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ABSTRACT

Last-iterate convergence behaviours of well-known algorithms are intensively in-
vestigated in various games, such as two-player bilinear zero-sum games. How-
ever, most known last-iterate convergence properties rely on strict settings where
the underlying games must have time-invariant payoffs. Besides, the limited
known attempts on the games with time-varying payoffs are in two-player bi-
linear time-varying zero-sum games and strictly monotone games. By contrast,
in other time-varying games, the last-iterate behaviours of two classic algorithms,
i.e., optimistic gradient (OG) and extra gradient (EG) algorithms, still lack re-
search, especially the convergence rates in multi-player games. In this paper, we
investigate the last-iterate behaviours of OG and EG algorithms for convergent
perturbed games, which extend upon the usual model of time-invariant games and
incorporate external factors, such as vanishing noises. Using the recently pro-
posed notion of the tangent residual (or its modifications) as the potential function
of games and the measure of proximity to the Nash equilibrium, we prove that the
last-iterate convergence rates of EG and OG algorithms for perturbed games on
bounded convex closed sets are O(1/+/T) if such games converge to monotone
games at rates fast enough and that such a result holds true for certain uncon-
strained perturbed games. With this result, we address an open question asking
for the last-iterate convergence rate of the extra gradient and the optimistic gradi-
ent algorithms in constrained and time-varying settings. The above convergence
rates are similar to known tight results on corresponding time-invariant games.

1 INTRODUCTION

This paper discusses learning in time-varying multi-player games converging to monotone games.
Monotone games are a class of multi-player games (Rosen! (1965))) including a wide range of impor-
tant games, including two-player zero-sum games, convex-concave games, A-cocoercive games (Lin
et al.[(2020)), zero-sum polymatrix games (Anagnostides et al.|(2023)); (Cai & Daskalakis|(2011);/Ca1
et al.|(2016); | Daskalakis & Papadimitriou| (2009))), and zero-sum socially-concave games (Even-dar
et al.[(2009)). Due to their wide applications, a vast literature on finding methods to approximate
their Nash equilibrium actions has been produced recently.

An important part of this literature is on last-iterate behaviours of well-known algorithms, and this
topic has gained much research interest in recent literature. These algorithms include extra-gradient
(EG) methods (Cai et al| (2022); [Feng et al. (2023); [Monteiro & Svaiter| (2010)), optimal gradi-
ent (OG) methods (Cai et al.| (2022); Feng et al.| (2023)), negative momentum methods (Feng et al.
(2023))) and weights update methods (Lin et al.| (2020), proposed in |Arora et al.|(2012))). Although
last-iterate convergence performance is a challenging topic, yet in the case of monotone games,
last-iterate convergence has been discussed in many papers. Last-iterate convergence of the EG al-
gorithm in general monotone time-invariant games has been proven in Hsieh et al.|(2019) and |Popov
(1980), and its convergence rate has proved to be O(1/+/T) in unconstrained settings Golowich et al.
(2020a) and general settings|Cai et al.| (2022)). A recent result|Wei et al.|(2021)) shows that there even
always exists a linear convergence rate whose value depends on the problem.
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Despite the known considerable works, most recent literature on multi-player games is based on
the assumption that the underlying repeated games are time-invariant. Nevertheless, time-invariant
games are unrealistic in many real-life applications |Cardoso et al.| (2019); [Duvocelle et al.[(2023);
Mai et al.|(2018)), and more realistic learning settings should allow the underlying cost functions of
games to change with time. Games with such settings are called “time-varying games”. Topics on
time-varying games have gained popularity since several years ago. [Duvocelle et al.| (2023), [Feng
et al.|(2023) and [Zhang et al.[(2022) are the first known successful attempts to solve problems about
last-iterate convergence in time-varying games. However, |Duvocelle et al.[(2023) requires decreas-
ing step size and does not provide a convergence rate but only provides that the probability of con-
vergence is 1. By contrast, decreasing step size is unnatural since such a requirement considers new
information to be decreasingly important instead of equally or increasingly as normally expected
Lin et al.[(2020). Besides, that result only illustrates last-iterate convergence in two-player zero-sum
bilinear games in the unconstrained case, which is too special compared with general multi-player
games and constrained games. [Feng et al.| (2023) does not require decreasing step sizes, but an
unconstrained set of actions is still necessary.

Considering the limits of known research mentioned above, we conclude that the last-iterate conver-
gence behaviours of time-varying games are still far from fully understood and none of the existing
results on time-varying games provide satisfactory answers on whether and how fast an algorithm
converges except in unconstrained two-player bilinear games. Hence, an open question arises natu-
rally:

Will learning algorithms such as the optimistic gradient or extra gradient algorithms exhibit a
last-iterate converge rate in time-varying games with a constant step size?

Our contribution. Motivated by known results, We first prove that there exist convergence rates
on certain bounded and unconstrained multi-player games with a time-varying cost function for each
player where the vector of cost functions f; varies with time in the following way (called convergent
perturbed game): f; = foo + g4, lim;_, o, g¢ = 0. In this paper, we show the following results:

Assuming that > ,° max|Gy < oo where G; = Vg, with z* defined as
the Nash equilibrium of G, we prove that the last-iterate convergence rate is
max{O(1/VT),0(\/> se; max |Gy[)), O(max ||Gr|)} for general convex bounded cases
for the EG algorithm, max{O(1/VT),O(max;>7 Lg,),0(\/> sepmax[[Gx[))} with
Lg-smooth perturbing and L-smooth limits when Gi(z*) = 0 for the EG algorithm,
max{O(1/VT),0(> ;2 max||G¢|),O(max||G;|)} for general convex bounded cases for
the OG algorithm and max{O(1/v/T), O(3 2%, max ||Gy||), O(max ||G4||), O(Lg,)} with Lg-
smooth perturbing and L-smooth limits when G (z*) = 0 for the OG algorithm. For the extra
gradient and optimistic gradient algorithms, that convergence rate is approximately equal to the
known tight bound for time-invariant games. Those results mean that both algorithms are robust to
disturbance.

Our last-iterate results of EG and OG generalize that of prior work |Cai et al.|(2022) and [Feng et al.
(2023)) significantly, where convergence rates of EG and OG have only been proved in two-player
bilinear time-varying games and monotone time-invariant games, respectively. Besides, our method
provides a partial answer to the open question about constraint games |Cai et al.| (2022) from a
different view.

Organization. Section [2| defines the game problems in this paper and describes the main prelim-
inaries applied to solve these problems. Sections [3| and 4] introduce the theoretical results on the
last-iterate convergence of errors defined as tangent residuals in the EG and OG algorithms and pro-
vide their proof sketches, respectively. Section [3] illustrates the convergence performances of the
EG and OG algorithms with numerical experiments. Section [6] concludes the paper with additional
discussions and proposals on directions for further investigations.

1.1 RELATED WORK

Related works on time-varying games. Inrecent years, time-varying games have become the re-
search interest of a group of researchers. Most of the papers have focused only on correlated equilib-
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rium or time-average convergence. The work most closely related to ours isDuvocelle et al.|(2023)),
investigating strictly monotone games. However, even two-player zero-sum bilinear games are not
strictly monotone ((F(z), z — z’) = 0). [Feng et al.|(2023)) discussed two-player zero-sum bilinear
games in unconstrained settings and obtained the first known result on the last-iterate convergence in
time-varying games. Another related paper, [Anagnostides et al.| (2023)), focused on correlated equi-
libria for the multi-player time-varying case. Other known results, such as Zhang et al.| (2022), are
focused on regret bounds (two-player) in time-varying bilinear saddle-point problems parameterized
by the similarity of the payoff matrices and the equilibria of these games. Another result related to
time-varying games, Harris et al.|(2023), is about meta-learning in games, where each game can be
repeated for multiple iterations consisting of settings in which many similar games need to be solved
together. (Cardoso et al.| (2019) provides an optimal solution based on Nash equilibrium regret. In
this paper, we provide a different perspective on time-varying games.

Previous investigation on convergence rates of EG, OG and other related algorithms. EG and
OG algorithms have a long history (Korpelevich|(1976)); [Popov| (1980)) and the convergence rates
of EG and OG in time-invariant games have been thoroughly investigated. In recent years, uncon-
strained strongly monotone games and unconstrained bilinear games have been shown to have linear
convergence rates for EG, OG, and other variants in |Daskalakis et al.| (2018)). Later papers have
proved their asymptotic convergence (Daskalakis & Panageas| (2019)). The convergence property
of EG on concave games has been investigated in|Monteiro & Svaiter| (2010) (last-iterate) and |Ne-
mirovski| (2004), and the convergence property in special non-concave games has been proved in
Mertikopoulos et al.| (2019).

2 NOTATIONS AND PRELIMINARIES

In this paper, we focus on time-varying games that converge to smooth monotone games in the fol-
lowing form: G = {[[N]], {Z(l)},;e[[N]], {f(l)}ie[[N]]} =:{N, Z, f} where [[N]] := {1,2,--- , N}
is the set of players, Z C R is a closed convex set and the action set of players, { f(V},¢ (7] are the
cost functions of corresponding players and Dz = max,, 4,ez ||x1 — 22||. In addition, throughout
the paper, with V defined as the symbol of the gradient feedback vector of the vector function, i.e.,
Vf = (Vzu)f(l), e ,VZ<N>f(N)), for simplicity, V f is denoted as F' and Vg is denoted as G,
frs gk, Fi and Gy, refer to f, g, F' and G at time k; and subscript k, refers to the time k when z
is applied. max |G|, max ||F ||, max |Gy« || are maximums defined on Z if Z is bounded, on
{zii € Nori— 3 € N} if Z is unbounded with the EG algorithm, and on {z;|i € N} U {w;|i € N}
if Z is unbounded with the OG algorithm. We define the Nash equilibrium of these time-varying
games as the Nash equilibrium of the limits of these time-varying games.

Time-invariant monotone games, time-varying games and their Nash equilibria. In this part,
we introduce our model of time-varying games and the definition of Nash equilibria on them. To
introduce them, we define time-invariant monotone games in Definition E] and the sufficient and
necessary condition of Nash equilibria in Lemmal[T]at first. Lemma [I]shows that a Nash equilibrium
of the game G is equivalent to a solution of the variational inequality of monotone operator F'.

Definition 1 (Rosen|(/965)) A game G is monotone if Vx1,x9 € Z, (F(x1) — F(z2), 21 — x2) >
0.

Lemma 1 (Facchinei & Pang|(2007)) For a monotone game G, an action z* is a Nash equilibrium
of Gifand only ifVz € Z, (F(z*),2* — z) <.

Based on the preliminaries in time-invariant games above, we define the time-varying perturbed
games investigated in our paper.

Definition 2 (Convergent perturbed games) A convergent perturbed game consists of an infinite
sequence of games with cost functions satisfying { ft(2)}2, C R™ where lim;_, o f:(2) = f(2) for
a certain f(z). An equivalent definition is that there exists a sequence of cost functions {g(z) }52, C
R™ and a function f(z) € R™ such that f;(z) = f(2)+ g+(2) in the same infinite sequence of games.
For simplicity, f(z) above is denoted as fo(2).
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Specifically, we focus on time-varying games converging to smooth monotone games, i.e., Fi,(2)
of the games are monotone and L-Lipschitz. The definition of smooth games is the following.

Definition 3 1965)) G is L-smooth if F' is L-Lipschitz, i.e., Yr1,22 € Z, ||F(z1) —
F(z2)|| < Lfjzy — @2]|.

We define the Nash equilibrium of these time-varying games as the Nash equilibrium of the limits
of these time-varying games.

Definition 4 z* is a Nash equilibrium of a convergent time-varying game G if z* is a Nash equilib-

rium of Goo :={N, Z, foo} -
In convergent time-varying games, we modify Lemma|[T]as the following lemma.

