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ABSTRACT

Incorporating prior knowledge or specifications of input-output relationships into
machine learning models has gained significant attention, as it enhances general-
ization from limited data and leads to conforming outputs. However, most exist-
ing approaches use soft constraints by penalizing violations through regulariza-
tion, which offers no guarantee of constraint satisfaction—an essential require-
ment in safety-critical applications. On the other hand, imposing hard constraints
on neural networks may hinder their representational power, adversely affecting
performance. To address this, we propose HardNet, a practical framework for
constructing neural networks that inherently satisfy hard constraints without sacri-
ficing model capacity. Specifically, we encode affine and convex hard constraints,
dependent on both inputs and outputs, by appending a differentiable projection
layer to the network’s output. This architecture allows unconstrained optimization
of the network parameters using standard algorithms while ensuring constraint
satisfaction by construction. Furthermore, we show that HardNet retains the uni-
versal approximation capabilities of neural networks. We demonstrate the versa-
tility and effectiveness of HardNet across various applications: fitting functions
under constraints, learning optimization solvers, optimizing control policies in
safety-critical systems, and learning safe decision logic for aircraft systems.

1 INTRODUCTION

Neural networks are widely adopted for their generalization capabilities and their ability to model
highly non-linear functions in high-dimensional spaces. With their increasing proliferation, it has
become more important to be able to impose constraints on neural networks in many applications.
By incorporating domain knowledge about input-output relationships into neural networks through
constraints, we can enhance their generalization abilities, particularly when the available data is
limited (Pathak et al., 2015} |Oktay et al., |2017 [Raissi et al.l 2019). These constraints introduce
inductive biases that can guide the model’s learning process toward plausible solutions that adhere to
known properties of the problem domain, potentially reducing overfitting to limited data. As a result,
neural networks can more effectively capture underlying patterns and make accurate predictions on
unseen data, despite the scarcity of training examples.

Moreover, adherence to specific requirements is critical in many practical applications. For instance,
in robotics, this could translate to imposing collision avoidance or pose manifold constraints (Ding
& Fan| 2014; Wang & Yan, 2023; Ryu et al.| 2022; |Huang et al.| 2022). In geometric learning, this
could mean imposing a manifold constraint (Lin & Zhal 2008} |Simeonov et al., [2022). In financial
risk-management scenarios, violating constraints on the solvency of the portfolio can lead to large
fines (McNelil et al., [2015). By enforcing the neural network outputs to satisfy these non-negotiable
rules (i.e., hard constraints), we can make the models more reliable, interpretable, and aligned with
the underlying problem structure.

However, introducing hard constraints can potentially limit a neural network’s expressive power. To
illustrate this point, consider a constraint that requires the model’s output to be less than 1. One
could simply restrict the model to always output a constant value less than 1, which ensures the
constraint satisfaction but obviously limits the model capacity drastically. This raises the question:

Can we enforce hard constraints on neural networks without losing their expressive power?

The model capacity of neural networks is often explained through the universal approximation the-
orem, which shows that a neural network can approximate any continuous function given a suffi-
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ciently wide/deep architecture. Demonstrating that this theorem still holds under hard constraints is
essential to understanding the trade-off between constraint satisfaction and model capacity.

Contributions We tackle the problem of enforcing hard constraints on neural networks by

* Presenting a practical framework called HardNet (short for hard-constrained neural net) for
constructing neural networks that satisfy input-dependent affine/convex constraints by construc-
tion. HardNet allows for unconstrained optimization of the networks’ parameters with standard
algorithms.

* Proving a universal approximation theorem for our method, showing that despite enforcing
the hard constraints, our construction retains the expressive power of neural networks.

* Demonstrating the utility of our method on a variety of scenarios where it’s critical to satisfy
hard constraints — learning optimization solvers, optimizing control policies in safety-critical
systems, and learning safe decision logic for aircraft systems.

* Outlining a survey of the literature on constructing neural networks that satisfy hard constraints.

2 RELATED WORK

Neural Networks with Soft Constraints Early directions focused on implementing data augmen-
tation or domain randomization methods to structure the dataset to satisfy the necessary constraints
before training the neural network. However, this does not guarantee constraint satisfaction for
arbitrary inputs (especially those far from the training distribution), and the output often violates
the constraints marginally on in-distribution inputs as well. Other initial directions focused on in-
troducing the constraints as soft penalties (Méarquez-Neila et all, 2017 [Dener et all, [2020) to the
cost function of the neural network along with Lagrange multipliers as hyperparameters. [Raissi
let al.| (2019); [Li et al| (2024) leveraged this idea in their work on physics-informed neural networks
(PINNGs) to enforce that the output satisfies a given differential equation.

Neural Networks with Hard Constraints Some of the conventional neural network components
can already enforce specific types of hard constraints. For instance, sigmoids can impose lower and
upper bounds, softmax layers help enforce simplex constraints, and ReLU layers are projections
onto the positive orthant. The convolution layer in ConvNets encodes a translational equivariance
constraint which led to significant improvements in empirical performance. Learning new equivari-
ances and inductive biases that accelerate learning for specific tasks is an active area of research.

Recent work has explored new architectures to (asymptotically) impose various hard constraints by
either finding certain parameterizations of feasible sets or incorporating differentiable projection
layers into neural networks, as summarized in Table|[T] [Frerix et al](2020) addressed homogeneous
linear inequality constraints by embedding a parameterization of the feasible set in a neural network
layer. LinSATNet enforces positive linear constraints by extending the Sinkhorn
algorithm that iteratively adjusts the output toward the feasible set. Similarly, [Huang et al.| (2021
proposed a differentiable projection method that refines outputs iteratively to satisfy general linear
constraints. However, these iterative approaches do not guarantee constraint satisfaction within a
fixed number of iterations, limiting their reliability in practice.

Beyond the affine constraints, RAYEN (Tordesillas et all, [2023)) and [Konstantinov & Utkin| (2023))
enforce certain convex constraints by parameterizing the feasible set such that the neural network
output represents a translation from an interior point of the convex feasible region. However, these
methods are limited to constraints that depend solely on the output and not on the input. Extending
these methods to input-dependent constraints is challenging because it requires finding different
parameterizations for each input, such as determining a new interior point for every feasible set.

Another line of work considers hard constraints that depend on both input and output.
proposed the POLICE framework for enforcing the output to be an affine function
of the input in certain regions of the input space by reformulating the neural networks as continuous
piecewise affine mappings. KKT-hPINN enforces more general affine equality
constraints by projecting the output to the feasible set where the projection is computed using the
KKT conditions of the constraints. However, these affine equality constraints are too restrictive.
DC3 (Donti et al, 2021b) is a framework for more general nonlinear constraints that reduces the
violations of inequality constraints through gradient-based methods over the manifold where equal-
ity constraints are satisfied. However, its constraint satisfaction is not guaranteed in general and is
largely affected by the number of gradient steps and the step size, which require fine-tuning.
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Table 1: Comparison of methods enforcing hard constraints on neural networks for the target func-
tion y = f(x) € R™. The baselines above the solid midline consider constraints that only depend
on the output. For computation, F and B indicate forward and backward passes, respectively.

