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Abstract

Diagrams matter. Unfortunately, the deep learning community has no standard method for
diagramming architectures. The current combination of linear algebra notation and ad-hoc
diagrams fails to offer the necessary precision to understand architectures in all their detail.
However, this detail is critical for faithful implementation, mathematical analysis, further
innovation, and ethical assurances. We present neural circuit diagrams, a graphical language
tailored to the needs of communicating deep learning architectures. Neural circuit diagrams
naturally keep track of the changing arrangement of data, precisely show how operations
are broadcast over axes, and display the critical parallel behavior of linear operations. A
lingering issue with existing diagramming methods is the inability to simultaneously express
the detail of axes and the free arrangement of data, which neural circuit diagrams solve.
Their compositional structure is analogous to code, creating a close correspondence between
diagrams and implementation.

In this work, we introduce neural circuit diagrams for an audience of machine learning re-
searchers. After introducing neural circuit diagrams, we cover a host of architectures to
show their utility and breed familiarity. This includes the transformer architecture, convo-
lution (and its difficult-to-explain extensions), residual networks, the U-Net, and the vision
transformer. We include a Jupyter notebook that provides evidence for the close corre-
spondence between diagrams and code. Finally, we examine backpropagation using neural
circuit diagrams. We show their utility in providing mathematical insight and analyzing
algorithms’ time and space complexities.

1 Introduction

1.1 Necessity of Improved Communication in Deep Learning

Deep learning models are immense statistical engines. They rely on components connected in intricate ways
to slowly nudge input data toward some target. Deep learning models convert big data into usable predictions,
forming the core of many AI systems. The design of a model - its architecture - can significantly impact

performance ( , ), ease of training ( , ; , ), generalization
( , ; , ), and ability to efficiently tackle certain classes of data ( ,

; , ). Architectures can have subtle impacts, such as different image models recognizing
patterns at various scales ( , ; , ). Many significant innovations in deep

learning have resulted from architecture design, often from frighteningly simple modifications ( ,

). Furthermore, architecture design is in constant flux. New developments constantly improve on state-
of-the-art methods ( , ; , ), often showing that the most common designs are just one of
many approaches worth investigating ( , ; , ).

However, these critical innovations are presented using ad-hoc diagrams and linear algebra notation (
, ; , ). These methods are ill-equipped for the non-linear operations and
actions on multi-axis tensors that constitute deep learning models ( , ; , ).
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Furthermore, these tools are insufficient for papers to present their models in full detail. Subtle details such
as the order of normalization or activation components can be missing, despite their impact on performance

( » 2016).

Works with immense theoretical contributions can fail to communicate equally insightful architectural de-
velopments ( , ; , ). Many papers cannot be reproduced without
reference to the accompanying code This was quantified by ( ), where only 63.5% of 255 machine
learning papers from 1984 to 2017 could be independently reproduced without reference to the author’s
code. Interestingly, the number of equations present was negatively correlated with reproduction, further
highlighting the deficits of how models are currently communicated. The year that papers were published
had no correlation to reproducibility, indicating that this problem is not resolving on its own.

Relying on code raises many issues. The reader must understand a specific programming framework, and
there is a burden to dissect and reimplement the code if frameworks mismatch. Without reference to a
blueprint, mistakes in code cannot be cross-checked. The overall structure of algorithms is obfuscated,
raising ethical risks about how data is managed ( , ). Furthermore, papers that
clearly explain their models without resorting to code provide stronger scientific insight. As argued by

( ), replicating the code associated with experiments leads to weaker scientific results than
reproducing a procedure. After all, replicating an experiment perfectly controls all variables, including
irrelevant ones, making it difficult to link any independent variable to the observed outcome. However, in
machine learning, papers often cannot be independently reproduced without referencing their accompanying
code. As a result, the machine learning community misses out on experiments that provide general insight
independent of specific implementations. Improved communication of architectures, therefore, will offer clear
scientific value.

1.2 Case Study: Shortfalls of Attention is All You Need

To highlight the problem of insufficient communication of architectures, we present a case study of Attention

is All You Need, the paper that introduced transformer models ( , ). Since being introduced
in 2017, transformer models have revolutionized machine learning, finding applications in natural language
processing, image processing, and generative tasks ( , : , ).

Transformers’ effectiveness stems partly from their ability to inject external data of arbitrary width into base
data. We refer to axes representing the number of items in data as a width, and axes indicating information
per item as a depth.

An attention head gives a weighted sum of the injected data’s value vectors, V. The weights depend on the
attention score the base data’s query vectors, @), assign to each key vector, K, of the injected data. Value and
key vectors come in pairs. Fully connected layers, consisting of learned matrix multiplication, generate @,
K, and V vectors from the original base and injected data. Multi-head attention uses multiple attention
heads in parallel, enabling efficient parallel operations and the simultaneous learning of distinct attributes.

Attention is All You Need, which we refer to as the original transformer paper, explains these algorithms
using diagrams (see Figure 1) and equations (see Equation 1, 2, 3) that hinder understandability (

b ) ) )'

KT
Attention(Q, K, V') = SoftMax ( @ )V (dy, is the key depth) (1)
k
MultiHead(Q, K, V') = Concat(head;, ...,hezaudh)I/VO (2)
where head; = Attention (QW,%, KW, vW;") (3)

The original transformer paper obscures dimension sizes and their interactions. The dimensions over which
SoftMax' and matrix multiplication operates is ambiguous (Figure 1.1, ; Equation 1, 2, 3). Deter-

1Using ¢ and k to index over data, we have SoftMax(v)[i] = exp(v[i])/Zg exp(v[k]).
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Figure 1: The diagrams from the original transformer model with our annotations. Critical information is
missing regarding the origin of @, K, and V values (red and blue), and the axes over which operations act
(green).

mining the initial and final matrix dimensions is left to the reader. This obscures key facts required to
understand transformers. For instance, K and V can have a different width to @, allowing them to inject
external information of arbitrary width. This fact is not made clear in the original diagrams or equations.
Yet, it is necessary to understand why transformers are so effective at tasks with variable input widths, such
as language processing.

The original transformer paper also has uncertainty regarding @), K, and V. In Figure 1.1 and Equation 1,
they represent separate values fed to each attention head. In Figure 1.2 and Equation 2 and 3, they are all
copies of each other at location (A ) of the overall model in Figure 1.3, while @ is separate in situation (B).

Annotating makeshift diagrams does not resolve the issue of low interpretability. As they are constructed for
a specific purpose by their author, they carry the author’s curse of knowledge (Pinker, 2014; Hayes & Bajzek,
2008; Ross et al.,, 1977). In Figure 1, low interpretability arises from missing critical information, not from
insufficiently annotating the information present. The information about which axes are matrix multiplied
or are operated on with the SoftMax is simply not present. We, therefore, need to develop a framework for
diagramming architectures that ensures key information, such as the axes over which operations occur, is
automatically shown. Taking full advantage of annotating the critical information already present in neural
circuit diagrams, we present alternative diagrams in Figures 22, 23, and 38.

