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Abstract

In this paper, we introduce a new class of score-
based generative models (SGMs) designed to han-
dle high-cardinality data distributions by leverag-
ing concepts from mean-field theory. We present
mean-field chaos diffusion models (MF-CDMs),
which address the curse of dimensionality in-
herent in high-cardinality data by utilizing the
propagation of chaos property of interacting parti-
cles. By treating high-cardinality data as a large
stochastic system of interacting particles, we de-
velop a novel score-matching method for infinite-
dimensional chaotic particle systems and propose
an approximation scheme that employs a subdivi-
sion strategy for efficient training. Our theoretical
and empirical results demonstrate the scalabil-
ity and effectiveness of MF-CDMs for managing
large high-cardinality data structures, such as 3D
point clouds.

1. Introduction

Generative models serve as a fundamental focus in machine
learning, aiming to learn a high-dimensional probability
density function. Among the contenders such as Normaliz-
ing flows (Rezende & Mohamed, 2015) and energy-based
models (Zhao et al., 2016), Score-based Generative Models
(SGMs), especially have gained widespread recognition of
their capabilities on various domains, such as images (Song
et al., 2021b), time-series (Tashiro et al., 2021; Park et al.,
2023), graphs (Jo et al., 2022) and point-clouds (Zeng et al.,
2022). The key idea of SGMs is to conceptualize a com-
bination of forward and reverse diffusion processes as gen-
erative models. In forward dynamics, the data density is
progressively corrupted by following a Markov probabil-
ity trajectory, eventually transformed into Gaussian density.
Consequently, denoising score networks sequentially re-
move noises in the reverse dynamics, aiming to restore the
original state.
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Despite the remarkable empirical successes, recent theo-
retical studies (De Bortoli, 2022; Chen et al., 2023) have
highlighted the limitations on the scalability of SGMs when
applied to high-dimensional and high-cardinality data struc-
tures. To tackle the challenge, a series of research (Lim
et al., 2023; Kerrigan et al., 2023; Dutordoir et al., 2023;
Hagemann et al., 2023) broadens the scope of diffusion
models, introducing new methods for data representation in
an infinite-dimensional function space. These macroscopic
approaches fully mitigate dimensionality issues in diffusion
modeling; however, they make strong assumptions on the
function-valued representations of the input data, which lim-
its their applicability to practical settings such as modeling
3D point clouds.

This paper introduces another strat-
egy to manage high cardinality data
through the lens of mean-field the-
ory (MFT) and restructure existing
SGMs. MFT has long been recog-
nized as a powerful analytical tool
for large-scale particle systems in
multiple disciplines, such as sta-
tistical physics (Kadanoff, 2009),
biology (Koehl & Delarue, 1994),
and macroeconomics (Lachapelle et al., 2010). Among the
diverse concepts developed in MFT, our interest specifi-
cally focuses on the property called propagation of chaos
(PoC) (Sznitman, 1991a; Gottlieb, 1998), which describes
statistical independency and symmetry in proximity to the
mean-field limit of large-particle system. While the direct
integration of PoC into conventional SGMs poses a con-
siderable challenge due to the infinite dimensionality, our
systematic approach begins by defining denoising models
with interacting N-particle diffusion dynamics (i.e., , v,
block dots, Fig. 1). We then explore ways to approximate its
mean-field limit (i.e., N — oo, i, organ surface), which
can possess extensive representational capabilities. This
work is centered on two key contributions to achieve this:

Figure 1. 3D represen-
tations of (1™, ).

* Mean-field Score Matching. We introduce a variational
framework on Wasserstein space by applying the Itd-
Wentzell-Lions formula and derive a mean-field score
matching (MF-SM) to generalize conventional SGMs for
mean-field particle system. We provide mean-field anal-
ysis on the asymptotic behavior of the proposed novel
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framework to elucidate the effectiveness in learning large
cardinality data distribution.

* Subdivision for Efficiency. For the ease of computational
complexity, we introduce a subdivision of chaotic entropy,
which establishes piece-wise discontinuous gradient flows
and efficiently approximates the true discrepancy in a
divide-and-conquer manner.

2. Mean-field Chaos Diffusion Models

2.1. Score-based Generative Models

Before presenting our proposed method, we provide a brief
background on SGMs. For notations not discussed, refer to
the detailed descriptions in Appendix.

Let us consider a probabilistic space (), F;,P) and two
respective diffusion paths for variables t and u =T — t.

dX, = fu(Xy)du + 0,dB,, X, X;€), )
dX; = [fi(X¢) — 07V 1og ((Xy)] dt + 0vdBy.  (2)

A pair of Markovian probability measures ((s, V) corre-
sponding to the system of the above SDE:s, called forward-
reverse SDEs (i.e., FR-SDEs), illustrates noising and de-
noising processes, respectively. A primitive form of the
standard objective of SGMs is to minimize the discrepancy
(e.g., relative entropy, #) between data generative model v
and target data ( at the terminal state of reverse dynamics,
t="1T:

(PO)  min Hlvr|¢o), (3)

Y[o,T]

where v}y 1) denotes a path measure on the interval [0, 7.
As the direct calculation is intractable, Song et al. (2021b)
have shown that the optimization of an alternative tractable
formulation, known as score matching objective, can mini-
mize the discrepancy between v and (y. The goal of SGMs
is then to train a score network sy to approximate a score
Sfunction (i.e.,Vlog (¢):

Tsat(0) x Evx, |lIso(t,Xe) = Vieg G(X0)[P] . )

Given the basic machinery defined above, one question natu-
rally arises considering the goal outlined in the introduction:

Q1. How can we restructure existing diffusion models to
preserve robust performance when dim(})) — oo?

Throughout the paper, we address this fundamental question
using principles of MFT. As a first step, we begin with
dissecting a decomposition of generic FR-SDEs defined
on Y (e.g.,RV?) into the mean-field interacting N -particle
system on the space X (e.g., R?).

2.2. Mean-field Stochastic Differential Equations

Our new definition of SDEs called mean-field stochastic
differential equations (MF-SDEs) takes microscopic per-
spective to model diffusion processes:

Definition 2.1. (Mean-field SDEs). For the atomless Polish
space X, let {BZ’N},SN be a set of independent Wiener
processes on probability space (X, Fy,P). Then, we define
the N-particle system as follows:

dX0N = f(XENYdu + 0, dBYY, X, X, € X, (5)

dXEN = [f,(XEN) — 62V log ¢ (X0 dt + o0 d BN
(6)

where the initial states of each dynamics is i.i.d. standard
Gaussian random vectors, i.e., X5 ~ NLy].

The proposed dynamics explicitly delineate the /V individual
rules of each particle, modeling detailed inter-associations
between particles. Upon the structure of MF-SDEs in Def-
inition 2.1, the N-particle system is endowed with weak
probabilistic structure ¢ in the Nd-dimensional coordi-
nate system xV = (xy,--+ ,xy) € X" and admits a joint
density defined as following:

XY~ = Law(Xp Y, X = o ax, (D)

ﬁ”@%=/ o (xN)dxpri1 - -dxy.  (8)
XN—ZW

Furthermore, a set of NV particles in the proposed system is
exchangeable, satisfying the following symmetry property
for any given permutation 7 € Sy:

in(xlf" 7XN) = Qi\’(x‘r(l)f" )XT(N))' (9)

Empirical Measures as Data. Compared to the data de-
scription v; of the macroscopic approach in FR-SDE, our
framework interprets a single instance (e.g., point cloud) as
an empirical random measure l/tN , in which particles (e.g.,
point) are represented as marginal random variables Xi’N,

Po(Y)dvr & vl = oVdxN e P(Po(XY)). (10)

FR-SDEs

MF-SDEs

It is clear from the context that the term ‘cardinality’ stands
for the degree of N, and the proposed interpretation features
two key points. First, our method simply augments the par-
ticle count N 1 in handling high-resolution data instances,
keeping the dimensionality d = dim(X’). This modeling
can explicitly expose the effect of increasing cardinality in
the analysis as opposite to FR-SDEs, which adjust the di-
mensionality of the ambient space Nd = dim()’) without
comprehensive details. Second, data representations vX nat-
urally inherit the permutation invariance which is essential
for efficient learning (Niu et al., 2020; Kim et al., 2021)



Mean-field Chaos Diffusion Models

unstructured data (e.g., sets, point-clouds) as it postulates
the exchangeability between the particles (e.g., elements,
points) as depicted in Eq. 9. Throughout, this paper fo-
cuses on unstructured data generation to fully leverage this
symmetry property.

2.3. Propagation of Chaos and Chaotic Entropy

While we have established a system of individual particles
to provide flexible representations, our next step is to ad-
just the original problem of entropy estimation in (P0) for
N-particle system. To do so, we consider the N -particle rel-
ative entropy as a tool for comparing discrepancy between
target and generative representations.

N/ {log T} oNax™¥. (1)

As the forward diffusion process is defined as a time-varying
Ornstein-Ulenbeck process (e.g., VP SDE (Song et al.,
2021c)), its density for N-particles can be represented as a
product of Gaussian measures Cf@N defined as:

H(VT 0

d¢EN (x HJ\/ xj;me (),

Jj=1

oZ(t)a) dx;, (12)

where the mean vector m (t) and covariance matrix o ()14
of forward noising Gaussian process (; are determined by
the selection of the model parameters.

Propagation of Chaos. Now, we address the question in
Sec 2.1 by bringing attention to the concept in MFT known
as propagation of chaos suggested by Kac (Kac, 1956).

Definition 2.2. (Kac’s Chaos). We say that the sequence
of marginal measures {v;"" } M<N IS p-chaotic, if the fol-
lowing equality holds a.s [t] for all continuous and bounded
test functions ¢ in the weak sense:

( MN7¢> N—oo Noveoy (), ?A{’¢> ViI<M<N. (13)

The pi;-chaotic measures {z/t } M< N begin to behave as if
they are statistically indistinguishable with their mean-field
limit p; in weak sense for the infinitely large cardinality
(i.e., N — o0). With the fact! that our N-particle system
already enjoys chaoscity, this work exploits the property
presented in Eq. 13 to alleviate analytic and computational
complexities in generative modeling with infinitely many
particles: A finite number (e.g., M) of chaotic SDEs can
be utilized for training and sampling high-cardinality data
instances (e.g., ur) only with marginal errors. We will
delve into the detailed theoretical rationale in Sec 4.1.

Chaotic Entropy. To formalize the problem by leverag-
ing Kac’s chaos, we articulate our objective as minimiza-
tion of chaotic entropy (Jabin & Wang, 2017; Hauray &

'Please, refer to Proposition A.3 for details.

Key vy Jir Hr(vF) Appx.oo
concepts Sec 2 Sec 3 Sec 4
VP-SDE, (P0O)| X X X X
Ours, (P1) v X X X
Ours, (P2) v v v X
Ours, (P3) v v v v

Table 1. The List of Key Concepts in SGMs for N — oo.

Mischler, 2014), which entails the convergence property
HNEEN) Moo, H(ur|o). Particularly, we propose a
new challenging problem: extrapolating the macroscopic
modeling from the problem (PO0) to the microscopic coun-

terpart for infinitely many exchangeable particles.

(P1) mln H(pr|o) = min hm H(Y [N

Ko, Vo, 1) N—

). (14)

The equality holds as the property of PoC guarantees weak
convergence ygpv 25 up. To highlight our approach in ad-
dressing the chaotic entropy minimization problem, we have
designated our methodology as mean-field chaos diffusion
models (MF-CDMs). The latter portion of this paper is
dedicated to tackling both theoretical and numerical issues
associated with solving problem (P1), by progressively
generalizing the main concepts in SGMs. Table 1 outlines
how redefined problems in subsequent sections broaden
the application of SGMs under the mean-field assumption,
featuring the following two key aspects.

(1) SGMs with Chaotic Entropy. Due to the intrinsic symme-
try in Eq. 9, a straightforward derivation of a score-based ob-
jective with chaotic relative entropy is non-trivial. Section 3
presents the concept of probability measure flows and pro-
poses the mean-field score matching objective (i.e., 5 r)
that offers a tractable evaluation of chaotic entropy.

(2) Handling Large Cardinality. Section 4 introduces a
novel numerical approximation scheme termed subdivision
of entropy, designed to simplify the complex problem pre-
sented in (P1) into new manageable sub-problems in (P3),
efficiently overcoming computational complexity.

