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ABSTRACT

Online learning in arbitrary, and possibly adversarial, environments has been ex-
tensively studied in sequential decision-making, and it is closely connected to
equilibrium computation in game theory. Most existing online learning algorithms
rely on numeric utility feedback from the environment, which may be unavailable
in human-in-the-loop applications and/or may be restricted by privacy concerns.
In this paper, we study an online learning model in which the learner only ob-
serves a ranking over a set of proposed actions at each timestep. We consider
two ranking mechanisms: rankings induced by the instantaneous utility at the
current timestep, and rankings induced by the time-average utility up to the cur-
rent timestep, under both full-information and bandit feedback settings. Using the
standard external-regret metric, we show that sublinear regret is impossible with
instantaneous-utility ranking feedback in general. Moreover, when the ranking
model is relatively deterministic, i.e., under the Plackett-Luce model with a tem-
perature that is sufficiently small, sublinear regret is also impossible with time-
average utility ranking feedback. We then develop new algorithms that achieve
sublinear regret under the additional assumption that the utility sequence has sub-
linear total variation. Notably, for full-information time-average utility ranking
feedback, this additional assumption can be removed. As a consequence, when
all players in a normal-form game follow our algorithms, repeated play yields an
approximate coarse correlated equilibrium. We also demonstrate the effectiveness
of our algorithms in an online large-language-model routing task.

1 INTRODUCTION

Online learning has been extensively studied as a model for sequential decision-making in arbi-
trary and possibly adversarial environments (Shalev-Shwartz et al., 2012} |Hazan et al., |2016). At
each round, the agent commits to a strategy, takes an action, and then receives feedback from the
environment, often in numeric form, such as the utility vector (in the full-information feedback set-
ting) or the realized utility value (in the bandit feedback setting). Numerous algorithms achieve
no-regret guarantees, i.e., they ensure that the agent’s external regret grows sublinearly with time
(Shalev-Shwartz et al.| [2012; |Hazan et al.| [2016). Moreover, online learning is closely connected
to equilibrium computation in game theory: when all players employ no-regret learning in the re-
peated play of a normal-form game (NFQG), their time-average play approaches a coarse correlated
equilibrium (CCE) (Cesa-Bianchi & Lugosi, 2006).

However, numeric utility feedback may not always be available in real-world applications. For in-
stance, when the feedback is elicited from an environment with humans in the loop, it is typically
much easier for them to compare or rank candidate actions than to provide calibrated numerical
scores. This phenomenon has been widely recognized and is exemplified by the success of rein-
forcement learning from human feedback (RLHF) in fine-tuning language models (Ouyang et al.,
2022). Moreover, even when well-defined numeric utilities exist, they may be inaccessible to the
learning agent due to privacy or security constraints. As a concrete example, consider an online
platform (see Figure (a)) that recommends commodities to a stream of customers over time, where
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Figure 1: Two examples of online learning and equilibrium computation with ranking feedback.
In (a), an online platform recommends food options to a customer at each timestep and receives a
ranking over the proposed items, which it uses to improve recommendation quality. In (b), an online
dating app recommends potential matches; users rank the suggested candidates, and the platform
leverages these rankings to learn matching equilibria over time.
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customers arriving at different timesteps may have different preferences. While the platform aims to
improve its recommendations, customers may be unable or unwilling to reveal their true valuations.
Depending on whether customers are one-shot (arrive, rank, and leave forever) or long-lived with
memory, the ranking feedback may be induced either by the instantaneous utility at each timestep
or by the fime-average utility aggregated over historical utility vectors. The platform thus seeks
to minimize the regret of its recommendations under ranking-only feedback. Yet, the fundamental
limits and algorithmic solutions for this online learning setting remain elusive.

Ranking feedback becomes particularly relevant in game-theoretic settings, where multiple humans
repeatedly interact, and the goal is to compute an equilibrium of the underlying game. For example,
consider an online dating platform that recommends potential matches (see Figure |I| (b)). In each
round, each user may provide only a ranking over the recommended candidates, and the platform
aims to compute an equilibrium outcome, i.e., a matching between users, that (approximately) re-
spects everyone’s preferences. Related scenarios arise in other matching platforms, e.g., ride-sharing
services that match drivers and passengers based on their preferences, such as drivers’ preferences
over trip lengths and riders’ preferences over driving styles (e.g., punctuality or cautiousness). Al-
though these applications may seem reminiscent of the classical stable matching model (Gale &
Shapleyl [1962), our setting is fundamentally different. See Appendix [A]for a detailed comparison.

In this paper, we systematically study online learning and equilibrium computation with ranking
feedback in a nonstochastic environment, where the loss vectors may be generated arbitrarily, and
potentially even adversarially. This setting can also be viewed as a generalization of the stochastic
bandits with ranking feedback studied recently in[Maran et al|(2024). See Appendix[A]for a detailed
comparison. Our goal is to understand when regret minimization in this setting is possible, and
to develop new algorithms that provide both regret-minimization and equilibrium-approximation
guarantees. We summarize our contributions as follows.

Contributions. We consider two types of ranking feedback, categorized by how the rankings are
generated: one based on the instantaneous utility at each tlmestep (InstUtil Rank), and one based
on the time-average utility up to the current timestep Util Rank]). We establish the following
results: (i) sublinear regret is impossible under InstUfil Rank| feedback. Moreover, under [AvgUftil|
feedback, sublinear regret remains unattainable (up to logarithmic factors) when the ranking
model is overly deterministic (i.e., when the temperature parameter 7 > 0 in is small); (ii)
we propose new algorithms that achieve sublinear regret under an additional assumption that the
utility vectors have sublinear variation; (iii) we show that this variation assumption can be removed
under full-information [AvgUtil Rank] feedback when 7 is a constant; and (iv) when all players run
our no-regret learning algorithms in the repeated play of a normal-form game, the induced play
yields an approximate coarse correlated equilibrium. Our contributions are summarized in Table[T]
We present an application to large-language-model routing in Section [8] and provide experimental
validation of our algorithms in Appendix[C]

2 PRELIMINARIES

The basic notation and a brief introduction to normal-form games are deferred to Appendix [B]



Published as a conference paper at ICLR 2026

Lower Bound Full-Information [ Bandit
InstUtil Rank| Q(T) forr < O (1)
AvgUtil Rank| | Q(T) for 7 < O (ﬁ) QT) forr < O (ﬁ)
Upper Bound . .
(r = O(1), Sublinear Regret) Full-Information Bandit
InstUtil Rank Assumption [4.2]
AvgUtil Rank v | Assumption{4.2[(q < )

Table 1: Summary of our contributions, including the negative results (top) and the positive results
(bottom). The bottom table lists the minimal assumptions required to achieve sublinear regret in each
setting (v'indicates that no additional assumptions are needed). Here, 7 > 0 denotes the temperature
parameter of the ranking model in (PL).

2.1 ONLINE LEARNING

We study online learning in a non-stochastic and potentially adversarial environment, where an
agent interacts with the environment over multiple timesteps by selecting an action and receiving
feedback at each timestep. The agent’s action set is finite and denoted as A := {a',a?,...,aM}
with | A| > 1. At each timestep ¢, the agent commits to a mixed strategy 7t € A4, In the classical
online learning setting (with numeric feedback), with full-information feedback, the agent observes
a utility vector u'") € [—1,1]4; with bandit feedback, the agent observes only the realized utility
u® (a®) for the sampled action a®) ~ 7(¥).

The agent’s goal is to minimize her (external) regret, defined as the difference between her cumula-

tive utility and that of the best fixed action in hindsight. Formally, for any integer 7' > 0, the regret
is defined as

T
R(T),external ‘— max <u(t)7 7T — 7l’<t)> . 2.1

=] A
TEA —

Since our goal is to minimize regret, and regret is unchanged if the utility vector u(*) is shifted by an
additive constant at each timestep ¢, we may assume without loss of generality that u(*) (a!4!) = 0,
i.e., the last action always receives zero utility for any ¢ € [T].

2.2  ONLINE LEARNING ALGORITHMS WITH NUMERIC FEEDBACK

Our main results later will be modular, in the sense that any standard online learning algorithm with
(full-information) numeric feedback, including projected gradient descent (PGD), multiplicative-
weights update (MWU), and Follow-The-Regularized-Leader (FTRL) (Hazan et al., 2016)), can be
used as a deterministic black-box oracle in the algorithms we develop.

As a preliminary, we formally define such deterministic oracles here. Let Alg: |J;=, (RA)t — AA
denote an online learning algorithm, which can be viewed as a mapping from a sequence of utility

vectors to a distribution over the action set .A. Thus, given utility vectors (u(s))S:1 from timesteps

1 through t, the algorithm outputs the next strategy 7(!*1) = Alg ((u(s))zzl) to be played at

timestep ¢ + 1. Note that this formulation implicitly assumes that Alg is deterministic. Finally, we
denote the (external) regret incurred by Alg as

T r t—1
R(T),external <Alg, (u(t)) ) ‘— max <u(t)7 T — Alg ((u(s)) ) > , (22)
t=1 reAA T s=1

which can be made sublinear in 7" for any sequence of utility vectors (u(t))tT:1 (Hazan et al.|[2016).

3 ONLINE LEARNING WITH RANKING FEEDBACK

In online learning with ranking feedback, at each timestep ¢, the agent does not have direct access
to w(*), nor the realized utility (the utility of the realized action at timestep ¢). Instead, at timestep
t, she can propose a multiset (which may include repeated elements) of actions o™, and receive
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a permutation o) € ¥ (o(t)) (3(-) returns the set of all permutations) from the environment,
representing a ranking of those actions in o(*). In the full-information setting, o) = A, i.e., the
whole action set is proposed. In the bandit setting, |o(*) ’ = K < | AJ. Suppose the agent’s strategy at
timestep ¢ is 7 € A, then we assume that in this bandit setting, the actions in o(*) are proposed
by sampling from 7(*) independently (with replacement). This way, the empirical average of the

u® (a
utilities will be an unbiased estimator of the expected utility, i.e., E {Z“G"(t;(()] = (u®,7®).

We will adopt this proposal mechanism throughout the paper, which was also used in the literature
of adversarial dueling bandits (Saha et al., 2021)).

Let o) (k) € A be the k*" element of the permutation for any k € [K]. Then, for any k; < ko €

. O .
(K], action o (k1) is preferred over action o) (k2). For notational simplicity, we define a’ > a/
if action a* appears ahead of a’ (a* is preferred over @) in a permutation o.

For the ranking model, we consider the standard Plackett-Luce (PL) model (Lucel [1959; [Plackett,

1975), where at each timestep ¢, conditioned on the proposed action set o(*), the ranking o) is
sampled according to

P (O_(t) |O(t)) _ ﬁ exp (%r“) (g(t) (h))) (PL)

ki=1 Zsz:kl exp (1r® (00) (k2)))’

where () € R4 is some utility vector based on which the ranking is determined, 7 > 0 is the
temperature parameter that determines how uncertain the ranking model is: when 7 — 0%, the
model is absolutely certain, and the action with a larger utility in 7(*) will always be ranked in front
of the actions with a smaller utility in the permutation (ties are broken in favor of the smaller index).
The utility vector r(*) depends on the problem setting, which we will introduce next.

We consider two types of ranking feedback throughout the paper, based on the choice of ) in
(PL): (i) ranking by the instantaneous utility (InstUtil Rank)); (ii) ranking by the time-average
utility (AvgUtil Rank). These two feedback types may be motivated by different applications (cf.
Section , and have been studied in|Yue et al.| (2012); Saha & Gaillard (2022)); Maran et al.| (2024).
Both feedback types can also be further separately defined for the full-information and bandit set-
tings, respectively, as follows.

InstUtil Rank: Ranking with Instantaneous Ultility.

The first type of ranking feedback we consider is based on the instantaneous utility function, i.e.,
r) = 4 in @) This type is relevant when the feedback provider is oblivious or one-shot.
For example, a stream of customers arrive in an online fashion, each of whom arrives, ranks, and
then leaves, see e.g., Mansour et al.| (2015). When the environment is stationary and stochastic,
the classical dueling-bandits model likewise uses instantaneous utilities for comparison and ranking
(Yue et al., [2012; |Du et al., [2020).

Full-information setting. All actions are proposed and evaluated at each timestep ¢, i.e., o) = A.
Hence, the agent’s performance can be evaluated by <u(t), 7®) > Note that this does not imply the
agent has access to the full vector u?), as that would defeat the purpose of our ranking-feedback
setting. Accordingly, we evaluate performance using the standard external regret R(T)-external de_

fined in (2.1)).

Bandit setting. Only the proposed actions at each timestep ¢ can be evaluated and ranked, with
the associated elements in the vector w(*). In particular, the proposed actions are evaluated by the
average utility of % Y aco® u(®) (a), leading to the following performance metric of regret:

(0 2L :
R = %122);; <<u( ),7r> - % Z u® (a)) . 3.

aco(®)

Note that such a definition is an external regret, which differs from the regret studied in (multi-
)dueling-bandits (Yue et al., 2012; [Du et al., 2020; [Saha et al.l 2021} |Saha & Gaillard, [2022).
Details can be found in Appendix [A]

AvgUtil Rank: Ranking with Time-average Utility.
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The second type of ranking-feedback is based on the time-average utility, which differs for the full-
information and bandit settings, as detailed below. This type is relevant when the feedback provider
has memory and can use the history of utilities for ranking. For example, the customers are long-
lived in the platform, see e.g., |[Kiiciikgil et al.|(2022) and Baldwin| (2009)). Notably, under bandit
feedback, when 7 — 0% and the environment is stationary and stochastic, such a model aligns with

the one studied in the recent work of Maran et al.| (2024)).
1

Full-information setting. The time-average utility vector of ugf,)g =7 2221 u'®) will be used as

the () in |i and the same (external-)regret R(T)external from will be used as the metric.
Bandit setting. Only the proposed actions will be given to the environment to evaluate. For in-
stance, the platform (learning agent) may recommend K restaurants among all possibilities to the
user (environment) to try out, so that the user will only know her evaluations of those K restaurants.
As aresult, the average utility is now defined as the empirical mean of the utility vectors over time.
Formally, for each timestep ¢t > 0 and action a € A, we define

Y u @)Y e La=d)

() .
Uempirica (a) T ) (32)
piriead Yt Lwreo L(a=a')
and ug?r)lpirical(a) = 0. This uégpirical will then be used as the () in @) for ranking. The regret

metric will still be the one in
Due to space constraints, we defer the background and formalism of equilibrium computation (with
ranking feedback) in the game-theoretic setting to Appendix

4 HARDNESS RESULTS

In this section, we present hard instances to show that online learning in non-stochastic and poten-
tially adversarial environments can be hard in general, under both InstUtil Rank]and [AvgUtil Rank]
even when there are only two actions.