1.3 Current Approaches and Related Works

These issues with the current ad-hoc approaches to communicating architectures have been identified in
prior works, which have proposed their own solutions (Phuong & Hutter, 2022; Chiang et al., 2023; Xu
et al., 2023; Xu & Maruyama, 2022). This shows that this is a known issue of interest to the deep learning
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community. Non-graphical approaches focus on enumerating all the variables and operations explicitly,
whether by extending linear algebra notation ( , ) or explicitly describing every step with
pseudocode ( , ). Visualization, however, is essential to human comprehension ( ,

; , ). Standard non-graphical methods are essential to pursue, and the
commumty will beneﬁt significantly from their adoption; however, a standardized graphical language is still
needed.

The inclination towards visualizing complex systems has led to many tools being developed for industrial
applications. Labview, MATLAB’s Simulink, and Modelica are used in academia and industry to model
various systems. For deep learning, TensorBoard and Torchview have become convenient ways to graph
architectures. These tools, however, do not offer sufficient detail to implement architectures. They are often
dedicated to one programming language or framework, meaning they cannot serve as a general means of
communicating new developments. Developing a framework-independent graphical language for deep learn-
ing architectures would aid in improving these tools. This requires diagrams equipped with a mathematical
framework that captures the changing structure of data, along with key operations such as broadcasting and
linear transformations.

Many mathematically rigorous graphical methods exist for a variety of fields. This includes Petri nets, which
have been used to model several processes in research and industry ( , ). Tensor networks were
developed for quantum physics and have been successfully extended to deep learning (

; , ). ( ) showed that re-implementing models after making them graphlcally
explicit can improve performance by letting parallelized tensor algorithms be employed. Robust diagrams,
therefore, can benefit both the communication and performance of architectures. Formal graphical methods
have also been developed in physics, logic, and topology. All these graphical methods have been found to
represent an underlying category, a mathematical space with well-defined composition rules (

, ; , ). A category theory approach allows a common structure, monoidal
products, to define an intuitive graphical language ( , ; , ). Category theory,
therefore, provides a robust framework to understand and develop new graphical methods.

However, a noted issue ( , ) of previous graphical approaches is they have difficulty expressing
non-linear operations. This arises from a tensor approach to monoidal products. Data brought together
cannot necessarily be copied or deleted. This represents, for instance, axes brought together to form a
matrix and this approach makes linear operations elegantly manageable. It, however, makes expressing
copying and deletion impossible. The alternative Cartesian approach allows copying and deletion, reflecting
the mechanics of classical computing. The Cartesian approach has been used to develop a mathematical
understanding of deep learning ( ; , ). However,
Cartesian monoidal products do not automatlcally keep track of dlmenblonahty and cannot easily represent
broadcasting or linear operations. Therefore, the graphical language generated by a pure Cartesian approach
fails to show the details of architectures, limiting its utility outside of pure analysis.

The literature reveals a combination of problems that need to be solved. Deep learning suffers from poor
communication and needs a graphical language to understand and analyze architectures. Category theory
can provide a rigorous graphical language but forces a choice between tensor or Cartesian approaches. The
elegance of tensor products and the flexibility of Cartesian products must both be available to properly
represent architectures. A category arises when a system has sufficient compositional structure, meaning a
non-category theory approach to diagramming architectures will likely yield a category. The challenge of
reconciling Cartesian and tensor approaches, therefore, remains.

1.4 The Philosophy of Our Approach

As we are introducing these diagrams, we have a burden to explain how we think they should be used, and
to address criticisms of creating a diagramming standard in the first place. We will take a brief aside to
address these points, which we believe will aid in the adoption of neural circuit diagrams.

These diagrams are intended to express sequential-tensor deep learning models. This is in contrast to machine
learning or artificial intelligence systems more generally. Deep learning models are machine learning models
with sequential data processing through neural network layers. We do not cover recursive or branching


https://www.ni.com/en-au/shop/labview.html
https://au.mathworks.com/products/simulink.html
https://modelica.org/
https://www.tensorflow.org/tensorboard
https://torchview.dev/docs/
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models in this work. Furthermore, we assume data is always in the form of tuples of tensors. Generalizing
diagrams to further contexts is an exciting avenue for future research.

By making these assumptions, we develop diagrams specialized for some of the most essential but difficult-to-
explain systems in artificial intelligence research. Researchers outside the narrow scope of sequential-tensor
deep learning models often rely on these tools. By more clearly communicating them, researchers who may
not be up to date on the latest innovations or aware of their options stand to benefit an immense deal.

We do not expect two independent teams to diagram architectures the exact same way. Indeed, we do
not believe the appropriate diagramming framework would have this property. Diagrams should have the
flexibility to allow for innovations and to appeal to the audience’s level of knowledge. The benefit of our
framework, instead, is to have robust diagrams that include all the necessary details with clear correspon-
dence to implementation and analysis, in contrast to ad-hoc diagrams, which often fail to include critical
information.

Our diagrams can be decomposed into sections that allow for layered abstraction. The exact details of
code can be abstracted into single-symbol components. Sections of diagrams can be highlighted for the
reader’s clarity, and repeated patterns can be defined as components. Diagrams have immense compositional
structure. The horizontal axis represents sequential composition, and the vertical axis represents parallel
composition. Sections and components can be joined like Lego bricks to construct models.

This sectioning allows for a close correspondence between diagrams and implementation. Every highlighted
section becomes a module in code. Diagrams, therefore, provide a cross-platform blueprint for architectures.
This allows implementations to be cross-checked to a reference, increasing reliability. Furthermore, which
components are abstracted and the level of abstraction can vary depending on the audience, leading to
clearer, specialized communication.

A common criticism is that the introduction of a new standard simply increases the number of standards,
worsening the issue trying to be solved. We do not believe this is a relevant critique for deep learning
diagrams. Currently, there are no standard diagramming methods. Every paper, in a sense, has its own
ad-hoc diagramming scheme. Compared to this, neural circuit diagrams only need to be learned once, after
which architectures can be clearly and explicitly explained. Furthermore, they build on existing research on
robust monoidal string diagrams, which have been found to be a universal standard for various fields (

; ).
1.5 Our Contribution

To address the need for more robust communication and analysis of deep learning architectures, we introduce
neural circuit diagrams. Neural circuit diagrams solve the lingering challenge of accommodating both the
details of axes (the tensor approach) and the free arrangement of data (the Cartesian approach) in diagrams.
They are specialized for sequential algorithms on memory states consisting of tuples of tensors.

Diagramming the details of axes means the shape of data is clear throughout a model. They easily show
broadcasting and provide a graphical calculus to rearrange linear functions into equivalent forms. At the
same time, they clearly represent tuples, copying, and deletion, processes that typical graphical methods
struggle with. This makes them uniquely capable of accurately representing deep learning models.

Inspired by category theory and especially monoidal string diagrams ( : ),
this work builds on a literature of robust diagramming methods. However, the category theory detalls are
omitted to maximize impact among machine learning researchers.

The benefits of neural circuit diagrams are many. They allow for clearer communication of new developments,
making ideas more rapidly disseminated and understood. They offer robust blueprints for designing and
implementing models, accelerating innovation and streamlining productivity. Furthermore, they allow for
rigorous mathematical analysis of architectures, bringing us closer to a theoretical understanding of deep
learning.

These points are evidenced by diagramming a host of architectures. We cover a basic multi-layer perceptron,
the transformer architecture, convolution (and its difficult-to-explain permutations), the identity ResNet,
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the U-Net, and the vision transformer. We provide a Jupyter notebook that implements these diagrams,
which provides further evidence for the close relationship between diagrams and implementation. Finally,
we offer a novel analysis of backpropagation, which shows the utility of neural circuit diagrams for rigorous
analysis of architectures.

