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ABSTRACT

Large language models (LLMs) frequently produce mutually incompatible answers
across sets of related questions, limiting reliability in domains that require globally
consistent deduction, abduction, and theory maintenance. We formalize coherent
multi-query answering as an optimization problem: an LLM supplies candidate
answers with preference scores, logic supplies global feasibility constraints, and
we select an answer set maximizing preference subject to satisfiability. Our main
technical contribution is a proof-carrying coherence decoder that compiles the
selection problem to weighted partial MaxSAT, outputs a globally consistent an-
swer set, and emits certificates enabling independent verification of feasibility (and
optionally optimality). We introduce solver-grounded coherence metrics, including
the coherence gap (log-preference sacrificed to achieve global satisfiability) and
minimal-change repair distance (belief-revision style). Theoretically, we give
equivalences to distance-based belief revision (including a Dalal-style special-
ization), a complexity landscape (NP-hardness under severe restrictions), and a
probabilistic extension as a KL projection onto the coherent support set. We also
propose benchmark templates (pure symbolic and controlled natural language) in
which the semantic map to logic is unambiguous, enabling clean measurement of
global coherence, contradiction localization, and certified repair.

1 INTRODUCTION

LLMs have strong local fluency yet weak global logical reliability: across multiple related questions
about a shared latent situation, they often return answers that cannot jointly hold. This is not merely a
“contradiction rate” issue; the core difficulty is that global coherence is a constrained theory selection
problem: the model produces preferences over many locally plausible statements, while consistency
requires selecting a subset that admits a single model of the world.

This paper proposes a solver-grounded framework in which: (i) the LLM provides a structured
preference distribution over candidate answers; (ii) logic provides feasibility constraints shared across
questions; (iii) a MaxSAT optimizer selects the best globally consistent answer set; and (iv) we output
certificates (proof-carrying reasoning) so third parties can verify coherence.

The key perspective is:

LLM outputs are preferences; logic is feasibility; MaxSAT is coherent decoding;
certificates are trust.

Contributions.

1. Coherent decoding as constrained theory selection. We define a multi-question answer
selection problem with global satisfiability constraints and show how to compile it to
weighted partial MaxSAT.

2. Coherence geometry + metrics. We introduce solver-native coherence measures: coherence
gap, minimal-change distance, and MUS/MCS-derived conflict centrality.
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3. Proof-carrying coherence. We formalize feasibility certificates (models) and discuss
optional optimality proof logging, enabling independently checkable coherence.

4. Theory. We establish NP-hardness (even with K = 2 and clause-level candidates), connect
to distance-based belief revision, and provide a probabilistic extension as an I-projection
onto coherent supports.

5. Benchmarks. We propose benchmark layers that avoid “semantic parsing ambiguity” by
construction.

2 PROBLEM SETTING: COHERENT MULTI-QUERY ANSWER SELECTION

2.1 QUESTIONS, CANDIDATES, PREFERENCES, AND SEMANTICS

Let Q = {q1, . . . , qn} be questions about a shared latent world. For each i, an LLM produces K
candidate answers

ai1, . . . , aiK with scores wij := logPθ(aij | qi, c),
where c is shared context.

Each candidate is mapped to a formula in a chosen logic fragment L:
Φ(qi, aij) =: φij ∈ L.

Let B ∈ L be a background theory encoding shared constraints (domain axioms, extracted facts, task
rules, etc.).
Assumption 2.1 (Semantic determinism layer). For benchmarking and certification, we assume Φ is
deterministic and produces formulas whose satisfiability is decidable in the chosen fragment L. In
practice, we recommend either (i) purely symbolic tasks where Φ is trivial, or (ii) controlled natural
language with a deterministic compiler.

2.2 SELECTION VARIABLES AND COHERENT THEORY

Let s ∈ {0, 1}n×K be a selection matrix with the constraint
K∑
j=1

sij = 1 ∀i ∈ [n]. (1)

Define the selected theory:
T (s) := B ∪ {φij : sij = 1}.