Theorem in the following shows that for any temperature 7 in (PL) no larger than a constant,

there exists a sequence of utility vectors such that the expected regret is linear under [InstUtil Rank]
for both full-information and bandit feedback settings.

Theorem 4.1. Consider [InstUtil Rank| For any T > 0, temperature 0 < 7 <
0.1, and online learning algorithm, there exists a sequence of utilities (u(t))thl such that
min {E [R(T)7e"ter“al] JE [R(T)] } > Q(T) in both full-information and bandit feedback settings.
The expectation is taken over the randomness of the algorithm and the ranking.

To prove Theorem [4.1] we need to construct two sequences of utility vectors, which yield the same
ranking under [InstUtil Rank|in expectation. However, being no-regret in one of them will result in
linear regret in the other. The detailed proof can be found in Appendix D}

The key challenge in achieving no-regret in the hard instance above is that the utility vectors

(u(t)) ,—, change arbitrarily fast, i.e., the accumulated variation grows linearly in time. Hence,
to obtain positive results, we may need to restrict how fast they change over time, as quantitatively
characterized by the following assumption.

Assumption 4.2 (Sublinear variation of utility vectors). The utility vectors (u(t) ) 1, have a sublin-
ear variation over time, i.e., for some q < 1,

P — i Hu(“ - u“*”H < o). 4.1)
t=2

Our result stated in Section [5| next will show that with Assumption 4.2] we can achieve sublinear
regret, and thus close the gap. Moreover, note that in a game where the opponents all run common
no-regret learning algorithms such as Follow-The-Regularized-Leader (cf. Definition[L.2), Assump-
tion[d.2) will be satisfied (cf. Lemmal|L.3).

Next, we show in Theorem [4.3|that when[AvgU#til Ranklis used, and 7 is small enough, the minimal
regret is still at least linear in 7" (up to logarithmic terms).
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Theorem 4.3. Consider AvgUtil Rank|with full-information feedback. For any T' > 0, temperature

0<7<0O ( ) and online learning algorithm, there exists T' > T and a sequence of utilities

TlogT

(u(t))tT L such that E |R(T") eXternal} > Q (T") . The expectation is taken over the randomness of

the algorithm and the ranking.

To prove Theorem[4.3] we construct log 7" sequences of utility vectors that induce identical ranking
feedback when 7 is small. We then show that at least one of these sequences incurs average regret
Q(1). Given Theorem4.3| it is impossible to achieve 6(7T) withwhen T is very small.
However, in Section |6} we will mitigate the gap by showing that when 7 is a constant (i.e., O(1)),
we can achieve sublinear regret with even without Assumption

Due to the different instantiations of 7(*) in the full-information and the bandit feedback settings
under [AvgUtil Rank| we have a separate hardness result for the latter, stronger than Theorem [4.3]
as it allows a larger 7 and avoids logarithmic terms. The result can be viewed as strengthening the
hardness result for the adversarial bandit setting in [Maran et al.| (2024), which corresponds to the
case in our model with 7 — 07,

Theorem 4.4. Consider[AvgUtil Rank|with bandit feedback. For any T > 0, temperature 0<7<

O (101T), and online learnmg algorithm, there exists a sequence of utilities (u(t)) such that
3

E [R(4T)} > Q(T) . The expectation is taken over the randomness of the algorithm and the ranking.

To prove Theorem [4.4] we need to construct two utility sequences such that achieving sublinear
regret in the first utility sequence will lead to insufficient exploration for the second sequence. As
a result, when 7 is small, those two sequences cannot be distinguished, and a linear regret must be
incurred in one of them. Details of the proof can be found in Appendix [D]

5 ONLINE LEARNING WITH [InstUtil Rank| FEEDBACK
We start by introducing a new utility estimation oracle to be used in our later algorithms.

5.1 UTILITY ESTIMATION

A natural approach to learning from ranking feedback is to use the observed permutations to estimate

the underlying numeric utility vectors. At each timestep ¢, we form an estimate of the current utility

vector u(?) using a sliding window of the most recent m rounds of observations: when t > m,
. Y’ . ~

we use the past m permutations {0(5)}S:t7m+1 to construct an estimate @(*). Due to the non-

convexity of (PL)), the key step is to decompose a length-K ranking into pairwise comparisons. This
reduction allows us to exploit the logistic structure of pairwise comparison probabilities and, via
the monotonicity (and invertibility) of the logistic map, translate the estimation error of ranking
probabilities back into an error bound on estimating the utilities. The full procedure is given in
Algorithm[T] and we state its guarantee next.

Theorem 5.1. Consider InstUtil Rank| and Algorithm Suppose each action is proposed
independently with probability at least p > 0 at each timestep t € [T] and let uY) =

Estimate ({a s)}s . m+1) Then, for any § € (0,1) and t > m', when m/p* > 2log (%)

with probability at least 1 — §, the estimate u'®) satisfies,

2
T (e% + 1) log (4‘“4‘) t—1 i) “
< + Z Hu R TR

= D m

H a® _ u®

oo
s=t—m'+1

Treating 6, p, and 7 as constants, the accumulated estimation error Zt 1 H (6) — 4 )||OO will be
bounded by O (W +m P(T)), which implies that a sublinear accumulated estimation error can

be achievable when P(T) is sublinear (Assumption 4.2). Moreover, Theorem shows that the
upper bound diverges as 7 — 0. This aligns with intuition: when 7 — 07, the highest-utility action
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is ranked first almost deterministically, and thus the feedback carries essentially no information
about the utility gaps between actions. At the other extreme, when 7 — o0, the bound also
diverges because the ranking is nearly sampled uniformly and hence largely independent of the
underlying utility vector.

The full proof of Theorem 5.1]is deferred to Appendix [E] Next, we show how to achieve sublinear
regret in both full-information and bandit settings with based on such an estimator.

5.2 SUBLINEAR REGRET wWITH InstUtil Rank|

This section shows that for any online learning algorithm that can achieve sublinear external regret
with numeric utility feedback, we can construct an online learning algorithm with
feedback based on it, in a black-box way.

With full-information feedback, the learning agent proposes the full action set A4 at each timestep.
In this case, we can obtain ﬂ(t), an estimate of u(t), by Algorithm and obtain guarantees using
Theorem [5.1| with p = 1, since all actions are proposed at each timestep.

With bandit feedback, the utility of the learning agent at timestep ¢ is & S r—_, u® (o) (k)), i.e.,
the average utility of the proposed actions. To achieve sublinear R() (as defined in ), each
proposed action will be sampled from 7(*) independently with replacement. In other words, an action
may be proposed multiple times at a single timestep. To ensure sufficient exploration, namely, every
action is proposed with positive probability, we impose a uniform lower bound 7(*)(a) > \Zl| for

some v > 0 and all a € A. We enforce this by updating 7(*+1) = (1 —~)Alg ((ﬁ(s))izl) +7%,

i.e., a convex combination of the strategy generated by the no-regret learning algorithm Alg and a

uniform probability distribution over A. A diagram of the algorithm can be found in Figure[I0] and
the details are tabulated in Algorithm 2] Then, we have the following theorem.

Theorem 5.2. Consider [InstUtil Rank| with constant = > 0. By running Algorithm |2} for any
6 € (0,1), T > 0, and any full-information no-regret learning algorithm with numeric utility

feedback, Alg, by choosing the window size m and =y properly, we have that with probability at least
1 — 9, the following hold:

T 1 5
R(T),external SR(T),external (Alg, (ﬁ<t)) ) +0 ((P(T)) 3 T% (10g <%)> > (Full-Info)
t=1

T 1
R(T) < R(T)external (Alg, (a@) ) +0 ((P<T>) ° T3 log (Z)) . (Bandit)

t=1 1

The proof can be found in Appendices and Theorem implies that when P(7) the variation
of utility vectors, is sublinear (cf. Assumption[4.2)), the regret of Algorithm [2] will be sublinear.

6 ONLINE LEARNING WITH FEEDBACK

6.1 UTILITY ESTIMATION

Since o) is generated based on quJg = % 22:1 u(s), we will estimate ugi,)g instead. We will still

apply Algorithm , which generates ﬂ;@g, an estimate of ug,)g, when the permutation is sampled
under |AvgUtil Rank|feedback. Moreover, notice that

(t) - (t—1)
’ u + (t 1)Uavg _ u(t—l) < % (Hu(f) ) < %

t avg
Thus, Ztil Huéf,'gl) — ugf,)g ’ |u(8+1) —u® HOC in The-

s=t—m'+1
orem can be bounded by Z’;Lm/ 11 Sil, irrelevant of the accumulated utility variation P(7).

) (t—1)

(t (t—1)
uavg - uavg

uavg

+|

[e9]
oo

t—1
s=t—m’+1

, the counterpart of )

6.2 FULL-INFORMATION SETTING

Unlike [InstUtil Rank|feedback, where we can plug the utility estimates into essentially any (full-
information) no-regret learning oracle, the |AvgUtil Rank| setting requires an update rule that is
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stable with respect to the perturbations in the accumulated (averaged) utilities, such as Follow-The-

Regularized-Leader (Hazan et al.l [2016). The reason is that we would like the strategies produced

from the estimated averages ugv)g, .. ug,)g to remain close to those that would have been produced

from the ground-truth sequence ug,)g, .. ug,)g With such stability, the regret of our learner can

be controlled by the regret of this “ideal” learner and hence remains sublinear up to the additional
error induced by estimation.

Assumption 6.1. The (full-information) online learning algorithm Alg satisfies the following con-
t
dition: for any T > 0, t € [T, and sequences of utilities (u(s))tf1 , (u’(s)) € (]RA)t, we
5= s=1

e (()) e () ) =2

where L = © (T~°) for some constant ¢ € (0, 1).

t t
MONS ur(s)
2w =D

s=1

It can be verified that FTRL with any strongly convex regularizer satisfies this assumption (cf.
Lemma|L.3)). Then, similar to Section[5.2] any online learning algorithm satisfying Assumption [6.1]
can achieve a sublinear regret when equipped with the utility estimator in Algorithm[I] The overall
procedure is summarized in Algorithm 3]and Figure[TT] with the following guarantee.

Theorem 6.2. Consider[AvgUtll Rank|with constant T > 0 and full-information feedback. By run-
ning Algorithm. Sforany d € (0,1), T > 0, and any full-information no-regret learning algorithm
with numeric utility feedback, Alg, that satisfies Assumption[6.1} by choosing m properly, we have
that with probability at least 1 — 6, R(T)external qqrisfios

R(T),cxtcrnal SR(T),cxtcrnal (Alg7 (u(t))T > ) <LT§ log (?)) .
t=1

Theorem (6.2 implies that if we choose the stability parameter L = O (T'~°) with some ¢ > 2/3,
then the external regret R(7):external becomes sublinear in 7. This choice of L can be realized by
instantiating Alg as FTRL with suitable parameters (see Lemma [L.3)). Hence, the choice of L will
also affect R(T)external (Alg, (u(t))thl). The formal statement of Theorem and its proof can

be found in Appendix
6.3 BANDIT SETTING

empirical
since it is the former that is used for ranking. However, almost all no-regret learning algorithms

made decisions according to the accumulated utility, such as mirror descent (Hazan et al. [2016),
FTRL, and regret matching (Zinkevich et al., 2007). Let n®)(a) :== >t # . (a) for any a € A
be the number of times action a has been proposed up to timestep ¢, where # ) (a) is the num-
ber of occurrences of a in the proposed choices o) at timestep s. A natural idea is to compute
n®(@)u® o (a) = nt (@)Y (a) to get an estimate of u() (a). Nonetheless, the vari-

empirical empirical

By applying Algorithmm, we can only obtain an estimate of u't (cf. li instead of ug,)g,

ance of this estimator will be too large due to the multiplication of n(*) (a) x t.

To address this issue, we divide the timesteps {1,2,...,t} into [¢/M] blocks, with
each block containing M timesteps except for the last one. Then, for each block

{s M+1,s- M+2,...,(s+1)M} (for s < |4] — 1 and a € A, we estimate

7 Ziffi)ﬁ ) (@) by computing
ﬂ((é+1) M)( )n ((s+1)<M)(a) _ ﬂ(S'M) (a)n<S'M>(a)

empirical empirical

n((s+ 1) M) (g) — nlsM)(q)

~((s+1)-M) . n(CEHDM) () t
In this way, the coefficient multiplying Uy pirical (a) is now RGO gy —n G () X M- The

choice of M therefore induces a bias-variance trade-off: increasing M reduces the variance, but the
resulting quantity estimates the average utility of action a conditional on a being selected in that
block, which can differ substantially from the block-average utility of a. This discrepancy becomes
more pronounced for large M, since more utility variation can accumulate within a longer block.
The full algorithm is introduced in Algorithm [3]and Figure
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Theorem 6.3. Consider |AvgUtil Rank| with constant 7 > 0 and bandit feedback. By running
Algorithm|3| for any § € (0,1), T > 0, and any full-information no-regret learning algorithm with
numeric utility feedback, Alg, that satisfies Assumption by choosing m,~, and M properly,

when PT) < O (T) for some q < tand L = © (T~°) withc € (2 + £, 1), with probability at
least 1 — 6, R(T) satisfies

2
R(T) SR(T),cxtcrnal (Alg, (’U,(t))T ) T 6 <<log (1)) L%T% (P(T)>
t=1 §

where O hides logarithmic dependence on T.