3. Training MF-CDMs with Chaotic Entropy

Analysis based on the coordinate system in Eq. 7 rapidly
becomes impractical with varying N, owing to the curse
of dimensionality. To circumvent the issue, we explore an
equivalent representation of the N-particle system in the
space of probability measures: Wasserstein space P2(X), a
domain in which both VtN , it inherently lie.

3.1. Denoising Wasserstein Gradient Flows

We denote P2 as Wasserstein space consisting of abso-
lutely continuous measures, each of which is characterized
by bounded second moments, i.e.,P2(X) = {v;dv =
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odx,Ed% (x,%9)dv(x) < oo} and the metric space
(P2(X), Ws) can be (Santambrogio, 2017) equipped with 2-
Wasserstein distance, i.e., Ws. This geometric realization al-
lows functional flows £ : P> — R along the gradient direc-
tion of energy reduction: Vp,E(p) = —V - (Q%(g)) (x),
where the first variation 9€/94(p) (Santambrogio, 2015)
is defined as E[0£/06(0)p(x)] = lim._,o d/de€(0 + €¢)
for all ¢ € C5°(X) satisfying E¢p = 0. To reformulate
MF-SDE in a distributional sense, we adopt the concept of
Wasserstein gradient flows (WGFs) in Eq. 15 corresponding
to denoising /N-particle MF-SDE:s in Eq. 6.

8N
ot

"]

= -Vp, W], te [O,T] (15)

/VN(t,xN,ytN)

We specify the functional V'V by extending the concept of
variance-preserving SDE (Song et al., 2021c) to the pro-
posed mean-field system. Notably, we consider potential
functions VIV : [0, T] x XN — &N for N-particles config-
urations, termed mean-field VP-SDE (MF VP-SDE), which
can be characterized by

> loggt dyt . (16)

VN(t7XN) == ?N( in(XN)v a7
where we define a drift function as f2 = g;[|x" HJQE /4,
and the volatility constant is simply set to 3; = o7 for the

pre-defined hyperparameter [3;.

XN) + Uf log C%o

a rop A. 1o}
oo = Lol TS Sl = Vel | a8
MF-SDEs dWGFs

Denoising WFGs. Eq. 18 shows that the Liouville equa-
tion associated with MF-SDE on the left-hand side can be
identified with the proposed WGF on the right-hand side.
This implies that our WGF can substitute MF-SDE as a
denoising scheme for generative results. From now on, we
utilize denoising WGF (dWGF) as our primary tool and
derive variation equations in the next section.

3.2. Mean-field Score Matching

This section examines a variational equation associated with
chaotic entropy. The core idea is to capture infinitesimal
changes in Wasserstein metric by applying It6-Wentzell-
Lions formula (Dos Reis & Platonov, 2023; Guo et al.,
2023) to our dWGFs and derive tractable upper bounds.

Theorem 3.1. (Wasserstein Variational Equations) Let
M = M({y) < oo be a squared second moment of target
data instance (. We shall refer to the N -particle relative
entropy as follows:

HY (1) = H@YICEN). (19)

Then, for arbitrary temporal variables 0 < s < t < T,
and some numerical constants Cy < O(\f +M?),C <
O(T), we have variational equations satisfying

t
U@ SHY W)+ Co [ O (B|VaHN ) ar

t
+cl/ O (B||V.Vp, Y |[}.) dr. 0)

As shown in Theorem 3.1, the geometric deviation in
the Wasserstein space affects the norm of the gradient
Vp,HY in the right-hand side. This indicates that our
variation equation exploits geometric information around
the law of particles induced by the Wasserstein gradient
(i.e., Vp,H¢). This approach is opposed to conventional
methodologies (Song et al., 2021b; Dockhorn et al., 2022)
that employ the variational equation concerning tempo-
ral derivative (i.e.,0;H;). Section A.6 provides an in-
depth discussion of the dissimilarity between these two
approaches.

As a comprehensive restatement, we refine the right-hand
side in Eq. 20 as the Sobolev norm of score functions.

Corollary 3.2. Let ||-||;, be a norm defined on Sobolev
space WY2(XN uN). Let us define G = Vlogol —
Vlog Cg?i\;. Then, the N-particle entropy can be upper-
bounded as follows.

T
HY ) 2 2 [ gt Q1)
TV ) = \/m 0 tliw Wt

Recall that the Sobolev norm of vector-valued function
h € W12 is defined as ||h||€V = E[||h]|% + | VA|/%]. Corol-
lary 3.2 asserts that the minimization of the /N-particle rel-
ative entropy is achievable when the Sobolev norm on the
right-hand side tends to be zero. Motivated by recent stud-
ies (Dockhorn et al., 2022; Song et al., 2021b), we leverage
the inequality in Eq. 21 to derive our mean-field score match-
ing (MF-SM) objective by substituting the score function
V log oY with score networks sg.

Definition 3.3. (Mean-field Score-Matching) Let us define
score networks, denoted as sg : © x [0,T] x XN x Py —
XN that satisfies mild regularity conditions. Then, we
propose a score-matching objective as

j]{}’F(eay[]g,T]) =
By |50 (6, XN, 1) = Vog ¢EN (XN 1s (22)

where p(t) is the uniform density on [0, T] and we specify
the denoising score networks sy as follows:

N N)

so(t,x", Ag(t, x™) + By[v]V](x). (23)
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Design of Mean-field Interaction. In constructing sy, we
incorporate mean-field interactions to encapsulate the infor-
mation of external forces affected by their neighboring par-
ticles. To be more specific, we propose a local convolution-
based interaction model inspired by grouping operations (Qi
et al., 2017a;b; Wang et al., 2019a) in architectures for 3D
point-clouds.

Bg[utN](xN) = [By *p z/fv](xN). (24)

Here, *p denotes a truncated convolution operation with
respect to the Euclidean ball By, of radius R. This modeling
signifies that interaction with particles outside the convo-
Iution domain will be excluded in probability. One may
intuitively view this operation as an infinite-dimensional
positional encoding, which encapsulates information about
geometrically proximate particles. Section A.3 elaborates
details on the design of two functions Ag, Bg[v]¥].

Variation Equation for ;7. From the result obtained in
Corollary 3.2, we extend a concept of variation equation for
the mean-field limit x7 in the subsequent result:

Proposition 3.4. There exist numerical constants
Cy, C3,Cy4 > 0 such that the N-particle relative entropy
for an infinity cardinality N — oo can be bounded:

HT (ur) 3 A}gnoo WJﬁF(Qa Vfg,T])

(P1)

_ Ca Cs Cs )\ Nooo
2

Cardinality Errors : E(N)

Proposition 3.4 shows that the minimization problem (P1)
on the left-hand side can be upper-bounded with MF-SM
and cardinality errors E(NN) in the right-hand side. It is
worth noting that our variational framework enhances the
conventional score matching, particularly for the representa-
tion of data with high cardinality. The coefficient 1/v/Nd
induces robust score estimations and renders the proposed
framework robust to large cardinality N, a property not
present in conventional SGMs. As a consequence of the
result, the chaotic entropy minimization problem (P1) can
be restructured to involve MF-SM:

s N N
(P2)  min lim Jyp(0: vio,r)- (26)

The restructured objective reveals that score networks sy
is trained to restore vector fields ft®°° — Bisge = VV>
to reconstruct the target instance p via sampling dWGFs.
Unfortunately, optimizing (P2) may confronts intractability
with large cardinality as our score networks sy takes inputs
defined on Nd-dimensional space (e.g., X" € xAN).

4. Subdivision of Chaotic Entropy

Our next step is to design an approximation framework that
transforms the score-matching objective into computation-
ally tractable variants. Let N = {Ny; Nx = N} be a set
of non-decreasing cardinality, and T = {¢;;tx = T} be
a partition of the interval [0, 7], where k € {0,...,K}.
Then, we subdivide Eq. 25 into K sub-sequences to obtain
alternative and computable upper-bounds:

Proposition 4.1. (Subdivision) Under the assumption of
reducibility* and b > 0, N}, 11 = bNy, the chaotic entropy
can be split into K sub-problems.

K

M) 3 i3 [0 (7 Eicn)

k=0 Eq. 25

Ptk stt]

k
) TInr(Ng, 0,00% )| (27)

.
Vd \b\/Np1

Subdivision Errors > J & . (G,V[J[\)r T])

We observe that chaotic entropy can be approximated by ag-
gregating K sub-problems of MF-SM, each corresponding
to a unique cardinality Ny and a specific interval [tg, ti41]-
This implies that a divide-and-conquer strategy can be effec-
tively employed to address problem (P2), by treating the
sub-problems Jy; g (N, -, -) individually.

In the decomposed upper-bound in Eq. 27, the particle
branching ratio b moderates the impact of sub-problems for
large cardinality in the score estimation, leading to improved
robustness against N. Our final objective function in (P3)
reflects the subdivision of chaotic entropy and the summa-
tion is only taken for finite K sub-problems, leveraging the
canceling effect gained from the branching ratio.

K=|N|
(P3) mgin Z bTJAIF(NkaGaVak7tk+l])' (28)
Ni€eN

Section A.9.1 contains a detailed algorithmic procedures for
training score networks sy with the objective (P3).

Particle Branching Function U, The discontinuity of K
piece-wise AWGFs {v}'* t € [ty tr11]} associated with
individual sub-problems makes the sampling schemes in-
tractable, necessitating the development of gluing pieces
together to prevent abrupt changes in distribution. As a rem-

. . . . 9
edy, we introduce the particle branching function ¥ Nita
to connect the end of previous segment of flows (e.g., Vﬁ )
with the start of next flows (e.g., ug **1). In a distributional

sense, this operation can be represented as a product with a

2See Section A.3 for detailed definition and the discussion.
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M _ Mg M
v," = o, dx

Figure 2. Illustrative Overview of Denoising MF-SDEs/WGFs. MF-SDEs governing M particles are evolved with respect to vector
fields f& Moy s?M over the interval [t;_1, ¢x], interacting with proximate particles lying in Br. The illustration depicts the scenario
in which the particle branching function ¥° transforms the density of M = 3 particles into an expanded density for N = 6 particles
(e.g., branching ratio b = 2) following the time interval ¢; and result in the joint density o} .

push-forward measure:

@2 0 W )t — o = (29)

(b-DNe i Niy1=bN;
where (). stands for the push-forward operator, and Id is
a identity operator. As a consequence of particle branching,
the intermediate flows of probability measure presented as a
solution to dWGFs for Ny, particles (i.e., VZZ *) is augmented
with another (b — 1) Ny, particles, yielding new flows with
enhanced cardinality Ny = bNj. Proposition A.8 reveals
the explicit form of optimal particle branching.

Sampling Denoising Dynamics. After finishing training
denoising MF-SDEs/WGFs with the triplet (N, N, b), we
sample the chaotic dynamics by progressively increasing the
cardinality in the middle of the denoising process. The pro-
cedure begins by taking initial Gaussian noises distributed
as %’ No and propagate particles via Euler scheme with score
network sy until reaching the next branching step at 1" — ¢,
and each particle branches from Ny to b/Nyg = N;. By the
iteration, we achieve the desired number of chaotic particles.
Figure 2 provides an illustrative overview of the sampling
procedure with particle branching along with the denois-
ing WFGs. Section A.9.2 contains a detailed algorithmic
procedure.

4.1. Mean-field Analysis of MF-CDMs

As this work primarily capitalizes on the mean-field prop-
erty, this section aims to explore the theoretical implications
and benefits of incorporating principles of PoC into the
framework of SGMs. The subsequent theoretical findings
provide insights to address the question (i.e., Q1) posed
earlier in Section 2.1.

Theorem 4.2. (informal) Let § := f(k) > 0 be a numerical
constant dependent on log-Sobolev® constant k with respect

3Please refer to Sec A.8 for detailed definition.

to proposed dAWGFs. Given mild regularity conditions for
Sg, we have short-tailed concentration probability bound:

M@ M) 2| 3 (M < N > )

O(e") - O (exp[~Mi(k)e? — Mj(r)b(R)]). (30)

where For the numerical constant §(R) dependent on the
radius R > 0 for truncation of convolution defined in Sec-
tion A.3.

