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Abstract

Reinforcement learning (RL) algorithms are effective in solving problems that can be modeled
as Markov decision processes (MDPs). These algorithms primarily target forward MDPs
whose dynamics evolve over time from an initial state. However, several important problems
in different scenarios including stochastic control and network systems exhibit both a forward
and a backward dynamics. As a consequence, they cannot be expressed as a standard MDP,
thereby calling for a novel theory for RL in this context. Accordingly, this work introduces
the concept of Forward-Backward Markov Decision Processes (FB-MDPs) for multi-objective
problems, develops a novel theoretical framework to characterize their optimal solutions, and
proposes a general forward-backward step-wise template that allows to adapt RL algorithms
for FB-MDP problems. A Forward Backward Multi Objective Actor Critic (FB-MOAC)
algorithm is introduced accordingly to obtain optimal policies with guaranteed convergence
and a competitive rate with respect to standard approaches in RL. FB-MOAC is evaluated
on diverse use cases in the context of mathematical finance and mobile resource management.
The obtained results show that FB-MOAC outperforms the state of the art across different
metrics, highlighting its ability to learn and maximize rewards.

1 Introduction

Reinforcement Learning (RL) is a very important field of artificial intelligence, as it enables agents to learn
from experience and adapt to complex, dynamic environments (Mnih et all |2013; [Lillicrap et al., 2016;
Schulman et al.l |2017b)). Moreover, recent breakthroughs in deep learning have led to solutions that surpass
human performance in a wide variety of challenges. As a result, deep reinforcement learning has lately
emerged as a combination of these two fields, with successful applications in different use cases (Mnih et al.|
2015; |Jaderberg et al.l 2018} Rigoli et al., [2021)).

Existing RL algorithms mainly address sequential decision-making problems modeled as a forward Markov
decision process (MDP) or controlled forward dynamics (Zare et al., 2023). However, there are several
sequential tasks whose environment cannot be exclusively captured by this type of dynamics, as they also
encompass states evolving backwards in time (Lai et al., [2020; [Wang et al.l [2021). Such backward dynamics
describe a trajectory in a reverse chronological order, wherein the future affects the past. Even further, there
are environments exhibiting both controlled forward and backward dynamics at the same time (Ji et al.,
2022a; |[Zhang) [2022), namely, as the forward-backward MDP (FB-MDP) illustrated in Figure

FB-MDPs have wide applications (Section . For instance, they can be employed to discretize forward-
backward stochastic differential equations (SDEs) (see Appendix [F| for a detailed account), thereby allowing
to solve stochastic optimal control problems (Zhang 2017} |Ji et al., 2020). Moreover, they enable accurate
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Figure 1: Overview of our approach. A forward-backward MDP in which forward states {s;}.c{1,r} and backward
states {y,}ieq1,7} apply the same actions {a;};c(1,7}, but with a different ordering in time. @ The FB-MOAC
algorithm comprises three steps: forward evaluation, backward evaluation and bidirectional learning. During the first
two steps, the forward and backward dynamics are evaluated and the resulting experiences are buffered. The policy
distribution is optimized in the bidirectional learning step based on the experiences of both forward and backward
dynamics. For this purpose, a forward-backward multi-objective optimization is employed by following an appropriate
chronological order. The episodic MCS-average add-on boosts the convergence to Pareto-optimal solutions. The
multi-objective optimization module of the FB-MOAC algorithm computes: the vector-valued gradients of forward
and backward objectives; the descent direction g(-) to ensure that all rewards increase simultaneously; and the
parameters of the actor network based on q(+). @ The cumulative reward of our approach (FB-MOAC) compared to
the widely-used proximal policy optimization (PPO) and to MOAC (our multi-objective extension of the advantage
actor critic) in the edge caching use case for different metrics (see Section for a detailed account). FB-MOAC
performs better than the other algorithms in terms of the overall reward.

modeling of delay /latency in the context of network communications and of the execution time for task
offloading in cloud or edge computing systems (Liu et al., [2019; |Wei et al.,[2019; |Chen et al. 2019b). However,
forward-backward dynamics have been marginally addressed in the context of RL and MDPs (Section [2.2)).
In fact, existing research only formulated a deep learning characterization in terms of forward-backward
SDEs or considered artificial backward trajectories in forward MDPs to increase the sample
efficiency of RL algorithms (Goyal et al. 2019; Wang et all [2021)). In contrast, and to fill this gap, we
introduce the concept of FB-MDPs for multi-objective problems entailing both forward and backward rewards
that conflict with each other throughout the action space. We then extract the properties of Pareto-optimal
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solutions and extend the optimality Bellman equation for this class of MDPs. We provide a general solution
mechanism and then develop an RL algorithm specifically suited to FB-MDPs accordingly.

In detail, this work establishes the following contributions.

¢ We introduce the notion of multi-objective FB-MDPs to express sequential multi-task decision-making
problems with both forward and backward controlled dynamics, whose rewards are coupled within the
action space. We notably show that these MDPs cannot be expressed as a standard MDP, and we
consequently develop a novel theoretical framework to characterize their optimal solutions (Section .

¢ We propose a step-wise mechanism as a general and versatile template to adapt RL algorithms for FB-
MDPs. Accordingly, we devise a multi-objective RL algorithm, called Forward-Backward Multi-Objective
Actor-Critic (FB-MOAC), the first of its kind, to obtain Pareto-optimal solutions. We further provide a
rigorous analysis of FB-MOAC, showing that it reaches convergence with a rate of O(1/+/I), where I is
the number of policy updates (Section .

e We conduct a comprehensive evaluation by considering diverse use cases expressed as FB-MDPs in the
context of mathematical finance and mobile resource management. The results establish the necessity
of modeling these problems as FB-MDPs, since approximating them with standard MDPs leads to a
sub-optimal solution. The evaluation also demonstrates the effectiveness of FB-MOAC compared to RL
algorithms in the state of the art (Section [f]).

Notation: we use lower-case a for scalars, bold-face lower-case a for vectors, and bold-face uppercase A
for matrices. Moreover, A" is the transpose of A, [|A|l is the induced matrix norm of A, I is the identity
matrix, 1 a vector with all elements equal to one, 0 a vector with all elements equal to zero, and e,, a vector
with all elements equal to zero except the m-th element which is equal to one. Finally, @ = [a1,...,a,]" are
the components of a n-dimensional column vector a, |S| is the cardinality of the set S, and [-] indicates the
components of row vectors.

2 Background

This section first introduces a few motivating examples of FB-MDPs and then reviews the most relevant
works in the existing literature.

2.1 Motivating Examples
Problems Described by Stochastic Differential Equations

SDEs exhibiting anti-causal dynamics have several applications in the context of differential games (Hamadene
& Lepeltier, 1995)), diffusion models (Yang et al.| |2023)), and mathematical finance (Ji et al., |2022al). In
particular, problems involving FB-SDEs represent a significant portion of the ongoing research in the field of
stochastic control theory (Yong} |2023)). Among them, one example is given by an investment-consumption
scenario in mathematical finance. Consider a financial market with a single risky asset whose price follows a
stochastic process. A trader can invest in this risky asset or engage in risk-free borrowing /lending. The
trader’s total wealth Y (¢) evolves based on their investment in the asset and the risk-free rate. Now, consider
a payoff at a future time 7', which depends on the asset’s price. The goal is to determine the minimal initial
Yy, required to replicate this payoff. The investment strategy guaranteeing that the final wealth matches the
option’s payoff is characterized by a backward dynamics (Ji et al.| 2022af). In such a context, Section
presents a use case related to mathematical finance, based on a general method to transform an FB-SDE into
an FB-MDP (see Appendix [F| for more details).

Network Content Delivery

Let us consider a scenario in which a content provider (e.g., in a video streaming context) serves users by
transmitting N content items with different popularity {p,}_, over a lossy network. Transmissions take
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place in time slots indexed by ¢, and the delivery of content n fails with an error probability e, (¢). Upon
failure, user requests are re-transmitted until successful delivery. The request probability of content n clearly
depends on the success rate of previous requests and the error probability e, (¢). Therefore, it establishes a
controlled forward dynamics as the content provider affects e, (t). Now, the average latency 1, (t) experienced
by a typical user to successfully receive file n is obtained by: 1, (t) = d(t) (1 — en(t)) + (7(¢) + L, (t + 1)) en(t),
where: d(t) is the transmission delay between the content provider and the user; and 7(t) is the duration of
time slot ¢. This equation is obtained by the law of total expectation and exhibits a controlled backward

dynamics with 1,,(t) as a backward state. As a consequence, minimizing the overall latency 2521 DPr ()15 (t)
in this context makes the problem an FB-MDP. Existing RL algorithms cannot be applied here since a
backward MDP cannot be converted to a standard forward MDP (see Theorem . Note that this FB-MDP
cannot be completely replaced by a standard MDP problem either. In fact, one rewarding policy could be to
only track the number of successful transmissions. A higher success rate over [0, 7] correlates with a lower
latency, however, these two metrics are not interchangeable; one can maintain the same success percentage yet
obtain a different overall latency Zi\;l Pn(t)l,(t). For instance, both the number of successful transmissions
and the average latency [, (t) become determined by fixing the error probability e, (t) over [0,T]. If we
then permute e, (t) in time, the total count of successful transmissions remains unchanged, but the overall
latency differs due to presence of p,,(t). Therefore, the success (or failure) of content transmissions does not
completely map to the overall latency. Content delivery is only one instance of network problems that can
be modeled as a FB-MDP; Section [5.2] presents a use case on edge caching in wireless networks, whereas
Appendix |D] addresses computation offloading.

2.2 Related Work

Forward-Backward MDPs. Our work shares similarity with prior research on RL algorithms (Edwards
et al., [2018; |Goyal et all [2019; Wang et al., |2021} [Lai et al., [2020; |Archibald et al., [2023]). These studies
hypothesize that (creating) a virtual backward trajectory, in relation to a forward dynamics, enhances the
sample efficiency of RL algorithms. Specifically, they employ the generated backward trajectories to augment
the training dataset for learning forward MDP (SDE) problems. |Edwards et al.|(2018)) train a learnable
backwards dynamics that generates fictitious reversal steps from known goal states. These backward paths
are then used to augment the replay buffer and contribute to the learning procedure of the considered RL
algorithm. Similarly, |Goyal et al.| (2019)) learn an artificial backward model (called backtracking model) trained
on agent experiences to predict preceding state-action pairs leading to high-value states. The backtracking
model then enriches the training dataset by alternative trajectories, leading to better performance. [Lai et al.
(2020)) construct a backward dynamics model and leverages it alongside the forward model to generate short
branched rollouts for policy optimization. This approach theoretically derives a tighter bound of return
discrepancy and demonstrates improved performance compared to a forward-only method. |Wang et al.| (2021)
introduce a learnable backward dynamics trained on offline datasets to generate rollouts targeting goal states.
They augment the training dataset to cope with the distribution shift between the learning policy and the
given offline dataset. Our reference model is characterized based on real backward and forward dynamics,
in contrast with the works described above, wherein backward dynamics are artificially constructed based
on a forward MDP (dynamics) and it is not independently controlled. Our model also considers rewards
jointly competing in both directions of time. Consequently, our investigation is centered around a class of
FB-MDPs for multi-task problems and allows for the development of RL algorithms that inherently consider
bidirectional dynamics, rather than relying on fictitious backward trajectories. Therefore, it provides a more
integrated and principled method for incorporating backward reasoning into RL.