2 Neural Circuit Diagrams for Deep Learning

2.1 Commutative Diagrams

We aim to make diagrams that robustly represent deep-learning algorithms. While our diagrams will even-
tually be generalized, we will initially concentrate on common models. Specifically, we will explore models
that successively process data of predictable types. To facilitate understanding, we will introduce diagrams
of gradually increasing complexity. First, let’s delve into an intuitive diagram, where symbols represent data

types, and arrows signify the functions.
(Functio%mt‘\g

(Data type) str\f;g/" float

Figure 2: We have two functions: f :str — int and g : int — float. These functions can be composed into a
single function f; g : str — float (where we use forward ; instead of reverse o composition notation, x; f; g =
g(f(z)). We represent data types, such as str, int, and float, with floating symbols, while functions are
denoted by arrows connecting them.

2.1.1 Tuples and Memory

Algorithms are rarely composed of operations on a single variable. Instead, their steps involve opera-
tions on memory states composed of multiple variables. The data type of memory state is a tuple of
the variables that compose it. Consider a single algorithmic step acting on memory, which may appear
as f: AXBXC — AX D, even if f solely manipulates B X C to produce D. In this step, the initial
memory state includes variables of types A, B, and C, which are transformed into a modified memory
state containing variables of types A and D. We can represent an algorithm comprised of two such steps,
fiAXBXC —>AXxDandg: AX D — E, as illustrated below in Figure 3.

VAXD\%
AxBxC\\\_h///]E

Figure 3: We have an algorithm h : A X B X C' - E composed of two steps, f: AX BXC - AX D and
g: Ax D — E. A memory state is a tuple of variables. For steps to compose, their input and output types
must match. Every function, therefore, has to act on the entire memory state.

2.2 String Diagrams

However, these commuting arrow diagrams fall short. As algorithms scale, operations and memory states get
more complex. Operations usually only act on some variables. However, it is not clear how these targeted
functions can be easily represented. Compound data types and compound functions are better suited by
reorienting diagrams as in Figure 4. We will have horizontal wires represent types, and symbols represent
functions. Diagrams are forced to horizontally go left to right.

This reorientation allows us to separate compound types and functions easily. We can diagram tupled types
A X B as a wire for A and a wire for B vertically stacked but separated by a dashed line. For increased
clarity, we can draw boxes around functions.
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AXBxC f AXD E — AXxXBxC h E

g =

Figure 4: We reorient diagrams to go left to right. Wires represent data types, and symbols represent
functions.

N
N
e
N
np]

Figure 5: Tupled data types are diagrammed with wires separated by dashed lines. This is needed to show
the precise actions of every algorithm step and ensure the steps can composed.

Functions often only act on some variables in memory, leaving the others alone. We represent this by having
those functions consume their dependent variables and letting the other type-wires flow past them. This
results in a function diagrammed by only acting on its dependent variables but with an overall vertical
section that consumes and produces the entire memory state.

B D 18| - _Bly

Figure 6: Functions only need to be shown acting on their dependent variables, and having the other wires
pass through.

2.2.1 Interpreting Diagrams

Diagrams can be interpreted as having every vertical section represent something. Either the data types
present in memory or a function acting on memory. A well-composed diagram has every vertical function
section match adjacent memory states. This ensures that every step of an algorithm can be performed.
Furthermore, diagrams can be split into constituent parts, each of which is composed with others. Vertical
composition requires dashed lines, and horizontal composition requires wires matching like jigsaw indents.

This vertical section represents the memory

state of type AX B X C.

A A | LE |
S
41 _C_ | f ||

This vertical section represents
the function f:BXC — D,

which is stacked into,
ldga X f: AXBXC— AXD.

Figure 7: We can view diagrams as composed vertical sections, each representing a memory state or a
function. Vertical sections can be further separated in the case of tuple-combined sections.

2.3 Tensors

We will specialize our diagrams for deep learning models whose memory states are tuples of tensors. We
can generalize diagrams in the future. Tensors are numbers arranged along axes. So, a scalar R is a rank 0
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tensor, a vector R? is a rank 1 tensor, and a table R*? is rank 2 tensor, and so on. With tensor data types,
we may get something like Figure 8.

IR IR’ IR >

Figure 8: Similar to Figure 6, but with data types being tensors.

Just like we can represent A X B as either a single wire labeled A X B or dash-separated A and B wires,
we have a specialized alternative representation of tensors R, We write a tensor R”” as two vertically
stacked wires labelled a and b, without a dashed separation. For many deep learning models, assuming that
data types are tensors is safe, so this does not limit expressiveness. This lets us rediagram Figure 8 as Figure
9. We also note how the diagram is composed of subdiagrams that accept and produce various memory
states.

3,42,6—>1,2
3,42,6—>3,33
3-3 3,33-1,2
3 3 1 3 14
4 — 3 2 = [ 21|
2 f 3 g 3 g
- 3

Figure 9: We can redraw Figure 8 into the form on the left. This diagram can be broken into many constituent
parts, shown on the right. An exercise to better understand a diagram is to break it into these constituent
parts. (See cell 3, Jupyter notebook.)

2.3.1 Indexes

Every tensor has indexes along each axis which access values. For example, R® has three indexes, each
extracting a value. R*? has 4 indexes along the first axis, and 2 alon% the second, requiring one of each to
access a value. For R4X2, the indexes of the 4 axis have the form R** — R?. This represents extracting a
R% sized row from a R*? table. We start indexing from 0, and diagram indexes by kets |_). For tensors,
they obey the regularity conditions of Figure 11. Note how indexes only act on one axis, so we let the others
“pass-through”.

Give... Apply Algorithm
(Extract last row)

Get...
4x2 4
€R __13> €R4X2—>IR2 | -e RZ
2 S —

] :

(Note: the indexes start at Q)

Figure 10: An example of how an index extracts a sub-tensor and is diagrammed by having the other
axes “pass-through”. Assigning one axis as rows and another as columns is arbitrary. (See cell 5, Jupyter
notebook:.)
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Indexes to R! Indexes to R? Indexes to IR”

/by by s

Figure 11: For a R matrix, we have a X b separate indexes to R. These are defined in relation to indexes
on R* and R”. The order of access does not change the values. We use the symbols i, to iterate over the
indexes of a, and j, for those of b. Tensors are recursive, so the above diagram works for the indexes of
a =4x%x2and b =3. The action of indexes on higher-order tensors is therefore well-defined. (See cell 7,
Jupyter notebook.)

2.3.2 Broadcasting

Broadcasting a function over an axis applies it to each axis element. It is best to use an example. The vector
norm is a function on vectors of some length. Over R3, it maps Norm : R® - R'. If we had 5 vectors R®
arranged into a table, we have a tensor R, Taking the norm of each vector in this table, we get a function
Norms : R™? - R*

However, this function’s 5-length axis is special in that it is broadcast over. The operation Norms : R -
R™" can be fully understood by the underlying function Norm : R® - Rl, then simply applying it over the
5-length axis. So, we diagram Norms by drawing Norm and letting the 5-axis pass over it.