In Theorem [6.3] we require ¢ < 1 because, for many algorithms, one typically has an external-
regret bound of the form R(T)-external (Alg, (u(t))thl) < O(1 +LT). See, e.g., FTRL with any
strongly convex regularizer as an example (cf. Lemma [L.3]and [Hazan et al (2016)). In particular,
taking ¢ = 1 would make the % term linear in 7.

o=

7 EQUILIBRIUM COMPUTATION WITH RANKING FEEDBACK

For a normal-form game (N AATY {ui}f.\':l), the external regret of player i € [IN] is defined as

RgT)’eXtemal = MaXz, a4 Zthl <u§t), T — 7ri(t) > where wgt) € A is the strategy of player i at
timestep ¢ and u(t)(ai) =Darexy, 4, Uila) L(a; = ai) [ 14 j(f) (a’,) for any a; € A;. Then,
=1

it is known that the time-average joint strategy wgf,rg);, where wé@ (a) =+ Zthl [Tiein ﬂ'Et) (a;) for

(T),external}
i .

any a € Xi,vzl Aj, is an|e-CCE} with € := max;¢c |y {%R

Applying the algorithm in Section |Z3_| (for feedback) or Section [6] (for
feedback), we achieve sublinear RiT)’external for each player i € [N]. Note that P(T) in Assump-
tion[d.2]can be bounded by the summation of all players’ strategy variation (see Lemma[K:T]). Thus,
to ensure P(7) is sublinear in 7', Alg needs to additionally satisfy the following assumption.

Assumption 7.1 (Sublinear variation of strategies). The (full-information) online learning algorithm
Alg needs to satisfy the following condition: for any T > 0, t € [T — 1], and sequence of utility

vectors (u(s))i—:l € ([—1, l]A)Hl, we have HAlg ((u(s))i:1) —Alg ((u(s))iD H < 1, where
n =0 (T~") for some constant w € (0,1).
Mirror descent (cf. [Wei et al.| (2021, Lemma 1) and |Liu et al.| (2023, Lemma C.5)) and FTRL with

any strongly convex regularizer both satisfy this property, see Lemma [L.3| for the proof. When
Assumption is satisfied, one can achieve sublinear regret with [InstUtil Rank| under both full-
information and bandit feedback. The formal statement is as follows.

Theorem 7.2. Consider with constant T > 0 and Algorithm 2} For any § € (0,1),
T > 0, and any full-information no-regret learning algorithm with numeric utility feedback, Alg,
that satisfies Assumption by choosing M, m,~ according to Theorem [3.2] we have that with
probability at least 1 — §, the algorithm finds an e-CCE, with

1
T 3
€< max {%RET)’Q’“““&] (Alg, (ﬁgt))t:1) } +0 (n' (log (%)) > (Full-Information)
T
< max {% R{T)external (Alg, (a§f>)t=1) } o) (n% log (%)) . (Bandit)

With feedback, when all the players apply Algorithm [3]and both Assumption[6.1]and

Assumption|7.1|are satisfied by the oracle Alg being used, the external regret of each player will be
sublinear in T according to Theorem[6.2} Finally, we have the statement below.

Theorem 7.3. Consider |AvgUtil Rank|with constant T > 0 and Algorithm|3| For any § € (0, 1),
T > 0, and any full-information no-regret learning algorithm with numeric utility feedback, Alg,

ol
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Figure 2: Regret of Algorithm [3| with |AvgUtil Rank|under bandit feedback for different tempera-
tures 7 and numbers of proposed actions K, in the online learning setting.

that satisfies Assumption [6.1} by choosing M, m,~y according to Theorem [6.2] we have that with
probability at least 1 — 0, the algorithm finds an e-CCE under full-information feedback, with

1 (T),external (t) T 5 T .
< — R . — . -
€< ng[% { TRZ (Alg, (ul )tZI + O | LT3 log 5 (Full-Information)
When M, m, and + are chosen as in Theorem and both Assumption [6.1 and Assumption
hold, we have that with probability at least 1 — 0, the algorithm finds an e-CCE under bandit

feedback, with

1 (T),external (t) T A 1 2 11 1 4 .
< — R . = .
€< 11161[% {TRZ <Alg, (ul )t:I + O | (log 5 (LS ns + L2) To (Bandit)

Lastly, we would like to remark that although the online learning setting can be hard with a small 7
(cf. the hardness results in Theorem[d.3]and Theorem[.4), computing an equilibrium is still possible
even when 7 — 0. A detailed discussion can be found in Remark

8 EXPERIMENTS

To demonstrate the practical merit of online learning with ranking feedback, we consider the fol-
lowing scenario as an application example, which we term as online large-language-model routing.
A service provider hosts multiple language models, each possessing distinct strengths. For instance,
GPT-40 (Hurst et al 2024) may excel in creative writing, whereas GPT-5 specializes in coding.
Consequently, users may exhibit different preferences for different models.

We cast personalized large language model (LLM) routing as an online learning problem with rank-
ing feedback. Fix a particular user and view each candidate model as an action. At each timestep ¢,
the user submits a query, and the server samples K candidate responses by drawing models accord-
ing to a mixed strategy 7(*) and querying the selected models on that prompt. The user then returns
a ranking over the proposed responses, providing only relative-preference feedback rather than cal-
ibrated scores. This feedback is induced by an underlying, time-varying utility vector u(*) that
captures the user’s instantaneous (or time-aggregated) satisfaction with each model. The server’s
objective is to update 7(*) online to minimize external regret with respect to the best fixed model in
hindsight, while remaining responsive to nonstationary preferences. For instance, a user may prior-
itize creative writing for a period and later shift toward coding or mathematical problem solving.

We simulate this process in Figure [2| Specifically, we generate responses for the HH-RLHF (Bai
et al} [2022) dataset using Qwen3-32B (Yang et al.| 2025), Phi-4 (Abdin et al., 2024)), GPT-40
(Hurst et al.l 2024), and Llama-3.1-70B (Dubey et al) 2024). We evaluate the responses using a
reward modeﬂ and execute Algorithm |3| with under bandit feedback. At each time
step, a prompt is sampled from the dataset along with responses from different models, and the
resulting scores form the reward vector. As shown in Figure 2] the average regret decreases over
time, suggesting that our router quickly approaches the performance of always serving the best fixed

model in hindsight, i.e., the model with the highest cuamulative reward under the user’s preferences.
More experiments about online learning and equilibrium computation can be found in Appendix[C]

'https://huggingface.co/OpenAssistant/reward-model-deberta-v3-large-v2.
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10 REPRODUCIBILITY STATEMENT

All assumptions are listed in Table [T] and the proofs are presented in the appendices, from Ap-
pendix [D]to Appendix [[]

11 USE OF LARGE LANGUAGE MODELS

In this paper, we use large language models (LLMs) to improve writing (e.g., by correcting gram-
matical errors), creating illustrative figures (Figure[T), and generating code.
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A RELATED WORK

Dueling Bandits. Using comparison and/or ranking feedback for sequential decision-making has
mostly been studied under the framework of dueling bandits (Yue et al.l 2012; [Saha & Gaillard,
2022; Saha & Gopalan, [2019; Du et al.l 2020; |Saha et al., [2021; Dudik et al.l 2015)), where the
agent takes two (or multiple) actions at each timestep, and receives a ranking of them as feedback.
Different from our setting, the ranking feedback in these works was only based on the instantaneous
utility at that timestep, while our results can address both settings with instantaneous and time-
average utilities for ranking. More importantly, the regret notions studied in these works were
particularly designed for the dueling-bandit setting, and thus different from the classical external
regret we focus on here. Finally, dueling bandits mostly focused on environments that are szationary
and stochastic (Yue et al. 2012; [Saha & Gaillard, 2022; |Saha & Gopalan, |2019; Du et al., [2020),
while we focus on the non-stochastic setting where the environment is arbitrary and potentially
adversarial, as in online learning (Shalev-Shwartz et all 2012; Hazan et al., |2016). Due to the
last two differences, the implication of these dueling-bandit algorithms in the game-theoretic setting
is unclear, while our algorithms find an approximate CCE of the game, as a corollary of the no-
(external-)regret guarantee.

Reinforcement Learning from Human Feedback (RLHF) and Preference-Based RL. Inspired
by the successes in aligning large language models (LLMs) (Ouyang et al.| [2022), reinforcement
learning from human feedback has received increasing attention. RLHF is usually instantiated as
preference-based learning, where humans rank the model outputs based on their preferences, and
a reward model is then estimated from the feedback, which will be further used for model fine-
tuning. This way, RLHF is oftentimes implemented in an offfine fashion, where batch feedback data
are used for reward model estimation (Ziegler et al., 2019; Bai et al., 2022; |Ouyang et al.| 2022}
Zhu et al.| 2023} |Park et al., 2024). Recently, online versions of RLHF have also been developed
(Dwaracherla et al., 2024} Du et al.l [2024; |Xie et al.| [2025} |Cen et al., |2025; [Zhang et al., [2025)),
where the exploration issue was addressed with online feedback. In fact, beyond fine-tuning LLMs,
preference-based RL has also been studied in the classical Markov decision process model with
online feedback (Novoseller et al., 2020; [Saha et al., 2023} |[Xu et al., |2020). However, the util-
ity/reward functions in these works are again stationary, and the regret notions extend those in the
dueling-bandits literature, which are thus different from ours. Hence, these results do not apply to
our adversarial online learning and game-theoretic settings.

Learning of Stable Matchings. Some of our motivating scenarios for the game-theoretic setting
may also be modeled as the stable matching problem (Gale & Shapleyl, [1962), which has been
extensively studied when the agents have full knowledge of their preferences. Recently, growing
efforts have been devoted to learning in stable matching markets with unknown preferences, and
through interactions between the agents (Liu et al.| 202052021}, Basu et al., 2021} |Jagadeesan et al.,
2021} |[Etesami & Srikant, 2025|; [Shah et al., [2024bja). Notably, Etesami & Srikant| (2025); |Shah
et al.|(2024bja) also took a game-theoretic perspective, by developing learning dynamics for finding
matchings in a decentralized, uncoordinated fashion. However, one key difference is that the learn-
ing agents (e.g., the proposers or the platform) can still receive numeric feedback of the utilities each
round, based on the matching result, while in our model, they can only receive the ranking feedback.
Moreover, the learning dynamics in |[Etesami & Srikant| (2025)); |Shah et al.| (2024azb)) were specific
to the matching model, while ours aim to address general normal-form games.

Recent Work by Maran, Bacchiocchi, Stradi, Castiglioni, Gatti, and Restelli (2024). The work
closest to ours is the recent one by Maran et al.| (2024)), which studied multi-armed bandits with
ranking feedback, also under the standard (external-)regret metric. Different from the ranking model
in dueling bandits, the model of Maran et al.| (2024)) is based on time-average utilities, a setting also
considered in our paper. More importantly, in contrast to our paper, Maran et al.| (2024) focused
on the stochastic bandits setting where the utility functions are stationary, while our focus is on the
adversarial/online and game-theoretic settings, with both instantaneous and time-average utility-
based rankings. Furthermore, the ranking model in [Maran et al.| (2024) corresponds to the case of
7 — 07 in our framework. Finally and notably, [Maran et al.|(2024) also provided a hardness result
for the adversarial bandit setting (with 7 — 07 in our framework), while our hardness results (with
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different hard instances) are stronger in the sense that they allow a wider range of 7 for the bandit
setting, and also cover the full-information setting (cf. Table[T).

B ADDITIONAL NOTATION AND PRELIMINARIES

Notation. For any integer N > 0, we define [IV] := {1, ..., N'} to denote the set of positive integers
no larger than N. We use bold notation « to denote a finite-dimensional vector, and z; to denote
the i*" element of the vector. For any discrete set S, let |S| denote its cardinality, A® = {a: €
RS: Y cs@s =1, z, > Oforalls € S} be the probability simplex over S, and 1 (S) be an
all-one vector with each index being elements in S. For any ordered discrete set S, we use RS to
denote the |S| dimensional real space, where the s** € S element of any « € RS is denoted as =
or x(s). For any vector z € R™, let [|z||, be its L,,-norm and we use ||z|| to denote the Lo-norm by
default. For any convex compact set C C R™ and € R", let Proj; () = argmin,, ¢ || — x|
For any event e, let 1 (e) be its indicator, which is equal to one when e holds and zero otherwise.
Additionally, for any discrete set S, let ¥ (S) be the set containing all the permutations of the

elements in S. We will use sig(z) = 1?3((;)1) : R — R to denote the logistic function.

B.1 NORMAL-FORM GAMES

An N-player normal-form game can be characterized by a tuple (N , {Ai}g\il , {Ul}fil) , where
A; = {al a? ...,aLA”} is the (finite) action set for player i € [N]; U;: Xf\; A = [-1,1] (X

1) )

denotes the Cartesian product of sets) is the utility function of player i, where U; (a1, ag, ..., an) is

the utility of player ¢ when player j € [N] takes action a;. We call a: = (a1, aq, ..., an) the joint
actionandleta_;: = (a1, ...,ai_1,011,...,ay). Player i € [N] can choose a strategy m; € A%,
and we call Xij\; A4 5 = (my,7,...,TN) a strategy profile. When a strategy profile 7 is

implemented, each player ¢ € [N] has an expected utility of Zaex?&l A Ui(a) [T;en milas).
Lastly, we use the unbold notation 7 € AXiE1 A to denote the (possibly correlated) joint strategy of
all the players, where 7 (a) is the probability of choosing the joint action a € Xil\il A;.

