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Abstract

Optimization and generalization are two essential aspects of statistical machine learning. In
this paper, we propose a framework to connect optimization with generalization by analyz-
ing the generalization error based on the optimization trajectory under the gradient flow
algorithm. The key ingredient of this framework is the Uniform-LGI, a property that is
generally satisfied when training machine learning models. Leveraging the Uniform-LGI,
we first derive convergence rates for gradient flow algorithm, then we give generalization
bounds for a large class of machine learning models. We further apply our framework to
three distinct machine learning models: linear regression, kernel regression, and two-layer
neural networks. Through our approach, we obtain generalization estimates that match or
extend previous results.

1 Introduction

From the perspective of statistical learning theory, the goal of machine learning is to find a predictive
function that can give accurate predictions on new data. For supervised learning problems, empirical risk
minimization (ERM) is a common practice to achieve this goal. The idea of ERM is to minimize a cost
function on observed data using an optimization algorithm. Therefore, a fundamental question is:

given a training algorithm, does it produce a solution with good gemeralization?

This question has been the subject of a substantial body of literature, which answers this question in terms of
the implicit bias of optimization methods such as stochastic gradient descent (SGD). For example, one line of
works considered the case where gradient methods converge to minimal norm solutions on kernel regression
(Bartlett et al., [2020; [Tsigler & Bartlett, 2020; Liang & Rakhlin| 2020; Liang et al.,|2020), and then analyzed
the generalization properties of those minimal norm solutions by bias—variance tradeoff. Another line of
works focused on the Neural Tangent Kernel (NTK) regime (Allen-Zhu et al.| [2019; |Arora et al., 2019; |Cao
& Gu, 20205 |Ji & Telgarskyl, [2020; (Chen et al.l |2021) where SGD iterates converges to a global minimum
with a short distance from initialization. They suggested to use norm-based measures to theoretically derive
generalization bounds. Specifically, these papers studied the generalization of (deep) neural networks on a
norm-constrained parameter space W = {W : W € B(0, R)}, where W is the collection of weight matrices for
all layers, and B(0, R) is a ball with radius R. On the NTK regime, SGD with random initialization is proved

to be able to find a global minimum in the parameter space 5(0, R) with R = {/y " (G(L)) -1 y, where y is the

label and ©(F) is the NTK matrix defined on the training input data (Arora et al., 2019; Cao & Gu,2020). All
of these works have made significant progress on the interplay of optimization and generalization. However,
the settings that they focused on are specific in the sense that (1) the phenomenon of norm minimization has
only been proven to occur with the quadratic loss with an appropriate initialization scheme; (2) R has been
theoretically obtained only in the NTK regime; (3) these works has considered the models after convergence
and the generalization analysis of models during training are not completely understood. Therefore, the
connection between optimization and generalization still remains largely misunderstood in general scenarios.

In this paper, we aim to tackle these issues by studying the connection between optimization and generaliza-
tion of a wide class of machine learning models. Thus, a more precise analysis of how the parameter evolves
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when the training time varies is needed. For this purpose, inspired by the Y.ojasiewicz gradient inequality
(LGI) condition in Bolte et al. (2007, which states that the gradient norm is lower bounded by some power
of the value function, we consider a uniform version of LGI that extends this condition to a non-vanishingly
small set. Specifically, we propose the Uniform-LGI (Definition , which is a modified version of the LGI.
This assumption plays a critical role in connecting optimization and generalization through norm-based gen-
eralization bounds. The first section is dedicated to the numerical validation of the Uniform-LGI on different
machine learning models. By introducing the local Uniform-LGI condition along the optimization path, we
derive convergence rates and generalization bounds that yield bias-variance tradeoffs during training. Our
framework can be applied to a broad class of machine learning models to obtain optimization results and
generalization estimates.

Contributions. Our contributions are three-fold:

e First, we design a finite sample test algorithm to verify the Uniform-LGI condition along the training
path. Our numerical results suggest the Uniform-LGI condition is generally satisfied when training
machine learning models and is more general compared to the Polyak-FLojasiewicz (PL) condition
(Polyakl, [1963)). Then, we propose a framework for connecting optimization dynamics and general-
ization performance based on the Uniform-LGI condition.

e Specifically, we first analyze the convergence rate for the loss functions that satisfy the Uniform-
LGI condition (Theorem under the gradient flow algorithm. Through Rademacher complexity
theory, we derive a generalization bound (Theorem for a wide class of hypothesis spaces that
holds during the training process. The generalization bound exhibits bias—variance tradeoff pattern.

e We illustrate three different use cases of our framework, showing how we obtain generalization
estimates for a linear regression problem (Theorem , kernel regression (Theorem , and two-
layer neural networks (Theorem for shallow networks & Theorem for overparameterized
networks). These bounds are derived in a unified way, and either match existing results derived for
individual cases or expand upon the scenarios where we can rigorously establish the phenomenon of
benign overfitting.

2 Related Works

Optimization. Theoretically analyzing the training process of most machine learning models is a chal-
lenging problem as the loss landscapes are generally non-convex. Omne approach to studying non-convex
optimization problems is to use the Polyak-Lojasiewicz (PL) condition (Polyak) |1963), which characterizes
the local geometry of loss landscapes and ensures the existence of global minima. It is shown in [Karimi
et al.| (2016) that GD admits linear convergence for a class of optimization objective functions under the PL
condition. In this paper, we modify the original LGI to obtain convergence rates (not necessarily converges
to a global minimum) and generalization estimates during the training process.

Generalization. Traditional VC dimension-based generalization bounds depend on the number of pa-
rameters and are vacuous for large models such as overparameterized neural networks. To overcome this
limitation, several non-vacuous generalization bounds are proposed, e.g. the norm/margin-based generaliza-
tion bounds (Neyshabur et al.l [2015; Bartlett et al., 2017 |Golowich et al., |2018; [Neyshabur et al., [2019),
and the PAC-Bayes-based bounds (Dziugaite & Roy, 2017; Neyshabur et al., |2018; [Zhou et al., |2019; Ri-
vasplata et al., |2020). However, these bounds tend to ignore or focus less on optimization, e.g., norm-based
generalization bounds may not discuss how small-norm solutions are obtained through practical training. In
this paper, we connect the optimization and generalization by deriving generalization bounds based on the
optimization path length during training model training.

Interplay of optimization and generalization. Implicit bias builds the bridge between optimization
and generalization, which has been widely studied to explain the generalization ability of machine learning
models. Recent works (Soudry et al [2018aib; Nacson et al., |2019ajb; [Lyu & Li, |2020) showed that linear
classifiers or deep neural networks trained by GD/SGD maximizes the margin of the separating hyperplanes
and therefore generalizes well. Other works (Arora et al., |2019; Zou & Gul 2019; |Cao & Gul [2020; |Ji
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& Telgarskyl 2020; |Chen et al., [2021) considered overparameterized neural networks in the lazy training
regime where the minimizer has good generalization due to the low “complexity” of the parameter space. In
this work, we focus on specific conditions on loss functions under which we can connect optimization and
generalization on the situations which do not satisfy those above.

3 Main Results

In this section, we present our main results. We first introduce the notations and the problem setting in
Section We then in investigate the key ingredient, the Uniform-LGI condition of our framework in
Section [3:2] Lastly, we derive optimization results and generalization bounds for the gradient flow trajectory
in Section B.3 under the Uniform-LGI condition.

3.1 Setup and Notations

Consider a hypothesis space F = {f(w, J:RY s R|weE W}, where W is a parameter set in Euclidean
space. Given a loss function £/ : R x R — R, and a training set S = {(z;,5:)}i—; € R? x R with n
independent and identically distributed (i.i.d.) samples from a joint distribution D, the goal of ERM is to
optimize the empirical loss function £, (w) on S:

n

) 1
1=
Notations. We use [-|| to denote the ¢ norm of a vector or the spectral norm of a matrix, and use ||-||

to denote the Frobenius norm of a matrix. For a set S € R", we use JS to denote its boundary. We
use d(S1,82) to represent the Euclidean distance between two sets Sy, Sz, which is defined as d(S1,S2) =
{inf ||s1 — s2|| : s1 € S1, $2 € S2}. For two vectors, we use (,) to denote their inner product. For a symmetric
matrix A, we use Apin(A), resp. Amax(A4) to denote the smallest, resp. the largest, eigenvalue of A. For any
non-negative integer n, let [0: n] ={0,1,...,n}. We use O(:) to denote the Big-O bound.

3.2 Investigation on Uniform-LGI

Let us know introduce the key component of our framework: the Uniform-LGI, a condition that holds for
a wide class of loss functions. We give several examples of loss functions that satisfy the Uniform-LGI
condition. Our numerical results suggest that the Uniform-LGI is generally satisfied when training neural
network models.

The classic LGI gives a lower bound on the gradient of a differentiable function based on its value above
its minimum. Many functions, e.g., real analytic functions and subanalytic functions, satisfy this property,
at least locally (Bolte et al. 2007). Here, we require a uniform version of this inequality as a condition to
control the optimization trajectory. Let us define this notion below.

Definition 3.1 (Uniform-LGI). A loss function £(w) satisfies Uniform-LGI on a set S with constants
6 €[1/2,1) and ¢ > 0, if

0
IVL(w)|| > ¢ <£(w) — Iglelgﬁ(v)) ,Yw e S. (2)

In the special case when 6 = 1/2 and ¢ = /2, the Uniform-LGI corresponds to the p-PL condition (Karimi
et al.l |2016)). When there is no stationary point in S, this inequality becomes trivial because the gradient
norm has a positive lower bound in §. If § contains a stationary point w*, then this inequality yields
L(w*) = min,es L(v). Notice that this does not imply that any stationary point is a global/local minimum
because § may not contain a global/local minimum. Hence, the Uniform-LGI is a more general condition
than the classic LGI where S is usually defined as a neighborhood of a global minimum of £(w).

In the following, we give some examples of loss functions satisfying the Uniform-LGI condition globally over
their entire domains or locally along the optimization path.
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Global Uniform-LGI. Let the loss function £(wp,...,w;) = (wr---w;)?, which can be viewed as a
one-dimensional L-layer linear neural network model with squared loss on the data (1,0). Then |[VL|* =
Awp - w)* Y 1 w? > 4L(wy - - wy)4 YT = 4L(L)>~V/E. Therefore, £ satisfies Uniform-LGI condition
globally on R” with ¢ = 2v/L and # =1 — 1/2L for L > 1.

Apart from the global Uniform-LGI condition, there exists a large number of loss functions satisfying the
Uniform-LGI condition locally within a given range. Since we want to study the optimization and general-
ization of a training algorithm, next we investigate the Uniform-LGI condition along the optimization path
during training.