Concentration of Chaotic Entropy. The short-tailed con-
centration of chaotic entropy in Eq. 30 confirms that a rela-
tively small number of particles M suffices to reconstruct
the mean-field surface i, even when the total cardinality
diverges to infinite (N — oo). In addition, it demonstrates
that infinite cardinality constraints (i.e., limy_, » ) specified
in (P2) can be circumvented by subdivision of chaotic en-
tropy in (P3), as score estimation errors are tolerable in
practice with a finite number of sub-problems |N| < oo and
particle counts { Ny }r< k.

Theorem 4.3. (informal) Let us define F, = ||gt||§3 +
IVGill7. and B,y Beopy F(XY) = T8, vy 1),
there exist constants Cs, Cg > 0, Nt > ¢ > 4 such that

P(|EF(XY) — Tur(N =1,0,p07))| =€) < 3D

exp (—C5f(/€)_2 |:E\/N —Cg \/(1 + N(—q+4)/2‘1)} 2> .

Concentration of MF-SM. Our second observation in
Eq. 31 elucidates that our MF-SM is naturally concentrated
on their mean-field limit p; with asymptotically stable prob-
ability upper bounds. This shows the remarkable robustness
of our objective function when N — oo, where conven-
tional score matching objectives Jsps in Eq. 4 are highly
vulnerable to this extreme condition because of the absence
of guaranteed stability, as illustrated by Eq.31.
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Figure 3. (Left) Scalability to Data Complexity. Performance comparisons with varying data dimensionality (i.e., d) and cardinality
(i.e., N). (Right) Ablation Study on Hyperparameters. Performance variation of MF-CDMs with respect to different hyperparameters;
branching ratio b € {1, 2, 4,8} and number of particle branching |K’| € {1, 2,4, 8}.

5. Related Works

Mean-field Dynamics in Generative Models. Model-
ing score-based generative models via population dynam-
ics (Koshizuka & Sato, 2023; Chen et al., 2021; Shi et al.,
2023) have gained attention recently. Among these, mean-
field dynamics through a particle interaction was explored
in (Liu et al., 2022), where the Schrodinger bridge was
integrated to handle mean-field games for the approxima-
tion of large population data distributions. (Lu et al., 2023)
derived score transportation directly from the mean-field
Fokker-Planck equation where particle interaction was de-
rived for score-based learning. While these works primarily
focus on an analytic perspective and assume an infinite di-
mensional setting associated with high-dimensional PDEs,
our method adopts PoC as a limit algorithm to reduce the
potential complexity encountered in dealing with PDEs.

Diffusion Models for Unstructured Data. Recent studies
have demonstrated the exceptional performance of diffusion
dynamics in point-cloud synthesis (Luo & Hu, 2021; Zhou
et al., 2021; Zeng et al., 2022; Tyszkiewicz et al., 2023),
with a focus on architectural design to impose structural
constraints on unstructured data formats. Another stream of
research (Hoogeboom et al., 2022; Xu et al., 2023) consid-
ered global geometric constraints to capitalize on equivari-
ance property in the modeling of point-clouds. Despite their
superior performance, the aforementioned methods face a
limitation in the maximum capacity of cardinality owing to
rigid structural constraints on localization. In contrast, our
method employs a flexible localization using mean-field in-
teraction, requiring only a weak probabilistic structure over
the particle set but consistently assures robust performance.

6. Empirical Study

This section provides a numerical validation of the efficacy
of integrating MFT into the SGM framework, particularly
in extreme scenarios of large cardinality, where previous
works struggle to achieve robust performance.

Benchmarks. We compare our MF-CDMs with well-
recognized models in score-based generative models: VP-
SDE (Song et al., 2021c), CLD (Dockhorn et al., 2022),

Method | (10°,5) (10°,32) (10°,5) (10°,32)
VP SDEs 2.198 2.683 6.943 7.542
2.387 2.826 6.411 7.131
DPM 1.924 2.007 6.847 7.448
LION 1.841 1.919 5.234 6.105
MF-CDMs | 2.017 2.413 3.167  4.059

Table 2. Performance Evaluation on the Synthetic data. We
measure performance across different data complexities (N, d) by
applying the sliced 2-Wasserstein distance scaled by a factor of
% 10?. The best results are highlighted in bold.

and diffusion models for 3D point-cloud: DPM (Luo & Hu,
2021), LION (Zeng et al., 2022), PVD (Zhou et al., 2021).
For information on the implementation of score networks
along with hyperparameters and statistics of datasets with
pre-processing, please refer to Sec A.9.

6.1. Synthetic Dataset: Robustness Analysis

The first experiment is designed to evaluate the impact
of dimensionality (i.e., d) and cardinality (i.e., N) on the
robustness of benchmark SGMs when dealing with un-
structured data. For this purpose, we generate a synthetic
dataset with an equi-weighted Gaussian mixture {Y,,} 2 ~
GMM(dx?) == (1/8) 3.5 N'[m,, 0,14] where Gaussian
parameters (m,,o,) are randomly selected within unit-
cubes [—1,1]9. The challenge arises as all elements {Y, }
satisfies p(Y,,) = p(Y,) for any m # n < N, and this
interchangeability complicates to extract meaningful local
associations among the elements, which is essential for effi-
cient learning. To evaluate performance, we employ a tool
from optimal transport, sliced 2-Wasserstein distance (i.e.,
SW,) (Kolouri et al., 2019), known for its efficiency in cap-
turing discrepancies between unstructured data instances,
especially at high cardinality.

Results. Fig 3 and Table 2 present qualitative results when
the set cardinality and dimensionality change within the
ranges of N € {103,105} and d € {5,32}. We note that
other methods can easily surpass ours, as the proposed
mean-field modeling loses its strength and entails exces-
sive computational complexity with small cardinality (i.e., ,



Mean-field Chaos Diffusion Models

N_g =2.0e™ Niso = 1.0e™

N ~22.0et

N, ’
7 0 :N®1\|)

Ny = 1.25¢™3

Figure 4. Qualitative Results on MedShapeNet Dataset. Both u? N and I/ITV ~* illustrate the target and generated 3D shapes, where
displayed liver object in MedShapeNet dataset comprises a high-cardinality point-set of nearly 2.0E"* points.

ShapeNet MedShapeNet

Methods EMD| / CD| | EMD| / CD|
VP-SDEs 4.860 / 4.585 6.387 / 4.616
CLD 4.083 / 5.865 8.647 / 5.632
DPM 3.058 / 3.269 6.139 / 3.248
PVD 3.445 / 3.032 6.386 / 5.902
LION 3.248 / 3.248 6.221 / 5.135

MF-CDMs ‘ 2.627 / 1.877 ‘ 4.046 / 2.764

Table 3. Performance Evaluation of 3D point-cloud generation
on ShapeNet/MedShapeNet datasets. The best results are high-
lighted in bold. Evaluation metrics on EMD and CD are scaled by
107 and 102, respectively.

N = 10%). While existing methods show promising results
in low cardinality experiments, their performance signifi-
cantly deteriorates under conditions of extreme cardinality
(i.e.,, N = 10°). The reason for performance decline is due
to their shortcomings in the explainable analysis regarding
the curse of dimensionality issue and thus lack of effective
modeling of inter-associations among elements.

In comparison with benchmarks, our method demonstrates
robust performance, significantly outperforming all other
benchmarks by a large margin in scenarios of N = 10°.
Since our methodology has extended VP-SDEs through the
integration of PoC in reverse dynamics, the performance
gain of MF-CDM over VP-SDEs implies that the chaotic
modeling significantly enhances the robustness of conven-
tional SGMs.

6.2. Real-world Dataset: 3D Point-cloud Generation

In the second experiment, we benchmark the empirical per-
formance of MF-CDMs along with existing SGMs for 3D
shape diffusion models on two datasets: ShapeNet (Chang
et al., 2015) and MedShapeNet (Li et al., 2023), with each
3D point-clouds instance consisting of N = 1.0E™# and
N = 2.0E** points, respectively. The data cardinality in
our experiments is up to 10 times larger than standard se-
tups, which typically focus on scenarios with a relatively
limited number of points, (e.g., 2048). For the fair compari-
son, we utilized evaluation metrics suggested in (Yang et al.,
2019) to compare benchmarks (i.e., MMD-EMD, MMD-
CD). Owing to the numerical instability of these metrics

when applied to high-cardinality objects, we randomly sub-
sampled 2048 points from both the generated VJTV and the
target ,u%?’N objects and performed numerical comparisons.

Results. Table 3 summarizes performance comparisons
with benchmarks. Without requiring any strong localization
modules, our MF-CDM surpasses all other benchmarks on
two datasets, showing its efficiency in real-world settings.
It is worth highlighting that task-oriented methods, such
as PVD and LION, have achieved state-of-the-art perfor-
mance on the ShapeNet dataset with 2048 points. However,
they suffer from a drastic performance decline when ap-
plied to the MedShapeNet dataset as they depend on fixed
localization modules, which are primarily optimized for low
cardinality data. We also posit that our superiority stems
from the concentration property of large particle systems,
as supported by our theoretical findings in Section 4.1.

Figure 4 provides a visualization of the intermediate 3D
shape during the denoising process with dWGFs. The sim-
ulation of dWGFs starts with Ny = 1.25¢ ™3 particles and
the number of particles are doubled (e.g.,b = 2) at each
of the branching steps & € {50, 100, 150,200}, reaching
N := N_g = 2.0e™* at the end of the process. The final
illustrative result, V]TV ~%, closely resembles the target 3D
anatomic structure 57 (i.e., liver).

7. Conclusion

In this study, we propose MF-CDMs, a novel class of SGMs
designed for the efficient generation of unstructured data
instances with infinite dimensionality. Beginning with the
original entropy minimization problem (P0), we gradu-
ally enlarge our discussion to leverage principles of MFT
and pose advanced problems (P1) ~ (P3) to deal with the
curse of dimensionality issues. Our theoretical results reveal
that the MF-CDM s naturally inherit chaoticity, ensuring the
robust behavior of our model with infinite cardinality. Ex-
perimental results on both synthetic and 3D shape datasets
empirically validate the superior capability of our frame-
work in generating data instances. In future works, we hope
to apply our methodology across diverse tasks in scientific
domains, such as physical simulation of large-particle dy-
namical system (Karniadakis et al., 2021), large-molecule
polymer generation (Anstine & Isayev, 2023).
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A. Appendix
A.1. Notations
Throughout the paper, we adhere to the following notations:
» Without loss of generality, we employ the same notation for the tensor product across different objects, including
functions, and probability measures denoted as f ® g, u ® v.
¢ For any member of continuous bounded and integrable function class f, we denote the self N-products and its

integral as
=11 / Fxi)p(xi), (32)

i<N

FEN N = [F(xa), - F(xw), / OV (V)N (dsc

N

» We denote coordinate system of for N-particle system as xV = (x1,---xy) € X where each component is

represented as x; € X, i < N.
* For the probability measure v and the integrable test function f, we simply denote (v, f) := [ fdv as integral.

s The law of the N-particle joint density, /¥, falls within the 2-Wasserstein space, which specifically contains
absolutely continuous measures, represented by P2 = P» .. We routinely presume the absolute continuity of all
probability measures in this context.

» The N-particle mean-field dynamics is represented as XV ~ vV ¢ P2 ac(X N). Following by the absolutely
continuity, we define the density representation with Radon-Nikodym derivative: dv™ = o™ dx".

* The first M component of N-particles will be denoted by XMV ~ pMN € P, (X M) with dyMN = oMV gxM
* The N-product of probability measure v will be denoted by v € Py ,.(X ) with dv®N = p®Nax.

* The Euclidean and Frobenius norm will be denoted by ||a|| , || A|| . respectively.

* Sym(d), Set of symmetric matrices with size (d x d); GL(d), general liner matrix group of size (d x d).

* Within our mathematical context, the symbols are defined as follows: D and D, for abstract and functional
derivatives, respectively; V, = V for the Euclidean gradient; Vp, for the Wasserstein gradient; and 0, for the
temporal derivative. For simplicity, the Jacobian matrix of vector-valued objects h will be interchangeably denoted
by Vh == Jh.

* In the paper, G; represents the deviation of score functions for an N-particle system, QZ N denotes the projection of
these functions onto the ¢-th component, and G° corresponds to its mean-field limit.

