢ UQ, and

2. P(x1 = uy,x9 = ug) =0 whenuy &€ Uy, us € Us.
Then, we can reorganize P(z1,x2) by listing the rows corresponding to U; first, and the columns
corresponding to Uy first. As a result, P(z1, z5) will be a block diagonal matrix where the first block

has dimension |U;|x |Uz| and the second block (11 — |U1]) x (r2 — |Uz|). Consequently, we prove
that A2 (K p) = 0 implies the negation of condition (b).

Hence, with condition (b) we get A, > 0. It follows that Ay (Kp) ™! < oco.

Combining everything together we have 7 < co. O

F.5 Proof of Theoremd]

In this section, we prove Theorem ]
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Proof of Theoremd] Now consider any fixed model pairs f, f’ € F. Let g;(z;) = fi(x;) — f(z;)
and g = Z?Il gi(z;). Recall that we assume the marginals satisfies z; ~ N(0,1) for every i € [d].
As a result, Lemma 9implies that there exists coefficients {a§”> }ie[d],nez . with

gi(z)V/P(@:) = > ol (@), Vi€ [d], (43)

n>0

where {t,,(-) }nez, are a set of orthonormal basis of L?(IR) defined by

ulo) 2 By (o) exp (=37 ) 2m) (2t 2

V2
As a result,
d
P (Zgl(xl)> / Z gl Z; gj IJ (1'13 , d)dxl cTd (44)
=1 7,7=1

gi (1‘1) (xz)dmz + 2 Z /gz Xq gj('r])P(‘r’La'r])dxlxj (45)

1/ 1<i<j<d

(Za D (@ ) d; (46)

i=1 n>0
P(z;,x;)
+2 /gl (x;) i) (gi(z)1/P(x;)) ——m———=Le—da;x; (47)
D e O e o e
d
= Z(»n))2—|-2 / an)wn (x; o )wn (2, deﬂ‘
;nzo 1§;§d (7; ><§ ’ ) P(ai) P(x;) ’
(43)
By Theorem|[T1] we have
P(z;,
CP@ ) S (8] (). (49)

\/ 177 Ij n>0

Continuing Eq. (@8) we get

S [ (el un) (X o vnte) gt sana, (50)

1<i<j<d n>0 n>0
= Y [ (Z el wz)(Za b)) ( S ((Sp)ig) @) (7)) iy (51)
1<i<j<d n>0 n>0 n>0
= > Yo ((Sely)" (52)
1<i<j<dn>0
As a result,
d d
E[(ZH)} SPRTLIEEED S SECA I
i=1 i=1n>0 1<i<j<dn>0
T(2q)®™

Define £ = sup,,>( Sup,cp« m In the following, we prove

Eqg [(Zg&xﬂ) ] < kEp [(Zg&xﬁ) } . (54)
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For any fixed n. > 0, let £ € R%? be the matrix where [S"]; i = ([Sp];;)" (define Eg)

similarly), and @™ € R? the vector where [@()]; = agn). Then

d 2 d 2
Ep <Z gL(JEz)) = Z(d’(n))TZg‘)d’(n), Eq <Z !h(%)) — Z(&(n))TEg)@(n).
i=1 i=1

n>0 n>0

By the definition of x we get Egl ) = ﬁESf) for all n > 0. Consequently,

>o@)TEa < k(> (@) T=Ra), (55)
n>0 n>0
which implies Eq. (34).

Now we prove k < ﬁ(zp) Since X is a covariance matrix with diag(Xq) = I, we have

IZgll2< d||Zg]lo< d. In addition, Lemma |13| proves that )\min(E%") > Amin(Zp) for every
n > 1. As a result,

. . T On,\—1 > . On > . .
it inf (07 (%)) 2 Ain (SR") 2 A (5p)

Sincen =0 = (Zp)®" = (Xq)®", we get

v’ (Eq)°"w { UT(ZQ)G"U} { d }
K =8sup sup ——=—— =max< l,sup sup ———=—— p <max<1l,——— . (56)
NS0 v T (Zp) 0 ot v 0T (Zp) O Nuwin (21
By the fact that Ayin (Xp) < d||Ep|lee< d, we prove the desired result. O

In the following, we state and proof Lemma|g]

Lemma 8. For any distributions P, Q) with matching marginals, define P’ to be the density of the
random variable t = (t,---,tq) where t; = varp(z;)~'/?(x; — Ep[z;]), © ~ P (and define Q'
similarly). Then we have

T(P,Q, F) =71(P. Q" F). (57)

Proof. Let {h; : R — R};_1 2 ... 4 be any set of invertible functions. Since f = >, fi(z;) € F is
equivalentto f o h £ ", fi(hi(z;)) € F, we get

oup BQZ Fi?) _ g[S, fi(hu(w)?

rer Ep[X; fi(@i)?] jer Ep[D2; filha(zi))?]