Lemma 2 For a game G converging to a monotone game, an action z* is a Nash equilibrium of G
ifand only ifVz € Z, (Foo(2%),2* — z) <0.

Note that all games converging to monotone games have at least one Nash equilibrium if Z is
bounded, while these games with unbounded Z may also have a Nash equilibrium under certain cir-
cumstances (Facchinei & Pang (2007))). Throughout the paper, we apply the following assumption
on the existence of the Nash equilibrium.

Assumption 1 (existence of the Nash equilibrium) Any time-varying game G involved has at least
one Nash equilibrium.

Learning algorithm in games. In this part, we introduce two kinds of learning algorithms inves-
tigated here: extra gradient and optimistic gradient algorithms. Both algorithms are proved to be

last-iterate convergent in time-invariant games (Cai et al.| (2022))). This inspires the time-varying
variant of the two algorithms in general time-varying multi-player games defined in Eq. (I) and Eq.
(). where the projection operator II is defined as I1z(z) = argmin,,c z [z — 2|

The extra gradient algorithm is defined as follows:

Zryy =1z [z = nFe (21)] s 2641 =12 [zk —nFj (ZH%)} (1)

where the step size 1 > 0, 2¢ is an arbitrary point in Z, 2y, is the vector consisting of actions of all

players at the time &, and z;, i is a vector used to calculate the actions of players at the time & + 1.

The optimistic gradient algorithm is defined as follows:
wit1 = Uz [z — nF) (wi)] s ze41 = Tz [z — nFk (k)] 2)

where the step size n > 0, zp and wy are arbitrary points in Z, wy, is the vector consisting of actions
of all players at the time k, and z, is a vector used to calculate the actions of players at the time
k+1.

N
2yt = Hz[ze — nFe(2x)]

‘ w41 = Hz[zr — nFk(w)] ‘
s I
Zht1 = Ilz [zk —nFk (ZH%)] ‘ Zht1 = Uz [z — nFk(wy1)] ‘

[z =i

Figure 1: An illustration of the EG (left) and OG (right) algorithms.
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Both algorithms have a long history. The extra gradient algorithm was proposed in Korpelevich
(1976). The form of time dependence in our paper originates from|Feng et al.|(2023). The optimistic
gradient algorithm was proposed in|Popov| (1980). Several versions of the OG algorithm exist in the
known literature (Cai et al.|(2022);/Hsieh et al.|(2019)). The version above is applied for convenience
of analysis on time-varying F'.

Tangent residual as the measure of the proximity to Nash equilibria. In former results, the
common measures of the proximity of actions to Nash equilibria of games are the gap functions
(Nemirovski| (2004); [Hsieh et al.|(2019)) defined as follows.

Definition 5 (Gap and total gap functions) For time-varying games converging to monotone games,
measures of the proximity of an action profile z € Z to Nash equilibrium include their gap func-
tions and total gap functions. For a fixed parameter D, the gap function is defined as Pg p(z) =
max cznp(z,0) (Fg(2), 2 — 2'), where B(z, D) is a ball with radius D centered at z. The total gap

function is defined as Tg p(z) = Eie[[N]] (f(i)(z) — MiN_()ez()NB(:(),D) f(i)(Z’(i),Z(_i))),
where z(~%) consists of actions of all players except Player i.

However, gap functions are far from monotone. In fact, they are not monotone even in time-invariant
monotone games (Cai et al.| (2022)). This causes inconvenience in our analysis. To solve that
problem, we adopt the tangent residual from |Cai et al.|(2022)) as the measure of the proximity to the
Nash equilibrium, since it is, or is related to, monotone non-increasing functions of time in time-
invariant monotone games. The tangent residual in our settings is defined as follows. Though, due
to the cost function being time-varying in our settings, the tangent residual and its relative function
are only not increasing much with time instead of monotone non-increasing functions of time. The
details of those functions are discussed in Sections [3and [

Definition 6 (Tangent residual in convergent games) For any closed convex set Z and operator F
Z — R, define Nz(z) as the normal cone of z, Nz (z) = {z|z € Nz(2), ||2|| < 1} and Jz(z) :=
{2z} + Tz (2), where Tz(z) = {2/ € R™ : (/,a) < 0,Va € Nz(2)} is the tangent cone of z. The
tangent residual of G is

rﬁ?}(z) = HHJZ(Z) [z — F(2)] — zH

To show the reasonability of using the tangent residual in our settings, we also show the relationship
between the tangent residual and the gap and total gap functions in the following lemma. Specif-
ically, it shows that gap functions are not much larger than tangent residuals, which means that
tangent residuals converge no more slowly than gap functions. As a result, the results shown in this
paper are applicable to traditional measures of the proximity to Nash equilibria.

Lemma 3 (Cai et al| (2022); |Golowich et al|(2020a,b)) For a game G converging to monotone
game and a closed convex set Z, Vz € Z, there exists Pg p(z) < D -rg"(z) and Tg p(z) <

Py ynp(2) <VND-rlm(2).

Assumptions on the form of time dependence of games. We introduce the following assump-
tions which will be applied in lemmas and theorems. The following assumptions are inspired by
Benzaid & Lutz (1987); [Elaydi & Gyori (1995); [Saber Elaydi & Kamiyamal (1999); [Feng et al.

(2023); Zhao et al.| (2020)) and are commonly called bounded accumulated perturbations (BAP) as-
sumptions.

Assumption 2 ¢(z) in G satisfies Y ;- max ||G¢(z)| < oo where Z is bounded.

Assumption 3 G is Lg-Lipschitz and Y~ max ||G¢(2)| < oo and 3,2 ||L(Gy)|| < 0o where
Z is bounded.

Assumption 4 G is Lg-Lipschitz with Gy(z*) = 0and _,° , || L(Gy)|| < oo.
Under Assumptions [3| and 4] we also denote max L(G;) = Lq. For games satisfying Assumption

Z is bounded with the EG and OG algorithms, and we do not need to assume it. The proof is
deferred to Appendices and[C.2] Throughout the paper, each assumption is used independently.
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Remark 1 In Assumption 4} it is not necessary to assume Y, max ||Gy(z)|| < oo, because
there exists Y, o max ||Gy(2)|| = >0 gmax [|Gi(z) — G(2%)|] < X2 pmax || La|l|z — 2% <
Dz 322 IL(G)| < oo,

3 LAST-ITERATE CONVERGENCE RESULTS OF EG

In this section, we prove that EG with a constant learning rate 7 converges to a Nash equilibrium
action at the rate of O(1/v/T) under any one of Assumptions and E The EG algorithm is
analyzed in the following steps: firstly, the tangent residual of G is applied as the measure of prox-
imity in approximating a Nash equilibrium in any iteration; next, the best convergence rate within
T steps is shown, which is a small number; finally, it is proved that the sum of tangent residual of
G and O(]|Gr||) is non-increasing, which means the last-iterate convergence behaviour of the EG
algorithm is at least not worse than the best iterate too much and that the last-iterate convergence
rate of the EG algorithm is at least not much worse than the convergence rate of infinite series of
perturbation.

3.1 BEST-ITERATE CONVERGENCE OF EG

To estimate the last-iterate convergence rate of EG, we first estimate its best-iterate convergence rate.
Lemmashows that there exists ¢* € [[T1] satisfying [|zp« — 2. 1 |2 =0(1/T) and r'*" (2« 41) =
O(1/V/T). The full version and the detailed proof of this lemma are deferred to Appendix

Lemma 4 For a game G converging to a monotone game with any closed convex set Z C R™ and

monotone and L-Lipschitz operator F, : Z — R", with the EG algorithm, let z* be a solution of
the game G. Then VT > 1, there exists a t* € [[T]] and Cy1,Co, Cs > 0 satisfying

| <7

<
tan C2
" (zp 1) < max{ —= + C3max |Gy ||

Zpr = Zpeg 1

T
VT
. . 1\. . . 1 X
under Assumption 2| if n € (0, L), under Assumption H ifn € (O, m) under
Assumptionifl —n?L? —2n’Lg (L + Lg) — 4nLg > 0.

3.2 APPROXIMATE MONOTONICITY OF EG

In this subsection, we provide the monotonicity behaviour of EG. Since the approach is complicated,
the detailed proof of the following theorem is deferred to Appendix

Theorem 1 For a game G converging to a monotone game, any closed convex set Z C R™ and
monotone and L-Lipschitz operator Fo, : Z — R" Vn € (0,1/L), z;, € Z, r1%%(z,)? >
' (zp41)? —max |G|l (4Dz + 4nmax |[Fxl|)) /0. If 2 = R, there exists r'%"(z)? >
7197 (21 1)%— 8D max |Gy || /n where D = max ||z, — zk41||, k € N.

3.3 LAST-ITERATE CONVERGENCE OF EG

This subsection combines the best-iterate results and the approximate monotonicity to estimate the
last-iterate convergence rate.

Theorem 2 (Last-iterate convergence of EG) For a game G converging to a monotone game, VI €

N*, D >0,
Tg p(2r) Pg.p(zr)
max < %" (zp) 9.0 , —
{ (or), Te280), Tor)

1 oo
=0 (max {\/T’ \/Zk_T max |G ||, max ||Gr|| })
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_ . 1 . _ . 1
where D = Dz withn € (0, L) underAssumptwnH orD = Dz withn € (O, m)

under Assumption|3| and

s i o), Tooter), Fepte) )

1 oo
=0 <max {\/T’ maxg>7 L, , \/Zk_T max ||Gg|| })

where D = max |zx — 241, ¥ € Nwith 1 — n?L? — 20°L¢ (L + Lg) — 4nLg > 0 under
Assumption[d)

The proof is deferred to Appendix

4 L AST-ITERATE CONVERGENCE RESULTS OF OG

In this section, we use a method similar to the previous section to show the last-iterate convergence
results of OG.

We analyze the algorithm with the following steps: firstly, we apply a potential function based on
the tangent residual of G, i.e., A(zp, wy) = 79" (21)% + || Foo(21) — Fso(wy)||* as the measure
of proximity in approximating a Nash equilibrium in the current iteration; next, we show the best
convergence rate within 7" steps, which is a small number; finally, we prove that the sum of the
potential function of G and a small quantity is non-increasing, so the last-iterate is at least not worse
than the best iterate too much, which means that the last-iterate convergence rate is at least not much
worse than the convergence rate of infinite series of perturbation.

4.1 BEST-ITERATE CONVERGENCE OF OG

To estimate the last-iterate convergence rate of OG, we first estimate its best-iterate convergence
rate. Lemmashows that there exists t* € [[T7] satisfying n? A(zg, wx) < O(1/T). The proof for
the best-iterate convergence rate of OG is based on [Hsieh et al.| (2019); [Wei et al.|(2021). The full
version and the proof details of the lemma are deferred to Appendix

Lemma 5 For a game G converging to a monotone game with any closed convex set Z C R™ and
monotone and L-Lipschitz operator Fo, : Z — R"™, let z* be a solution of the game G. Then

VYT >1,ifn e (0, ﬁ) there exists t* € [[T]] and C1,Cs, C3,Cy > 0 satisfying

1
N A(2e, wee) <7 (01 llzo — 2*||” + C2 lwo — 20]|* + C3 Eppz + C4Emk)

where
Eppge = Zk:o max || Gy ||
o 2
E, 2= Zk:o max ||Gg||
. . 1 . «
UnderAssumpnon ifn e <0, \/m) there exists t* € [[T']] and C1,Cs,C5,Cy > 0
satisfying

1
N A(zpr, we) < T (01 20 — 2*|1> + Ca ||wo — 20||” + C3 B + C4Emk2)

while underAssumption ifn € (O, min {m, ﬁ}), there exists t* € [[T]] and C1,Cy > 0
satisfying
1 *
Az ) < 5 (Callzo = 2711 + Ca o — 20 )
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4.2 APPROXIMATE MONOTONICITY OF OG

This section shows the approximate monotonicity of A(z, w;) for the OG algorithm. Since the
approach is complicated, we defer the detailed proof of the following theorem to Appendix

Theorem 3 For a game G converging to a monotone game with any closed convex set Z C R",
Vn € (0,1/(2L)), z € Z, A(zt,wt) > Azeq1,we1) — (3Dz + dnmax || Fol|) max [|Gi ||/
if Z is bounded, while A(zy,wt) > A(zi41, Wer1) — (3D + 2nmax || Fio||) max |G || /n under
Assumption ) where D = max{|wy+1 — zi41ll, 241 — 2}, k € N.