In this paper, we focus on finding an e-approximate coarse correlated equilibrium (e-CCE) of the
NFG, which is a probability distribution over the joint action set. It is formally defined as follows:

Definition B.1 (¢-CCE). For any joint strategy m € A%ty Ai it is an e-CCE for € > 0 if

U; mi(a; ;, —i) — <e -CCE
irg[z% ﬂr}gi};i ; (a) | 7i(a;) Z m(a;,a_;) —7m(a) | <e (e )
aex | A; a;€A;

When € = 0, we refer to it as a(n exact) CCE. We also refer to € as the exploitability.

B.2 EQUILIBRIUM COMPUTATION WITH RANKING FEEDBACK

There is a mediator (platform) in the game that computes strategies for the players, (e.g.,
Uber recommends the candidate drivers and users to each other), but with only access to the
ranking feedback from the players, e.g., humans. Specifically, when the strategy profile m
is implemented by the players, player ¢’s utility of taking action a; € A; is uF(a;) =
Za/exz_\Ll A, Ui(a’) 1 (a; = a;) [];4;7j(a}). However, instead of observing the utility directly,
the mediator can only observe the ranking based on it. Therefore, at each timestep ¢, the mediator
K
will choose a strategy profile 7 and propose each player ¢ € [N] a multiset ogt) = {a(t)’k}

¢ k=1
consisting of K actions, and in different settings proceed differently as follows:

* Full-information setting. A/l the actions of each player ¢ € [N] can be evaluated and
ranked at each timestep ¢ based on some utility vector, which is uf(t) under [InstUtil Rank
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and u;?g =1 ZZ=1 u;"(s) under [AvgUtil Rank, where 7(*) = (wit), cey w](\t,)> is the
strategy profile at timestep .

* Bandit setting. For each player ¢ € [IN], only the K actions in ogt) that are proposed at

timestep ¢ will be evaluated and ranked, with the associated elements in some utility vector.

Specifically, under [InstUtil Rank| 'Hgt) defined below will be used: for each a; € A;

R 1
ugt)(al) = |O(t)‘ Z Ui(aha',i);

()
a’ €0}

under [AvgUtil Rank] the corresponding empirical average utility is as computed in (3.2)),

with the u(®) therein being replaced by the ﬁgs) above. As in the online setting, we as-
2 o® ui(ai,ai)‘|

. . . . a
sume that the actions are proposed in an unbiased way, i.e., E mor
o_;

<Z/Ii(ai, ), 7r(f2 >, for all a; € A;. In other words, a?) is an unbiased estimate of ufm.
The process will be repeated until the mediator finds an (approximate) equilibrium of the game,
which is the average of the joint strategy over all timesteps.

C ADDITIONAL EXPERIMENTS

To assess robustness across learning setups, we study both full-information and bandit feedback
under the two ranking-feedback models in [InstUtil Rank| and [AvgUtil Rankl The corresponding
regret results are reported in Figures 3] to[6] We also evaluate our methods on randomly generated
two-player general-sum games under the same feedback models. For these game experiments, we
report the resulting CCE exploitability € across different game parameters in Figures[7]to[9] together
with 95% confidence intervals.

For hyper-parameter selection, we perform a separate grid search for each experimental setting.
Under [InstUtil Rank| we tune the exploration rate  and the estimation window size m; under
AvgUtil Rank| we additionally tune the block size M. We consider both full-information and
bandit feedback. Throughout, all experiments run for 7' = 107 iterations, and each player has 10
actions. We evaluate performance across K € {3,5,10} proposed actions and temperatures 7 €
{0.5,1,2} in @) The search ranges are m € {5 x 10%,10°,1.5 x 10°}, v € {0.1,0.05,0.01},

and, when applicable, M € {3 % 108,5 x 10%,107}. The learning rate is set to n = 1/+/T in
all experiments except for bandit feedback under |AvgUtil Rank, where we use n = 10~¢. Each
parameter combination is evaluated over 10 random seeds, and for each figure we report the best-
performing choice of m, M, and 7.

Utility estimation is performed using Algorithm |1} As the full-information no-regret learning ora-
cle with numeric feedback, we instantiate Alg as PGD for and as FTRL with L-
regularization for [AvgUtil Rank]

In Figures[3|to[5] we report the performance of the learning algorithm for InstUtil Rank|under both
full-information and bandit feedback, and for under bandit feedback. To generate
utility sequences with cumulative variation bounded by 79, we first allocate the total variation bud-
get 7' uniformly at random across timesteps. At each timestep ¢, we then sample a perturbation
direction m(*) uniformly at random and use binary search to choose a scaling factor o(*) such that

HProj[,l’l}A (w1 + a®n®) — 41 H equals the variation assigned to round ¢.

For [AvgUtil Rank] under full-information feedback, our algorithm can accommodate sequences of
utility vectors with unbounded cumulative variation. We therefore additionally conduct an ablation
study on the noise model in Figure [§] We first sample an initial utility vector, and at each timestep
the utility vector is defined as the initial utility vector plus an independent random shift. For each
coordinate, the shift is drawn from one of three noise distributions: Uniform (—o,c), N (O, 02), or

r (1 /o2, 02) with o = 0.3. We report the resulting average regret over time in Figure
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Figure 3: The exploitability for the full-information feedback setting under both [InstUtil Ran
Performance is evaluated across different temperatures 7 and cumulative utility variations P(7) =
T'. Each parameter combination is tested 10 times with different random seeds.
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Figure 4: The regret for bandit feedback setting under|InstUtil Rank|feedback in the online learning
setting. The performance is evaluated across different temperatures 7, cumulative utility variations

P(T) = T4, and numbers of proposed actions K. Each parameter combination is tested 10 times
with different random seeds.

0.8

Across all game settings, the exploitability decreases as ¢ increases, suggesting that the time-
averaged joint strategy converges to a CCE.

D PROOF OF SECTION [4]

In this section, we will show the hardness results in Section [}

AvgUtil Rank with Bandit Feedback
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Figure 5: The regret for bandit feedback setting under|AvgUtil Rank|feedback in the online learning
setting. The performance is evaluated across different temperatures 7, cumulative utility variations

P(T) = T4, and numbers of proposed actions K. Each parameter combination is tested 10 times
with different random seeds.
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Figure 6: Regret of Algorithm with [AvgUtil Rank|under full-information feedback, across differ-
ent temperatures 7 and noise types in the online-learning setting.
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Figure 7: The exploitability for the full-information setting under both [InstUtil Rank|and [AvgUtil
feedback in the game-play setting. The performance is tested under different temperatures 7.
Each parameter combination is tested 10 times with different random seeds.

D.1 PROOF OF THEOREM [4.1]
Theorem 4.1. Consider For any T > 0, temperature 0 < 1 <
0.1, and online learning algorithm, there exists a sequence of utilities (u(t))thl such that

min {E [R(T)’e"te”‘al] ,E [R(T)] } > Q(T) in both full-information and bandit feedback settings.
The expectation is taken over the randomness of the algorithm and the ranking.

Proof. Consider an online learning problem with A = {a,b}, so that the utility vector can be
represented as (u(a), u(b)). There are two instances with 7 = 0.1 and K = 2 under bandit feedback.

In the first instance, there are two types of utility vectors (—0.5,0) and (0.15,0). At each timestep,
the adversary will choose (—0.5, 0) with probability % and the other with probability 19—3.

In the second instance, there are two types of utility vectors (—0.02,0) and (0.1,0). Recall
sig(): R - R = % is the logistic function. At each timestep, the adversary will choose

(~0.02,0) with probability *8(=2)5-0.0.5) [i5—sis(l)
1— 4sig(—5)/1349sig(1.5) /13—sig(1)

sig(—0.2)—sig(1) :

~ 0.58 and the other with probability
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Figure 8: The exploitability for the bandit feedback setting under [InstUtil Rank| feedback in the
game-play setting. Performance is evaluated across different temperatures 7 and numbers of pro-
posed actions K. Each parameter combination is tested 10 times with different random seeds.
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Figure 9: The exploitability for the bandit feedback setting under |AvgUtil Rank| feedback in the
game-play setting. Performance is evaluated across different temperatures 7 and numbers of pro-

posed actions K. Each parameter combination is tested 10 times with different random seeds.

The expected utility of action b in both instances is 0. The expected utility of action a in the first
instance is —0.05. The expected utility of action a in the second instance is 0.03.

Moreover, at any timestep ¢ when both actions a, b are proposed in o(*), in the ranking ¢(*), the
probability of a being preferred over b is

Pra™ b) = Leig(-5) + Lsig(ls
r<a > )— 1—3$1g(— )+1—351g( .5).

This coincides with the corresponding probability under the second instance,

4sig(—5)/13 + 9sig(1.5) /13 — sig(1) . 4sig(—5)/13 + 9sig(1.5)/13 — sig(1)\ .
sig(—0.2) — sig(1) sig(=0.2) + (1 - sig(—0.2) — sig(1) ) sig(1).

Hence, the distribution of the ranking ¢(*) is identical in the two instances. When oY) = {a, b},

o®
the preceding equality shows that Pr ( a > b) matches across instances. When o(t) = {a,a} (or

{b,b}), the ranking is deterministic, so it is trivially the same in both instances.
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Therefore, under full-information feedback, for any algorithm that generates (w(t)) 1 We have

|3 (u0n0)| =3 (w0 5] O e w0 [0

The equality (¢) holds because u'® is independent of 7(*) given our process of generating both
instances. Similarly, under bandit feedback,

T

=3 (B [u] E[=0)).

In (i), we define 7 (a) == £ 3, c o 1 (a = a’) forany a € A.
Then, for both the full-information feedback and the bandit feedback, we have

E {ﬂ'(t)} = Z P(U(l),...,o(t_l))E |:7T(t) |a(1)7...,a(t_1)} .

oW ot-1)ex(A)

T

SRS SPLTIES 91T ot

an(") t=1 a€co(t)

=

The first term P (0(1), cee J(tfl)) is equal in the two instances according to the discussion above,
and the second term E [W(t) | oM, ..., o(t_l)] is also equal since it only depends on the algorithm.
Therefore, E [W(t)] is the same in both instances.

However, E [u{¥] = (—0.05,0) in the first instance but (0.03,0) in the second. Therefore, when-
ever achieving sublinear regret in the first instance, the algorithm will suffer a linear regret in the
second instance, and vice versa. O

D.2 PROOF OF THEOREM [4.3]

Theorem 4.3. Consider[AvgUtil Rank|with full-information feedback. For any T > 0, temperature
0<7<0O (%), and online learning algorithm, there exists T' > T and a sequence of utilities

(u(t)) such that E [R(T ) e"temal} > Q(T") . The expectation is taken over the randomness of
the algOrtthm and the ranking.

Proof. We use (u(a),u(b)) to denote the utility vector when the action set is A = {a,b}. In the
following, we will show a hard instance for 7 — 0T, i.e., we always observe the action with higher
utility ranks first in the permutation. Then, we will show that 7 < O(ﬁ) can be reduced to

T =0T,
The utility vector at timestep 1 is u(*) = (0.5,0). We will construct the rest of the utility vectors
next.

We call the following an action-a construction, since, except for the last timestep, the observation is
that action a is always better. Let K € N be the smallest integer such that 2% > T, then:

Sequence 0 =(0,1), (0,0)

Sequence 1 :(L 0)7 (07 1)a (O? 1)7 (07 0)

Sequence 2 :(17 0)7 (17 0)7 (1? 0>7 (07 1)7 (Oa 1)7 (07 1)a (0’ 1)7 (O’ 0)

(D.1)
Sequence K — 1 =(1,0),...,(1,0),(0,1),...,(0,1), (0,0)
2K-1_1 2K -1
Sequence K = (1,0), ..., (1,0), (0,0).
—_—

Lemma|[D.T]in the following shows that at least one of the sequences will incur a low average utility
for the algorithm.

21



Published as a conference paper at ICLR 2026

Lemma D.1. Consider (D.1). For any online learning algorithm, at least one of the K+1 sequences
satisfies that the expected average utility per timestep is less than 0.5 — m

By Lemma there exists a sequence with length 2% for some k& < K such that the average utility

per timestep achieved by the algorithm is less than 0.5 — m We will pick this sequence as the

next 2F utility vectors. If the current utility vector sequence is no less than 7', then the hard instance
is completed. Otherwise, we will establish the following action-b construction:

Sequence 0 =(1,0), (0,0)
Sequence 1 =(0, 1), (1,0), (1,0), (0, 0)
Sequence 2 =(0, 1), (0,1), (0,1),(1,0), (1,0),(1,0),(1,0), (0,0)

Sequence K — 1 =(0,1),...,(0,1),(1,0),...,(1,0), (0,0)
2K-1_1 9K -1
Sequence K = (0,1),...,(0,1), (0,0).
T

Similarly, except for the last observation, action b is the best action in all the observations. Similar
to Lemma [D.1] we can show that at least one of the sequences incurs average utility per timestep

less than 0.5 — m We will add that sequence to the end of our hard instance.

Let 77 > T be the length of the final instance. Therefore, the average regret will be at least m —
T > Qg557)- Because of the construction, the best action should get at least 0.5 — 7 utility per
timestep.

When 7 < m, from the construction above, the difference between the cumulative utility of

the actions is always 0.5. By the definition in[AvgUtil Rank| at any given timestep the probability
that an action with lower average utility is preferred over an action with higher average utility is

1—sig (%2) < O (7). Applying a union bound over all timesteps, it follows that with probability
at least 1 — O (%), no such misranking occurs at any timestep. Hence, every permutation ranks
the higher-utility action first throughout. In other words, with high probability, the algorithm incurs
linear regret. O

Lemma D.1. Consider (D.I). For any online learning algorithm, at least one of the K +1 sequences

satisfies that the expected average utility per timestep is less than 0.5 — m

Proof. Note that in this online learning setting, the strategy 7(*) is determined by u), ..., w(t=1),
Therefore, in all the sequences in the action-a construction, since action a is the best in all the
observations, for any two sequences k1 < ko, the expectation of the strategies is the same for the

first 25111 utility vectors. For simplicity, we will use z(*) to denote the probability of choosing
action-a at timestep t.

