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Abstract
Achieving effective test-time scaling requires
models to perform in-context exploration — the
ability to generate, evaluate, and refine multi-
ple reasoning hypotheses within a single trajec-
tory. However, how to quantify and incentivize
such exploration during reinforcement learning
remains unclear. In this work, we propose a
principled view of in-context exploration through
state coverage, measuring the diversity of ab-
stract reasoning states visited during generation.
While directly optimizing state coverage is in-
tractable, we show that trajectory length provides
a simple and effective proxy for expanding explo-
ration capacity. However, naively encouraging
longer reasoning leads to degenerate behaviors
such as repetition. To address this, we propose
Length-Incentivized Non-redundant Exploration
(LINE), a reward shaping approach that jointly
incentivizes longer trajectories and penalizes re-
dundant patterns. Experiments across multiple
models and benchmarks show that LINE consis-
tently improves reasoning performance and leads
to more diverse reasoning trajectories, resulting
in stronger test-time scaling behavior. On Qwen3-
4B-Base, LINE improves average mathematical
reasoning accuracy by 4.4 points over strong RL
baselines, while also improving out-of-domain
generalization.

1. Introduction
Scaling test-time computation, often conceptualized as en-
abling models to “think harder” before answering, has
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emerged as a powerful paradigm for breaking the perfor-
mance ceiling of Large Language Models (LLMs) (Snell
et al., 2024; Wu et al., 2024; Liu et al., 2025a). Broadly,
Test-Time Scaling (TTS) strategies fall into two primary
regimes: Parallel Scaling (Lightman et al., 2023; Snell et al.,
2024; Liu et al., 2025a; Brown et al., 2024; Wang et al.,
2022), which aggregates outputs from multiple independent
samples, and Sequential Scaling (Guo et al., 2025; Jaech
et al., 2024; Kumar et al., 2024), which prioritizes extended
reasoning chains or iterative refinement. Unlike parallel
scaling, sequential scaling relies on the model’s ability to
internally explore and refine intermediate reasoning states
within a single trajectory. This intrinsic capability is critical
for effective sequential test-time scaling, yet remains poorly
understood.

A hallmark of this intrinsic reasoning is in-context explo-
ration (Setlur et al., 2025), which is achieved through the
generation, verification, and refinement of multiple hypothe-
ses within a continuous context (Gandhi et al., 2024; Setlur
et al., 2025). Consequently, in-context exploration enables
models to effectively utilize additional test-time computa-
tion. As illustrated in Figure 1, effective in-context explo-
ration enables the model to sequentially traverse diverse
reasoning states to find the correct answer. Despite its im-
portance,

In-context exploration remains poorly understood, and how
to effectively incentivize it during reinforcement learning

remains unclear.

In particular, there is no clear objective for encouraging
models to explore diverse reasoning states within a single
trajectory.

To address this problem, we propose a principled view of
in-context exploration through state coverage (Auer, 2002),
measuring the diversity of abstract reasoning states visited
during generation. We extend this framework to test-time
inference and employ state abstraction to render in-context
states countable. This formulation connects in-context ex-
ploration to classical count-based exploration in reinforce-
ment learning, providing a principled foundation for ana-
lyzing and improving in-context exploration behavior in
LLMs. Figure 1 illustrates the conceptual distinction be-
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Figure 1. The difference between in-context exploration and training exploration. While training-time exploration covers states
across sampled trajectories, in-context exploration visits diverse reasoning states within a single trajectory, as illustrated by the reasoning
example below.

tween in-context exploration and traditional RL training
exploration.

However, directly optimizing state coverage is intractable
and prone to reward hacking. Instead, we identify a simple
and practical proxy: trajectory length, which upper-bounds
the number of distinct states that can be explored. While
encouraging longer reasoning expands exploration capacity,
it also introduces a critical failure mode: models may ex-
ploit the objective by generating repetitive, low-information
tokens. To address this, we propose Length-Incentivized
Non-redundant Exploration (LINE), a reward shaping ap-
proach that jointly incentivizes longer trajectories while
penalizing redundant patterns. This design enables more
efficient and stable exploration during training.

Experiments across multiple models (Qwen3 (Yang
et al., 2025a) and LLaMA (Grattafiori et al., 2024)) and
benchmarks demonstrate that LINE consistently improves
reasoning performance and leads to stronger test-time
scaling. On Qwen3-4B-Base, our method achieves a
4.4-point improvement on in-domain reasoning tasks and
a 2.7-point gain on out-of-domain benchmarks.

Our key contributions are summarized as follows:

• A principled view of in-context exploration. We char-
acterize in-context exploration as state coverage over
abstract reasoning states. By employing state abstraction,
we transform high-dimensional reasoning trajectories
into quantifiable and countable in-context states, provid-
ing a foundation for analyzing test-time exploration.

• A simple and effective training recipe. We propose a
simple yet effective training recipe LINE that explicitly
incentivizes the model to expand in-context state cover-
age, enabling the model to explore during both training

and inference.
• Empirical validation and test-time scaling. Compre-

hensive experiments across multiple model families and
scales demonstrate that LINE consistently outperforms
standard RL baselines. Furthermore, it achieves more ef-
fective test-time scaling by converting additional tokens
into more in-context exploration.

2. Related Work
Scaling Test-Time Compute via Long CoT. Recent
works have shown remarkable potential in scaling test-time
computation (Snell et al., 2024) by training models to gen-
erate the long chains of thoughts (CoT) that enable strategic
behaviors, including verification, self-correction (Kumar
et al., 2024), etc. Scaling test-time computation signifi-
cantly enhances the performance of Large Language Mod-
els (Guo et al., 2025; Team et al., 2025; Luo et al., 2025;
Jaech et al., 2024) on various domains. Reinforcement
Learning (RL), in particular, facilitates “natural” scaling
of test-time computation through intrinsic adaptive explo-
ration and strategy application (Guo et al., 2025; Team et al.,
2025; Gandhi et al., 2025; Setlur et al., 2025; Yeo et al.,
2025). These processes are mechanistically driven by nega-
tive gradients (Setlur et al., 2025; Zhu et al., 2025) or high
entropy (Cui et al., 2025; Wang et al., 2025a; Cheng et al.,
2025). S1 (Muennighoff et al., 2025) forces the model to
think longer through explicitly forcing the generation of
additional tokens to extrapolate thinking. However, we fo-
cus directly on increasing the computation usage during
reinforcement training to enable in-context exploration to
achieve test time scaling.
Length-Aware Reasoning. Recent studies have investi-
gated length-aware reasoning, specifically aiming to miti-
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gate overthinking and improve both efficiency and controlla-
bility. Several works (Jiang et al., 2025; Huang et al., 2025;
Zhang et al., 2025b; Kang et al., 2025; Zhang et al., 2025c;
Yu et al., 2025c; Yang et al., 2025c; Liu et al., 2025b) pro-
pose adaptively switching between long and short Chain-of-
Thought (CoT) based on problem difficulty through training.
Others (Zhang et al., 2025a; Ma et al., 2025) focus on con-
trolling token usage during inference, while some studies
address reasoning within a specific budget (Wen et al., 2025;
Aggarwal & Welleck, 2025; Xu et al., 2025). In contrast
to these efficiency-centric approaches that primarily aim to
optimize token usage or curb overthinking, we posit that ex-
plicitly scaling up reasoning during RL not as a burden, but
as an effective proxy to broaden the in-context exploration.

3. Background
In this section, we formulate LLM reasoning as a Markov
Decision Process (MDP) and review the theoretical founda-
tions of Count-Based Exploration in traditional reinforce-
ment learning.

3.1. MDP Formulation of LLM Reasoning

LLM Reasoning as an MDP. We model the autoregres-
sive generation process of a Large Language Model (LLM)
as a deterministic MDP tuple (S,A,π, T ), where

• State Space (S): The state space S consists of all possi-
ble sequences of tokens from the vocabulary V . Crucially,
a specific state st ∈ S at time step t is the concatena-
tion of the input query (prompt) x and the thought chain
generated so far y<t. Formally, st = [x, y1, . . . , yt−1].