Method Constraint Satisfaction Computation Umvgrsal
Guarantee Approximator
Frerix et al.|(2020) Ay <0 Always FEB: Closed-Form  Unknown
77777 LinSATNet | Ayy <b1,Asy >be,Cy=d . 7
(Wang et al.| 2023} (y c [0’ 1]m, Au b, Crd > 0) Asymptotic F,B: Iterative Unknown
"~ " RAYEN | y € C(C: linear,
(Tordesillas et al.| 2023) quadratic, SOC, LMI) Always  EB: Closed-Form Unknown
__ _ Soft-Constrained | ____ _ Any No _ EB:Closed-Form = Yes
POLICE =Az+bVreR Al EB: Closed-Form Unknown
(Balestriero & LeCun|2023)| ¥ = 4% z ways »b: Llosed-ro ow
) KKT-hPINN 1~ " Az+By=bv T
(Chen et al.}[2024) (# constraints < noy) Always EB: Closed-Form  Unknown
T DC3 I NN .~ Asymptotic  _, . .
_ onietallpoaity | W S0 =0 porfinearg, p, PPt Unknown
HardNet-Aff Alw)y < b(x)., Cla)y = d(x) Always F,B: Closed-Form Yes
,,,,,,,,,,,,,,,, (#constraints < mow) 7T T T
. F:Iterative
HardNet-Cvx y € C(z) (C(x): convex) Asymptotic g~ 4 Rom Yes

More closely related to our framework, methods to enforce a single affine inequality constraint are
proposed in control literature: [Kolter & Manek| (2019) presented a framework for learning a stable
dynamical model that satisfies a Lyapunov stability constraint. Based on this method, [Min et al.
(2023) presented the ColLS framework to learn a stabilizing control policy for an unknown control
system by enforcing a control Lyapunov stability constraint. Our work generalizes the ideas used in
these works to impose more general affine/convex constraints while proving universal approximation
guarantees that are absent in prior works; On the theoretical front, [Kratsios et al.| (2021)) presented
a constrained universal approximation theorem for probabilistic transformers whose outputs are
constrained to be in a feasible set. However, their contribution is primarily theoretical, and they do
not present a method for learning such a probabilistic transformer.

Formal Verification of Neural Networks Verifying whether a provided neural network (after
training) always satisfies a set of constraints for a certain set of inputs is a well-studied subject. |Al-
barghouthi et al.| (2021)) provide a comprehensive summary of the constraint-based and abstraction-
based approaches to verification. Constraint-based verifiers are often both sound and complete but
they have not scaled to practical neural networks, whereas abstraction-based techniques are approx-
imate verifiers which are sound but often incomplete (Brown et al., 2022 [Tjeng et al.| [2019; |[Liu
et al.| 20215 [Fazlyab et al., [2020; |Qin et al.;2019; |[Ehlers| |2017). Other approaches have focused on
formally verified exploration and policy learning for reinforcement learning (Bastani et al., 2018;
Anderson et al.| 2020). Contrary to formal verification methods, which take a pre-trained network
and verify that its output always satisfies the desired constraints, our method guarantees constraint
satisfaction by construction.

3 PRELIMINARIES

3.1 NOTATION

Forp € [1, 00), ||v||, denotes the £P-norm for a vector v € R™, and || A||,, denotes the operator norm
for a matrix A € R¥*™ induced by the P-norm, i.e., ||All, = sup,o [|Awll,/|[w],. vi) € R,
vy € RY, and v(;,) € R™™* denote the i-th component, the first ¢ and the last m — ¢ components of
v, respectively. Similarly, A(.;) € R**" and A(;,) € R¥*(™~% denote the first i and the last m — i
columns of A, respectively. [A; B] denotes the row-wise concatenation of the matrices A and B.

For a domain X C R™" and a codomain ) C R™, let C(X, ) be the class of continuous functions
from X to ) endowed with the sup-norm: || f||oo := sup,cx || f(2)||oo. Similarly, LP(X, )) denotes
the class of L? functions from X to ) with the LP-norm: || f||, := ([, ||f(x)|\§dac)% For function
classes JFp,Fa C C(X,Y) (resp . F1,F2 C LP(X,))), we say JFy universally approximates (or
is dense in) a function class F» if for any fo € F5 and € > 0, there exists f; € Fj such that
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[l f2— filloo < €(xesp. || f2— fillp < €). For a neural network, its depth and width are defined as the
total number of layers and the maximum number of neurons in any single layer, respectively. Given
z € X, we drop the input dependency on x when it is evident to simplify the presentation.

3.2 UNIVERSAL APPROXIMATION THEOREM

The universal approximation property is a foundational concept in understanding the capabilities of
neural networks in various applications. Classical results reveal that shallow neural networks with
arbitrary width can approximate any continuous function defined on a compact set as formalized in
the following theorem (Cybenkol, 1989} |[Hornik et al., | 1989; |Pinkus, [1999):

Theorem 3.1 (Universal Approximation Theorem for Shallow Networks). Let p : R — R be any
continuous function and K € R be a compact set. Then, depth-two neural networks with p activation
Sunction universally approximate C(IC,R) if and only if p is nonpolynomial.

To further understand the success of deep learning, the universal approximation property for deep
and narrow neural networks has also been studied in the literature (Lu et al.,[2017; Hanin & Sellke),
2017 |[Kidger & Lyons| 2020} [Park et al.l |2021). Interesting results show that a critical threshold
exists on the width of deep networks that attain the universal approximation property. For instance,
deep networks with ReLLU activation function with a certain minimum width can approximate any
LP function as described in the following theorem (Park et al., 2021} Thm. 1):

Theorem 3.2 (Universal Approximation Theorem for Deep Networks). For any p € [1,00), w-
width neural networks with ReLU activation function universally approximate LP(R™» R™w) if and
only if w > max{ni, + 1, noy }-

Despite these powerful approximation guarantees, they fall short in scenarios where neural networks
are required to satisfy hard constraints, such as physical laws or safety requirements. These theo-
rems ensure that a neural network can approximate a target function arbitrarily closely but do not
guarantee that the approximation will adhere to necessary constraints. Consequently, even if the
target function inherently satisfies specific hard constraints, the neural network approximator might
violate them—especially in regions where the target function barely meets the constraints. This
shortcoming is particularly problematic for applications that demand strict compliance with non-
negotiable domain-specific rules. Therefore, ensuring that neural networks can both approximate
target functions accurately and rigorously satisfy hard constraints remains a critical challenge for
their deployment in practical applications.