Definition 2.2 (Optimal coherent answer set). The optimal coherent selection is the solution of:

max
s∈{0,1}n×K

n∑
i=1

K∑
j=1

wijsij s.t. SAT
(
T (s)

)
. (2)

This is global coherence by construction: feasibility is satisfiability of the joint theory.

3 COMPILATION TO WEIGHTED PARTIAL MAXSAT

We now give a concrete compilation to WCNF so that any weighted partial MaxSAT solver can
compute the coherent selection.

3.1 CNF NORMALIZATION AND GATING

For each candidate formula φij , we obtain an equisatisfiable CNF CNF(φij) (e.g., Tseitin-style
linear-size transformation). Introduce selector variables zij ∈ {0, 1} indicating “candidate (i, j) is
chosen.” Enforce selection via OneHot constraints on each row (zi1, . . . , ziK).

To ensure only the chosen candidate contributes constraints, gate each formula:
zij → φij .

In CNF, gating can be applied clausewise: if CNF(φij) =
∧

t Cijt, add hard clauses
(¬zij ∨ Cijt) ∀t.

2
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Exactly-one encoding. We encode OneHot(zi1, . . . , ziK) as:

(zi1 ∨ · · · ∨ ziK) ∧
∧
j<ℓ

(¬zij ∨ ¬ziℓ)

(pairwise), or use a linear-size sequential-counter encoding for scalability (Sinz, 2005).

3.2 WEIGHTS AND INVARIANCES

MaxSAT solvers typically require nonnegative integer weights. We therefore apply a per-question
shift:
Definition 3.1 (Weight shift). Let αi := minj wij . Define shifted weights

Shift(wij) := wij − αi ≥ 0.

This shift preserves argmax selections because
∑

i αi is constant under equation 1.

3.3 WCNF INSTANCE

Construct a weighted partial MaxSAT instance:

• Hard clauses: CNF(B), all OneHot constraints, and all gating clauses (¬zij ∨ Cijt).
• Soft clauses: unit clauses (zij) with weight Shift(wij).

Theorem 3.2 (Equivalence to MaxSAT decoding). Let I be the above WCNF instance. Any optimal
MaxSAT assignment µ⋆ induces a selection s⋆ij = µ⋆(zij) that solves equation 2 (with shifted weights),
and conversely any optimal coherent selection induces an optimal MaxSAT assignment.

Proof sketch. Hard clauses enforce OneHot and gating, hence under any satisfying assignment
exactly one zij per i is true and the chosen candidates’ formulas hold jointly with B. The soft
objective is precisely

∑
ij Shift(wij)zij , so maximizing soft weight corresponds to maximizing

preference among satisfiable selections. Full proof in Appendix ??.

4 COHERENCE GEOMETRY AND SOLVER-GROUNDED METRICS

We introduce metrics defined directly from equation 2 and its MaxSAT structure.

4.1 COHERENCE GAP

Define the local (independent) score

Wloc :=

n∑
i=1

max
j

wij ,

and the coherent optimum
W ⋆ := max

s:SAT(T (s))

∑
i,j

wijsij .

Definition 4.1 (Coherence gap).
CG := Wloc −W ⋆ ≥ 0.

Proposition 4.2 (Basic properties). CG = 0 iff the independently best answers are jointly satisfiable
with B. Moreover, CG is invariant under per-question weight shifts.

4.2 MINIMAL-CHANGE REPAIR DISTANCE

Let s0 be a baseline selection (e.g., top-1 per question). Define:
MC(s0) := min

s:SAT(T (s))
∥s− s0∥0, (3)

i.e., the minimal number of answers that must change to restore satisfiability.
Remark 4.3. MC(s0) is a belief-revision distance on the discrete selection space. It can be computed
by a second MaxSAT instance where deviations from s0 incur unit penalties (Appendix ??).

3
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4.3 MUS/MCS STRUCTURE AND CONFLICT CENTRALITY

When a proposed selection is inconsistent, we want structure, not just a binary “contradiction.” Let
F be a set of clauses (or clause groups) induced by B and selected candidates.