• Action Space (A): The action space is discrete and
equivalent to the model’s vocabulary V , where an action
at ∈ V corresponds to selecting the next token to append
to the current sequence.

• Transition Dynamics (T ): The transition is determinis-
tic. Given the current state st and action at, the next state
is uniquely determined by appending the token to the
history: st+1 = st ⊕ at. The process terminates when a
special end-of-sequence (EOS) token is generated.

• Policy (πθ): The LLM functions as a parameterized
policy πθ(at|st), which maps the current context st to a
probability distribution over the vocabulary V .

Due to the combinatorial nature of language, the size of
S grows exponentially with sequence length (|S| ≈ |V|L),
making the state space extremely vast and sparse. Addi-
tional details on the LLM reinforcement learning formula-
tion are provided in Appendix D.1.

3.2. Theoretical Foundation: Incentivizing State
Coverage via Count-Based Exploration

Count-based exploration is a fundamental strategy to ad-
dress the exploration-exploitation tradeoff. Central to this
approach is the state visitation count N(s), which records
the cumulative frequency of visiting a state s. These counts
serve as a proxy for state coverage — the diversity of
states visited during exploration. Guided by the principle
of Optimism in the Face of Uncertainty (Auer et al., 2002),
count-based methods augment the extrinsic reward with an
exploration bonus b(s), typically inversely proportional to
the counts (e.g., ∝ 1/

√
N(s)).

Theoretical Guarantees for Exploration. The optimality
of count-based exploration is formally established in the
Multi-Armed Bandit (MAB) setting. More detailed descrip-
tions are shown in Appendix D.2. The Upper-Confidence
Bound (UCB) algorithm selects action at by balancing re-
ward estimates with visitation counts:

at = argmax
a∈A

R̂t(a) +

√
2 log t

nt(a)
, (1)

where R̂t(a) and nt(a) is the reward estimate and visitation
count for action a at time t. The bonus term

√
2 log t/nt(a)

decreases as the action is sampled more frequently.

Remark 3.1. The count-based exploration principle pro-
vides a fundamental insight for LLM reasoning: effective
exploration requires maximizing state coverage. It is cru-
cial to note that in standard RL training, the visitation count
N(s) is aggregated across the whole state space over many
training episodes. For in-context exploration, however, we
must adapt this principle to quantify state diversity within a
single reasoning trajectory.

4. In-Context Exploration
While the standard MDP formulation focuses on optimizing
policies during training, in-context exploration concerns
how models utilize computation at test time. In particular,
the objective shifts from maximizing global state coverage
across episodes to maximizing the diversity of reasoning
states within a single trajectory.

In this section, we develop a practical formulation of
in-context exploration and derive a tractable training
objective. Our key idea is to view exploration as state
coverage within a trajectory, and to approximate this
objective using a simple proxy based on trajectory length.
This leads to a training recipe that encourages longer yet
non-redundant reasoning trajectories.
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Figure 2. Training dynamics comparing GSPO and GSPO with length-incentivized reward (Rlen) on Qwen3-4B-Base. We track
entropy, training reward, trajectory length, and validation accuracy (8k) over training steps. Adding Rlen significantly increases response
length while also improving reward and validation performance, indicating that incentivizing longer reasoning can enhance downstream
accuracy.

4.1. In-Context State Space

Defining in-context states. Given a single reasoning tra-
jectory τ = (y1, y2, . . . , yL), where L is the trajectory
length, we define the in-context state space as the sequence
of autoregressive states visited during generation:

SIC(τ ) = (s1, s2, . . . , sL) , (2)

However, directly applying count-based exploration is prob-
lematic: since every state st contains a unique history prefix,
no raw state is ever visited twice within a trajectory, render-
ing state coverage measurement trivial and meaningless.

State abstraction. To enable meaningful counting, we
introduce a state abstraction function ϕ that maps raw states
to abstract states:

s̃t = ϕ(st) = ϕ(x1, . . . , y1, . . . , yt), , (3)

The abstraction ϕ can operate at different levels of granular-
ity, such as lexical patterns, equations, or reasoning behav-
iors. Importantly, ϕ need not be lossless, as approximate ab-
stractions are sufficient for preserving task-relevant structure
and providing near-optimal performance (Abel et al., 2016).

In-context state coverage. Furthermore, we can now
count in-context states to quantify the in-context state cover-
age. Following the count-based exploration principle from
Section 3.2, we define the In-Context Distinct State Count
Ccontext(τ ) as the cardinality of unique context states visited
within a trajectory:

Ccontext(τ ;ϕ) =
∣∣{ϕ(st) | t = 1, . . . , L}

∣∣ . (4)

Section 3.2 posits that the optimal exploration strategy in-
volves assigning a bonus reward proportional to the inverse
of state visitation counts, i.e, ∝ 1/

√
N(s), which corre-

sponds to maximizing Ccontext(τ ;ϕ).

However, directly optimizing Ccontext is impractical. The
metric depends heavily on the choice of ϕ and is prone to

reward hacking: models can inflate the count by generating
superficially diverse but semantically meaningless patterns.
We demonstrate this failure mode in Appendix F.4.

Instead, we leverage a key structural property: for any ab-
straction ϕ, state coverage is upper-bounded by trajectory
length, i.e. Ccontext(τ ;ϕ) ≤ L. This suggests a simple but
effective proxy: encouraging longer trajectories increases
the capacity for exploration. This raises a central question:
Can we explicitly encourage longer reasoning as a proxy
for improving in-context exploration?

4.2. Thinking Longer Expands In-Context State
Coverage

The Length-Incentivized Reward Based on the obser-
vation that state coverage is upper-bounded by trajectory
length, we introduce a simple proxy objective that encour-
ages longer reasoning trajectories. Concretely, we define
a length-incentivized reward that penalizes premature ter-
mination on incorrect trajectories. For each sample i, we
set a target length Ltarget,i = Lref,i + ∆L, where Lref,i is
the response length of the reference policy. The reward
is applied only when the trajectory is incorrect, ensuring
that correctness remains the primary objective. This design
encourages the model to allocate additional computation to
unresolved problems. The reward is formalized as:

Rlen =


0 L ≥ Ltarget, Racc = 0

−(Ltarget − L) L < Ltarget, Racc = 0

0 Racc = 1

. (5)

This reward is integrated into the RLVR output accu-
racy reward, resulting in a combined reward defined as
R = Racc + ηRlen.

Empirical Observations Figure 2 shows that adding Rlen

to GSPO increases response length while also improving
training reward and validation accuracy. This suggests that
expanding the reasoning horizon can be beneficial in prac-
tice. However, the key question is whether the additional
tokens correspond to broader in-context exploration rather
than mere verbosity.
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Figure 3. In-context state coverage dynamics under GSPO with and without length incentive (Rlen) on Qwen3-4B-Base. We measure
state coverage using multiple abstraction approximations, including distinct n-gram count (DNC), textual diversity (TD), distinct equation
count (DEC), and reasoning behavior count (RBC). Adding Rlen consistently increases all abstractions, indicating that longer trajectories
lead to broader coverage of lexical, mathematical, and behavioral reasoning states.

To further understand this, we analyze in-context state cov-
erage under multiple abstractions ϕ, capturing diversity at
different levels:

• Distinct n-grams count (DNC): measures lexical diver-
sity via distinct n-grams.

• Textual diversity (TD): measures dissimilarity across
trajectory segments using BLEU-based metrics (Papineni
et al., 2002; Hu et al., 2025).

• Distinct equation count (DEC): measures diversity of
mathematical formulations, reflecting alternative solution
strategies (Hu et al., 2025).