4 HardNet: HARD-CONSTRAINED NEURAL NETWORKS

In this section, we present a practical framework HardNet for enforcing hard constraints on neural
networks while retaining their universal approximation properties. In a nutshell, for a parameter-
ized (neural network) function fy : X C R"» — R™ we ensure the satisfaction of given con-
straints by appending a differentiable projection layer P to fy. This results in the projected function
P(fo) : X — R"™= meeting the required constraints while allowing its output to be backpropagated
through to train the model via gradient-based algorithms. Importantly, we show that the proposed
architecture has universal approximation guarantees, i.e., it universally approximates the class of
functions that satisfy the constraints.

We begin with the simple intuitive case of a single affine constraint and then generalize the ap-
proach in two directions. First, we propose HardNet-Aff that ensures compliance with multiple
input-dependent affine constraints through a differentiable closed-form projection. Then, we present
HardNet-Cvx as a framework to satisfy general input-dependent convex constraints exploiting dif-
ferentiable convex optimization solvers.

4.1 HardNet-Aff: IMPOSING INPUT-DEPENDENT AFFINE CONSTRAINTS

First, consider the following single input-dependent affine constraint for a function f : X' — R"ou:
a(z) " f(z) < b(x) Vo € X, (1)

where a(x) € R™ and b(z) € R. We assume a(x) # 0 as the constraint solely depending on
the input is irrelevant to the function. We can ensure this constraint on P(fy) by constructing the
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Figure 1: Illustration of input-dependent constraints and projections performed by HardNet (left)
and its schematic diagram (right). A target function f:R — R? satisfies hard constraints f(z) €C(z)
for each © € R. The feasible set C(x) is visualized as the gray area for two sample inputs x;
and x,. While the function fy closely approximates f, it violates the constraints. Our framework
HardNet projects the violated output onto the feasible set in two directions; one in parallel to the
boundaries of the satisfied affine constraints (HardNet-Aff) and the other towards the feasible point
with the minimum ¢?-norm distance from the violated output (HardNet-Cvx). These differentiable
projections allow unconstrained optimization of the network parameters using standard algorithms.

projection for all x € X as:

PUa) = argmin |z — (o)l st o) = < b(a) e
= folo) ~ o ReLU(al)” fofa) ~ ). @

For example, the constraint (f(x))) > #(f(x))) on f(x) : R — R? can be encoded with
a(x) = [-1;2],b(x) = 0 so that a sample fy(1) = [3;4] is projected to P(fp)(1) = [3.5;3.5]
that satisfies the constraint. This closed-form solution is differentiable almost everywhere so that
the projected function can be trained using conventional gradient-based algorithms such as SGD.
This type of closed-form projection has been recently utilized in the control literature as in |Kolter &
Manek](2019) for learning stable dynamics and in|Donti et al.|(2021a)); Min et al.|(2023)) for learning
stabilizing controllers. Nonetheless, they are limited to enforcing only a single inequality constraint.
Moreover, their empirical success in learning the desired functions has not been theoretically un-
derstood. To that end, we generalize the method to satisfy more general constraints and provide a
rigorous explanation for its expressivity through universal approximation guarantees.

Suppose we have multiple input-dependent affine constraints in an aggregated form:
A(x)f(x) < b(z), C(x)f(x) =d(x) Vred, )

where A(z) € RMreaxmou p(g) € Rrea, C(x) € R™a*" o, d(x) € R™ for nineq inequality and neq
equality constraints. For partitions A(z) = [A(.n,) A(ng:)] and C(x) = [Clny) Cng:))s we make
the following assumptions about the constraints:

Assumption 4.1. For all x € X, i) there exists at least one y € R" that satisfies all constraints
in (EI), it) C(.p,,) is invertible, and iii) Az) = Al — A(:nm)C(fim)C(nm:) has full row rank.

Given z € X, when C(2) has full row rank (i.e., no redundant constraints), there exists an invertible
submatrix of C'(x) with its neq columns. Without loss of generality, we can assume Cling,) 18 such
submatrix by considering a proper permutation of the components of f. Then, the second assump-
tion holds when the same permutation lets C{.,,,) invertible for all z € X. The last assumption
requires the total number of the constraints njneq + 7eq to be less than or equal to the output di-
mension ng, and A(z) to have full row rank. This assumption could be restrictive in practice, for
instance, to enforce the constraints 0 < f(z) < 1. In such cases, we can still utilize our method by
choosing a subset of constraints to guarantee satisfaction and imposing the others as soft constraints.
Note that treating the equality constraints as pairs of inequality constraints C'(x) f(z) < d(z) and
—C(x)f(z) < —d(z) increases the total number of the constraints to nineq + 2neq and forms the
rank-deficient aggregated coefficient [A(z); C(x); —C(z)].
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Under the assumptions, we first efficiently reduce the njpeq + Meq cONstraints to nineq equivalent
inequality constraints on partial outputs f(,,,.) for a partition of the function f(z) = [f(.n.); fine:)]-
Consider the hyperplane in the codomain Y over which the equality constraints are satisfied. Then,
for the function output f(z) to be on the hyperplane, the first part f(.,,,,) is determined by f(, .):

f(:neq)(x) = O(_:,;eq) (d(l') - C(neq:)f(neq:)(‘r)) ) (5)
Substituting this f(.,,,) into the inequality constraints, the constraints in (E[) is equivalent to the

following inequality constraints with (3)):

(A(neq:) - A(:neq)c_1 C’(neq:) )f(neq:)(x) < b(m) — A(:neq)()(‘l d(x) Vr e X. (6)

(:1eq) Meq)

=:A(z) =:b(z)

With this nineq €quivalent inequality constraints on f(,,,.), we propose HardNet-Aff by developing
a novel generalization of the closed-form projection for the single constraint case in (3)). Since the
first part f{.p,,) of the function is completely determined by the second part f(,,,.) as in , we let
the parameterized function fy : X — R™« ™"« approximate only the second part (or disregard the
first neq outputs if fy(x) € R™ is given). Then, HardNet-Aff projects fy to satisfy the constraints
in (@) as below:

— | Cen) w6
HardNetAff . 0@ fi(2) vred : 7

where f§(z) := fo(x) — A(z)"ReLU(A(z) fo(x) — b(z))

and AT := AT(AAT)~! is the pseudoinverse of A. This novel projection satisfies the following
properties; see Appendix [A.T|for a proof.