* L,(X), denotes the L, function space on X,
* Lip(f) is a Lipschitz constant of continuous and bounded function f.
* N denotes the index set for cardinality, and NT is defined as a set of positive integers.

¢ For the maximum and minimum of two real-values, we follow the convention for the notation in literature as
max(a,b) = a A b,min(a,b) = a \V b.
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A.2. Assumptions and Lemmas

We establish the following assumptions to facilitate existing theoretical frameworks of MFT in analyzing the behavior of the
proposed MF-SDEs/dWGFs.

1. (H1). We always assume the large cardinality in data representation, i.e., N > d.

2. (H2).Forall j < N, A and the mean-field interaction B satisfy the Lipschitz continuity with respect to both X and
P27ac’

B *v](x7) — [Bx V'](yj)H2E <Cgp (ij — yjHZ + Wi, VI)> , (33)
|A(s,x7) — A(t,y7)|| 5 < Callx’ = y?||3, + Cals At — sV 1)2. (34)
By definition and assumptions above, the Lipschitz continuity for the score networks is naturally inferred as
|so(s,x7,v) —sq(t,y”, 1/')H2E < 2(Ca ACg)|Jx? — yj||2E +Ca(s At —sVit)2+ CpWi(v, V). (35)
We assume that the second moment of proposed score networks is bounded.

sa(t, %7, 0)||% < D+ ||x7][2). (36)

3. (H3). There exist real-valued functions A, B € C?(X) and AN, BY € C?(X") such that
VA =A, VAY = AN, VB=B, VBY =BV, (37)

and those functions are uniformly convex. Equivalently, there exist constants ya, vy, > 0 such that Hessian
matrices satisfy following:
V?A = yaly, pla = VB = 4l (38)

4. (H4). Almost surely, we can always find the score networks 6 € © that can replace the score function of MF-SDEs.

P [so(t,x, 1) = Vlog oy (xV)] =1, VN eN. (39)

5. (H5). For any t € [0, T, there exist a constant ¢ > 2, ¢ # 4, such that the solution to non-linear Fokker-Planck

1/q

equation 4, has finite g-th moment, i.e., (E,, [||x]|?]) """ < oo.

6. (H6). For some constant a > 0, the following numeric estimation are bounded for any 1 < M < N:

B pn exp(a||x||%) < oo, VN (dxM) = oM (xM)dxM. (40)

X~

Lemma A.1. (Gronwall’s Lemma, Theorem 5.1 (Ethier & Kurtz, 2009)). Assume h : [0, T] — R is bounded non-negative
measurable function on [0, T) and g : [0, T] — R is a non-negative integrable function. Let following inequality holds for
the constant a > (),

h(t) < B +/0 g(s)h(s)ds, — h(t) < Bexp (/0 g(s)ds)7 te€0,T). 41)
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A.3. Exchangeability, Chaocity, Reducibility

In this section, we discuss three core properties (eg, exchangeability, chaocity, reducibility) of the proposed mean-field
N -particle system, which will be often referenced in subsequent proofs.

Exchangeability. We first show the universal exchangeability property of sample particles:

Proposition A.2. (Exchangebility of N-particle system.) Let XN ~ v be a solution to mean-field SDEs defined in
Eq. 6. Assume that XY ~ N'®N[L,]. Then, any particles {X™ Y;<x at any time t € (0, T] are exchangeable.

Proof. Since the infinitesimal generator for N-particle system lies in the set LY € {£;7 L7 = L, 7 € Sy}, all the
solutions oY (or v/}V) to the Liouville equation in Eq. 18 are trivially symmetric measures at any time ¢ € (0, T'] when the
initial state of’ (or 1Y) is symmetric. The initial constraint o) = N'®" ensures exchangeability of a set of initial states
since samples drawn from two projected components ¥ N®V and 7T§V NN are i.i.d for any pairs (i,7) € N* & N¥,
meaning that those random variables are exchangeable. O

The rationale behind the equality in Eq. 9 is based on the result of Proposition A.2, since the initial state of the denoising
process assumes i.i.d Gaussianity with the fact that its associated generator £} is concurrently acting on every particles.

Design of Score Networks, Ay, [By +5 1//¥]. We first consider the equi-weighted N-product of score networks as following.

Ag(t,xN) = ASN (1, xN) = %[A(uxlﬁ), A xw, 0)]T € XN 42)

Note that Lip(A®N) = Z;V Lip(A;@N ) = Lip(Ayp). Consequently, we define truncated convolution for N-particle system
as

1 N N
[Bo +g 1" ](x") = ﬁ[[Be * 0] (x1), -+, [Bo * V(%)) (43)
where 7Y = (1/N) 2 X" is an empirical projection of ¥ € Po(XN) onto 7~ € P(P4(X)). Then, each component
in Eq. 43 can be represented as

(B v 7¥1(xy) = [ Bolx; — yy)dvb)(3,), 1< <N, 4

where By : R? — R? are score networks parameterized by 6 € ©. Here, the truncated measure v{*[x;](y ) with respect to
the centered particle x; € R? is defined as

X 77 (dy ;)

dvitx;](y;) = SNEI] (45)
t R

where IB%’;%" is a Euclidean ball of radius R centered at x; and x 4 represents an indicator function defined on any set A C R,

Reducibility. We say that the function i : X N — XN is reducible if there exists at least one A'-valued function
h:[0,T] x X — X such that h = h®" uniformly, where the function product h®" (t,x™) € XV is defined in Eq. 32.
With the definition, the notion of reducibility can be formalized as a kernel of the following functional R on Sobolev space:

R(h) = inf [Hh(t, XNy - E®N(t7xN)HW} . (46)

Any functions h in the kernel of functional i.e., Ker(R) = {h; R(h) = 0,h € W12(XN)} operates in a particle-wise
manner, acting on each particle in parallel.

By the direct calculation, one can show that our score networks (i.e.,sp == Ag + [Bg *g /" ]) are reducible and ready to be

implemented for our purpose, as Proposition A.3 assures the chaoscity. Furthermore, one can easily show that vector fields
VV¥ of mean-field VP-SDE in 17 also satisfy reducibility. The reducibility condition, particularly, results in substantial
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computational efficiency in the modeling of score networks Ay, By € Ker(R). It permits point-wise operation through
GPU-based calculations, thus accelerating the sampling process of the /V-particle system in high cardinality environments.
The reducibility property is critical in our approach, ensuring the particles’ chaotic behavior and scalability in the practical
application of numerical implementation.

Chaocity. We conclusively demonstrate that our /N-particle system, modeled by MF-SDEs, not only achieves p-chaos but
also exhibits stability in its limit behavior.

Proposition A.3. (Equivalence) Assuming mild Lipschitz continuity, the following three statements are equivalent:
1. The N-particle entropy Eq. 11 becomes chaotic if score networks sy are reducible.
2. A joint probability density ol solving the Liouville equation in Eq. 18 is up-chaotic.

3. The solution to the AWGF for N -particle system in Eq. 18 becomes p-chaotic if score networks sg are reducible.

Proof. The classical result of the propagation of chaos (Jabin & Wang, 2017) with the Lipschitz continuity assumption in
(H2) assures that the denoising dynamics with reducible score networks induce chaoscity as exchangeability is already
satisfied by the result of Prop A.2. Following by the result suggested in Theorem 1.4 (Hauray & Mischler, 2014), Kac’s
chaos (i.e., ur = limpy_ 00 V{FV ) identically implies chaotic entropy given by assumptions of Lipschitz continuity. [

A.4. Wasserstein Variation Equation

Gradient flows on P; .., Ito’s flows of Measures. With mild assumptions on the regularity of energy functionals (e.g.,
functional differentiability), Wasserstein gradient can be identified with Lions’ L-derivative (Cardaliaguet, 2010) by utilizing
Gateaux (or Fréchet) derivative of semi-martingale lifting. To be more specific, Theorem A.4 reveals the fundamental
structure that Eq. 50 can be rewritten in an alternative form based on a functional analytic perspective.

Theorem A.4. (Carmona et al., 2018) Let us assume that functional £ has a first variation OE /96|, for any i € K C
P2.ac, and define spatial gradient of first variation as

¢ [1](x) € R (47)

P2.ac X RY 5 (1, %) Vz%a

Assume that the mapping is jointly continuous in (j1,x), and well-defined, at most of the linear growth in R?, uniformly
bounded in subset K C P2 4c. Then Lions’ L-derivative is identical to the spatial gradient of the first variation.

For the a test function ¢ and a solution g; to dWGFs for N — oo (e.g., McKean-Vlasov equation), we apply Gateaux
derivative to the infinite-dimensional energy functional £ : [0,T] x L3(X) — R,

0
E(t,01) = /DQE(t, gt,x)agtdxdt
1 (43)
=E [VQJDQE(t, 0t,%) - VV(t,x, 1) + iﬁ[E(t,x)E(t,x)TViDQS(t, 0t,%)]| dt,

A variety notions for the derivatives of Equation 48 have been explored in the literature (Guo et al., 2023; Carmona et al.,
2018; Dos Reis & Platonov, 2023; Santambrogio, 2015). We examine the identity and details among them as follows:

Sec 7.2 (Santambrogio, 2015) o0& Theorem A.4

vngg|t,x,Q:Qt V:v% t,%x,0¢ R szglt,x,gt~ (49)

Assuming the appropriate regularity conditions for each energy functional, we find that three distinct notions of derivatives
in Eq 49 are congruent. This observation leads us to delve into an alternative definition of the functional derivative and
examine its role in defining the evolution of measures over time.
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Definition A.5. (It6’s Flows of Measures) Given semi-martingale X .y with finite variation E[Var(V')] < oo and finite
quadratic variation E[d[X ., X(.]] < oo, the time-varying energy functional € : [0,T] x Pa qc — R, £ € CHH(Pa(X))
associated with differential calculus on the Wasserstein space Ps 4. evolves according to dynamics defined as:

d€(t,Law(X;)) =E |V 0¢

x%(t,Law(Xt)) -dXt} +E [;’I‘r <v2 o¢ (t, Law(X,;)) ~d[Xt,Xt]>] . (50)

*90
where N, V% are gradient and Hessian operators, and the expectation is taken with the law of semi-martingale X

Definition A.5 is a pivotal tool in our paper as it offers a closed form for the upper bounds of our variational equation. The
following variation equation clearly delineates that the normalized entropy is influenced by fluctuations of Wasserstein
metric. Now, we are ready to derive our Wasserstein variation equation of functional £ = H}¥ with aforementioned notions:

Theorem 3.1 (Variation Equations for N -particle Relative Entropy). For arbitrary temporal variables 0 < s <t < T,
there exist constants Cy, C1 > 0 satisfying the following variational equation:
t t
S S

Hgv(ygv)gygv(ugv)+co/ O(IEHVPQH,LNH]QE) du+Cl/ O(EHVIV%HUNHQ) du. (51)

Proof. We start by deriving the proposed score-matching objective. Let us consider a semi-martingale v, ~ X;, dX; =
~VVdt + X dW; for V := V! in Eq. 144 with progressively measurable processes f;, Vlog(r_;. We define the
time-varying energy functional £ as relative entropy

E(t, pe) = HpelCr—t) = H(t, ) = Hy (52)

With the notation ;¥ = Law (X}), the functional H; evolves with differential calculus by 1t6’s flow of measures introduced
in Definition A.5 associated with Wasserstein gradient flow in Eq. 15:

aHie) = | G ) - ax¥| v 37 (v

, OH

z%(t,vﬁ ~d[XiV,XiV]>} : (53)

where V, V2 are gradient and Hessian operators, and the expectation is taken with respect to the law of semi-martingale
X (.)- Then, the direct application of variation equation in Definition A.5 to entropy H; gives

! 1 9 oy N ~N1T
t 1 QN t
du—i—/ By |5 | V2 | log 2% (/ zuzfdu>
T—u s T—u s
QN t QN t
V | log C®uN du + / E,.. V? | log % ( / zuzfjdu)
T—u s T—u s

where V, V2 denote Euclidean gradient and Hessian operators with respect to the spatial axis, and ||-|| » is Frobenius norm.
The first equality holds as the Wasserstein gradient is identified with spatial gradient of the first variation. Note that first
variation of entropy-type functionals can be directly obtained from Section 8.2 (Santambrogio, 2015).