(Local) Uniform-LGI along the optimization path. Given an initialization w(©® | a gradient-based
optimization algorithm A (e.g. GD, SGD, etc.) produces a series of parameters w(®, w™ w® . . . w® for
the first k steps. If A converges, k can be infinite and the limiting parameter w(*) is a stationary point
of L(w). To numerically verify the Uniform-LGI condition (find 6, ¢) along the entire optimization path

{w(i) }ZO, we design an algorithm for finite sample test.

Algorithm 1 Finite sample test for Uniform-LGI

Input: loss function £(w); a collection of parameters w© w® w® W) the optimal
loss value £(w™*); start point Ko; step s

1: for k=0 to K do
2: calculate the gradient norm ||V£(w(k))“
3: end for
4: for k = K to K step s do
5: collect the k data { (log (L(w?) — L(w*)),log HVE(w(i))H) }::01
6: fit the data by linear regression, and return the slope 6
7 0 <0 ‘
8: Ck 4 MiNe[o:6-1) M
v (Lw®)—L(w*))"*
9: end for

10: fit all the data {(log (L(w®) — L(w*)),log HVE(w(i))H)}f:O by linear regression, and
return the slope 6
11: 9K+1 +— 0
[V
Lw®)—L(w*)) K+
Output: the estimated Uniform-LGI constants (6x,, ¢k, ), (Oko+s, Ckot+s)s - - -5 (Ox+1, Cx+1)

12: Cryq < minie[o:K] (

Intuitively, if Algorithmoutputs a series of estimated Uniform-LGI constants that converge to some (6*, ¢*),
then we can safely assume that the loss function £(w) satisfies equation along the optimization path
{w(i)}zo with 6%, c*. Moreover, if 6 € [1,1) and ¢ > 0, then £(w) satisfies the Uniform-LGI on {w(i)}zo.
In the following, we present numerical experiments that confirms the validity of the Uniform-LGI condition
along GD/SGD paths on both synthetic models and neural network models under Algorithm

Synthetic models. We consider three synthetic models with optimal loss values £(w*) = 0: (a) dif-

ferentiable but non-analytic |'| loss function L(w) = e T for w # 0, 0 for w = 0; (b) differentiable loss
function £(w) = w3 + Lw?; (c) undetermined linear regression model £(w) = 5= 37 (wTz; — y;)? on a
synthetic dataset. All the three models are trained with gradient descent with fixed learning rate 1. Specif-
ically, the following hyper-parameters are used for training: for model (a), initialization w® =0.1,7=0.1,
epoch K = 10%, start point Ky = 50, step s = 10%; for model (b), w(® = 1, n = 0.01, epoch K = 103,
start point Ky = 50, step s = 10; for the linear regression model (c), the dataset contains 100 points
{(x“yl)}lliq C R?% x R, where z;(Vi € [100]) are uniformly drawn from the 200-dimensional unit sphere,

and y;(Vi € [100]) are generated by a linear target function y; = BT z; for some 8 € R? with |8 = 1.

L A real function is said to be analytic if it possesses derivatives of all orders and agrees with its Taylor series in a neighborhood
of every point.
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Non-analytic: 6" = 0.906, ¢ = 39.192 Linear regression: 8 = 0.501,¢* =0.072

1w +1w2: 6" =0.308,c" =0.805
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Figure 1: Investigation of the Uniform-LGI condition on synthetic models by finite sample test (Algorithm
1)). For the non-analytic model (a), both 6 and ¢ do not converge. For the synthetic model (b), ¢ converges
to a positive number but 6 converges to a number that is < 1/2. For the linear regression model (c), the
Uniform-LGI holds along the training path with 8* ~ 0.5 as expected since linear regression satisfies the PL
condition.
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Figure 2: Investigation of the Uniform-LGI condition on neural network models by finite sample test
(Algorithm [1)). For all of these three neural network models, § and ¢ converges to 6* € [1/2,1) and ¢* > 0
respectively. Hence, these two models satisfy the Uniform-LGI condition along the optimization path with
constants 0* and c*.

We train the linear model with random initialization, 7 = 0.1, epoch K = 10°, start point K = 50, step
s = 100.

We report the estimated Uniform-LGI constants (0x,, ¢k, ), (Oko+ss Cikots)s - - - s (Ox+1, Ck+1) by finite sample
test (Algorithm [I]), and denote by (6*,c*) the final estimation (x41,cx+1). Figure [I] shows three different
cases: (a) (0,c¢) do not converge; (b) (6,¢) converge with 8* < 1/2 and ¢* > 0; (c¢) (0, ¢) converge with
0* ~ 0.5 as expected since linear regression satisfies the PL condition. This demonstrates that our method
is robust in determining whether a model satisfies the Uniform-LGI.

Neural network models. We train three neural network models: two-layer multilayer perceptron (MLP)
with width 100 (no bias) on the MNIST dataset (LeCun et al} [1998); ResNet18 (He et all, [2016), Wide-
ReseNet-16-8 (Zagoruyko & Komodakis| [2016]) on the CIFAR10 dataset (Krizhevsky et al., 2009). For each
experiment, we train the network using SGD (no momentum) with random shuffling, batch size 64 and fixed
learning rate 0.01. For the MLP model, we stop the training with 1000 epochs and set the optimal loss
value to be 0. For the ResNet models, we stop the training once the cross-entropy loss is less than 0.001 and
estimate the local optimal loss value as mingepo: k] L(w®), which is smaller than 103, To avoid division

by zero, we delete the parameter w* in w(®,w® w® ... w&). Then we apply the finite sample test
(Algorithm with starting point Koy = 50, step s = 1 to obtain the estimated Uniform-LGI constants. We
report (O, , Cry)s (OKots, Clots)s - -+ (OK+1,Cr+1), and denote (0, ¢*) by the average of the last 5 iterates,
ie, 0 =(Ok-_3+ - +0ks1)/5,¢* =(cxk—3+ -+ cKs+1)/5. As shown in Figure the estimated series of
(0, ¢) converge for both models, and the Uniform-LGI condition holds along the optimization path.
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Model o* c*
Linear Regression 0.496 +0.001 0.063 £ 0.0015
2-layer MLP 0.785 £ 0.005 0.066 + 0.013
ResNet18 0.751 £0.019 0.068 £ 0.016
Wide ResNet 0.514 +0.011 0.169 £ 0.037

Table 1: Mean and standard error for the Uniform-LGI constants 6* c¢* obtained by finite sample test
(Algorithm (1) over 10 independent runs over random initialization and data reshuffling.

Table [1| reports the confidence intervals of 60*,c¢* over 10 independent runs over random initialization and
data reshuffling. One interesting observation is that by increasing the width and depth of ResNet18, the
SGD path of Wide-ResNet-16-8 has a smaller Uniform-LGI exponent 6* that is close to 1/2. This is parallel
to the phenomenon in [Liu et al.| (2020) that overparameterized neural networks satisfy the PL condition.
More discussions for the Uniform-LGI on the overparameterized neural networks are in Appendix [D.5]

3.3 Optimization and Generalization Results Under the Uniform-LGI Condition

In Section 3.2} empirical results suggest that the Uniform-LGI condition is generally satisfied on the training
path for various machine learning models. In this section, we derive optimization and generalization results
assuming that the Uniform-LGI condition holds. We consider to problem of optimizing the empirical loss
(1)) with gradient flow:

dw®
= = —VL,(w®), t € [0,+), (3)
where w(®) is the parameter vector at time ¢, w(®) is the parameter vector at initialization. We assume that,
for any (x,y) ~ D, we have ||z| =1, |y| < 1. This can be achieved by data normalization.

First, we give an optimization result under the Uniform-LGI condition. We show that when 8 = 1/2, the
convergence rate is linear; when 6 € (1/2,1), the convergence rate is sublinear. Furthermore, we give an
explicit estimate for the distance between the initialization and the parameter during the training process.

Theorem 3.2 (Optimization). For a fized initialization w®), suppose that there exist 6, € [1/2,1) and
cn > 0 such that the loss function L, (w) satisfies the Uniform-LGI on {w® : ¢t > 0} with 0,,,c,. Then w®
converges to a critical point w(®) with convergence rate given by

0,=1/2: En(w(t)) _ En(w(oo)) < e—cit (En(w(O)) _ £n(w(oo))) :

bn € (1/2,1) 1 La(w®) = L, @) < (14 27" (£, (@) = £, (),

where M = (260, — 1) (L (w?) — En(w(“’)))w"fl. The distance between the initialization w®) and the

parameter w') at time t is bounded by

o w1 < g (B = £ao) T () - £aw) .

The proof of Theorem is given in Appendix [B] This theorem shows that if the loss function satisfies
the Uniform-LGI along the gradient flow path, then it converges to a stationary point with an explicit
convergence rate and distance estimate. The estimation of ¢,, 6, for different n should be analyzed case by
case based on the loss function, as shown in Section [

Once we have a distance estimate for the parameter during the training process, we can derive generalization
bounds for the norm-constrained parameter space during the training process based on the Rademacher
complexity theory. For the generalization error analysis, we assume that there exists an almost everywhere
differentiable function ¥ : RP*9 — R such that the model f(w,-) can be represented in the following form,

Vz € RY, f(w,m):W(a?m,...,a;x,ﬂl,...,ﬁq), (4)
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where ai,...,q, € R By,...,8;, € R, and w = vec ({a1,...,ap,B1,...,0,}) € RPIFTI vec is the vec-
torization operator that concatenates all elements into a column vector. A wide class of functions can
be represented in the form . Examples include linear functions, fully connected neural networks and
convolutional neural networks.

Additional notations. For the loss function ¢, we use L¢(S) to denote its Lipschitz constant (the
maximal gradient norm) on S with respect to its first argument. For ¥ in (), we define Ly(S) =

(1) (») (p+1) w+a) o)) () (g 1 b .
(L\I, (8),-+-, Ly’ (S), Ly "7 (S), -+, Ly (S)) , where Ly’ (S) is the Lipschitz constant of ¥ on S with

respect to the i-th variable. Let w(® := vec ({ago),...,al(yo),ﬁp),..., éo)}) and use Lp(w) to de-

note the expected loss E(, )p [((f(w,x),y)]. For a = (a1,...,ap)" and b = (b1,...,by)", we de-
fine Sqp = {w:Vie[p],j € gl |losll < ai,|B;] < b;}, and May = supyes, , o<1, )y/<1 ¢ (f(w,2),y). Note
that for any loss function ¢ : R x R — [0,1] that is 1-Lipschitz in the first argument, we have that
Li(Sap) = Myp = 1 for any a,b. An example for such a loss function is the ramp loss (Huang et al.
2014) that is commonly used for classification.

In the next theorem, we consider analyzing the generalization when the loss function £, (w) first reaches
error level € - £, (w(o)) for some € € [0,1]. We give a generalization bound for such procedures, showcasing
a bias-variance tradeoff.