Proposition 4.2. Under Assumption[d.1] for any parameterized (neural network) function fo : X —
R™ew="a gnd for all x € X, HardNet-Aff P(fy) in @) satisfies
i) A(z)P(fo)(x) < b(x), ii) C(x)P(fo)(x) = d(x),
T if ] fo(x) < by
iii) For each i-th row a; € R" of A(z), a] P(fs)(z) = {a’ fol@) ¥f a; fo(z) < b (@)

) bay(z)  ow ’
where fo(z) := [[C(,, 1 (d(z) = Cn,, fo(x))]i fo(x)] € R

Remark 4.3 (Parallel Projection). Note that HardNet-Aff in (7) for (nineq, neq) = (1,0) is equiv-
alent to the single-inequality-constraint case in (3). However, unlike (3), which is the closed-form
solution of the optimization in (2}, HardNet-Aff, in general, does not perform the minimum ¢2-norm
projection for the constraint in (4). Instead, we can understand its projection geometrically based on
Proposition (iii). First, fo(z) determined by fy(z) is on the hyperplane over which the equality
constraints hold. Then, the projection preserves the distance from the boundary of the feasible set
for each constraint when fy () satisfies the constraint. Otherwise, the projected output is located on
the boundary. Thus, HardNet-Aff projects the augmented output fy(x) onto the feasible set in the
direction parallel to the boundaries of the satisfied constraints’ feasible sets as described in Fig. [T}

Remark 4.4 (Gradient Properties). When the pre-projection output fy(x) violates certain constraints,
the added projection layer can result in zero gradients under specific conditions, even if the projected
output differs from the target value. However, such cases are infrequent in practical settings and can
be mitigated as gradients are averaged over batched data. Thus, HardNet-Aff allows the projected
function to be trained to achieve values (strictly) within the feasible set using conventional gradient-
based algorithms. Additionally, we can promote the model fy to be initialized within the feasible set
using the warm-start scheme outlined in Appendix [A.8] which involves training the model without
the projection layer for a few initial epochs while regularizing constraint violations. Further details
and discussions are provided in Appendix [A-3]

While HardNet-Aff is guaranteed to satisfy the hard constraints in , it should not lose the neural
network’s expressivity to be useful for deployment in practical applications. To that end, we pro-
vide a rigorous argument for HardNet-Aff preserving the neural network’s expressive power by the
following universal approximation theorem; see Appendix [A.2]for a proof.

Theorem 4.5 (Universal Approximation Theorem with Affine Constraints). Consider input-
dependent constraints (@) that satisfy assumption Suppose X C R™» js compact, and
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A(z), C(x) are continuous over X. Forany p € [1,00), let F = {f € LP(X,R"")|f satisfies ({)}.
Then, HardNet-Aff with w-width ReLU neural networks defined in (7) universally approximates F
if w > max{ni, + 1, Nout — Neq}-

The main idea behind this theorem is bounding || f — P(fg)|| in terms of ||f — fy||. By selecting
fo such that || f — fy|| is arbitrarily small, we can make P(fy) approach the target function f as
closely as desired. The existence of such an fy is guaranteed by existing universal approximation
theorems. While we utilize Theorem in this theorem, other universal approximation theorems
on plain neural networks, such as Theorem 3.1] can also be employed.

4.2 HardNet-Cvx: IMPOSING GENERAL INPUT-DEPENDENT CONVEX CONSTRAINTS

Going beyond the affine constraints, we present HardNet-Cvx as a framework that enforces general
input-dependent convex constraints:

fl@)el(x) Ve e X (8)

where C(z) C R™ is a convex set. Unlike the affine constraints case, we cannot extend the closed-
form projection of the single constraint case in (3) for general convex constraints. Thus, we present
HardNet-Cvx by generalizing the optimization-based projection in (2)) as below:

HardNet-Cvx : P(fy)(z) = argmin||z — fo(x)||2 s.t. z € C(x) Vx e X. )
zERmou

While no general closed-form solution for this optimization problem exists, we can employ differen-
tiable convex optimization solvers for an implementation of HardNet-Cvx such as /Amos & Kolter
(2017) for affine constraints (when HardNet-Aff cannot be applied) and |Agrawal et al.| (2019) for
more general convex constraints. This idea was briefly mentioned by |Donti et al.| (2021b)) and used
as a baseline (for input-independent constraints) in|Tordesillas et al.|(2023). However, the computa-
tional complexity of such solvers can be a limiting factor in time-sensitive applications. That said,
we present HardNet-Cvx as a general framework, independent of specific implementation methods,
to complement HardNet-Aff and provide a unified solution for various constraint types.

As in Section we demonstrate that HardNet-Cvx preserves the expressive power of neural
networks by proving the following universal approximation theorem; see Appendix for a proof.

Theorem 4.6 (Universal Approximation Theorem with Convex Constraints). Consider input-
dependent constrained sets C(x) C R™ that are convex for all x € X C R™. Forany p € [1,00),
let F = {f € LP(X,R"™)|f(x) € C(x) Yo € X}. Then, HardNet-Cvx with w-width ReLU
neural networks defined in (E’]) universally approximates F if w > max{ni, + 1, noy }-

5 EXPERIMENTS

In this section, we demonstrate the versatility and effectiveness of HardNet over four scenarios with
required constraints: fitting functions under constraints, learning optimization solvers, optimizing
control policies in safety-critical systems, and learning safe decision logic for aircraft systems.

As evaluation metrics, we measure the violation of constraints in addition to the application-specific
performance metrics. For a test sample x € X" and njneq inequality constraints g, ( f (:E)) <0 eRMinea,
their violation is measured with the maximum (< max) and mean (< mean) of ReLU(g.(f(z)))
and the number of violated constraints (< #). Similar quantities of |h,(f(x))| are measured for
Neq equality constraints h,(f(x)) = 0 € R™a. Then, they are averaged over all test samples. The
inference time for the test set is also compared.

We compare HardNet with the following baselines: (i) NN: Plain neural networks, (ii) Soft: Soft-
constrained neural networks. To penalize constraint violation, for a sample point ;s € X', additional
regularization terms A< ||ReLU (g, (f(2s))) |3+ A= ||k (f (z5))||3 are added to the loss function, (iii)
NN+Proj/Soft+Proj: The projection of HardNet is applied at test time to the outputs of NN/Soft,
(iv) DC3 (Donti et al., [2021b): Similarly to HardNet-Aff, DC3 takes a neural network that ap-
proximates the part of the target function. It first augments the neural network output to satisfy
the equality constraints. Then, it corrects the augmented output to minimize the violation of the
inequality constraints via the gradient descent algorithm. DC3 backpropagates through this iterative
correction procedure to train the model. For HardNet-Cvx, its projection is implemented using
Agrawal et al.| (2019). For all methods, we use 3-layer fully connected neural networks with 200
neurons in each hidden layer and ReLU activation function.
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Ground Truth Violated Area
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Figure 2: Learned functions at the initial (left) and final (right) epochs for the function fitting experi-
ment. The models are trained on the samples indicated with circles, with their RMSE distances from
the true function shown in parentheses. HardNet-Aff adheres to the constraints from the start of the
training and generalizes better than the baselines on unseen data. On the other hand, the baselines
violate the constraints throughout the training.

Table 2: Results for the function fitting experiment. HardNet-Aff generalizes better than the base-
lines with the smallest RMSE distance from the true function without any constraint violation. The
max, mean, and the number of constraint violations are computed out of 401 test samples. Viola-
tions are highlighted in red. Standard deviations over 5 runs are shown in parentheses.