. L 1M . N D T ) B TN C)
The average utility at sequence 0 is 1% The average utility at sequence 1 is *—+ 1 T +1%.

We can see that the utility contributed by () to all the sequences is

1— 20 QO Q@ GO RN C ) B |
T+T+?+-..+27+27:§.
Similarly, the contribution of z(2), z(3) is %. The contribution of (¥, 2(®) ... 2(7) is %. Therefore,
the total contribution of z(1) ..., ("1 g % There are K + 1 sequences in total, so that at least
one of the sequences has average utility per timestep less than Q(TK—H) = % -3 K1 - O

D.3 PROOF OF THEOREM [4.4]

Theorem 4.4. Consider|AvgUtil Rank|with bandit feedback. For any T > 0, temperature 0 < 7 <
O (@ , and online learning algorithm, there exists a sequence of utilities (u(t))il such that
E [R(4T)} > Q(T) . The expectation is taken over the randomness of the algorithm and the ranking.
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Proof. Consider the following two instances. Both of them satisfy A = {a, b} and K = 1.

Instance 1 = (0.1,0),...,(0.1,0), (0,0.2),...,(0,0.2),(0,1),...,(0,1)
T T 2T

Instance 2 = (0.1,0),...,(0.1,0), (0,0.2),...,(0,0.2), (0.4,0.2), ..., (0.4,0.2).
T T 2T

We call the first 7" timesteps as the first phase, the next 7" timesteps as the second phase, and the last
2T timesteps as the third phase.

For any online learning algorithm to achieve sublinear expected external regret, it must propose
action a for at least 0.97 timesteps during the first phase with probability at least %, since otherwise
the expected external regret in the first phase is linear. With probability at least %, after proposing
at least 0.97 timesteps of a in the first phase, the online learner must propose action b for at least
0.27—0.1T—0.01T _ () 45T timesteps during the second phase to achieve sublinear regret. Then, at

0.2
. .- 1T 2T 0.457-0.2
the end of the second phase, with probability at least =, u((emp)irical( ) — ugmpirical (a) > 0.1Tj—0. 5T

Intuitively, during the third phase, achieving sublinear regret on Instance 1 requires that action a not
be proposed too many times. However, if the learner proposes action a too infrequently, it may fail
to sample action a sufficiently often to distinguish Instance 1 from Instance 2, which would then
lead to linear regret.

Formally, during the third phase of Instance 1, the algorithm needs to propose b for at least
02742720, 2L-01T-001T — 1.89T timesteps with probability at least 3 after proposing at least
0.97 ain the first phase and 0.45T b in the second phase. In other words, a is proposed by no more
than 0.117 times. Then, in Instance 2, throughout the third phase

(Z)
t 27+0.11T 27+0.11T
Sr)lpirical(b) - ((erx)lpirical(a) = Eemplerlcal )(b) - iminrrical )(Cl)
0.45T-0.2 097 -0.14+0.117-0.4
> — + > 0.03.
0.17" + 0.45T 0.97 + 0.11T

(i) follows because, among all ways of placing the 0.117 exploration proposals of action a within
the third phase, assigning them to the first 0.117" timesteps minimizes the gap between the empirical
average utility of actions b and a.

Therefore, when 7 — 07, the observations of Instance 1 and Instance 2 are the same with proba-

bility at least %. Then, with probability at least %, according to the discussion above, any learning
algorithm will satisfy one of the following:

* Linear regret at timestep 7';

* Linear regret at timestep 27;

* Linear regret at timestep 47" in either Instance 1 or Instance 2.

When 7 < ¢ IO T ,
with probability at least 1 — O ( ) Taking a union bound over all 7" timesteps, we obtain that this
action is ranked first at every timestep with probability at least 1 — O (T _1). Therefore, it suffices
to consider the limiting case 7 — 0T, which completes the proof. O

at each timestep the action with the larger empirical average utility is ranked first

E PROOF OF THEOREM[3.1

In this section, we proved the high probability bound for the utility estimation error, and with that,

we gave the regret upper bound of our algorithm under feedback. Next, we will
introduce the key lemma we used for utility estimation, Lemma [E.I} which shows that the ranking

of K actions can be decomposed into pair-wise rankings.
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Algorithm 1 Utility Estimation with Action Permutations: Estimate ({a(s) }:;1)

1: Input: A set consisting of m’ permutations of actions : {a(s)}:n:l with |0(®)| = K for all
s € [m/], and temperature 7 > 0.

2: forj=1,2,...,]A] — 1do
33 fors=1,...,m do
4: Calculate ngsl) , 5 *) defined as
nisl) = Z 1 (O’ (i) =a’, 0 (k) = a"and i < k) ,

i,k€[K]
nﬁsg = Z 1 (O'(S) (i) =d, 0" (k) = a*and i > k) )
i,k€[K]
5:  end for
6. LetT, = {s € [m]: n§5) —I—n(-s) > 0}
7. Letsig™'(2): (0,1) — R := log 12 be the inverse function of sig(-). The utility of action
a’ is then estimated as

(s)
: s
() = 4 (mg (W " DseT; (ﬁ))) 731 >0
" || = 0.

end for
9: Return @ = (u(a'), a(a?),...,u (a=1),0)

e

E.1 PAIR-WISE UTILITY ESTIMATION

Lemma Lemma[E.T|shows that, when the number of proposed actions is K > 2, for any two distinct
actions a # b € o®), the expected fraction of (a, b)-pairs (i.e., pairs formed by choosing one
occurrence of a and one occurrence of b in the multiset o*)) for which a is ranked ahead of b in o(*)

equals
®(q) — u®
Sig<“ (a) <b>>_

T

Equivalently, the induced pairwise marginal is the same as in the K = 2 case: it matches the
probability of observing the permutation (a, b) when only a and b are proposed. Related pairwise-
marginal identities appear in [Hunter| (2004, p. 396); Lemma Lemma [E.T| extends them to multisets
(allowing repeated actions).

LemmaE.l. Let #s (a) =) .51 (a' = a) represent the number of elements in a multiset S that
are equal to a € A. For any utility vector u, temperature T > 0, a multiset of proposed actions S
with cardinality |S| = K, and any two actions a # b € S, we have

Z Z =a)-1(o(ky) =) H = sig (M)

k1=1ko=ki+1

#s (a)
The expectation is taken over the distribution of the permutation o under the ranking model (PL).

The proof can be found in Appendix [E.2] With Lemma[E.T] the general cases where K > 2 actions

are proposed can be cast into the case with only two actions being proposed, by enumerating all

possible action pairs. Therefore, to estimate u(*) (a?) for some o/ € A, we will first construct an

u® (a?)—u® (alAl)
T

unbiased estimator of sig ( ) using Lemma for all timesteps s € [t —m+1, t]

when both a’, a! € o(*). Since we have assumed without loss of generality that u(*) (all) = 0,

u(s)(a-j)
T

these values coincide with sig ( ) . Then, by Hoeffding’s inequality and the monotonicity of

the logistic function sig(+), with high probability, the mean of the logistic function estimators will be
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bounded between the minimum and maximum of {Sig ( “(a 7)) } . By Assumption
s=t— m+1

. - . . ®) (g7 .
since the utility vectors are changing slowly, that mean can be shown close to sig (@) With

u® (a?)
T

a good estimate of sig ( ), we can then take an inverse of sig(-) to estimate u(*)(a’). This

estimation algorithm is summarized in Algorithm [I]and analyzed in Theorem 5.1 below.

In the following, we will prove Theorem which gives the estimation error bound of the utility
vector for each timestep.

Theorem 5.1. Consider and Algorithm [I} ~ Suppose each action is proposed

independently with probability at least p > 0 at each timestep t € [T| and let al) =
Estimate ({U S)} ) Then, for any § € (0,1) and t > m', when m/p* > 2log (%),
with probability at least 1 — 6, the estimate u') satisfies,

s=t—m'+1

a® 4, ®

1 2 4]
T(@T +1) log( ) -1
. bY e
co p m’

s=t—m'+1

e o]

Proof. Due to the symmetry of timesteps, we will only prove Theoremfor t = m’ for notational
simplicity.

For any j € [|A| — 1], we assume that the probability for action a’ being chosen at each timestep is
at least p. Let m; denote the number of timesteps (out of ') in which both a’ and alAl occur in the
proposed actions. By Hoeffding’s Inequality, we have that with probability at least 1 — §

/ I
my Z]E[mﬂw/m?log <§> Zm/pzf\/mglog (?)

We define
= 3 (o () = a0 (k) = aMand i < ),
i,k€[K]
n$?) = 1 (o () = o, o) () = aMland i > ),
i,k€[K]

and the estimation of u(™") (a7) as

(s)
o 1 ",
( )(aj) PI’OJ[ 1,1] (Tslg 1 (m Z]]_ ( +TL§$2) > O) (s)Jl(s)>> P

1 s=1 nj,l + nj72
Hence,
=301 (u + 02 > 0)
s=1
By Lemma since u(®) (al4) = 0 for every s € {1,2,...,m'}, and noting that § 1) + ngﬁg =
H#. o (a?) - #,0 (aA), we have
n'?) () (aF) — u(®) (gl 1 }
E, ﬁ _Sig<u (/) —ul®)(a )>—51g< (S)(aj)).
g +n T T
By Hoeffding’s Inequality, we have that with probability at least 1 — ﬁ,

1 o
< ¢ Iy 08 <5>

n(®)
1 (s) (s) i1 ul®
mil Z 1 (an + nj,2 > O) W blg ( )

7,2
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Let u(™)*(a?) € [—1,1] be the scalar satisfying

31g< u™)*(q ) Z]l( —|—n]2>0) Slg(lu(s)(a]))

. . . . . . / y . . .
Since the logistic function is monotone and continuous, u("™)-*(a/) is unique and must exist. Then,

with probability at least 1 — ﬁ,

1 .
51g( (m)(a])>—51g( (™) * (aj))’
() 1 <& . . n'’
< |sig <sig1 (mZn( ¢ )—I-n( ) >0) ROBBRO]

1
J

(
s=1 51

+
T (s)
1 (5) 4, (%) 1 Lty
=|— ]1( , >0)7’_ M)
- Z 1t n;o ng-s 0) sig Tu (a’)

()

(7) uses the monotonicity of sig and the property of projection.

For any u € [—1, 1], we have
= (1) (- (-)
sie(2) (e (0))
T T T
e <_1>)2 R S
T i T (e% + 1)

Since sig is monotonic, by Taylor expansion and the fact that %™ (a?), u(™)*(a?) € [~1,1], we

get that with probability at least 1 — ﬁ,
oy (A
< T 1) — 1 )
ST (e + \/ omy 0og < 5 )

Lemmain the following shows that w(m) (a?) is bounded between the minimum and maximum

Y

‘a(rn')(aj) — uM) ()

of {u(g) (a?) } . Then, by further utilizing the assumption that the variation of the utility vectors
is small, we can bound the distance between (™) and u(™").
Lemma E.2. Let xy,...,z, € [-1,1] and sig,,, = LS r  sig(xi), we have

—1 .
min x; < si si, < maxz;.
i€[n] 1 =518 ( gan) T igln] !

The proof is postponed to Appendix [E.2] Hence,

u™)* (af) € [min{u(s)(aj)}mll , max {u(s)(aj)} | } :

s= s=1
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Finally,

1 log <4|A> + ‘u(m’)’*(aa‘) _ u(m')(aj)‘

. 2 , N
<r (e? + 1) \/21 log (4|;4> + max ’u(s)(a]) —u™)(a?)

se{1,2,...,m'—1}

When m/p* > 2log (%), with probability at least 1 — §,

’
mo2

my > —p

5P
By union bound, with a probability at least 1 — (g + ﬁ), we have

o oo Lo [ AlAN _ _
(M) (7Y — ™) (g7)| < L A ‘(SH) 7Y — ) (g
™ (a?) —u (a)‘_r(e +1> \/m’p210g< 5 >+ g u (a?) —u'®(a?)].

s=1

Since a’ can be any action other than all, by applying union bound, the following holds with
probability at least 1 — 6,

Hg(m') — ™)

Remark E.3. Due to the monotonicity of the logistic function sig, the following two projections on
sig (%) are equivalent:

Proj[sig(_%),sig(%)] (sig (g)) ‘=min (max (sig (%) ,sig (—j_)) ,sig (j_)) ,

e (Projuu (:c)) sig <min (max 7(—x -1), 1)> .

T

E.2 OMITTED PROOFS
LemmaE.l. Let #s (a) =), .51 (a' = a) represent the number of elements in a multiset S that

are equal to a € A. For any utility vector u, temperature T > 0, a multiset of proposed actions S
with cardinality |S| = K, and any two actions a # b € S, we have
u(a) — u(b
S ECETC))
T

The expectation is taken over the distribution of the permutation o under the ranking model (PL).