! 1 ol N
Ht = Hs + / EVN —V IOg & . qu
s N G,

QN
v 1ogc®1;V VYN

t
§H8+/Euﬁ’

1
N

¢ 1
SHS—’_/SEV{LV N

1
N
vVl N

E

|

(54)

F

OH[N |CEN]

o5 (<) =log g (x) — log (77, (x™) + 1, (55)
OH[VN|CEN

V%(u) = Vp,Hal1"] = Vog o7 (x™) — Vog (7% (x™), (56)

V.V, Hi[v] = V2 og o (xV) — VZ log &N (xV). (57)

18



Mean-field Chaos Diffusion Models

For the deterministic log-probabilities log ¢; and log (7, the expectation of martingale terms vanishes
E [Vlog o) $,dW.,,] = EE [V log o} S, dW,|F,] =0
E [-Viog (2N, 8,dW,] = EE [~V log (N, S, dW,|F,] = 0.

For the time-varying diffusion matrix 3J;, quadratic variation can be calculated as
T
N T T\T T T
d[X( X( )] = </ Z(.)Z(,)dt> = /(2(.)2(,)) dt = /(E(.)Z(,))dt, E(.)E(,) € Sym(d). (58)

Let us define X'-valued function G; = sy — V log (7_;. Recall the definition of weighted Sobolev space, and its canonical
norm with respect to multi-index v, recall the definition of the norm on the weighted Sobolev space W, (X N as

1/p 1/p
1600 = ([ 100t ) 45 ([ 102G e ) 59)

where D® stands for higher-order weak partial derivatives at most L degree D®¢ = 9% /0x{* - - - Ox$* defined as:
/uDacpde = (—1)K=lel /@Daude. (60)

With aforementioned notations and definitions for || = 1, p = 2, the right-hand side can be rewritten by the weighted
Sobolev norm.

Hy §H5+/ (/HVloggu Vlog (2N || wo )dViV(XN)> du
[ (1908 — 9 10m G2 s (6 e () ) 1)

t
et [ 19wy, du

with following weight functions wyq, wy:

T T
wo(t,xV) = [VVV||,, wi(t) =E [/ HEtE;FHth} :/ ST dt. (62)
0 0
To simplify the weighted norm to derive Eq. 20, we apply Holder’s inequality to the first term in the last line of Eq. 54.
5 1/2
g2 Lovd| | <ok 1v1gé’“ (63)
lo — <GCo E,n~ |||= 0
\/> —u E \/N E ! N T u E
The constant Cg can be controlled by
1T 1/2
Co=—— /th,dey XN}
0 \/N | 0( t ) t( t )
< |2 |2, 4 B ros 2% X | ]
VN | e
- N 1/2
1 Bt 1 ) N N 1 m¢(T —t)
< —— | sup <—|— supENX + E|Y sup — —_—
VN |tepory \ 2 0c(T —1) ) tepo,m | HE H HE +€[0,T) sz: oc(T —1) (64)
1 CoT N2 N2 1/2
< 7 [CoCae T (1 +BIXY ) + B Y V[0
1/2
_ | CaCee ST + dX) + NM2(2,60)Ca
- X
N>d 1
ROVA+ —=M*(2,00)

2/d
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where we denote by M (r, v) the r-th moment of measure v, and used the fact E||[ YV ||2 = NE|Y|? = NM2(2,¢). The
constants C3, C4 are dependent on the choice of hyperparameters B, and Spax.

Bt 1) Cy= su m¢(T —t)

Cs = sup (+ p —
tejo,r) o¢c(T —1)

< 1. (65)
tejo,r) \ 2 o¢c(T—1)

Applying Holder’s inequality again for the quadratic variation term, we have the following upper bound:

V2 o L S L o2 [10s 20 2
VaN ~ )| Ivaw U, e vy |\ er

T—u F
where C; can be bounded by

1/2
, (66)

] <G Ell,{:’

F F

1223 | pds <

1
Cy = _ T -T min T max 67
! V2N / \f teb[l(l)pT] Mﬁt \/> T )8 Prva) ©7

By using these results, Eq. 61 can be further improved as follows:

H, SHS/HQtHWl,zdt
tq (63)
< Hsq +C0/ E|;v1ogggv VlogC?iNtHEdtJrCl/ ﬁEHVﬂogginVHogg@inHF

By rewriting the inequality above, the proof is complete. O

Remark. Following by the Sobolev embedding theorem (Brezis & Brézis, 2011), it is trivial to observe that the Sobolev
space can be embedded into L®-space, i.e., W — LS, assuring a lower-bound |G| ;s < S||Gt||yy1.2 with numerical
constant S > 0 related to the diameter of Q) x, when one restricts on the open and bounded subset Qxy C X. Since Holder’s
inequality naturally gives another embedding L° — L?, the chain of two embeddings bridges the gap between conventional
score-matching and the proposed MF-SM.

Corollary 3.2. (Sobolev Score Matching) Let |-y, be a norm defined on Sobolev space W2(XN v]N) and M =
M({o) < oo be a second moment of target data instance Y ~ (y. Then, we have the following

Hy (v)) |V log o — Viog ¢EN ||, dt. (69)

sl
Proof. The proof is direct consequence from Theorem 3.1 and the subsequent inequalities:

T
H?S/H%Mwﬁ+ﬂg

T
<C0/ EHVlogggV Vlogcg?NtHEdt—i—Cl/ L]EHv?loggiV—V%ogg‘;‘?ﬁuidt

v N
CoAC
< M/ HgtH%/VL?dt

VN 70)

2)\

2 2 2 r 2
\/» ( \/7 (27 CO) A [ﬁminT(l - T) + T ﬁmax] ) /0 HgtHW12dt

2,
wé@méuamwﬁ

M2(2 CO) N—o0

T
- W/O |V log o — Vlog 2N |7 dt 272 0,
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where we assume 7' = 1.0, d = 3, M? >> B A d in the last line. The relative entropy of an N-particle system approaches
zero when the right-hand side of Eq. 70 also converges to zero. With the fact that H{Y = 0 by the assumptions on initial
states of dWGFs, the proof is complete. O

A.5. Variation Equation in Infinite Particle System

Time-inhomogenous Markov Process for NV-particle System. While the proposed denoising MF VP-SDEs are modeled
as time-inhomogenous Markovian dynamics, this section starts by providing basic materials for further understanding and
analysis of the asymptotic behavior of proposed MF-SDEs/dWGFs. Given the structure of MF-SDEs with joint density
o, the entire N-particle system possesses a Py (X')-valued Markovian property, where its semi-group and infinitesimal
generator are given by:

N
'Ct O ( ) Z'Cigiv(xlv"' axivxi+1a"'XN)(x)a (71)
LioyN =Vp,Eor™ = Vo™ - 0y, VVN — gai s (72)

Note that the Liouville equation in Sec 3.1 representing the probabilistic formulation of MF-SDEs is based on the infinitesimal
generator defined as above. For the function families f, g € Dom(LL), we associate the infinitesimal generator with its
first and second order carré du champ operator (Bakry, 1997) T', Iy defined by

L()(f.9) = 5 (L) (o) — F£g— 9LY F) 3)
D2 ()(f) = 5 (ENT() — 20(, L1 1) (74)

Recall that we say that the diffusion L% for probability measure of time-homogeneous Markov process enjoys the logarithmic
Sobolev inequality: Ta(f) > vI(f, f) for arbitrary v € RT. The goal is to generalize this type of functional inequality to
time-inhomogenous dynamics. For this, consider a diffusion process, which has a infinitesimal generator £; as follows:

LHf =) (00 ap(t)0anf + > vilt, x)0af, (75)

a,b<d a<d
where the infinitesimal generator £} is associated with SDE of following type:
dX} = v(t, X}, v})dt + o(t)dW;. (76)

Let P (x) = E[XY|X = x] be a semi-group related to £ . By direct calculations, first and second-order carré du champ
operators can be estimated as

L(t)(f, f) = oo )OIV £l (77)
Lo(t)(f) = |V |5 = V- T () Vf, (78)
AL (t)(f) = &uloa”|()IVfIE,  f € Dom(Ll), (79)

where J denotes a Jacobian operator. Then, the time-inhomogeneous semigroup P, is said to satisfy log-Sobolev inequality
if Bakry-Emery criterion in Eq. 80 holds for any suitable f:

T2 (0)(7) + 5AT0(f) > T ), (50)

Generalized Logarithmic Sobolev inequality. Under the conditions desribed in Eq. 80, Theorem 3.10 (Collet & Malrieu,
2008) ensures the existence of ®-logarithmic Sobolev inequality.

Ent? (g) < c(t)P; (3"(o)T(1)(g)) . c(t) = / exp (—2 / n(u)du) v, @81)
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where @ : R — R is a smooth convex function and the ®-entropy is given by
Ent?(f) = [ @(f)du— [ fav. (82)

Define LS®[c(t)] with respect to c(¢) in Eq. 81 as the constant related to the generalized ®-log Sobolev inequality. Then the
constant LS® associated with product measure is readily derived using the subsequent result:

Lemma A.6. (Stability under product) (Bakry et al., 2014) If (XN | i1, ﬁi‘N) and (XN, yo, £f’N) satisfy logarithmic
Sobolev inequalities LS®[cy(t)] and LS®[cy(t)] respectively, then the product (XN x XNy @ po, Lo & £2V)
satisfies a logarithmic Sobolev inequality LS® [max(C}(t), C2(t))).

By the result of Lemma A.6, it is straightforward to show that N-product of Gaussian measures in forward noising process
t®N preserve the log-Sobolev constant of its single component (;.

Theorem A.7. (HWI inequality) (Otto & Villani, 2000) Let dv < e~ dx be a probability measure on X, with finite

second moments, such that W € C? (X), V2W = kly, k € R. Then, v satisfies the log-Sobolev inequality with constant
LS(k,0). For any other absolutely continuous measures vy, the following inequality holds:

~ ~ K
H(vol|v) < Wa(vo, v)\/ Z(volv) — §W22<V0, v). (83)
The inequality above equally indicates that
- _ = K
H(vole™™) = H(nle™™) < Wh(vo, 1)/ Z(vole™V) — §W22(Vo, v1). (84)

H, T denotes non-normalized relative entropy and relative Fisher information, respectively.

Remark. It should be emphasized that the functionals described in Theorem A.7 are presented in non-normalized forms
while the N -particle entropy in Eq. 11 is defined as its normalized counterpart. This distinction in notation, while subtle, is
made explicit in the context and is intentionally simplified here for brevity.

Proposition 3.4. The N-particle entropy for infinity cardinality N — oo have upper bound as

M <C2 Cs Cy ) N0, o

HT('LLT) S N j]\JZF(Gv [07TD +HCO = 9F + N3/2

/ d N N1/2

We define numerical constants Co = Csy[Br,Cp,0¢(T)], C3 = C3[D,0¢(T), M, pr,m¢(T)], where each
Br,Cr,0c,D, M(2,¢o), m¢ is independent on the data cardinality N.

(85)

Proof. For any fixed ¢ € [0, T, let us repurpose the stationary density of the time-varying Ornstein-Uhlenbeck process for
VP SDE.
m(x) x e~ Weltx) — o= Z;'V ke % —Ymc(t)”?;, (86)

where we denote r¢ = o %(t). Following direct calculation, one has

VQWC(t,Xj> = relg, V2W<®N(t,XN) = rk¢elng, (87)

Consider (i as a solution to Liouville equation in Eq. 18 for limitation N — oo, and let u?N be a N-product of p;. For any
N € |N|, the normalized variant of HWI inequality in Theorem A.7 shows the following inequality holds for any N

Ney = NH(uf™ [mdx") = NH @ [mdx") < Wo (¥, ™) \/ (v mdxN) — %WQQ(V,{V,M?N) (88)
—_— —— . ,
(4) (B) (A7)
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We first derive the upper bounds of (B) by estimating Z, which stands for the relative fisher information. Assuming
s?N € Ker(G) and Eq. 39, we have

N
01
—-W

2
Z(v) jmdx™) ::/HVlog dvlY
E

e

N
< [IViogoX s + 3 [ 10wl (9)
J

< D(L+[|XN][3) + 462 (E[XN|[S, + NM3(2,Go)m?(1))
<D +4kZ [(14D)[NM?(2,¢o) + NdB7 + Dle® + NM?(2,{o)mE(t)]

As a next step, we investigate the upper bound of 2-Wasserstein distance involved in (A) and (A'). First, we define two
dynamics (X, XN) as

¥ xy = = SN XN ot XY v+ VBB )

dX, = fEN(XN)dt — Beso(t, XN, ud™)dt + /BrdBY.