RMSE £ max « mean £ # Time (ms)
NN 1.06 (0.21) 2.39(0.42) 0.44(0.12) 206.00 (9.27) 0.16 (0.01)
Soft 145(026) 336(0.62) 0.66(0.16) 206.00(9.44) 0.15 (0.00)
DC3 1.01 (0.11) 2.20(0.39) 0.39 (0.06) 200.80 (6.34) 8.92(1.51)

HardNet-Aff  0.40 (0.01)  0.00 (0.00)  0.00 (0.00) 0.00 (0.00) 1.06 (0.24)

5.1 FUNCTION FITTING UNDER CONSTRAINTS

In this experiment, we demonstrate the efficacy of HardNet-Aff on a problem involving fitting a
continuous function f : [—2,2] — R shown in Fig.[2} The function outputs are required to avoid
specific regions defined over separate subsets of the domain [—2, 2]. These constraints can be ex-
pressed as a single input-dependent affine constraint on the function output. The models are trained
on 50 labeled data points randomly sampled from [—1.2,1.2]; see Appendixfor details.

As shown in Fig. [2] and Table 2} HardNet-Aff consistently satisfies the hard constraints throughout
training and achieves better generalization than the baselines, which violate these constraints. Es-
pecially at the boundaries = —1 and « = 1 in the initial epoch results, the jumps in DC3’s output
value, caused by DC3’s correction process, insufficiently reduce the constraint violations. The per-
formance of its iterative correction process heavily depends on the number of gradient descent steps
and the step size, DC3 requires careful hyperparameter tuning unlike HardNet-Aff.

5.2 LEARNING OPTIMIZATION SOLVER

We consider the problem of learning optimization solvers as in|Donti et al.[(2021b)) with the follow-
ing nonconvex optimization problem:

1
f(x) = arg min inQy +plsiny st Ay <b, Cy =z, (10)
Yy

where Q € R7ouX"ou = () p € RMouw A € RMneaXNow p ¢ RMinea ' € R™a*™ow gre constants and
sin is the element-wise sine function. The target function f outputs the solution of each optimiza-
tion problem instance determined by the input € [—1,1]™s. The main benefit of learning this
nonconvex optimization solver with neural networks is their faster inference time than optimizers
based on iterative methods. To ensure that the learned neural networks provide feasible solutions,
the constraints of the optimization problems are set as hard constraints.

In this experiment, we guarantee that the given constraints are feasible for all z € [—1,1]"« by
computing a proper b for randomly generated A, C' as described in [Donti et al.| (2021b)). Then the
models are trained on 10000 unlabeled data points uniformly sampled from [—1, 1]™«. To perform
this unsupervised learning task, the loss function for each sample z; is set as % folxs) TQfo(zs) +
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Table 3: Results for learning solvers of nonconvex optimization problems with 100 variables, 50
equality constraints, and 50 inequality constraints. HardNet-Aff attains feasible solutions with the
smallest suboptimality gap among the feasible methods. The max, mean, and the number of viola-
tions are computed out of the 50 constraints. Violations are highlighted in red. Standard deviations

over 5 runs are shown in parentheses.

Obj. value £ max/mean/# - max/mean/# Time (ms)
Optimizer  -14.28 (0.00) 0.00/0.00/0 (0.00/0.00/0) 0.00/0.00/0 (0.00/0.00/0) 1019.3 (10.3)
NN -27.36 (0.14) 13.19/1.33/13.00 (2.28/0.43/1.99) 17.48/6.79/50 (4.72/0.80/0) 0.21 (0.01)
NN-+Proj 768.46 (0.70) 0.00/0.00/0 (0.00/0.00/0) 0.00/0.00/0 (0.00/0.00/0) 8.99 (4.77)
Soft -12.62 (0.09) 0.07/0.00/0.31 (0.01/0.00/0.02)  0.31/0.10/49.97 (0.03/0.01/0.01) 0.23 (0.04)
Soft+Proj -12.18 (0.24) 0.00/0.00/0 (0.00/0.00/0) 0.00/0.00/0 (0.00/0.00/0) 18.57 (3.51)
DC3 -14.06 (0.03) 0.27/0.01/1.88 (0.04/0.00/0.29)  0.00/0.00/0 (0.00/0.00/0) 4.57 (0.08)
HardNet-Aff -13.78 (0.02) 0.00/0.00/0 (0.00/0.00/0) 0.00/0.00/0 (0.00/0.00/0) 6.74 (0.90)

Table 4: Results for optimizing safe control policies. HardNet-Aff generates trajectories without
constraint violation and has the smallest costs among the methods with zero violation. The max and
mean constraint violations are computed for the violations accumulated throughout the trajectories.
Violations are highlighted in red. Standard deviations over 5 runs are shown in parentheses.

Cost £ max £ mean Time (ms)
NN 350.77 (0.45) 151.56 (0.45) 110.62 (0.38) 0.30(0.01)
NN-+Proj 1488.46 (440.51) 0.00 (0.00) 0.00 (0.00) 3.98 (0.06)
Soft 412.37 (0.80) 12.86 (0.84) 7.33(0.51) 0.28 (0.06)
Soft+Proj 3296.87 (5622.82)  0.00 (0.00) 0.00 (0.00) 4.35(2.53)
DC3 429.84 (34.73) 15.55 (4.06) 10.47 (4.15) 38.63 (0.13)
HardNet-Aff  461.97 (14.35) 0.00(0.00)  0.00(0.00)  3.05(0.69)

p' sin fo(x,). As shown in Table [3, HardNet-Aff consistently finds feasible solutions with small
suboptimality gap from the optimizer (IPOPT) with a much shorter inference time.

5.3 OPTIMIZING SAFE CONTROL POLICY

In this experiment, we apply HardNet-Aff to enforce
safety constraints in control systems. Consider a control-
affine system with its known dynamics f and g:

@(t) = f(z(t) + g(x(t))u(d), (11
where x(t) € R" and u(t) € R™w are the system
state and the control input at time ¢, respectively. For
safety reasons (e.g., avoiding obstacles), the system re-
quires z(t) € Xy C R™ for all . We translate this
safety condition into a state-dependent affine constraint
on the control input using a control barrier function (CBF)
h:R™ — R (Ames et al.,2019). Suppose its super-level
set {x € R™n|h(x) > 0} C Xage and h(z(0)) > 0. Then,
we can ensure h(z(t)) > 0 V¢t > 0 by guaranteeing

h(az) = Vh(:z:)—r(f(a:) + g(a:)ﬂ(:lc)) > —ah(z) (12)

at each xz(t) for a state-feedback control policy 7
R"n — R with some @ > 0. Enforcing (12)) for multi-
ple CBFs ensures the trajectory remains within the inter-
section of the corresponding safe sets.