Neural Circuit Diagrams Makeshift Diagrams

Starting with a 3 — 1 function... |
3 1
Norm: R —» R! —3 Norm L [T T ]—Norm—[]
...we can define a function which maps it over some axis,

which we diagram by referencing the original function. ’

5 5 5

Norms : R%*® — R>*1 Norms
1 = 3 1
— — Norm ——

R — R function

Figure 12: We can take an operation on rows and broadcast it over columns, giving an operation on an entire
table. This can be diagrammed by having the column axis pass through. Thinking of one axis as rows and
another as columns is arbitrary.

Formally, we define broadcasting with respect to the indexes. The indexes provide complete descriptions
of functions. This means a function R* - R” can be uniquely identified by the b index values it produces
for each input. For example, if two functions f,g : R* — R® always give the same |0), |1), and |2) index
values, the functions are the same. This scales to the a X b indexes of tensors. So, if we define a broadcasted
function for the indexes and a known function, it is uniquely defined. We do this with Figure 13. We also
define inner broadcasting, which operates within a tuple segment in Figure 14.
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[Starting with a R* — R? function... |

iR > R? a f b | Uniquely defined with respect to the indexes by,
Definition for all Indexes | ‘ Known Functions
|...we can define a function which applies it over some axis, ‘ c . @ s
which can be diagrammed by referencing the original function. | IC> _ ZC>
a b . — a b :
L < c f i) [

C
/‘C:RCX”—>]I{CXI’ I A
f o fhely = a Fle

Figure 13: A generic presentation of broadcasting. Any function can be broadcast over some axis. This can
be diagrammed with reference to the original function and an axis that passes through. We can define the
broadcasted function by defining each of its output index values. (See cell 9, Jupyter notebook.)

|Starting with a R*** — R? function...|

a
g: R 5 RV 5 g L b |Uniquely defined with respect to the indexes by,
- Definition for all Indexes Known Functions
...we can define a function which applies it over some axis within a c c 1 ¢
tuple, which can be diagrammed by referencing the original function. ZC> = o Zc>a
—] b,. — b .
c c c c ==d —1 7 Y R [pp—— _| Y
gAOCI]RCXHd—’]RCXb a g/\c b — a b d g J > d d g ] >
_d ] | 18

Figure 14: Inner broadcasting is defined within tuples. Similar to Figure 13, we define an inner broadcast
by associating each index of an inner broadcasted function with a known function. (See cell 11, Jupyter
notebook:.)

2.3.3 Element-wise Operations

Tensors such as R™* with a l-length axis are accessed in the same ways as R”. We can freely introduce
and remove 1-length axes. We do this explicitly by having entering or exiting arrows for wires. If a function
is known to map to or from Rl, we may leave out drawing the 1-length axis altogether. An application of
this trick is with element-wise operations. Functions f : R' - R can be broadcast over a tensor R” to get
an operation R Rlxa, which corresponds to applying f onto each element of the tensor. We diagram
element-wise operations as in Figure 15.

* Broadcasted : * Broadcasted :

Broadcasted 1 !

a = a

Figure 15: Broadcasting a f : R — R function over some shape gives an element-wise operation. (See cell
13, Jupyter notebook.)

2.4 Linearity

Linear functions are an important class of operations for deep learning. Linear functions can be highly
parallelized, especially with GPUs. Previous works have shown how graphically modeling linear functions,
and reimplementing algorithms can improve performance (Xu et al., 2023). Linear functions have immense
regularity. Standard monoidal string diagrams rely on these properties to provide elegant graphical languages
for various fields (Bacz & Stay, 2010).

However, a pure monoidal string diagram has difficulty representing non-linear operations, a noted issue
(Chiang et al., 2023). Our framework has Cartesian products and broadcasting, which are not generally
analogous to how monoidal string diagrams combine linear functions. However, if we know functions are
linear, we can use diagrams to efficiently reason about algorithms. By focusing on linear functions, we can
take advantage of their parallelization properties.

10
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Linear functions are required to obey additivity and homogeneity, as shown in Figure 16. These operations
are closed under composition, so applying linear maps onto each other gives another linear map. Importantly
to us, they are natural with respect to broadcasting. This means for any two linear functions f and g, the
equality in Figure 17 holds. This means they can be simultaneously broadcast. This lets a series of linear
functions be efficiently parallelized and flexibly rearranged.

:Elementwise :Elementwise * Scalar : * Scalar
*Addition

‘Addition  Multiplication *  Multiplication ©

Figure 16: A subset of functions between R® to R’ are linear, obeying additivity and homogeneity. This
class of functions are closed under composition and has many important composition properties.

an b a an an

c ch—ccd d:ccd

Figure 17: Linear functions are natural with respect to each other and broadcasting. This means the above
equality holds, letting expressions be flexibly rearranged.

2.4.1 Multilinearity

It is important to note the distinction between linearity and multilinearity. Inner products, for example,
are multilinear. The inner product u(x,y) = x -y = ¥; z;y; is linear with respect to each input. So,
u(x +z,y) = u(x,y) + u(z,y), and similarly for the second input. However, it is not linear with respect
to element-wise addition over its entire input and output, as u(x; + X2, y1 + y2) # u(x1,y1) + u(x2,y2).
Compare this to copying A, which we can show is linear.

A:R* >R and z,y € R*, NeR

A(z)(z, )
Az +y)=(z+y,z+y)=(z,2)+ (y+y)
= Az) + A(y)
AXz) =Nz, z)=X(z,2) = X
=\ A(x)

To simultaneously broadcast multilinear functions, we note how every multilinear operation equals an outer
product followed by a linear function. The outer product is the ur-multilinear operation, taking a tuple
input and returning a tensor, which takes the product of one element from each tuple segment. It is given
by ® : R* x R” - RV, All tuple-multilinear functions f : R* x R” - R® have an associated tensor-linear
form f : R - R such that ®; f» = f. We diagram the outer product by simply having a tuple line
ending, which will often occur before a host of linear operations are simultaneously applied.

2.4.2 Implementing Linearity and Common Operations

Key linear and multilinear operations can be implemented by the einops package, leading to elegant im-
plementations of algorithms. Some key linear operations are inner products, which sum over an axis,
transposing, which swaps axes, views, which rearranges axes, and diagonalization, which makes axes
take the same index.

With neural circuit diagrams, we can clearly show these operations. We show inner products with cups,
transposing by crossing wires, views by solid lines consuming and producing their respective shapes, and
diagonalization by wires merging. As these operations are linear, they can be simultaneously applied.

11
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The interaction of wires shows how incoming axes coordinate to produce outgoing axes. The einops package
symbolically implements these operations by associate incoming and outgoing axes with symbols. The graph-
ical notation we have chosen means that neural circuit diagrams correspond to einops symbolic expressions.

A good example that combines many of these operations is a section of multi-head attention shown in Figure
18. It employs an outer product, a transpose, a diagonalization, an inner product, and an element-wise
operation. The input to this algorithm is a tuple of tensors. Axes with an overline are a width, representing
the amount of rather than detail per thing.

Though a complex expression, we can break this figure up as in Figure 9 and implement the interaction of
wires using einops, shown in Figure 19.