Multi-objective RL Algorithms. The majority of Multi-Objective Reinforcement Learning (MO-RL)
algorithms has primarily been designed for discrete environments. [Mossalam et al.| (2016) introduce a MO-RL
algorithm that combines deep Q-learning and optimistic linear support learning. Their approach take into
account a scalarized vector and potential optima to formulate a convex combination of all objectives. However,
they require searching over all potential scalarizing vectors since an a priori knowledge on the importance of
distinct objectives is not available. [Yang et al.[(2019) employ multi-objective Q-learning together with a single-
agent framework to acquire a preference-related adjustment that can be generalized across different objectives.
Such an approach is computationally efficient, however, it often suffers from sample inefficiency and results



Published in Transactions on Machine Learning Research (07/2025)

in a sub-optimal policy. MO-RL algorithms have been specifically developed for continuous environments
as well. [Zhan & Caol (2019)) establish reward-specific state-value functions based on a correlation matrix to
obtain the relative importance of objectives with respect to each other. However, their approach requires to
adjust the weight of such a matrix to determine an appropriate inter-objective relationship. [Abdolmaleki
et al.[ (2020) devise a MO-RL approach according to the mazimum a posteriori policy optimization algorithm.
They learn objective-specific policy distributions to identify Pareto-optimal solutions in a scale-independent
manner. However, objective-specific coefficients must be adjusted to control the impact on the policy update.
In contrast, we propose a MO-RL algorithm for continuous-valued FB-MDPs (namely, FB-MOAC), without
considering any initial preferences for the different objectives. Different from previous works (Abdolmaleki
et al., |2020; |Zhan & Cao, [2019; [Chen et al.l 2019a), we devise a single-policy approach to simplify the
algorithm and avoid the need for an initial assumption on the reward preference. Moreover, a comprehensive
analysis has been conducted to ensure the convergence of FB-MOAC to Pareto-front solutions at a certain
rate. A remarkable result of such analysis is the ability of FB-MOAC to monotonically increase all expected
objectives for any reward preference, thereby making the algorithm scale-insensitive.

Convergence Analysis of RL algorithms. A few recent works (Qiu et al., 2021} |[Xu et al., 2020; |Fu
et al.} 2021} [Yang et al., [2018; [Khodadadian et al., |2022)) have characterized RL algorithms with a stochastic
policy, such as Actor-Critic (AC) and Policy Gradient (Sutton & Bartol 2018). |Qiu et al.| (2021)) conduct a
rigorous convergence analysis of the AC algorithm. Notably, their analysis is limited to a linear representation
of the state-value function. Xu et al.| (2020) provide a comprehensive characterization of the convergence
rate and sample complexity of the Natural Actor-Critic (NAC) algorithm (Peters & Schaall |2008)). Their
analysis requires that the considered MDP is ergodic. [Fu et al.| (2021)) analyze the convergence of the AC
algorithm under the assumption that the considered family of neural networks are closed under the Bellman
operator. Lastly, [Khodadadian et al.| (2022)) perform an accurate convergence analysis of the Natural Policy
Gradient algorithm (Kakade, |2002]). However, their investigation assumes that the initialization value of the
state-value function is sufficiently close to the optimal value function. All the aforementioned works address
the convergence of stochastic policies in single-objective RL algorithms for forward MDP problems. In contrast,
this work targets multi-task problems involving a FB-MDP. We carry out a rigorous convergence analysis as
a solid foundation to characterize multi-objective and forward-backward RL algorithms for FB-MDPs.

Applications of RL to Network Systems. RL algorithms have also been applied to network systems,
particularly, to design dynamic caching and offloading policies (Zhang et al., [2021; |Chen et al, [2021;
Amidzadeh et al., 2021; |Jiang et al.| [2022; |Chen et al., |2022; |Zhou et al.| [2023)). |Chen et al.| (2021)) devise a
multi-agent reinforcement learning for ultra-dense networks, whereas |Zhang et al.| (2021) employ a deep RL
algorithm to jointly optimize resource allocation and caching for Internet-of-Things scenarios. |Amidzadeh
et al| (2021)) leverage a deep RL-based approach to develop an optimal cache policy for multicast-enabled
cellular networks. Moreover, [Jiang et al.| (2022)) develop an actor-critic RL algorithm for proactive caching in
mobile edge networks. Finally, (Chen et al.|(2022)) and |Zhou et al.| (2023) employ deep RL for joint caching
and offloading problems in edge computing networks. All the works mentioned above only consider forward
dynamics, whereas this work entails a more complex characterization that allows to obtain a better solution
(see Section for a detailed account).

3 Multi-Objective FB-MDPs

This section briefly describes multi-objective optimization and its associated Pareto-optimality as a basis to
formally define FB-MDPs. The section concludes by characterizing the optimal solution of a multi-objective
FB-MDP problem.

3.1 Pareto Optimality

Consider the following multi-objective optimization problem:

Q: min [fl(a:),...7fr(:n)]7

reX

where f; : RV — R, X is the feasible set and r the number of objectives.
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Definition 3.1. We say that y € X’ Pareto-dominates x € X, if f;(y) < fi(x) for all i € {1,...,r} and there
exists j € {1,...,r} such that f;(y) < f;(x).

Definition 3.2. x* € X is called a Pareto-optimal solution of Q, if there is no other solution y € X that dom-
inates *. Accordingly, [f1(x*),..., f(x*)] is called a Pareto-optimal vector, and mingex |[f1(x), ..., fr(@)]
indicates to the set of Pareto-optimal solutions.

The following lemma (Schaffler et all 2002; [Ma et al., [2020) is instrumental to jointly minimize all objectives
of Q.

Lemma 3.3. Consider a vector-valued multivariate function f = [f1,..., fr], fj :R* =R forje{1,...,r}.
Let q(-) = Y27_ &4V f;(-), then —q(-) is a descent direction for all functions {f;(-)}7, where {a}}] are the
solutions of the following optimization problem:

r

> V()

Jj=

Qo : min
{a; j=1

2 T
, st > a;=1, a; >0, je{l,...,r}.
j=1
Remark 3.4. The lemma above can be leveraged to develop a multi-objective gradient descent algorithm.
To jointly decrease different objectives, it suffices to optimize o = [{c;}_;] by using the quadratic program
Q. and obtain q(-), which is nonlinear as a itself depends on {V f;(-)};.

Accordingly, the optimal solution of problem Q, can be obtained as follows.

Corollary 3.5. If VF(-) TV () is invertible and all aj > 0, the solution of @y is given by:

o' = (1T (VFOTVFO) L) (VFOTVA) L (1)

where Vf(+) is an n X r matriz with Vf(-) = [Vfl, .. .,Vfr} (+). For the case aj <0 forje Sy C {1,...,r},
we set VI(-) = [VI()k ef1,...rp\So-

3.2 Forward-Backward Markov Decision Processes

We introduce a class of multi-objective FB-MDPs, expressed by a tuple (S,Y, A, P(-), Py(-), 74 (-),7()), where: S
and Y are the forward and backward state-spaces, respectively; A is the action space; Pr: S x A x S — [0, 1]
is the forward transition probability, which describes the forward dynamics; Pp: Y x A x Y — [0, 1] is the
backward transition probability, which expresses the backward dynamics; finally, r/ : S x A — RISs| and
r’ .Y x A — RI® are the forward and backward reward functions (respectively), where S; and S are
the sets of indices of the forward and backward rewards (respectively). The forward transition probability
determines the next forward state of the system s; 1 ~ Py(:|s¢,a;) starting from s, € S and performing
the action a; € A. Moreover, in an anti-causal way, the previous backward state of the system follows
Vi1 ~ Po(‘|ly; a) from y, € Y by performing action a; € A. The initial forward state s; and the final
backward state y, are assumed to be known. Figure [Ta]on page [2 illustrates a FB-MDP.

Assumption. This work constrains the definition of FB-MDPs to the case where the forward (backward)
dynamics does not depend on the backward (forward) state.

Remark 3.6 (FB-MDPs cannot be expressed as standard MDPs). The backward dynamics
cannot be represented based on a standard forward system in presence of a forward dynamics. We can
consider the transformations zy_; :=y, and ¢’ := T — ¢ to convert the backward MDP with transition
probability y,_; ~ Py(-|y;,a:) into a forward one. Consequently, we get a forward MDP over z; with
transition probability zy 11 ~ Py(+|z¢,ar—_y ). However, this is a non-standard MDP as the state z;
becomes a function of actions that are scheduled for future time steps ar_;. Specifically, the state relies on
future actions that are not available when progressing forward in time. This violation of the conventional
causal structure prevents the use of standard RL algorithms.
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The aim of a FB-MDP problem is thus to optimize the following discounted multi-objective cumulative
reward from the Pareto-optimality perspective:

T
max E {Z’Ytl |:Tf(sta at)v rb(yT—t+17 aT—t-‘rl)] } ) (2)
t=1

{at€A}ie 1,1y
In Equation , T € N is the finite horizon of the optimization, v € [0, 1] the discount factor, and the
expectation refers to the different realizations of the forward-backward trajectory.
Remark highlights that solving a FB-MDP problem of the type in Equation requires developing novel

theoretical foundations. To do so, we build on the following observation and the resulting optimal solutions.

Remark 3.7. Both the forward and backward dynamics of a FB-MDP problem can be accurately learned
through a @-parametric stochastic policy a; ~ mg(+|s;), whereas employing the policy a; ~ mg(:|s¢,y;) is
unfeasible due to the anti-causal nature of the backward dynamics. Therefore, we need to optimize the
policy mg(+|s¢) based on the trajectories of both forward and backward dynamics.

The following section delves into this process.

3.3 Characterizing an Optimal Solution

We now analyze Remark [3.7] and provide a theoretical framework to characterize the optimal solution of
a multi-objective FB-MDP problem. Accordingly, the probability of a forward-backward trajectory 7 is
determined by:

Pg(T) . :]P’(sl,al,...,sT,aT, YTv"'7Y1)

T-1 T-1 T-1
=P(s1) [] Pr(sesalse.ar) [ moaclse) [T Polyr—elyr—is1sar—s1)P(yz)- (3)
t=1 t=1 t=1

The problem in Equation is then reformulated as the following policy distribution optimization:

T
Oz : max EmPe(-r){Z’Ytl {rf(shat)a rb(YTftJrlvanHJ)] ‘ 0}
t=1
st {see1 ~ Prllsea), vy~ Bllynad), e~ mo(fs) f. (4)

The multivariate objective of O can thus be expressed as:

T T
J(0) := [ETNPe(T)Z A (s an), ETNPe(T)Z P (Y1 AT k1) } .
k=1 k=1
35 (6) 3%(6)

To Pareto optimize J(0), we need to first compute its component-wise gradient with respect to 0, i.e.,

VolJ(6) = a%]e((el) apgé"). For the forward cumulative rewards J/ (), we have (Grondman et al., 2012):

T
Vod’ () = E{ > Ve logma(aksk) A (sk, ar) ‘ 9}7 (5)
k=1

where: AY : S x A — RISt A (sp,a1) == v/ (s, ar) + YV (spy1) — V7 (sk) is the forward advantage
multivariate function; and V7 : & — RIS/l with

T

VY(sp) = EPB(T){ > AN e (s aw)
k'=k

st} (6)
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is the forward state-value multivariate function. We finally obtain the following lemma to characterize the
optimal backward trajectories and the Pareto-optimal solutions of FB-MDP problem Os.

Lemma 3.8. For the backward cumulative reward J°(0), it is:
T—1
VoJ'(6) = EPQ(T){ > Velogmo(ar—k|sr—x) A (yp_y, STk, ar_1) ‘ 9}7 (7)
k=0
where A® : Y x S x A — RIS is the bidirectional advantage multivariate function:
A (yp_p ST—ks 07—k) =T (Yr_py 07—k) + VWV (Ur_p—1, 57-k—1) = V' (Yr_p> S7-#),

and VP : Y x 8 — RISl s the bidirectional state-value multivariate function:

T—1
k'—k b
Y7k STk} = E{ Z YT (Yr—ges @) kavsTk}»

1

Vb(nylmSTfk) = E{ Z VT_k/_l”‘b(ykuak')
k'=T—k k'=k

(8)

which adheres to the backward Bellman’s equation:

Vb(yT_k’ ST_k) - ar—k ]]::Te(-\sT k) {Tb(yT_k’ a/T_k) +7Vb(yT_k_17 3T—k—1)|0}' (9)
Yr—j—1 ~ PyClup_p, ap_)
ST—_k—1 ~ P(-lsp—k)

For the stationary forward and backward transition probabilities, a Bellman Pareto-optimality equation is
given by:

1 b* f F b 0P = =
[V (s), V" (v, s)} € max LJrN}IE(.S,a){r (s,a) +~V (5+)}7y5}£]§b;;(‘4%;){7' (y,a) +~V (y , 8 )}]7

(10)

for (s,y,a) € S x Y x A, where [Vf*(s), VP (y, s)] is a Pareto-optimal vector, st € S is the forward
state following s, and y~— € Y is the backward state preceding y.