We consider controlling a unicycle system to minimize
the cost over trajectories while avoiding collisions with
two elliptical obstacles, each presented with a CBF (see
Appendix [A.6] for details). Given a nominal controller
Thom : R™" — R™ designed without obstacle consider-
ations, a conventional approach to find a safe controller is

Nominal (562.76)
NN (371.85)
Soft (442.97)
DC3 (442.15)
O init. position
—4 -3 -2 -1 0
X Position

CBF-QP (923.95)
NN+Proj (1501.56)
Soft+Proj (543.57)
HardNet-Aff (494.75)

Figure 3: Simulated trajectories from
a random initial state. The cost of
each trajectory is shown in parentheses.
HardNet-Aff avoids the obstacles while
obtaining a low cost value. Even though
the soft-constrained method and DC3
appear to avoid obstacles and achieve
smaller costs than the other collision-
free trajectories, they violate the safety
constraints (which are more conserva-
tive than hitting the obstacles).
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Table 5: Results for the HCAS experiments with 17 inequality constraints. Constraint violations
are highlighted in red. Standard deviations over 3 runs are shown in parentheses. HardNet-Cvx
was warm-started with 250 epochs of soft-penalty training. HardNet-Cvx-NP (no projection) is the
same model as HardNet-Cvx but disables the projection at test time. HardNet-Cvx attains feasible
solutions with the smallest suboptimality gap among the feasible methods.

Test Loss £ max « mean £ # Time (1)
NN 798 (133) 0.67(0.26) 0.03(0.00) 0.11(0.00) 1.31(0.03)
NN+Proj 8.15(1.32) 0.00 (0.00) 0.00(0.00) 0.00(0.00) 6442.21 (250.87)
Soft 798 (1.33)  0.67(0.26) 0.03(0.00) 0.11(0.00) 1.33(0.06)
Soft+Proj 8.15(1.32) 0.00 (0.00) 0.00(0.00) 0.00(0.00) 6216.16 (332.36)
HardNet-Cvx-NP  7.58 (0.74)  0.38 (0.24) 0.02 (0.00) 0.11(0.00) 1.66 (0.05)
HardNet-Cvx 7.69 (0.74)  0.00 (0.00) 0.00(0.00) 0.00 (0.00) 9367.21 (1383.97)

to solve a quadratic program:
CBF-QP: mcpp.gp(x) = argmin ||u — mpom(2)]|2 s.t. (I2) holds for all CBFs (13)

at each z(t). The downside of this method is that the controller cannot optimize a cost/reward over
the trajectories as it only attempts to remain close to the nominal controller. Instead, we can do so by
training neural network policies 7y () := mpom(x) + fo(x) with neural networks fp by minimizing
the costs of rolled-out trajectories from randomly sampled initial states. As shown in Fig. [3] and
Table 4] HardNet-Aff consistently generates safe trajectories with low costs.

5.4 AIRBORNE COLLISION AVOIDANCE SYSTEM (ACAS)

In this example, we consider learning an airborne collision avoidance system called the Horizontal
Collision Avoidance System (HCAS), which is a variant of the popular system ACAS Xu used by
Katz et al.|(2017)), for which the labeled training dataset is publicly available (Julian & Kochenderfer,
2019). The goal of the HCAS system is to recommend horizontal maneuvers—clear of conflict,
weak left, strong left, weak right, strong right—to aircrafts in order to stay safe and avoid collisions.
The system takes the state of the ownship and the relative state of the intruder airplane as inputs, and
outputs a score for each of the 5 possible horizontal maneuvers listed above. Traditionally, this was
accomplished using lookup tables but using neural networks has recently become customary.

In their original work, |[Katz et al.|(2017)) developed a method called Reluplex for formally verifying
that the deep neural networks used for generating the scores of the advisories always satisfy certain
hard constraints. This requires training a model and then verifying that it satisfies the constraints by
solving a satisfiability problem. In addition, the original work trains 45 different models for various
values of 7 (the time to collision or loss of vertical separation) and pra (the previously recommended
advisory) in order to satisfy strict computational limits imposed by the inference hardware. In our
work, we train a single model that generalizes across various values of 7 and pra.

In our implementation, we demonstrate a method for learning neural networks that output con-
strained airplane advisories by construction, rather than engaging in an iterative cycle of training a
neural network and separately verifying it until convergence. While some of the properties in the
original problem (Katz et al.,[2017) are non-convex in nature, we pick all five of the properties that
can be encoded in a convex form. The results for this example are presented in Table[5] Additional
details for the experiment can be found in Appendix

6 CONCLUSION

In this paper, we presented HardNet, a practical framework for constructing neural networks that
inherently satisfy input-dependent affine/convex constraints. We proved that imposing these hard
constraints does not limit the expressive power of these neural networks by providing universal
approximation guarantees. We demonstrated the utility and versatility of our method across several
application scenarios, such as learning solvers for optimization problems, control policies for safety-
critical systems, and advisories for aircraft navigation systems. Using HardNet in other application
domains that benefit from incorporating domain-specific knowledge is a promising direction for
future work. Additionally, we aim to explore developing methods for performing fast projections
for problems with more general constraints. Lastly, extending our approach to support other forms
of inductive biases, such as equivariances and invariances, would potentially be of great interest.
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A APPENDIX

A.1 PROOF OF PROPOSITION[4.2]

Proof. We simplify the notation of the partition by ()1 := (+)(:n.,) @0d ()2 := () (n,:)- Then,

A(z)P(fo)(z) = AiP(fo)1 + A2P(fo)2 (14)
= A CTHd = Cofy) + Ao fy (15)
= (Ay— ACTICy) 5 + ACT Y (16)
=Aff —b+b (17)
= Afy —ReLU(Afy —b) —b+b<b—b+b=bx). (18)

This shows (i). For (ii),
C(@)P(fo)(@) = C1P(fo)r + CoP(fo)2 = (d — Cofy) + Cofy = d(). (19)
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For (iii), we first observe that
TF T T 1 ~T 7
a; fo(z) <buy(z) == a;fo+apCy (d—Cifp) <buy <= a; fo <bu.  (20)

Then, if a,] fo(z) < beiy (),

a; P(fo)(x) = a)\P(fo)1 + anP(fo)2 1)
= (a5, — ah O Co) fy +a,C7 N (22)
= (ajp — a,C7' ) fo + a O d = o] fo(x), (23)

where the second last equality is from A fo = Afy — ReLU(A fo— l~7) and @, fp < B(i). Similarly,
if CL:]FQ(QS) > b(i) (ZL’),

a] P(fo)(x) = (ay — at C7'C2) f5 + ah Cy 'd = by + ay Cy 'd = by () (24)
O

A.2 PROOF OF THEOREM [4.3]

Proof. We first show that || f(z) —P(fg)(z)||2 can be bounded by some constant times || f(,,,.)(z) —
fo(x)]|2. From ,

= ||C(Tﬁcq)C(neq;)(f(neq:) =I5 + iy — f3 115 (26)
< (1 + ||C(ésq)c(7leq)H§) ||f(neq:) - f;”gv (27)

where the second equality holds by substituting f.,,,) in @) Meanwhile,

| finegty = f3ll2 < [ f(ng) — foll2 + [|ATReLU(Afp — b) |l (28)
< fnegsy — foll2 + 1 AT||2][ReLU(Af ) — b+ A(fo = fin))ll2 - (29)
< |l finagy = Follz + AT 2l ACfo = Fine)ll2 (30)
< (L+ [ A2l All) | fnegs) — folla- (31

Then, putting them together, we obtain

1) = P @)l < (1 1A* a1 A1) /(L + 1CEL ) Clnaes B i (2) = o) (32)

Since A(z), C(x) are continuous over the compact domain X, there exists some constant X > 0 s.t.