By using It6’s formula and Burkholder-Davis-Gundy inequality, one can induce that
SN2 T - 2
B [oun X2~ X2 3] <7 [ 078 (0 0) = 5§ XY
T
< swp 52 [ BV XY ) - 55V XY )
t€[0,T) 0
T ) oD
o [ Bl XY ) - VXY
0
T T - )
< 4Tj2 CB/ Wi W, u@N)dt + 2(Cy /\CB)/ E [sup||xgV X,{VHE] dt
0 0 s<t
With the fact that Lip(sg) = Lip(s(;@N ), and applying Gronwall’s Lemma gives
SN2
W ) < s [~ 23
T

< ABTChexp(SHTCa A Ca)) ( [ WRGH if )t

0 92)

T
< a+4BFTCpexp(887(Ca A Cp)) (/ sup Wi (v, ,J;@N)dt>
0

s<t
2
SWE(, u™) < et
Since a > 0 is an arbitrary positive constant. Optimization of the final term is achieved by setting a =

exp(exp(—801(Ca A Cp))) ~ 1 in third inequality and we apply Gronwall’s Lemma again. By rewriting the HWI
inequality in Eq. 88 and setting t = T', we have

Hr(ur) < Hr(vd) + en.

Corollary 3.2

(93)

It is noteworthy that the first term on the right-hand side can be controlled by Corollary 3.2. The error term ey called
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cardinality errors, is determined by aggregating Eq. 92, Eq. 89, being inversely proportional to cardinality N.

1
eN—N

- K¢ 4B2C 2 2 1
AT A 454\/((1 + D)M? + dpp +M2m<(T)) N1/2

D(4r? + eP) 1
) N3/2

+

4HC\/((1 + D)M? + dB3 + M?m2(T)

Cs Cs Cy
~ KCO (N + N1/2 + N3/2

) N2000,  ke(T) =0~ (T),

= — 20105 (’{;ew%CB + \/D + 4r? {(1 + D)[NM2(2,¢y) + NdB2 + D]eP + NM2(2, Co)mE(T)D

(94)

where Cy = Cy[8r,Cgl, C3 = C3[D,M, fr,m¢(T)] and C4 := Cy4[D, M, 7, m¢(T)]. The proof is complete by

rewriting Eq. 93 for e computed above.

O

This section explicates the division of chaotic entropy into K smaller sub-problems, each with a notably low cardinality

Nii<x- The foundation of the proof relies on the strategic use of the HWI inequality.

Proposition 4.1. (Subdivision of Chaotic Entropy) Let N = { Ny} be a set of strictly increasing cardinality, and T = {t}.}
be a partition of the interval [0, T], where k € {0, ..., K}. Under the conditions sy € Ker(G), the chaotic entropy can

be split into K sub-problems.

K C C C C
H x lim o LI B < > )j (Ni, 0, [t t .
() KWZ%[ (Nk+1 e e ) T ey ) D d e el

k1 Neda
The damping ratio b € N, Ny, .1 = bNy, controls the influence of each sub-problem.

95)

Proof. Let us specify the cardinality set as N = {Ny; Ny11 = bNg, k € {1,--- K}, b € N1}, where we set supN = N.

H vy ) — 0K (1, mdxY ) < ey,

Note that the N-particle relative entropy for measure product can be decomposed b copy of the original measure.

Hy ) = H([4)7°)
/ log[oy™*]%® (x4 )d[y*]2® (x e+t / log G+ (Ve [ ] 20 (Ve
=bH([1"*])
The equality can be easily seen by showing that

b
Jrostatpr e = [ (Z log gf’v“(w;‘vkxm“)) )0 (M)

=1

=b loggN’“duN"( Nk),
XNk

and the log-probability with the projected component can be calculated as

/ <Zlog<§?Nf X Nkﬂ)) d[ ] (xV+1) = b / log N (™)™ (x™).
X Nk+1 ‘ XNk
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The above calculations are correct for any subsequent elements Ny, < Niy1 € T and wka x Nkt = (x4, - - ,X(H_l)b) €
XNk, By rewriting Eq. 96, we have

H(Ny, t, vV [mdx™) > “H(Njyo, t,vp  mdx Vo) — ey, (100)

S| =

Let t;, < tx11 be subsequent elements in the partition 7. Combining Eq. 96 and Eq. 70, we can show the following:

1
H(No, to, vn°1¢F™) > bH(Nl,to,Vt()lK@Nl) — €Ny, Eq. 96
(101)
1 Ny MP(2,60) 1
Z EH(N17t17Vf11|c® 1)7 \/W b ||gf||W12 — €N, - Eq 70

Note that the Sobolev norm is taken to the law of temporal marginals for Cauchy sequence (X](C’)N)(N ) at timestamp

t = ty41 with cardinality condition N = Ny, i.e. ytjz . Given the fact ¢, = T', one can show the recursion until
reaching the target cardinality N, — Ng.

k
M2(2,60) & 1 P gy Nk
H(No, 0, 00 |¢EN0Y > H(Nge, T, vN* |¢p) — ——222 § — / 1G] T gt (102)
0o 150 T \/E — b /7Nk+1 ” tlilw

We show that the left-hand side is equal to O by the assumption that the initial states are distributed by standard Gaussian N/,

=0

H(N, 0,10 [¢5Y) = HNEN[L] [NEV[Lg]) =0, VN €N (103)
Combining this result and rearranging the terms on both sides of Eq. 102 yields the inequality

Hvp I ) =H (NK’TVT |¢r)

k
M2(2 o) 1 (104)
< Ik (Ni, 0, [t ter1]) +enpy s -
Vd ;) b/Ni+1
Recall the following fact that the chaotic entropy converges as PoC is guaranteed by.
H(prlGo) = lim H(p 5. (105)
N —o0

To summarize, we have the desired result and complete the proof.

k
M2(2,6) .. = 1 Co Cs Cy
H —=1 TImr (N, 0, [te,t + kO + + . (106)
rlur) o 7m0\ Gy ) Tt 4RO\ 0+ S+ e

O

A.6. Comparison of Variational Equations

With the definition of the non-normalized relative entropy #, we derive the variational equation to the temporal derivative.
Let g, (; be density representations of forward and reverse diffusion dynamics of FR-SDEs. Taking a temporal derivative
(i.e.,0¢) gives the following equality:

Hpolcr) =~ [ Rl + Horlco). (107)
By rearranging both terms above and using the divergence theorem, one can obtain the closed-form of relative entropy as
~ 0'2 T
H(wolCr) = 5 / Ev,~pidx [||Vlog,0t — Vlog C75||2 dt, VP SDE, (Song et al., 2021b). (108)
0
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On the other hand, the proposed Wasserstein variational equation gives the inequality as

HWY Y |Viog o) — Vieg (2N ||, dt, MF-CDMs. (109)

37l

Given the definition above, we detail three notable differences here:

o Impact of Cardinality V. In contrast to conventional score-matching objectives which are incapable of revealing
the impact of data cardinality, our score-matching formula in Eq. 109 derived from Wasserstein variational equation
explicitly shows the detailed association of particle counts.

» Cardinality Adaptive Discrepancy. As can be seen, existing approaches in Eq. 108 based on temporal derivative
overlook the influence of data dimensionality in the estimation of discrepancy. In contrast, the proposed new
variational equation based on the It6-Wentzell-Lions (known as It6’s flow of measures) formula in Eq. 109, effectively
cancels the dimensionality effect. Moreover, the proposed parameterization of the score function endowed with a
reducible structure outlined in the preceding section provides clarity on the architecture’s scalability for an increasing
N, contrasting with the heuristic model choices prevalent in existing architecture modeling.

» Higher-order Information. As a result of the geometric deviation induced by It6-Wentzell-Lions formula, our
methodology adopts the Sobolev norm on W12, It additionally compares the second derivatives of score functions,
applying more stringent constraints to achieve a higher level of accuracy in estimating the discrepancy. Meanwhile,
the computational overhead remains minimal, as the Hessian of the log-probability exhibits utmost constant
complexity. i.e. VZCT ; X crC ~ O(1). This simplicity in computation ensures efficiency in practical applications.

A.7. Particle Branching and Monge-Ampeére equation

The following result shows that the Monge-Ampere equation sheds light on the precise way in which the optimal particle
branching modifies the score function especially when the score networks solve the proposed MF-SM objective optimally.

Proposition A.8. For the optimal parameter profiles 6 = 0* solving the proposed MF-SM objecitve, then we have

110
V log of Ve tVk (xNk) W1 < ¢ < b e NT. (110)

Ny.,bN (0" 0%\ (4 Nk
10g9®Nk( Nk): {VIOgQ (@ )( *) 4+ Vlogdet(J ®*)(x"*),
For the affine transforms ®°(x) = Fgx + ¢g with any neural parameters Fy € GL(d) and ¢g € R?, the gradient of
log-determinant vanishes (i.e., Vlogdet(J ®) = 0) almost every where [V}\*].

Proof. Assume the scenario that the branching ratio is b = 2, where the number of particle is doubled after branching.
Considering the necessity for the push-forward mapping to be optimal, in the case of optimal parameter 6*, which solves the
problem (P2), one has a representation as follows for arbitrary M, N satisfying N, < bN, < N.

(Idb—l ® \I/O*)#ngk _ Vt®ka‘ (111)

Following by Brenier’s theorem on optimal transport mapping, there exists a convex ¢ such that V¢ optimally transports
M to Q@ (Vfb)#ut = ut =Nk " On the other hand, the optimal particle branching function needs to assure the
following equahty.
O v)Mk = Vet (@) Ve = (112)
Whenever we can specify <I>f; = V¢ almost everywhere, we have the second-order partial differential equation, so-called
Monge-Ampere equation as following:

02Nk = oMK (@07 )det (T DY),  Viog 0PNt (xNE) = Viog o) MK (997) + Viegdet (T %) (113)

The result is a restatement of the above equality. For the affine transformation ®?(x) = Fyx + ¢y with neural parameters
Fy € GL(d) and ¢y € R, it is trivial that logdet > 0 is a positive constant and the result follows. O
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A.8. Chaotic Convergence of dWGFs

This section provides comprehensive proofs for two concentration results presented in Sec 4.1.

Theorem 4.2. (Concentration of Chaotic Dynamics) For the constant | < k dependent on the Log-Sobolev constant k
and ) < R dependent on radius of convolution, we have

P [H@MN |u@M) > s] <2 0(e=") - O (exp|—Mf(k)e? — Mi(x)b(R)]) . (114)

Remark. Since the proof is a direct modification of results in (Bolley et al., 2007; Bolley, 2010), for the sake of simplicity,
we only provide the modified descriptions, where the details can be found in the literature.

Proof. We first assume N > M and define the deviation between two vector-fields for N- and M -particle systems:
M 56V, = sy N (t, -, ) — sp(t, -, vM), where s denotes the first M-components of s, among N components.
By Girsanov theorem (@ksendal & @ksendal, 2003) and induced exchangeability due to the fact that sy is reducible, the
Radon-Nikodym derivative can be represented as

duf

M
1 i 1 in2 .
Y = exp (Jt 2 : o SV dW, — ﬁ||6vs ||Eds> , 1<i<M, (115)

where 0V}’ is the i-th component of 6V, Wy is V[I(\)/I ) ~adapted Brownian motion, and thus dvl Jdv} is utM N_martingale.