Remark 3.9. The formulation of Lemma differs from its counterpart for forward MDPs. Specifically,
the bidirectional state-value V®(yr_,,s7_s) is defined in Equation @) so0 as to have a backward Bellman’s
equation. Note that Equation @ exhibits a forward dynamics with a dependency on the policy distribution
that itself relies on the forward state rather than the backward state. Moreover, the Bellman’s Pareto-
optimality equation [i.e., Equation } characterizes an optimal solution for FB-MDPs, which notably
exhibits a bidirectional optimality dynamics, due to presence of s~ and st on the right-hand side. This
requires that both dynamics should be jointly and simultaneously considered to obtain an optimal policy. We
leverage these findings in devising our algorithm next.

4 Forward-Backward Multi-Objective RL

We now build upon the results in the previous section to develop an RL algorithm for multi-objective
FB-MDP problems. Specifically, we devise a Forward-Backward Step-Wise (FB-SW) mechanism according
to Remark and Lemma The mechanism comprises three steps: (i) forward evaluation, in which the
forward dynamics is evaluated by generating actions using the policy a; ~ mg(-|s;); (ii) backward evaluation,
in which the backward dynamics is evaluated in a time-reversed way by leveraging the actions generated in
the previous step; and (iii) bidirectional learning, employing a multi-objective optimization mechanism with a
suitable chronological order to optimize the policy mg(+|s¢) based on the experiences obtained from both the
forward and backward dynamics. In the next sections, we utilize this general mechanism as an adaptable
framework to devise an RL algorithm suited to FB-MDP problems.
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Figures [1b| and |1c| (on page [2)) outline such an algorithm.

4.1 The Forward-Backward Algorithm

According to Equations and (7)), the gradient of J(@) depends on the policy distribution mg(-|-) in addition
to the state-value functions V7/(:) and V?(-,-). For the policy distribution 7g(-|-), we consider an actor
agent represented by a @-parametric neural network (NN). For the forward state-value function V/(-), we
set a forward-critic network represented by a ¢-parametric NN, denoted by Vg (1). Moreover, we use a
backward-critic network with a -parametric NN for the bidirectional state-value function, indicated by
V£(~, -). We must now align the evaluation and update procedures for the actor and critic networks with the
FB-SW mechanism. In this regard, mg(-|-) and Vd{ (+) are evaluated during the forward-evaluation step of the

FB-SW mechanism, sz( -,+) is evaluated during the backward-evaluation step, then their values are employed
to compute VJ(0) and update mg(-|-) during the forward-backward optimization step.

The update mechanism of actor policy mg(-|-) depends on the forward and bidirectional state-value functions,
ie., Vd{ (-) and Villj(~7 -). As a consequence, we need to set some losses to also update these state-value functions.
In line with Bellman’s equation V7 (sp) = Es, | ayjs, {7/ (Sk;ar) + 7V (sk41)} and Temporal Difference
(TD)-learning (Grondman et al.l [2012), the following forward-critic losses are considered to update ¢:

T

Z sk,ak , for ie Sy, (11)
k=1

where Aé J(sk,ag) = Vd{i(sk) —rlf(s;g, ay) —7Vfi(s;€+1) are parametric representations of the so-called forward
advantage functions. Conversely, we set the following backward-critic losses to update the parameter 1) based
on the derived backward Bellman’s equation [i.e., Equation @D]

~

Ai’p’i(nyk,sT,k,aT,k)z, for i€ Sy, (12)
0

>
Il

where Al (Yp_p.ST—rar—1) = V) ;(yr_psS7—k) = 170 (Yr—ps A7) = YV (Y7 _pp—1,S7——1) are the para-
metric bidirectional advantage functions.

Equations and indicate multiple directions for optimizing the actor, while Equations and
show multiple losses for optimizing the forward / bidirectional critic networks. A straightforward approach to
carry out multi-objective optimization involves using the scalarization technique, namely, obtaining a single-
objective loss through a preference function (or scales) for different rewards. However, Pareto solutions cannot
be necessarily obtained via this method (Kirlik & Sayin, 2014]). As a consequence, tuning the scalarization
settings might require a trial-and-error approach, which is sensitive to the selected setup. Instead, we use a
scale-insensitive multi-objective optimization method (Schéaffler et al., |2002; |Amidzadehl 2023) to devise a
forward-backward RL algorithm. Accordingly, we employ Lemma to formulate forward / bidirectional
critic networks and a multi-objective actor agent shared between the forward and bidirectional critics.

4.1.1 Forward / Bidirectional Critic Networks

Equation (11 [Equation ] provides multiple losses for the forward (backward) critic network. By recalling
Lemma we formulate the multi-objective loss K7/ (¢) [K°(1))] by using the coefficients B4 (Bp), so that a
common descent direction is formulated for all forward (backward) critic losses. Accordingly, we have:

T-1
=Y ﬁfJZAd,J (skan)?,  K°() =Y B > Ay i(yropstomark)’,  (13)

JESY JESH k=0

where 3} and B; are tuned by the following problems (see Qq of Lemma :
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2 T—1 2
B} = argrmn Z B]V¢ZA¢J sw,ar)?||, Bi= argmin Z BV ZA¢] Vo s ST k> A7)
Bj = JESs fizt ljes, k=0
JESfﬁ. jesy TiT!

(14)

These critic networks are then updated via TD-learning with the following Stochastic Gradient Descent
(SGD) rules (Grondman et al., [2012]):

b b~ Ve (¢), W — VK (), (15)
where p1y and py, are the learning rates of the forward and bidirectional critic networks, respectively.

4.1.2 Actor Agent

We follow the same strategy as in the previous section to devise a single-policy multi-objective actor agent
shared between the forward and backward processes. The following forward and backward gradients follow
from Equations and :

Vng ZVglogm;(ak\sk) ¢Z(sk,ak)
k=1
T-1

VBJ;‘)(Oa";b):ZVOIOgWG(aT—k|ST—k)A'ZZ/;7j(YT—k7ST—k’;aT—k) (16)
k=0

for ¢ € Sy and j € Sp. We then employ Lemma @ to provide a simultaneous ascent direction for all
forward / backward rewards. Note that, in contrast to the critic network, an ascent direction is desired
as the actor maximizes the rewards. Hence, the multi-objective actor agent is updated by the following
multi-objective SGD:

0+ 0+ /J( Z ﬁact7jvejjf<67 ¢) + Z Bact,jvejjb(eaw))a (17)
JESy JESy
where p is the learning rate of the actor agent, and

2

Bact =argmin | Y B;VeJ  (0) + Y B;VeJl(6)

{Bj}i JESS JES,

st B; >0, Z B =1, (18)

JESFUSy

with

T

Vejjf(e) =Eg4E {Z Vo 1Og779(ak|sk)f4f;,j(sk7ak) ‘ 9,¢} {VBJ 0,9) | 9}

k=1
T—1

VeJ!(0) := E4E { Z Vologmo(ar_rlsr—r) Ay j(yr—_k> STk a7 k) ‘ 0, ¢} =E {VoJ (0,7) | 9} (19)
k=0

for j € Sp and 7 € Sy. Note that, as opposed to the critic losses, we theoretically leverage the expected
gradients ngjf(O) and VgJZ—’(B) to optimize B, in Equation [compare with Equation } This
approach interestingly ensures that all forward and backward cumulative rewards — namely, {J ]f (0)}jers , and

{ Jf(@)}ie‘s‘b — monotonically increase at each iteration and, more importantly, facilitates the convergence of
the FB-MOAC algorithm (please refer to Theorem in the appendix for more details).

To estimate the expected gradients ngf(a) and ngb(e) we employ Monte Carlo Sampling (MCS) together
with an ezponential moving average, applied to Ve.J; 776, ¢) and VoJ b(0 ). Specifically, we first implement

10
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Algorithm 1 Pseudo-code of the Forward-Backward Multi-Objective Actor-Critic (FB-MOAC) algorithm.

: for episode =1 to Enax do
Input: Initial forward-backward state (s1,yr)
Actor, forward-critic and backward-critic parameters: 8, ¢ and v

1

2

3

4: Step 1: Forward Evaluation:

5: fort=1to T do

6 Select a; ~ mg(+|s¢), interact with environment

7 Observe forward state s;41 and forward rewards {r]f (st,at)bjes,

8 Compute {Aé’j(St,at)}jESf by forward state-value {Vd{;j(St)}jesf7 Equation
9: Compute log (7rg (at|st))

10: end for

11: Step 2: Backward Evaluation:
12: fort=1to T do

13: Observe backward state y,_, and backward rewards {r}(y,_,,ar—¢)};jecs, depending on the action drawn
in step Forward-FEvaluation

14: Compute {AY ;(yr_,,ST—t,ar—¢)}jes, by bidirectional state-value {V;; ;(y7_,,s7-¢)}jes,, Equation

15: end for

16: Step 3: Bidirectional Learning:
17:  Forward / bidirectional Critic Update:
18: Obtain B} and B; by Equation
19: Compute multi-objective forward-critic loss K/ (¢) and backward-critic loss K® (1))
20: Apply the rules:
¢ ¢— VoK (9), ¢ —mVy K ()

21: Forward-Backward Actor Update:

22: Obtain B* through Equation and the outcomes of episodic MCS-average

23: Compute stochastic forward and backward gradients VeJ Jf (0,¢) and Vg j]b (6,) through Equation
24: Apply the SGD rule:

0+ 0 — ,u( Z ﬂact,jVojf(a, d)) + Z BaCt,.ivgj]l?(07¢))

JES; JES

25: end for

Nues distinet backward and forward critic networks with learnable parameters {4}, e and {¢}, 7,
respectively, and use the approximations

o 1 Nucs y . 1 Nucs -
VTl (0) ~ 5 — ; E{Voil(6.0)6},  VoIl(0)~ o ; E{VoJ!(6,u1)0}.

In addition, we consider different episodes to take an exponential average with a smoothing factor vy, to
estimate E {ng]f(a, ¢l)\0} and E {vgjf(e, 1/:l)|0}. We name this approach episodic M CS-average.

Figure [1b| overviews the proposed Forward-Backward Multi-Objective Actor-Critic (FB-MOAC) algorithm,
whereas Algorithm [1| provides its pseudo-code.

4.2 Convergence Analysis

In this section, we analytically characterize the convergence of the FB-MOAC algorithm. Our investigation
starts by establishing some foundational assumptions, followed by the presentation of important theorems
and corollaries. We then carry out the convergence analysis for the scenario where the expected rewards are
Lipschitz-smooth (please refer to Appendix [B| for more details).

We emphasize that stochastic nature of FB-MDP affects the values of ¢, ¥ and 8, based on the SGD rules
[Equations and ([L7)], so they are treated as random variables. We now make the following assumptions.

11
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Assumption 1: The estimations of state-value functions are unbiased up to the residual terms, i.e.,

E{V],(s)|s,0} =V (s)+ 0], ieS;, se8
E{V};(v:8)|y,8.0} =V/(y,s)+3},  j€Sp (v,8)€YxS,

where {6/ }ics ; and {65} jes, are the forward and backward residuals arising from the approximation of the

true value functions Vif (s)/ ij(s, y) by the neural network parameterization and the stochastic gradient

updates .

Assumption 2: The forward and backward expected rewards (J Jf (6), J%(6)) are Lipschitz-smooth functions
with constants Ly and Ly, respectively, w.r.t. 8:

Vol (@) = Vosl )| <Lsl6' 61l €S ||Vol(8) — Vasl(0)]| < Lull6 — 01, j € Sy

Assumption 2 can be mapped to a set of assumptions related to the architecture of neural networks.