(L4 1A% 2l All2) /(1 + ICEL Conn 1B) < K (33)

for all z € X. Thus,

1f(x) = P(fo)(@)ll2 < K[ f(nen) () = fo(2)ll2 34)
Extending the inequalities to general ¢”-norm for p > 1 by using the inequalities ||v||, < |lv]l, <
mr |lv||4 for any v € R™ and ¢ > r > 1,

1_1

1f (@) = P(fo)(@)llp < (now = 1eq)' 7~ 2 K || finy (@) = fo (@)l (35)
Then, fy being dense in LP(X,R™u~"«) implies P(fyp) being dense in LP(X,R™). Thus, we

can employ any universal approximation theorem for fy and convert it to that for P(fp). We utilize
Theorem[3.2]in this theorem.
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A.3 PROOF OF THEOREM [4.6|

Proof. Similarly to the proof of Theorem.5]in Appendix[A.2] we first prove the following inequal-

1ty:
1f(x) = P(fo)(@)]l2 < [1f(x) = fo(z)]|2 Vo€ X. (36)

Given z € X, consider the simple case fy(z) € C(z) first. Then, P(fy)(x) = fo(x) from the
projection in (9) which satisfies || f(z) — P(fo)(z)|2 < ||f(z) — fo(z)|2-

On the other hand, if fy(z) ¢ C(x), consider the triangle connecting fy(z), P(fo)(z) and f(x).
Then, the side between fy(x) and P(fy)(x) is orthogonal to the tangent hyperplane of the convex
set C(x) at P(fp)(z). For the two half-spaces separated by the tangent hyperplane, f(z) belongs to
the other half-space than the one that contains fy(z) since C(z) is convex. Thus, the vertex angle at
P(fo)(x) is larger than /2. This implies that the side between fg(x) and f(z) is the longest side

of the triangle, so || f(x) — P(fo)(x)ll2 < [If(z) = fo(z)ll2-
Then, We can extend this ¢?-norm result to general /P-norm for p > 1 as in Appendix

1£(@) = P(fa)@)llp < nite > 11£(2) = fol@)ll. 37

Thus, fp being dense in LP (X, R™) implies P( fp) being dense in LP (X', R"), and we can employ
any universal approximation theorem for f, and convert it to that for P( fy). We utilize Theorem
in this theorem. O

A.4 DETAILS FOR THE FUNCTION FITTING EXPERIMENT

The target function and constraints are as below:

—5sin J(z+1) ifex < -1 y>5sin® Z(z+1) ifz<—1
0 ifz € (—1,0] . y <0 if z € (~1,0]
= Constraints:
F@)=9 49— 2)2 ifpe(0,1] oYy > (4-9(2—2)2)z ifx € (0,1]
51—z)+3 ifz>1 y<45(1—-2)+3 ifzx>1
(38)

These four constraints can be aggregated into the following single affine constraint:

)
Ja(z)=1, blx)=0 ifz e (—1,0]
@)y S o) = 1 b = (9(@—2)2—4)z ifz € (0,1] (39)
a(z)=1, blz)=45(1-2)+3 ifzx>1

A.5 GRADIENT PROPERTIES OF HardNet-Aff

This section investigates how the projection layer in HardNet-Aff affects gradient computation. For
simplicity, we focus on the case where neq = 0 (i.e., no equality constraints). For a datapoint (z, y),

consider the loss function ¢(P(fy(x)), y). Using the chain rule, the gradient is given by:
(P (fo(x)),y) OP(fo(x)) Ofo(x)

T
Vol (P(fo(x)), = (40)
PG =" 5p (o)) o) o8
Here, the Jacobian of the projection layer %H(S)) € R™*™ plays a key role. Let v; :=
1{ai(z)" fo(x) > b;)(x)} indicate whether the i-th constraint is violated by fy(x). Then,
P vlaf
Ofg(x) o
Unincq a’nincq

Two critical properties of this Jacobian can lead to zero gradient in (@0). First, if the number of
constraints equals the output dimension (nipq = ) and all constraints are violated (v; = 1 V%),
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Figure 4: Visualization of 100 gradient descent steps for training a HardNet-Aff model on a single
datapoint (first row) and two datapoints (second row) from the same initialization, using two differ-
ent learning rates (0.01 and 0.1). With the smaller learning rate, training on a single datapoint results
in a zero gradient due to the projection layer (top left). However, when training on both datapoints,
the vanishing gradient for the first datapoint is mitigated by the nonzero gradient from the second
datapoint (bottom left). Also, using the larger learning rate enables the model to avoid the vanishing
gradient issue, even when trained on the single datapoint (top right).

then the Jacobian becomes zero, causing the gradient (0) to vanish. Note that this issue never
happens when nineq < m. Second, for each ¢ € {1,2, ..., Nineq}, the following holds:

IP(fo(x)) e o
T 0% T T : T _el : ; i
RERPTA I At : =a; —¢ : =a; —vie; . (42)
olx T T
U’ﬂincq a’nincq vnmsq anincq

.. . . . . . o fo(x)),
This implies that if the gradient of the loss with respect to the projected output, (%) T

R™, lies in the span of {a;|i € {1,...,Nineq}, v; = 1}, then the overall gradient becomes zero.
This case in fact subsumes the first case, as when nj,eq = m and v; = 1 Vi, the constraint vectors
set spans the entire output space R”. However, such cases are infrequent in practical settings,
particularly when the model is trained on batched data. Even when zero gradients occur for certain
datapoints, they can be offset by nonzero gradients from the other datapoints within the batch. This
averaging effect allows the model to update in a direction that decreases the overall loss function,
mitigating the issue effectively.