Let P’ be the density of the random variable (hq(x1),---,hq(z4)) when z ~ P (and define Q'
similarly). Then we have

Eon[o; filhi(®:))?]  Eeuqr[D2; fi(ti)?]

(58)

B S filhaw)?]  Boop (S, fi(0)2) )
Consequently,
- EQ[Zl fi(w; 2] - EQ[ZZ fi(hZ(xZ))2]
AR 27, SHATAE RL S SR ATX ENE (o
- EtNQ’ [Zz fi(ti)ﬂ — (P .0
B ?1615)? Eopr[Y2; filti)?] (. 7). ©D
Finally, this lemma is proved by taking h;(z) = varp(x;)~'/?(z — Ep[z;]). O

17



F.6 Proof of Theorem 5

In this section, we prove Theorem@

Proof of Theorem Without loss of generality, we assume do < d;. Since F is closed under
addition, we have

L Bolln(ey) + ()
9€F Ep[(g1(x1) + g2(2))?]

In the following, we first prove
2
T —mm—— (62)
1- a'max(212)

by considering two cases separately.

Case 1: when g = (g1,¢2) € F satisfies Ep[g1(z1)] = Ep[g2(z2)] = 0. Since P and Q have
matching marginals on x; and x5 respectively, we get

Eqlg1(21)* + g2(22)%] =Eqlg1(21)°] + Eqlga(2)°] (63)
=Ep[g1(21)’] + Ep[g2(22)*] = Ep[(91(21) + ga(22))?]. (64)
As aresult, by the definition of 7 we have
Eql(g1(z1) +92(22))%] _ Eql(g1(21) + 92(22))%] Eplgr(1)® + ga(x2)’]
Ep[(g1(21) + 92(22))%)]  Eqlg1(x1)? + g2(22)?] Ep[(91(21) + g2(22))?]
< Eq[2(g1(x1)* + g2(2)*)] Eplgi(21)* + ga(22)?] _ 9 Eplgi(21)* + ga(22)?]

Eqlgi(%1)? + g2(22)?] Ep[(g1(21) + 92(22))?]  “Ep[(g1(x1) + g2(x2))?]

Hence, we only need to prove

(1 = Omax(E12))Eplg1(x1) + g2(22)?] < Ep[(g1(21) + g2(22))?]. (65)

Let X5 = UAV'T be the singular value decomposition of 3,5, where A € R% %% is a diagonal
matrix with entries o1, -+, 04,.

Following Theorem wedefinet; = Uz € R* t, = V2o € R%. Consequently, Ep[tit) ]| =

A and
1, A
(t1,ts) ~ N (0, (Adrl Id2)> ) (66)

Let P’(t1,t2) be the density of the distribution of (¢, ¢2), and P’(¢1), P’(t2) the density of corre-
sponding marginals. As a result,

Ep[(g1(21) + g2(22))%] = Ep[(g1(t1) + g2(t2))’] (67)
2
= Z/gi(ti)2P’(ti)dti + 2/91@1)92(152)13'(151, ta)dtyt. (68)
i=1
Since g;(t;)+/P’(t;) is square integrable, there exists weights {agnl’m’ndi)}nl,...mdizo such that
d;
Vie 2, alt)VP ()= > o™ ] e, (t])), (69)
ny,ng; 20 j=1
where {H?;l Y, ([tilj) }ny, - na, >0 forms an orthonormal basis of L?(R9). Consequently,
Ep[gi(x1)® + g2(22)°] = Epr[g1(t1)* + g2(t2)] (70)
2 2
_ Z <a§n17...)nd1)) + Z (Oéén17.."nd2)) ) (71)
M1, Ndy N1, Ndy
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Now we turn to the RHS of Eq. (63). Continuing Eq. (68) and apply Theorem [I2] we get,