Proposition 4.1. Let the actor be represented by a 0-parametric neural network, where all activation
functions are Lipschitz-continuous, Lipschitz-smooth, and bounded both above and below. Moreover, assume
that either the action space A is compact or actions sampled from the policy distribution mg(-|-) are clipped.
Assumption 2 holds for any family of distributions that are bounded whenever their parameters and input are
bounded.

Proof. Please refer to Proposition in Appendix [B] O

Assumption 3: The stochastic forward / backward gradient:
vI™(6,6.9) = | [Voi[(6.9)],
has a conditional covariance bounded by a positive semi-definite matrix B:

E{VJ"(0.6,9) V"0, ¢,9) |0} - VIT(6) VI (@6) < B,

where VJ™(6) = [[v,,jf(er)]jE 50 [Vol2(0)] Sb}.
Note that the assumptions outlined in this context align with the those adopted in the literature on convergence
analysis (Tian et al., [2023; |Xiong et al., [2022; [Zhou et al., [2022; |Qiu et al., 2021).

We now need to present a definition for the convergence to locally Pareto-optimal solutions.

Definition 4.2. The parameter sequence {6;}!_; is said to converge to locally Pareto-optimal solutions
(Zhou et al., [2022) if

limE{ min H 3 vejjfb(ai)ﬁjHQ}_)O,

17— 00 B; >0 )
Bj =1 jE‘SfUSbl
J

where V.J(0) is the j-th element of VJ™(0), with V.J™(8) = [[VgJJf(H)] (VeJ2(6)]

JES’ jGSbi|'

We are now ready to present the main theorem and the resulting consequences related to convergence.

12
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Theorem 4.3. Assume the forward / backward state-value estimations, i.e., {V;{d)(-)}jesf and {le?w(')}jesb,
following Assumption 1. Moreover, consider the forward /backward expected rewards, i.e., {Jf(')}jesf
and {J?(")}jes,, and the forward /backward stochastic rewards, i.e., {j]f(-,-)}jesf and {jjl?(-,-)}jesb,
complying with Assumptions 2 and 3, and Bact being the solution of Equation . Finally, consider the
SGD as in Equations and characterized by iteration number i and actor learning rate {u;}1_,
with
. { 1 1

s S Iin y
a max{Ly, Ly} max{Ly, L} | B]

(17 (va o) VI8 1)_1} :

and 0 < pr < ... < p; <...< 1, which generate the sequences {¢'}_,, {¢'}_, and {6°}[_,. Then, we
get:

I
1 fb(giygi |2 maX{LfaLb}HBH Hi
Izz: {”VJ (6°) Bt }_ ZQ—,ulmax{Lf,Lb}
2
—_— E{JP(07) — TP (6")}. 2
* T 6705 2o 2T = P60} 2

JESFUS,

Proof (sketch). Tt can be shown that the episodic MCS-average approach ensures that the forward and
backward expected rewards {.J; (6)};¢|s,| and {J}(0)};c|s,| constantly increase at each iteration based on
Corollary - (see Theorem [B - We leverage this fact and the characteristic features of Lipschitz-smooth
rewards to guarantee the convergence to a locally Pareto-optimal solution. Appendix [B.2| provides a
complete proof. O

Remark 4.4 (Sublinear convergence). Theorem [4.3| ﬂ implies the convergence to a locally Pareto-
optimal solution (Zhou et al.l 2022) with convergence rate of O(1/+v/T) under the learning-rate scheduling
wi =0(1/ Vi ), where I is the number of algorithm iterations — equivalently, the number of policy updates
in FB-MOAC. This rate is notably consistent with that of single-objective actor-critic methods for
forward-MDPs, which exhibit a convergence rate of O(1/v/I) (Fu et al., 2021).

Remark 4.5 (Complexity). The overall architectural complexity of the FB-MOAC algorithm is comparable
to that of standard actor-critic approaches. However, the episodic MCS-average add-on makes FB-MOAC
computationally different from standard algorithms. The computational burden introduced by this add-on
depends on the number of critic agents. We have empirically determined that as few as three agents is
sufficient to achieve desirable performance (see Section |5| for more details). Given that the convergence rate of
FB-MOAC algorithm is comparable to the standard RL algorithms, the computational complexity required
to achieve convergence is of the same order as that of standard forward-only methods.

4.3 Deriving the Pareto-Front

Our FB-MOAC algorithm is designed as a multi-objective framework where a single-policy agent interacts
with multiple reward-specific critic networks. Crucially, these critics are updated through a non-linear
mechanism with respect to the reward functions, as described by Remark in addition to Equations
and . Hence, we consider the critics for developing a preference policy with respect to different rewards.
To systematically explore the Pareto front, we introduce forward and backward preference parameters,
el € (0, 1]|Sf|, e’ € (0, 1}'5*", which are used to re-scale the corresponding advantage functions:

A{(sk,ak) = e{ r{(sk,ak) + 'yVif(skJrl) — Vif(sk), for i € S
A?(yT—IwST—kvaT—k) = 62‘ T?(YT—kaaT—k) + ’Vij(YT—k—la ST—k—1) — ij(YT—ka sT—k), forje€ S, (21)

We then apply the FB-MOAC algorithm with the updated advantage functions. Note that this re-scaling
does not lead to a linear preference due to Remark We thus employ different preference parameters to
steer the learning process toward different regions of the Pareto front. It is also important to highlight that

13
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the scalarization technique cannot be applied on the forward and backward rewards to formulate a single
reward, since the resulting reward would depend on both the forward and backward states. As a result, a
state-coupled FB-MDP would occur and Lemma would no longer hold. This further motivates using
multi-objective optimization to find the Pareto-optimal solutions.

The non-linear re-scaling mechanism described above allows to characterize the Pareto-front of a problem.
Note that Theorem guarantees convergence to (locally) Pareto-optimal solutions. On the other hand,
Theorem [B-3]ensures that the expected rewards monotonically increase for any preference policy. Consequently,
the convergence to a (locally) Pareto-optimal solution is preserved regardless of the different preferences.
These considerations explain that the mechanism in Equation allows to derive locally Pareto-optimal
solutions for the case of Lipschitz-smooth rewards. An evaluation of the proposed mechanism is provided in

Appendix [E]
5 Evaluation

FB-MDPs find application in stochastic optimal control problems driven by forward-backward stochastic
differential equations (FB-SDEs) and networked systems (Zabihi et al.| [2023]). Accordingly, we evaluate FB-
MOAC against the state of the art through diverse representative problems in these domains: mathematical
finance, as an example of how a FB-SDE-driven stochastic control problem can be solved by FB-MOAC;
and cache-assisted content delivery in wireless networks. Appendix [D| provides an additional use case in the
context of computation offloading through an edge (cloud) server. The code of FB-MOAC is available at:
https://github.com/amidimohsen/FBMOAC.

5.1 Use Case: Mathematical Finance

We consider an investment-consumption problem (Ma & Yong), (1999; |El Karoui, 1997)). In particular, we
address a stochastic optimal control problem driven by a forward-backward stochastic differential equation
(FB-SDE), which is then discretized according to the method in Appendix [F|to find an optimal solution with
the FB-MOAC algorithm.

5.1.1 System Model
A financial market consists of n risky assets whose prices follow the following F-SDEs:
dpn(t) = pu (1) (rPP ()dt + (037 (t), dB(1))),  pn(0) >0,

for n € {1,..., N}, where B(t) € RY is the Wiener process with an identity diffusion matrix, 72PP(t) is the

instantaneous appreciation rate, and o¥°'(t) € R is the asset volatility. A trader invests in risky assets by

fractional investments {0 < ¢, (t) < 1}_; or borrow /lend money with an interest rate r*(¢). Hence, the
wealth w(t) of the trader with consumption plan ¢(¢) can be obtained by a F-SDE:

N
dw(t) = f&f (w(t), c(t), {¢n(t)}n)dt + Z w(t)pn(t) (e (t), dB(1)), (22)
n=1
where f4f is the respective drift function obtained as:

N
FE(w(t), e(t), {n(®)}n) = r™ Ow(t) + > w(t)dn(t) (rEPP(t) — rit(t) — c(t))

with w(0) = wg and wy the initial wealth. Note that {¢,(¢)}2_; is called the investment portfolio, with
Yo () = 1.

An utility process u(t) of the investor is then taken into account. This process at time ¢ depends on the
consumption plan ¢(t) and the future utility, and is described by the following backward SDE (B-SDE):

du(t) =—f5" (c(t), u(t), 2(t))dt + (a(t), dB (1)), w(T)=f"(w(T)), (23)
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Risky FB-MOAC Approach in |Ji et a1.| q2022b|; |2020
assets N T=0.50 T=0.75 T=1.00 T=0.50 T=0.75 T=1.00
10 0.121 0.182 0.241 0.122 0.182 0.242
20 0.122 0.181 0.240 0.122 0.178 0.242
50 0.120 0.180 0.235 0.121 0.181 0.237

(b)
Figure 2: Evaluation in a stochastic optimal control problem: optimal investor utility u(0) I@l for N = 50 risky assets
over different horizons and I@ comparison against the state of the art.

where f8°%(.) is the generator function, z € RY is the control process of the backward dynamics, T is the
finite horizon, and ff"(-) is the final utility function. The objective of this problem is to optimize the initial
backward state u(0) by designing an optimal portfolio and consumption plan. This is formulated based on
the following stochastic optimal control problem:

s T
B L G I AR A CORTORIOT

s.t. FB-SDE and (23). (24)

To apply FB-MOAC, we discretize this stochastic optimal control problem with the Euler-Maruyama
scheme (Kloeden & Platen| [1992) (see Appendix [F] for more details). The forward state is set to the wealth
w(t) [i.e., s(t) = w(t)], while the backward state to the utility process u(t) [i.e., y(t) = u(t)]; the action is on
the investment portfolio {¢;(t)}X,, the control process of the backward dynamics, and the consumption plan
c(t) >0, ie., a(t) = [{¢:(t)}Y,, c(t), z(t)]; finally, the cumulative backward reward is the initial backward
state u(0) expressed by E{ fi*(w(T)) + fOT f5(c(t), u(t), 2(t))dt}. Note that the discretization of the B-SDE
in Equation leads to a backward-MDP due to the backward flow of action information (see Remark
3.6). This motivates the use the of FB-MOAC algorithm. We thus partition the time interval [0, 7] into
N sub-intervals [ty—1,tx) for k € {1,..., N}, each sub-interval with length At = NLd, where tg = 0 and
tyais = T. By applying this discretization, the backward cumulative reward leads to:

Ndis

Rb(a,y) = ]E{ P w(tya)) + > FE (c(iAt), u(iAt), z(z’At))At}, (25)
=0

where a = {a(t;g)}{cvjf and y = {y(tk)}fcvif Further, the F-SDE in Equation maps to the following
forward MDP:

w(thpr) — w(te) = FU(w(te), etn), {dn(tr)n) AL+ Y w(te)dn(tr) (o3 (t), AB(L)), (26)

n=1
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where AB(ty) is a normal random variable with zero mean and variance At, and the B-SDE in Equation
maps to the following backward MDP:

u(ty) = u(tipr)+ 5 (elthin)s o), 2(te1)) A u(tyas) = fH (w(tya)), (27)
The respective sequential decision-making problem is then expressed as follows:

s.t. {a(tk) ~ mg(-|s(tr)), FB-MDP of Equations - }

5.1.2 Experiment Setup and Hyper-parameters

We use the same settings as those in (Ji et al.| 2022a)). The number of assets is N € {10, 20, 50}, the generator
function f&8°"(c(t), u(t), 2(t)) = —0.05u(t) + c(t) — c(t)?, the final utility function ff"(z) = exp(—2), the
interest rate r'"*(¢) = 0.03, the appreciation rate 7*PP(¢) = 0.05, the volatility o¥°' = 0.1I,, for n € {1,..., N},
the finite horizon T € {0.5,0.75,1.0}, and the initial wealth zy = 100.