Assuming (20;)~! < D,, for numerical constant D,,, the definition of normalized entropy gives following:

HEMY) = LR i’ |- 5V?
(W ") = 7B MV | = 2M ZH I%:|
t (116)
1 1
- 7/ E,u [H(Wtﬁg] ds < Do/ E,pr [[8Vily] ds <Dy sup e [[0Vill3],
2Jor Tt Lo 1] tefo,1] '
where the last equality is induced by the exchangeability of the system. Let us define two empirical projections ﬁtj\ 1N as oM
follows:
LM
SMN
pt =g ZéXT,N, oM = i Z‘SX’" (117)

For the d-dimensional Euclidean ball B}, = B(x, R) of radius R centered at x, we consider the truncated measures as
follows:

XBXJ M Vt (dX) ) ) XB)éj,]\/I I/Z’M(dy)

XIH N R (dx) = e Y~ MR (dy) = i#j<M<N. (118)
R

3

VMBS

and we define an empirical measure for truncated representations above:
AM N,R . ~M.R |
D = MZaij, MR MZaYLR (119)

Next, our objective is to demonstrate the probability inequality concerning the Euclidean norm of the deviation §V; for any
givent € [0,T):

[ 2
P [D,E, v |6Vi]1% > g} <P DB,y [H[Bg i M N] — [By 5 th]M > 5}

—P|MD, ZELM[HBQ*M N)(XIM) — [By %5 ] ](XZM>HE}ZE] (120)

< P CBspWRGI 5 2 | = P [CRWRGI oy 2 €]
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where we define the index [ that gives the maximal Wasserstein distance and scale the constant C% = D,Cjp. It is worth

noting that the term in the last line of Eq 120 contains randomness since these two representations l/iw MR and VM R are

empirical projections defined in the space P(P2(R?)). Setting e = £(C%) L, there exist constants ag, a1, aa > 0 such
that the following can be obtained by triangle inequality of 2-Wasserstein distance and the Lipschitzness assumption on
(H2).

P [CEWM T, 7)) 2 €]

<P [WEE N ) - RPN ) £ WEWEY v M) WEM M) WE M 5 ) > e
< IP’[WQQ( pMANR Ny L2 (B MR MUY > o1 g (6% — EY|)R? exp(—aoR?) — 4oy exp(ag)}

<P [Wg(AM MR VPN > ag — 2(1% — EY|)R? exp(—apR?) — 4o exp(ag)]

PR [R5 > (1 ag) — 2(€% ~ E¥) R exp(~ao )]
(121)

where we define a bounded second moment of empirical measures as follows:
E* = EXNWMN exp(a0||x|\]25) <oo, &Y= Eywygu exp(a0||y\|2E) < 0. (122)

Note that (H6) assures the boundness of the above terms. Following the analogous calculation in prior proofs with the
Lipschitz constraints of sy, invoking the Burkholder-Davis-Gundy inequality leads to the following result, where those
constants «; and « are dependent on Cp, Cp and ;.

2/ 3,N _i,M . 7,N i, M 2
WQ(Vt )Vt ) Sbng Xt _Xt E S al(ﬁtaCAaCBaDU)eXp(O‘Q(ﬁhCA7CB7DO')T)' (123)

Consider the compact subset lying in Polish space Br C X and its corresponding probability space A C P(Bgr). Exercise
6.2.19 (Dembo & Zeitouni, 2009) has shown that the following probability inequality holds;

P} e A1 < M(A',8") exp (—M Alni HA ) MR)) , (124)
voe

where M(A*, §") stands for the metric entropy, referring to the smallest number of §’-Wasserstein balls (for the A, metric)
that are necessary to cover the subset .A. Similarly, we have

PoMNE e A7) < M(A2, ) exp (M inf  H(A|v) NR)) , J<M (125)

vACAZ,
For the purpose of deriving the upper bound of Wasserstein distance, we specify the Wasserstein subspace A! and A2 as
Al = {V € PBE); W2 (v, oM R) > (1 — ag) — 2(/€ — £Y|) R? exp(faoRz)} C PBY), (126)
A? = {V € P(BY ); W2 (v, v NRY S eay — 2(16% — EY|)R? exp(—aoR?) — 4oy exp(ozg)} CPBY), (127
AL ={v e PBG); WAL v) <8}, A% ={vePBY);Wi(A%v) <}, (128)

where {A§, }4=1,2 stands for the §’-thickening of A§,. We cover the subspace A with Wasserstein balls of radius ¢’/2 in
Ws metric. As the probability measure VZ N also satisfies Talagrand’s inequality with the same constant as l/g M we take
infimum on A§, to derive
H(v|p M) > 5 WE(v, ™) — azR? exp(—aoR?)
(129)
(["(1 = ag) — 2(|&* — EY|)R? exp(—aoR?) — &' v 0)2 — azR? exp(—aoR?).

>
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To get a last line, we first show that there exist constants ca, c3 depending on cg, ¢1 such that the following inequality holds
for the arbitrary cg, c; € R:
(cox +c19)? >0 +— (z—y)? > (1 —co)x? — ez (130)

Following with above relation with setting ¢’ = aze”

K(t,0)(1 — ag)(1 — ap — a3)*(e")?/2 — K(t, 0)as R* exp(—2aoR?)

< KO;’ %) (["(1 = ag) — 2(|&* — EY|)R* exp(—aoR?) — &' v O)2 , (131)

Assuming ln(l / Rz) /R < ay, and rescaling numerical terms, we have
H(w|vp ™) > k(t, 0)ao(e')? — K(t,0)az R* exp(—2a9R?). (132)

Since ut"N enjoys an identical constant for Talagrand’s inequality compared to u,f "V the lower-bound of ’;Q(V|1/§ ’R) for the
subset .A? can be obtained:

t,0
H(w|vp My > % (["ao — 2(]&* — EY|)R? exp(—aoR?) — day exp(as) — §'] v 0)2 — azR? exp(—aoR?).
(133)
As similar to above, we apply the inequality in Eq. 130 twice to get constants as, ag such that following relation holds:

K(t,0)(1 — as)(ag — a3)(€”)?/2 — K(t, 0)ag (R* exp(—2agR?) + exp 202 + R? exp(—aoR? + az))
t,0)

(

< ([6 ap — 2(|E* — EY|)R? exp(faoRQ) — 4oy exp(az) — 8| v 0)2 . (134)

For some o and o, we rescale numerical constants in the inequality to have:

H(w|yp™ ") > k(t, 0)ar1e? — k(t, 0)ay R exp(—2a0R?) — ab. (135)

Following by the Theorem A.1. (Bolley, 2010), the metric entropy for the subset .A* can be bounded for some numerical
constants by

2(b0 %)’ (002552 y
M(A', &) < M(Py(BR), &) < (bff) - (bORCB> ~ 0™, (136)

a3

where we set the radius of Wasserstein ball ' = ai3e”. By collecting Eq. 135 and Eq. 136, we have

P [W%(ﬁtMN BOpINBY > gy — 2(16% — EY|)R? exp(—aoR?) — 4oy exp(ag)} (137)
boRCp 2(b0 ") 2 I pa 2 /
< - exp(—MEk(t,0)a1€* — Mk(t, 0)ay R exp(—2aoR?) — o) (138)
3
2 0(e )O(exp(—Mjf [£2])). (139)

With a similar calculation as done above, one can obtain
[WQ(VZ MR pMRY S 11 ) — 2(|E% — EY|)R? exp(faoR2)}
= C’)(s_efd)(’)(exp(—Mf [52 + R exp(—RQ)])). (140)
Combining Eq. 137 and Eq. 140 with Eq. 121 gives the desired outcome:
P [CEWE (N oMY > 6| 307 - O [exp(—Mfe® — Mfh(R))] . (141)

Given the fact that the above relation holds for all ¢ € [0,7" = 1], the proof is complete as we take the limitation with
N — oo. O
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Theorem 4.3. (Concentration of MF-SM). Let XY be a solution to MF-SDE (for dWGFs) for the set of particles. Then,
for any e € (0, 1), the following is true:

2
P (|EF(XY) — Tur(N = 1,0, poz)| = €) < exp (%f(n)2 {NN —Coy/(1+ N<q+4>/2q)} ) . (142)

where | = §(k) = supcpo,7[c(t,0) V k(t,0)], and the log-Sobolev constant of time-inhomogeneous dynamics c :
[0,T] x © — R is defined as

Bt Bt
t t ==4 for 6 =0,
c(t,8) = /0 exp (—2/ fi(u,@)du) dv, k(t,0) = 2 Ug(t) (143)

fg +9a+7B forf #6*.

N
The neural parameter 0* of score networks ensures vanishing N -particle relative entropy H?ﬁ lo=g~ = 0 forallt € [0,T].
In other means, it follows that sy = V(X _, almost surely [V[jg T]}.

Remark. Note that in the main manuscript, we omitted the curvature effect by replacing \ /sup,c(o 1 c(t,0) = K(k) to
only emphasize the connection towards HWI inequality in the estimation of MF-SM. However, the full description specifies

the explicit effect of the Bakry-Emery curvature condition, showing that the designing factor of VP-SDE (e.g-, B0, B1)
controls convergent behavior of our N -particle system towards mean-field limit ;.

Proof. We provide an analysis of adapting the VP SDE (Song et al., 2021c) to an N-particle mean-field system. Through
the adoption of VP SDE, the original drift term ft®N in our denoising WGF is characterized by substituting with the

corresponding drift term in MF-VP SDE, i.e., —V {ﬁt %N Hz / 4} = f&N Hence, the vector fields VV of potential V for
N -particle system can be represented as follows:

2
B[ .
vV, xN) = -V tH4HE — Belog ¢¥N,(xN),  for 0 = 07, (144)

Bullx I

vV, xN vy = -V I

—A(t,xN) — [B g, ) ](xV), for # 6" (145)

It is noteworthy that 6* is the parameter profile that can be obtained from perfect score matching where the proposed score
networks optimally approximate the score function, i.e., sg» = V log {7—_;. The constant 8; = Bin + t(Bmax — Bmin) 1S
defined as a linear function on ¢ for the pre-defined fixed hyperparameters (Bumin, Omax ). Note that 5, is non-decreasing over

t and Supte[O’T] Bt = ﬁT.
Recall that

G=N(me(t)Y;02(t)1a), ViegPN(xV) = ———(x" —m(t)Y"). (146)

where YV ~ ((?N stands for the N-copies of target data instance and the scalar mean and variance are given as
me(t) = e 2 JoPeds | g2() =1 — ¢~ Jo Pods, (147)

Taking Hessian operator to V1 we have

Bt Bt for O — 0"
2T em-n T

k(t,0) =J(VVH = V2V = ¢ (148)
—§+7A+VB for 6 # 6.
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Following by Eq. 77, we compute the carré du champ operators as

Lt)(f. f) = BVl (149)

v2 |13 2+ + VF|2, ford +#6*
() (f) = H 2f||F —Bi/ YA ’YB)H flz , or 0 # ) (150)
AT ()(f) = OBV F |7 %BmaXIIVfIIE- (151)
Recall the Bakry-Emery criterion in Eq. 80:
1
L2(6)(f) + 50 (O)(f) 2 cOT()(f)- (152)
Utilizing the estimations from Eq. 149 to Eq. 151 gives
92 1 9 p112 9 4112
9242 + B 92412 2 e, 0] 92 (13

This concludes that x(t,0) = (8:/2 + ya + ) if 6 # 6* and x(t) = 5:(1/2 + 1/02(15)) if 0 = 6.

Once we determine the curvature estimation for time ¢ and 6, the next step is to derive concentration inequality from
®-log Sobolev inequality. Let Piv " be the dual semi-group of P for the N-particle denoising MF-SDEs, which can be
represented as

XN ~ N = PN dcEY, (154)

For the action of dual semigroup onto (fi’ i\;, ®-log Sobolev inequality in Eq. 81 can be modified as

EntPN “dep (g) ()P (®"(g)T(t)(g)), c(t) = /o exp (—Q/U /@(u)du) dv. (155)

Setting ®(g) = g% and g = f? = exp(uF) with the function F; == ||G¢||3, + ||Vgt||F (F; : XN — R) that haves Lipschitz
constant Lip(F’), we obtain

Enty, (9) < 2¢(t)E, [T (t)(9)] < 2Slip[ﬁt0(t)]Ey,{v[HVQHQE]- (156)

By definition of I", we have

=Y VB> VBidigdig = BilVal% (157)
7 1

Replacing g = f2 gives
2
Ent (£2) < 2sup[Bie(t)]E, x (|| V1] ] (158)

To estimate the right-hand side, we show that

’LL2

SV = Eux [FIVFIGeT] < S Lip* (F)E, o [£2) (159)

On the other hand, the ®-entropy with respect to measure v, can be directly calculated as

2
Enty (f%) = uFE, v [f*] — E,x[f*]log E,x~[f?] < sup[rc(t)] %LipZ(F)Eugv 2], (160)

where the right-hand side is induced from Eq. 159. Now, we consider log-expectation to extract the expectation of F in the
summation.

usup, [Btc(t)]Lip2 (F) .