4.3 LAST-ITERATE CONVERGENCE OF OG

This subsection shows a formal result on the last-iterate convergence behaviour based on the modi-
fied tangent residual. The following theorem states that the players’ strategies converge to the Nash

equilibrium of the game with a rate not slower than the rate of O ﬁ or depending on the con-

vergence rate of perturbation.

Theorem 4 (Last-iterate convergence of OG) For a game G converging to a monotone game, VI €

N*,
T P,
max {Ttan (wT) , G,Dz (wT)’ G, Dz (wT) }
\/NDZ DZ
1 %)
=0 (max {\/T’ Zsz max |G ||, max ||Gr|| })
. N 1 . . 1

under Assumptlonwzth n e (0, \/5L> or under Assumptlonwzth n e <0, m),

while there exists

{tan( ) Tg,p(wr) Pg,D(wT)}
max < %" (wy) , TND i)

1 oo
=0 (max {ﬁ ZH max |G|, max |G|, maXLGT})

under Assumption B with n € (O,min{m,ﬁ}) where D = max{|wgt1 —
,keN

Ziy1 s || 2641 — 2k

The proof is deferred to Appendix [C.3]

5 EXPERIMENTS FOR TIME-VARYING GAMES

In this section, we provide some numerical examples for Theorem 2] and Theorem [] proved in
Section [3|and Section[d] The numerical examples are based on examples of bilinear games in [Feng
et al| (2023). By the following examples, we verify Theorem [2]and Theorem []

Example 1.
fi(2) = foo (2) + 9:(2)
T
z1— 1 2 5| |as+3 4()cos((t+1)izt1)+4()Cos((t+1)jzt2)+2() cos((t+1)izt3)+20cos((t+1)izt4)
zie— 1| |4 1] |24+ 3 | . e ‘ ‘
e =112 3 2 43 zeon((e1) s pcon{ (1) (041 ) (041 )
20— 1| |4 1] |2 +3 ()
s.t. |z = H[Ztl Zt2 %3 Zt4]TH <2
This example is corresponding to Assumption where 2 = {z|||z]|| < 2} and
Yoo max [[Gy(2)]| < 352y B0 < oo ifi > 1.
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Example 2.

T

aa = 10205 2 43 200(22, +22,)+100(22, +22,)
fi(2) = foo(2) + gi(2) = S T4 RASCRE + o A
= feo =
e 1] 2 5] [zs+3 50(2“+Zt(2t)_:_16)?(zt3+z“)
Zto — 1 4 1 24 + 3
st flzell = ||[z1 22 23 Zt4]TH <2

This example is corresponding to Assumption where Z = {z|||z]| < 2}, >0, max [|G(2)]] <

020 P < coifi > Land %) L, < X2y 00 < ooifi> 1.

Example 3.
fi(2) = foo(2) + 91(2)

T
[Z“ - 1] [2 5] [Zt3 - 3} [so(zu1)2+5o(zt21)2+50(zt3+3)2+50(Zt4+3)2

Zt2 — 1 4 1 24 + 3 (t+1)7
2 2 2 2
-1 Tr9 5 2343 40(211—1)?+30(22—1)°+20(243+3)>+10(214+3)
Zto — 1 4 1 24 + 3

(t+1)°
T 4
S.t. z¢ = [Ztl 212 23 Zt4] eR

This example is corresponding to Assumption él where 3% La, < >.° i < 00 when
1> 1.

5.1 EXPERIMENTS ON THEOREM 2|

In this section, the step size 7 is selected as 0.05 and the initial point of z; is selected as

z0=10.25 0.2 0.1 0.35]T. As in the common practice shown in [Feng et al.[ (2023), the BAP
assumptions, i.e., Assumptions 2] B]and ] are applied in the three examples above, respectively.

The experimental results are presented in Figure [2} which show that 79" (z;) converges to 0 under
any one of Assumptions|2} [3|and[d] and all three convergence rates of perturbations can decelerate the
convergence rate of learning dynamics as expected, thus support the convergence result in Theorem

1o " of Example 3 for EG
" of Example 1 for EG " of Example 2 for EG 600 T .

Figure 2: Values of 71" (2;) for Example 1 (left), Example 2 (middle) and Example 3 (right).

5.2 EXPERIMENTS ON THEOREM [4]

In this section, the step size 7 is selected as 0.05 and the initial points of w; and z; are selected as

wy = zp =1[0.25 0.2 0.1 0.35]T. As in the common practice shown in |Feng et al.[(2023), the
BAP assumptions, i.e., Assumptions[2] [Bland[4] are applied in the three examples above, respectively.

The experimental results are presented in Figure [3} which show that rt@™ (w;) converges to 0 under

any one of the Assumptions[2] [3]and[4] and all three convergence rates of perturbations can decelerate
the convergence rate of learning dynamics as expected, thus supporting the convergence result in
Theorem [
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tan
" of Example 1 for 0G " of Example 2 for OG %" of Example 3 for OG

Figure 3: Values of 71" (w;) for Example 1 (left), Example 2 (middle) and Example 3 (right).

6 CONCLUSIONS

In this paper, we provide last-iterate convergence rates of EG and OG algorithms in bounded and
some unbounded cases, including unconstrained cases, for time-varying multi-player games con-
verging to monotone games by proving that both algorithms show tight convergence rates compared
to related time-invariant games and the property of time-varying function. There exist some inter-
esting future research directions. In our experiments, it is suggested that the convergence rate in
bilinear cases can probably be improved. Another interesting direction of investigation is whether
and when games vary over time periodically (called “periodic games” in [Feng et al| (2023)) or
stochastic games show similar results for EG and OG algorithms.
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A ADDITIONAL AUXILIARY LEMMAS

In this section, we present other lemmas frequently used in appendices required for proving the
convergence behaviours of EG and OG. The following lemmas are fundamental to the analysis.

Lemma 6 (Lang|(/993)) Any continuous function on a closed bounded set within R™ is bounded.

Lemma 7 (Little et al.| (2022)) If {a,} is a sequence of non-negative numbers, then the series

Z;’;l a; and the product [ [;—, (1 + aj) either both converge or both diverge.

The following two lemmas state known useful properties of the tangent residual.

Lemma 8 (Cai et al.|(2022)) Let Z C R”™ be a closed convex set and F' : Z — R be the operator
defined in Section Vz € Z, let c(z) = U (.) [~ Fo(2)]. Then we have

11 (2) = [ Foo(2) + c(2)
* (Fool2) +¢(2),¢(2)) = 0,

+c(z
o (Foo(2) +¢(2),a) >0, Va € N(2).

5

Lemma9 (Cai et al| (2022)) (Equivalent definitions of the tangent residual)
For any closed convex set Z and operator F : Z — R", define Nz(z) as the normal cone
of zand Jz(z) = {z} + Tz(z), where Tz(z) = {z/ € R" : (¢/;a) < 0,Ya € Nz(2)} is the
tangent cone of z. Then all of the following quantities are equivalent:

1 I = mas,e, ) (o <o (F(2), )2

2. min e, 1F(2) = (F(2),a) - a
(F(2),a)<0

3. M) [=F ()|

4. |y [z = F(2)] - ||

5. ||=F(2) = Ty, o) [ F(2)]|

6. min |F(z)+all

a€Nz(z)
The following lemma states a useful property of the tangent residual.

Lemma 10 Let Z C R” be a closed convex set and F' : Z — R"™ be the operator defined in Section
Ifz1 =Tlz[z0 — nFk., (z3)], then we have

22 — 21
n

-+ FOO(21> — Foo(z3) + maX{HGkZ.%

1}

Ttan(zl) S ’
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If Gy, is also Lg, -Lipschitz and Gy (2*) = 0, then

22 — 21

ron () < ] t Fao(e1) = Fao(z)|| + Ly, D

where D = max ||z* — z3]|.

Proof. Due to z1 = Il z[z0 —nFy_, (23)], we have zo — nF_ (23) — 21 € Nz(21). By that equation
and item 6 in Lemma[9] there exists

. 29 — X2
() = min ||Fa + | g‘ 2 4 Fr, (1) = Fr, (23)
cENz(z1)
Z9 — 2
- 2?7 b+ Foo(21) — Foo(23) — G, (23)
Z9 — 21

<

+ Fo(21) — Foo(23)

—&—max{Hsza

|}

If sz3 is also LszS ‘Lipschitz and Gj(z*) = 0, then there exists H(;kz3 () — szs (Zg)H <
Lg,,, |z — 23| < Lg,, D so that

22 — 21

rhan(z) < ’ + Foo(21) = Foo(23) || + La,,, D

O

In the analysis, the natural residual is applied to estimate the tangent residual. Lemma|TT|shows that
the tangent residual is the upper bound of the natural residual.

Definition 7 For any closed convex set Z and any monotone operator F' : Z — R", the natural
residual at z € Z is 1% (2) = ||z — Uz (2 — F(2))]].

Lemma 11 (Cai et al.|(2022)) For any closed convex set Z, any monotone operator F : Z — R"
and any z € Z, 1z (2) < s (2).

B OMITTED PROOFS FOR LAST-ITERATE CONVERGENCE OF EG

In this section, we provide detailed proof for the last-iterate convergence rate of the EG algorithm:

Zrpt = Mz [z — nFk (20)], 241 = 1z [Zk — kg (ZH%)} 3

This section consists of the following parts. First, with a method inspired by [Facchinei & Pang
(2007) and Korpelevich| (1976), the best-iterate convergence rate of ||z — 2, +1 || is proved for the
EG algorithm. Then, the upper bound of tangent residual of zj, is proved to be max{O(||zx —
zy 1 |), O(max [|Gy[)} if Gy is Le, -Lipschitz and to be O([|z — 244 1 [|) no matter whether G,
is Lg,-Lipschitz. Next, the tangent residual is proved to be either non-increasing or increasing
slowly enough across iterates of the EG algorithm. Finally, the last-iterate convergence rate of the
EG algorithm is concluded from the conditions above.