As this problem only entails a backward reward, we only establish the backward-critic network; moreover,
we set Nycs = 1, the number of neurons in the hidden layer for the actor and critics to 8, the actor
and bidirectional critic learning rates 2 x 1072, and the smoothing factor vyey = 1. We use the Dirichlet
distribution for {¢,(t)})_, to jointly motivate the exploration and to satisfy Zg:o ¢n(t) = 1. Finally, the
rectified linear unit (ReLU) activation function is used for the neuron connections, the number of neurons in
the hidden layer for the actor and critics is 100, the actor and forward / bidirectional critic learning rates are
3 x 10~%, and the smoothing factor is Ymey = 0.95.

5.1.3 Performance Evaluation

Figure [2a] shows the performance of FB-MOAC as a function of time steps for different values of finite horizon
T € {0.5,0.75,1.0}. For comparison purposes, we consider the approaches in (Ji et al., |2022b; [2020)), which
develop deep learning methods by focusing on stochastic control theory and incorporate the system dynamics
a priori for the optimization. In contrast, FB-MOAC learns multivariate rewards for FB-MDPs without
knowing the transition probability of the underlying dynamics. Table [2b] compares FB-MOAC against state
of the art in terms of the optimal initial investor utility «(0). The solution by FB-MOAC is close to the
values obtained by (Ji et al. |2022b; |2020)) for different values of T' despite treating the system dynamics as a
black-box during the learning process. This demonstrates the ability of the proposed algorithm to find an
optimal solution for environments characterized as FB-MDPs, thereby broadening its application to a variety
of stochastic optimal control problems described by FB-SDEs.

5.2 Case Study: Edge Caching

We now consider a real-world forward-backward multi-task problem in the context of edge caching (Nomikos
et al., 2022)). For conciseness, the rest of the section omits details that can be found in Appendix

5.2.1 System Model

The environment of this experiment is a wireless network with cache-equipped Base-Stations (BSs) The
environment also includes a library containing NN different content items as well as fixed mobile users
requesting these items from the cellular network. The network operates over time slots with a discrete index
t € {1,...,T}, where T is the total duration of the operation. The network thus addresses that user requests
at the beginning of each time slot. Content items have different popularity {pP°P(¢)}2_,, where pPoP(t) is
the probability that content n is requested by a randomly selected user at time ¢. The goal is to satisfy as
many users as possible during the network operation. At the beginning of each time-slot, the BSs cache
the most popular content items with probability {psa(¢)}N_; and simultaneously multicast them toward
users by consuming content-specific radio resources {wy,(t)}2_;. The transmission at time-slot ¢ completes

within d(¢) seconds. We thus denote the system action parameters by the vector a(t), which depends on
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the content-specific bandwidth allocation and cache placement at BSs, i.e., a(t) = [{pS2h(£)}N_;, {wn (1) }_,].
A multicast outage may occur with probability {O,(a(t),t)}_,. As a result, certain users fail to receive
the requested content in a given time slot and their request is deferred to the subsequent one. Hence, each
time-slot sees a distribution of users accounting for the repeated requests and a distribution describing the
new preferences toward content items. This leads to a time-varying model for the request probability pred(t)

of content n:

N

pra(t) = pitd(t — 1)Op (a(t — 1), — 1) +pg°p(t)z (1=Om(alt—1),t—1))pia(t—1). (28)

m=1

repeated request

new request based on the popularity

Note that p®d(t) indicates the request probability of content n averaged over all users. Then, it can
be simply verified that 25:1 pred(t) = 1, considering Zn L PPOP(t) = 1. Equation li therefore rep-
resents a forward dynamics, with the forward state vector s(t) = p*®4(t) and the action vector

a(t) = [{p (1) =, {wn (8)}054)-

A request for a content item is repeated across several time-slots until successfully fulfilled, resulting in an
expected latency L, (t) for successful delivery of content n. For this quantity, a time-varying dynamics can be
derived by the law of total expectation as follows:

Lo(a(t),t) = (d(t) Y Lo(alt+1),t+ 1)>On(a(t),t) + @(1 — Ou(a(t),t)), Ln(a(T),T)=0, (29)

where d(t) is the duration of time-slot ¢ in seconds, and we have L, (a(T),T) = 0 since system operations
finish at time t = T and the users do not need to wait any longer. Equation represents a backward
dynamics, with the backward state vector y(t) = L(a(¢),¢) and the action vector a(t). Note that this model
fully captures the trade-offs involved in the delay dynamics and differs from the conventional formulation
that does not provide a comprehensive model when accounting for successive slots; for the delivery without
outage, the expected latency simply becomes L, (t) = d(t) , as its realizations follow a uniform distribution
with values between 0 and d(¢).

Equation may suggest that it is possible to convert it to a standard forward dynamics. For this purpose,
we can consider a variable transformation K, (T —t) := L, (a(t), t) as well as a time transformation ¢’ := T —¢.
We can then obtain the following forward dynamics on K, (t'):

Ko(t') = (d(T — ') + Ko (t' —1))On(a(T — ), T —t') + ar=t)

(1—On(a(T —t), T—1t)), fort >1,
with K (0) = 0. However, this shows a non-standard MDP, as the state K,,(¢') depends on the far future of
action a, (T — t') that cannot be revealed by moving forward in time. This argument aligns with Remark

Equation also shows that for a full-error transmission scheme (i.e., with the outage equal to one)
L,(t) =d(t) + L,(t + 1) holds, which means that the expected latency maximally accumulates as one goes
backwards in time. This is expected, as no successful receptions take place. Moreover, it is worth stressing
that minimizing the expected latency in Equation enables to optimally keep track of the precise time slot
at which requests are finally fulfilled. Alternatively, one could track the service time of requests to prioritize
those that have waited longer, or track for the failed / succeeded content transmissions. However, these
policies do not completely map to the tracking of overall latency, and oversimplify the problem. Consequently,
they fail to account for the complex interactions within the system, leading to a sub-optimal solution. The
evaluation in Section [5.2.3] empirically proves this. Therefore, the problem is instead modeled as a FB-MDP,
coupling forward and backward dynamics through system actions, where the action space is [0, 1]™ x [0, 00)™
with n as the number of content items.

Three widely-used network performance metrics (Li et all |2018b]) are considered as reward functions to
design an optimal policy: the quality of service rqog(+); the total bandwidth consumption rgw(-); and
the overall expected latency rLat(+). The QoS determines the overall probability of unsatisfied UEs and is
given by rqos(t) = — 0, prea(t)O, (a(t), 1), 0 < —rqes(t) < 1, namely, the likelihood of a UE request
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Figure 3: Pareto-optimal solutions in the edge caching use case for different settings of the preference parameters
e=[e/,¢: (a) [0.3,1.0,1.0], (b) [0.3,0.3,1.0] , (c) [0.3,1.0,0.3] , and (d) [1.0,1.0,0.3] . Note that these solutions are
Pareto-optimal as none of them dominates the others.

remaining unfulfilled during the multicast transmission at time-slot . The total bandwidth consumption
is rpw(t) = —W(a(t),t) = — 22;1 wy, (t), where W (-) represents the total bandwidth consumption for the
network. Finally, the overall expected latency is rp.¢(t) = ZTJ:[ 1 PEA(t) Ly (a(t), t), with L, (t) obtained
from Equation . Note that these rewards compete with each other. For instance, reducing rgw requires
increasing w;, which, in turn, decreases the outage O,,. Furthermore, a decrease in O,, makes rqo.g grow but
reduces the latency L, which, in turn, increases r,t.

Clearly, rqos(t) and rew(t) relate to the forward state, and constitute the forward bivariate reward function
r(t) = [rqos(t), rBw (t)]. Instead, rpa;(t) relates to the backward state, and constitutes a backward univariate
reward function 7°(t) = rp.¢(t). The respective sequential decision-making problem is then expressed as
follows:

E t—1 b
max {Z'y r ), (t)]}
s.t. {at ~ mo(-|s¢), FB- MDP ..

5.2.2 Experiment Setup and Hyper-parameters

We select the following parameters for the considered environment. The number of content items is set to
N = 200, the spatial intensity of the BSs to Aps = 100 points / km?, and the transmission rate to 1 Mbps. The
total number of time slots is 7' = 256. For the content popularity, we use time-varying Zipf distributions (Li

et ] 2015a).

As for FB-MOAC, three separate sets of NNs representing the multi-objective actor in addition to the
forward-critic and the backward-critic networks. We use Nyics = 4 many NNs for the forward critic as well
as for the backward critic. The forward critic outputs two values representing the reward-specific state-value
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Figure 4: Performance of FB-MOAC for the edge caching use case: @ performance comparison against forward
learning with F-PPO, F-MOAC, and LFU; @ comparison between the test solution of FB-MOAC with those of
F-PPO, F-MOAC, and LFU;|[(c)| learning in absence of backward optimization.

functions Vdj; j(-), related to rqos(-) and rgw(-). On the other hand, the backward critic outputs one value
representing the state-value functions Vé’,(-), related to rra¢(-). We set the actor and critic learning rates to
4 x 10~* and the discount factor to v = 0.92.

To leverage the convergence result of Theorem [£.3] we assess whether a neural network can be used for this
problem so as to give Lipschitz-smooth expected rewards. For this purpose, we resort to Proposition [I.1]
The actions {pSah(t),w, (t)}_, can be parameterized by a neural network with Sigmoid activation functions

and can be sampled from LogNormal (for w,,) and Dirichlet (for pc2°") distributions. They are also bounded,
as 0 < p, <1 and w,, is clipped (though it is not initially bounded) to avoid a large latency and bandwidth
consumption. Therefore, Proposition [4.I] can be considered for the neural network of this problem, and

log mg(als) inherits Lipschitz-smoothness in 6.

5.2.3 Performance Evaluation

Figure [3]illustrates the learning results of FB-MOAC in deriving most of the Pareto-optimal solutions, i.e., the
resulting solution in each plot does not dominate the others. Recall that Section describes a mechanism
for obtaining a Pareto-front; Appendix [E| further characterizes such a front for the use case considered here.
For clarity, the performance metrics are normalized based on the value of rq.g, so that they can be clearly
shown in a single plot; more importantly, the value of rq.s shows the average percentage of failed requests.
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As the results of forward and backward rewards eventually evolve into a stable solution, the actor and the
forward / bidirectional critics are effectively learned.

We consider three baselines for comparison purposes: a widely-used rule-based approach for caching, the
Least Frequently Used (LFU) strategy (Ahmed et al.l |2013)); and two learning-based algorithms by replacing
the backward reward with a related one (for fairness) so that the backward MDP can be safely removed.
Specifically, we manage the time slot during which requests are served by optimizing d(t). We further
leverage the fact that maximizing rqog reduces r,; based on Equation . Hence, we consider rqog and
rpw as forward rewards, replace the backward reward with optimizing d(¢), then use the baseline proximal
policy optimization (PPO) algorithm (Schulman et al., [2017a) as well as a multi-objective extension of the
baseline advantage actor critic (A2C) algorithm (Grondman et al. |2012). We term the solutions obtained
with these strategies as F-PPO and F-MOAC (respectively), since they are developed for forward MDPs.
Figure [a] compares the training performance of FB-MOAC against the F-PPO and F-MOAC baselines in
terms of normalized rewards, while Figure [Ab] shows the solutions of these algorithms during test. We select a
solution for FB-MOAC among different ones by prioritizing rqog. Instead, we learn forward rewards and
additionally optimize d(t) for the two baselines (F-PPO and F-MOAC) to achieve a rp,¢ comparable to that
of FB-MOAC. The results show that FB-MOAC remarkably outperforms both F-MOAC and F-PPO in all
rewards. This means that the FB-MOAC strategy can fulfill the content requests considerably better than
forward-only strategies. Specifically, more than 15% of the content items are lost due to the quality of service
in both F-PPO and F-MOAC, whereas the failure rate of FB-MOAC is only 2%. Moreover, FB-MOAC
gives a comparable or better policy than those obtained by F-PPO and F-MOAC. Finally, the solution of
FB-MOAC Pareto-dominates those of F-PPO and F-MOAC. The LFU policy does not benefit from any
preference settings with respect to the rewards, even though it is better than FB-MOAC from the bandwidth
consumption rgw perspective; unfortunately, it is very unreliable because 45% of the requests fail.