—_—

Q isayxkxh-__y Y
shaped tensor. Q_ Scale

"~ Kisaxxkxh i Xh'_ e f@ﬂ][ﬁ%

lllmplicit outer product ||
__

-+

X Inner Product| k -
shaped tensor. K k || —— — V
ol D h
- 7Diagona|ize |
| Transposing|| 2o 0"

Figure 18: We can diagram a portion of multi-head attention, a sophisticated algorithm, with clarity using
neural circuit diagrams.

Implementation using einsum

# Local memory contains,

#Q:ykh#K: xkh

# Transpose K,

Q, K = Q, einops.einsum(K, 'x k h -> k x h")

# Implicit outer product and diagonalize,

X = einops.einsum(Q, K, 'y k1 h, k2 x h \
->y ki1 k2 x h")

# Inner product,

X = einops.einsum(X, 'y k k x h -> y x h")
# Scale,

X = X / math.sqrt(k)

Implementation using einsum Q
with simultaneous broadcasting of linear functions)

(

# Local memory contains, X
#Q:ykh#K: xkh ____E
X [EEEE——_
X h

<l
=l

einops.einsum(Q, K, 'y kh, xkh ->y xh')
X / math.sqrt(k)

=
=

Figure 19: This section of multi-head attention can be implemented using the einsum operation. Here, we
can see the close relationship between diagrams and implementation, and how neural circuit diagrams reflect
the memory states and operations of algorithms. (See cell 15, Jupyter notebook.)

2.4.3 Linear Algebra

All linear functions f : R — R’ have an associated R**" tensor that uniquely identifies them. This hints at
the ability to transpose this associated tensor to get a new linear function, f T R" 5 R". To extract these
associated transposes, we use the unit. The unit for a shape a, given by 1 : R' > R**®, is a linear map
which returns r times the R identity matrix, for r € R.

Note that the associated transpose, which sends a linear function f : R™ — R™ to fT : R™ = R" by
transposing the associated R™™ tensor, is different to a transpose operation which sends R™™ to R™".
Associated transposes are used for mathematical rearrangement and are not usually directly implemented
in code, though we provide code examples in cell 17 of the Jupyter notebook.

12
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The unit and the inner product can be arranged to give the identity map R* — R”, as in Figure 20. This
identity map can be freely introduced, split into a unit and the identity matrix, and then used to rearrange
operations. For example, this allows us to convert the linear map F : R* — R™ into F’ : R™* - R".
These associated tensors and transposes can be used to understand better convolution (Section 3.3) and
backpropagation (Section 3.6).

Additionally, as the simultaneous broadcast of linear morphisms is their outer product, an outer product
can be applied before or after a simultaneous broadcast to equivalent effect.

0O

o

b 5 :
a b Transposing : b
F ¢ ——= —b) . = _a FT c

“Identity

| The unit and the inner product ’
arranged in this manner give the identity.

" GL-H=-(G-
'Naturality among linear functions with respect to :

broadcasting allows them to be horizontally shifted. SRR :1 i
— a '

| Simultaneously broadcasting linear operations is an

outer product, meaning outer products can be shifted.

a b _a (G b
_Ii K= L‘G“c‘ K—=

Figure 20: Linear operations have a flexible algebra. Simultaneous operations may increase efficiency (
, ). As the height of diagrams is related to the amount of data stored in independent segments, it
gives a rough idea of memory usage. This is further explored in Section 3.6. (See cell 17, Jupyter notebook.)

. . . axb c . axbxc
These rearrangements can transpose specific axes. A linear operation R™° — R" has an associated R

tensor. This tensor can be associated with various linear operations, such as R™* - R®. These different
forms are often of interest to us, as they can efficiently implement the reverse of operations (see Figure 26,
31). To extract these rearrangements, we can selectively apply units and the inner product to reorient the
direction of wires for linear operations.

3 Results: Key Applied Cases

3.1 Basic Multi-Layer Perceptron

Diagramming a basic multi-layer perceptron will help consolidate knowledge of neural circuit diagrams and
show their value as a teaching and implementation tool. We present this in Figure 21. We use pictograms
to represent components analogous to traditional circuit diagrams and to create more memorable diagrams

( , 2016).

Fully connected layers are shown as boldface L, with boldface indicating a component with internal learned
weights. Their input and output sizes are inferred from the diagrams. If a fully connected layer is biased,
we add a “+” in the bottom right. Traditional presentations easily miss this detail. For example, many
implementations of the transformer, including those from PyTorch and Harvard NLP, have a bias in the
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import torch.nn as nn
# Basic Image Recogniser
# This is a close copy of an introductory PyTorch tutorial:
# https://pytorch.org/tutorials/beginner/basics/buildmodel_tutorial.html
class BasicImageRecogniser(nn.Module):
def __init_ (self):
super().__init_ ()
self.flatten = nn.Flatten()

self.linear_relu_stack = nn.Sequential( Basic |mage Recogniser for Digits
nn.Linear(28*28, 512),
nn.ReLU(), ——
nn.Linear(512, 512), X =28 | >R> >R> | SoftMax‘
nn.RelU(), 7 =28 282 L |512 l L | 512‘ L ” k = 10 10
nn.Linear (512, 10), — +|’ ‘ \I

) — —

def forward(self, x): Llnear % 10
x = self.flatten(x) —_ Y_

x = self.linear_relu_stack(x)
y_pred = nn.Softmax(x)
return y_pred

Figure 21: PyTorch code and a neural circuit diagram for a basic MNIST (digit recognition) neural network
taken from an introductory PyTorch tutorial. Note the close correspondence between neural circuit diagrams
and PyTorch code. (See cell 19, Jupyter notebook.)

query, key, and value fully-connected layers despite Attention is All You Need (Vaswani et al., 2017) not
indicating the presence of bias.

Activation functions are just element-wise operations. Though traditionally ReLU (IKrizhevsky et al., 2017),
other choices may yield superior performance (Lee, 2023). With neural circuit diagrams, the activation
function employed can be checked at a glance. SoftMax is a common operation that converts scores into
probabilities, and we represent it with a left-facing triangle (<), indicating values being “spread” to sum to 1.
As mentioned in Section 1.2, how operations such as SoftMax are broadcast can be ambiguous in traditional
presentations. This is especially worrisome as SoftMax can be applied to shapes of arbitrary size. On the
other hand, our method of displaying broadcasting makes it clear how SoftMax is applied.

3.2 Neural Circuit Diagrams for the Transformer Architecture

In Section 1.2, we identified the shortfalls in Attention is All You Need. We now have the tools to address
these shortcomings using neural circuit diagrams. Figure 22 shows scaled-dot product attention. Unlike the
approach from Attention is All You Need, the size of variables and the axes over which matrix multiplication
and broadcasting occur is clearly shown. Figure 23 shows multi-head attention. The origin of queries, keys,
and values are clear, and concatenating the separate attention heads using einsum naturally follows. Finally,
we show the full transformer model in Figure 38 using neural circuit diagrams. Introducing such a large
architecture requires an unavoidable level of description, and we take some artistic license and notate all the
additional details.

Scaled Dot-Product Attention

Equation from the

original paper.

Attention(Q, K, V) =|SoftMax lQ V=
di

Figure 22: The original equation for attention against our diagram. The descriptions are unnecessary but
clarify what is happening. Corresponds to Equation 1 and Figure 1.1. (See cell 21, Jupyter notebook.)
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| Multi-Head Attention [
Learned fully connected layers generate These generate k X h-shaped data, a ‘
Q, K, and V from the inputs. k-deep vector for each attention head.
-~
_ \_ Linear f Scaled Dot-Product
Y Y Attention
m m k
[ P pp— J LQ *k_1/2
X / C.OPY x S BT
m/ AL N\ mll
- L
_N —
X h— ——————— 1/
h m k \m
We copy the\— L 14 LO

injected data to
generate K and V.