Definition 4.4 (MUS/MCS (informal)). A minimal unsatisfiable subset (MUS) is a subset of F that
is unsatisfiable, but becomes satisfiable if any element is removed. A minimal correction set (MCS)
is a minimal set of elements whose removal makes F satisfiable.

Definition 4.5 (Conflict centrality). For a candidate (i, j), define centrality as the number of MUSes
(under a chosen clause-grouping scheme) in which its gated constraints participate. This yields an
explainable notion of “which answer causes contradictions.”

5 THEORETICAL RESULTS

5.1 CONSISTENCY-BY-CONSTRUCTION

Theorem 5.1 (Feasibility guarantee). If the MaxSAT solver returns an assignment µ satisfying all
hard clauses, then the induced theory T (s) (where sij = µ(zij)) is satisfiable in L; thus the selected
answers are globally non-contradictory in L.

Proof sketch. Hard clauses include CNF(B) and gated CNF(φij) for each selected (i, j), hence
any satisfying assignment is a model of B and all selected candidate formulas. Therefore, T (s) is
satisfiable.

5.2 NP-HARDNESS UNDER SEVERE RESTRICTIONS

Theorem 5.2 (NP-hardness with K = 2 and clause candidates). The optimization problem equation 2
is NP-hard even when: (i) K = 2 for every question, (ii) L is propositional logic, and (iii) every φij

is a single CNF clause (or ⊤).

Proof sketch. Reduce from weighted partial MaxSAT. For each soft clause Ct with weight wt, create
a question with two candidates: include Ct (weight wt) or include ⊤ (weight 0). Let B encode the
hard clauses. Any coherent selection corresponds to choosing a satisfiable subset of soft clauses with
maximum total weight, matching MaxSAT. Full details in Appendix ??.

5.3 BELIEF-REVISION EQUIVALENCE (DISTANCE GEOMETRY)

We interpret selections as points in a discrete space (a product of simplices). Minimal-change repair
becomes a distance-based revision operator.

Theorem 5.3 (Dalal-style specialization). Fix a baseline selection s0. Suppose L is propositional and
each question corresponds to choosing a literal assignment for a designated variable (i.e., K = 2
encodes xi = True/False). Then minimizing MC(s0) subject to satisfiability is equivalent to selecting
a satisfying assignment of minimum Hamming distance from the baseline assignment (a Dalal-type
revision step).

Proof sketch. Under the literal-assignment encoding, ∥s− s0∥0 equals Hamming distance between
truth assignments. The feasible set is exactly the set of models of B. Thus equation 3 computes the
nearest model in Hamming distance.

5.4 PROBABILISTIC EXTENSION: KL PROJECTION ONTO THE COHERENT SUPPORT

Define an unconstrained Gibbs distribution over selections:

Qθ(s) ∝ exp
(∑

i,j

wijsij

)
, with s satisfying equation 1.

Let C := {s : SAT(T (s))} be the coherent set.

4
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Algorithm 1 Certified Coherent Decoding via Weighted Partial MaxSAT
1: Input: Questions Q = {qi}ni=1, context c, candidates {aij} with scores {wij}, background B,

semantic map Φ, candidate budget K.
2: Output: Coherent answers {aij⋆(i)} and certificate(s).
3: for i = 1 to n do
4: for j = 1 to K do
5: Compute φij ← Φ(qi, aij).
6: Compute CNF(φij) (e.g., Tseitin if needed).
7: end for
8: end for
9: Introduce selector vars zij and encode OneHot(zi1, . . . , ziK) for all i.

10: Add hard clauses: CNF(B), all OneHot, and all gated clauses (¬zij ∨ Cijt).
11: Add soft clauses: (zij) with weights Shift(wij).
12: Run a weighted partial MaxSAT solver to obtain assignment µ⋆ and (optional) proof log.
13: Decode selection: j⋆(i)← {j : µ⋆(zij) = 1}.
14: Emit: coherent answers {aij⋆(i)}, feasibility certificate µ⋆, and optional optimality proof.