B.1 BEST-ITERATE CONVERGENCE OF EG

Lemma 12 For a game G converging to a monotone game with any closed convex set Z C R", a
monotone L-Lipschitz operator F, mapping from Z to R" and z;, € Z, with the EG algorithm,
< 77(L + LGk)

_ | BT Y |
and sz+% Zk+1H S mw}len

there exists HZ’”% — Zkt1 ‘zk — Zpyl

1 . . . . .
n € (0, m) if Gy is Lq,-Lipschitz, and there always exists 2k+%—2k+1‘ <

|2k =2k 1 || +2n max||G||
1—-nL

whenn € (O, %)
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Proof: Since 2y, 1 = Iz [z —nF (2)] and 241 = Iz [z, —nF (244 1)], due to non-expansiveness
of Iz and L-Lipschitzness of Fi,, and L¢,-Lipschitzness of G, there exists
s ol - ()|
< o= o) o061 )|
<nL +nLg,

zkleﬁ_% zkleﬁ_%

|y = 2| <L |2k = 21y | + 2mmax Gl

Since limy_, o, L, = 0, there exists

HZH% - ZkHH <n(L+Lg,) sz ~ 2kl
Hence,

ey

2k — 2k41]l > sz —Zpyi|l HZ’”% - Z’““H > (1 =nL —nLg,)

— [y = 2| = @ =0 ||z g = | - 2mmax G
|

2k — 2kl = sz ~ 24l

Lemma 13 For a game G converging to a monotone game with any convex set Z C R"™, monotone
L-Lipschitz operator F., mapping from Z to R™ and z* € Z, there exists

2
loas = 21 < llzi — 2*[1° = (1 = n°L?) + 49D max Gy |

If Gy, is also Lg, -Lipschitz,
2

||Zk+1 — Z*||2 < ||Zk - Z*||2 _ (1 — n2L2 — 27]2LGk (L + LGk)) HZk — Zk+%

+2n (max HGk <2k+§) H H2k+% - Z*H)

while under Assumption
2

|2k — 2% < (L4 4nLa,) |2k — 2*|° = (1= °L* = 20°La, (L + La,) — 4nle,) sz — %41

Proof. Due to Pythagorean equality, <zk+1 — 2%, Zk41 — (zk —nF (zk+%>)> < 0. Hence, there
exists

2 2
s 1 08 () 16 () [ - () 6 () -]

Furthermore, we have
o= 1 ()16 ()~ 8 ) 6 ) e

= Iz = 217 = llzk = 2+ 20 (= = 2, Foo (2613 ) + G (214 )

=21 <Zk+1 — 2k, Foo (Zk+§) + G | 2 )>

=l = 2"I1* = 1z = 2l + 20 (= = 21, Foo (2413) + G (3443))

= N2k — 2% = |2k — 20pa ]l + 20 <Foo (ZH%) 2t — zk+%>

+2n <Foo (Zk+%) s 2l — Z/c+1> +2n <Z* — zk+1, Gk (Zk+%)>

<z —2*|° - (HZk ~ %+l

+op <FOO (zk+%> gy - zk+1> oy <Z N (zk+%)>

2

2 2
+ sz+% —zk+1H +2<zk — 2y 1y 2yl —zk+1>>

15
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Since <FOO (Z,H_%) , 2 — zk+%> < 0, there exists

2 2
2 2
2641 — 2" < [z — 27| _HZ/C_ZIH—% —HZH%—%HH +2n (2" — 241, Gk (Zk+§)>
+2n<zk+%—zk+1,Gk (2k+%)>—2<zk—nFoo (zk+%)—zk+%,zk+%—zk+1>
2 2
*
_sz+%—2k+1H +277<Z —ZkJr%,Gk (ZkJr%)

)
-9 <zk —n(Fx (zk) + Gk (21)) — Zppds Ppgd — zk+1> +2n <zk+% — Zpr1, Gi (Zk+%)>

—2n <Zk+% — 2k+1, Gk (Zk)> —2n <Zk+% — Zpt1, Foo (21) — Fio (Zk+%)>

= llzk = 217 = [|2x = 2044

Due to <zk =1 (Foo (26) + Gk (2k)) = 21y 15 2y 2 —zk+1> =
<zkan(zk)fzk+%,zk+%fzk+1> > 0, Zppr = z[z — nF(2)] and 241 € Z,
there exists
2 2 .

- sz-&-% - Zic+1H +2n <Z — 2y 1, G (Zk+%)>

+2n <Zk+% — 241, G, (Zk+§) — G (Zk)> —2n <Zk+% — 21, Foo (28) — Fio (Zk+%)>

lzsn = 207 < llaw = 2 = ok = 214

2 2
- H2k+% - Zk:+1H +2n <Z* — Zkt1, G (Zk+% >

<l = =1 = || = 21

—2n <Zk+% — Zk+1, G (Zk)> + 2nL sz+% - Zk+1H sz = 2kt

)’

2
(e~ -0l

= |lzx — 2*|I* - sz — 2yl

2
+ 4nDz max ||Gg||

2712
+n L HZ;@—ZkJr%

2
< law — 2% - (1-9°L?) sz = Zpg || +4nDz max [|Gy|

If G}, is L, -Lipschitz, according to Lemma[T2], there exists

2

))

+2n <Zk+% — zk+1, Gy, (ZH%) — Gy, (Zk)> —2n <Zk+% — Zk41, Foo (28) — Foo (Zk+%)>
2

2
- sz+% - Zk+1” + 27 <Z* — 211, G (Zk+

ks = 22 < flow = 21 = || — 2044
2

S

2
< law — 2% - Zpg L *Zk+1H +277<z* — 2415 G (zk_,_% >

Zpr1 = Zhyt || |21 — 2| 200 ||2p0 1 — Zept|| |2 — 2l
2 2 2 2

X

+2nLg,

2
= (Javes =] =2 o =2

ST e

= llzk = 211 = [[o% = 2044

2

+0°L? sz T 24l

+2nLg,

2
<z — 21" = (1 = °L?)

Zk — Zpyl +277<z*—2k+%,Gk (zk+%)>

+2nLgq,

et e s =

2
< law — 2% - (1—17%L?) sz — Zppt|l +2n (max HGk (zk+%) H HZIH'% - Z*H)

2
+ QT]QLGk (L+ Lg,) sz — Zgyl

16



Under review as a conference paper at ICLR 2025

Under Assumption 4]

2

HZ}C+1 —z*||2 < sz _Z*||2 _ (1 —772[,2) sz — g4l + 2n <z* —zk+%7Gk (ZkJr%) — Gy, (Z*)>

2
+ 27]2Lgk (L + LGk) sz — Zpyd ‘

2
<z — 2*| = (1= nL?) +2nLa, ||#4r — 2"

2

2

+2n’La, (L + Lg,) sz — 2yl ’
2

< (1+4nLe,) ||z — 2*|)* — (1—n°L?) sz — 2yl

2

+ (20°La, (L+ La,) +4nLa,) o = 24y

B.2 BOUNDEDNESS OF EG IN (L + Lg, )-LIPSCHITZ GAMES

This section shows that zj, across iterates of EG are bounded under Assumption [}

Lemma 14 For a game G converging to a monotone game with any closed convex set Z C R",
monotone L-Lipschitz operator Fo, mapping from Z to R™ and z;, € Z, with the EG algorithm
under AssumptionH] there exists C € R so that ||z, — 2*|| < C.

Proof. Due to Assumption E[, limy_,oo G = 0. Hence, there exists a N € R so that Vk > N,
1—n?L? —2n*Lg, (L+ Lg,) — 4nLg, > 0, and then

lzker = 21 < (1 + 4nLg,) |12, — 2*|*
By the equation above, there exists
2 2777
loren = 22 < flow = =P T, (1+40Lc,)
2TT°
<law = PIT, 0+ 40Lc,)

Therefore, C' > ||z — z*|| when C' = max{HzN—z*||2H,;“;N(1+4nLGk),||zO—z*\|27

o =212, llaw = 2P .

B.3 BEST-ITERATE CONVERGENCE OF TANGENT RESIDUAL OF EG

Lemma 15 For a game G converging to a monotone game with any convex set Z C R"™, monotone
L-Lipschitz operator Fo, mapping from Z to R™ and z* € Z, there exists

1+nL+ (77L)2> H
— ) ||%k — Zpy 2
7’] 2
If Gy is Lg, -Lipschitz and Gi(z*) = 0, there exists

+ 3+ 2nL) max {||Gx|[}

,rtan(zk_'_l) S (

1+nL+ (nL)?
n

rta”(zk+1) < < —|—(]_—|—’]7L)Lc;> sz—2k+% +LGkD

Proof. Due to Lemma|[T0} there exists

2k T Zk+1

tan(
n

" (zp41) <

# Florin) = P (31 | + mac (16 1)

17
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Hence,
an Zk_zk+l zk+1—zk+;
(1) < e . 2H+Lsz+1—zk+é + max {[|Gx|[}
1 (1+9L 1+41L
< (ot (P an) = s+ (20 (525 1) max el

14 9L + (nL)?
_ (77(77)) |28 = iy + 3+ 202) max (G}

n
If Gy, is L, -Lipschitz and G¢(z*) = 0, there exists
2k

% + Foo(2k41) — Foo (ZkJr%)

,,,tan(

Zhy1) < ’ + Lg, D

Hence,

Rk — Rk+1
n

Zk — ’Zk-ﬁ-%
n

1
< (n+L+LG+77L(L+Lg)>

14+ nL + (nL)?
( nn(n)+

i (zpg1) < + HFOO(zk+1) —Fy (Z]H_%)H + Lg, D

Zk+1l T PRyl
n

+Lg, D

+L sz+1 — Zkyl

2k — Zgyl +LG;€D

(1 +nL)LG> sz —zs | + LaD

O

Full version of Lemma[d} For a game G converging to a monotone game with any closed convex
set Z C R™ and monotone and L-Lipschitz operator F, : Z — R", with the EG algorithm, let 2*
be a solution of the game G. Then YT > 1, there exists a t* € [[T] satisfying
2

<O

- T

- =24
and satisfying

Cy
T <max{+C max |G- }
(t-‘rl)- \/T 3 || t”

under Assumptions 2] and 3]

C
1" (24 41) < max {2 + LGkD}

VT

under Assumption 4} where

_llzo = 21 + 40Dz 377 (max || Gil)

C
1 1—n2L2
- 1L+ D)2 [l = 21 + 4Dz 3 (anax |G
2= 272
n 1—n°L
03:3+277L

underAssumption@ifn IS (07 %),

_ 20— 2" II* + 20Dz 3732 max |G|

c
! 1—n2L2 — 2L (L + L)

c, — LEnk+ (nL)? [llz0 — 2*||” + 20Dz 3252 ; max || Gy
? 0 1—2L2 = 2?Lg (L + Lg)

03 =3+ 277L

18
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. ; 1 .
underAssumptzonlfn € (0, m)

20 — 2 I1” I (1 + 4nL)
1—n2L%2 —2n?Lg (L + Lg) — 4nL¢

1+7nL + (nL)? lzo — 2*|I* TTi_o (1 + 4nLc)
Co=—7——— 1 L)L =
2 ( n +(L+nl)le 1—n2L2 —2n2Le (L+ Lg) — 4nLg

Cy =

if1 —n?L? —2n?Lg (L + Lg) — 4nLg > 0.

underAssumptionwith D = max Hz* — Zpeyl

Proof. Due to Lemma T3] there exists
* 12 * (12 T
leo =21 > flersr "I+ (1 =°L2) 32, [lo = 2ues
T 2 T
> (1-72L?) Zkzo sz — Zpyl _Zk:o dnmax |Gy Dz||

T 2 oS
—dnDz Yy~ max |Gyl

2 T
- Zk:o dnmax |Gy Dz ||

> (1—nL?) Zk:o 2k = Zpgd
Hence,
2 1 112 0o
ot = 2eas| < =gy (20 = =" +-4nD2 307 (ma Gil)
Due to Lemmal(T3}
¢ 20 — 21 *inDs %2)0 (masx |G ) (1+17L;r (nL)2>2+(3+2nL) max {|Ge- |}

If Gy, is L¢, -Lipschitz, there exists
2

* 12 * (12 T 2712 2
o = 217 2 llzrgs = 272+ >0, (1= 9PL? = 20°Lay, (L4 L) || — 2y
T
- Zk:o (2nmax |G| Dz)
T T
>3 (L= 2o, (L+ Ley,)) sz — 2| =0, (2nmax |Gy D)
For N € N*, when Vk > N, 1 —n?L? — 2n?Lg, (L + Lg, ) > 0, there exists

T
-, 2nmax||Gy|Dz)

2

T 2
20 — 2*||> > Zk:o (1-n’L* = 20*Lg (L + Lg)) sz — Zpy1

Hence,
2 1 L2 oo
RIS T(1—?L? —2PLg (L 1 La)) (20 = =*I* + 2002 377 max |G
Due to Lemma[T3]
2
iy By Tl (LB syt
Under Assumption 4]

2 T 2
llzr1 — 2*[|" < szo (1+4nLg,) llzo — 27|

T-1 T
=3 (=P = 2PLa, (D + La,) — 4nLa,) [T, (0 + 4nLa) |20 = 2y

For N € N*, when Vk > N, 1 —n?L? — 2n?L¢g (L + Lg) — 4nLg > 0, there exists

im0 (L=12L% = 20°Le (L + Lg) — 4nLg) [T,y a (1 + 4nLc,)

T
Hk:o (1 + 477LGI¢)

2

0 = 1P [E—

19
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Then, there exists

112 777
[P PP . R0

t t*+3 _T(1*772L2*2772LG(L+LG) *477LG)

Due to Lemma[T3]
2 T
—z —o(1+4nLg,) 1+nL + (nL)?

tan(, < ”ZO i H Hk_o( k 1 L Le D
T (Zt +1) _\/T(1772L227]2LG(L+LG)477Lg) n +( +n ) G |+ Lg,

O

B.4 LAST-ITERATE CONVERGENCE OF EG WITH CONSTANT STEP SIZE

Restatement of Theorem For a game G converging to a monotone game, Vn € (0, 1), zj, € Z,

4Dz + 4nmax ||FOO||>
n

) 2 e ) - max |
If Z = R", there exists
8D
R e e Y = X Gk

where D = max ||z, — zk11], k € N.