WConcat (Diagonalize) ||| Linear

During matrix multiplication, we diagonalize the /- ||A final fully connected layer combines the

axes, avoiding cross-axis ensuring parallel operations.||outputs of the separate heads into one vector.

Figure 23: Neural circuit diagram for multi-head attention. Implementing matrix multiplication is clear
with the cross-platform the einops package (Rogozhnikov, 2021). Corresponds to Equation 2 and 3 and
Figure 1.2. (See cell 23, Jupyter notebook.)

3.3 Convolution

Convolutions are critical to understanding computer vision architectures. Different architectures extend and
use convolution in various ways, so implementing and understanding these architectures requires convolution
and its variations to be accurately expressed. However, these extensions are often hard to explain. For exam-
ple, PyTorch concedes that dilation is “harder to describe”. Transposed convolution is similarly challenging
to communicate (Zeiler et al.; 2010). A standardized means of notating convolution and its variations would
aid in communicating the ideas already developed by the machine learning community and encourage more
innovation of sophisticated architectures such as vision transformers (Dosovitskiy et al., 2021; Khan et al.,
2022).

In deep learning, convolutions alter a tensor by taking weighted sums over nearby values. With standard

bracket notation to access values, a convolution over vector v of length T by a kernel w of length k is given
by, (Note: we subscript indexes by the axis over which they act.)

Conv(v, w)[iz] = Z vlig + jr ] wlix]

Jk

The maximum iy value is such that it does not exceed the maximum index for v[iz + ji]. Starting indexing
at 0, we get T — 1 = G0y + Jmax = ¥ + k — 2, so the length of the output is therefore y = * — k + 1. Note how
convolution is a multilinear operation; it is linear concerning each vector input v and w. Therefore, it has a
tensor-linear form with an associated tensor, the convolution tensor, that uniquely identifies it.

Conv(v, w)[ig] = Y Y (#)lig. . bz]- vItz]- wlin]
l

Ik Lx

(*)[iﬂajkaei] = {

0 , else.

We diagram convolution with the below diagram, Figure 24. We then transpose the linear operation into a
more standard form, letting the input be to the left, and the kernel be to the right.

We typically work with higher dimensional convolutions, in which case the indexes act like tuples of indexes.
We diagram axes that act in this tandem manner by placing them especially close to each other and labeling
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o —V =%k +1) 1 _ f XxX—k+1;:
&= = g

We contract over the convolution — —

Al — X X-k+1y;
tensor. Here, the + is a linear = 0 X T 1]/
operation that returns 1 if the su w

of the indexes equals the coindex,

. We transpose the operations
and zero otherwise.

to arrive at the standard form.

Figure 24: Convolution is a multilinear operation, with an associated tensor. This tensor is transposed into
a standard form.

their length by one bolded symbol akin to a vector. In 2 dimensions the convolution tensor becomes;

(* 2D)[2E, iﬁyjkoajklygﬁa gﬁ] - {1 ) if (éanExl) - (ZyOaZyl) + (.]kOa.]kl)~

0 , else.
Figure 25 shows what convolution does. It takes an input, uses a linear operation to separate it into
overlapping blocks, and then broadcasts an operation over each block. Using neural circuit diagrams, we
now easily show the extensions of convolution. A standard convolution operation tensors the input with a
channel depth axis, and feeds each block and the channel axis through a learned linear map.

Additionally, we can take an average, maximum, or some other operation rather than a linear map on
each block. This lets us naturally display average or max pooling, among other operations. Displaying
convolutions like this has further benefits for understanding. For example, 1 X 1 convolution tensors give a
linear operation R* — RXX1, which we recognize to be the identity. Therefore, 1 X 1 kernels are the same as
broadcasting over the input.

Standard Convolution 7 Average Pool 7 Max Pool
X | % x-k+1 X l* x-k+1 X |x x-k+1
Lk [k E Lk Max
Co L + _C1 Co Co
Shorthand
X x-k+1
co | x k|c,

Figure 25: Convolution and related operations, clearly shown using neural circuit diagrams.

Stride and dilation scale the contribution of ¢, or j; in the convolution tensor, increasing the speed at which
the convolution scans over its inputs. This changes the convolution tensor into the form of Equation 4. We
diagram these changes by adding the s or d multiplier where the axis meets the tensor as in Figure 26. These
multipliers also change the size of the output, allowing for downscaling operations.

1 ,lf€§=8*lg+d*]k

(* 57d)[i§7jk7€f] = {O else. (4)

g{z—d * (k—l)—1+1J

(5)

S

We often want to make slight adjustments to the output size. This is done by padding the input with zeros
around its borders. We can explicitly show the padding operation, but we make it implicit when the output
dimension does not match the expectation given the input dimension, kernel dimension, stride, and dilation
used.
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Stride can make the output axis have a far lower dimension than the input axis. This is perfect for downscal-
ing. However, it does not allow for upscaling. We implement upscaling by transposing strided convolution,
resulting in an operation with many more output blocks than actual inputs. We broadcast over these blocks
to get our high-dimensional output.

Stride and Dilation Padding  As the labeled output
_ _ _ __ differs from the expected
2 * LY 2 * 2 output, we infer the input
<dk— =k is padded.
The indexes from the two _ _
axes are multiplied by the = X Ex k-1 x | X
associated amount, letting +k-1) =k

us sum over all instances =
where {5 = s iy +d * j; Transposed Convolution Transposed convolution

accesses the convolution
‘7 E 2 __ tensor in a different manner,

Y I * 7 X_ meaning the output size
| K s larger than the input. This
can be combined with stride

— _¥ * ol and implicit padding to upscale
< k inputs.

Xl

Figure 26: Stride, dilation, padding, and transposed convolution shown with neural circuit diagrams.

Transposed convolution is challenging to intuit in the typical approach to convolutions, which focuses on
visualizing the scanning action rather than the decomposition of an image’s data structure into overlapping
blocks. The blocks generated by transposed convolution can be broadcast with linear maps, maximum,
average, or other operations, all easily shown using neural circuit diagrams.

3.4 Computer Vision

In computer vision, the design of deep learning architectures is critical. Computer vision tasks often have
enormous inputs that are only tractable with a high degree of parallelization (Krizhevsky et al., 2017).
Architectures can relate information at different scales (L.uo et al., 2017), making architecture design task-
dependant. Sophisticated architectures such as vision transformers combine the complexity of convolution
and transformer architectures (Khan et al., 2022; Dehghani et al.; 2023). These cases show why clear
architecture design is promising for enhancing computer vision research. Neural circuit diagrams, therefore,
are in a unique position to accelerate computer vision research, motivating parallelization, task-appropriate
architecture design, and further innovation of sophisticated architectures.