Theorem 5.4 (I-projection onto coherent support). Assume Qθ(C) > 0. Then

P ⋆ = argmin
P :supp(P )⊆C

DKL(P∥Qθ)

is the conditional distribution P ⋆(s) = Qθ(s | s ∈ C).

Proof. This is the standard property of KL minimization under a hard support constraint: the
minimizer preserves Qθ’s relative probabilities on the allowed set and renormalizes. A full derivation
is in Appendix ??.

Remark 5.5 (Computation). Computing Qθ(C) is a constrained partition function (a form of weighted
model counting), which is #P-hard in general (Valiant, 1979). This yields a clean “theory section”:
exact inference is intractable; approximate sampling / variational bounds become principled approxi-
mations.

6 PROOF-CARRYING COHERENT ANSWERS

6.1 FEASIBILITY CERTIFICATES (MODELS)

Given a selected answer set s⋆, the solver can output a satisfying assignment µ over all propositional
variables in the compiled instance, including the latent world variables and z selectors. Verification is
polynomial:

1. check OneHot constraints,

2. check gated clauses, and

3. check CNF(B).

6.2 OPTIONAL OPTIMALITY CERTIFICATES (PROOF LOGGING)

Beyond feasibility, one may want optimality proofs for MaxSAT. SAT has mature unsatisfiability
proof formats (e.g., DRAT (Heule, 2016)). MaxSAT proof logging has recently become practical in
solver ecosystems (?). Our framework is compatible with emitting and checking such logs, enabling
verifiable optimal coherence rather than “trust the solver”.

7 ALGORITHM

5
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8 BENCHMARK DESIGN FOR CLEAN COHERENCE EVALUATION

To avoid conflating coherence with semantic parsing noise, we propose two benchmark layers.

8.1 LAYER 1: PURELY SYMBOLIC MULTI-QUESTION COHERENCE

Generate SAT-derived worlds over variables x1, . . . , xm. Questions query values of variables, derived
literals, or consequences. Candidates are {True,False}, so Φ is trivial. This layer isolates global
coherence and solver behavior.

8.2 LAYER 2: CONTROLLED NATURAL LANGUAGE WITH DETERMINISTIC COMPILATION

Template symbolic constraints into controlled English (deterministic mapping to CNF). This tests
the LLM’s ability to propose correct candidates under linguistic surface variation, while preserving
unambiguous evaluation.

8.3 EVALUATION PROTOCOL

Report: (i) CG and MC(s0), (ii) success rate of producing satisfiable global answer sets, (iii)
MUS/MCS statistics for contradiction structure, and (iv) tradeoffs between coherence and preference
loss.

9 DISCUSSION AND LIMITATIONS

Semantic map Φ. Our guarantees hold in the chosen fragment L after compilation. If Φ is noisy,
the system certifies coherence of the compiled meaning, not necessarily of informal natural language
semantics. This motivates controlled-language benchmarks and explicit parser uncertainty modeling.

Expressivity vs decidability. Richer L (e.g., SMT) increases modeling power but changes solver
backends and proof formats. The MaxSAT compilation remains valuable whenever logical constraints
can be reduced to (pseudo-)Boolean form.

Scalability. Modern MaxSAT solvers are competitive on large instances (?); nonetheless, worst-case
complexity remains. Practically, one can cap K, use incremental solving, or switch to core-guided
approximate variants.

10 CONCLUSION

We presented a theory-first framework for certified coherent reasoning across multiple related
LLM questions. By posing answer selection as a maximum-weight satisfiable theory problem,
compiling to weighted partial MaxSAT, and emitting certificates, we obtain coherence by construction
and verifiability by design. The framework yields mathematically sharp coherence metrics, clean
connections to belief revision, and a principled probabilistic extension via KL projection onto
coherent supports. This provides a rigorous spine for future work on solver-aided LLM deduction,
contradiction avoidance across dialogues, and trustworthy reasoning pipelines.
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A PROOF APPENDIX ROADMAP

This appendix provides full formal definitions and complete proofs for the main text claims. Per
ICLR guidance, appendices may be arbitrarily long (reviewers are not required to read them). (Li &
Manyà, 2021)

B FORMAL PRELIMINARIES

B.1 SYNTAX AND SEMANTICS (CNF)

A literal is a Boolean variable x or its negation ¬x. A clause is a disjunction of literals C =
ℓ1 ∨ · · · ∨ ℓr. A CNF formula is a conjunction of clauses F =

∧m
t=1 Ct.