Z/gz )PP (t dt,_z Z (<n1, m))

i=1mni,ng;

g1(t1)g2(t2) P (t1, t2)dtrto

d2

2 d; 0
H Z n1,-,nd H,(/)"J z H(ZU ¢n tl )¢n t2 ) H ’lﬁo t1 dt1t2

=1 \ni,-,ng, >0 1=1 i=do+1

_ Z Oégnl My ,0,0++,0) (n1 “Ndy) H O’nl

Mdy >0

ny,

As a result,

EP, [(91(t1) + g2(t2))?] (72)

na,)\ 2 0,-+-,0 2
> 2. ( T w2 3 agre O [l (73)

i=1mn1, ni,,Ndy >0 i=1

oy (e [, T (e

o) pon ™ e
Xt g, # 0] (o) (4)

SMdy
Now for any ny,---,ng, > 0, consider the matrix

(e 577
H:bla 1

When ny + - -+ + ng, # 0, we have Hiil o;" < max;e[q,] 0; because Lemmaimplies 0; <1
for every i € [d2]. Therefore in this case,

T
Oé(lnl’...’ndz’(]’.u’()) 1 H;izlo' a(lnly...,ndz,()f..’(]) (75)
agn17"'a"d2) Hiizl or 1 aénl,w,ndz)
2 2
> (1 _ Jmax(zlz)) ((a§n17...,nd2,07-..,0)) + (aénhm,n@)) ) ) (76)

When ny + - - + ng, = 0, by Eq. (69) we get

dy
o0 /gl(tl)\/ P'(t1) H Yo([t1];)dt: (77
j=1
d;
- / (2P [T /Pl e 718)

- / g1 (00) P (02)dty = Epr[gn (11)] = Eplgs (1)) = 0. (79)

Similarly, aéo"”’o) = 0. As aresult, when n; + - - - + ng, = 0 we have

-
agnl,--wndzyo,“wo) ) 1 Hilzlg agnl "My ,0,+,0) (50)
a(2n1,~~-,nd2) H'Lil ol 1 agm,m,ndz))
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2 2
— ((agnh-“,ndwo,m,O)) + (O[gm,.-.,n@)) ) — O (81)

Combining these two cases together, we get

T ni,,n
Z agnly My :0,0++,0) ) 1 H;iil O'?i ag y sy ,0,00+,0) &)
aénh---,n@) sz . Um 1 aénlf";ndz)

ny o
n1,n 2 ni,,n 2
> (1= oman(@i2) | 30 (o™ ) o (o) (83)
ni, N,

Plug in to Eq. (74) we get

Ep[(91(21) + g2(22))*] = Ep/[(g1(t1) + g2(t2))?] (84)
ny.em 2 Nny,,n 2
> (1= omax(@i2) [ D0 (o) 4 Y () (85)
N1, 5Ndy M1, Ndy

= (1 = omax(Z12))Ep[g1(21) + g2(22)?], (86)

which finished the proof for Eq. (63).

Case 2: when g = (g1, g2) € F satisfies Ep[g1(z1) + g2(22)] = 0. Let = Ep[g1(x1)]. Define
9" = (91, 95) where gi (1) = g1(z1) — p1,95(2) = g2(2) + pu. By the definition of F we get
g' € F,and ¢’ satisfies Ep[g1(21)] = Ep[g2(22)] = 0. Because g1(x1) +g2(x2) = g1(21) +g5(22)
for all z; € R%, x, € RT92, plugging in the result of case 1 we get

Eql(g1(z1) + 92(x2))%] _ Eql(g1(z1) +g5(x2))*] _ 1
Ep[(g1(x1) + g2(22))?]  Ep[(gi(z1) + g5(22))?] = 1 — omax(Z12)

87)

Case 3: when g = (g1,¢92) € F. Now we consider the most general case. Let v = Ep[g1(21) +
g2(x2)]. Since P and ) have matching marginals on x; and x5 respectively, we get

Eqlg1(x1) + g2(22)] =Eqlg1(z1)] + Eqlg2(z2)] (88)
= Eplg1(z1)] + Eplg2(22)] = Eplg1(21) + g2(z2)] = v. (89)

)
Define ¢ = (g4, g5) where ¢1(z1) = g1(z1) — v, gh(z2) = g2(x2). It follows that
Eq[(g1(z1) + g2(22))?] _ Eol(gi(1) + g5(x2))°] + v
)?