• Distinct reasoning behavior type count (RBC): cap-
tures diversity of cognitive-level behaviors. Follow-
ing (Gandhi et al., 2025), we prompt Gemini-2.5-Flash-
Thinking (Comanici et al., 2025) to annotate reasoning
behaviors such as verification, backtracking, etc. Then
we cluster all observed behaviors into distinct types. The
clustered behavior types can be found in Appendix C.

As shown in Figure 3, increasing trajectory length consis-
tently leads to higher state coverage across all abstraction
levels. In particular, DNC, TD and DEC increase sig-
nificantly, indicating greater lexical and mathematical
diversity, while RBC also improves, suggesting more varied
reasoning behavior type rather than repetitive patterns.
These results indicate that longer trajectories expand the
diversity of explored reasoning states, supporting the use
of length as a practical proxy for in-context exploration.

4.3. Failure Mode: Degenerate Repetition

Although Rlen expands the exploration horizon, optimizing
it alone can introduce a failure mode: the autoregressive
model may satisfy the length requirement by generating
repetitive low-information sequences. In autoregressive
generation, such degenerate loops provide a cheap way to
increase trajectory length without exploring new states.

Empirically, we observe that models trained with Rlen tend
to saturate the maximum response length as shown in Fig-
ure 2. As shown in Figure 4, the distinct n-gram ratio
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Figure 4. Degenerate repetition under length-only training
on Qwen3-4B-Base. Although GSPO + Rlen produces longer
trajectories, the distinct n-gram ratio (DNR) drops substantially
compared to GSPO.
decreases significantly, indicating that a large portion of the
additional tokens arises from repeated local patterns rather
than meaningful exploration.

This observation highlights a key limitation: length alone
increases the capacity for exploration, but does not ensure
that this capacity is used effectively. To address this, we
require an additional mechanism that discourages the model
from such a failure mode.

Redundancy penalty. We adopt a widely used repetition
penalty mechanism (Yu et al., 2025b). Specifically, let Gτ
denote the multiset of n-grams extracted from a generated
trajectory τ , and let N τ(g) denote the frequency of an n-
gram g ∈ Gτ . We define a binary indicator that identifies
overly repeated n-grams exceeding a predefined threshold
Θ:

Rred = −I [∃g ∈ Gn(τ) such that Nτ (g) > Θ] , (6)

where Θ controls the repetition tolerance. We also explore
semantic embedding-based redundancy penalties as an alter-
native to n-gram matching, but find them to be significantly
less stable and more sensitive to implementation details as
shown in Appendix F.7.

Final recipe. To prioritize solution accuracy while encour-
aging TTS, we shape the reward to favor correct responses
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and longer reasoning trajectories, while penalizing redun-
dant exploration:

R = Racc + η ·Rlen + β ·Rred . (7)

Theoretical interpretation. This formulation concep-
tually aligns with the count-based exploration bonus
bt ∝ 1/

√
Nt (Section 3.2). At its core, the length term

increases the maximum number of states that can be visited,
while the redundancy penalty discourages repeatedly
visiting similar states. Together, they approximate the
effect of count-based exploration. Importantly, LINE does
not directly optimize semantic state coverage. Instead, it
provides a stable and practical approximation.

5. Experiments
In this section, we empirically examine whether the pro-
posed formulation of in-context exploration can be con-
verted into effective reasoning improvements. Specifically,
we study the following research questions:

• RQ1: Can LINE serve as a reliable framework for im-
proving reasoning?

• RQ2: Does LINE convert longer reasoning horizons into
expanded state coverage?

• RQ3: Can LINE convert additional training compute
into more effective test-time scaling?

5.1. Experimental Setup

Evaluation. We assess performance across eight reason-
ing benchmarks, categorized into in-domain mathematical
tasks and out-of-distribution (OOD) general reasoning. The
in-domain suite comprises AIME 2024/2025, AMC (Li
et al., 2024), MATH-500 (Hendrycks et al., 2021), and
OlympiadBench (He et al., 2024). The OOD evaluation
includes ARC-c (Clark et al., 2018), GPQA-Diamond (de-
noted as GPQA* (Rein et al., 2024)), and MMLU-Pro
(Wang et al., 2024). Regarding metrics, for benchmarks
with limited sample sizes (AIME and AMC), we report
the average accuracy over 32 independent runs (Avg@32).
For all other benchmarks, we report Pass@1. All evalu-
ations are conducted with a sampling temperature of 0.6,
top-p=1.0, and a maximum response length of 32k tokens,
which surpasses the training budget.
RLVR setups. Training is performed with a prompt batch
size of 128, generating 8 rollouts per prompt. We update the
policy using a mini-batch size of 32 and a learning rate of
1e-6. During the training phase, the sampling temperature is
set to 1.0, with a maximum response length of 8,192 tokens.
Experiments are implemented using the verl framework1

on nodes equipped with 4×H100 GPUs, employing Math-

1https://github.com/volcengine/verl

Verify2 for outcome-based reward calculation. Additional
implementation details are provided in Appendix E. We de-
fault set n = 10, η = 0.3/9000, Θ = 10, and β = 0.6 in re-
ward. We discussed these hyperparameters in Appendix F.6.

Models and baselines. We designate Qwen3-4B-Base
as our primary testbed. To verify the universality of our
recipe across different training stages and model families,
we also extend our evaluation to Qwen3-4B(non-thinking)
and Llama-OctoThinker-3B-Base. The training datasets are
selected to align with the respective models: DAPO-Math-
17k (Yu et al., 2025a) for Qwen3-4B-Base, Polaris (An et al.,
2025) for Qwen3-4B-Instruct, and DeepMath-5k (He et al.,
2025; Tan et al., 2025) for Llama-OctoThinker. We primar-
ily investigate GSPO as the core algorithm. Additionally,
for Qwen3-4B-Base, we benchmark against standard GRPO
and a GRPO variant with a high clip ratio to validate our
recipe’s effectiveness across different algorithms.

5.2. Results

RQ1: LINE improves reasoning performance across
algorithms and models. As shown in Table 1, LINE
improves average in-domain performance and OOD perfor-
mance in most benchmarks. When applied to GSPO, LINE
increases the in-domain average from 49.4% to 53.8%, with
particularly large gains on AIME25 (6.2%). The OOD av-
erage also improves from 66.1% to 67.6%, suggesting that
the benefit is not limited to the training distribution. We
further verify that the improvements are robust across inde-
pendent runs (Appendix F.3). Similar improvements (2%–
3%) are observed on Qwen3-4B and Llama-OctoThinker-
3B (Wang et al., 2025b) in Table 6, as detailed in Ap-
pendix F.1. We further verify that the improvement con-
sistently holds across different model scales varying from
1.7B to 8B (Appendix F.2). These results indicate that LINE
is a broadly effective recipe.

RQ2: LINE expands in-context state coverage. To eval-
uate whether LINE improves in-context state coverage, we
analyze the training dynamics in Figure 5. Compared to
the GSPO baseline, LINE produces longer trajectories and
achieves a rapid increase in both distinct n-gram counts
and distinct equation counts, indicating broader state cov-
erage. More importantly, compared to length-only training,
LINE achieves higher state coverage and better accuracy
(as shown in Table 1) with substantially shorter rollouts.
This suggests that the gains are not solely due to increased
trajectory length but arise from more effective utilization
of the reasoning horizon. These results demonstrate that
LINE improves not only the capacity for exploration, but
also its efficiency, converting additional computation into
more diverse and informative reasoning trajectories.

2https://github.com/huggingface/Math-Verify
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Table 1. In-Domain and Out-of-Domain evaluation performance based on Qwen3-4B-Base. We compare standard RL baselines
(GRPO, GRPO-Clip Higher, GSPO) with their counterparts augmented with LINE. Performance is reported on mathematical reasoning
benchmarks (in-domain) and general reasoning benchmarks (out-of-domain). Bold and underline indicate the best and second-best results.
Gains of our methods compared to corresponding baselines are marked in blue.