An assignment µ : Var(F ) → {0, 1} extends to literals by µ(¬x) = 1 − µ(x) and to clauses by
disjunction. We write µ |= F if µ satisfies all clauses of F .

B.2 WEIGHTED PARTIAL MAXSAT (WCNF)

A weighted partial MaxSAT instance consists of: (i) a set of hard CNF clauses H that must be
satisfied, and (ii) a multiset of soft clauses S = {(Cu, ωu)} with weights ωu ≥ 0.

The objective is to find an assignment µ such that µ |=
∧
H and the satisfied soft weight∑

(Cu,ωu)∈S ωu · 1[µ |= Cu] is maximized. Equivalently, minimize total violated soft weight.
See Li & Manyà (2021).

B.3 CNF NORMALIZATION VIA TSEITIN ENCODINGS

When φ is not in CNF, we use an equisatisfiable CNF encoding CNF(φ) (e.g. Tseitin-style) introduc-
ing auxiliary variables and linear overhead (Tseitin, 1968).

C CORRECTNESS OF GATING AND ONE-HOT ENCODINGS

C.1 CLAUSE-GATING LEMMA

Lemma C.1 (Clause gating). Let z be a Boolean selector and let C be a clause. For any assignment
µ, we have:

µ |= (¬z ∨ C) ⇐⇒ µ(z) = 0 or µ |= C.

7
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Proof. (⇒) If µ(z) = 1 then ¬z is false so C must be true. If µ(z) = 0 we are done.

(⇐) If µ(z) = 0, then ¬z is true, hence (¬z ∨C) is true. If µ(z) = 1 and µ |= C, then C is true and
again (¬z ∨ C) is true.

Corollary C.2 (Gated CNF equivalence). Let CNF(φ) =
∧m

t=1 Ct. Then for any assignment µ,

µ |=
m∧
t=1

(¬z ∨ Ct) ⇐⇒ µ(z) = 0 or µ |= CNF(φ).

Proof. Apply Lemma C.1 clausewise to all t ∈ [m] and take conjunction.

C.2 ONE-HOT ENCODING CORRECTNESS

For each question i, define selector variables zi1, . . . , ziK .

We encode “exactly one” as:

ATLEASTONEi := (zi1 ∨ · · · ∨ ziK), ATMOSTONEi :=
∧

1≤j<ℓ≤K

(¬zij ∨ ¬ziℓ).

Lemma C.3 (Exact-one correctness). An assignment µ satisfies ATLEASTONEi ∧ ATMOSTONEi

iff there exists a unique j⋆(i) ∈ [K] with µ(zij⋆(i)) = 1.

Proof. If µ satisfies ATLEASTONEi, at least one selector is true. If two distinct selectors were true,
some pairwise clause in ATMOSTONEi would be violated. Hence exactly one is true. The converse
direction is immediate.

Remark C.4 (Linear-size one-hot). The pairwise at-most-one costs O(K2) clauses. Sequential-
counter encodings provide O(K) size while preserving correctness (Sinz, 2005).

D FULL PROOF OF MAXSAT COMPILATION EQUIVALENCE

D.1 RESTATING THE COHERENT DECODING PROBLEM

Given questions q1, . . . , qn, candidates (i, j) ∈ [n]× [K], weights wij , semantic formulas φij , and
background theory B, define selection variables sij ∈ {0, 1} with

∑
j sij = 1.

Define:
T (s) := B ∪ {φij : sij = 1}.

The goal is:

max
s

n∑
i=1

K∑
j=1

wijsij s.t. SAT(T (s)).