Epl(g1(@1) + 02@2))]  Epl(g)(@1) + gh(@2))%] + 12 ©0
[ Eqlleh(z1) + gh(x2)? 1
: {Epkga(xl)wa(m))?]’l}S1—amax<zm>’ Ob

where the last inequality comes from applying case 2’s result to ¢’.

Combining these three cases together we prove Eq. (62). Then Eq. (I9) follows directly from Eq. (]6_7[)
and Lemma (T3]

F.7 Proof of Proposition[6]

In this section, we prove Proposition [f]

Proof of Proposition|6] First, for any t € S 4=1 and € > 0 we construct a two-layer neural network
hi,e(x) such that

1. forallz € S, hy (x) = 0if |z — t[]2> e,
2. forallz € S hy (z) > 1if ||z — t]2< €/2, and
3. forallz € S1 by (z) > 0.
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Recall that a two layer neural network is parameterized as Y, a;ReLU(w, @ + b;). Then hy () can
be constructed using one neuron by setting w1 = t,b; = —1 + €2/2 and wy = 8/(3¢?).
We can verify the construction as follows. When ||z — t]|2> €, we get

€2

|z —t3>e? = 2-20"t>® = z't<1— 5 92)

As a result, g
aReLU(w{  + b1) = 3—2ReLU(th —1+€/2)=0.
€

When ||z — t]|2< €/2, we get

62

|z —t|3<e?/d = 2-22"t< /4 = a2t >1— 3 (93)

As aresult,

8
a1 ReLU(w{ z + b1) = B—QReLU(th —14+€2/2)> 1.

€
Now we construct a two layer neural network f such that || f||p=0but || f|[g=0.Let X = {z: z €
Se=1 dist(z, supp(P)) > €}. By the condition of this proposition we have Q(X) > 0.
Let C be the minimum €/2-covering of the set X, and thus |C|< oo. Consider the 2-layer neural
network f(z) = > ..o hee. It follows from the definition of X that ||z — c[[2> ¢ for every
x € supp(P). Consequently, f(x) = > . he = 0 for every x € supp(P), which implies that
[f]lp= 0.

Now for every x € X, there exists ¢ € C such that ||z — t]|2< €/2. As aresult, h; (z) > 1, which
implies that

F@) = hee>hie(x) > 1. (94)
ceC
Hence,
Eq[f(2)*] > Eq[l[x € X]} = Q(X) > 0. (95)
Since ¢f(z) € F for every ¢ > 0, we prove the desired result. O

G Hermite polynomial and Gaussian kernel

The Hermite polynomial H,,(x) is an degree n polynomial defined as follows,

d™ exp(—t?
Hy(z) = (—1)”exp(x2)%, Yn=1,2. (96)
with the following orthogonality property [Poularikas), 2018]:
/exp(—x2/2)Hn(x/\@)Hm(z/\@)dz =1I[n=m]2"n!V2r. 7

As a result, we can construct a set of orthonormal basis of square integrable functions L?(R) using
the Hermite polynomial.

Lemma 9 (see e.g., Celeghini et al{[2021]]). The set of functions {1y ()} >0 form an orthonormal
basis for L*(R), where

¥n(z) 2 Hy, (%x) exp (—iﬁ) (21)~V/4 (2] )12,

Theorem 10 (Chapter 6.2 of [Fasshauer| [2011]], also see |[Zhu et al.| [[1997]). For any ¢ > 0,a > 0,
the eigenfunction expansion for the Gaussian x,z € R is

exp (—€*(z — 2)?) = Z An®n(2)Pn(2), ©8)
n=0

21



where

0462n

2\1/
e M(zz\/%)sexp < (W - 1) 0422952) H, ((1 + (26/@)2)1/4 OzZE) .