Model In-Domain Performance Out-of-Domain Performance

MATH Olympiad AMC AIME 24/25 Avg. ARC-c GPQA MMLU-Pro Avg.

Qwen3-4B-Base 66.0 33.2 36.6 8.5/6.9 30.2 66.9 26.3 30.9 41.4

RL baselines

GRPO 80.4 47.1 55.2 16.8/18.7 43.6 84.6 44.4 60.1 63.0
GRPO-Clip Higher 86.4 54.1 61.8 25.2/22.2 49.9 89.6 46.0 62.8 66.1
GSPO 85.2 51.7 62.7 26.7/20.5 49.4 88.4 48.5 61.5 66.1

Our recipes

GRPO + LINE 85.0 49.9 60.5 22.9/16.4 46.9 (+3.3) 90.3 46.5 60.4 65.7 (+2.7)

GRPO-Clip Higher + LINE 88.8 54.1 65.5 30.4/24.5 52.6 (+2.7) 91.5 43.9 63.0 66.1 (+0.0)

GSPO + Rlen 88.4 54.5 66.8 29.5/21.8 52.2 (+2.8) 91.0 40.9 63.9 65.2 (-0.9)

GSPO + LINE 88.4 57.2 66.2 30.5/26.7 53.8 (+4.4) 91.4 47.5 63.8 67.6 (+1.5)

RQ3: LINE improves Test-Time Scaling Figure 6
shows performance under increasing inference compute.
Standard RL models (blue lines) quickly saturate or degrade
beyond their training trajectory length, indicating limited
ability to utilize additional computation.

In contrast, LINE (red lines) continues to improve,
maintaining a clear upward trend even beyond the training
horizon. The right panel shows that LINE shifts the length
distribution toward longer responses, indicating active use
of the extended token budget during test time. Combined
with improved performance, this suggests that additional
tokens are used for more effective exploration rather than
redundant generation.

5.3. Discussion
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Figure 8. Global exploration dynamics under GSPO and GSPO
+ LINE on Qwen3-4B-Base.

Global diversity. We further analyze global exploration
dynamics using Global Distinct N-gram Count and policy
entropy. As shown in Figure 8, standard GSPO exhibits
saturation and a rapid entropy drop, indicating premature
convergence (mode collapse). In contrast, LINE maintains
higher entropy and continuous growth in global state cover-

age. This sustained exploration prevents mode collapse and
enables the model to discover rare, high-reward states that
standard methods fail to explore.

The effect of ∆L. Increasing ∆L systematically extends
the reasoning horizon and leads to consistent gains in val-
idation accuracy, improving from 56.9% to over 63.4% as
shown in Figure 7. At the same time, state coverage metrics
(DNC and DEC) increase steadily, indicating that longer
trajectories enable the model to explore a broader hypothe-
sis space. Interestingly, this improvement exhibits a clear
length scaling trend: allocating more computation via longer
trajectories continues to improve performance. While a
slight drop in the distinct n-gram ratio (DNR) is observed
at larger ∆L, this effect is minor and does not offset the
overall gains. Overall, these results show that extending the
reasoning horizon is an effective and robust way to improve
performance, with increased exploration dominating any
marginal redundancy introduced at larger lengths.

The effect of LINE across difficulties. Following Sun
et al. (2025), we evaluate LINE on AIME24 across dif-
ficulty levels. As shown in Table 2, LINE consistently
improves accuracy on easy and medium problems, with the
largest gains on the easier subsets, and also yields a mod-
est improvement on hard problems. However, this benefit
does not extend to the extremely hard subset, where the
accuracy remains 0.0 across all three runs. These results
suggest that LINE helps exploit near-solution exploration,
but cannot overcome fundamental capability gaps. We fur-
ther explore this question by studying the interaction with
SFT (Appendix F.5).
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achieves higher state coverage (DNC, DEC) and better accuracy.

4k 8k 12k 16k 24k 32k
Budget

0.425

0.450

0.475

0.500

0.525

0.550

Ac
cu

ra
cy

GRPO
Baseline

GSPO
+ LINE

GRPO w/Clip-higher 0 2k 4k 6k 8k 10k
Length

0

15

30

45

Pe
rc

en
ta

ge
 o

f S
am

pl
es

 (
%

)

Qwen3-4B-Base
GSPO
GSPO + LINE

Figure 6. Test-time scaling performance under controlled inference budgets on Qwen3-4B-Base. All models generate responses up to
32k tokens, and performance is evaluated under different inference budgets by truncating generated trajectories. Accuracies are calculated
over five in-domain mathematical benchmarks as shown in Table 1.
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Table 2. Performance across difficulty levels on AIME24. We report Avg@32 accuracy (%) and average response length (k tokens). All
responses are generated up to a maximum length of 32k tokens.

Accuracy (%) Length (k tokens)

Method Easy Medium Hard Ext. Hard Overall Easy Medium Hard Ext. Hard Overall

GSPO 84.4 37.5 7.3 0.0 26.7 1.9 8.3 13.2 7.6 9.3
GSPO + LINE 95.8 (↑11.4) 44.2 (↑6.7) 10.2 (↑2.9) 0.0 (–) 31.6 (↑4.9) 3.7 9.1 13.3 11.7 10.4

Table 3. Continual scaling via curriculum training on Qwen3-
4B-Base. Stage 1 denotes the initial training stage, while Stage 2
further extends the length budget based on Stage 1.

Method MATH Oly. AMC AIME 24/25 Avg.

Qwen3-4B-Base 66.0 33.2 36.6 8.5/6.9 30.2
GSPO 85.2 51.7 62.7 26.7/20.5 49.4
Stage 1 88.4 57.2 66.2 30.5/26.7 53.8 (+4.4)
Stage 2 89.4 59.0 71.7 33.4/27.9 56.3 (+2.5)

Continual scaling via curriculum training. We further
extend the reasoning horizon through a second training stage
with a larger length budget. As shown in Table 3, perfor-
mance continues to improve, demonstrating that LINE can
effectively convert additional training compute into reason-
ing accuracy. This result suggests a scalable training strat-
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egy, where progressively increasing the reasoning horizon
leads to continued performance gains.

6. Conclusion
We study how to improve test-time scaling in large language
models through in-context exploration. We show that state
coverage provides a useful perspective for understanding
exploration, and that trajectory length is a practical proxy
for expanding exploration capacity. Building on this insight,
we propose LINE, which combines length incentives with
redundancy control to encourage longer but non-redundant
reasoning trajectories. Across multiple models and bench-
marks, LINE consistently improves reasoning performance
and enables stronger test-time scaling behavior, showing
that effective scaling requires using additional computation
to explore more diverse and informative reasoning paths.
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A. Limitations
Our work has several limitations. First, our exploration is conducted within a limited scaling regime, with training up to 8k
tokens and models up to 8B parameters, and it is interesting to extend LINE to larger scales. Second, while LINE improves
exploration during RL, it does not directly address the acquisition of new reasoning capabilities. Preliminary experiments
with supervised fine-tuning (SFT) (Appendix F.5) suggest potential complementary effects, but a systematic integration
remains open. Third, our redundancy control relies on n-gram-based design, which cannot fully capture semantic repetition.
Although we explore embedding-based alternatives (Appendix F.7), they are less stable and sensitive to implementation
details. Finally, our understanding of how LINE affects reasoning processes is still limited; preliminary qualitative analyses
(Appendix G) suggest possible structural differences, but are not yet conclusive. Due to limited academic resources, our
experiments are constrained in scale, and further investigation at larger scales is an important direction for future work.

B. Broader Impact
This work studies how to improve the test-time scaling behavior of reasoning language models by encouraging longer and
less redundant in-context exploration. The potential positive impact is that such methods may improve the reliability and
effectiveness of models on complex reasoning tasks, especially in mathematical and scientific problem solving, where
additional computation can help models verify intermediate steps and recover from mistakes. However, stronger reasoning
capabilities may also amplify the potential misuse of language models, for example by improving their ability to solve tasks
that support harmful automation or by increasing user overreliance on generated reasoning traces. In addition, methods that
rely on longer reasoning trajectories may increase computational cost and energy consumption, potentially widening the
accessibility gap between well-resourced and resource-constrained research groups. We encourage future work to study
efficiency, safety evaluation, and responsible release practices alongside improvements in reasoning performance.