D.2 WEIGHT SHIFTING INVARIANCE

Lemma D.1 (Per-question shift invariance). Fix constants αi ∈ R. Define w′
ij := wij + αi. Then

for every feasible selection s, ∑
i,j

w′
ijsij =

∑
i,j

wijsij +

n∑
i=1

αi,

hence argmax over feasible s is unchanged.

Proof. Using
∑

j sij = 1,∑
i,j

w′
ijsij =

∑
i,j

(wij + αi)sij =
∑
i,j

wijsij +
∑
i

αi

∑
j

sij =
∑
i,j

wijsij +
∑
i

αi.

The last term is constant in s.

8
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D.3 WCNF CONSTRUCTION

We use selector variables zij (intended to equal sij). Hard clauses include:

• CNF(B);

• one-hot constraints for each i;

• for each (i, j) and each clause C in CNF(φij), the gated clause (¬zij ∨ C).

Soft clauses include (zij) with nonnegative weights Shift(wij) (via Lemma D.1).

Theorem D.2 (Compilation equivalence (full)). Let I be the above WCNF instance. Then:

1. Any satisfying assignment µ of all hard clauses induces a feasible selection sµ by sµij =

µ(zij), such that SAT(T (sµ)).

2. Among feasible selections, the MaxSAT objective equals the shifted preference score, hence
any MaxSAT-optimal µ⋆ yields an optimal coherent selection.

Proof. (1) Fix µ satisfying all hard clauses. By Lemma C.3, for each i there is a unique j⋆(i) with
µ(zij⋆(i)) = 1. Define sµij = µ(zij).

We show SAT(T (sµ)) by exhibiting a model: Since µ |= CNF(B), µ satisfies B (up to CNF
equisatisfiability). For each chosen (i, j⋆(i)), µ(zij⋆(i)) = 1; by Corollary C.2, µ must satisfy
CNF(φij⋆(i)), hence φij⋆(i). Therefore µ satisfies all formulas in B ∪ {φij : s

µ
ij = 1}, i.e. T (sµ).

(2) The soft objective is ∑
i,j

Shift(wij) · 1[µ |= zij ].

Because zij is a unit clause, 1[µ |= zij ] = µ(zij) = sµij . Thus the objective equals∑
i,j Shift(wij)s

µ
ij . By Lemma D.1, maximizing shifted weights is equivalent to maximizing original

weights. Therefore any MaxSAT-optimal µ⋆ yields an optimal coherent selection.

E COMPLEXITY RESULTS (FULL PROOFS)

E.1 DECISION PROBLEM AND NP-COMPLETENESS

Define the decision version:

Definition E.1 (COHERENT-THRESHOLD). Given (B, {φij}, {wij}, τ) decide whether there
exists a selection s such that SAT(T (s)) and

∑
i,j wijsij ≥ τ .

Theorem E.2 (COHERENT-THRESHOLD is NP-complete). COHERENT-THRESHOLD is NP-
complete, even when K = 2 and all weights are zero.

Proof. Membership in NP: guess s, check
∑

j sij = 1 for all i, check SAT(T (s)) via a SAT verifier,
and compute the score in polynomial time.

NP-hardness: reduce from CNF-SAT. Given a CNF formula F (x1, . . . , xn), create n questions, one
per variable. For question i, set K = 2 candidates with formulas:

φi,1 := xi, φi,2 := ¬xi.

Let B := F and set all weights wij = 0 and τ = 0. A selection s corresponds bijectively to a truth
assignment to variables. Then SAT(T (s)) holds iff the chosen literals satisfy F . Thus there exists a
coherent selection iff F is satisfiable.

E.2 OPTIMIZATION NP-HARDNESS VIA MAXSAT

Theorem E.3 (Optimization NP-hardness (explicit reduction)). The optimization problem is NP-hard
even when K = 2 and each φij is either a single clause or ⊤.

9
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Proof. Reduce from weighted partial MaxSAT (Li & Manyà, 2021). Let H be the hard CNF and soft
clauses {(Ct, ωt)}mt=1. Create m questions, each with two candidates:

φt,1 := Ct (weight ωt), φt,2 := ⊤ (weight 0).