These findings show that minimizing the failure of transmissions (i.e., minimizing the outage) leads to a
sub-optimal solution for the overall latency, also highlighting the importance of explicitly incorporating the
backward MDP instead of trying to remove it through adjustments to the backward rewards. The results
also demonstrate the effectiveness of the proposed FB-MOAC algorithm in solving the considered FB-MDP
problem.

5.2.4 Ablation Study

We now conduct an ablation study to assess the benefit of the backward evaluation / optimization in FB-MOAC.
For this purpose, we first disable the backward evaluation of the algorithm and only consider the forward
actor and critic updates. Figure [dc| shows the resulting rewards as a function of time steps, highlighting that
rat does not improve over time. As a consequence, the results demonstrate the necessity of the backward
evaluation / optimization in FB-MOAC.

We further carry out another ablation study to evaluate the impact of the multi-objective procedure in
Equations to on the performance. For this purpose, we replace the proposed multi-objective
optimization with a single-objective one through a linear scalarization technique. Specifically, we update the
actor parameter 8 with the following rule:

0 0—u( > sIVeil(0.0)+ > siVei(6,9)),

JESy JESH

where s/ = [{S;}jesf] €[0.1,1)1%! and s/ = [{s5}jes,] € 0.1, 1)1 are the scalarization settings. Figure
shows the train performance of this approach for different scalarization settings [s,s?]: [0.3,0.3,1.0],
[1.0,1.0,0.3] and [0.3,1.0,0.3]. Clearly, the single-objective mechanism fails to provide stable solutions, in
contrast with the proposed multi-objective approach (see also Figure |3)).

6 Conclusion and Limitations

We introduced the notion of forward-backward Markov decision processes (FB-MDPs), a class of MDPs
that cannot be expressed as standard MDPs. We then obtained an optimality condition for the solution
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Figure 5: Train performance when single-objective optimization is used with different values of the scalarization
settings s = [s/, s°]: (a) [0.3,0.3,1.0], (b) [1.0,1.0,0.3], (c) [0.3,1.0,0.3] and (d) [0.3,1.0, 1.0].

of FB-MDPs and devised a multi-objective RL algorithm called FB-MOAC accordingly. We analytically
characterized the optimality and convergence of FB-MOAC, then conducted an extensive evaluation in diverse
use cases to demonstrate its effectiveness.

As a limitation, our mechanism targeted FB-MDP problems wherein forward and backward dynamics are
purely coupled within the action space. Addressing fully-coupled FB-MDPs is an interesting direction for
future work.
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A Proof of Lemma 3.8

Proof. We simply denote the conditional expectation E{-|@} by E{-} for convenience. Accordingly, we have:
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T
E {Vologﬂe(aT—kST k) {E "(yr_pyar—i) ka,ST—k,aT—k}}
YT—k
arT_k
STk

Q (Y7 _ 1 ST— kAT k)

|EN

E {Ve log mg(ar—k|sT—k) (Qb(nykv sT—ar—i) — V(yr_p ST—k)) }

Vologﬂo(aT—HST—k)( E {Tb(kavaT—k)JrWVb(kapsT—k—l)}Vb(ka,ST—k))}

Yyr—k—1~ PpClyr—g,ar_g)
sT—k—1~ PClsp_g)

[
T‘T ~
SU7L
533
|
Eali i
——

T—1
= E{Vo log mo(ar—k|sr—k) (**(yr_p»ar—k) + YV (yp_r1,57—k—1) = V(yp_psST1)) }

T—1

= EPB(T){ Z Veologmo(ar—i|sr—i) A (Yr_g STk aTk)}, (31)
k=0

where VO(,-) : Y xS — RIS Qb)) : Y x S x A — RISl and A°(,-,) : Y x S x A — RI%!I are

the bidirectional state-value, backward action-value, and bidirectional advantage multivariate functions

(respectively). We also have:

T-1
Vb(yT—k-v sT—x) = E { Z Wk _krb(yT—k’aank/) Yr—ks STk} . (32)

k'=k

For (a), we used VgPg(7T) = Po(7T) Vo logPe(7), and VglogPe(T) = Zf;ol Vo log me(ar—_r|sT—i) based on
Equation . For (b), we considered anti-causality, namely, that the current action does not affect the future
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of backward rewards. For (c), we applied the definition of backward action-value functions is applied. For
(d), V*(yr_x,sT—&), does not affect the result since Eay ymmo(lsr_s) 1 Vologme(ar_ilsT—k)} = 0. For (e),
we derive the Bellman’s equation for the backward action-value function as follows:

Q(Yr_p» ST—k» AT—)

T-1
:/E { Z VT (Y s AT k) |V ATk Vg1, STk STkl} Py(yr k-1l ar—i) X
k' —k
P(sr—p—1lsT—k)dyp_p_1dsr—k—1
T-1
i/(rb(}’T—lm ar—i) + ’YE{ Z’Yk T (yr_warw) Yok, ST—k—1}>Pb(YT—k—1yT—kvaT—k)X
K =1

P(sp_p_1|sr—r)dyp_p_1dsr—_g—1

- o {rb(yT*’“aT—k) +7Vb(YT7k71)}v (33)
Yr—k—1~ PpClyr—g,ap_g)
sT—k—1 ~ PCIsT_k)

where for (o) we considered (yp_j_1,87—k—1) as the only relevant information to compute the expectation

E {Zf;lkﬂ 'y’“/_krb(nyk,, aT,k/)}. The same strategy can be applied to obtain the Bellman’s equation for
the bidirectional state-value function as follows:
Vb(YTflmST—k) = ]E( | ) {rb(YTfkvaT—k) + 'va(nyk—hSTfkfl) | 0}'
ar_ ~ moClsT_k
Y —k—1~Po Iy ar_g)

sT—k—1~PClsp_g)
Note that no distinct forward and backward Bellman optimality equations exist for FB-MDPs. However, a
Bellman Pareto-optimality equation can be found instead. For this purpose, we consider the forward and
backward value functions to become stationary when the forward and backward transition probabilities are
stationary. By recalling the notion of Pareto-optimality and Pareto front, we then define the Pareto-optimal
forward and backward value functions as follows:

[Q7 (s,2),Q" (v,s,a)] € max (@7(s,a),Q"(y,s.a)],  [V/(s),V" (y)] € max [Vi(s),Vi(y,s)]

for all (s,y,a) € S x Y x A, where [Qf* (s,a), Q" (y,s,a)} and [Vf*(s)7 VP (y, s)] are the Pareto-optimal
vector for the multi-objective optimization above. Now, we consider the following policy:

*(als) = 1, ac€argmax,[Qf (s,a),Q" (y,s,a)]
0, otherwise :

Note that here argmax, [Qf* (s,a),Q" (y,s, a)] returns a set of vectors. We then have:

V7 (9). V" (v,9)] € max [Q7"(5.2),Q" (v5.2)] .

On the other hand, based on Equation and the Bellman’s equation for the forward action-value function,
we can get:

Q" (s,a) = E {rf(s,a) + VI (s+)}

st~Py(-[s,a)

Q" (ysa)=  E  {r'ya)+V" (y.sT)},
¥y~ Py(ly,a)
5™ ~ P(|s)
where y~ is the backward state preceding y and s¥ is the forward state following s. We therefore obtain the
following:

V7))V (ys)) emax | E - {rf(sa) 4V (s7)}, B {r(y,a)+ V" (yTsT) ),
a sT ~ Pg(]s,a) ys:'fz;((‘wls-,)a)
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Such an equation, referred to as the Bellman Pareto-optimality equation, provides a base to formulate dynamic
programming algorithms for multi-objective FB-MOAC problems and motivates employing a multi-objective
optimization framework.

O

B Convergence of the FB-MOAC Algorithm

This section presents a comprehensive study on the convergence of the FB-MOAC algorithm. Our investiga-
tion starts by establishing of some foundational assumptions, followed by introducing some preliminaries.
Subsequently, we analyze convergence for the scenario where the expected rewards are Lipschitz-smooth.

For the analysis, we need to emphasize that the stochastic nature of an FB-MDP affects the values of ¢, 9
and 0, based on the SGD rules [Equations and ], so they are treated as random variables.

We now make the following assumptions.
Assumption 1: The estimations of the state-value functions are unbiased up to residual terms, i.e.,
E{V],(s)]5,0} =V/(s)+0], ieS;, se8
E{Vy;(v.5)|y.5.0} =Vi(y.5)+6), €8, (y,5)€YVxS,

where {5{ }ies, and {5? }jes, are the forward and backward residuals. These terms arise from approximating
the true value functions Vif (s)/ ij(s, y) by the neural network parameterization and the stochastic gradient
updates in Equation .

The following corollary is a consequence of Assumption 1.

Corollary B.1. Under Assumption 1, the expected forward / backward gradients in Equation @ coincide
with the corresponding reward gradients given in Equations (@ and @, respectively.

ngjf(e) = Vngf(B), VRS Sf, ngjb(e) = VQJ;?(H), j€e Sy

Proof. Based on Equations (16]) and ( we get:

VoJ!(6) = {VgJ 0,4)| e} - Z]E{Vg log o (aylsi) AL (s, ax) | 9}

k=1

I
]~

Esk,ak,sk+1\9 E {VG IOg 7r9(ak|sk)A£,j (Skv ak) | 07 Sk, ak, Sk—i—l}

ES
Il
-

I
B

Esy ak,501110 {Ve log 7o (ay[sk)E {Aé,j(Smak) | 0,51, ax, Sk+1}}

=~
Il
_

]Eskyak75k+1|e {V@ log‘ ﬁg(ak|sk) (Af(sk,ak) + (")/ — 1)5{)}

T

E{ > Vologma(ak|si) (AL (sk,ax) + (v — 1) ’9} u VoJ] (6) (34)
k=1

=
1M

where (a) follows from Assumption 1 and the definition of advantage function Aé,j (sk,ar) = r(sk,ar) +
”ng’j(skH) - Vq{;j(sk), while (b) stems from E {22:1 Ve log Wg(ak|Sk)5jf(0) ’ 0} = 0. Likewise, it can be
shown that:

Vng( {Z Ve log mg(ag|sy)A (yk,sk,ak) ‘ 0} = VgJJl-’(H) (35)
k=1

O

27



Published in Transactions on Machine Learning Research (07/2025)

Assumption 2: The forward and backward expected rewards are Lipschitz-smooth functions with constants
Ly and Ly, respectively, w.r.t. 6:

Vol @)~ voif®)| <Lsl6" 01, jes;.

vaJ;(e’) - vgJ;w)H < L0 —0|, jeS.

Assumption 2 can be related to the assumptions on the architecture of the considered neural networks.

Proposition B.2. Let the actor be represented by a neural network parameterized by 8 € ©, where all
activation functions are regular, i.e., Lipschitz-smooth with constant L., Lipschitz-continuous with constant
L¢.., and bounded both above and below, Moreover, assume that either the action space A is compact or

actions sampled from the policy distribution mg(-|-) are clipped. Then Assumption 2 holds for any family of
distributions that are bounded whenever its parameters and input are bounded.