Proof. Let ¢y, = I, (2)(—Foo(2x)) and cx1 = Tn, (2 1) (= Foo(2r41)). By Lemma there
exists

02 ()2 — Pt (2p1)? = [0Fso (21) + newl|” — [11Fso (21r41) + newpa || €]
Considering that F,, is both monotone and L-Lipschitz and L < %, there exists
2 2
- (HZH; = zit|| = [P (2141) = 1P (o) ) <0 5)
—2 (NFoo (Zk41) — NFoo (21) , Zky1 — 2k) <0 (6)

Since Zpyy = Mz(zr —nF(z;)) and 241 = 1z (zk —nF (z,H%)), there exists z, — nFg(z) —

Zk+% eN (ZkJr%) and z;, —an (ZkJr%) — 2k4+1 € N(zk+1). Hence,

-2 <Zk = NF(2k) = 2y 15 201 — Zk+1> <0 %)
—2 <2k —nFy <2k+%) — 2k41s Zhg1 — Zk> <0 (®)
—2<nck,zk—zk+%>§0 )

By Lemma(g] there exists
—92 <77ck+1 + NFoo(2k11), 2k — NF (zk+%) — zk+1> <0 (10)
=2 (nert1 + NFoo(2k41), —NCk41) =0 (11)

Hence, there exists
Expression (@) -+ LHS of Inequality (3) + LHS of Inequality (6) + LHS of Inequality
+LHS of Inequality (8) + LHS of Inequality (9) + LHS of Inequality (I0) + LHS of Equation (TT)

2 2
+ HﬁFoo (Zk+%) + nck1 — 2k + Zk+1H + 2n <Gk(zk)7zk+% - Zk+1>
+2n <Gk (ZH%) s 2kl — Zk> +2n <Gk (Zk-&-%) s NCk+1 + nFoo(Zk+1)>

>2n <Gk(zk)7 Ze+i — Zk:+1> +2n <Gk (ZHg) ) Rk+1 — Zk> +2n <Gk: (ZH%) » NCk4+1 + 77Foo(zk+1)>
> — 41 (Dz max || G]) — 20 (2 max || Foo || max |G ))

= HUFoo(Zk) +nck — 2k + 2y 1

12)

20
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which means

(13)

4D 4 Fy
Ttan(zk)2 > Ttan(szrl)Q — max ||Gk:|| ( z + 4nmax || ||>

n
If Z =R", ncpq1 + NFoo(2k41) = 0. By Lemmal[14] there exists
Expression (@) + LHS of Inequality (3) + LHS of Inequality (&) + LHS of Inequality (7)
+LHS of Inequality (8) + LHS of Inequality (@) + LHS of Inequality (I0) + LHS of Equation (TT)

=>2n <Gk(zk-)7 Zprl — Zk+1> +2n <Gk (Zk+%) s 2kl — Zk>
> — (2D max||Gy])
which means
tan 2 tan 2 8D
O (2k)* > (2k41)” — TmaXHGk” (14)

O

Theorem 5 For a game G converging to a monotone game, V1 =T, + 15, T1,T5 € N* Dz > 0,
the convergence rate of EG satisfies

an Ca > 4Dz + dnmax || Fao| =
. <zT1+T2><\/ (T2 + Comasicinmy 1611 )+ : S max Gl

when G satisfies Assumption (2| i € (0,L1) or G satisfies Assumption |3 i €
Ui T Ui

(0, 1 ) and
vV L2+2Lg(L+Lg)

8D

an C2 2 oo
' (zry4m,) < \/(\/E + maXie(1y, 11 73] LGkD> + S Zk:Tl max |G|

when G satisfies Assumptionwith D = max ||z — 2541, k € Nif 1 —n>L?—20?Lg (L + Lg) —
AnLe > 0.

Under Assumption 2}
o Lkt P [lso— =P+ anDe S, (max [Gil)
o 1 1 —n2L?
C3 =3+ 2nL
Under Assumption 3}
1+nL + (nL)? 20— 2*||* + 2nD o max||G
@("(”)+u+mﬂQ Izo = 27+ 20D 0.ymg e |G
n 1—n2L2 —2n2Le (L + Lg)
C3=3+ 2nL
Under Assumption

1+nL+ (nL)? 20— 2P TTE_. (1 + 4nL
sz(n (L) +(1+nL)LG> 20 = ' 1o U + dnls)
n 1—-n2L% —2n?Lg (L + Lg) — 4nL¢g

Proof. Due to Lemmas|13|and|13] there exists t* € (T1, Ty +T2]NN* so that 7197 (2,4 )% < O(1/T3).
According to Theorem|l] there exists

4Dz + dnmax | Fso oo
ey < o (P2 7

n

under any one of Assumptions [2]and 3] while there exists
8D oo
P ()2 < 1 (2 )2 o Zk:Tl max |G|

The theorem is obtained by directly combining the equation above with Lemmal4] (]
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B.5 PROOF OF THEOREM [2]

Cases where T' < 2 are trivial. Suppose T" = Ty + 15,7T1,T> € N* for T' > 2. According to
Theorem 3] it holds that

' (zr) = ' (2141,

C
= \/<\/:/% + Cs maxpe(r, 1,41y |Gl
1 9 o
=4/0 T + O (maxperr, 1,41y |GRll)” 4+ O (Zk:Tl maXHGkH)

1 o0
=0 (\/,E> O (maxge(r 1, +75) |Gkll) + O (\/Zk_Tl max ||Gk||)

Hence,

2
4Dz + 4nmax || Fs || )
) + ; Zsz max |G|

1

' (zp) =0 (max{\/lf, \/ZZT max || Gy|[, max GT“})

Then, according to Lemma , %M < r&™(z) and Tg\‘ﬁ%(;) < r&™(z). Hence, it holds that

ma {ren (o), 22800, T o0 |

vND '~ D
1 oo
=0 <max {\/T’ \/Zk_T max |G ||, max ||Gr|| })
Besides, we have
' (zr) = r'" (zr 4 1,)
Cy 2 8D
< \/(\/E + MmaXge(Ty,T1+T3) LGkD> + 7 Zk:Tl max HGk”

1 o
- \/O (T2) +0 (manG[Tl»TlJrTz] LGkD)Z +0 (Zk=T1 fax ”GkH)
=0 (\/%) +0 (mane[Tl_’Tl_i_Tz] LGkD) + 0 (\/ZZO_TI max Gk')

under Assumption {4} Hence,

1 o0
rtan (ZT> =0 (max {\/T’ maXxXg>rt LGM \/Zk_T max HGkH })

Then, according to Lemma , %M < r™(z) and Tg\‘ﬁ%g) < r&™(z). Hence, it holds that

i o), To2ter), Fapte) )

1 oo
=0 <max{ﬁ, maxy>7 La,, \/Zk_T max ||Gg|| })

C OMITTED PROOFS FOR LAST-ITERATE CONVERGENCE OF OG
In this section, we provide detailed proof for the last-iterate convergence rate of the OG algorithm.

vk >0,
Wrt1 = Uz [z — nFy (wi)], 2kp1 = Uz [26 — 0Fk (W) (15)
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The proof of last-iterate convergence of OG is similar to that of EG. This appendix consists of
the following parts. This section consists of the following parts. First, with a method inspired
by Hsieh et al|(2019); Wei et al.|(2021), the best-iterate convergence rate of A(zy,wy) for OG
algorithm is proved. Then, the upper bound of tangent residual of z, is proved to be max{O(||zx —
211 11), O(max [|Gy[) } if Gy is L, -Lipschitz and to be O(|[2x — 2,1 1 ||) no matter whether G is
L¢, -Lipschitz. Next, the tangent residual is proved to be either non-increasing or increasing slowly
enough across iterates of the OG algorithm. Finally, the last-iterate convergence rate of the OG
algorithm is concluded from the conditions above.

Lemma 16 For any closed convex set Z C R", if z1 = llz[22 — nF}._, (23)], then we have

‘ 2

HZl - 22||2 < QUZA(ZQ, 2’3) + 4772[/ HGk23

|+ 27" |G,

Proof. For z4 = Il z[z9 — nF(22)], there exists
21 = zall < llz2 = zall + |24 — 22|

Since z; = z[z9 — nF., (z3)] exists and the projection operator is non-expansive, there exists

21 — 22/l < nllFoo(22) — Foo(23)|l + 1 ||G., (23)]

Due to Definition[7]and Lemma[T1} there exists
22 = zall =y 2 (22) < PP s(z2) = 0

Due to (a + b)? < 2a? + 2b?, there exists

l1 = zol|* < 207%™ (22)* + 207 || Foo (22) — Foo(28) 1 + 40°L || G,
= 2% A(2g, 23) + 4n°L Hsz3 | + 21?2 ||sz3 |2

tan(z2)

| 2

[+ 20 |G,

C.1 BEST-ITERATE CONVERGENCE OF OG

Inspired by the proof of the best-iterate convergence rate with the OG algorithm in time-invariant
games |Hsieh et al.| (2019); |Wei et al.| (2021), we provide the best-iterate convergence rate of OG in
Lemmall8l

Lemma 17 For a game G converging to a monotone game with any closed convex set Z C R™ and
monotone and L-Lipschitz operator Fo, : Z — R" and zy, wy, € Z, there exist

k .
lwi, — wia|)® < 2(47;2L2)k||w0 — 20|24 2 Zi:0(4n2L2)Z 2k—i — wrp1—i||®
+87722 4772L2 |G-l
and when'T' > 1, ifn € ( ,2L)

T 2
Zk:O lwk — wr1]]” < 2L2 <w0 zo|| +Z |2k _wk+1||
2 - 12
+4n) Zi:o max || G| >

while under Assumption ) there exists
k % 2
o = wial < 2 — w4+ 30, 2T, (207 (L4 Les,)”) s = wisia

v (27 (L + Lo, 1)?) llwo — =l
S ek = wea? < B (fwo — 20l + 3 [l — wee |
k=0 +b = k=0 +

Bo =2+ lim 2y ﬂHl 1(277 (L+ L, 1)2)

where
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Proof. Vk > 1,

lwi — 26l|” < 0? || Fre1(wi—1) — Fre1 (wp) ||
0? (L |Jwp—1 — wi]| + |Gr—1(wr—1) — Gr—1(wp)]])?