Set B := H . Any selection chooses a subset of soft clauses to include; feasibility requires satisfiability
with H . Maximizing total weight matches the MaxSAT objective.

F BELIEF-REVISION GEOMETRY (FULL PROOFS)

F.1 SELECTION SPACE AND DISTANCES

Let S := {s ∈ {0, 1}n×K :
∑

j sij = 1 ∀i}.

Let s0 be a baseline selection (e.g. local top-1). Define a weighted edit distance:

dλ(s, s
0) =

n∑
i=1

K∑
j=1

λij · 1[sij ̸= s0ij ], λij ≥ 0.

Define coherent set C := {s ∈ S : SAT(T (s))}.
Definition F.1 (Distance-based coherent revision operator). Define:

Revλ(s
0) := argmin

s∈C
dλ(s, s

0),

breaking ties arbitrarily but deterministically.
Proposition F.2 (Core postulates). Assume C ̸= ∅. Then Revλ satisfies:

1. Success: Revλ(s0) ∈ C.

2. Vacuity: if s0 ∈ C then Revλ(s
0) = s0.

3. Minimal change: for any s ∈ C, dλ(Revλ(s0), s0) ≤ dλ(s, s
0).

Proof. Success holds by construction. If s0 ∈ C, then dλ(s
0, s0) = 0 is minimal, proving vacuity.

Minimal change is immediate from argmin definition.

F.2 DALAL-STYLE SPECIALIZATION

Theorem F.3 (Dalal specialization (full)). Suppose each question i corresponds to choosing a literal
assignment for a dedicated world variable xi: K = 2, φi,1 = xi, φi,2 = ¬xi. Let B be any CNF
over {xi} and let λij = 1. Then Revλ(s

0) returns a satisfying assignment of B with minimum
Hamming distance to the baseline assignment, matching Dalal-style revision (Dalal, 1988).

Proof. A selection s ∈ S encodes a unique truth assignment to all xi. The constraint s ∈ C is exactly
“assignment satisfies B”. The edit distance dλ(s, s0) equals the number of variables whose truth value
differs from baseline, i.e. Hamming distance. Thus the minimizer is the nearest satisfying assignment,
which is the Dalal construction.

G MUS/MCS DUALITY AND REPAIR GEOMETRY

G.1 GROUPED CONSTRAINTS

Let each candidate (i, j) correspond to a group of CNF clauses Gij := CNF(φij), and let GB :=
CNF(B). For a fixed selection s, define the group set:

G(s) := GB ∪ {Gij : sij = 1}.

A subset U ⊆ G(s) is a MUS (at group level) if
∧
U is unsatisfiable and every strict subset is

satisfiable. A subset C ⊆ G(s) \ {GB} is a group-level correction set if
∧
(G(s) \ C) is satisfiable.
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G.2 HITTING SET DUALITY

Theorem G.1 (MCS as minimal hitting set of MUSes). LetM be the set of all group-level MUSes of
G(s). A subset C ⊆ G(s)\ {GB} is a minimal correction set iff C is a minimal hitting set ofM (i.e. it
intersects every MUS, and no strict subset does). This is a standard diagnosis duality (Reiter, 1987).

Proof. (⇒) Let C be a correction set. If C failed to intersect some MUS U ∈ M, then all groups in U
would remain in G(s) \ C, making it unsatisfiable — contradiction. So C hits every MUS. Minimality
follows similarly: if a strict subset C′ ⊂ C hit all MUSes, then removing only C′ would restore
satisfiability, contradicting minimality of C.

(⇐) Let C be a minimal hitting set ofM. Assume for contradiction that G(s) \ C is unsatisfiable.
Then it contains a MUS U (by finiteness and minimality), but U ⊆ G(s) \ C implies U is not hit by C,
contradiction. Thus removal of C restores satisfiability. Minimality follows from minimal hitting set
property.

G.3 FROM MUS/MCS TO ANSWER-LEVEL REPAIR

Theorem G.1 implies that repairing inconsistency is a hitting-set problem over MUSes. When grouped
by answers, this yields an interpretable “which answers must change” view.