Proof. With respect to Equations and , it suffices to evaluate Lipschitz-smoothness of the log-policy
log mg(als) since the sum of Lipschitz-smooth functions is itself Lipschitz-smooth. Let denote such a policy
by a bi-variate function f(a, g(0,s)): A x G — R, wherein a is the sampled actions being detached (so they
do not depend on 0), g: © x S — G is the output of the #-parametric neural network, and G is the space of
neural network output. Based on the chain rule, we have:

|Vof(a g(61,s)) — Vaf(a,g(02,9))]
vafagel, )|[-||To(01,5) — Tog(0s,8)|| + || Tog(62,5)||-|| Vo f(a 8(01,5)) — Vo f(a,g(0a,5))]

”ng a, g 917 HfN LichL;ct ||91 _02||+h./\/ Lacxct quf a, g(eh ))—ng(a,g(Qz,s)) )

where Jpg is the Jacobian of g w.r.t. 8, V,f is the gradient of f w.r.t. g, and far and hxr are two functions
depending on the architecture of the neural network. For (a), we leverage the fact that the composition
of bounded and Lipschitz-smooth (continuous) functions remains Lipschitz-smooth (continuous) as all the
activation functions are regular. Therefore, the output of neural network g is Lipschitz-smooth with constant
In(Liee, Ls.,) and Lipschitz-continuous with constant har(LS, ). Now, as g and a are bounded (if a is
inherently unbounded, it can be clipped whenever the problem allows doing such), the norms of the first
and second derivatives of the log-policy f(a,g(8,s)) with respect to the network output g(6,s) are bounded
for typical policy distributions such as Normal, LogNormal, Dirichlet and Beta. Therefore, there exists a
parameter A; such that H fq(a,g(8,s))|| < Ai. The boundedness of the norm of the second derivative is
equivalent to Lipschitz-smoothness, thus, there also exists A, such that ||ng(a7 g(01,s))—V,f(a,g(bs,s) H
As||g(02,8) — g(01,8)||. Therefore, we get:

[Vof(a,g(61,a)) = Vof(a,g(f2,a))|| < Aifa(Lices Laco)ll1 — 02| + har(Licy) Az ||g(61,5) — g(62,8)]|
< AlfN(L:ctv act)”01 - 92” + h’N( act) A2||01 - 92”
= (AlfN(Lé.ct’ act) + hN( dCt) A2) ||91 - 62”

Hence, the log-policy is Lipschitz-smooth with parameter Ay far(LSo., L) + har(LEo)* A2 and the statement

follows. O

Assumption 3: Consider the following stochastic forward / backward gradient:

b _ 7f 7b
VI 0,6.4) = |[Voi](0.9)] s, [Vo I (0.9)], g |-
then, its conditional covariance is bounded by a positive semi-definite matrix B:

E{VI™(0,6,4) VI"(0,6,9) [0} - VIT(©) VI™(6) = B,
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where

vJI™(6) = [[Vle 0)] s, [Vo5(0)]

jesy’ jeSJ’

Note that the assumptions outlined in this context align with the conventions in the literature related to
convergence analysis (Tian et all 2023} |Qiu et al.| |2021; |Zhou et al.| |2022; |Xiong et al., [2022).

B.1 Preliminaries

The following theorem proves that forward / backward expected rewards monotonically increase with each
update iteration.
Theorem B.3. Consider the forward /backward expected rewards, i.e., {ij(-)}jesf and {J?(-)}jes,, and the

forward / backward stochastic rewards, i.e., {J7 (., )}jes; and {jjb(, V}ies,, complying with Assumptions 2
and 3, and Bact as the solution of Equation (18)). Moreover, consider the SGD in Equations and
characterized by iteration number i and actor learning rate {u; }iez with

1 1 1
(i < min , E , —— ;
{ max{Ly, Ly}  max{Ly, Ly }||Bl| { 1T (VI (0)TVIP(6) " 1 }}
which generate the sequences {@'}icr, {1 }icr and {0°}icz. We then get:

B{sf ")}

Y

E{J]f(ei)}, jeSy
and
E{ROT"} > E{J@O)}, kEeS,.

Proof. Based on Assumption 2, we obtain:

i i N i Lfgi i
gl — Jle) >vile) (e +1—e)—7f||9 9|2, (36)

On the other hand, the update rule in Equation gives:

0 = 0"+ 1 [VI(0',9"), VI (0", 4")] Brey = 0' + VI (0, ¢, 40" Bl (37)
Plugging Equation into Equation yields:

2
i % % T % i i ] Mz’L % T % % % 7 7 % 7 L
TIOF) = T1(0) 2 VI (0T VI (0. ¢ ) By — 5 Bl VIO ¢4 VI (0, 4B

Taking the expectation on both sides of the equation above results in:

el 00 - 700 b (V00T g | - AL (B 0P 0) I0)8,

2 act act

Ly o NT . - T .
@MZ]E{(GJM fﬁ;d) vab(ez)Tvab(az)ﬁz }Mz f i TB,BZ

2 act 9 act act
© wily o \T T i ;L
S (e - Py pl) VIO OIN OB - B (39)

where: for (a), we used Assumption 3; for (b), we leveraged VJ]f = ejTV.]jfb and the fact that
E{Bi VI (0) VIR0, ¢ Bl |0} = Bl VI (0) E{VIT(O ¢ v |0} Bl

— Bl VJII(6) VI™ (68,
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according to Corollary 1’ for (c), we employed ,Bact Bi.. <|BJ IB:.lI> < ||B]. On the other hand,
we can derive from Equation (18] that for all 3}

L= (1T (VJ“’(G”) wfb(ei))_1 1) 1(v.ffb(ew‘fv.ffb(ei))_1 1. (39)

By substituting this into Equation (38), we finally get:

]E{ij(eiJrl) _ ij(m)} Z,uz'(l _ piLy 1

2 )E{ﬂ (VJfb iyT
(09)

2
_ } Mkt g
. 2
VJfb(ez)) 1

Ve

i 1 L
’;E{ - — } L=
17 (VJfb(ei) VJfb(ai)) 1

where we used p; max{Ly, Ly} <1 for (a). The statement follows by considering that the denominator in the
right-hand side of the equation above is positive due to the positive-definiteness of (VJfb(Oi)TVJfb(Bi))_l.
The same analysis can be applied to infer E{J;’(B”l) - Jf(ei)} >0 O

Remark B.4. Theorem guarantees all the forward and backward expected rewards {IE J Jf (0)}j es; and

{IE J]l?(ﬁ)}j s, constantly increase with the number of algorithm iterations. Consequently, this enables us to
jointly improve all of the cumulative rewards, either forward or backward, on average with each iteration.

Corollary B.5. Consider the framework of Lemma[B.3, we then get:

T 7 % 2 % %
E{ act VJfb(e ) VJfb(e ) act} < 7E Z 6&Ct_] ‘]fb 0 +1) ijb(e )) + Hi maX{Lvab}HBH'
i
JESFUSy
Proof. The statement follows based on Equation and p; max{Ly, Ly} < 1. O

B.2 Analysis for Lipschitz-smooth Rewards
We perform a convergence analysis by focusing on the Lipschitz-smoothness condition detailed in Assumption
2. However, we first need to present a definition for the convergence to locally Pareto-optimal solutions.

Definition B.6. The parameter sequence {6;}/_; is said to converge to locally Pareto-optimal solutions
(Zhou et al., 2022 if

2
. . b gi\ 2.
el | S veren[}oo

Cpj=1  JEISFUSH]
fb : ; fb ; fb(g) — f
where V.J;?(0) is the j-th element of VJ™(8) with VJ™(8) = [[VQJ]- (0)]jesf’ [VGJJZ’)(O)]J‘GSJ'

We thus have the following theorem.
Theorem B.7. Consider the forward /backward state-value estimations, i.e., {‘/;{¢(~)}jesf and {V,(-)}jes,,
following Assumption 1. Moreover, assume that the forward /backward expected rewards, i.e., {ij(-)}jesf

and {J!(-)}jes, and the forward /backward stochastic rewards, i.e., {jjf(, )}jes; and {j]b(, )}ies,, comply
with Assumptions 2 and 3, and that B.c is the solution of Equation . Finally, consider the SGD in
Equations and characterized by iteration number i and actor learning rate {p;}icz with

1 1
max{Ly¢, Ly} max{Ly¢, Ly }|| B||

i < mm{ (17 (v (e) TV Ime%) 1)_1} ’
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and 0 < py < ... < p; <...< uy, which generate the sequences {¢'}I_,, {¢*}._, and {0'};cz. Then, we
get:
I
1 . maX{L Ly} || Bl
- E Jfb 61 2 f7
11:21 {HV act } 1212 ulmaX{Lf,Lb}
2
- E{J® @) — JP(e1)). 40
T Ta1S, U S > E{IP(0") - 6N} (40)

JESFUSY

Proof. Based on Equation an its counterpart for {J 17(0)}j65b, we have:

i i zL T i FLme
E{ ij(9+1)—Jf(9)}>m1E{(l ML Blalsy USi) VIt V"0 >ﬁact}—“|B|sfusb|

JESFUSy

() iLmaX i T N NP IL
> sfusbmi(E{(l—“ o )Bie VI VIV (6 )ﬂm}—“ |B||)

where [™Max .= max{Lf, Lb} and we used the identity 1Tvgh 'y VI8 = |Sf U Sb|BaCtTVJbe VJIP B,
based on Equation (39) for (a). Since p; L™2* < 1, it is:

. . 1 . . ’U/‘Lmax
E fbpi\ Qi 20 < E E tbgi+1y _ 7fb/gi v B
{Hv-] (0) actH }_|SfUSb|,Ufi(1*%Lmax) {jeSfUSSJ] (0 ) J] (0 )) + Q*MiLmax” H
(a) 2 . . M.Lmax
<——F Ji (it — g (g Y 2] 41
et SN CA R A R ] (41)

JESFUS,

where (a) follows from p; L™®* < 1. We then take the summation on both side of Equation 7 and apply
telescopic cancellation. The statement follows by considering that B, is the solution of Equation for
=206 O
Remark B.8. Under the learning-rate scheduling p; = O(1/1/i), both terms % and + 3,0, /(2 —
w; max{Ly¢, Ly}) in Equation decay at the rate of O(1/+/T), where I is the number of algorithm iterations
— equivalently, the number of policy updates in FB-MOAC. Consequently, Theorem [B.7 guarantees convergence
to a locally Pareto-optimal solution (Zhou et al., [2022|) with a convergence rate of O(1/ VI ). This rate is
notably consistent with that of single-objective actor-critic methods for forward-MDPs, which exhibit a
convergence rate of O(1/v/I) (Fu et al., [2021).

Remark B.9. In contrast, if the learning rate is chosen as p; = O(1/i), the term % in Equation does
not vanish as iteration becomes large. This prevents a general convergence guarantee in this setting.

C Additional Details on the Edge Caching Use Case

The environment of this experiment is a cellular network with cache-equipped Base-Stations (BSs) similar to
that in (Amidzadeh et al.; 2023)). The BSs are spatially distributed across the network with intensities Aps.
The environment also includes a library of N different content items as well as fixed mobile users requesting
them from the cellular network. The network operates over time slots with index ¢ € {1,...,T}, where T
is the total duration of the operation. The network handles user requests at the beginning of each time
slot. Content items have different popularity {pP°P(t)})_,, where pP°P(#) is the probability that content n
is requested by a randomly selected user at time t. The goal is to satisfy as many users as possible during
the network operation. At the beginning of each time-slot, the BSs cache the most popular content items
with probability {pca® ()}, and simultaneously multicast them toward users by consuming content-specific
radio resources {w,,(t)})_;. We denote the system action parameters by the vector a(t), which depends on
the content-specific bandwidth allocation and cache placement of BSs, i.e., a(t) = [{pS*" (£)}N_;, {wn (1) }N_,].
A multicast outage may occur with probability {O,(a(t),#)}N_;:

On(a(t),t) = erfc (W) . () =2Y/em® (42)
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which is obtained by averaging over users. As a result, certain users fail to receive the requested content
in the current timeslot and their request is deferred to the subsequent one. Hence, each time-slot sees a
distribution of users accounting for the repeated requests and a distribution describing the new preferences
toward content items. This leads to a time-varying model for the request probability of content n, pied(t):

N
Pr(t) = pi(t = 1)On(alt = 1)t = 1) + 2P (1)) (1 a(t—1),t—1))pRi(t—1). (43)

m=1

repeated request

new request based on the popularity

Note that pred(t ) indicates the request probability of content n averaged over all users. Then, it can be simply
verified that Zn 1 P4(t) = 1, considering Zn 1 PPOP(t) = 1. Equation therefore represents a forward
dynamics, with the forward state vector s(t) = p*®4(¢) and the action vector a(t).