Theorem 3.3 (Generalization). For a fized initialization w®), suppose that there exist 0,, € [1/2,1) and
¢n > 0 such that the loss function L, (w) satisfies the Uniform-LGI on {w(t) :t > 0} with 0, ¢, and assume
that there exist My, Ms such that with probability at least 1—08/2 over the training samples S, L, (w®) < Ms,
L, (w>®)) < Ms. Then for any parameter w. with L,(w.) = eL,(w®) for some e € [0,1], we have with
probability at least 1 — § over S,

Lp(we) < Eﬁn(w(o)) + sup
lall2+1blP <202 , . vn

2v2rn 5. Le(San) 1w (San)| | gy \/3(p+q>+1og<4/6> 5)

2n ’
(1\/157]\715)179717(&]\/[571\745)1797z
Cn(l_an)

where 1, 5 =

The proof of Theorem [3.3]is detailed in Appendix [C}] We use the distance estimate in Theorem [3.2] to get a
norm-constrained parameter space {w : ||w —w© H < r}. Then this allows us to use Rademacher complexity
theory to obtain the generalization result. There are six key terms in : (1) Ms: This is a high probability
upper bound for loss value at initialization. In practice, for commonly used initialization schemes, such
as Xavier initialization (Glorot & Bengio, [2010) and Kaiming initialization (He et al. 2015), £, (w() is
uniformly bounded with high probability; (2) 6,,,c,: These two quantities are the Uniform-LGI constants
along the optimization path. The asymptotic analysis of 8, ¢,, is model-dependent, and we provide several
examples in Section [} (3) L¢(Sq), Map: These quantities are directly related to the loss function ¢. For
instance, given a loss function ¢ : R x R — [0, 1] that is 1-Lipschitz in the first argument, we have that
Lo(Sap) = Map =1; (4) || Lw(Sap)|: This term is related to the properties of f. For example, when f is
linear, ¥(x,y) =z +y, then ||Ly(Sap)| = V2.

For two-layer neural networks, p and ¢ are both equal to the number of the hidden units, which is usually
much smaller than the sample size n. In this case, the generalization bound is dominated by the first two
terms, which represent a bias-variance tradeoff pattern during training. To see this, if € = 1 (no training,
high bias, low variance), then r, 5. = 0, and the generalization bound is dominated by the initial loss; if
e = Ms/Mj; (convergence model, low bias, high variance), then the generalization bound is dominated by
the model complexity 7y, s,c.

Remark 3.4. The generalization bound also holds for the after-convergence model by simply setting € to be
M /Ms. In particular, when the final empirical loss value is 0, £ can be 0.

4 Applications

In this section, we apply our framework (Theorem and Theorem [3.3) to three machine learning models.
To obtain clean expressions of the generalization bound in terms of the sample size n, we consider a range
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of n related to the dimension d. In particular, we consider underdetermined systems where the ratio n/d
remains finite unless stated otherwise:

3 70, m € (0,00), s.t. Vd, yod < n=n(d) < d.

This setting is non-asymptotic since we do not require d to be sufficiently large. For each application,
to simplify the notation, we give an upper bound for the population risk E, ,)~p [Z(f(w,x),y)] with £ :
R x R — [0,1] that is 1-Lipschitz (on the first argument) and £(y,y) = 0. Note that £ can also be replaced
by ¢ because most of the loss functions are locally Lipschitz and locally bounded.

4.1 Underdetermined /> Linear Regression

We begin with an underdetermined linear regression model f(w,z) = w 'z with squared loss:
argmin £, (w) := S 2": (w'a; — y¢)2 , (6)
weRT 2n im1
where the input data matrix X = (z1,...,2,)" € R"*¢ has full row rank (d > n). Then the above regression

model has at least one global minimum with zero loss.

Target function. Suppose the training data is generated from an underlying function g : R — R with
vi = g(x;), Vi € [n]. Let Y = (y1,--- ,yn) ", and assume that there exits ¢* > 0 such that

HyH <c \/ )‘maX(XXT)- (7)

@ actually indicates that g is Lipschitz with a dimension independent Lipschitz constant. For example,
g(z) = ¢(x Tw*), where w* € R? with |w*||, < ¢* for some constant ¢*, and ¢(-) is Lipschitz with ¢(0) = 0.

Assumption 4.1. There exists symmetric positive-definite matrices ¥4 € R4 with 0 < M\ < )\min(Efl) <
)\max(Zfl) < A; for any d, such that the entries of XY, are i.i.d. subgaussian random variables with zero
mean, unit variance, and subgaussian momentsﬂ bounded by 1.

This assumption is reasonable in practice in the sense that it only requires the data (rows of the data matrix
X) to be i.i.d. and entries of each row of X (feature vector components) are not necessarily independent.
For example, when z1,...,x, are i.i.d. drawn from N(0,Y), let X4 = Y12 then the entries of XY, are
i.i.d. standard normal variables. This assumption allows us to study the spectral properties of the sample
matrix using some tools from random matrix theory.

By applying our framework, we get the following optimization and generalization results for the models
during training when the empirical loss function £, (w.) = £, (w(®).

Theorem 4.2. Consider the undertermined {5 linear regression model (@ Suppose that there exists a
constant co > 1 that is independent of d such that Hw(o) H2 < cg. Then the followings hold:

1. L,(w) satisfies Uniform-LGI along the gradient flow curve {w(t) it > 0} with

. T
e = o) oY) g,
n

2. L,(w®) converges to zero linearly, i.e.,

L (w®) < exp (=2 min (XX T)t/n) Ly (w).

2The subgaussian moment of X is defined as inf {M > 0| EetX < eM2t2/2, vt € R}.
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3. If y1 € (0,1), then under Assumption for any € > 0 and any target function that satisfies @,
with probability at least 1 — § — 74"+ — 74 over the training samples S, the generalization bound

of the parameter w. with L, (w.) = L, (w®) for some ¢ € [0,1] is given by

« /2(1—e)\1 1 log(4/9)
e + )y 205N (C (1+ )+ ) g /3 108(4/0)

Eey)~p [£(f(we, 2),y)] < \/M+ - ( 1

& (=) v

where ¢,C,Cy > 0 and 7 € (0,1) depend only on the subgaussian moment of the entries.

The proof of Theorem[4.2]is given in Appendix[D.I] The generalization bound reveals a bias-variance tradeoff
for the linear regression model in the high dimension setting. For ¢ = 1, the generalization bound is domi-

nated by the initial loss. For e = 0 (convergence model), we get a generalization bound O (\/log(l /9)/ n)

Comparison. This result is related to Bartlett et al.| (2020) that studied the phenomenon of benign
overfitting in high-dimensional /5 linear regression. Our result coincides with theirs as both results uncover
some scenarios for benign overfitting in linear regression. In particular, Bartlett et al.| (2020]) focused on
the minimum #¢5 norm estimator. They showed that, if the eigenvalue sequence of the covariance operator
¥ := E[z2 "] have suitable decay rates, then the generalization error will decrease to zero as n increases. In
contrast, our result differs from theirs in the problem settings. Specifically, we do not assume the minimum
norm property and consider the constraints on the optimization process instead. In our setting, entries of
each input z (feature vector components) are not required to be i.i.d. random variables and we do not require
a specific eigenvalue decay for the covariance matrix 3.

4.2 Kernel Regression

Consider a positive definite kernel k : X x X — R with a corresponding feature map ¢ : R¢ — F satisfying
(p(x),o(y)) » = k(z,y). We assume that |k(x,z)| < 1,Ve € X. Let H be the reproducing kernel Hilbert
space (RKHS) with respect to k. If 7 = R®, then the kernel regression model with ¢5 loss is to solve the
following problem

argmin L, (w) := L (wTSﬁ(Ii) - %‘)2 . (8)

s 2n
weR i—1

n
Similar to the /5 linear regression case, we consider the following target function:

Target function. Suppose the training data is generated by an underlying function g : R — R with
yi = g(x;), Vi € [n]. We further assume that there exists ¢* > 0 such that

VI < €+ vV Amax (k(X, X)), 9)

where k(X, X) is the n x n kernel matrix with k(X, X);; = k(x;, x;).

For instance, the following functions satisfy @)z g(z) = ¢(p(z) "w*) where w* € R® with (Vs) |w*||, < ¢* for
some constant ¢*, and ¢(-) is Lipschitz with ¢(0) = 0. To get the generalization results of kernel regression,
we will discuss two types of kernels separately: radial basis function (RBF) (Broomhead & Lowe, [1988)
kernel and inner product kernel.

RBF kernel. We study the RBF kernel of the form k(z,y
input data, we define the separation distance of X as SD :=

~—

= o(|ly — z||) for a certain RBF p. For the
min#j Hl‘z - x]” ,Vi,j € [n]

N

T$2
Inner product kernel. For the inner product kernel, we consider k(x,y) = o (%), where 2 is defined
in Assumption [£1]

Following [El Karoui et al.| (2010), we make the following assumption on the function g:

Assumption 4.3. g is C? in a neighborhood of 0 with o(0) = 0, o(1) > ¢'(0) > 0, ¢”(0) > 0.

2n

b
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We now apply our framework to get optimization and generalization results for the final convergence model
when € = 0. For the RBF kernel, the generalization bound depends on the separation distance of the samples.
For the inner product kernel, we study the spectrum property of the high-dimensional random kernel matrix.

Theorem 4.4. Consider the kernel regression model (@ Suppose that there exists a constant co > 1 that
is independent of d such that Hw(o) H2 < ¢g. Then the followings hold:

1. L, (w) satisfies Uniform-LGI along the gradient flow curve {w(t) it > 0} with

2 min XaX
Cp = W7 971 = 1/2a

where ¢, is controlled by the kernel and input samples.
2. L, (w®) converges to zero linearly, i.e.,

L’n(w(t)) < exp (—2Amin (k(X, X))t/n) En(w(o)).

3. For any target function that satisfies (@ we have:

o Forthe RBF kerneﬂ suppose that o : R>g — Rxq is a decreasing function and o (||z||) € L*(R?).
If there exists two positive constants ¢min and Gmax Such that SD € [gmin, gmax) for all n, then
with probability at least 1—4§ over the training samples, the generalization bound of the parameter
we with L, (we) = Ly, (w®) for some € € [0,1] is given by

7 0070*7Q>d7Qmin7Qmax \/1_5 3+10g45)
E(z,y)N'D [f (f(w&x)vyﬂ < 25£n(w(0)) + ( ° \/’TL ) +3 %7

where C(co, ¢*, 0, d, Gmin, dmax) S @ constant that depends only on cq, c*, 0, d, Gmin, ¢max-

e For the inner product kernel, under Assumption & [4.3 if d is large enough and § > 0 is
small enough such that d=1/2 (v/3671/2 +10g""! d) < 0.5(o(1) — 0'(0)), then with probability at
least 1 — & —d=2 over the samples, the generalization bound of the parameter w. with L, (w.) =
L, (W) for some € € [0,1] is given by

~ C (14 /log(1/8)/n)/1—¢ o
E(I’Q)ND V (f(wg,x),y)] < \/m—f— ( \/ﬁ ) +3 3—’—12i(4/6)7

where C depends on co,c*, 71, 07(0), 0'(0), o(1) and the subgaussian moment of the entries.