C. Reasoning Behavior Taxonomy
Table 4 summarizes the reasoning behavior categories extracted from reasoning trajectories using Gemini-2.5-Flash-Thinking.
Each category consolidates semantically similar raw annotations into a compact and interpretable behavior label.

Table 4. Reasoning behavior taxonomy. Each category is defined by a concise operational description and illustrated with example raw
tags.

Behavior Category Operational Definition Example Tags

Backtracking Revising an approach after detecting an error,
contradiction, or dead end.

Backtracking; Strategy Shift;
Revising Approach.

Verification Checking results, assumptions, constraints, or answer
consistency.

Verification; Constraint Check;
Plausibility Check.

Subgoal Setting Breaking a complex problem into manageable intermediate
steps.

Subgoal Setting; Problem
Decomposition; Structured
Analysis.

Enumeration Systematically considering multiple cases, possibilities, or
hypotheses.

Enumeration; Reasoning by
Cases; Exploring Alternatives.

Abstraction and
Generalization

Extracting general principles or structures from specific
instances.

Abstraction; Generalization;
Pattern Generalization.

Simplification and Reduction Reducing complexity through substitution, smaller cases,
or removing details.

Simplification; Variable
Substitution; Simpler Cases.

Problem Reframing and
Transformation

Changing the representation or interpretation of the
problem.

Problem Reframing;
Representation Change;
Transformation.

Constraint and Boundary
Analysis

Reasoning about constraints, domains, edge cases, or
feasible ranges.

Constraint Analysis; Boundary
Analysis; Range Analysis.

Continued on next page
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Table 4. Reasoning behavior taxonomy continued.

Behavior Category Operational Definition Example Tags

Logical Deduction and
Derivation

Deriving conclusions through step-by-step logical or
algebraic reasoning.

Logical Deduction; Algebraic
Manipulation; Derivation.

Strategic Planning and
Method Selection

Choosing or planning an appropriate solution strategy. Strategic Planning; Method
Selection; Strategic Choice.

Hypothesis Generation and
Heuristic Exploration

Proposing tentative ideas or heuristics under uncertainty. Hypothesis Generation; Heuristic
Search; Trial and Error.

Pattern Recognition and
Analogy

Identifying recurring structures, symmetries, or analogies. Pattern Recognition; Analogy;
Symmetry Recognition.

Mathematical Knowledge
Application

Applying known formulas, theorems, properties, or domain
knowledge.

Knowledge Application; Formula
Retrieval; Theorem Recall.

Tool Use and Computational
Integration

Using code, calculators, algorithms, or external tools to
support reasoning.

Tool Use; Computational
Modeling; Algorithmic Thinking.

Definition Clarification and
Formalization

Clarifying terms, variables, conditions, or formal notation. Definition Clarification;
Formalization; Variable
Definition.

Self-Correction and
Metacognitive Monitoring

Monitoring uncertainty, errors, assumptions, or reasoning
progress.

Self-Correction; Metacognition;
Error Detection.

Unit Precision and Calculation
Structuring

Managing units, precision, intermediate results, or
computation structure.

Unit Consistency; Precision
Awareness; Structured
Calculation.

D. Background
D.1. Reinforcement Learning for LLM Reasoning
Reinforcement Learning for LLM Reasoning. To optimize the policy πθ to maximize the expected return J(πθ) =
E[
∑

rt], the optimization is typically performed via Policy Gradient (Sutton et al., 1999):

∇θJ(πθ) = Eτ

[
T∑

t=0

∇θ logπθ(at | st)Aπ(st, at)

]
,

where Aπ represents the advantage of taking action at. GRPO and GSPO are instantiations of this framework.

Group Relative Policy Optimization (GRPO). GRPO (Shao et al., 2024) performs optimization at the token level without
a value function. It utilizes the standard per-token probability ratio:

ρi,t(θ) =
πθ(yi,t|x, yi,<t)

πθold(yi,t|x, yi,<t)
, (8)

where yi,t is the t-th token of the i-th sequence. The advantage is computed via group normalization:

Âi =
Ri − mean({Rj}Gj=1)

std({Rj}Gj=1)
. (9)

The objective averages the PPO-clip loss (Schulman et al., 2017) over all tokens in the generated sequences:

JGRPO(θ) = Ex,{yi}∼πθold

[
1

G

G∑
i=1

1

|yi|

|yi|∑
t=1

min
(
ρi,t(θ)Âi,

clip(ρi,t(θ), 1− ϵ, 1 + ϵ)Âi

)]
.

(10)
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Group Sequence Policy Optimization (GSPO). GSPO (Zheng et al., 2025) elevates optimization to the sequence level
using length-normalized importance ratios:

ρi(θ) =

|yi|∏
t=1

πθ(yi,t|x, yi,<t)

πθold(yi,t|x, yi,<t)

1/|yi|

, (11)

where the 1/|yi| exponent reduces variance from varying sequence lengths. Using the same group-based advantage Âi as
GRPO, the objective is computed once per sequence.

D.2. Count-Based Exploration Theoretical Foundation

In this section, we provide additional theoretical details that complement the formulation in Section 3. The exploration-
exploitation tradeoff is a long-standing challenge in RL literature. This becomes more pronounced in LLM reasoning tasks
due to the vast state-action space with reward sparsity, where existing methods often suffer from deficient exploration and
poor sample efficiency. A classic, theoretically justified exploration principle is optimism in the face of uncertainty, which
augments the reward estimates of less-visited states/actions with an exploration bonus proportional to their uncertainty. In
the minimal multi-armed bandit (MAB) setting, the well-known upper-confidence bound (UCB) algorithm (Auer, 2002)
chooses the action at according to:

at = argmax
a∈A

R̂t(a) +

√
2 log t

nt(a)
, (12)

where R̂t(a) and nt(a) is the reward estimate and visitation count for action a at time t. Theorem D.1 establishes the
theoretical optimality of this count-based exploration strategy, demonstrating that it yields a cumulative regret that grows
only logarithmically over time.

Theorem D.1 (Optimality of Count-based Exploration (Auer, 2002)). In an MAB setting, let L(T ) =

E[
∑T

t=1 (R
∗ −R(at))] denote the total regret over T steps, where R(a) = ERa [R] is the expected reward for any

action a and R∗ is the reward for the optimal action. Let ∆a = R∗ −R(a) denote the reward gap between action a and the
optimum. For any bandit algorithm, the asymptotic total regret is at least logarithmic in the number of steps:

lim
T→∞

L(T ) ≥ log T ·
∑

a|∆a>0

∆a

KL(Ra||Ra∗)
. (13)

The UCB algorithm in Eq. 12 achieves logarithmic asymptotic total regret:

lim
T→∞

L(T ) ≤ 8 log T ·
∑

a|∆a>0

∆a. (14)

Subsequent studies (Bellemare et al., 2016; Tang et al., 2017) extend this principle to MDPs by counting state-action pairs
n(s, a) and adding a bonus reward to encourage exploring less-visited pairs as

R′(s, a) = R(s, a) +
β√

n(s, a)
, (15)

which is shown to be formally near-optimal within the probably approximately correct (PAC-MDP) framework (Strehl &
Littman, 2008; Kolter & Ng, 2009).

E. Experimental Details
E.1. Template Prompt

We adopt the following template for all experiments involving Qwen models, building upon the Qwen3 template for
Qwen3-4B-Base and the Qwen-Nothinking template for Qwen3.
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Qwen3 Template

<|im_start|>user
{problem} Let’s think step by step and output the final answer within \boxed{}.
<|im_end|>
<|im_start|>assistant

Qwen3-NoThinking Template

<|im_start|>user
{problem} Let’s think step by step and output the final answer within \boxed{}.
<|im_end|>
<|im_start|>assistant
<think>

</think>

For training the Llama-OctoThinker models, we adopt the original prompt in (Wang et al., 2025b) to ensure performance.