K K
> Y teth)=a) 1l =b) |

1
— _E,
#s (a) “#s (b) ki=1ko=k1+1

o
Proof. We will abuse the notion > from permutations to subsets of actions. When proposing a set of
S
actions S, let @ > b denote the event that a is ahead of b in the permutation given by the environment.
In PL model, the probability that action a ranks before action b is that

a{a,b} ) = eXp(%u@)
P (o b1 = ) s o)

27




Published as a conference paper at ICLR 2026

By definition, let the multiset of the K proposed actions be S. Then, the probability of the K-wise
permutation is

K 1
Po|S,m,u) = D (;u(a (kl))) . E.1
w18 = o Tuto i) =D

Recall that 3(S) denotes the set that contains all the permutations of the elements in S. Hence, we
have

K K
> X ﬂwwn:awnw@gzw\{

k1=1ko=ki+1

ocex(S) k1=1ka=k1+1
K K

S P|Smu) Y > (o(k)=a) 1(o(ke) =) (E2)
aeX(S) ki=1ko=ki+1

o(l)=a

K K

+ Z P(o|S,mu) > > A(o(k)=a) 1(o(ky) =) (E.3)

oceX(S k1=1ko=k1+1

0(1) b

K K
+ ) PlSru) Y Y (k) =a) - L(o(k)=1b). (E.4)

sex(S): k=1 ko=k1+1
(D) {ab}
We deal with (E-2) first:
K K
Z IE”J|STUZ Z 1( =a)-1(o(k2) =0)
ceX(S): k1=1ko=k1+1

o(l)=a

K K
= Z P(o|S,7,u) <#5(b)+z Z ]l(a(k:l):a)-]l(a(kg)zb)>

cex(S): k1=2kao=k1+1
o(l)=a
K K
=tsBP(o(1) =alS,mu)+ > Plo|Smu) > > A(o(k)=a) 1(o(ky) =)
ceX(S): k1=2 ko=k1+1
o(l)=a

:#S(b)IP) (0(1) =a ‘ Sv T, 'lL)

K K
+P(o() =alS,ru) > Pl|S\{a},ru) Y > 1(o(k)=a) L(o(ks)=0)

oces(S\{a}) k1=2 ka=ki+1

=#s(b)P(c(1) =al|S,7,u)+P(c(1) =a|S,7,u)E lz_ Z_ 1(c(k1) =a) -1(o(ks) =0) | S\ {a}

ki1=1ko=k1+1

Similarly, for (E-3), we have

K K
Y. POlSmu) )Y Y A(ok)=a)-1(o(k:) =)
ceX(S): ki=1ko=k1+1

o(1)=b

=P(c(1)=0b|S,7,u)E

K—1 —
3 §j 1 (o(ki) = a) - wwabHS\wﬂ.

ki1=1ko=k1+1
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Let Unique (S) be the set of non-repeated elements in S. Then, (E.4)) can be written as,

K K

Yo PelSmu)Y Y 1(o(k)=a) 1(o(ks) =10)

oeX(S): k1=1ko=k1+1

o(1)¢{a,b}

K-1 K-1

= > ]P’(a(l)c|S,T,u)E[Z > ll(a(k:l)a)«]l(a(kg)b)|8\{c}].
c€Unique(S): k1=1ko=k1+1
cZ{a,b}

Next, we will use induction to show that for any actions a # b € S, the following holds:

K K
EY > ]l(a(kl)za)-]l(a(kg):b)‘s

k1=1ko=k1+1

Base case. When #s(a) = 0 or #5(b) = 0, (E.3) trivially holds. When |S| = 2 and #s(a) =
ts(b) =1,

::#Suo#s(msg;<“(a);1“b)>. (E.5)

K K

S Y Aotk =a)- 1 (o(ke) = b) |s] =P (7 = ((@,1)) | {a,b} ,7,u)
k1=1ko=k1+1
SMECELL)

T

E

o)~ ul)),

:#{a,b}(a)#{a,b}(b)sig ( -

Lemma E.4. For any utility vector u, temperature T > 0, and a multiset of actions S, the marginal
probability of any action a € A ranking at the first place of the permutation can be written as

exp (%u (a))

Yawresexp (zu(@))

P(o(1) =al|S,,u) = #s(a)

The proof is presented later in this section.

Induction step. When (E.5) holds for any S with |S| = K — 1. Then, we will show that it still
holds for any S with |S| = K. By Lemma[E.4} (E.2) is equal to

#ts(O)P(o(1) =al|S,T,u)

K K
+P(o(l)=al|S,1,u) Z P(U\S\{a},nu)z Z 1(o(k1) =a) -1(o(ks) =b)
cex(S\{a}) k1=2ka=k1+1
(g exp (%u (a))
—#S( )#S(b) Za/gs exp (%u (a,))

+ #s(a) ol ) <#S\{a}(a) Fovw ()i <u<a)u<b)>)

Fes o (Fu @
exp (Lu(a))
Pwes P (7u(a))

Similarly, (E3) is equal to

exp (Lu (b))
1

—#s(a)ks(b) exp (u(a))

+ #s(a)

. s u(a) — u(b)
Fol ey @) ()~ s (M),
and (E.4) is equal to
B #s(a)exp (Lu(a)) + #s(b) exp (Lu (b)) o). g u(a) — u(b)
<1 > e (Lu (@) > #s(a) - #s(b)sig (T ) :
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Lastly, by summing them up, we have

lZ Z o(k1) =a) - ﬂ(a(k2>=b)|81

k1=1ko=ki+1

e exp (u () e (u@) tew (i) (e ()
B U TR e e e e L C
+#s(a)-#s(b)sig< ()7_ (b))
o (4050) - S~ it
K K
S % n<a<k1>=a>-n<o<k2>=b>\s — bs(a) - ps(opsie (1O,
k1=1ko=Fk+1
and we complete the induction. O

Lemma E.4. For any utility vector u, temperature T > 0, and a multiset of actions S, the marginal
probability of any action a € A ranking at the first place of the permutation can be written as

exp (Zu (a))

P(o(1) =al|S,7,u) = #s (a) S oesexp (Lu(a))’

Proof. Let X (S) be the set containing all permutations of S. By definition, for any action a € A,

ex (kl)))
Po(l)=a|S.ru)= Y P(o|Sru)= Y. ( .
oe(zgsy UE(ng kHl Zkz - eXP( u (o (k2)))
o(l)=a 1)=a

Since there are #s(a) action @ in S, by rearranging the terms, we have

151
Po(1) = a| S o) =hs(a) =22 0@) 5~ Ty e (pulo (k)

1
Dwes exp (yu(a)) €S (S\{a}) k1=1 Zkz —ky eXP( u (o (ka)))
exp (=
:#S(a)z eE{ ( )<a,)) Z IP)(J|S\ {a}’T’ u)
a'es P ceS(S\{a})
exp (Lu(a))
=#s(a)
Pares o (zula)
LemmaE.2. Letzy,...,x, € [—1,1] and sig,, = = 37" | sig(x;), we have
min x; < sig -1 Sig.ve) < maxa;.
1€[n] ( g) i€[n]
Proof. The logistic function sig(x) is increasing monotonically with respect to x, since % =
7(“2’?;()”_”’_)1)2 > 0. Then, without loss of generality, let z; < 2o < --- < x,. Thus, sig(z;) <
Sigavg < Slg(xn)
Since sig(x) is monotonic and continuous, there exists only one ¢ € [x1,z,] such that sig(¢) =
Sigavg- O

F ALGORITHMS AND DIAGRAMS

In this section, we present the algorithms’ diagrams and pseudo-code of learning with|InstUtil Rank

and [AvgUtil Rank]individually.
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Timestep ¢ (Full-Information)

(a(S))(t_l)

s=1

| <s)}t ‘
| {J s=max{t—m-+1,1 = () (t+1) !
Tt mt L Estimate(-) ¢ Oracle Alg(-) SN

o N "\

: (@) . :

| YTAT 1

: {O’(S)}t {t 1 1} "’(t) (1 ) L (t+1):

| S=max —m y . — |
- Estimate(-) v Oracle Alg(-) i @ il

Figure 10: The diagram of Algorithm [2| with [InstUtil Rank|under full-information feedback (top)
and bandit feedback (bottom). @ represents the addition of (1 — ) times the output the Alg and ~y
times a uniform distribution over .A.

F.1 THE ALGORITHM AND DIAGRAM FOR [InstUtil RankK|

We present the diagram and the algorithm pseudo-code of learning with [InstUtil Rank} Figure
and Algorithm 2]

Algorithm 2 Online Learning with [InstUtil Rank|Feedback

1: Input: Action space A, any full-information no-regret learning algorithm Alg with numeric
utility feedback, selected action number K, estimation window size m, and exploration rate ~y.

2: Initialize 7(!) as uniform distribution ﬁ over A

3: for timestept =1,2,...,7 do

4:  if Full-information setting then

5: K = | A| in this case. Select all |.A] actions.

6: else if Bandit setting then

7: Sample K actions independently with replacement from 7(*).

8: endif

9:  Receive a ranking feedback o = (o(!)(1), 0" (2),...,0® (K)) from the environment.
10 a® = Estimate({o(s) }Z:max{t7m+171}> by calling Algorithm
11:  if Full-information setting then
2 el ((@@),).
13:  else if Bandit setting then

. t+1 ~(s)\? 1(A)

4 a1y alg (@) _) + 25
15:  end if
16: end for
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Timestep ¢ (Full-Information)

\{J(S)}i:n]ax{t—'m,+l,l} ﬁé’Jg (“g’)g)szl a1

/ ~(s (t—1)
: (uf:n)lpirical) o=

> Oracle Alg(-)

Figure 11: The diagram of Algorithm |3| with |AvgUtil Rank|under full-information feedback (top)
and bandit feedback (bottom). @) represents copying the estimated utility vector for ¢ times. @
represents the addition of (1 — ) times the output the Alg and ~y times a uniform distribution over

A.

F.2 THE ALGORITHM AND DIAGRAM FOR [AvgUtil Rank

We present the diagram and the algorithm pseudo-code of learning with Figure [IT]
and Algorithm 3]

G PROOF OF THEOREM (FULL-INFORMATION)

In this section, we prove the regret upper bound under [InstUtil Rank|and full-information feedback.

Theorem G.1 (Formal version of Theorem [5.2] (Full-Information)). Consider Algorithm[2|and full-
information feedback. Forany 6 € (0,1), T > 0, and any no-regret learning algorithm with numeric

2 1
utility feedback, Alg, with probability at least (1 — 6), by choosing m = (%) 3 (log (%)) ’

R(T),external satisﬁes

1 1
R(T) external <R(T ),external (Alg u(t) > 1927 (eT I 1)2 (P(t)) 3 T§ (log <4|J3|T)> 3

) 1 () ) ()

32
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Algorithm 3 Online Learning with [AvgUtil Rank|Feedback

1: Input: Action space A, any full-information no-regret algorithm Alg under numeric feedback,
selected action number K, estimation window size m, exploration rate -y, and block size M.

2: Initialize 7(!) as uniform distribution a7 over A

3: for timestept =1,2,...,7 do

4:  if Full-information setting then

5: K = | A| in this case. Select all |.4] actions.

6: else if Bandit setting then

7: Sample K actions independently with replacement from 7(*).

8: endif

9:  Receive a ranking feedback o® = (o (1), 0" (2),...,0® (K)) from the environment.
10:  if Full-information setting then
11: al), = Est1mate<{a(5)}S max(t—mtl, 1}) by calling Algorithm
12: at+D  Alg <(Ugt\f)g> 1), i.e., the strategy generated by Alg by setting all utility

vectors from tlmestep 1totas uz(w)g

13:  else if Bandit setting then

14: ﬂég}pirioal = Estlmate({g(&)}S maxc{t—m41, 1}) by calling Algorithmﬂ
15: Let n®(a) == 23:1 #,») (a) for any a € A as the number of times action a has been
proposed up to timestep ¢. Then, the estimated average utility is
(M) (s-M) ~((s=1)M) ((s—1)M)
Lt/MJ empirica (a)n (a)iucnlpirica (a)n (a)
ag}g—est< )= Lt/MJ 252 1 n“'M)(a)*n((S*”“l“(a) t2 M
0 t< M
(F.1)
{Let uerr)lplrlcal(a’) =n(%(a) = 0 for any action a € A}
t
A
16: MHDe41—)Ag<(;;%Q )+7f>
17:  endif
18: end for

Proof. By Theorem|[5.1 we have
T
’R(T),cxtcrnal _ R(T),cxtcrnal (Alg, (ﬂ,(t)) > ’
t=1

®) = _r >_ <<w _ m>
<u , T ;IelaA)E‘Z u,m—m

t=1

B

= | max
TEAA

~
I
A

IN

MH

<¢0_ﬁmﬁ_ﬁm>

t

max

TEAA

T

ZHU ﬁ(t)H - max H%—w(t)H .
1

I
—

oo TEAA

When t > m, the estimation error between %" and u(*) is given by Theoremwith p = 1 since
we are considering full-information feedback. When ¢ < m,

m—1

Hu(t) —ﬁ(t)H - max H%—w(t)H < 4m.
P} co TEAA 1
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For any given J, we require the utility estimation bound to hold with probability at least 1 — %, then
by union bound, with probability at least 1 — 9,

R(T),external - R(T),external <A1g, (,a(t))T >’
t=1

2 | log (—4‘“§|T)
<27 (e7 +1) T+2m (PT) +2).
m
N 1
By choosing m = (P%FT) ) 3 (log (%)) ®, we conclude the proof. O

H PROOF OF THEOREM (BANDIT)

In this section, we prove the regret upper bound under |InstUtil Rank|and bandit feedback.

Theorem H.1 (Formal version of Theorem [5.2] (Bandit)). Consider Algorithm 2| and bandit feed-
back. Forany § € (0,1), T > 0, and any no-regret learning algorithm with numeric utility feedback,

: 4
Alg, with probability at least (1—0), by choosing v = (P;T)) ° ,m= 32[@‘4 (P(TT> ) ® log (%),
RT) satisfies

1 2
R < R(T)external (Alg, (fa(t))j_l) +24/2T log <§> + i (Tjj 1> +1 (p(T))% T4

(H.1)
4
6AIA /Nt e (SAITY 12841 (T NP /S|AT

+ K1 (P ) T5 log 5 + K ) log 5 /)

Proof. We define:
T
RO . S~
a3 (5107 -x)
Then,
R(T) < R(T) _ R(T),external + ‘R(T),external _ E(T)‘ + ‘E(T) _ R(T),external (Alg, (,a(f))T )‘
v t=1
. .
+ R(T),external (Alg, ('Ij(t)>T > '
t=1

&

Note that & can be bounded by bounding Hﬁ(t) —u® ||OQ as in Appendix@ & is sublinear by the
definition of Alg. Next, we will introduce lemmas that individually bound ¥, . The proofs are

postponed to Appendices and
Lemma H.2 (¥). Forany T > 0and 6 € (0, 1), with probability at least 1 — 0:

RT) _ R(T),external <2 /2T log (;) )

Lemma H.3 (#). The difference between R(T) and R(T)-external (Alg, (ﬂ(t))z;l) satisfies:
E(T) _ R(T),external (Alg, (ﬁ(t))T ) ’ < 27T
i

=1
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With Lemma [H.2] and Lemma [H.3] under the conditions in Theorem [5.2} by letting Theorem [5.1]
hold with probablhty 1 — 5% at each timestep and using the union bound, with probability at least
1 — 9, the regret satisfies

T
R(T) SR(T),external (Alg (u(t ) > +2./2T lOg <§>
t=1

2
T (e% + 1) log (—8‘“§|T
2
D

In this case, each action a € A is chosen with probability at least p that satisfies

K
Y
>1— - — >1— K
p=t (1 A|) =1 eXp(KA|>
v o, 1 7\ v 1 7\
s1o(1-x 24t (K) :K—(K>.
( A A ) Wz M
SinceKﬂwgl,wehave

1 v 1 ¥ 2 K~
- K— > - | K— = > —.
2 |A|—2< |A> P= o

_|_

)T+ om (P<T) + 2) AT

1
By letting v = (#)5 ,m = 32};‘2'4 (P(TT)) 1og< 14 ‘T),we have

T £ T
R(T) < R(T),external (Alg, (ﬁ(t))t:1) +0 <T§ (P(T)) 5 IOg (5>) .