The proof of Theorem [£.4] is given in Appendix

Ezxample 1. Kernels satisfying the conditions and assumptions in Theorem include (1) RBF Gaussian:
o(r) = e“””Z,p > 0; (2) RBF Multiquadrics: o(r) = (p+72)%/2,p > 0,8 € R\2N, < —d; (3) Inner product
Polynomial kernel: o(r) = r?,3 € Z*,8 > 2; (4) NTK corresponding to Two-layer ReLU neural networks
on Sdfl(\/g): Q(T) _ r(m—arccos(r)) )

2m

Comparison. The result of the inner product kernel is related to |Liang & Rakhlin (2020) who derived
generalization bounds for the minimum RKHS norm estimator. They showed that when the data covariance
matrix and the kernel matrix enjoy certain decay of the eigenvalues, the generalization bound vanishes as n
goes to infinity. For example, for exponential kernel and the covariance matrix ¥ := E[z2 "] with the j-th
eigenvalue \;(X) = j~%, the £ generalization bound becomes O(n~2+1) when a € (0,1) and n > d. In
comparison, we do not assume the eigenvalue decay property for the covariance matrix and still are able to
obtain an optimal generalization bound O (n‘l/ 2) in the high dimension setting. Further, we extend the
works in [Liang & Rakhlin| (2020) by proving a new result of the RBF kernel. Note that the result of the
RBF kernel is not under the high-dimensional setting; thus it is not a direct adaptation of [Liang & Rakhlin
(2020), and the proof itself is of independent interest.

3Here d is fixed and n is varied.

10
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4.3 Two-layer Neural Networks

In this section, we show that our framework can be applied to neural network models. We obtain general-
ization bounds for shallow neural networks under the Uniform-LGI assumption.

First, define a two-layer ReLU neural network with width m:

fw,z) =v" p(Uz) = Zviqﬁ(ujm), (10)
i=1
where ¢(x) = max{0,z}, € R? is the input, v = (v,...,vm)" € R™, U = (u1,...,um)" € R™*? are the

parameters, w = vec ({v, U}) € R™4+1 . Trivially, there exists an almost everywhere differentiable function
TR — R with U (s1,...,Smyt1,. .. tm) = 2 ey si¢(t;) such that the equation (4) holds. We consider
minimizing the quadratic loss argmin,, £, (w) := 5= > (f(w, x;) — y;)? by gradient flow under a fixed
initialization scheme w(®).

The numerical observations in Figure [2] show that the Uniform-LGI condition is generally satisfied on each
optimization path when training the neural network models (including the two-layer neural networks). In
the next proposition, we theoretically prove that there exist ¢, > 0,6,, € [1/2,1) such that the Uniform-LGI
holds for the gradient flow path over each choice of the training samples.

Proposition 4.5. For a fized initialization w®) and a fized choice of the training sample Sy, with size n, there
exist two constants ¢, (S,) > 0,0,(S,) € [1/2,1) such that the loss function L, (w) satisfies the Uniform-LGI
along the gradient flow curve {w® :t > 0} with ¢, (S,),0,(S,). Specifically, for the population loss Lp(w)
and its induced gradient flow curve {wg) 2t > 0}, if Lp(w) is subanalytic (Bolte et al., |2007), then there
exist cp > 0,0p € [1/2,1) such that Lp(w) satisfies the Uniform-LGI along {wg) 1t > 0} with ¢p,Op.

The proof can be found in Appendix Note that the Uniform-LGI constants ¢, (Sy,), 0, (S,) are random
variables that depend on the choice of the training sample S,,. Based on the limiting values (c¢p,0p), we
make the following assumption that ¢, (S,) > 0,60,(S,) € [1/2,1) hold uniformly with high probability over
the choice of S,,.

Assumption 4.6. For the Uniform-LGI constants in Propositionand any ¢ € (0,1), there exists ¢, 5 > 0,
0.5 € [1/2,1) such that with probability at least 1 — §/3 over the sample S, 0,,(S) < 0,5, (Sn) > Cns.

This assumption is also supported by the statistical results in Table|l} Indeed, the numerical results suggest
that the Uniform-LGI constants satisfy this assumption with high confidence over the training sample. We
are now ready to state the main result for the two-layer neural network model.

Theorem 4.7. Consider the two-layer neural network model (@ with initialization w(®) . Under Assumption
for any ¢ € (0,1) we have the following:

o With probability at least 1 — /3 over the training sample, the convergence rate is given by
Ons =1/2: Lo(w®) = L, (w™) < e st (L, (w®) = L, (w)));
Ons € (1/2,1) 0 La(w®) = L)) < (14 M)~V (£, ) - £, (w)),

where M = ¢} 5(20n,5 — 1) (,Cn(w(o)))%"’a_l.

e Under Assumption assume that there exist Mj such that with probability at least 1—6/2 over the
training samples S, L, (w®)) < Ms. for any target function that satisfies (@, then with probability
at least 1 — 0 over the training samples, the generalization bound of the parameter w. with L, (we) =
eL, (W) for some € € [0,1] is given by

~ 1-6,.5 VR
E(z )~ [g(f(wa,x),y)] < /2€£n(w(0)) + \4f <(O(1 +10g(1/5)/n)) — (eMj — M)t > .

777, Cn75(1 — 07115)

6m + log(12/6)
2n ’

3

11
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where C depends only on ¢*, 7o, Ao, ||w(0)H and the subgaussian moment of the entries.

The proof of Theorem is provided in Appendix We can see that for shallow neural networks (m
much smaller than n), the generalization bound is dominated by the first two terms. When the gradient
flow converges to a global minimum with zero training loss (Ms = 0), then the generalization bound for the
_2n_1/2)

convergence model (e = 0) reduces to O (c;f;(l —Ons) , where O hide the logarithmic factor.

Empirical evaluation. To demonstrate that our bound can effectively capture the test error, we calculate
the Uniform-LGI constants c;, s, 0,5 with varied ratio of label flip after training a two-layer neural network
(Eq. (10)) on the first two classes of the CIFAR10 dataset. As shown in Figure [3] when the ratio of label
flip increases, ¢, s decreases and 6, 5 increases. Our results (Theorem show that if ¢, 5 decreases and
6, increases, then we should expect worse optimization and generalization error, which also correlates with
the known findings that random labels negatively affect both optimization and generalization (Zhang et al.,
2016)). See Appendix [A| for implementation details.

CIFAR1O (airplane vs automobile)

9 0.81

c

©

2

o 0.6

:‘ en,é
9' Cn,6
e 0.4

S

c

20.2

0.0 0.1 0.2 0.3 0.4 0.5
Ratio of label flip

Figure 3: Uniform-LGI cosntants ¢, s, 0, s obtained by Algorithm [I| with different ratio of label flip. Mean
and standard deviation of 5 independent runs.

Overparameterized neural netowrks. Our generalization bound becomes vacuous when m is large
enough. But for overparameterized neural networks, the PL condition (6,5 = 1/2) is proved to hold
in the NTK regime (Liu et all [2020). To make our framework more complete, we give a non-vacuous
generalization bound for the overparameterized two-layer neural network with target functions that satisfy
@. The generalization bound is based on the Rademacher complexity theory in |Arora et al.| (2019) in the
NTK regime. In particular, we theoretically show that 6,, s = 1/2 and ¢, s = O(1) over the training sample
and standard random initialization when m is large enough, and we give a generalization bound of order

O ( log(n/d) /n)7 which confirms the phenomenon of benign over-fitting in the high dimension setting.
More details are provided in Appendix

5 Conclusion

In this work, we address the questions of when and why an optimization algorithm finds a minimum with good
generalization properties. For this purpose, we propose a framework to bridge the gap between optimization
and generalization based on the optimization path. The pivotal component is the Uniform-LGI condition:
a condition on the loss function that is generally satisfied during the training of standard machine learning
models. Using this assumption, we show that gradient flow converges to a stationary point with an explicit
convergence rate and we derive generalization bound that hold during training. Finally, we apply the
framework to three widely used machine learning models. By estimating the optimization path length, we
get non-vacuous generalization bounds, even in the high dimensional case.

12
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A Experiments

In this section, we provide details of the numerical evaluation of Figure

Dataset. We use the CIFARI10 dataset in our numerical evaluation. In particular, we only select the first
two classes (airplane versus automobile) with totally 10000 training images and 2000 test images.

Model. We use two-layer fully connected neural network (no bias) with width 512, ReLU activation as the
training model.

Optimizer. We optimize the cross entropy loss by full batch gradient descent with random initialization
and leaning rate 0.01. We stop training once the training loss is less than 0.001 or epoch reaches 20000. We
do not use weight decay, dropout or batch normalization.

Label flip. We only flip the training labels with different ratio.

Uniform-LGI constants. We calculate the Uniform-LGI constants by the finite sample test (Algorithm
after the training. For the obtained training parameters w*) at epoch k for k € [0 : K], we estimate
the optimum w* of L(w) as arg ming .- 1o avoid division by zero, we delete the parameter w* in
w© .. w) Then we apply the finite sample test (Algorithm with start point Ky = 1000, step s = 100
to obtain the estimated Uniform-LGI constants. We set (¢, 5,6n,5) to be the final estimation (cx41,0x+1)-
We report the results for 5 independent runs.

B Proof of Theorem

In this section we will prove Theorem The proof contains two parts, one is the convergence of the
gradient flow, and another is the convergence rate derivation.

Proof. First, by the gradient flow , we have

AL, (w®)

dw® 2
— = <vz:n(w<“), =_ > =— Hv.cn(w“))H <0,

which indicates that the loss value £, (w®) is non-increasing for ¢.
Note that for any T > 0,
T 9 T
/ HVLn(w(t))H dt = 7/ AL (w®) = L, (w®) — L,,(wT)) < Loy (w®).
0 0
We can see that the gradient norm HVLn(w(t))H converges to 0 as t — oo. Therefore, w® converges to a
critical point w(>). Since En(w(t)) is non-increasing, the optimal loss value is given at w(°®).

For the convergence rate, by the Uniform-LGI condition,

4 (Law®) — L) (VEaw®), dW“>

di di
= Hwn(w“))H2 (11)

20,,
< - (En(w(t)) - C(w("o))) .