OctoThinker Template

A conversation between User and Assistant. The user asks a question, and the Assistant solves it. The assistant first
thinks about the reasoning process in the mind and then provides the user with the answer. User: You must put your
answer inside \boxed{} and Your final answer will be extracted automatically by the \boxed{} tag.
{problem}
Assistant:

E.2. Implementation of RL

In this section, we describe the RL training setup in detail. We implement GRPO and other baseline algorithms using the
Verl framework. Across all algorithms and model variants, we adopt a unified set of hyperparameters, as reported in Table 5,
and do not employ entropy regularization or KL-based losses.

Table 5. Reinforcement learning training hyperparameters used across all experiments.

Hyperparameter Value

Optimizer AdamW
Policy learning rate 1e−6

Training batch size 128 prompts
Samples per prompt 8
Mini-batch size 32 prompts
Policy updates per rollout 16
Max prompt length 1024 tokens
Max response length 8192
Rollout temperature 1.0

E.3. Compute resources

To support reproducibility, each main training run used 4 × H100 GPUs with 140 GB GPU memory per GPU. The GSPO
baseline required approximately 72 hours, corresponding to 288 GPU-hours. GSPO + (Rlen) required approximately 240
hours, corresponding to 960 GPU-hours, while GSPO + LINE required approximately 100 hours, corresponding to 400
GPU-hours. This indicates that LINE substantially reduces the computational overhead compared with the length-only
reward while still enabling effective performance improvements.
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Table 6. Evaluation on Qwen3-4B and Llama-OctoThinker-3B. AIME 24/25 denotes AIME 2024 / AIME 2025, reported as x/y. Bold
indicates the best result within each model block. Gains of our methods over the corresponding GSPO baselines are marked in blue.

Model In-Domain Performance Out-of-Domain Performance

MATH Olympiad AMC AIME 24/25 Avg. ARC-c GPQA MMLU-Pro Avg.

Qwen3-4B

Base 82.8 51.9 60.4 24.2/19.4 47.7 74.7 37.9 59.4 57.3
GSPO 94.0 68.1 82.0 54.2/42.5 68.2 87.5 52.5 56.2 65.4
GSPO + LINE 94.4 67.0 85.3 57.7/46.4 70.2 (+2.0) 92.1 52.0 70.9 71.7 (+6.3)

Llama-OctoThinker-3B

Base 23.4 9.0 10.4 1.1/0.6 8.9 37.6 20.7 11.5 23.3
GSPO 55.8 23.1 28.2 3.8/2.3 22.6 66.2 24.7 27.8 39.6
GSPO + LINE 60.8 28.1 30.3 4.5/4.4 25.6 (+3.0) 52.0 27.8 38.0 39.3 (-0.3)

F. Additional Results
F.1. Extension to more models

To examine whether LINE generalizes beyond the primary Qwen3-4B-Base setting, we further evaluate it on two additional
model settings: Qwen3-4B and Llama-OctoThinker-3B. These models differ from the main testbed in both model family
and training stage. Qwen3-4B represents a post-trained non-thinking model, while Llama-OctoThinker-3B is a reasoning-
oriented model with a different pretraining and mid-training trajectory. This allows us to test whether LINE is tied to a
specific initialization or can serve as a more general recipe for activating longer in-context exploration.

As shown in Table 6, LINE consistently improves in-domain mathematical reasoning. On Qwen3-4B, applying LINE on
top of GSPO improves the in-domain average from 68.2 to 70.2, with particularly clear gains on AMC and AIME 2025.
The out-of-domain average also increases substantially from 65.4 to 71.7, mainly driven by improvements on ARC-c and
MMLU-Pro. On Llama-OctoThinker-3B, LINE improves the in-domain average from 22.6 to 25.6, suggesting that the
recipe remains effective even when the base model has a different reasoning prior.

The OOD behavior on Llama-OctoThinker-3B is more mixed: although GPQA and MMLU-Pro improve, ARC-c decreases,
leading to a slight drop in the OOD average. This suggests that LINE reliably improves mathematical reasoning across
model families, while its effect on general-domain transfer can depend on the base model and data distribution. Overall,
these results support the view that LINE is not merely a Qwen3-4B-Base-specific tuning trick, but a broadly applicable
mechanism for encouraging more effective in-context exploration.

F.2. Scalability Across Model Scales

To verify the scalability of LINE, we evaluate the recipe across different model sizes: Qwen3-1.7B-Base, 4B-Base, and
8B-Base. As summarized in Table 7, LINE consistently delivers performance gains regardless of the base model’s capacity.

Specifically, on the in-domain reasoning average, LINE improves the 1.7B model by 7.6%, the 4B model by 4.4%, and the
8B model by 2.5% compared to the GSPO baseline. Notably, on out-of-distribution (OOD) tasks, the 8B model with LINE
achieves a 73.4% average accuracy, a 2.9% improvement over the baseline.

F.3. Random Robustness

To evaluate the stability of LINE, we repeat the GSPO+LINE experiment on Qwen3-4B-Base. This setting tests whether
the observed improvements are robust to training stochasticity rather than being driven by a single favorable run.

As shown in Table 8, all three runs improve over the GSPO baseline on the in-domain average. The gains range from +3.6
to +5.3 points, with the best run reaching 54.7 compared to 49.4 for GSPO. The improvements are also consistent across
the most challenging mathematical benchmarks: all three runs improve AIME 2024 over the GSPO baseline, and all runs
improve AIME 2025 by a large margin.

The OOD results exhibit larger variance, which is expected because LINE is primarily designed to improve mathematical
reasoning by expanding in-context exploration. Nevertheless, two of the three runs improve the OOD average over GSPO,
and the best run reaches 69.1. The remaining run is still slightly above the GSPO baseline. These results indicate that the
main in-domain improvement of LINE is stable across independent runs, while OOD transfer is more sensitive.
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Table 7. LINE on different model sizes. Bold indicates the best result within each model-size block. Gains over the corresponding
GSPO baseline are marked in blue.

Model In-Domain Performance Out-of-Domain Performance

MATH Olympiad AMC AIME 24/25 Avg. ARC-c GPQA MMLU-Pro Avg.

Qwen3-1.7B-Base

Base 51.2 20.7 25.8 3.4/1.7 20.6 54.1 20.2 27.5 33.9
GSPO 70.6 32.3 38.4 8.1/3.8 30.6 79.4 28.2 41.0 49.5
+ LINE 77.0 39.6 45.2 17.5/11.5 38.2 (+7.6) 79.1 33.8 45.6 52.8 (+3.3)

Qwen3-4B-Base

Base 66.0 33.2 36.6 8.5/6.9 30.2 66.9 26.3 30.9 41.4
GSPO 85.2 51.7 62.7 26.7/20.5 49.4 88.4 48.5 61.5 66.1
+ LINE 88.4 57.2 66.2 30.5/26.7 53.8 (+4.4) 91.4 47.5 63.8 67.6 (+1.5)

Qwen3-8B-Base

Base 67.8 35.3 38.9 10.3/8.5 32.2 58.5 32.3 51.2 47.3
GSPO 89.8 58.8 72.9 34.4/25.8 56.3 93.2 50.0 68.3 70.5
+ LINE 91.4 60.4 73.4 37.2/31.6 58.8 (+2.5) 94.5 55.1 70.7 73.4 (+2.9)

Table 8. Evaluation across three independent runs on Qwen3-4B-Base. Bold indicates the best result. Gains over the GSPO baseline
are marked in blue. Mean ± Std is computed over the three independent runs.

Model In-Domain Performance Out-of-Domain Performance

MATH Olympiad AMC AIME 24/25 Avg. ARC-c GPQA MMLU-Pro Avg.