Vk > 0 there exists
lwe — wes|* < 2 [Jwe — 21 + 2|28 — wiga ||
Hence, Vk > 2 and under Assumption |ZL there exists

lwr = wera|* < 20°L? w1 — will* + 2 [z — w1 |* + 207 [ Gr—1 (wi—1) — G (wy,)||?
+ 40 L lwy—1 — wi|| [|Gr—1 (wr—1) = G (wy)]|
< 4L wi—y — wi|® + 2|2k — wesa[I* + 40? [|Gr1 (wi—1) — Groa (wi) ||
<4 L? we—y — wil® + 2|2k — wiga |* + 8772 IGk-1]?

< P12 (2(477%2)’“ Yo — 20l +2 37 (2L 31— wei
#8075 [Gacanl”) + 21— w4 892 |G |
k .
= 2(4772L2)k||w0 — 2% +2 Zizo(‘lﬁzLZ)z 125 —i — wieg13l|”
+ 81 Z P2 |Gl
and when k =1,
k .
lwy, — wepa]|* < 2(4772L2)k||w0 —zol®+2) 0 (4L |2k — w1
+87722 4772L2 1Gr—1—ill?

Hence, there exists

S = wel? < T (oo = ol + 3 s = v
+dn? Z:; max ||Gi||2>
If Gy, is Lg, -Lipschitz, Vk > 1, there exists
o = 2tll* < 0P (L4 La, ) o = wl)
Hence, under Assumption 4]

2
lw = wipa|® < 20% (L+ Loy ,)” lwk—1 — will* +2 ||z — wiesa ||
2
<2 —wnal?+ 00 2T] (2 (L4 L)) lokors — wi]
+11, (27 (2 + L ))Hwo—le
2
< 2|z — wepa || +ZZ 12H ( (L+Lg,_,) )HZk—i—lUk—mll

+2H (20 (L4 La,)?) oo = 2o
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By the equation above, there exists

S o=l <2 (140 50 TI, (2 (2 26)7) ) o = ol
+2l0 =l + 3 (2l - el
e300 o IL, (207 (b Eous)?) s~ wnal)
_2<1+Z I, (o (4 L6 )))Ilwo—zOII2
e Y el (S 20T, (202 (24 o)) )

Since BEg = 2 + limr 00230 TT5,(20%(L + Le,_,)?) so that 2 + 25 [T, (2n2(L +
Lg,_,)?)< Eg,

l:l

Lemma 18 For a game G converging to a monotone game with any closed convex set Z C R™ and
monotone and L-Lipschitz operator Fo : Z — R" and 2z, wy, € Z, ifn € (0, ﬁ), there exists

Iz = 2% < 120 — 2|* + lzﬁrfjﬂ llwo = =o]|* — —?177;2]?2 ”Zk — wip ||
+ % k:_ol max ||Gp||* + 49Dz Z::o max ||Ggl|
and if Gy, is Lg, -Lipschitz and n € (O7 m)} there exists
T e
’ ZZZO |z — wk+1||2 + W Zz;; max ||Gk||2

T
+2nDz Zk:o max |G|
while under Assumption ifn e (0, min {m, ﬁ}),
lors1 — 21 < Bas 120 — * P + Baan? (L + L)’ Eg lwo — 2

27T 2
— (1 =4nLg)EcEcan® (L + Lg) Zk:o 2k — Wi ||

Ec;—2+hm 22_11_[ ( L+LG ))

Ego = lim . (1+4nLg,)

T—o0 k=

where

Proof. Yk > 0, there exists
2k = 2517 = N1z — 2717 + 12641 = 26)1* + 2 (211 — 26, 2 — 2°)
= llzk = 2*11* = Nznsr — 2z&l® + 2 (zh41 — 2k, 2041 — 27)
<lzk = 2% = Nznsr — 26l1* = 20 (Foo (wrt1), 2041 — 27)
— 20 (Gr(Wk41), Zk+1 — 2%)
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Due to Lemma|[T7] there exists
lotr = 2717 < Il — 271 = lobsr — ]2 = 20 {Foowhsn), 21 — 27)
=20 (Gr(Wit1); 2e41 — 27)

=2k — 2** = llzhes — 261> = 20 (Foo(Whs1), 2kt — Why1)
+ 20 (Foo (Wit1), 2" — Wrt1) — 20 (G (Wrt1)s Zht1 — Wrt1)
+ 20 (Gr(wk41), 2" — wit1)

<2k — 2% = Nzba1 — 2x))* = 20 (Foo(Whs1), 2k41 — Wha1)
=20 (Gr(wr+41)s 2k41 — Wit1) + 20 (Gr(Wrt1), 2" — Wi1)

Vk > 0, there exists

Izttt — wignI* = lzrrs — 26l + 2k — wes|I® + 2 (26 — Whp1, 2641 — 28)
= llzns1 — zll® = llze — wega | + 2 (2k — Wrs1, kg1 — Wit
< lzrgr = 26ll* = 2k — wrra|” + 20 (Foo (wk), 2541 — wega)
+ 20 (Gr(wk), 241 — We+1)
By adding the two equations above, we obtain
k1 — 2°1% < llzk = 2°1° = llzher — wesal® = llzk — wra ||
+ 21 (Foo (W) — Foo (Wk41)s 2k+1 — Wit1) + 20 (Gr(Wit1), 2" — wi1)
+ 21 (Gr(wr) — Gr(Wrt1), 2p41 — Why1)
< lzw — 2% = lzps1 — wrpn|* = 12k — wia |1
+ 20 [|[Foo (wk) — Foo (Wr41) | 12541 — w1 ]| + 20 (Gr(wit1), 2% — wig1)
+ 20 [|Gr(wi) — Gr(wrg 1) || |2641 — Wi ||
If Z is bounded,
lzkr — 2% < lzw — 2°11° = 2k — wiga |* + 77 L2 [Jwi — wiea |* + 20 max || G |l[| 21 — 27|
+2nDz||Gi|
< lzw = 2°I1° = llzk — wia | + 0*L? lwg — wesr |* + 47Dz max || Gy |

Then, there exists

lorss =217 < lzo = 12 = 320 ot = sl +02L2 S = i
tanDz Y max |Gy
< lzo — %> - ZT_ 21 — Wyt ||° + 40Dz Z::o max |G|l
b2l (o —aalP + 3 o= w47 ZZ;OI max G

2n2L?
1—4n2L2

6772L2

m ||Zk *wk+1H

< lzo = 2*|I* + lwo — o[ —
8n*L?

1= 4212 Z=k=0 max [|Gy||” + 4Dz Zk:o max || G|

+
If Gy, is L¢, -Lipschitz, there exists

2k = 21 < Nz = 2717 = k1 — i I” = 26 — wreia|” + 20wk — wiga || 20401 — wiepa |
+ 20 (Gr(wit1), 2" — wis1) + 2nLa, [[we — e ]| 2041 — Wit ||
< llze = 2* 1% = 2w — wrar I + 7% (L + La,)® lwe — wiga |* + 20 (Gr(wis), 2° — wig)
<law = 2°)1* = 2k — wiga |* + 0 (L + La,)? [k — wiepa||* + 20Dz max | G (wy41) |
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Hence, there exists

T T
leren = =1 < llao = =117 = 32, lew = wennl +0° (L4 L) 3, o = i

T
+2nDz Zk:o max ||Gg||

2
)12 T 2 2n*(L+ Lg) 2 T 2
<llzo =211 =) llzx — wia + T qpre \wo — =l D llzn = wiall

T-1 T
+ 4n? Zi:O max ||GZ||2) +2nDz Zk:o max |G|

1—6n*L? —4n*LLc — 2n*L%
1—4n?2L2

2y 2P L+ La)”
< 20 = 27| +W

T 5 87t (L+ Lg)? =T-1 ) T
. Zk:O ”Zk - 'LUk-—i—lH + W Zk:o max ”GkH —+ 277DZ Zk:o max ||GkH

lwo — 20> —

Under Assumption ] there exists

kst = 22 < o = 2117 = 12k = wi |2 407 (L + L2 llwn = wiena]l® + 20La, 12* = wiepa

Hence,

< (14+4nLe,) 1z — 2*[1° = (1 = dnLa,) |2k — wirt I + 02 (L + La, ) ok — wi |2

w2 T 2 T-1 T 2
lzr1 —2*[I" < Hk:O (L+4nLe,)[lz0 — 27| — Zk:O I_L.:kJr1 (L+4nLg,) (1 —4nLe,) [z — wit ||

9 T-1 T 2 2
(1= dnkop) lor —wra P+ 30 T, U+ 40La) 7 (L + La,)? - wisa
+ 9 (L + Lap)? lwr — wra
T
< EBasllo -2 = 3,

T
+ Ecan® (L + La)” Zk:O [wy, — wiga ]|

* (12 T
< Eaallo =217 =)

2
o (L =4nLg,) |2, — wii ]

(1 - 4nLe,) |2k — wis ]

T
+ Egoan® (L + Lg)?* Eg <|w0 —zl* + Zk:O [ wk+1||2>
< Ega||z0 — 2*||* + Egon® (L + Lg)? Eq |lwo — zol|”

a7 2
— (1= 4nLe)EcEean® (L+La)" ) llzk — wii

C.2 BEST-ITERATE CONVERGENCE OF A(z, wy)

This section shows that VT € N*, there exists t* € [[T']] satisfying A(z¢-, we) = O(1/T).

Following is the proof of the boundedness of any sequence of players’ actions with the OG algorithm
in (L 4+ L¢, )-Lipschitz games described under Assumption

Lemma 19 For a game G converging to a monotone game with any closed convex set Z € R",
monotone L-Lipschitz operator F, mapping from Z to R™ and z;, € Z, with the OG algorithm
under AssumptionH] there exists C.., Cy, > 0 so that ||z, — 2*|| < C. and ||wy — z*|| < Cl.

Proof. Under Assumption 4, with Lemma , we find that V¢ € N*, ||z}, — z*||2 is bounded in
any sequence of games in this paper with the OG algorithm. Hence, there exists C; > 0 so that
|z — 2*|| < C..

With OG algorithm, we have z, = Il z [2—1 — nF}) (wy)]. Hence, for C,, = 2C.,

lwer1 — zel| = |1z [2x — nFr (wg)] — Tz [2x—1 — nFk (wg)]]]
< |2k — zi—1|| < |lzi — 2% + ||12" — zi—1|| < 2C, < C,
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O

Lemma 20 For a game G converging to a monotone game with any closed convex set Z C R™ and
monotone and L-Lipschitz operator Fo : Z — R" and 2z, wy, € Z, ifn € (07 ﬁ), there exists

T, d+20p'L* Lo 4AnPL? (59°L” +6)
2y A ) < g o =M T
4n? (5 — 167)4L4) dnDz (4 + 20774L4)
1— 61212 mh? 1—6n2L2

lwo — 2o

mk

where
o0
B = Zk:o max |G|
oo 2
e =Y max||Gyl

. . 1 .
Under Assumptlon ifn e (0, \/m) there exists
T < A(1 — 42 L2) + 2212 (n2 (L + Lg)? +8+8772L2)
Dy A ) < 1—6n2L2 — 42 LL¢ — 2212

22 (L + Lg)? (4 4222 (8772L2 (L + LG)2)) 22 L2 (8 8202 + 2 (L + LG)2>
(1 6PL% — 4PLle — 2PL%) (1 - 42L2) 1= 4212

ll0 = =" I” + [[wo — 2ol

$9Dz2(1— 4721%) + 4* Dz L? (1P (L + Lg)” + 8 + 817°L? )
1 —6n?L? — 4n?LL¢ — 2n>L%

212 (84 81PL2 4% (L+ La)’) 2P (L+ La)* (4+20°L (SPL2 P (L + La)*)) )

+ B + 402 2 (5 +4n*L?