Therefore
—20,

(En(w(t)) - z(w<°°>)) d ([,n(w(t)) - c(w<°°>)) < .
Integrating on both sides of the equation, we can get V¢ € [0, 00),
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when 60,, = %7

when % <6, <1,
La(w ) = L) < (14 2)" 0 (£, () = L)), (13)

where M = ¢ (20, — 1) (La(w®) — £, ()" ",

For the distance bound, we consider to bound the gradient flow path length fOT H duw'" H dt. Notice that

dt
ALy (w) 1y, dw®
(v —<m<w ) dt>
dw®
_ )
[veatwn] |5
On || da(®
< —e, (z:n(w<t>)—.cn(w<°°>)) l;s ‘
Hence,
| daw(® t o —n
<[ 1 (s)y _ (00) (s)
/0 o ds_/o = (L) — L)) dL, ()

1 1-0,

= ey | () = £ @) T = (2w ®) - £awt) .

Finally, note that the length is always an upper bound for the distance, which completes the proof.

C Proof of Theorem 3.3

In this section, we will prove Theorem [3.3] This proof is based on the Rademacher complexity theory and
the covering number of ¢5 balls. The key idea is to use the Uniform-LGI condition to bound the gradient

flow path length fOT H dzy)

dt. Then since the path length is always an upper bound for the distance, the

dw® dt}. This allows

dt

parameter w(”) lies in a norm-constrained parameter space {w : Hw —w© H < fOT ‘
us to use Rademacher complexity theory to obtain the generalization results.

Now we introduce some known technical lemmas that are used to build our proof. In the first lemma, we
derive an explicit estimate for the gradient flow path length over the random choice of the training sample

S.

Lemma C.1. Under the same conditions and notations in Theorem[3.3, let T be the time when the empirical
loss L (w™) = L, (w®) for some e € [0,1], then with probability at least 1 — 6/2 over S we have

/T dw®
0

dt . (M(; . Mé)l—an . (5 . Ma)l—\gn,
dt '

- en(1—16,)
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Proof. By the Uniform-LGI condition, we have

ALy (w) (), dw®
dt _<V’C”(w ) dt >

=[] |2
< e (La(w®) - ﬁn(w<°°>))9" C“S:) ‘

Hence with probability at least 1 — 6/2 over S,

i

dw®
dt

Cn

T —0,,
dt < / 1 (En(w(t)) _ Ln(w(oo))) AL (w®)
0

B ﬁ :(E"(w(o)) - 5n(w(°°)))1_9" — (£a(w™) - gn(w(oo)))l“"“}
= gy () = £aw0) T = (o) = £,) ]
< cn(lil—an) :(Ma _ £n(w<oo>))170" - (5M5 _ £n(w<°°>))16"}

< ﬁ (M — 15) " = (M5 — ) "]

The last inequality is by the fact that the function f(z) = (t —z)!=% — (s — 2)1=? is non-decreasing on [0, s]
given that ¢ > s.

O

The second lemma gives a generalization bound of a function class based on the Rademacher complexity,
which is proved in Mohri et al.| (2018]).

Lemma C.2. Consider a family of functions F mapping from Z to [a,b]. Let D denote the distribution
according to which samples are drawn. Then for any § > 0, with probability at least 1 — & over the draw of
an i.i.d. sample S = {z1,...,2z,} of size n, the following holds for all f € F:

E.np [£(2)] = % Z f(z1) < 2Rs(F) +3(b = a) 1og§2/6)7

: n
=1

where Rg(F) is the empirical Rademacher complexity with respect to the sample S, defined as:

sup 1 Z Uif(zi)‘| :

ferFn i

RS(‘F) :Ea'

Here {o;};_, are i.i.d. random variables drawn from U{-1,1}.

In the next lemma, we prove a shifted version of the Ledoux-Talagrand contraction inequality (Ledoux &
Talagrand, |2013), which is useful to bound the length-based Rademacher complexity.

Lemma C.3 (Shifted contraction inequality). Let g : R — R be a convex and increasing function. Let
#i : R — R be L-Lipschitz functions, then for any bounded set T C R and any t©) € R, we have

n

Es |g (tj(lé)p)ET;Ui (¢i(ti) — ¢ (tEO))) <E;|g|L (t_j(l(]).?)eT;O—i (ti _ tl(_o)) 7

18



Under review as submission to TMLR

and
n

Zai (¢i(ti) — ¢ (tEO)D

i=1

n

Zdi (tl — tEO))

=1

E, sup < 2LE, sup .
(t—t@)er (t—t®)er

The special case for t(0) = 0 corresponds to the original Ledoux-Talagrand contraction inequality. Here we
prove a shifted version.

Proof. First notice that

E, {g (( _SEP) Tioi (¢i(ti) — i (tEO))))] =Eo,...on1 []EU“ [9 (( _S};)p) Ti"i (‘Mti) — i (tEO))))” ‘

Let up_1(t) = 3"} o (q&i(ti) — & (tEO))), then

- [ (( w3 (6t (ﬁ%))]

t—t(0)eT =1

:%g (( sup  unp—1(t) + (d’”(t") ~ 0n (t@))) M

t—t©)eT

N | =

g(( sup e (t) = (6u(t) = 6 (t5?>))).

t—t(0)eT

Suppose that the above two suprema can be reached at ¢’ and ¢ respectively, i.e.,

sup -1 (8) + (@ntn) = o (1) ) = s (#) + (60 (#) = 60 (1) )

(t—tO)eT
et (o) 60 (1)) = s 0 (502 - ()

Otherwise we add an arbitrary positive number € in the above equations. Therefore,

E,, |:g (( sup zn:m‘ (¢i(ti> — ®i (tz('O))>)]

t—t(0)eT =1
= [ (e @+ (30 80 =00 (4))] + 5 [o (s B = (0n ) = 0n ()]
Without loss of generality, we assume
1 () + (60 () = 6 (8)) = s (B) + (0 (F0) — 6 (1))
w1 (1) = (60 (B) = 6 (£)) = s () = (0 (8) — 6 (19

For the other cases, the method remains the same. We set

S

I

S

3

|

—
~)

|
/N
=
3
—
Sh
3
~

|
S
3
/N
~+
3 (=}

=
SN—
N—

v = Un—1 t/) + (¢n (t;z) - ¢n (t’ELO))) .
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Now our goal is to prove:
g9(a) —g(b) < g(a’) —g(¥'). (15)

Considering the following four cases:
1.t > tglo) and ¢, > t,(lo). By the Lipschitzness of ¢,, and equation we know a > b, b’ > b, and
(a—0b)—(a =V)= ¢, (t,) — dn (fn) - L (t;l — fn) )

If t/, > t,, we can get a — b < a’ —b'. By the fact that g is convex and increasing, we have g(y + ) — g(z)
is increasing in y for every x > 0. Hence for x = a — b,

g(a) —g(b) = g(b+x) —g(b) < g (V' + z) — g(t') < g(a’) —g (V).
If t! < t,, we change ¢,, into —¢,, and switch ¢ and #, and the proof is similar.
2.t < t%o) and £, < t%o). Similarly, by changing the signs we can get the same result.
3.t > 0 and 7, < t). For this case we have a < b and ¥’ < a/, so gla)+g () < gd)+g(a).

4.t < t%o) and £, > t;‘)). For this case we can change ¢, to —¢,, then we have a > b and o’ < ¥, and
finally we get g(a) + g (b') < g(b) + g (a’).

Thus equation yields that

ol o S (e (ts»)))
r 1
2

=

(t—t®)eT 5=1

IA
N = N =N =
[ e—
Q
/N
<
7
-
—
S
S—
+
~
/N
~
NS
|
PN
e
N———
N———
i
+
N
—
/N
<
7
—
—
s
|
~
/N
~
3
|
s
e
N——
N———
| I

1
<-lg sup  up—1 (t)+ L (tn — t;o)) + 3 |9 sup  unp—1(t)— L (tn - t;o))
(t—t@)eT (t-t©®)er
=E,, |g sup  Up—1 (t) +onL (tn — t;o))
(t—tO)er
Applying the same method to o,,_1, ..., 01 successively, we obtain the first inequality

ez e ) [ o E T (o)

For the second inequality, since |z| = [z], + []_ with [2], = max(0,z) and [z]_ = max(0, —z),
E, sup Z 0; (¢i(ti) — ¢ (tl(o))) ’
(t—t([)))eT i=1

<E, sup [

M=

o (¢i(ti) — ¢ (tgo)))

e[ [ o (@)

_(tft(‘)))eT i—1 " (t—t®)eT |i=1 _
=2E, . i (@ats) — ¢ (£ )
8 S o= ()]

20



Under review as submission to TMLR

where the last equality is by [—z]_

b

A simple fact is that

sup
(t-t©®)er

o ((bi(ti) -

[z], and o has the same distribution with —o.

n

sup
(tft(o))ET i=1

()]

+

ZUi <¢i(ti) — i

Since max(0, z) is convex and increasing, then by the first inequality we have

n

[Z oi (ilt:) -

i=1

E, sup

(t—t®)eT

This completes the proof.

Now we apply Lemma [C.3] to bound the empirical Rademacher complexity of an element-wise distance
constrained function class. In the following lemma, all the notations are consistent with Theorem [3.3] unless

stated otherwise.

Lemma C.4. Given a function class Fop = {z — f(w,z) :w € Sap} and sample S = {x1,...,z,} with

lz:|| =1 for alli € [n], then we have

Rs

Proof. By definition,

n
o (K] | =Eo || s >a
n i _(t—t<0))eT i1
<E,||L sup
(t—t®)eT =1
n
< LE, sup
(t—t)eT ;=1

2 2
al|”+ b
(Far) < (I s,

nRs(Fap) =Es | sup Z%f(%%)]
_wGSU,,b i1
=B, | sup Y oif(w,z;)| —Eo | > o
[WESab =1 i=1
= EG‘ sup Z g; (f(w» xl) f(Ov xz))]
wESap i=1
Now we decompose the term f(w,z;) — f(0,z;) as:

f(wvxi) - f(oa xl)

=U (x;ral,...,x;rap751,...,5q) -v(0,...,0,0,...,0)
:(\11(17 Q... a:;rozp,ﬁl ..... ﬁq)f\I/(O ..... z; ap,B1,..., ﬁq))Jr(\I/(O ..... :v;rap,ﬁl .....
+---+(¥(0,...,0,0,...,0,8,) —¥(0,...,0,0,...,0)).