Qwen3-4B-Base 66.0 33.2 36.6 8.5/6.9 30.2 66.9 26.3 30.9 41.4
GSPO 85.2 51.7 62.7 26.7/20.5 49.4 88.4 48.5 61.5 66.1

GSPO + LINE with different random seeds

Run 1 88.4 57.2 66.2 30.5/26.7 53.8 (+4.4) 91.4 47.5 63.8 67.6 (+1.5)
Run 2 87.2 57.0 66.0 30.9/24.1 53.0 (+3.6) 91.0 51.0 65.2 69.1 (+3.0)
Run 3 87.2 59.0 68.7 33.3/25.2 54.7 (+5.3) 91.8 43.4 63.7 66.3 (+0.2)

Mean ± Std 87.6±0.7 57.7±1.1 67.0±1.5 31.6±1.5/25.3±1.3 53.8±0.9 (+4.4) 91.4±0.4 47.3±3.8 64.2±0.8 67.7±1.4 (+1.6)

F.4. Pitfalls of Direct State Coverage Maximization

As discussed in Section 4.1, a natural way to incentivize in-context exploration is to directly optimize an empirical state-
coverage metric, such as the In-Context Distinct State Count Ccontext(τ). In principle, this objective is closely aligned with
the count-based exploration perspective: if a trajectory visits more distinct abstract states, it should cover a broader reasoning
space. However, in practice, directly using such a metric as an RL reward is fragile because it depends on a hand-designed
state abstraction function ϕ, for which no perfect choice exists. We instantiate this direct-optimization baseline using distinct
n-gram count as a concrete example of ϕ.

As shown in Figure 9, the model initially increases the measured state coverage rapidly. However, this improvement is not
accompanied by stable reasoning gains. Instead, training soon collapses: validation accuracy drops, the distinct n-gram
ratio deteriorates, and the generated responses become increasingly semantically vacuous. The collapse case in Case F.4
illustrates this failure mode: the model produces long and superficially varied text, but the content does not correspond to
meaningful mathematical exploration.

This behavior reflects a reward-hacking problem. Because the state abstraction is based on surface-level textual diversity,
the policy can increase the reward by generating unusual or weakly related token patterns rather than by developing useful
solution trajectories. In other words, maximizing the proxy itself can decouple state coverage from reasoning quality.

In contrast, LINE avoids directly optimizing a brittle coverage metric. Instead, it uses length as a coarse proxy for exploration
capacity and combines it with a redundancy penalty to suppress degenerate loops. This design does not guarantee semantic
coverage, but it provides a more stable surrogate: it expands the available reasoning horizon while discouraging the most
common low-information solution to the length incentive.
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Figure 9. Directly optimizing state coverage leads to reward hacking and training collapse. Maximizing distinct n-gram count increases
superficial diversity but degrades reasoning quality, resulting in reduced accuracy and unstable training dynamics.

Collapse Case

Alright, I’m going to tackle this problem systematically. It seems quite complex for a straightforward approach
without deeper context or specific techniques not immediately clear without direct context matching possibly better
suited needs might require more detailed methods or perhaps tools or further specific insight provided might be
needed or links to more detailed methods or perhaps further explained or provided or may need specific tools or
other methods or specific possible resources or more context or better specific direction or specific further details or
hints or further steps needed possibly need some better context or more direct approach or some better resources or
needing maybe more detailed methods or explanation or given context or given further specific context but without
further without more details without such providing helping or some or a better or way or context or might need
some more direct like a better or help or like more context or something to provide some more specific something
that might the context better or or might need some specific help or way that might consider more way that can help
or things that might can or able provide to may able help others like or to some such or a such way that can needed
can way can that might like that or can or can also may some may or can some some ...

F.5. SFT as a Complementary

We further study how supervised fine-tuning (SFT) interacts with LINE. We aim to understand whether SFT provides
signals that are difficult to acquire through RL alone.

Setup. We construct an SFT dataset by randomly sampling 4k problems from the training set and generating Chain-of-
Thought (CoT) solutions using GPT-OSS-120B (Agarwal et al., 2025). We fine-tune Qwen3-4B-Base for 3 epochs with a
context length of 4,096 tokens. We then apply RL training with and without LINE on top of the SFT-initialized model.

Results. The training dynamics in Figure 10 show the following trends:

1. SFT improves initialization. Models initialized with SFT start with higher accuracy and state coverage compared to the
base model, indicating that SFT provides a stronger starting point for RL training.

2. LINE enables continued growth. While SFT+GSPO improves over the base model, trajectory length and state coverage
tend to plateau early. Adding LINE leads to more sustained growth in both metrics, suggesting that it helps the model
explore beyond the behaviors induced by supervised data.

3. A plausible complementary effect. The combination of SFT and LINE achieves the best performance in our setting.
One possible interpretation is that SFT provides useful reasoning patterns that are not easily discovered through RL alone,
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while LINE helps utilize them through extended exploration. However, we leave a more detailed investigation of this
interaction to future work.
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Figure 10. Interaction between supervised fine-tuning (SFT) and LINE on Qwen3-4B-Base. We compare GSPO, GSPO + LINE, SFT +
GSPO, and SFT + GSPO + LINE in terms of trajectory length, validation accuracy, state coverage (DNC), and diversity (DNR). SFT
improves initial performance and state coverage, while LINE further extends trajectory length and exploration beyond the supervised
horizon. Their combination achieves the better performance.

F.6. Hyperparameter Sensitivity Analysis

We conduct an ablation study to verify that our method’s improvements are robust to hyperparameter choices and to
understand the impact of constraints.

Impact of Repetition Threshold (Θ). The threshold Θ controls the tolerance for repeated local patterns. A smaller
threshold imposes a stricter constraint, while a larger threshold allows more repetition before the penalty is triggered. As
shown in Table 9, Θ = 10 achieves the best average performance, outperforming both the stricter setting Θ = 6 and the
looser setting Θ = 15.

When Θ is too small, the model can be over-penalized. Mathematical reasoning often contains necessary local repetition,
such as restating variables, reusing equations, or applying the same transformation across multiple cases. A strict threshold
may incorrectly penalize these valid reasoning patterns, disrupting the logical flow needed for hard problems. This is
reflected by the weaker AIME 2025 performance under Θ = 6.

When Θ is too large, the constraint becomes less effective. The model can satisfy the length incentive by producing longer
but less informative trajectories with repeated local patterns. This weakens the role of the redundancy penalty as a guardrail
against degenerate length expansion. The lower average performance under Θ = 15 suggests that some repetition control is
necessary for converting additional tokens into useful exploration.

Table 9. The Ablation study of Θ.

MATH Olympiad AIME AMC AIME25 Avg.

GRPO w/Clip-Higher 86.4 54.1 25.2 61.8 22.2 49.9

+LINE (Θ = 6) 86.0 55.4 29.2 65.4 21.5 51.5
+LINE (Θ = 10) 88.8 54.1 30.4 65.5 24.5 52.7
+LINE (Θ = 15) 86.8 56.0 28.5 63.9 22.4 51.5

Impact of Repetition Magnitude β We further examine the effect of the penalty magnitude β in Eq. 7. Figure 11
compares β = 0.3 and β = 0.6. The final accuracy is relatively robust to this choice: both settings converge to similar
validation performance. This suggests that the effectiveness of LINE does not rely on a narrowly tuned penalty weight.

The main difference lies in the efficiency of the resulting trajectories. A larger penalty weight encourages more concise
reasoning, leading to shorter trajectories and a faster entropy decrease. In our main experiments, we use β = 0.6 as a default
because it preserves the performance gains while reducing unnecessary repetition.

Impact of redundancy n-gram The redundancy penalty in LINE can be viewed as operating on a state abstraction ϕ,
where repeated n-grams serve as a proxy for revisiting similar reasoning states. Different choices of n-gram size therefore
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Figure 11. Training dynamics of different β.
Table 10. Ablation of redundancy n-gram size on Qwen3-4B-Base. Bold indicates the best result. Gains over the GSPO baseline are
marked in blue.