As examples of neural circuit diagrams applied to computer vision architectures, we have diagrammed the
identity residual network architecture (He et al.; 2016) in Figure 27, which shows many innovations of
ResNets not included in common implementations, as well as the UNet architecture (Ronneberger et al.,
2015) in Figure 28, which lets us show how saving and loading variables may be displayed. Architectures
often comprise sub-components, which we show as blocks that accept configurations. This is analogous
to classes or functions that may appear in code. The code associated with this work implements these
algorithms guided by the blocks from the diagrams.
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X
Z Identity ResNet 10
b |(N=3,n,=[16,64,128,256))| |b = BatchNorm
& Activate AVg2P°°| _
3 3 < %/2 %/ 4 )R)»% Linear | | SoftMax
3 |x 3l |Block |[|n, |Block | [ |Block | |ns y~\ra [E > 10
b b AN | e (o @ N) |fp L] )
X X /s Legend
ngy |Block | |n; _
0 - = ny =ny /4
b |(s,N) |Jb__ E—

Residual Component

X >R X/s + X/s

no ny *1'1’11 //: 7’11N

b b V/ o b *
_—— —a

Parantheses are fed back to

themselves, ranging A from

its minimum to maximum

value. N-1,

Residual Component N-1
. [x4s 1 »R x/d >R x/4 »R x/s X/s
e 1 \\ n * 1|n ny * 3 b n *]_Inl //: 1y

==

Figure 27: Residual networks with identity mappings and full pre-activation (IdResNet) (He et al., 2016)
offered improvements over the original ResNet architecture. These improvements, however, are often missing
from implementations. By making the design of the improved model clear, neural circuit diagrams can
motivate common packages to be updated. (See cell 25, 27, 28, Jupyter notebook.)
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5-A so can be simultaneously broadcast with other
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A=1 -
loaded from memory. | |over the X axes.
X X

Figure 28: The UNet architecture (Ronneberger et al., 2015) forms the basis of probabilistic diffusion models,
state-of-the-art image generation tools (Rombach et al., 2022). UNets rearrange data in intricate ways, which
we can show with neural circuit diagrams. Note that in this diagram we have modified the UNet architecture
to pad the input of convolution layers. To get the original UNet architecture, the X, values can be further
distinguished as X ;, the sizes of which can be added to the legend. (See cell 30, Jupyter notebook.)
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3.5 Vision Transformer

Neural circuit diagrams reveal the degrees of freedom of architectures, motivating experimentation and
innovation. A case study that reveals this is the vision transformer, which brings together many of the cases
we have already covered. Its explanations ( , , See Figure 2) suffer from the same issues as
explanations of the original transformer (see Section 1.2), made worse by even more axes being present.

With neural circuit diagrams, visual attention mechanisms are as simple as replacing the y and = axes in
Figure 23 with tandem y and X axes and setting h = 1. As 1 X 1 convolutions are simply the identity map,

Conv(v,[1]) = v, broadcasting a linear map R® — R* for each of y pixels is a 1 X 1-convolution. This leaves
us with Figure 29 for a visual attention mechanism.

Visual Attention
1 X 1 convolution tensors are the

identity, so can be freely added. | : Scaled Dot-Product
? : Attention
1 :

<l
<

I %]

Pt

(o (i

Figure 29: Using neural circuit diagrams, visual attention ( , ) is shown to be a simple
modification of multi-head attention (See Figure 23, Figure 18, cell 32, Jupyter notebook.)

This highly suggestive diagram calls us to experiment with the convolutions’ stride, dilation, and kernel
sizes, potentially streamlining models. The diagram clarifies how to implement multi-head visual attention
with h # 1, especially using einsum similar to Figure 18. Additionally, ¥ does not need to match x. We
could have y be image data, and T be textual data without convolutions.

This case study shows how neural circuit diagrams reveal the degrees of freedom of architectures and,
therefore, motivate innovation while being precise in how algorithms should be implemented.

3.6 Differentiation: A Clear Improvement over Prior Methods

We leave the most mathematically dense part of this work for last. Neural circuit diagrams intend to be
used for the communication, implementation, tinkering, and analysis of architectures. These aims appeal to
distinct audiences, and each should conceptualize neural circuit diagrams differently. The theoretical study
of deep learning models requires understanding how individual components are composed into models and
how properties scale during composition. Neural circuit diagrams are highly composed systems (see Figure

9) and thus provide a framework for studying composition. They have an underlying category, which is not
the focus of this work.

Differentiation is an example of a property that is agreeable under composition. Differentiation is key to
understanding information flows through architectures ( , ). The chain rule relates the derivative
of composed functions to the composition of their derivatives and, therefore, provides a case study of how
studying composition allows models to be understood. This analysis, however, is hampered by the fact that
symbolically expressing the chain rule has quadratic length complexity relative to the number of composed
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functions.
R'(z) = h'(z)
(goh)(z) = (g 0 h)(x) h'(x)
(fogoh)(z)=(fogoh)(z) (g oh)(x) h'(x)

This issue of symbolic methods proliferating symbols to keep track of relationships between objects was
noted in the introduction. To understand how differentiation is composed and encourage more innovations
like that of identity ResNets, which used differentiation to understand data flows ( , ), we need
a graphical differentiation method.

Some graphical methods have been developed and applied to understanding differentiation in the context of
deep learning, drawing on monoidal string diagrams from category theory ( , ; ,

). As linearity cannot be completely ensured, these graphical methods are Cartesian, not expressing the
details of axes. Other graphical approaches to neural networks could not incorporate differentiation, showing
the significance of neural circuit diagrams being able to incorporate differentiation ( , ).

Differentiation, however, has key linear properties. Transposing differentiation is very important. These prior

graphical methods require redefining differentiation for each transpose, making the relationships between

these forms unclear. By detailing tensors and Cartesian products, our graphical presentation can show these

linear relationships clearly. While drawing on their many theoretical contributions ( , ;
, ), this work provides a significant advantage over these previous works.

In addition to theoretical understanding, clearly expressing differentiation is key to efficient implementations.
Mathematically equivalent algorithms may have different time or memory complexities. The rules of linear
algebra we have developed (see Figure 20) allow mathematically equivalent algorithms to be rearranged
into more time or memory-efficient forms. To show the potential of neural circuit diagrams, we focus on
backpropagation and analyze its time and memory complexity with neural circuit diagrams.

3.6.1 Modeling Differentiation

To model differentiation, consider a once differentiable function F' : R — R”. Tt has a Jacobian which
assigns to every point in R a R tensor that describes its derivative, JF : R* — R”**. Functions answer
questions, and JF answers how much a function responds to an infinitesimal change. The questions we ask
JF are where is the change happening (R” input), how much is it changing by (Rb output axis), and which
direction are we moving in (R” output axis). Inner products over the output axes “ask” these questions.

The chain rule can be defined with respect to the Jacobian and is diagrammed in Figure 30.

b
i(GF)C = iGc -in e J[F:G < _ - ————F——\ JG_C
ox* b ox? oxt | —=JIF Gl - = aJF b --==- )
4 a

Figure 30: The chain rule expressed symbolically with index notation, and with neural circuit diagrams.

This expression is convoluted, and will struggle to scale. Instead, we transpose JF into the forward derivative
as per ( )’s definition 4. This form is more agreeable for the chain rule, and is the first
transpose we employ.

2 DIF;Gl-<— =

Figure 31: Definition of the forward derivative, and how functions compose under it.
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This naturally scales with depth. Furthermore, we can define a (_, D_) functor, a composition preserving

map, from once differentiable functions F : R* — R’ to (F,DF) : R* xR" - R” x R”. Per the chain rule,
(_,D )[F;G]=(_,D_)F;(_,D_)G. This is shown in Figure 32.