We demonstrate the gradient behaviors discussed earlier using simple simulations of training
HardNet-Aff with the conventional gradient-descent algorithm. Consider two datapoints: d; =
(—=1,[-0.5,0.5]") and d» = (1,]0.5,0] "), and a neural network fy : R — R? with two hidden lay-
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ers, each containing 10 neurons with ReLU activations. The model enforces the input-independent
constraint [0, 1]P(fg)(x) < 0.9 using HardNet-Aff. Starting from the same initialization, the model
is trained to minimize the squared error loss, first on d; alone and then on both datapoints, using two
different learning rates (0.01 and 0.1), as shown in Fig. [}

Initially, fy violates the constraint on both datapoints. When trained on d; alone with a learning
rate of 0.01, the optimization path converges to a point where the gradient of the loss w.r.t. the
projected output is orthogonal to the gradient boundary, causing the overall gradient (#0) to vanish.
However, when the model is trained on both datapoints, the vanishing gradient for d; is mitigated by
the nonzero gradient for d,, enabling the model to achieve target values strictly within the feasible
set. Furthermore, using a larger learning rate (0.1) allows the model to avoid the vanishing gradient
issue and reach the target value even when trained solely on d;.

A.6 DETAILS FOR THE SAFE CONTROL EXPERIMENT

In this experiment, we consider controlling a unicycle system with system state x =
[Zp, Yp, 0, v, w] T which represents the pose, linear velocity, and angular velocity. The dynamics
of the unicycle system is given by

Ty vcosf 0 0

Yp vsin 6 0 0 _

0l =] w |+ |0 of [“n], (43)
@ 0 1 0 L%ane

W 0 0 1

with the linear and angular accelerations ajiy, @ang as the control inputs.

To avoid an elliptical obstacle centered at (¢, ¢,) with its radii 7, r,, one could consider the fol-
lowing CBF candidate:

_ 3 2 _ a7 2
hettipse () = (cx (2, + L cos 0)> N (Cy (yp + lbln9)> . )

Tx Ty

where [ is the distance of the body center from the differential drive axis of the unicycle system.
However, it is not a valid CBF since the safety condition (I2) does not depend on the control input
(i.e., Vhempse(x)T g(x) =0 Vz). Instead, we can exploit a higher-order CBF (HOCBF) given by

h((E) = hellipse(x) + Hhellipse(x)7 45)

for some x > 0. Then, ensuring & > 0 implies h > 0 given h(z(0)) > 0, and the safety condi-
tion for this h depends on both control inputs ajin, @ang. Refer to[Tayal et al.| (2024) for a detailed
explanation.

The goal of this problem is to optimize the neural network policy mg(z) = Taom(z) + fo(x) to
minimize the expected cost over the trajectories from random initial points within the range from
[-4,0,—m/4,0,0] to [-3.5,0.5, —7/8, 0, 0]. For an initial state sample x, we consider the cost of
the rolled-out trajectory through discretization with time step At = 0.02 and ngep, = 50 as

Mostep — 1

At Y 2 Qo+ mo(ws) " Ry (), (46)

=0

where x; is the state after ¢ steps, and Q = diag(100,100,0,0.1,0.1) and R = diag(0.1,0.1) are
diagonal matrices. The neural network policies are optimized to reduce {@6) summed over 1000
randomly sampled initial points.

A.7 DETAILS FOR THE HCAS EXPERIMENT
A.7.1 PROBLEM DETAILS

In this section, we provide additional details for the HCAS experiment.

* Input - The input is a 7-dimensional vector.
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p (ft) - Range to intruder

0 (radians) - Bearing angle to intruder

1) (radians) - Relative heading angle of intruder
Vown (ft/s) - Ownship speed

Ving (ft/s) - Intruder speed

7 (s) - Time to loss of vertical separation

Nk Db =

Sadv - Previous advisory

* Output - The output is a 5-dimensional vector y of floats each of whom represent the score
for a particular advisory (in order). We also list the ownship turn rate range corresponding
to each advisory.

: Clear-Of-Conflict (COC) : [—1.5deg/s, 1.5 deg/s]
: Weak Left (WL) : [1.0 deg/s, 2.0 deg/s]

: Weak Right (WR) : [—-2.0deg/s, —1.0 deg/s]

: Strong Left (SL) : [2.0 deg/s, 4.0 deg/s]

: Strong Right (SR) : [—4.0 deg/s, —2.0 deg/s]

<

<
e i =)

)
* Constraints -

1. Property #1 :
— Description : If the intruder is distant and is significantly slower than the ownship,
the score of a COC advisory will always be below a certain fixed threshold.
— Conditions on input for constraint to be active :
* p > 55947.691
* Von = 1145
* Vint S 60
— Constraints on output : y[0] < 1500
2. Property #5 :
— Description : If the intruder is near and approaching from the left, the network
advises “strong right”.
— Conditions on input for constraint to be active :
* 250 < p < 400
* 0.2<60<04
x 100 < voyn < 400
x 0 < vine <400
— Constraints on output : y[4] should be the minimal score which translates to
* y[4] < y[0]
[4] < y[1]
[4] < y[2]
* y[d] <y[3]
3. Property #6 :
— Description : If the intruder is sufficiently far away, the network advises COC.
— Conditions on input for constraint to be active :
x 12000 < p < 62000
% 100 < vown < 1200
* 0 < vine <1200
— Constraints on output : y[0] should be the minimal score which translates to

*

yl4] < y[
yl4] < y[
* yld] <yl
yl4] <yl

y[0] < (1]
* y[0] < y[2]
y[0] < y[3]
* y[0] < y[4]

4. Property #9 :

— Description : Even if the previous advisory was “weak right”, the presence of a
nearby intruder will cause the network to output a “strong left” advisory instead.
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— Conditions on input for constraint to be active :
% 2000 < p < 7000
* —04<0<-0.14
# 100 < Vo < 150
% 0 < vipe < 150
— Constraints on output : y[3] should be the minimal score which translates to

* y[3] < y[0]
* y[3] < y[l]

* y[3] < y[2]
YB3 < yl4]

5. Property #10 :

— Description : For a far away intruder, the network advises COC.

— Conditions on input for constraint to be active :
x 36000 < p < 60760
x 0.7 <0 <3.141592
# 900 < vown < 1200
x 600 < vipe <1200

— Constraints on output : y[0] should be the minimal score which translates to

y[0] < y[1]
* y[O] y[2]
« y[0] < yl3]
x y[0] < y[4]

A.7.2 NEURAL NETWORK TRAINING HYPERPARAMETERS
* Learning rate (Ir) : 1 x 1073

e Number of epochs : 260

A.8 LEARNING WITH WARM START

In addition to the HardNet architecture that consists of a neural network fy and a differentiable
projection layer P appended at the end, we propose a training scheme that can potentially result in
better-optimized models. For the first k epochs of training, we disable the projection layer and train
the plain neural network fy. Then, from the (k+1)-th epoch, we train on the projected model P( fy).
During the k epochs of warm start, the neural network fy can be trained in a soft-constrained manner
by regularizing the violations of constraints. In this paper, we train the HardNet-Aff models without
the warm-start scheme for simplicity. In the case of HardNet-Cvx, we find that performing a warm
start is necessary for cvxpylayers since it makes it easier for the convex program solver (SCS) to
perform the projection.
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