Model In-Domain Performance Out-of-Domain Performance

MATH Olympiad AMC AIME 24/25 Avg. ARC-c GPQA MMLU-Pro Avg.

Qwen3-4B-Base 66.0 33.2 36.6 8.5/6.9 30.2 66.9 26.3 30.9 41.4
GSPO 85.2 51.7 62.7 26.7/20.5 49.4 88.4 48.5 61.5 66.1

GSPO + LINE with different redundancy n-gram sizes

10-gram 87.2 59.0 68.7 33.3/25.2 54.7 (+5.3) 91.8 43.4 63.7 66.3 (+0.2)
100-gram 88.8 58.7 70.6 30.4/26.3 55.0 (+5.6) 89.6 50.0 65.3 68.3 (+2.2)
512-gram 88.6 57.3 70.2 35.8/22.8 54.9 (+5.5) 92.0 46.5 66.2 68.2 (+2.1)
GSPO + Rlen 88.4 54.5 66.8 29.5/21.8 52.2 (+2.8) 91.0 40.9 63.9 65.2 (-0.9)

correspond to different granularities of this abstraction.

As shown in Table 10, all n-gram settings consistently improve over the GSPO baseline on in-domain performance. While
larger n-grams (e.g., 100 or 512) achieve slightly higher accuracy than smaller ones, the overall performance remains stable
across a wide range of choices.

This result suggests that the effectiveness of LINE does not depend on a precise or carefully tuned abstraction. Instead,
it is sufficient to employ a coarse proxy that can detect and suppress degenerate repetition patterns. In other words, the
abstraction ϕ need not be lossless: approximate representations that capture task-relevant redundancy are sufficient to
support improved exploration, consistent with prior findings (Abel et al., 2016).

Different n-gram sizes illustrate a trade-off between sensitivity and permissiveness. Smaller n-grams more aggressively
penalize local repetition, while larger n-grams preserve more flexibility but may miss short loops. However, this trade-off has
only a minor impact on overall performance, further reinforcing that the key factor is the presence of an explicit redundancy
constraint rather than the exact form of ϕ.

F.7. Semantic repetition

To further investigate the limitations of n-grams in capturing semantic redundancy, we conduct an additional experiment
where the n-gram-based redundancy penalty is replaced with a semantic embedding-based alternative. Specifically, we
split each trajectory into chunks, extract embeddings using Qwen3-Embedding-0.6B, and compute redundancy based on
embedding similarity rather than surface-level n-gram overlap.

As shown in Table 11, we make the following observations:

• Semantic redundancy still improves over the baseline. Using semantic embeddings consistently outperforms the GSPO
baseline on mathematical reasoning tasks (Avg: 51.4 vs. 49.4).

• Semantic rewards are difficult to optimize in RL. In practice, semantic-based rewards are highly sensitive to implementa-
tion details, including chunking strategy, chunk size, and similarity thresholds. More importantly, semantic similarity
is prone to reward hacking: as training progresses, the model can learn to circumvent the penalty without improving
reasoning quality, leading to degraded performance. In contrast, n-gram-based penalties provide a more stable and
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Table 11. Comparison between n-gram and semantic redundancy penalties on Qwen3-4B-Base. AIME 24/25 denotes AIME 2024 /
AIME 2025, reported as x/y. Bold indicates the best result. Gains over the GSPO baseline are marked in blue.

Model In-Domain Performance Out-of-Domain Performance

MATH Olympiad AMC AIME 24/25 Avg. ARC-c GPQA MMLU-Pro Avg.

Qwen3-4B-Base 66.0 33.2 36.6 8.5/6.9 30.2 66.9 26.3 30.9 41.4
GSPO 85.2 51.7 62.7 26.7/20.5 49.4 88.4 48.5 61.5 66.1

Redundancy penalty variants

GSPO + LINE 88.4 57.2 66.2 30.5/26.7 53.8 (+4.4) 91.4 47.5 63.8 67.6 (+1.5)
Semantic penalty 88.8 54.5 61.9 28.6/23.2 51.4 (+2.0) 90.6 44.9 63.1 66.2 (+0.1)

computationally efficient signal for RL training.

These findings suggest that while semantic redundancy modeling is promising, simple surface-level signals such as n-grams
currently offer a more robust and reliable optimization target for reinforcement learning.

F.8. Ablation on Length Reward

We further evaluate the cosine length reward proposed by (Yang et al., 2025b) as a representative length-based reward
shaping baseline. This reward provides a smooth length-dependent signal that encourages the model to adjust its reasoning
length according to the correctness of the final answer:

R(C,Lgen) =


CosFn(Lgen, Lmax, r

c
0, r

c
L), if C = 1,

CosFn(Lgen, Lmax, r
w
0 , r

w
L ), if C = 0,

re, if Lgen = Lmax,

(16)

where

CosFn(t, T, ηmin, ηmax) = ηmin +
1

2
(ηmax − ηmin)

(
1 + cos

(
tπ

T

))
. (17)

In our implementation, we set rc0 = 0.6, rcL = 1.0, rw0 = 0, and rwL = −0.5. This configuration ensures that correct
trajectories receive higher rewards than incorrect ones across different generation lengths, while still providing a length-
dependent shaping signal.

Empirically, we find that the cosine length reward performs poorly in our setting. It achieves a validation accuracy of 45.2,
which is substantially lower than 57.0 for GSPO and 61.5 for GSPO + LINE. Moreover, it causes policy entropy to increase
dramatically from 0.04 to 6.19, indicating unstable and overly stochastic optimization.

We hypothesize that this degradation occurs because the cosine reward does not account for the reference policy’s length
distribution. As a result, it provides a global length-dependent signal but does not reliably guide the model toward expanding
useful in-context state coverage.

G. Case Study
To analyze the internal reasoning dynamics, we follow the principle of (Feng et al., 2025) and employ Claude-3.7-Thinking
to extract the underlying reasoning graph structure from the model’s generated responses. This allows us to visualize and
quantify the "thought process" beyond simple token sequences or behaviors.

Qualitative Analysis. We select a representative problem from the AIME benchmark where the baseline fails while our
method succeeds. As visualized in Figure 12a, the GSPO baseline (Left) follows a linear and shallow reasoning path. It
attempts a direct derivation but fails to cross-check its intermediate steps, quickly converging to an incorrect answer (324).

In contrast, the model trained with our LINE recipe (Figure 12b) exhibits a significantly richer reasoning topology. Crucially,
the length incentive activates in-context exploration behaviors: the model spawns alternative hypotheses (“Alternative
Approach: Using Polar Form”), performs explicit self-verification (“Step 5: Verification”), and successfully identifies and
corrects a calculation error (“Calculation Error”). This capacity to branch out and backtrack allows the model to recover
from initial pitfalls and ultimately derive the correct solution (540).
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Quantitative Structural Metrics To verify if this observation holds statistically, we compute the average Depth (maximum
path length in the reasoning graph) and Width (average branching factor) across the 40 samples from AIME. As shown in
Table 12, our method consistently expands the reasoning structure:

• Increased Depth (13.8 → 14.75): The model constructs longer logical chains, enabling deeper decomposition of
complex problems.

• Increased Width (2.15 → 2.30): More importantly, the increased width indicates that the model is not merely
“padding” the response with empty tokens. Instead, it engages in broader exploration by considering multiple parallel
hypotheses or verification paths.

These structural metrics confirm that explicitly incentivizing response length effectively translates into a broader search
horizon, enabling the model to navigate the state space more thoroughly.

(a) GSPO (b) GSPO + LINE

Figure 12. A case from AIME on GSPO and our recipe models.

Table 12. Exploration width and depth metrics.

Model Depth Width

GSPO 13.8 2.15
GSPO + LINE 14.75 2.3
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