5 (161)

sogBy [P =B ()4 [0 (B0 du< B () +
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The inequality comes from the fact that

O (L, (7 < SO’ () _ rsupfe)Lip? (F) 162
u 2 2
We multiply u and subsequently take exponential on both sides of Eq. 161, and the exponential inequality follows.
E,~[exp(uF)] < exp (uEygv [F] 4 Br sup|c(t)]Lip? (F)/Z) . (163)
' t
As a direct application of Chebyshev’s inequality, we see that
P (\F(Xf’) —-E,~F(X})| > a) < 2exp <—us + Br sup[c(t)]Lin(F)s2/2> : (164)
t
By selecting an optimal variable u, we finally have
_ 2
IP(FXN B~ F(XY >E><2ex< ° ) 165
[F(X4) N (X = > p QﬁTsuptc(t)Lipz(F) (165)

Given that the particles are exchangeable by the result of Proposition A.2, one can demonstrate that with a probability of at
least 1 — ¢, we have

[F(XY) ~E,xF(XY)| > \/26T sup e(t)L2 log(2/¢), (166)
¢ t

forany 1 < j5 < N and F € Lip(L,xA"). Let us decompose F into reducible components as F(XY) =

(1/N) Z F (XYY, Since one can see that L = (1/v/N)Lip(F), exchangeability of particles gives

N N —52N
P |F(XM) VJNZFXZ >e §2exp< — ) Vj<N. (167)
27 sup, c(t)Lip~(F)

Note that the reducibility of score networks assures that F/(X1) := F(XY, ) = ||G«(X], v/} H?; + || TG (XN, Y H?

and P(X;) = PO, 0Y) = || quxi, o) H + o= o) H with relation F(XY) = (1/N) 2N F(XIN).

Given the definition of canonical projection 7 (xV') = x;, we define an empirical measure as 27" (dx) == + va Oi XN -

Then, the triangle inequality naturally gives the following results: /
EDtNF<'7 ﬁtN) - ENtF_‘(.7ﬂt) <

< Lip(FYWa (), i) + 4d(v)* W3 (97", jur)

s 5) = By P, 00|+ B P Y) = B P )|

(168)
< O (4d(v})? + Lip(F)) 4| ([ —os + ——
= B N1/2 " N(a—-2)/q )’
where the second inequality is induced from the fact that
1 _ _
[l 22 = (Flog o] < Tin(F) s (s ) KF0) = (ol
! F/Lip \Lip(F) ‘ (169)
< Lip(F)Wi (9, jue) < Lip(F)YW3 (0}, ),
and one can calculate the bounded Jacobian of score networks as
[T [s0(t, Xs, 1) — s0(t, X, 7 ]HF < 2lvpLaly = 2d(v5)%, Xy ~ g, (170)

The asymptotic upper-bound in the last line of Eq. 168 can be derived from the result explored in Theorem 1 (Fournier &
Guillin, 2015) associated with numerical constant C”. By combining the results, we finally have

- [e\/ﬁ —C" (4d(vp)* + 1) \/(1 + N<—q+4>/2q)] ’
27 sup, c(t)L?

P (|EF(XY) = Epp F(Xi)| 2 €) < 2exp (171)
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Since the expectation of F' with respect to measure ji; can be represented as squared W1:2-Sobolev norm, i.e., IEl,fNF =

||gt|\§v By rephrasing the result above with numerical constants Cs = C” (4d(v;)? + L), C¢ = 287L? and §(k) =
sup,[e(t) V k(t, 8)], we bring the proof to completion, revealing the concentration property of our mean-field score matching
objective. O

Table 4. Hyperparameters according to cardinality in data instances.

Hyperparameters | N=10° N=10" N=2x10" N =10°
Learning Rate 1.0e73 1.0e74
(VP SDE) 07 = Bt, Bt = Bin + t(Bmax — Bmin);  Bmax = 20.0, Bnin = 0.1

(Diffusion Steps) K {1,---,300}, |K|=300

(Branching Ratio) b 2

(Branching Steps) K’ | {100,200} {50,100, 150, 200} {50, 100, 150, 200, 250}

(Initial Cardinality) {No} 250 625 1250 3125

(Interaction Degree) k 10 3 3 3

A.9. Implementation Details, Training and Sampling of MF-CDMs

Hyperparameters. Across all experiments, our MF-CDMs are configured to perform a total of 300 diffusion steps
(/K| = 300) in the denoising path. This includes particle branching at selected sub-steps within the subset K’ C K, adhering
to a branching ratio of b = 2. The radius R of the convolution is determined by the average distance between each particle
and its proximate k interacting particles, calculated at every iteration during the training process. In the inference time, we
utilized the radius calculated latest training iteration. Table 4 summarizes detailed specifications of hyperparameters.

Figure 7. Additional Qualitative Results on MedShapeNet Dataset. We display reconstructed 3D shapes Spine L3 vertebra and Colon
in MedShapeNet dataset which comprise 2.0e™ points.

Example: Sampling of MF-CDMs on MedShapeNet. In the experiments targeting a cardinality of 2.0e*? on Med-
ShapeNet, we initiate by simulating denoising particle paths starting from a lower cardinality of Ny = 1.25¢+3, proceeding
until the first branching steps at {50} € K’/K'. In the branching step, we apply a point branching function to the simulated
particles, which increases to twice the number of particle profiles, Nigocx: = 2.5¢T3. The following diagram provides an
overview of how the branching operation increases cardinality during the denoising process:

Branching Branching
No = -+ = Nager/w ——— Nsoex —= -+ = Noger/rr —_—* Nooex' = -~ = Niag

Card: 1.25¢+3 Card: 2.5¢+3 Card: 5.0e*3

Branching Branching
o Nisoex’ = - = Nigger/w —_— Noooew = -+ = Naggerywr - (172)

Card:1.0et4 Card:2.0et4

Sec A.9.2 provides a detailed algorithmic procedure.
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Datasets. This paper utilizes ShapeNet, a widely recognized dataset comprising a vast collection of 3D object models across
multiple categories, and MedShapeNet, a curated collection of medical shape data designed for advanced imaging analysis.

1. ShapeNet. (Chang et al., 2015) We adhered to the standard protocol suggested by (Yang et al., 2019) for preprocessing
(e.g., random shuffling, normalization) point-sets from 3D shapes, but adjusted the number of points to 10, 000, which

is approximately five times larger than the standard setup. All categories were utilized in our experiments.

2. MedShapeNet. (Li et al., 2023) This dataset contains nearly 100, 000 medical shapes, including bones, organs, vessels,
muscles, etc., as well as surgical instruments. Our data preprocessing pipeline involves randomizing the arrangement of
nodes and selecting a subset of 20, 000 points to form a standardized 3D point cloud. Considering the segmentation of
each organ shape into smaller and incomplete parts in the dataset, we focused on utilizing only 1, 000 fully aggregated
instances within the dataset. We applied uniform normalization and resized each shape to align within a predefined

cubic space of [—1,1]* C R3, facilitating comparative and computational analyses.

Neural Network Architectures. In the experiment on a synthetic dataset, we utilized the similar architecture suggested in
DPM (Luo & Hu, 2021) for both functions Ay and By. In modeling mean-field interaction, we incorporated a local particle
association module, akin to the one used in DCGNN (Wang et al., 2019b). This module dynamically pools particles with
close geometric proximity during the inference. All experiments were conducted using a setup of 4 NVIDIA A100 GPUs.

A.9.1. TRAINING MEAN-FIELD CHAOTIC DIFFUSION MODELS

This section aims to present the algorithmic implementation of mean-field score matching and training procedure with
objective (P3). We train our score networks based on a mean-field score objective, incorporating the Sobolev norm and

reducible network structures. The training procedure is comprehensively outlined in the following three steps.

Step I Initialization. Consider an index set K = {0, - - - , K'} for the discrete simulation of SDEs, and its subset
K’ C K for particle branching steps. This operation is selectively applied to steps k € K’ out of the entire
sequence of diffusion steps, K. For simplicity, let us denote ¢; := N (m¢(t), 0Z(t)I4), where Gaussian
parameters are selected from Appendix C (Song et al., 2021a). Then, we sample B i.i.d particles having

form of

a 1rorm o Yb7Nk o Vk K/

Vty NY? = ZkN ™~ Sty 7b L € ) N (173)
LYY~ (1A% @ U0 [¢2NF], VE e K\ K.

Consequently, the cardinality of particles changes with each diffusion step k. Specifically, if k& belongs to
the set for particle branching, Card (v, ) = Nj1; Otherwise, it remains at Card (v, ) = Nj.

Step Il  Estimation of Sobolev Norm. We first define the discretization of progressively measurable process G?
with respect to Yfk and its Jacobian as follows:

®Card(v¢ ®Card(v,
g8 =g ) (1 Y 1y,) — Vieg (RO (yh (174)
®Card (v, ®Card (v
TG = T O (1, YP 1) — V2 log Gaonr ) (v ), (175)

where each term A?N * and By for score networks sév * is estimated by the Table A.9.2, Step II. Note that
Card(v;, ) denotes the cardinality of sampled particles.

Step I[II Update Network Parameters. For the calculated estimations above, we update the networks by MF-SM
with respect to the subdivision of chaotic entropy, (P3) in Eq. 28:

1 B
0 +— 9—%%22

b keK

1 2 2
EACARIECARR a76)
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A.9.2. SAMPLING SCHEME FOR MEAN-FIELD CHAOS DIFFUSION MODELS

To sample the denoising dynamics, this work proposes a modified Euler scheme, adapted for mean-field interacting particle
systems (Bossy & Talay, 1997; dos Reis et al., 2022), and approximate the stochastic differential equations in the mean-field
limit. The proposed scheme involves a four-step sampling procedure.

Step I Initialization. Consider an index set K = {0, - - - , K'} for the discrete simulation of SDEs, and its subset
K’ C K for particle branching steps. In the initial step k¥ = 0, the probability measure gtév 0dxNe is set
to Ng-product of standard Gaussian density, i.e., N ®No (Inya)- For the steps k > 0, we sample i.i.d B
particles from the branched probability measure obtained in the previous step: {Xi’ ];Nk o< ~ gé\;’“ dxNe

StepII  Estimation of Vector fields. Given sampled (/N d)-dimensional B vectors in the previous step, we
estimate the vector fields in this step. Recall that the vector fields are given as VVV (¢, x, }; 0) ==
N (x) — 6?sp(t, %, ;). Given the definition of MF VP-SDE where (SBmax, Bmin) = (20, 0.1), we have

t®Nk (Xb Nk) = ﬁt Xb Nku Bt = Bmin + t(ﬁmax - 6min)> b < B. (177)

To estimate Ay, we adhere to the definition of a reducible architecture explored in Sec A.3, namely, the
concatenation of equi-weighted, identical networks.

AP (), XPk) = [Ae(tk,x‘;,f’f\’k), o g (b, XN T ¢ Nk (178)

Ny,

The mean-field interaction is formally redefined in the following manner: it involves the projection of the
a7j8 i Nk _ &Nk b,i,Ny .
probability measure as 7l v, = v, ~ {X0TF b pe

1

T
=¥ (B oy, Brmgll] (XEM). a79)

(1B v, (X5 =

With the finite cut-off radius R, we consider Euclidean balls to define truncated convolution:

Br =By {y,d2 (y, b’N’“)gR}. (180)

Given definition above, each component in Eq. 179 is given by

7 b,i,N,
[Be * VBR](Xt]: k

> | BN - Xi NN @) as

k_l#y Br

Step Il  Applying Euler Schemes. Having collected estimated terms from the previous step, we apply the Euler
scheme to have particle simulation of dWGFs accordingly.

XoNe = XPNe L VN (¢, X0NE L NE 9) A, 4+ /B ABYF, b < B, (182)

th+1

where A, B* = B)* — BNt~ N[AIun, .

tr—1

Step IV Particle Branching. In the final step, we apply the particle branching operation to enhance the cardinality.
This operation is selectively applied to steps k& € K’ out of the entire sequence of diffusion steps, K.

(XPEOTINE g (X BNy o xR (1g®0 L@ U, )ulolt] = opttdxNer. (183)

When branching particles, the cardinality grows as Niy; = bNN, and the entire sampling scheme is
repeated until reaching the final step & — K.
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