210 g(%)
I)

is also satisfied since

K4y 8|A|T 4T
4> = ) > — .
mp *m16|.A|4 210g( 5 >2log<6> O

The condition m >

H.1 BOUNDING ¥

We will show that ‘R(T) — R(T)=e"tem?‘1’ is sublinear by using a standard concentration bound.
Lemma H.2 (W). Forany T > 0and 6 € (0,1), with probability at least 1 — 4:

R(T) _ R(T),external <2 loT IOg <(1S> )

D) :% S u(a) - <u<t>,7r<t>>.

aco®)

Proof. Let

By our algorithm design, each element of o*) is sampled i.i.d. from 7(®) with replacement and
the update rule of 7(*) is deterministic, E [ d® | { S)}t t { (s) } ] — 0, so that {d(t } is a
martingale difference sequence.

Due to the bounds of | >, .« u'?(a)| <1, [(u®, 7®)| < 1, we have

aco(t

’dm’ _ % 3 u(t)(a)—<u(t),7r(t)> < % S u(a) +‘<u(t)77r(t)>’ <.

a€o®) acolt)
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Furthermore, we have

K
1 .
- ®) =\ _ [ ® 2@®N) ®) =\ _ ® (50)
= max 32 ((u7) = (ux)) — max 37| (u7) = 5 20 ()
t=1 t= j=1
:R(T),external _ R(T)
Next, we will introduce Azuma-Hoeffding inequality to finish the concentration bound.

Theorem H.4 (Azuma-Hoeffding inequality). For any martingale difference sequence Y1, ..., Y,
such thatVj € [n],a; <Y; < by, the following holds for any w > 0.

D Vizw| <exp e ]
> a;)

j=1 j=1 (bj o

Then by Theorem [H.4] with probability at least 1 — &

R(T) < R(T),external +2 ,QT IOg <§> ) 0

# can be bounded by O (vT)) by definition of 7(*) in Algorithm|[2}

H.2 BOUNDING ¢

Lemma H.3 (#). The difference between R(T) and R(T)-external (Alg, (ﬁ(t))il) satisfies:

’E(T) _ R(T),external (Alg, (ﬁ(t))T

) ’ < 27T.
t=1

Proof. Let 7(t+1) = Alg (( S)) ) Then,

R(T) _ R(T).external <Alg, ( t))t_l)‘ — | max, Z <u(s ~ > _ £i§i< ® 7 _7®

e t)

oS a0l (el |, <2
1 1
I PROOF OF THEOREM[6.2]
Theorem 1.1 (Formal version of Theorem|[6.2). Consider[AvgUtil RanK|with full-information feed-

back and Algorithm l For any § € (0,1), T > 0, and any no-regret learning algorithm Wlth
numeric utility feedback Alg that satisfies Assumption with probability at least (1 — 6), b
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choosing m = oT'3 log (4|A‘T> R(T)external qqpisfiog

2 41 A|T
R(T),external SR(T),external (Alg,( (f)) ) + |.A‘T (6"’ 1) LT% +4T% 10g< |";l| )
t=1
@D
A AT\ 4| AT
+ 4| A|LTS (log T + 1) <log ('“3')) + 4| A|LT3 log ('“g') .

Proof. Let 7+t = Alg ((u(s))Zd), i.e., the strategy generated by Alg when the ground-truth

utility vectors are given. Then,

R(T),external _ R(T),external (Alg7 (u(t)>T )
t=1

T T
® = @\ _ t) =~ _ =)
ns 3 (WO =)~ s 3 (w0 -7)

t=1 t=1
T
— Z<u<t> 7T(t>>
t=1
m—1 T
<3 - =+ 3 ] - =
t=1 ! t=m

T
<o s 30|70,
t=m

By Assumption[6.1]and Theorem 5.1} for any ¢ > m, with probability at least 1 — § we have

2 t—1 9
_ ~ 1
Hﬂ(t) _ w(t)H <Lt Hu;@g —ull), ’ <Lt/]A[ | 7 (er + 1) >
s=t—m-+1
Then,
‘R(T),external _ R(T),external (Alg (’U,(t))T )‘
’ t=1
ot LAl (e 1)y (4IélT>T2 2L| Al ZT:t ti .
<2m + T (e? + ) ——1" + E—
m t=m s=t—m-+1 s+ 1
4JA|T
2 |log ( ) (2t +m — 1
<2m + L|A|r (et +1) \ L2 Al Z %)
t=1
2 | log (4I§|T> T q
<2m + LI Al (e% + 1) T2+ Lm?|A| Y 5 + 2 Ajm LT
t=1
2 | log (4|“§‘T)
<L|Alr (e% + 1) T2 4+ 2m + Lm?|A| (log T + 1) + 2| AjmLT.

m

By choosing m = 273 log (M#) , we have

T
R(T),external SR(T),external <A1g, (u(t)) > +0 (LTg log <4|"§|T>> .
t=1

2log( %)
p4

Moreover, now m > , where p = 1 since we are considering full-information feedback.

O

37



Published as a conference paper at ICLR 2026

J  PROOF OF THEOREM

Theorem J.1 (Formal version of Theorem [6.3). Consider with bandit feed-
back and Algorithm For any 6 € (0,1), T > 0, and any no-regret learning algo-

rithm with numeric utility feedback Alg that satisfies Assumption [6.1] with probability at least
(1 — 6), by choosing m = 2T3|Al*log (%) ~ = min {L%Tl% (P(T))g ,1}, and M =

; 1
max {4T% (PM) "2 |Al*log (%) ,Qm}, R™) satisfies

/ 3
R(T) < R(T)external <Alg, ( (t)) ) + LIAITW D + 29\/JAT + 2, /2T log <5), a.1)

where

Allog (2477
it

05 =

27l (eF +1)" | 1og (1ZAIT)

W) =4C5 (log T+ 1) | — 16K Cs—2T
5 (logT 4+ 1) i 5 + i
+ M (logT + 1) P™) +2M (log T + 2).
Proof. In the first part of the proof, we will bound l ii)lpm cal — ‘(fn)]pm cal|l - According to Theo-

rem.and union bound, since each action is proposed with probability at least % A with probability
atleast 1 — < for any t > m, we have

2
1 12| A|T —1
S0 LW T (5 +1) 5 ), W)@
empirical empirical o = y m empirical empirical
s=t—m-+1

Let #,() (a) be the number of action a € A being proposed in o). Then, for any ¢ € [T — 1] and
a € A, we have

uiglpirical(a) Zi:l tow (a) + ul™*D ()t (a) —® (a)
2221 #O(S) (CL) + #O(t+1) (CL) empirical

’U,(t+1) (a)#o(t+l) (a)
Zi_l #o00 (@) + #4041 (@)
Sl)lpirical(a) w1 (a)

‘ZS 1 oo (a) + #Foen (a ‘ZS 1 oo (a) + #Foen (@) -

Next, we will show that since each action will be proposed with probability at least ﬁ, with high

G+ (g) — oy ® ‘:

empirical empirical

emplrlcal( )#o(t+1) (a)
Zs 1 #0(5) ( ) + #o(t+1) (a)

probability, there is a lowerbound for 22:1 #,(») (@) for any timestep ¢.

Lemma J.2. Consider the case when actions are proposed with probability at least p > 0 at each
timestep. Then, for any § > 0, any action a € A, and T > 0, with probability at least 1 — 0, the

AT
following holds for any t > log(TS):
log (‘A|T>
3 € [T, suchthat t — ———= <t' <t and a € o). 1.2)

p
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LAIT
Proof. Foranyt > M and action a € A, the probability of li does not hold is at most

(l_p)log(\:&w) gexp( log(VgT)) _ |A5|T

Therefore, by union bound, with probability 1 — 4, holds for any ¢ € [T'] and any action
a€e A O

| Al log SIAITT
For notational simplicity, let Cs = (7> According to Lemma [J.2} with probability at

least 1 — ﬁ, for any timestep ¢ > C, we have

t
; b (a) > VJ > 2%5 13)

By union bound, 1| holds for any action a with probability 1 — g.
Therefore, for any ¢ € [T — 1] and a € A, we have

LD (a)—u(t) . (a )‘ 4K&

empirical empirical t+1

It holds for ¢ < Cj — 1 because 4K -5 > 4K > 2 and all utlhtles are bounded in [—1, 1]. Finally,

t+1
by Theorem.and union bound, with probability at least 1 — %>, we have
1 2 12|A|T
|t ® Al (er +1) fos (25 ) ti 1
u P— - < + 4K Cys
empirical empirical —
o0 v s=t—m-+1 s+ 1
Let n(a) == Zzzl #,») (a) for any a € A as the number of times action a is proposed up to

timestep ¢. For any a € A and ¢t > M, we define

[t/M] ( M) (a ) (s-M) (a) (s—1) M)(a)n((s—l)M)( )

emplrlcal

(t) — 1 Uempirical \ @
uavgfest (a‘) T t/MJ Z S ]W (a,) (a
~((s—=1)M .
ﬂ(t) (a) = 1 Z empirical (a’) g:lplrl)cal) (a)n M) ( )
avg—est = [t/M] pt n(s:M)(q) — n((s=HM)(q)

U//MJ 7 M) (a )

a0 (a) = n® (a) = 0. Fort < M, we define

(0)
Note that we define v empirical empirical

empirical (a‘)

ugf,)gfest(a) u;?g ost(@) = 0 for any action a € A. In the rest of the proof, we will bound
H e — Wyt _ and Huavg vt — ully | _individually.
J.1 ‘ iigfv)g,est - uffv)g,est UPPER BOUND
o0
For any a € A, we have
[t/M] (s°M) (a)

W mpiien (@) — Umpica(4)]

0] 0 1
’U,avgfest (a) 'Uzavgfest (a < Lt/MJ ; n(SM) (a) o n((sfl)]y[) (a) empirical empirical
p LM ((s=1)M) ()

TT/M] 2w (a) — a1 ()

~((s—1)M) (a) — u((sfl)M)(a)‘ .

empirical empirical
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According to Lemma nM(a) — nlG=UM(q) > U when M > Cs. Therefore, when
M > Cs, since n(*"M)(a) < s- M, we have

~(t
ug‘v)g—est (CL) - ugi/)g—est (a)‘
2G5 Sy (s-M) (s-M) ((s=1)M) ((s=1)M)
< Lt/MJ g s ( uempirical(a) - U’empirical(a)‘ + uempirical (CL) - uempirical (G’)D .
J.2 ’ u(;v)g_est — uffv)g . UPPER BOUND

For any a € A,

ug:/)g—est (a) - ug/)g(a) Hoo
M s-M s- s—1)M s5—
_ 1 Lij uimpigical(a)n( M) (CL) B uc(sgnpiri)cal) (a)n(( M) (a) i u(t) (a)
B |t/M]| ~ n(s-]\/[)(a) _ n((sfl)M)(a) avg
t/M s-M S- s—1)M s—
<|— Lij Ugmpniea (1)1 (@) — gyt (@)~ (@) uMLMI) ()
- Lt/MJ g n(s-]b[)(a) — n(s=1)M) (a) avg
L)
+ [0y @) — uPD (@)

&
Note that & can be bounded by

M|t/M s
’(M (/M Duing ™ (@) + S prpeng ¥ @ @

= t — Uavg
t
M 1 . 2M
<T@+ 51 Y W) <5
s=M|[t/M|+1
For &, we have
Lt/M] (s-M) (M) () _ o, ((s—=1)M) ((s=1)M) s-M
‘ — - 1]\4 Z uempirical(a)n (SM)(G’) ue(r?gp_lrll;\mi)(a)n (CL) . % Z U(S,)(CL)
(/6] 2 nG (@) — (=DM (a) B
M sM s s—1)M o— s
< 1 Ltij uz(ampizical(a)n( M) (a) - ugnpiri)cal) (a)n(( M) ((1) _ i zj\f u(s’)(a)
“ /M= nter4(a) — (=0 (a) M s'=(s—1)M+1
w& M) M (g)— g (=DM) (N ((s=1)M)
When n(¥)(a) — n((*"DM)(a) > 0, both “emeinea % LD e () ) and
, , s-M
5 Zz}f(s_l)MH u(*")(a) are in the convex hull of {u(s )(a)}S’:(Sil)Mﬂ. Therefore,
e (D7 (0) — e @O0 LS
n(s-]\l)(a) — nl(s=1)M) ((l) M
s'=(s—1)M+1
< max ‘u(s/)(a) - u(s”)(a)‘
(s—1)M+1<s’,8"<s-M
sM-—1
< ¥ ‘u@ ) (q) — ul® )(a)’ .
s'=(s—1)M+1

40



Published as a conference paper at ICLR 2026

Therefore, for any ¢ > M and a € A, we have

o [t/M] s M—1 oM
¢ —u® "+ () — ,(D il
uavgfest (a’> uavg( ‘ — Lt/M Z Z ‘ (a) u ? (a’) + t .