+ 1—4n2L2 + (1 —6n2L% —4n?LL¢ — 2n?L%) (1 — 4n2L?)

Under Assumption ifn e (0, min { m, ﬁ }) there exists

T 4+ Egn? (L + Le)® (4 + 3n2L?)
> Al w) < 5 3
k=1 (1 —4nLc)Ecn* (L + Lg)
4+ Egn?* (L + Lg)” (44 3n2L?) (2 — 4nL¢g)
+
1-— 4’[7LG

T
+ 2772D2 Zk:l LGk71 (2L + LGk—l)

l0 — =*|1”

2
llwo — 20|

Proof. ¥k > 1, due to Lemmal[I0], there exists

Pt (2)% < (|2k-1 = 2k + NFso (2k) = NFoo (wi) | + nmax |Gy 1 )
< 22kt — 2”4+ 207 (| Foo (28) — Foo(wp) || + max |Gy —1])?
< 2||zk1 — 2] + 207 (L [|2 — wg]| + max ||Gx—1])?
<A |zp—r — will® + 4 |wi — z&]|® + 492L? ||z, — wi||* + 49 max |Gy ||?
<4 zkor —wp]* + (44 49°L7) (2772L2 [wy—1 — wi||* + 4n* max HGk—1||2>
+ 4n? maX||Gk,1H2
=4||zk—1 — wkH2 +2%L? (4 + 4772L2) lwk—1 — w;g||2 + 4n? (5 + 4772L2) max HGk—1||2
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Hence, according to Lemma when n € (0, ﬁ) , there exists

Z; A (2, wi) = Zzzl (721 (20)? + 1 Fe () — 1o (i) )
=4 Z;l 251 — wi|)® + (4 + 59°L?) 2n°L? ZZZl k-1 — will? + 47 (5 + 67°L?) ZZZl max | Ge_1||°
=43 ek — w1
=4 ZZ;Ol 21 — Wy ||

T-2 T-1
Y max |Gi||2) +4n* (5+60°L%) 30, max |G

4+ 20n*L* T-1 o (44 592L?) 4 L? s g2 y
— <1 — 4772L2 Zk:o ||Z]c - 'wk:+1|| + 1— 47]2L2 ||w0 — ZQH =+ 477 Zi=0 max ||G,L||

T-1 T—1
272) 0 272 2 2 272 2
+ (4+57°L?) 2n°L E o |wi, — wiga ||~ + 4n? (5 + 67°L?) E o max |G|
2 T-1
272) 0 272 2 2
+ (4+57°L?) 2n°L [~ 4P (||w0 — 2| + E o Iz — wit1 |

T—1
+4n? (5 + 61°L?) Zk—o max || Gy, ||

4+ 20n* L* w2 2n?L? 2 SpiL? T-2 )
< <1—6772L2 |20 — 2" |I” + 1= 42, 4772L72 [wo — 2ol|” + 1 an2L2 A2L? Zi:o max || G|

T-1 (4 + 5772L2) 4n?L? 9 o —T-2 5
+4nDz Zk:o max ||Gk> + 0Pl lwo — 20|” + 47 Zi:o max |G|
T—1

+4n* (5 + 67> L?) ZH max || Gy||?

4+ 20n*L* 9 202 L2 ) 8t L2
S\T-erre =2+ = g lwo — By + 4DE,,
= ( 1— 61212 llz0 = 2"[" + 5 — L2 llwo = zolI” + 5 — gz B + 4D En

(4+ 52 L2) 42 L2 s , -
T (Hwo — 20" +4n Emk) + 4% (5 + 67°L?) B2

44 20n* LA Lo 202L2 (44 20n*LY) + (1 — 692L2) (4 + 5y2L2) 4n2L?
< T2z — 2|2+ ( )+ ( ) ( ) o — 0l + Byppo

= 1—6n2L2 (1—4n2L?) (1 — 6n2L?)
8n*L? (4 + 20n*L*) + 169*L? (44 5n*L?) (1 — 6n°L?) + 4n* (5 + 69>L?) (1 — 4n*L?) (1 — 61°L?)
' (1 —492L2) (1 — 6n2L2)

4nDz (44 20n*L*)

1— 6n2L2 mk
4+ 20n*L* o2 An?L% (5n*L? +6) o An? (5—16n"LY)
T1_6202 Ilz0 = 271" + ——— 612 L2 llwo = zoll 1— 6202~ "+

4nDz (4 4 20n'L*)
1— 6n2L2 i

Under Assumption 3] due to Lemma|[I0] there exists

2 tan(zk)

nr l2k—1 = 2 + 1 Foc (21) = 1Foc (wi) | + nmax[|Gr—y]])

2 S (
<Azt — wil|* + 202 L% (4 + 40 L?) [Jwg—1 — wy||” + 45* (5 + 49*L?) max ||Gj_1 ||°
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By adding the two inequalities above and summing them with & € [[T]], we obtain

T 9 _\r ( 2 tan(, \2 _ 2)
Zk:lﬁ D (2, wy) = Zk:l nor " (2)” + [[nFoo (2k) — nFoo (wi)||
T 2 T 2
< 4Zk:1 ll2k—1 — wi||” +20°L? (4 + 4n°L?) Zk:l [wg—1 — wg]]
2 272 T 2
+ 4n (5 +4n“L ) Zk:l max ||Gr_1]]
+Z 2L2( (L+ Loy )2 lwps —wk||2)
_ 2 2 272 T 2
= 4Zk:1 lzk—1 — wi||” +4n* (5 + 4n°L?) Zk:l max |Gr—1||
2 T
+ L (2 (4+40°L%) + 0 (L4 Lay)") 30 lhwes — wl®
T-1 )
_42 ‘Zk —wk+1|| +4’I7 (5+4772L2) Zk:O maXHGkH

T—1
+PL? (8 +8PL 2 (L4 L)) D ok — wea

According to Lemmas[T7]and[T8], there exists

T T-1
) < _ 272 2 272
g tzln (z,wg) <4 g ||zk wt+1|| +417 (5+417 L ) E o max |Gg||” + 2n°L

8+8772L2+77 (L+Lg,)” T-1 2, 2T 2 2
Zk:o |2k — wea[|” + 4n Zi:o max || G|

1—4n2L2
+llwo — 20*)
22 L2 (8 +82L2 + 12 (L + LGk)Q)
< |4
- + 1—4n2L2
~ 21*4;72L2 _ ||ZO—Z*||2
1—-6n?L? —4n*LLg — 2n*Lg,
n* (L + LG)2 2
+ wo — 2
1— 6772L2 42 LLg — 22 L% o = o]

8n* (L LG)2 -1 2
E max |G
1—6n2L2 —4n?LLg — 2n2L2, “—~k=0 ax || Gill

2nD = (1 — 4772L2) T G
1—6n2L2 —4n?LLc — 2n?L% Zk:o max |G|

_|_

SytL? (84 8L + 0 (L + Le, )’
1— 4202

E k2

+ [ 4n* (5+49°L?) +

M2 L2 (8 820 4+ 12 (L + LGk)Q)
1—4n?2L2

+ lwo — 2o
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4(1—4n*L?) +29°L? (8 + 8P L? + 0 (L + Lak)Q) 2
= 1— 672L? — 4LLg — 22 L%, 0 = =7l
4(1—4n’L?) + 2n°L? (8 +80*L? + 0 (L + Lck)Q)

1—6n2L? — 4n?LLg — 2n?L%,

81yt L? (8 820 + 2 (L + LGk)2>

+ QUDZEmk

+ Epgz | 40° (5+49°L?) +

1—4n2L?
8t (L + Lg)? (4 L2 (8772L2 +02 (L + LGk)2)>
i (1—6n2L% — 4n?LLc — 20?L%,) (1 — 4nL?)
m? (L + Lg)? (4 L2 (8772L2 + 02 (L + Lgk)2)>
n

(1—6n2L% —4n?LLg — 2n2L%) (1 — 4n2L?)

22 L2 (8 822 + % (L + LGk)Z)
1—4n2L2

+ lwo — 2o]|”

Under Assumptiond] according to Lemma [I8], there exists
T
Zk:l Az, wi) < Een? (L + Lg)? (44 39*L?) [|wy — 2olI?
2 2 272 =1 2 212 T
+ (4+ Een® (L+La)” (4+3n°L )) > oo e — w200y 0 Le,, (2L + La, )
2 2 272 2 272\
<Ecn’ (L +La)* (4+30°L%) |lwo — 20|* +20°D* Yy Loy, (2L + La,,)
(4 + Egn? (L + Lg)* (4+ 3772L2)) (EG2 120 — 2*||> + Egan? (L + La)® Eg ||wo — Zo||2)
(1 —4nLe)EqEqn? (L + Lg)?
4+ Egn® (L+ Lg)” (4 + 30°L?) ” o
= zZ0 — <
(1—4nLe)Ecn? (L + Lg)?

o (4+ Een? (L+ Lg)® (4 + 30°L?)
+ [lwo — 20| =

+

+ Egn® (L+ Lg)” (4 + 3n2L2)>

122 D? Z Lo, 2L+ Le, )
A o L £ (14 ) o — =P
-
(1—4nLe)Ecn? (L + L)?
4+ Egn® (L + Lg)” (4 +30°L?) (2 — 4nL¢)
_|_
1-— 477LG

T
l|wo — ZOH2 +2n*D? Zk:l La,_, (2L + LGk—l)

O

From Lemma[20} we obtain the following lemma.

Full version of Lemma5| For a game G converging to a monotone game with any closed convex
set Z C R™ and monotone and L- Lipschitz operator Foo : Z — R, let 2* be a solution of the

game G. Then VT > 1, ifn € ( ) there exists t* € [[T']] satisfying

’fL ’
1 (4+20n*L* o 4n*L?* (5n%L? +6) )
2 *
1Az wie) < (_62L2 20— 2" + 1= 6212 l[wo — 2ol
an? (5 — 169" L*) B ., 40Dz (44 20n*L*)
1 _ 67]2[/2 ka 1 _ 6772L2 mk
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. . 1 . * . .
Under Assumptwn ifn € (0, \/m) there exists t* € [[T] satisfying
L (A= 4n2L%) + 22 L2 (n2 (L+Lg)+8+ 8772L2>
1 —6n2L? —4n?LL¢g — 2n?L%

772A(Zt*,wt*) <

Aﬂ‘

n* (L + LG)
+

ll20 = "I + [lwo — zo”

4+ 2212 (8772L2 2 (L+ Lc;)Q)) M2 L2 (8 + 8202 + 2 (L + LG)Q)

(1 —6n2L% —4n?LL¢ — 2n?L%) (1 — 4n2L?) 1—4n2L?

81Dz (1 — 4n2L?) + 4P Dz L? (n2 (L+Lg)+8+ 8772L2)

+ 1—6n2L% — 4n?LLg — 22 L%,

Epi + 410°Epp 2 (5 +4n*L?

M2 L2 (8 + 822 + % (L + LG)Q) om? (L + L) (4 2?1 (87;2L2 F 2 (L + LG)Q))

+ 1—4n212 + (1—6n2L% —4n?LL¢ — 2n?L%) (1 — 4n2L?)

while under Assumption ifn e (0, min { m, ﬁ }) there exists t* € [[T)] satisfying

) (4+EG772 (L+ L) (2772 (L+ L) +4+n2L2))
2 A(ze,wpe ) <= . |20 — 2*|?
T (1 —4nLg)Ecn? (L + L)

A4 Bar? (L+ La) (272 (L + o) + 4+ 1P L) (2~ 4nLa)

2

+

Proof. VT > 1, there exists t* € [[T1]

1 T

WAz we) < =y 0P Az wh)

The lemma is directly obtained with the inequality above from Lemma [20} (]

C.3 APPROXIMATE MONOTONICITY OF A(zy, wg)

This section shows that A(z, wy) is either non-increasing or increasing at a low rate across iterates
with the OG algorithm.