21

Y o (ti - t§.0>)

j (@‘(%‘) — ¢

ZO’Z' (tl - tEO))
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+
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+
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Then by the above decomposition and Lemma we have

Eo‘ sup Z g; (f(w7 xl) - f(07 xl))]
’LUESa,b i=1
SL,(;)(Sa,b)Ea sup Zaix:al +t L‘(fﬂ)(Sa,b)Eg sup Zaiﬂql .
wESa,p i=1 wESa,p i=1

Notice that

n n
E, | sup g aixl—-ral =E, sup Zaix;ral
wWESa,b ;1 el <ar ;=5
n
< a1E, E 0;%;
i=1
" 2
< a IE0' E 0;Z;
i=1
:al\/ﬁ.
And
n n
E, | sup g 0iBq| =Es | sup Zalﬂq
wESap 51 1Bql<bq 527

< bgEe l

n
Do
=1

|

Therefore, by the Cauchy-Schwarz inequality, we can get

n

E, sup Z 0 (f(wa 'T’i) - f(O, IZ))] = L&})(Saab)al\/ﬁ et LEI?-HZ) (Sa,b)bq\/ﬁ

wESqp i=1
< \/n (llall® + 151%) 1 o (Sa)] -
2 2
all” + ||b
Ro(Fan) < A Ly s

Lemma gives an upper bound of the Rademacher complexity based on the element-wise distance. To
obtain a norm-based generalization bound, we consider to use S, to cover the norm-constrained space
{w : |lw|| € R}, and then taking a union bound. For the ¢ ball covering number, we use the following result
from (Neyshabur et al., 2019, Lemma 11).

Finally, we have

O
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Lemma C.5. Given any €, D, > 0, consider the set S/? = {z € RP: ||z| < B}. Then there exist N sets
(T}, of the form T; = {x € RP : |z < a?,¥j € [D]} such that SP C UL, Ti and ||o’|| < B(1+¢),Vi €
[N] where N = (K+D_1) and

B D

(1 +e2-1|"

D—1
Lemma C.6. For any two positive integers n, k with n > k, we have

(o)< ()"

Proof. Note that

The last step is by

Now combining Lemma [C4 and we are ready to prove Theorem

(M5 —Ni5)' ™" —(e—N15)'
Proof of Theorem[3.3 Let ry, 5. = T , then by Lemma |C.1, we may apply Lemma

With e=+v2—-1,D=p+gq,and B =7, 5., then there exist N sets Sak pr such that Séj - U,If:l Sak ph

and \/[|a¥||* + [|b¥]|* < V2B, with N = (357]}).

Therefore, for each parameter space Sy, by Lemma [C.4] we have

2
'Rs(]‘—ak’bk) < \/;ﬂ ||L\I;(Sak7bk)|| .

Notice that the local Lipschitz constant of £ in Sy yx is Lg(Sgr pr). Hence, by Lemma and the Ledoux-
Talagrand contraction inequality, for any 6 € (0, 1), with probability at least 1 — 6/2N over the training
sample, the following holds for all w € Sy pr:

n 2V2BLe(Syn pr ) || Lw (Sar ) ||
n

log(4N/§)
2n

ﬁD (we) S

+ 3Mp

where MB = Sup||ak”2+\|bk‘“2§262 Supwesakbk’Hz‘lgl"ylgl / (f(w,x),y)

Since w. — w® € Sé’ - Ufle Syr pr With probability at least 1 — 6/2 over S, by taking the union bound
over all sets S,» 1x, we can get with probability at least 1 — d over the training samples,

Cow.) <e+ sup 2v2BLe(Sap) |1 Lw(Sap)l|
lall>+ (b)) 2 <252 vn

log(4N/o
s 31, TN

Thus it remains to bound the term log N. For D =1, N = 1. For D > 2, by Lemma

e(2D —1)

1ogN§(D—1)1og< D1

) <21(D—-1)<3D=3(p+q).

This completes the proof of Theorem
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D Proofs for Section [4

In this section, our goal is to prove all the theorems in Section[d A crucial part of the proofs is the spectral
analysis of the random matrix X. Therefore, we start with introducing the non-asymptotic results of the
smallest and largest eigenvalues of subguassian matrices.

The first result is from (Rudelson & Vershynin, 2010, Proposition 2.4), characterizing the non-asymptotic
behavior of the largest singular value of subgaussian matrices.

Lemma D.1. Let A be an N X n random matriz whose entries are independent mean zero subgaussian
random variabrzles whose subgaussian moments are bounded by 1. Then for every t > 0, with probability at
least 1 — 2e=°" over the randomness of the entries,

Amax(AAT) < C(VN + /n) + 1,

where ¢ and C are two positive constants that depend only on the subgaussian moment of the entries.
The second result is from (Rudelson & Vershynin| 2009, Theorem 1.1), characterizing the non-asymptotic
behavior of the smallest singular value of subgaussian matrices.

Lemma D.2. Let A be an N X n random matriz whose entries are independent and identically distributed
subgaussian random variables with zero mean and unit variance. If N > n, then for every € > 0, with
probability at least 1 — (C1e)N ="t — N over the randomness of the entries,

A/ Amin(ATA) > (VN — vn —1),

where C1 > 0 and ¢; € (0,1) depend only on the subgaussian moment of the entries.

In the next we introduce a useful lemma to bound Apax (XX ) and Apin (XX ).

Lemma D.3. Let X € R™*? be a matriz with full row rank, £4 € R¥? be a non-singular matriz, then

Amax(XXaS] X T)
Amin(Za2])
Amin (XTg2 ] XT)
Amax(ZaX])

Amax (XX T) <

)\min(XXT) 2

Proof. Since X has full row rank and X4 is non-singular, then X3, also has full row rank. Notice that

Anax(XXT) = sup [[oT A5 " < sup ol asq] (|50

llvll=1 lvll=1
Note that
||E_1|| = sup ||Z;1’UH _ } ||E;1’UH = su ||U|| _ 1
U T T g el T Bl T s T
Thus,

SUP||y|=1 H’UTXZdH2 C Amax (AT X7

Amax (XX T) <
( ) o )\min(zdzg) )\min(zdzg)
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For the smallest eigenvalue, note that

Auin(XXT) = inf [oT x5
v||=

Ty,
— it B
=1 [loT XSy||
oI, )
> : || d2H . f HUTXZdH
=1 [loTXS||>  lvli=t
. HUTE?W TT
>inf L Zd L)\ (XL 00X
2 el e
v0 |2 T ol2 7 d
C Amin(XE2]XT)
B )\max<2dzg)

D.1 Proof of Theorem

In this section, we will prove Theorem All the notations are consistent with Theorem [£.2] unless stated
otherwise.

Proof of Theorem[].4 For the {5 linear regression loss function £, (w), notice that

VL, (w) = 1 Z (wai — yi) T = %XT (Xw-=1)).
i=1

Then since X has full row rank, we have Vw € R?,

IVLa()] = = X7 (w - )]

Amin (X XT

> V@) vy
. T

= Pl e

Since the optimal loss value is zero for underdetermined linear regression, we have

. T
Cp = M, Gn:1/2.
n

The convergence rate can be proved by directly plugging ¢, and ,, into Theorem

Next, we prove the generalization bound for w.. Notice that for the linear hypothesis function f and the
Lipschitz function ¢, we have Ly(Syp) = Map =1, || Lw(Sap)|l = V2,p=1,g=0, Ms = 0.

By the property of the target function, we have for any w(®) that satisfies Hw(o) ||2 < ¢p,

o) = 0 3]

i‘

2n
1 2

<= <HXU/(O)H + ||y||§>
n 2

g+ (¢*)?
n

<

Amax (XX T).
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Now we apply Lemma with A = XY and t = 4/ M, then we have with probability at least 1 — d/2
over the samples,

\/Amax(xzdzng) < C(Vn+Vd)+ w, (16)

where ¢ and C are two positive constants that depend only on the subgaussian moment of the entries.

By Lemma we have with the same probability,

C(Jm + ) + 1/ 18d/d)
A/ Amax (XX T) < (vn \% < . (17)

Thus,
@+ (c*)? d log(4/9)
My=2"20 (Of144/= |+ =
Ao n con

2
cf +(c")? R log(4/6)
EEEP (o, LY, Y

Similarly, let 7 = ¢; € (0,1),e = 7/C; > 0, then Lemma implies that with probability at least
1 — 79—+ _ 74 gyer the samples,

\/Amin(ﬂczdz;xT) > Cl(\/ﬁ —Vn—1), (18)

where C; > 0 and 7 € (0, 1) depend only on the subgaussian moment of the entries.

By Lemma we have with the same probability,

Amin (XX T) > ClTJE(\/g —Vn—1). (19)

7_d—n-f-l d

Taking the union bound, we have with probability at least 1 —§/2 — — 7% over the training samples,

_ \/%\/M(g — \/EMg
Amin(XXT)

VMs
< VBT n— —
Clx/I(\/a_ n—1)

cf/%* (C (1+\/1%)+\/@> 20)
& (Vi-vicy)
et (O<1+\/%>+ bg(f/‘”)

T 1
& (&)

Tn,s,e

2(1 — E)/\1

S \ 2(1 - 8))\1
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Notice that ¢ is 1-Lipschitz on the first argument, then by Cauchy-Schwarz inequality, we have

S U wem)o) < -3 e, ) — i
=1 =1

<

3=

D 1f(we, i) = yif? (21)
< V2L, (we)

— /26 L0 ().

Combining Theorem and the inequality , we have with probability at least 1 —§ — 7=+ — 74 gver
the training samples,

; Arp s 3 + log(4/9)
]E(w,y)ND [é (f(waa '7;)7 y)] < 25£n(w(0)) + W + 3\/7

_ \/er 4(CO+C*)\/T(1C (1+ j%) +\/@> Wern
&

ﬁ_l)\/ﬁ 2n ’

where ¢,C,C7 > 0 and 7 € (0, 1) depend only on the subgaussian moment of the entries. This completes the
proof of Theorem

O

D.2 Proof of Theorem [4.4]

In this section, we will prove Theorem [£.4] First, we present some useful lemmas for proving our results,
and then we give the proofs of Theorem [£.4] for the RBF kernel and the inner product kernel separately.

For the RBF kernel k(z,y) = o(|ly —z||), the following two lemmas give non-asymptotic bounds for
Amax (B(X, X)) and Apin(k(X, X)) based on the separation distance SD of X'

The first lemma is from (Diederichs & Iske, 2019, Lemma 3.1), providing an upper bound for Ay (k(X, X)).
Lemma D.4. For the RBF kernel, if o : R>9 = Rx>¢ is a decreasing function, then

Amax (k(X, X)) < 0(0) + 3d i(t +2)4o(t - SD), (22)
t=1

and the sum of the infinite series in equation (@ is finite if and only if o (||z||) € L*(RY).

The next lemma is from (Wendland), [2004, Theorem 12.3), giving a lower bound for Ay, (k(X, X)).

Lemma D.5. Suppose that k is a positive-definite RBF kernel. If o (||z|) € L'(R?), one can define the
Fourier transform of o as d(w) = (2m)~ %2 [, Q(w)e_”'T“dw. With a decreasing function oo(M) and two
constants My, Cy defined as

. R B B 1 Mg \!
ola0) = o 0. 0y =038 o= gz ()

where T is the gamma function. Then a lower bound on Amin(k(X, X)) is given by

Amin (k(X, X)) > Cyq - 00 (My/SD) - SD™.
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For the inner product kernel, it is shown in El Karoui et al.| (2010]) that the kernel matrix can be approximated
by the linear combination of all-ones matrix 11", sample covariance matrix and identity matrix. To obtain
non-asymptotic results on the spectra of the kernel matrix, we borrow the technique from (Liang & Rakhlin|
2020, Proposition A.2), and show the result for subgaussian entries in the next lemma.