And the eigenfunctions ¢,, forms an orthonormal basis under weighted L?(R) space:

/gbm(:c)qﬁn(:z:)\ﬁ exp(—az)dr =1[m =n]. (99)

Theorem 11. For any p € [—1,1], let P(x1,x2) be the density of (x1,22) ~ N (0, (; T)) and

P(x1), P(x2) the density of corresponding marginals. Then the Gaussian kernel
P(CCl, 1‘2)
P(1)P(z2)
1 1 x? a3
= _oxp (—M(ﬁ + 22 — 2pz 1) + Il + 42> (101)

V2r(1—p?)

has the following eigen-decomposition

Ky(z1,22) = (100)

Ky(w1,w2) = Y (1) n(@a), (102)

k=0

where () is defined in Lemma|9)

Proof. We prove this theorem by considering the following two cases separately.

Case 1: p > 0. By algebraic manipulation we get

V21K, (x1,22) = ! (p—1)?% 5, (p—1)° 2)>

1 2
TEYORE exp (2(1—p2) (p(ml —x2)” + 5 Tt %

(p—1)?

Lete? = ﬁ and o2 = , we can equivalent write

21—
V21K, (z1, 12) = _ exp (—€(z1 — 22)?) ex fa—zzz ex fa—2x2 (103)
p 1’27(1—p2)1/2 p 1 2 p 5 11 p 5 T2 )
By Theorem[I0] we get
exp (—€*(z1 — x2)%) = Z An®n (1) bn(T2) (104)
with [ ¢ (2)dn ()= exp(—a?2?)dx = I [m = n|. Then we can define the function
a 1/2 Oé2 )
Yn(x) = (ﬁ) ¢n(x) exp (—2x ) (105)
such that [ 1, ()¢, (x)dz = I[m = n]. Combining Eqgs. (103),(T04), and (T03)) we get
1
Kp(,Il,IQ) = ; ()\n\/w> 1/Jn(:l:1)1/)n(x2). (106)

Now we only need to prove that 1), (-) defined in Eq. (T03) has the same form as those in Lemma@
and )\nm = pn
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Recall that

1‘2

2

)

(107)

(108)

(109)

(110)

(111)

(112)

(113)

2\1/ 5 o
%@:U+$$3)2@64 HWWW—Qa;)mULuw@#“m)
Plugin €2 = W and o2 = 2(@:13;2 we get

(1+ (26/0[)2)1/8 <\jé77r) v = 11/4 (o + 4€2 2)1/8

9\ 1/8

- 7r11/4 (( 4)(1+452()2 2 ) (27T )1/4

exp (—O;a:Q) exp —(\/m 1 a? )
= oxp (—VaTraday ) = ( \/p il 1)

22
().
1/4 9\ 1/2
(u+m2m—m>”411
C\e-1)201-p2) V2 V2
As aresult,

Now we turn to the eigenvalues. Recall that

_ Oé€2n
- 5 n+1/2°
(a— (1 +41+ (26/&)2) + 62)
Plugin 2 = 37 and a? = % we get
2 1
> (1 +1+ (26/0[)2) +e2 = 3 (a2 +Vat+ 4e2a2) + €2
1 -1)? 1 1
I O V) R DY S ,
2\20-p7) "2) T2 " 20—
Consequently,
o n
i = |
A, . 2(1—p?) n

Vaa(l= A
2(1-p?)

Case 2: p < 0. Recall that
1

1 2 oz
Kp(w1,29) = 7) exp (2(1_p2)(=’5% + ng — 2px122) + Zl + 1

27(1 — p?

In this case we reuse the results from Case 1 to get

o0

K_p(w1,22) = ) (=p) nlas)vu(a2).

k=0
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(114)

(115)

(116)

(117)

(118)

(119)



By definition, we get K,(x1,z2) = K_,(x1, —22). As a result,

Kp(w1,02) =) (=) thr(a1) e (~a2) (120)
k=0
=Y pFn(z1) (), (121)
k=0
where the last equation follows from the fact that 1, (72) = (—1)*x(—z2). O

Theorem 12. For any ¥ € RU*% et P(x1,xz9) be the density of (z1,72) ~ N (0, (éd—lr If ))
2

and P(z1), P(x3) the density of corresponding marginals, where 1 € R4, xy € R, Without
loss of generality, assume dy > do. Let ¥ = UAV' T be the singular value decomposition of ¥,
where U € RUxd2 A ¢ Rhixdz /¢ Rd2Xd2 [t gy, .- 04, be the singular values of ¥ (i.e.,
[A]i; = 04). Then the Gaussian kernel