A request for a content item is repeated across several time-slots until successfully fulfilled, resulting in an
expected latency L, (t) for the successful delivery of content n. Its time-varying dynamics can be derived by
the law of total expectation as follows:

L,(a(t),t) = E{latency | outage}P{outage} + E{latency| no outage}P{no outage}

= (4@ + Lat + 1) Onta(t), 1) + @ (1 - On(alt), 1)), (44)

where d(t) is the duration of time-slot ¢ in seconds, and L, (a(7T"),T) = 0 since system operations finish
and the users do not need to wait any longer. Equation represents a backward dynamics, with
the backward state vector y(t) = L(t) and the action vector a(¢). Note that this model fully captures the
trade-offs involved in the delay dynamics and differs from the conventional formalism that does not provide a
comprehensive model when accounting for successive slots; for the delivery without outage, the expected
latency simply becomes L, (t) = d(t) , as its realizations follow a uniform distribution with values between 0
and d(t). Notice that the backward dynamwb in Equation (44)) based on Theorem cannot be expressed as
a standard MDP. Thus, Equations and together model a FB-MDP and are coupled through the

action a(t). Hence, they should be jointly considered to obtain an optimal cache policy.

D Case Study: Computation Offloading

We now present an additional use case in the context of computation offloading (Zabihi et al., [2023).

D.1 System Model

There are Ng., mobile devices and N computational intensive tasks with diverse sizes {s,}_;. A typical
mobile device prefers task n with probability p,plrf(t), and it offloads the preferred tasks with probability
p%ﬂlprf(t) to an edge server. The server operates in time slots with duration 7 indexed by t and leverages
a task-specific parallelism mechanism to process the offloaded tasks. Specifically, it employs N buffers
and N computational resources with B8 (¢) signifying the buffer capacity and C¢I8(¢) > C°% denoting

the computational resources allocated to file n. C’f;ﬁi is the minimum extent of allocated resource, while

SN Bds(t) = Beds and YN | €d8(t) = C°d8 represent the total buffer limit B/ and computational

capacity C3, respectively. The control parameters for this problem are thus {(pa! " (-), Bed8(-), Ced& ()}, .
A typical device offloading task n encounters a failure if the corresponding buffer overflows, resulting in
the need to re-offload the task. The queue length of the n-th buffer S,, is thus described by the following

expression:

Lo(t +1) = max {L )+ Sup?T(t+ Dan(t+1)—  C8(¢+1) ,o}, (45)
—_——
new data buffered computed data de-buffered
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for n € {1,..., N}, where S,, = s,, Ngey, p2(t) is the offloading probability for file n, S,pSf(¢) is the total
amount of data offloaded for the n-th buffer, and

1) — min{B%dg(t 1) = Lalt). }

St 4 1)

denotes the fraction of data that can be buffered due to the buffer capacity BS%. Therefore, it can be
easily verified that L, (t + 1) < B%(¢t 4+ 1). The overflow probability O,, for n-th buffer is thus obtained as
On(t) =1 — ay(t). This equation exhibits a controlled forward dynamics, based on which we constitute the
forward state [pP™(¢), L(t)] for this dynamics.

We now compute the average computation time needed for a typical device preferring task n, i.e., t2f (). If
the task is preferred and locally computed, tP™(#) depends on the computation capacity of the device itself; if
it is offloaded, tP™(¢) depends on the computation offloading time 2% (), i.e., the average computation time
needed for a device to offload task n. Applying the law of total expectation yields:

s

tP(t) =E{computation time | task preferred} = PPt () 1o (1) 4 (1 — pofflerE(¢)) Cdnev. (46)
As a consequence, we need to compute t2%(¢). If the task being offloaded faces an overflow, it will be
re-offloaded in the next time-slot. However, the computation time depends on the queue length and the
computation resource allocated to the task if no overflow takes place. Therefore, tof(¢) is derived by the total
expectation law as follows:

2 () =E{computation time | task offloaded } = O, (t + 1)(7 + 2" (t + 1)) + (1 — Op(t + 1)) t,,,  (47)

for n € {1,..., N}, where t,, stands for the needed time to compute task n with size s,, if it is successfully

buffered. We thus have:

Ln(t) + an(t+ Dpof(t 4+ 1)S, + s
-

Co¥8(t 4+ 1)

tn =

Y

obtained considering that n-th buffer has already a queue with length L, (t) and an additional buffer S,
with probability Lo, (t + 1)pST(t + 1). Equations and together provide a continuous model for
the average time required to successfully compute task n within different slots. Additionally, they represent
a controlled backward dynamics with the backward state tP™(t) = [tlfrf, .., t2"](t). We now consider two
action-coupled conflicting rewards. The forward reward is related to the overall overflow probability as:

N
rop(t) = =Y _ P (1) On(t),
n=1

while the backward reward is related to the expected computation time:
N
ron(t) = — Y pR )R (b),
n=1

This problem thus represents a FB-MDP with an action [{C¢%},,, {Bge},, pffflprf}n] and an action space
[0, 1]V x [0, 1]N x [0,1]V.

D.2 Experiment Setup and Hyper-parameters

We set the number of devices Ngey = 100, the number of tasks N = 20, the file size s,, = 10 + n Kbits,
the computational capacity of the devices C9¢V = 10 Kbits / slot, the minimum extent of allocated resource
Cfndii = 107°, the edge computational capacity C®% = 100 Kbits/slot, the edge buffer capacity B = 100

Kbits and the slot duration 7 = 60 seconds. The hyper-parameters of FB-MOAC are the same as in the
previous experiment excluding the learning rates of actors and critics, which are set to 3 x 1073.

33



Published in Transactions on Machine Learning Research (07/2025)

08 FB-MOAC 08 F-PPO
o7 W rop 07 ' mmm rop
vos - Icr . 08 . o7
[a) [a)
L os @05
3 3
= = 04
g g
w03 w 0.3
0.2 0.2
0.1 I 0.1 I
0.0 R 0.0 —————— -
-0.50 -0.45 -0.40 -0.35 -0.30 -0.25 -0.20 -0.15 -0.10 -0.50 -0.45 -0.40 -0.35 -0.30 -0.25 -0.20 -0.15 -0.10
Cumulative Rewards Cumulative Rewards
(a) (b)
0.5 F-MOAC
. rop
0.4
W s rcr
a
a
= 03
k)
g
Eo2
01 I
0.0 (R e———— | ._._I-I-I- I

-0.50 -0.45 -0.40 -0.35 -0.30 -0.25 -0.20 -0.15 -0.10
Cumulative Rewards

(c)

Figure 6: Histograms depicting the empirical distribution function of the computation time rct and the overflow
probability rop for: @ FB-MOAC, F-PPO, and F-MOAC.

D.3 Performance Evaluation

We consider a learning-based strategy to evaluate FB-MOAC in this experiment. Accordingly, we leverage
the fact that optimizing the overflow probability decreases the expected latency according to Equation @
Consequently, we apply the baseline RL algorithms PPO (Schulman et al[2017a) and A2C (Grondman et al.l
to obtain an offloading policy. Similar to Section [5.2.3, we call the resulting algorithms F-PPO and
F-MOAC, as they manage the backward reward using a forward mechanism.

Figure |§| reports the histograms (i.e., the empirical probability density function) for the performance of
FB-MOAC, F-PPO and F-MOAC algorithms (respectively) in terms of ror and rop. Clearly, both the
forward and backward rewards of FB-MOAC are higher than those of F-PPO and F-MOAC. Consequently,
FB-MOAC outperforms F-PPO and F-MOAC from the perspectives of both expected computation time
ror and overflow probability 7op. In other words, the resulting policy of FB-MOAC Pareto-dominates the
strategies of F-MOAC and F-PPO on average. As expected, FB-MOAC shows a more significant improvement
in the computation time compared to the other two algorithms. Nonetheless, FB-MOAC even gives a better
overflow probability performance than that of F-MOAC and F-PPO as it obtains a more favorable learning
mechanism even for the forward dynamics. These results indicate the importance of explicitly incorporating
the backward MDP rather than eliminating it through adjustments to the backward rewards. They also
demonstrate the effectiveness of the proposed FB-MOAC algorithm in addressing the corresponding FB-MDP
problem.
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Figure 7: The collection of Pareto-optimal solutions for the use case of edge caching, obtained by applying a discrete
policy over different preference settings 6,{ €[0.1,1] and e e [0.1,1]. The radius of the points denotes the probability
of occurrence. Given that many of these solutions cannot be dominated by others, the FB-MOAC algorithm can
efficiently provide the Pareto-front solutions.

E Deriving Pareto-optimal Solutions

Here, we employ the mechanism explained in Section to obtain the Pareto-optimal solutions of the use
case considered in Section [5.2] namely, edge caching in wireless networks. Figure []]illustrates the collection of
Pareto-optimal solutions with diverse preference parameters e{ €[0.1,1] and € € [0.1,1]. Note that most of

the solutions cannot be dominated by others, therefore, FB-MOAC can provide most of the Pareto-optimal
solutions with the proposed preference policy.

F Transforming a FB-SDE into a FB-MDP

This section shows the wider applicability of FB-MDPs and FB-MOAC to problems described by FB-SDEs.

Specifically, it explains a general method to transform a FB-SDE into a FB-MDP, which can then be solved
with FB-MOAC (as described in Section [5.1)). In particular, the Euler-Maruyama method (Kloeden & Platen),
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1992)) can be used to discretize the space of control problems. More specifically, the forward and backward
SDEs can be transformed to forward and backward MDPs, respectively.

Consider the following controlled FB-SDE:

dx(t) = f(x(t),u(t),t) dt + 3 \_, o (x(t), u(t), t) du'(t),
dy(t) = g(y(t),ult), {z'(t)}i, t) dt + 3_ 2 (t) dw'(t), (48)
x(0) =z, y(T)=yr,

where w(t) = {w'(t)}._, is an [-dimensional Wiener process, x(t) € R" is the forward process, f(-,-,) :
R™ x U x [0, T] — R™ is the drift function which describes the dynamics of the forward SDE and is governed
by an optimization control process u(t) € U C R¥, and a'(-,-,-) : R* x U x [0,T] — R™ is the diffusion
coefficient determining the extent of noise added to the forward dynamics. Conversely, y(t) € R™ is the
backward process, g(-,-,-,+) : R™ x U x R™*™ x [0, T] — R™ is the generator function and z‘(t) € R™ is the
dynamics of the control process.

Note that the solution of the backward SDE is determined by the pair (y(-), {z'(-)}:) where {z‘(-)}; should
be found to guarantee that the backward process y(t) is properly adapted. The solution of the FB-SDE in

Equation is thus denoted by the tuple (x(-),y(-), {z*(-)}:)-

In this section, we resort to Euler-type numerical approaches that discretize the evolution of dynamics
to numerically solve the considered FB-SDE. In this regard, we partition the time interval [0,7] into N
sub-intervals [tp_1,tx) for k € {1,..., N}, each sub-interval with length At = %, where tg =0 and ty =T.
By applying the Euler-Maruyama method (Kloeden & Platen, [1992), we then obtain:

l
X(tk + At) ~ X(tk) + f(X(tk), u(tk),tk)At + Zai(x(tk), u(tk),tk)Awi(tk), for k € {0, o, N — 1} (49)

=1

where Aw'(t) = w'(ty + At) — wi(ty) is a Gaussian random variable with variance At. Equation can
be interpreted as a forward MDP with action u(-) and forward state x(-).

For the backward SDE, we employ a semi-stochastic approach (Archibald et al., [2020) as it is considerably
more efficient from the complexity perspective, even though it might require more iterations for the algorithm
to converge to an accurate solution. This can be compared with the stochastic gradient descent that alleviates
extreme complexity by estimating the expectation with a single sample. Accordingly, we get:

y(ty) ~ y(ty + At) — g(y(t,c + A, u(ty + At), Z(ty + AL, b, + At) At. (50)
where Z(-) = {z(-)}._,, and z'(t) is obtained as:
z' (1) ~ Ey(tk—FAt) Aw'(t), forie{1,...,1}. (51)

Equation (50), together with Equation (51)), represents a backward MDP with action (u(-), Z(-)) and backward
state y(-).
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