H COHERENCE GAP AS MINIMUM PREFERENCE SACRIFICE

Let jloc(i) ∈ argmaxj wij and define Wloc =
∑

i wi jloc(i). For any selection s, define the per-
question sacrifice:

∆(s) :=

n∑
i=1

wi jloc(i) −
K∑
j=1

wijsij

 .

Lemma H.1 (Coherence gap equals minimal sacrifice).

CG = min
s∈C

∆(s).

Proof. By definition, CG = Wloc −W ⋆ and W ⋆ = maxs∈C
∑

ij wijsij . Thus:

CG = min
s∈C

Wloc −
∑
ij

wijsij

 = min
s∈C

∆(s).

I PROBABILISTIC EXTENSION: KL PROJECTION AND #P-HARDNESS

I.1 KL PROJECTION ONTO COHERENT SUPPORT

Define Qθ(s) ∝ exp(
∑

ij wijsij) on S. Let C ⊆ S be coherent set.

Theorem I.1 (KL projection is conditionalization). Assume Qθ(C) > 0. Then

P ⋆ = argmin
P :supp(P )⊆C

KL(P∥Qθ)

is P ⋆(s) = Qθ(s | s ∈ C).

Proof. For s ∈ C, Qθ(s) = Qθ(s | C)Qθ(C). Thus

DKL(P∥Qθ) =
∑
s∈C

P (s) log
P (s)

Qθ(s | C)Qθ(C)
= DKL(P∥Qθ(· | C))− logQθ(C).

The second term is constant in P , minimized when the first term is 0, i.e. P = Qθ(· | C).

11



594
595
596
597
598
599
600
601
602
603
604
605
606
607
608
609
610
611
612
613
614
615
616
617
618
619
620
621
622
623
624
625
626
627
628
629
630
631
632
633
634
635
636
637
638
639
640
641
642
643
644
645
646
647

Under review as a conference paper at ICLR 2026

I.2 #P-HARDNESS OF COHERENT MASS COMPUTATION

Theorem I.2 (#P-hardness of Qθ(C)). Computing Qθ(C) is #P-hard in general (Valiant, 1979).

Proof. Reduce from #SAT. Given CNF F (x1, . . . , xn), create n questions with K = 2 candidates
φi,1 = xi and φi,2 = ¬xi. Let B := F and set all weights wij = 0. Then Qθ is uniform over all
2n selections (assignments). The coherent set C corresponds exactly to satisfying assignments of F .
Therefore

Qθ(C) =
#SAT(F )

2n
.

Computing Qθ(C) thus computes #SAT(F ), which is #P-hard (Valiant, 1979).

J CERTIFICATES: VERIFICATION GUARANTEES

J.1 FEASIBILITY CERTIFICATE

A feasibility certificate is a satisfying assignment µ to all variables in the compiled WCNF instance.
Verification checks each hard clause evaluates to true under µ.
Proposition J.1 (Verification is linear-time in CNF size). Given CNF formula F and assignment µ,
checking µ |= F takes O(|F |) time.

Proof. Evaluate each clause by scanning its literals; total work proportional to total literal occurrences.

J.2 PROOF LOGGING CONTEXT

SAT proof logging and checking are standard (e.g. DRAT/DRAT-trim) (Heule, 2016; Wetzler et al.,
2014). MaxSAT proof logging has become practical more recently, including certified preprocessing
and equioptimality checking (Ihalainen et al., 2024).

K MULTI-ORACLE MAJORITY BOUND

Theorem K.1 (Majority vote error (Hoeffding bound)). Let O1, . . . , OM be independent Bernoulli
oracles with Pr[Om correct] = p > 1/2. Let Ŷ be majority vote. Then

Pr[Ŷ ̸= Y ] ≤ exp(−2M(p− 1/2)2).

Proof. Let Xm = 1[Om correct] so E[Xm] = p. Majority error means
∑

m Xm ≤ M/2. Apply
Hoeffding’s inequality to

∑
m Xm.
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