Restatement of Theorem For a game G converging to a monotone game, ¥n € (0, i),

zw € Z, Az, wi) > A(Zkt1, Wet1) — %(3D + 4dnmax || Foo||) max ||Gr ||, while A(zg, wy) >
A(Zp41, Wht1) — % (3Dz + 2nmax | Fo||) max |Gy || if D = max ||z, —wg|| < 0o and Z = R™.

Proof. Due to Lemmal(g] there exists
TEA Gy we) = 1Ak, wern) = (0 (202 472 | Foe (21) = Foo (1))
= (11 (er1)? 40 | P (2141) = Foo (wisn)|)
= (ImFsez0) + nexll® + 1% | Foc (21) = Foc (w2

= (InFoo(zrs1) + mersall® + 0 | Foo (zs1) = Foc (1))

(16)
Considering that Fi, is monotone and L-Lipschitz, and n € (O, 5 L) there exists
=2 (NFoo(2k41) = NFoo(2k), 2k41 — 2k) <0 (17)
1
-2 (g s = wnnl = I () = 0P () ) <0 19)
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According to the algorithm of OG, there exists 2 — NFoo (wi) — NG (W) — Wit1 € N(wp41) and
2k — NFso(Wit1) — NGk (Wkt1) — 2k+1 € N(zk+1). Hence,

— (2 — nFoo(wi) — NGr(wk) — Wet1, Wet1 — 2k41) <0 (19)
=2 (zk = NFoc(Wrt1) = NG (Wkt1) = Zk41, 2k — 26) <0 (20)
Since ¢(zx) € N(zy), there exists
— (ne(zk), 2k — wrt1) <0 @21
= (ne(zk); 26 — 2r41) <0 (22)

According to Lemmaand 2= NFL(Wkt1) =2k 11 € Nz(2k41); ka1 € Ung () (= Foo(2k41))s
=2 (ne(zi41) + NFoo (241); 25 = NFoo(Wt1) — NG (Wkt1) — 211) <0 (23)
—2(nc(ze41) + NFoo(2r41), —nc(2k41)) <0 (24)
there exists the following inequality:
Expression (I6) + LHS of Inequality + LHS of Inequality (I8) + LHS of Inequality (I9)
+LHS of Inequality (20) + LHS of Inequality (2I)) + LHS of Inequality (22)) + LHS of Inequality (23)

+LHS of Inequality (24)

2 2
Wi+1 + Zk+1

W — 2k
:HM"i_nFoo(wk)_nFoo(zk) 9

2
+ 12k — nFso (Wh1) — zka1 — ne(zre) | + MGr(wk), wis1 — 2041)
+2 (NGr(Wk+1), 2k+1 — 2k) + 2 (MG (Wit 1), Ne(2k41) + NFo0 (2k41))
> — ) lwgr = 2z || max |Gl = 20 [|zk41 — 2| max [| G| — 47° max || Foo || max [| G|
> —n(3Dz + 4nmax || Fso||) max |G|

; HnFoo<zk> T ne(a) — 2+

(25)
and there exists the following inequality if the game is unconstrained:

Expression (I6) + LHS of Inequality + LHS of Inequality (T8) + LHS of Inequality (T9)
+LHS of Inequality (20) + LHS of Inequality (21) + LHS of Inequality (22) + LHS of Inequality (23)
+LHS of Inequality (24)
= MG (wi), Wit — 2k41) + 2 (NGr(Wes1), 2k1 — 21) + 2 (NGr(Wit1), M6(2041))
> — nDmax |Gy || — 27D max |G| — 2n* max || F.o || max |G ||
2 =1 (3D + 2nmax || Fuo||) max || Gy

C.4 CONVERGENCE RATE OF A(z, wg)
In the following lemma, we demonstrate the relationship between 7"1(5?«“7,12) (wr41) and A (zg, wg).

Lemma 21 For a game G converging to a monotone game with any closed convex set Z C R™ and
monotone and L-Lipschitz operator Fo, : Z — R" and zj,, wy, wi1 € Z, there exists

r'(wit1) < V2(2+nL) V/A(zk, wi) + (2 4 nL) max |G|
If Gy is Lg, -Lipschitz and Gi(z*) = 0, there exists
' (wyg1) < V2(2+nL) /Alze, wi) + (1 + nL) max |G|l + Lg, D

where D = min{max ||z — wg||, Dz} under Assumption 4} and D = Dz under other circum-
stances.

Proof. Due to the OG algorithm and the non-expansiveness of the projection operator, there exists
2k — wirt || < llze — Uz [2k — nFoo (20)]]| + Jwksr — Uz [2k — nFso (21)] ||
<7z (k) + Uz (25 — nFy(wk)] — Tz (25 — nFo (26)]]|
< gz (2k) + [INFoo (wi) — nFoc (2) | + [nGe(2)
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According to Lemma[I0] we have

1 L
Ttan(zk) S +77

2k — Wi || + [ Foo (21) — Foo(wi) || + max{[| G|}
Hence, there exists
' (wyp1) < (14 nL) 155 (21) + (2 4+ 1L) [ Foo (wi) — Foo(21) || + (2 + nL) max |G|

<V2(2+nL) \/rfaFjlz)(sz + | Foo (i) — Foo(20)]|” + (2 + nL) max || Gy |
= V2(2+ L) V/A(zk, we) + (2 + L) max || Gy

If Gy, is L¢, -Lipschitz, there exists

2k — Wk+1
n

Pt (wyy ) < + Foo(Wgt1) — Foo(wg)|| + La, D

1
<5 12k = Wi | + ([ Foo (wit1) = Foo (20)[| + [ Foo (28) = Foo(wi) || + L, D
14+nL

IN

2k — wi]| + [[Foo(2k) — Foo(wi) || + L, D
Hence, there exists

' (wr 1) < (L4 0L) 7(#2) (21) + (2 +1L) | Foo (w) = Foo (26) || + (1 +0L) [|Gr(21)]]
+ Lg, D
< V(24 1LY \fris (20)? + [ Fooluwn) — Foo(z)
+ (1 +nL) [|Gr(zx)|| + L, D
< \/5(2 +nL) / Az, wy) + (1 +nL) max |Gi|| + Lg, D

Now we combine all the results above in this section.

Theorem 6 For a game G converging to a monotone game, under Assumptionif n e (0, ﬁ) or

. 1 ol ind 1 _1_
undertfn € <0, m), or underAssumpnonlfn € (07m1n{2(L+LG), ilo }>,

VG 70, W11y ), P (2 4 1y) < % + Co Y0, max |G- UnderAssumption ifn e

(0 542).

an \/i (2 + 77L) C1 o0
(w1 41) < U +V2(241nL)C,y Zk:Tl max |G|
+ (2 + L) max |Gy, |
1 [ 4+20p*L* o 4n*L? (5n*L? +6) )
Oy = — [ 222 g, o _
1 n ( ].—67]2.[/2 ”ZO z H + ].—6?72[/2 Hwo ZOH
1
4n* (5 — 16n*L*) 4nDz (4 + 20n*L*) ’
Em,k2 + mk
1—6n%2L2 1—6n2L2
3Dz + dnpmax || Foo ||
Cy =
Ui
Under Assumption 3]
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W 1)<\/§(2+77L)Cl
1+7T2+1) = \/E
+ (2 +nL)max||Gr| + Le, Dz

4(1 — 4n?L?) + 20 L2 (772 (L+Lg)* +8+ 87}2L2)

Ttan(

+\/§(2+77L)CQZ

N G
= max Gyl

i]‘ %12 2
Cl *77 1_67]2L2_4772LLG_2772L%; HZO z || +||U)O ZOH
22 (L + Lg)? (4 + 2212 (8772L2 +0% (L + LG)Q)) 22 L2 (8 +82L% + n? (L + LG)z)
(1 —6n2L% —4n?LL¢ — 2n2L%) (1 — 4n?L?) + 1—4n2L?
8Dz (1 —4n?L?) + 43Dz L? (772 (L+Lg)” +8+ 8772L2> , -
Epi + 41°E, , An’L
+ 1— 6y2L2 — 42LL¢ — 22 L%, kA B | 540
22 L2 (8 + 8202 + % (L + LG)2) 22 (L + L) (4 + 2212 (8772L2 2 (L+ LG)2)) H
+ 1—4n2L2 + (1—6n2L% —4n?LL¢ — 2n2L%) (1 — 4n2L?)
3Dz + 4dnpmax || Foo ||
Cy =
n
Under Assumption
V2(2+nL)Cy oo
rmn(’LUT1+T2+1) S T + \/5(2 + 7’]L) Cg Zk:Tl max HGkH
+ (14 nL)max ||Gr| + La,.D
o1 (44 Bon? (L + La)® (4 + 30°L2)) W
1= - zZo — %
U (1—4nLe)Ecn? (L + Lg)?
4+ Egn® (L+ Lg)® (4 + 30°L?) (2 — 49L¢) )
+ wo — 2o|

1-— 4’(]LG ”
1
2

122 D? ijl Lg, , 2L+ Lg,_,) )

3D + 2nmax || Fo |

n
where D = max{||wrt+1 — zk+1|l, |26+1 — 2k

&

b keN

Proof. According to Theorem 3] there exist
oo 3Dz + 4nmax || Fs||

A(er, 415, wry+T;) < Aery, wry) + Zk:Tl ; max || G|
under any one of Assumptions [2]and [3] and there exists
o 3D+ 2nmax || F
A(zr oy, wry4m,) < Aery,wr) + nmax [Fooll | oo Gk

k=11 n

under Assumption[d] The theorem is obtained by directly combining the two equations above with
Lemma O

C.5 PROOF OF THEOREM [4]

Cases where T' < 3 are trivial. Suppose T' = T1 + 1> + 1,T},T5 € N* for T' > 3. According to
Theorem[6] we have

wT1+T2+1) < \/5(2;%21;)641 + \/5(2 +7]L) 02 Z

+ (2 +nL) max ||Gr, 4, ||

tan( tan(

r

oo
wr) =71 =T max [|Gy||
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where C, C, > 0 under Assumptions[2]and 3] Hence,
1

P () = O <\/T7> 0 (Z:O:n max ||Gk||) + O (max||Gr_1])

1 oo
=0 (max{ﬁ, Zk:T max |G|, max ||GT||}>

Also, we have

\/5(2 + ’I]L) Cl
VT
+ (1 +nL)max ||Gr|| + Lg, D

+V2(2+1L)C Y

o0
r " (wr) =r'* (wr, y1y41) < por, X I1Gll

where C4, Cy > 0 under Assumption[d] Hence,

P9 () =0 (%) 0 (Z;in max ||Gk||) + 0 (max |Gz||) + O (Lg, D)

1 oo
=0 (max { = 37 max [Gull max G L | )

Then, according to Lemma , %M < r™(z) and Top(z) r&"(z). Hence, we have

vVND
Tg p(wr) Pgp(wr)
ma Ttan w , G,D ; s :T,tan w
s ren (), Toplen), Fof (ur)

Therefore,

{tun( ) Tg,p(wr) Pg,D(wT)}
max < 7" (wr) , ND D

1 oo
=0 <max {\/T’ Zk:T max |G|, max ||GT}>

under Assumptions [2]and 3] while

{tan( ) Tg,p(wr) PQ,D(wT)}
max < 7" (wy) , IND 5

1 oo
~0 (max { = 377 max Gl mx G| L | )

under Assumption 4]
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