I: '6’ 1 or1 tﬂ,e mner ])T’Oauct k(i? 'nel, ZL?Lde? ASSUmPtl(”L.] we hav@ wlth p Obabl 3 y a l@as‘t I 75 d*
over th@ entries 7 [ 1 t 2

where k(X , X) is defined as

Ein(x, x) = (9(0) + g’;o)) 117 4 ¢(0)

2T
2T 4 (0(1) ~ 0(0) ~ ¢/(0)) T

Proof. Note that the sample covariance of XY is I 4, then by applying (Liang & Rakhlin||[2020, Proposition
A.2) with subgaussian random entries we can prove this lemma.

O

Lemma D.7. Suppose that A, B € R™*" are two symmetric matrices, then we have

Amin(A + B) Z )\min(A) + Amin(B)~
Proof. Note that for any z € R™ with ||z| = 1,
' (A+ Bz =x"Az+ 2 Bz > Amin(A) + Amin(B).
By definition, we have
Amin(A + B) = | iI”1f1 z (A4 B)z > Muin(A) + Amin(B),

which completes the proof.

O

Now we are ready to prove Theorem

Proof of Theorem[].]} First, notice that Vw € R¥,

IVLa ()l = = [o(X) " (o(X)w = V)|

Since the optimal loss value is zero for kernel regression, we have

Cn = —%mi“(k(x’){)), 0, =1/2.
n

Since k is a positive-definite kernel, the convergence rate can be proved by directly plugging ¢, and 6,, into
Theorem [3.21

The proof of the generalization bound is two-sided. First, since Vo € X, ||¢(z)| = /k(z,z) < 1, then the
kernel regression model can be viewed as 5 linear regression on inputs ¢(X'). Hence, ¥ is an identity
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function with p = 1,¢ =0, and Ly(Sas) = Map = 1, |Lw(Sap)|| = 2 for any a,b. The optimal empirical
loss value M;s = 0. This means that we only need to bound the terms M and 7, 5.

By the property of the target function, for any w®) that satisfies |lw(®) |, < co, we have
2
£~ & et 5
2
0|2 2
L (ch)u% ), + 112 (23)

< BEET k(. )),

IA

For 7, s ¢, notice that

m \/m— VeMs
Amin (E(X, X))

Tn,5,e =
< V21 —¢)(eo+ )

Then for the RBF kernel with fixed input dimension d, Lemma [D.4] and Lemma [D.F] indicate that
Amax (K(X, X)) and Apin (E(X, X)) are uniformly bounded with bounds depend only on g, d, ¢gmin, gmax. Hence,
there exists a positive constant C(g, d, ¢min, ¢max) that only depends on g, d, ¢min, ¢max, such that

Tn,s,e S 2(1 - 6) (CO + C*) C(Q, da Qmin qmax)-

Therefore, by equation , Theorem and Lemma with probability at least 1 — § over the training
samples,

E(z.g)op [€(f(we,z 2L, (w©) 4”56 3+10g (4/9)

4 2(1 —&)(co+c )C’(g d, Gmin, Gmax) 3+ log(4/9)
2 " (0) K ) 9
el (w®) + T +3 o ,
which completes the proof for the RBF kernel.
For the inner product kernel, first notice that
Amax (k(X, X)) = [[k(X, X)| (24)
< K" (20| + ||R(X, X) — B, X))

By Lemma [D.7] we can get

Amin (£(X, X)) > Anin (" (X, X)) + Amin (B(X, X) — (X, X)) (25)

> Amin (K™(X, X)) — ||k(X, X) — k"™ (X, X)

Under Assumption [£.1] & [£.3] Lemma [D.6 implies that

K5 (2, )| < HllTH + 2% ||XZ2)(T|| + (0(1) — 0'(0))
0 Amax XEQXT
< nQd( ) n g/(O)% + (o(1) — 2'(0))

<m0"(0) + ¢'(0) + (o(1) = ¢'(0)),

d
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and
Nunin(F57(, X)) > 0(1) = ¢/(0) > 0.

Thus, by equation we have

Amin(K(X, X)) 2 (o(1) = 2'(0) — [[k(X, X) — K™ (X, X)) . (26)

Under Assumption by equation , we have with probability at least 1 — /3 over the samples,

2
§<CWHH wwm) |

cn

Therefore, by equation , with probability at least 1 — §/3 over the samples,

2
Amax (K(X, X)) < 10"(0) +¢(0) <0<\/71+1>+ W) +o(1) = ¢'(0) + [[b(¥, X) — k™ (X, )]
(27)

By Lemma for large d and small § such that d=1/2 (v/367/2 + log”-?! d) < 0.5(o(1) — ¢'(0)), we have
with probability at least 1 — d/3 — d~2 over the entries,

[k(X, &) — k™ (X, X)|| < 0.5(0(1) — '(0)).
Then equation and yields that with probability at least 1 — 25/3 — d~2 over the samples,
Amin (k(X, X)) > 0.5(0(1) — 2/(0)),

n

Amax (k(X, X)) < y10"(0) + 0'(0) (C (Vi +1)+ W) +1.5(p(1) — ¢'(0)).

Hence, we have with probability at least 1 — 25/3 — d~2 over the samples,

:\/ﬁ \/ﬁ*\/&M(;
Amin (k(X, X))

Tn,,e

< V21 —¢)(co+c¥)

10(0) + (0) (0 (VA1) + ”‘”) T+ 15(e(1) - 2/(0))

< V21 —¢)(co + ) 0.5(o(1) — 0'(0))

Therefore, there exists a constant C' that depends on ¢q, ¢*,v1, 0”(0), ¢'(0), o(1) and the subgaussian moment
of the entries such that with probability at least 1 — 26/3 — d~2 over the samples,

n
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Combining equation and Theorem we get with probability at least 1 — § — d~2 over the samples,

~ 4 3+ log(4/9)
Bz~ [€(f(we, z),y)] < 1/26Ly(w®) + T"55+3\/ + og /9)

(1 + /log(1/%) /n) VI—¢ 35 log(4/0)
Jn +3 2n '

2e L, (w®) +

where C depends on c¢g, c*, 71, 0”(0), 0'(0), 0(1) and the subgaussian moment of the entries, which completes
the proof.

O

D.3 Proof of Proposition [4.5]

In this section, we will prove Proposition

Proof. We consider two phases: t € [0,7] and ¢t € (T,00). First, notice that the loss function £, (w) is a
subanalytic function, thus it satisfies the classic LGI (Bolte et al., |2007). The classic LGI yields that there
exist ¢ (Sy) > 0, 0%(S,) € [1/2,1) such that the Uniform-LGI holds on some neighbor U* of the stationary
point w(>). Thus, there exists T > 0 such that £,(w) satisfies the Uniform-LGI on {w® : ¢ € (T, 00)}
with ¢} (Sy), 0% (Syn). Now we consider the gradient flow curve that is outside U*, i.e., t € [0,T], where the
gradient norm has a positive infimum. Then there exist &,(S,), 0,(S,) such that the Uniform-LGI holds
for t € [0,T]. Let ¢n(S,) = min(ct(Sn), én(Sy)) > 0, 0,(S,) = max(0%(S,,), 0,,(S,)) € [1/2,1), then L, (w)
satisfies Uniform-LGI along the whole gradient flow curve with ¢, (Sy,) and 6,,(S,).

For the population loss function Lp(w) = [ £(f y)dp(z,y) with the probability measure du(x,y) over

the data distribution D, if it is subanalytlc then 1t satlsﬁes the classic LGI (Bolte et all |2007) around the

stationary point w(DOO). By the same argument, there exist ¢p > 0,0p € [1/2,1) such that Lp(w) satisfies

the Uniform-LGI along {wg) :t >0} with ¢p, 0p. O

D.4 Proof of Theorem [4.7]

In this section, we will prove Theorem [£.7] for two-layer neural networks.

Proof of Theorem[].7 The convergence rate can be directly obtained by Theorem[3.2] For the generalization
result, we first give an upper bound for £, (w(®). Notice that

n

%Z( )T U<0)xi)—yi)2

=1
n 2
- T (0O T6(U )" +y?
— n
2 C* 2
g*Z( o0 2)"+ T (24T
O . 2 *\ 2
< ||v(0)||22i:1 ”: ] + (Cn) Amax (XX )
2O 1217 © 2T 12 c*)?
_ PR | )
O 12([7©) 12,11x112 *)2
< IWORPWOUIE | (@)
n n
1 * /\max(XXT)
< (G ) P
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Then by equation 7 we have with probability at least 1 — §/2 over the samples,

IN

2
log(4/6)
(S + ) [TV
2

Vo

(@2 +2(c7)2) (€21 + 1/ 70)? + 22
< o .

Therefore, we can set Ms to be

M5:C‘<1+10g‘(1/5)>7

where C' is a constant that depends only on depends on ¢*, 7o, Ao, |[w(? || and the subgaussian moment of

the entries.

Next, we bound the term supq 2 p2<2:2 = [[Lw(Sap)||- Note that

n,d,e

m
v (517 LR SWhtlv s 7tm) = Z 51¢(t1)

1=1

Hence
m
sup [ Lw(Sap)ll = sup > st +o(t:)?
llall>+ljplI*<2r2 § lall®+lol7<2r2 5\ 5=
m
< o sup dositt?
lall®+lol2<2r2 5\ 5

= \/irn,é,&

Now it remains to bound 7, 5.. Notice that with probability at least 1 — §/2 over the training samples, we
have
Mé-l_gn’& — (€M5 — Mg)lfe””‘s

Cn,é(l - an,é)

Tn,é,e <

Lastly, for the global Lipschitz evaluation loss function ? and the two-layer neural network, we have Ly(S, ) =
M,y =1, p=q =m. By equation and Theorem we can get with probability at least 1 — § over
the training samples,

3

4 ((0<1+1og<1/a>/n>)19“—<eM5—M6>1—9M)2+3 6m + log(12/9)

7 < 0)) —
Eog)~p [£(f(we, 2),y)] < y/2eLn(w )Jr\/ﬁ ¢n,s(1 = Onys) 2n

where C is a constant that depends only on ¢*, v, Ao, |w(?|| and the subgaussian moment of the entries.

O
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D.5 Results for overparameterized two-layer neural networks

In this section, we derive the generalization result for the overparameterized two-layer neural networks, where
our generalization bound (Theorem becomes non-vacuous. The generalization bound is based on the
Rademacher complexity theory in |Arora et al.|(2019)) in the NTK regime. To simplify the analysis, we only
consider the case when € = 0, i.e., the final convergence model.