P(l‘h 3;‘2)

Bstone) = P

(122)

has the following eigen-decomposition

ds 0o
Ky(z1,22) = H(ZU Un([t1]i)n ([t ) H Yo([t1]s) (123)

i=1 \n=0 i=da+1

where t; = U z1,to = V ' 2o, and Y (+) is defined in Lemmal?l

Proof. We prove this theorem by decomposing the multi-dimensional kernel into products of several
one-dimensional kernels described in Theorem [T1]

Recall that t; = U'x; € R¥ ty = V'iay € R%, where ¥ = UAV'T is the singular value
decomposition of . Let ¢ € R%+42 pe the concatenation of ¢1, to. Then we have

I A

T d

Ep[tt'] = (AT IdQ) (124)

Let P'(t1,t2) be the density of (t1,t2) ~ N |0, Id% A . By the fact that A is a diagonal
A I,

matrix, we know that variables {[t1];, [t2];} is independent from {[t1];},; U {[t2];};: for every
1 < i < dy, and variable [t1]; is independent from {[t1];},x; U {[t2]; }1<j<d, for every do + 1 <

i < dy. In addition, ([t1], [t2]i) ~ N (0, (01 0{)) As a result,

P P'(tq,t
\/P(l‘l (1‘2) \/P tl P (tg)
(Pt [t
[t1]s, [ta]i NG
1] (126)
11( Pl Pl[tﬂ))z!;[-&-l
da
=11 (Zo— Un([t1]:)0n ([t > H VP ([t]:) (127)
i=1 i=dz+1
da 0
= (Z o7 n ([t1]:)0n ([t2]:) ) H Yo ([ta]:) (128)
=1 =0 i=da+1
where Eq. (127) follows from Theorem[12] and Eq. (128) follows from the definition of 1. O
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H Helper Lemmas

Lemma 13. Let ¥ € R4 be a positive semi-definite matrix with diag(X) = I. Then we have
Vk Z 13 Amin(E@k) Z )\min(z)a (129)

where X°F denotes the element-wise k-th power of the matrix .

Proof. Let A = Apin(s) and we have X—AI = 0. As aresult, (S—AI)®% = SOF+(1-\)"I—T = 0.
Note that 0 < A < 1 because Tr(X — I) = 0 implies Apin (X — I) < 0. It follows that for any k& > 1,

YOF =T — (1= NI = M, (130)

where the last inequality follows from the fact that 1 — A > (1 — A\)* when & > 1. Consequently,
Amin (Z€%) > Apin (). (131)
O

Lemma 14. Let ¥ € R4 %% pe g matrix such that

I, ©
(ET Id2> = 0. (132)

Then we have Apax(XT3) < 1.

Proof. We prove by contradiction. Suppose otherwise Apax(XTE) > 1. Let v € R be the
eigenvector of ¥ T ¥ corresponds to its maximum eigenvalue. Then

T T T
—>v Id1 b)) - o —v 0 o TwT T
< v ) <ZT Id2>( v >_< v ) (—ZTEU—FU) =—v 2 Xvtoiw. (133

By the assumption that Ay, (X TX) > 1, we get

'S TSo+ v v = |31 = Max(ZTE)) <0, (134)
which contradicts to Eq. (I32)). Therefore, we must have \,ax (3 73) < 1. O
Lemma 15. Let M be a positive semi-definite matrix with the following form
M= (é# If) (135)
for some dy,ds > 0. Then we have
Amin (M) =1 — oax(2), (136)

where omax is the largest singular value of 3.

Proof. Without loss of generality, we assume d; > dy. Let ¥ = UAVT be the singular value
decomposition of ¥, with U € Réxdi |/ c Ré2 Xd?, A € R%%d2 Then we have

w0 6 2 o

Let M = (ZI\dTl I/: ) Because U, V are orthonormal matrices, we get Amin (M) = Amin (M). Note

that [A]; ; =0 Wherieveri # j and [A]; ; = 0;(X). Consequently, the eigenvalues of M is
1+01(%),1+02(2), -, 1+ 04,(%) (138)

with multiplicity 1, and 1 with multiplicity d; — d2. As a result,
Amin(M) - )\min(M)]- - Umax(z)~
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