s=1 s'=(s—1)M+1

By combining all the pieces together, we have

T —exe (@) — ulDy @)

avg—est avg

M)
ST 2 s(Ja

(s:M) (a)fu(s'M)A (Q)‘Jr ﬂ((s—l)M)(a)iu((S—l)M)( )D

empirical empirical empirical

empirical

[t/M] s-M—1 I

S S ]+ 2

s=1 s'=(s—1)M+1

Then, since
T |T/M] min{(s+1)-M—1,T} 1 |\ T/M|
2.1 > 55X
t=M t/MJ s=1 t=s-M 5 s=1
we have
Z T —ext (@) = ully(@)]
T
Z uavg est avg ’ + Z Nz(airg ebt - ug/)g(a)‘
t=M
& e (5-M) (s—1)M) ((s—1)M) M
~(8s- S+ ~((Ss— s—
<2C5 Z 8 ( uernpirical(a) - uempirical(a)’ + Uempirical (CL) ~ Uempirical (CL)D Z ?
s=1 s'=1
[T/M] sM—1 |T/M | T
/ ’ M 2M
(s"+1) — ) . - o
D BED SR T OB Ol B IO B D am el
s=1 s'=(s—1)M+1 s’'=1 t=1
1T/M)
~(s-M s-M ~((s—1)M s—1)M
<2C‘5M Z ( ((amplr)lcml(a’) - ugmpigical(a)’ + u((egnpiri)cal) ((L) - uggnpiri)cal) (G)D (IOg (LT/MJ) + 1)
s=1
T /M| s-M—1
M Z 3 ’u(s ) (a) — ul® )(a)‘ - (log (|T/M ) + 1) + 2M (log T + 1) + 2M.
s'=(s—1)M+1
When s =1, s Nigpizﬁ)(a) - ugflpémal ’ = 0 by definition. When s > 1, since M > 2m, we
have
s s S 4s 4
< < < = —.
G-DM-m+2 = (s—1)M/2+2 = (s—1)M/2 " s-M M
Hence,
7| Al (e% + 1) log (M) (s—1)M~1
~((s—1)M) ((s—1)M) 0 §
s uempirical (CL) - uempirical ’ =8 + 4KO§ Z s’ +1

s'=(s—1)M—m+1

log (12|:54\T)

m
+ 16KC§M



Published as a conference paper at ICLR 2026

Therefore,

T
Z uavg est _ug.i/)g(a’)’

t=1

2
T T|A (e% + 1) log <12‘?|T
<4CsM - |T/M| (logT + 1) N S -

) + 16K05%

+ M (logT + 1) P +2M (log T + 1)

e Al (¢ 1)

<4Cjs (logT + 1) i 5

log (12LAIT
( ’ )+16K05mT
m

+ M (logT + 1) P +2M (log T + 2).

Lastly, similar to the proof in Appendix let 7D = Alg ((u(s) ) 2:1). Then, we have

‘R(T),external _ R(T),external (Alg, ('u,(t)>T >
t=1

T
w® 7O _ 70
=12 )
T
<] oo
t=1
= ~(t) t 1A  _o
< |A‘ Z (1 - V)Alg ((uavgest)s:1> + 7W -7
t=1
T t
<= VIATY e (@ o)) -7 |A -
t=1 =t
T . ¢
|A‘ Alg ((ﬂe(w)gest> S_1> - ﬁ(t) + 27 \% |A‘T
t=1
Further, by Assumption[6.1] we have
/ d t t / t)
|A‘ Z Alg (( z(iv)g est) 1 ) (t) <L “A Zt’ ~g.vg est uéﬁf)g
t=1
<L|A|TZ ‘ Uavg—est — uz(;:/)g
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By combining all the pieces together, we have

R(T)7external SR(T),external (Alg, (u(t))T )
t=1

2
72 7| A| (e% + 1) log (12‘?”)
+ LIA|T | 4C5 (log T + 1) | — S

m

+ LIA|T (M (log T + 1) P@) 4+ 2M (log T + 2)) + 29 /AT

SR(T),external (Alg, (u(t))T )
t=1

3
2 LT3 m (log (% ?
) NI (72]\(45)) LT? + LMP™T + 29T | |

where O hides all the log T' terms. Lastly, by Lemma with probability at least 1 — g, we have

R(T) < R(T),external +2 /2T log <§> )

1
Moreover, by taking v = mln{L3T18 (PM)s, 1}, m = 2T3|Al*log (M>, and M =

Nlon|—

<
o | loal
S

max {4T% (P(T))fa |A|* log (%) 72m}, we can easily verify that m > log( )|A|4 and
M > Cs. Finally, by a union bound argument, we complete the proof. O

K PROOF OF SECTION[7]

Lemma K.1. Forany T > 0 and sequence of strategy profiles (71'(1), @ . ,W(T)), the variation
of utility vectors of any player i € [N] satisfies that

u’1(jt) tl"<fH|A‘ZZ“ ® _ tl‘

t=2 j=1

, (K.1)

where A = max; | A;|.

Proof. For any timestep t, player ¢ € [N], and joint action a_; € X; AJ, let 7T(t)( i) =
t

H];éz j()(a])

Then, for any timestep ¢, player ¢ € [N], and action a; € A;, we have

<l Y la)i(e=a) (@) - V(L)

a’EX_gvzl Aj

= <(Z/{Z(a17aLl)) ex. - AJ (f) (_tL—1)>‘

<||@tana’ ), G-,

u (a;) —u' ™ (a;)

s

EX]#I- .Aj .

< || — =%

K2

E
Further, for any a,b,a’,b’ € [0,1], we have |ab — a'V/| = |ab— ab + ab —d'b'| < a|b—V|+
la —a'|b < |a—a'| + |b—V|. Therefore, by recursively using it, for any a_; € X#i Aj, we
have

Na_y) -7

1 ¢ t—1
=TI7" (@) =TT " (ay) SZ’%@(%)—%Q Y(a5)].

J#i J#i i
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Finally,
] u

K.1 PROOF OF THEOREM[Z.2l AND THEOREM [7.3]

N

t—1 t t—1 t t—1

) < VAT -0, < VRIS o -,
j=1 j'#i

Before proving Theorem[7.2]and Theorem [7.3] we will show that when Assumption [7.1]is satisfied,
the strategy variation is bounded.

Lemma K.2. Suppose Assumption is satisfied. For both full-information and bandit settings,
Algorithm 2] satisfies the following,

T-1
Hﬂ_(t) _ 71_(t+1)H <.
t=1

Suppose Assumption [6.1)is also satisfied, then the following holds for Algorithm 3] in the bandit
setting,

T-1
Z Hﬂ'(t) — 7t H <nT + 2+/|A|LT.

Proof. For Algorithm [2]and the full-information setting, the proof simply follows from the fact that
a® € [~1,1]* and Assumption|[7.1}

For Algorithm[2]and the bandit setting, we have

e () ()

Thus, we can conclude the proof.

Hﬂml) _®

~(t) _ ~@-1)

avg—est T avg—est*

For Algorithm (3 and the bandit setting, for any ¢ # 0 (mod M), we have u
Therefore, by Assumption[7.1] we have

_ 1 t—1 t
HAIg < Eﬁ/g )est) S_1> Alg <( gir)g est _ )H
t—1 t
HAIg < gigl)ebt> S:1> Alg << gﬁ/gl)est )H < .

~(t) (t) Tt—M) (t—M)
= Gempiricat (37 (8) ~Terpiricar ()7 (a)
Forany t = 0 (mod M), let u = —smeiiea mGImEmC F’M)<;)

~(t—1
t/M - 1) gvg )eit tu ~(t—1)
t/M - Yavg—est
M
+

e ((@0) ) - e () )|

H (t-1) _ ()

, then we have

H~(t) ~(t—1)

avg—est ~ Y%avg—est

~(t—1)
uavg—est

IN

2M
+llull) < == V1AL

Therefore,

A

HAlg(( ;igl)est):11> Alg((Ngigl)est B >H HAlg‘<< z(;tvgl)estx_l) Alg((~g/)g est

(@)

2M
<n+Lt ( \/|A|)
=n+2LM./|A|,
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where (¢) uses Assumption and Assumption Then, the accumulated variation of 7(*) over
time is bounded by

T-1
3 Hﬂmn _®
t=1

since there are at most - timesteps of ¢ € [T] satisfyingt = 0 (mod M). O

T
< T+ 2/ JAILM 7 = 0T + 2\/JALT,

With Lemma we can prove that R\ ™! i¢ qublinear for any player i € [N] by Theo-
rem|5.2] Theorem and Theorem Then, by the folklore result that no-external-regret learn-
ing leads to approximate CCE (Hart & Mas-Colell, |2000; [Blum & Mansour, [2007)), Theorem @]
and Theorem [7.3]are proved. O

Remark K.3. With the hardness in Theorem under feedback, both our no-
regret result for the online setting and the equilibrium computation result for the game setting hold
for a constant T > 0 (that cannot be arbitrarily small). However, we note that the equilibrium
computation result may still be possible when T — 0% with such a deterministic ranking model,
the best-response action against the history play of the opponents is now available, precisely leading
to the celebrated algorithm of fictitious-play (FP) (Robinson, |1951; |Brown| |1951)). FP is known to
converge to an equilibrium in certain games (Robinson| 1951 |Monderer & Shapley| 1996} |Selal
1999; |Berger| 2005) (with (slow) convergence rates (Robinson, 1951, \Daskalakis & Pan| 2014}
Abernethy et al., |2021)), despite that it fails to be no-regret in the online setting (Fudenberg &
Levinel| |1995 |1998).

L PROPERTIES OF FOLLOW-THE-REGULARIZED-LEADER (FTRL)

Firstly, we will define the strongly convex function.
Definition L.1. For any integer n and a convex set X C R", a differentiable function )(x): X — R
is called cy-strongly convex (co > 0) when
c
W@) = () + (Vo(@),e —a) + 3 o~/ (L.1)
holds for any x,x’ € X.

Specifically, if (L.1)) holds for ¢y = 0, then we call ¥ a convex function.

Next, we will introduce the well-known no-regret learning algorithm of Follow-The-Regularized-
Leader (Shalev-Shwartz et al., 2012 |Hazan et al., 2016).

Definition L.2 (Follow-The-Regularized-Leader (FTRL)). For any T > 0 and at any timestep

t € {0} U [T — 1], given the utility vectors (“(S))i:y the strategy at timestep t + 1, 7(+1 s
defined as,

t
7+ = argmax (AZ <u(s),7r> — ¢(ﬂ)> ; (FTRL)
TEAA —1

Sfor some constant A > 0. Typically, X is taken to be © (T ") for some constant v > 0.

Next, we will introduce the smoothness of (FTRL).
Lemma L.3. For any c-strongly convex and differentiable function 1): A* — R, (FTRL) satisfies
Assumption and Assumption with L = % andn = 2\/|Al.

co

Proof. By the first-order optimality, at any timestep ¢t € {0} U [T — 1] for any two sequences of

t
utility vectors (u(s))t1 and (u’ (s)) , let the corresponding strategy generated by (FTRL) be
§= s=1

,external

Inspecting the proofs of these theorems shows that one can readily derive an upper bound on R™M

that is tighter than the corresponding bound on R(™” in the bandit setting. Consequently, R!*)-**tera!

i can also
be bounded in games under the bandit feedback.
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7(t+1) apd 7/ HD) respectively, we have

t
</\Z“(S) — Ve (W(t+1)> ,w’(t“) _ 7r(t+1)> <0
s=1
t
/\Zu'(s) — vy (2D g 7T/(t+1)> <0.
< > - ()

By summing them up and rearranging the terms, we have

<)\Zt:u’( Z (D (t+1)> > <V¢ (W/(tJrl ) V1/1< (t+1) ) /(+1) W(t+1)>'
s=1

Since v is co-strongly convex, we have

p (D) 2 p (7Y 4 (i () 10 - D) 4 D e
(D) o (t+1) 1)\ @D @)\, G0 H (t+1) _ /(t+1)H2
w(ﬂ )_’(/J(T(‘ )+<V¢<ﬂ' ),ﬂ' s >+2 s T .

By summing them up and rearranging the terms, we have
(9 (W) = T (D) 4D 60 5 g e — e

Therefore,

co Hﬂ(tﬂ) /D H </\Zu Z o D (t+1)>
)\Zu’(s /\Zu ‘
s=1

where (4) is by Holder’s Inequality. Then,

(D) (t41) H

[resn 0] <

¢ ¢
A Z w® — ) Z u®
s=1 s=1

so that li satisfies Assumption with L = % Furthermore, note that the results above also
hold for sequences of utility vectors of different lengths (not necessarily equal to length ¢ simulta-
neously). As a result, we have

Hﬂ<t+1> ()

t t—1
S-S - AV

s=1 s=1

forany ¢ € {0} U [T — 1], which implies that ) = % V/|A] in Assumption|7.1{for 1) O

A E

M CONCLUSION AND LIMITATIONS

In this paper, we studied online learning and equilibrium computation with ranking feedback, which
is particularly relevant to application scenarios with humans in the loop. Focusing on the classi-
cal (external-)regret metric, we designed novel hardness instances to show that achieving sublinear
regret can be hard in general, in a few different ranking models and feedback settings. We then de-
veloped new algorithms to achieve sublinear regret under an additional assumption on the sublinear
variation of the utility, leading to an equilibrium computation result in the repeated game setting.
Finally, we justify the effectiveness of our approach by simulating routing the user’s query to the
optimal LLM. We believe our work paves the way for promising avenues of future research. For
example, it would be interesting to close the gap between the lower-bound and the positive result
for under bandit feedback, i.e., either show the hardness when 7 is a constant or
achieve sublinear regret for constant 7 without Assumption[4.2] Moreover, applying our algorithms
to real-world datasets with ranking feedback, such as ride-sharing and match-dating, would also be
of great interest.
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