Following the setting in |Du et al.| (2019), we only train the hidden layer U and leave the output layer v as
random initialization to simplify the analysis.

NTK matrix. The NTK matrix ©(t) is defined as: 0;;(t) = (Vy f(w®,2;), Vu f(w®,z;)), and denote 5)
by the limiting matri @ij = x;rijw~N(o,5Hd) [¢'(w ;)¢ (w' ;)] , Vi, j € [n].
Standard random initialization. To get a clean non-asymptotic bound for the initial loss value, we

consider the following random initialization scheme. U (0) is drawn from Gaussian N (0, é]lmxd) and ’UEO) are
drawn ii.d. from uniform distribution U{—1/y/m,1/y/m},Vi € [m]. These random initialization schemes
are also known as Xavier initialization (Glorot & Bengio, 2010)) and Kaiming initialization (He et al., 2015)).

Theorem D.8. Consider an overparameterized two-layer ReLU neural network (@) For any 6 € (0,1), if
m > poly (n Al ((:))7 5‘1>, then we have the followings:

» ‘min

o With probability at least 1 —§ over training samples and random initialization, L, (w®) satisfies the
Uniform-LGI on {w(t) it > O} with

Cn = \/)\mm((:))/n, 0, =1/2.

o L, (w®) converges to zero linearly:

L, (w®) < exp (—)\min((:))t/n) L (w®).

e Under Assumption for any target function that satisfies @, if 1 € (0,1), then with probability
at least 1 — 6 — 797"+ — 79 over the samples and random initialization,

Epeen [ (1060.00)] <0 (/2000

n

where 7 € (0,1) depends only on the subgaussian moment of the entries.

To prove Theorem we first introduce some important lemmas for proving our final results. The first
two lemmas are used to get an estimate for the initial loss value under the random initialization.

Lemma D.9 ((Montgomery-Smith, [1990)). If {o;};—, are i.i.d. drawn from U{-1,1}, then for any x =
(w1,...,2,)" € R"™, with probability at least 1 — & over o,

ZUz‘xi < /2log(2/0) [|x]| .
i=1

The following lemma gives a sharp bound for a Chi-square variable, which is from (Laurent & Massart, 2000,
Lemma 1).

Lemma D.10. Let (Yi,...,Yp) be i.i.d. Gaussian variables, with mean 0 and variance 1. Then with
probability at least 1 — § over Y,

D / 1 1
> Y2 <D+2/Dlog (5) + 2log <5> .
=1

33
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Lemma shows that the smallest eigenvalue of the NTK matrix O(¢) has a lower bounded given the
overparameterization, by which we can prove the optimization result. In Lemma we show that the
eigenvalues of the NTK matrix are related to the data covariance matrix. Then by combining Lemma
and Lemma [D.9 we can prove the generalization result.

Lemma D.11. For any 6 € (0,1), if m > poly (n )\mm(@)76_1), then with probability at least 1 — § over
the random initialization,

)\mm(@(t)) > % mm(@) vt > 0.

Proof. The proof is the same as the proof of (Du et al., 2019, Lemma 3.4).

Lemma D.12.
Amin(@) Z )\min (XXT) /4

Proof. Notice that for ReLU activation ¢, a simple fact is that ¢'(ax) = ¢’'(z) holds for any z € R given
that a > 0. Therefore,

Oij = x{ 2By (0,11, [0 (W 2:)¢ (w )]
=2, 2 Bunory [¢(w )¢ (w' 25)]
_ a]zj(m — arccos(z] z;))
N 2T
T T
= x1417] + % arcsin(z; ;)

ale, 1 & (2k)! T \2k42
Ty +%,§4k(k!)2(2k+1)(‘”ixi) '

Then

—|—)o(2k+2)

(2k)

27r Z 4k (k1)2( 2k: +1) (
(
)

_ XXT 1 & 22 )! ) ((XT)®(2k+2)>T (XT)Ok+2),

4 +§k 4k (EN2(2k + 1

where o is the element-wise product, and ® is the Khatri-Rao producﬂ
Since ((/"C'T)Q(QICJFQ))—r (X T)©Ck+2) j5 positive semidefinite, we have

Amin () > Amin (XX T) /4,

which completes the proof.

O

The next lemma is quoted from (Arora et al., 2019, Lemma 5.4), giving an upper bound for the empirical
Rademacher complexity if one has an accurate estimate for the distance with respect to each hidden unit.

5For A = (a1,...,an) € R™*" B = (b1,...,b,) € RPX™ then A® B = [a1 @ b1,...,an ® by], where @ is the Kronecker
product.
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Lemma D.13. Given R > 0, consider the following function class

F= {;]g — flw, ) : Hur fuﬁo)H < R(Vr e [m]),‘

v-09], <)

Then for an i.i.d. sample S ={x1,...,2,} and every B > 0, with probability at least 1 — & over the random
initialization, the empirical Rademacher complezity is bounded as:

1/4
Rs(F) < \/l;? (1 + (mog(z/é)) ) + 2R?Vimd + R\/210g(2/0).

m

Now we are ready to prove Theorem

Proof of Theorem[D.§ By Lemma [D.11} if m > poly (n At ((:)), 5’1), then with probability at least 1 — ¢

» “'min

over the random initialization,

1
o

Z (f(w,z:) — ys) Vf(w(t),xi)

i=1

= % [V £®, )7 (£, ) - V)|

focutw

= %\/(f(w“% X) =) VIw®, X)V f(w®, X)T (fw®, X) - )

> /2Amin£®(t))\/m
> /)\mi;;(@) /En(w(t))

holds for any ¢ > 0, which means that £, (w®) satisfies the Uniform-LGI for any ¢ > 0 with

~

en =\ Amin(©)/n, 0, =1/2.

For the convergence rate, by equation , we can directly get En(w(t)) converges to zero with a linear
convergence rate:

L (w?) < exp (—)\min(@)t/n) Lo (w).

For the generalization bound, we first bound the initial loss value under the random initialization. By the
property of the target function, we have

€)= 5 3 ()00 )

2

2n =
= X ()T o0 O))” + 47
1 n 2 (C*)Q
9> ((v(o))T¢(U(0)xi)> S A (XX,

Since the entries of v(®) are drawn i.i.d. from U{—1/\/m,1//m}, then by Lemma for each ¢ € [n], with
probability at least 1 — §/12n over v(0),

(o) < os (%57 Jow =

1
n
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Taking the union bound over all ¢ = 1,2, ...,n, we have with probability at least 1 — §/12 over the random
initialization,

n

1 Z( ©)T U(O)xi))Q < 2log(24n/9) i H¢(U(O)xi)H2

n mn :
=1 i=

21log(24n/9) 2

- mn ¢ (U(O)XT) HF

< 2log(24n/6)
mn

< 2log(24n/6)
mn

2
_ 2log(24n/9) U(0>H Amax (XX ).
mn F

U@ xT H2 (28)
F

2
voO| jx)®
F

For the Gaussian random matrix U ~ N/(0, é]lmxd), by Lemma , we have with probability at least
1 —6/24 over the random initialization,

Ol
HUm e )y, [los24/0) | 2l0g(24/8)

2
md md (29)

Taking the union bound of equation , and , we have with probability at least 1 — /6 over the
samples and the random initialization,

Lot < (22D g L LY

< <2log 24n/6) <1+2 log 24/5) 210%;2614/5)> e )( (1+ v/ajn) + W) /0
2
(2log 24n/6( . Bloa( 24/5))+(c*>2) <0(1+1/¢70)+ log(‘f/‘”) /o
<210g (24n/5) <2+371 . 24/5)) +(c*)2) <C(1+1/\/70)+ log(j:/‘s)) /Ao

where ¢ and C are two positive constants that depend only on the subgaussian moment of the entries.

Therefore, there exists a constant C' that depends only on 79,71, Ao and the subgaussian moment of the
entries, such that with probability at least 1 — /6 over the samples and the random initialization,

L (w®) < Clog(n/s). (30)

Thus, we can set M; = C'log(n/d).
By Lemma when ¢ =0, 7, 5. can be bounded as

nM5 4 nM5
Amin(©) ~ | Amin(XXT)”

Tn,5,e = 2
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Taking the union bound of equation and , if m > poly (n, )\;iln(@), 5*1), then with probability at

least 1 — 7977+ — 74 _ §/6 over the samples and random initialization,

nM,
Tn,s,e <4 W

0
)
nC'log(n/d)
=4 )‘min(XXT) (31)
44/nClog(n/9)
017\—/>\7(\/E —vn— 1)

1

< O(v/log(n/d)).

IN

() _ 0

Now we begin to bound the distance ‘ Uy ‘ for each r € [m].
Notice that
du(-t)
" . ® H
dt [ 20t )
1 n
=30 (P, @) = ) v (e,
i3
1 n
> |,z - v
ny/m —
1
< il 3|
< e ) -y
2L, (w(®) -
<4 == ~Ami .
< - exp( /\mln(@)t/2n>
Hence,
t (s)
‘ugf) — ul® ‘ </ dur” g < 20 \/2£n(w(0)) = 2 e
T Jo || ds ~ Anin(©) mo T\ mAni(©)

Now we apply Lemma [D.13| with B =1, 5., R = //\27"(@)7“”7575, we get with probability at least 1 — 6/12
M Amin

over the random initalization,

1/4
Rs(F) < \/% <1 + <210g(24/5)) ) + 2R?V'md + Ry/210g(24/9).

m

Then by equation , if m > poly (n, )\r_niln(é), 6*1), we have with probability at least 1 —7¢= "+t 74 _§/4
over the samples and random initialization,

n

Finally, by Lemma we have with probability at least 1 — 7¢~"*+1 — 74 — § over the samples and random

initialization,
E |l o log(n/é

n
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for some constant 7 € (0,1) that depend only on the subgaussian moment of the entries.
This completes the proof.
O

Comparison. This result is related to |Arora et al.|(2019), which gave an NTK-based generalization bound
for overparameterized two-layer ReLU neural networks. This result matches with theirs in the sense that we
discover some underlying functions that are provably learnable. Examples of learnable target functions in
Arora et al| (2019) include polynomials y = (3" x)P, non-linear activations y = cos(8'x) — 1, y = ¢(8" )
with ¢(z) = z - arctan(z/2), ||3]| < 1. Our result, furthermore, expands the target function class that is
provably learnable since we only require ¢ to be Lipshcitz. In addition, they set the standard deviation
of the initialization to be at most O(1/n), whereas we use a different initialization with order O(1/v/d)
that is more often applied in practice. This result is also related to [Liu et al.| (2020), which proved that
overparameterized deep neural networks satisfy the PL condition. Further, we extend this work by analyzing
the generalization.
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