IA diagram is composed of vertical sections, |

Lpblgh _ . p

A functor is a map from vertical sections to vertical sections
that preserves composition. We define a derivative chain functor
we can apply to any diagram of once-differentiable functions.

SN GES e RG—

a ‘-3DFEb'-31DG| . a --D[F; G]_c_

Figure 32: We have a composition preserving map, the (_, D_) functor, that maps vertical sections to
vertical sections, implementing the chain rule.

This composes elegantly. However, when optimizing an algorithm, we are not interested in how much a known
infinitesimal change will alter an output. Rather, given some target change in output, we are interested in
which direction will best achieve it. We can do this by calculating the change in the output for each element
of a in parallel, effectively running the algorithm multiple times. This is done by applying the unit and
broadcasting. Furthermore, we sum the infinitesimal change over some target R® value. The inner product
does this. For an algorithm F'; L, where £ is a loss function to Rl, we can do optimization according to
Figure 33.

‘The inputs to the algorithm are the desired
change in L (=1 to minimize £), and the
location of X (the current parameters.)

The output is the change in X

required to achieve the change in L.

Figure 33: We turn a small chain rule expression into an optimization function by applying the inner
product over the target direction and derivative output. An inner product over an axis of length 1 is just
multiplication. Using the unit, we run this algorithm for every input degree of freedom, broadcasting over
the a axis.

However, the forward derivative has large time complexity. A linear function gives matrix multiplication.
Therefore, a linear map f : R* — R’ applied onto R” will require a X b operations. In general, broadcasting
multiplies time and memory complexity. The memory usage of an algorithm is related to the number of
elements it stores at any step in the algorithm. We use these tricks to analyze the order of the time and
space complexity for the above process.
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Figure 34: An analysis of the space and time complexity of the naive optimization algorithm.

We observe that this has a high time complexity, quadratic with respect to the size of X. In practice, we avoid
the forward derivative, also called the Jacobian-vector product or JVP, in favor of the reverse derivative,
or VJP, which more directly implements the above process. We define it in relation to the Jacobian and
forward derivative in Figure 35. In Figure 37, we use our rules of linear algebra to re-express the optimization
algorithm in terms of the forward derivative and show the far lower memory and time complexity required.

Definition of the forward derivative,

— a b
— A _?_;_DF}L_ﬁJFla—

a
~ELT - SipEle =D
T a
b b Naturality, Unit-inner product identity,
— . ,
2R = iR “HIEFF— —
JER = R = a “FE
a

Figure 35: The definition of the forward and reverse
derivative with respect to the Jacobian. This aligns
with the Jacobian-vector product and the vector-
Jacobian product, respectively.

Figure 36: A full expression of how the unit and
the forward derivative give the Jacobian. This
demonstrates how linear algebra principles can il-
lustrate the relationships between different forms

of the derivative.

Figure 37: Using the previously developed linear algebra rules (see Figure 20, we rearrange our optimization
algorithm to use the reverse instead of the forward derivative. The diagrams then reveal the computational
advantages of the new algorithm, called backpropagation.
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4 Conclusion

In this paper, we introduced neural circuit diagrams to solve the lingering problem of unclear communication
in the deep learning community. Our introduction showed why this is a concern and argued why our approach
is optimal, solving the challenge of reconciling the detail of tensor axes and the flexibility of tuples. We
covered a host of architectures to breed familiarity, encourage adoption, and evidence the utility of neural
circuit diagrams for understanding and implementing models.

We see neural circuit diagrams as appealing to diverse users, from students first learning neural networks
to specialized theoretical researchers investigating their mathematical foundations. This leads to immense
future potential. Future work can see neural circuit diagrams explained in a more concise and accessible
manner that we, in our familiarity, have difficulty doing. A further range of models can be diagrammed and
standards developed. Finally, their mathematical foundation can be more fully expressed. The underlying
category theory structure can be fully investigated, allowing models to incorporate probabilistic functions
( , ; , ), additional data types, or even quantum circuits.
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Neural Circuit Diagram of Transformers
In Neural Circuit Diagrams, we introduced a visual and explicit framework for representing deep learning models. Transformer architectures
have changed the world, and we provide a novel and comprehensive diagram for the architecture from Attention is All You Need. We describe
all necessary components, enabling technically proficient novices who have read our paper to understand the transformer architecture.

is an English sentence, X is the sentence length, and 771 the number
of English words. Each word has a learned m1-deep embedding, the

Dropouts 4 are element-wise functions that have a chance of
U Jmodel depth. Multi-Head Self-Attention simply returning their input like an identity function, but other
Embedding —— times return 0, deleting information. They reduce overreliance on
- N( = 6) Copy| |Linear Scaled Dot-Product any one neuron, stabilising the model. .
E X PR £ Attention Encoder Stack
—— +>< mile "-\ i k. he encoder processes the input with attention heads to extract
Z L2 » N S
@ % necessary information for the decoder, which will use it to
m K Ny
>0 > generate an output. | The feed forward layer applies two fully
Positional Encoding st v fi reneeiTler oy diots @l
A positional encoding LK = e;::e I - (; =
post N eed Forwar
identifies the location —rr — Qdd & Norm 3 Add & Norm
of inputs by adding a k x >l >
inosoi 14 (@) = -
sinosoidal pattern. L L T T
T N
We have 6 sequential encoder X Concat (Bind) [~ | T Xml[\nmgX==F - - -F==- - - - m
stacks. Each learns its own _—
weights. In deep learning, we almost always use residual networks.
Instead of using attention mechanisms to completely change An element-wise activation function causes
A1=1 our input, we learn to add a small change. a non-linear response, allowing many more
Output - 4 patterns to be discovered. Typically RELU.
A T The target ¥seeds the generator by either giving a sentence to _] df 77 et (el ot it it on by
Y—le R it G G ek it oo T, Tl e e w68 sl For each of X words, the LayerNorm adds and scales the m-axis so that it
= in the target language. . L. ] has a mean of 0 and a standard deviation of 1. Each of the 7 indexes has a
8 BUAEE. During training, the decoder's output attempts to
r _ P learned gain, which the values are scaled by. Finally, a learned bias for
/ e — mimic a target. A mask ensures each of I estimated
Target . each M-index is added. This greatly stabilizes the network during training.
_| Embedding words only have access to previous words.
Y - N(=6 ’ Masked Multi-Head Self-Attention Decoder Stack
E n ~ Copy vy . The decoder uses the encoded input and a target to generate
s======< + :\ « 12 Mask an output. The encoded input provides external information, for
@ Y e N L (Opt.) example, an English sentence. The target provides the true
-2
m___4 U/ > translation to mimic or the best estimate we have generated
Positional Encoding LK 0 far.
—_— \™ ~ |
BN Add & Norm
/A S — Y>> =
'¢ Feed Forward Add & Norm
’_h le) 7 >R—l¢) > >
_____________________________ a d _
____________ 2 ap

The generated m-deep
vectors are mapped to

’-vectors containing the
pu— —— probability of each word
Feed Forward Add & Norm in the target language.

>R—y> 5>

d

—

Add & Norm

Linear

S =l

A
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