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Abstract

Diffusion models have gained traction as powerful algorithms for synthesizing high-
quality images. Central to these algorithms is the diffusion process, a set of equa-
tions which maps data to noise in a way that can significantly affect performance.
In this paper, we explore whether the diffusion process can be learned from data.
Our work is grounded in Bayesian inference and seeks to improve log-likelihood
estimation by casting the learned diffusion process as an approximate variational
posterior that yields a tighter lower bound (ELBO) on the likelihood. A widely held
assumption is that the ELBO is invariant to the noise process: our work dispels this
assumption and proposes multivariate learned adaptive noise (MULAN), a learned
diffusion process that applies noise at different rates across an image. Specifically,
our method relies on a multivariate noise schedule that is a function of the data to
ensure that the ELBO is no longer invariant to the choice of the noise schedule as in
previous works. Empirically, MULAN sets a new state-of-the-art in density estima-
tion on CIFAR-10 and ImageNet and reduces the number of training steps by 50%.
We provide the code', along with a blog post and video tutorial on the project page:
https://s-sahoo.com/MuLAN

1 Introduction

Diffusion models, inspired by the physics of heat diffusion, have gained traction as powerful tools for
generative modeling, capable of synthesizing realistic, high-quality images [51, 16, 43, 14]. Central
to these algorithms is the diffusion process, a gradual mapping of clean images into white noise.
The reverse of this mapping defines the data-generating process we seek to learn—hence, its choice
can significantly impact performance [22]. The conventional approach involves adopting a diffusion
process derived from the laws of thermodynamics, which, albeit simple and principled, may be
suboptimal due to its lack of adaptability to the dataset.

In this study, we investigate whether the notion of diffusion can be instead learned from data. Our
motivating goal is to perform accurate log-likelihood estimation and probabilistic modelling, and
we take an approach grounded in Bayesian inference [23]. We view the diffusion process as an
approximate variational posterior: learning this process induces a tighter lower bound (ELBO) on
the marginal likelihood of the data. Although previous work argued that the ELBO objective of a
diffusion model is invariant to the choice of diffusion process [20, 22], we show that this claim is
only true for the simplest types of univariate Gaussian noise: we identify a broader class of noising
processes whose optimization yields significant performance gains.

Thttps://github.com/s-sahoo/MuLAN
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Figure 1: (Left) Comparison of noise schedule properties: Multivariate Learned Adaptive Noise
schedule (MULAN) (ours) versus a typical scalar noise schedule. Unlike scalar noise schedules,
MULAN’s multivariate and input-adaptive properties improve likelihood. (Right) Likelihood in
bits-per-dimension (BPD) on CIFAR-10 without data augmentation.

Specifically, we propose a new diffusion process, multivariate learned adaptive noise (MuLAN),
which augments classical diffusion models [51, 20] with three innovations: a per-pixel polynomial
noise schedule, an adaptive input-conditional noising process, and auxiliary latent variables. In
practice, this method learns the schedule by which Gaussian noise is applied to different parts of an
image, and allows tuning this noise schedule to the each image instance.

Our learned diffusion process yields improved log-likelihood estimates on two standard image
datasets, CIFAR10 and ImageNet. Remarkably, we achieve state-of-the-art performance with less than
half of the training time of previous methods. Our method also does not require any modifications to
the underlying UNet architecture, which makes it compatible with most existing diffusion algorithms.

Contributions In summary, our paper makes the following contributions:

1. We demonstrate that the ELBO of a diffusion model is not invariant to the choice of noise
process for many types of noise, thus dispelling a common assumption in the field.

2. We introduce MUL AN, a learned noise process that adaptively adds multivariate Gaussian
noise at different rates across an image in a way that is conditioned on arbitrary context
(including the image itself).

3. We empirically demonstrate that learning the diffusion process speeds up training and
matches the previous state-of-the-art models using 2x less compute, and also achieves a
new state-of-the-art in density estimation on CIFAR-10 and ImageNet

2 Background

A diffusion process ( transforms an input datapoint denoted by Xo and sampled from a distribution
q(Xo) into a sequence of noisy latent variables X¢ for t 2 [0; 1] by progressively adding Gaussian
noise of increasing magnitude [51, 16, 53]. The marginal distribution of each latent is defined by
q(xtjXo) = N (Xt; tXo; tl) where the diffusion parameters ¢; ¢ 2 R™ implicitly define a noise
schedule as a function of t, such that (t) = 2= 2 is a monotonically decreasing function in t. Given
any discretization of time into T timesteps of width 1=T, we define t(i) = i=T and s(i) = (i 1)=T
and we use Xg-1 to denote the subset of variables associated with th6$ timesteps; the forward process

g can be shown to factorize into a Markov chain q(Xo:1) = q(Xo) =1 d(Xeci)iXs(iy)-

The diffusion model p is defined by a neural network (with parameters ) used to denoise
the forvezjrd process . Given a discretization of time into T steps, p factorizes as p (Xo:1) =

p (X1) Ll P (Xs(iyiXe(iy): We treat the X¢ for t > 0 as latent variables and fit p by maximizing

the evidence lower bound (ELBO) on the marginal log-likelihood given by:
logp (xo) = ELBO(p ;q) + Dkr[q(Xt(1):e()iX0)KP (Xeca):¢(myJ¥0)]  ELBO(p ;q) (1)

In most works, the noise schedule, as defined by (t), is either fixed or treated as a hyper-
parameter [16, 3, 18]. Chen [3], Hoogeboom et al. [18] show that the noise schedule can have



a significant impact on sample quality. Kingma et al. [20] consider learning (t), but argue that the
KL divergence terms in the ELBO are invariant to the choice of function , except for the initial
values (0); (1), and they set these values to hand-specified constants in their experiments. They
only consider learning  for the purpose of minimizing the variance of the gradient of the ELBO. In
this work, we show that the ELBO is not invariant to more complex forward processes.

3 Diffusion Models With Multivariate Learned Adaptive Noise

Here, we introduce a new diffusion process, multivariate learned adaptive noise (MuLAN), which
introduces three innovations: a per-pixel polynomial noise schedule, a conditional noising process,
and auxiliary-variable reverse diffusion. We describe these below.

3.1 Why Learned Diffusion?

Our goal is to perform accurate density estimation and probabilistic modelling, and we take an
approach grounded in Bayesian inference [23]. Notice that the gap between the evidence lower
bound ELBO(p; q) and the marginal log-likelihood (MLL) in Eq. | is precisely the KL divergence
Dr[A(Xe(1):e(T)IX0)KP (Xe(1):t(T)iX0)] between the diffusion process g over the latents X¢ and the
true posterior of the diffusion model. The diffusion process plays the role of a variational posterior
in ELBO(p; q); optimizing ¢ thus tightens the gap (MLL ELBO).

This observation suggests that the ELBO can be made tighter by choosing a diffusion processes ¢
that is closer to the true posterior p (X¢(1):¢(T)JX0). In fact, the key idea of variational inference
is to optimize maxq2q ELBO(p; q) over a family of approximate posteriors Q to induce a tighter
ELBO [23]. Most diffusion algorithms, however optimize max,2p ELBO(p; ) within some family
P with a fixed g. Our work seeks to jointly optimize maXp2p:q20 ELBO(p; q); we will show in our
experiments that this improves the likelihood estimation.

The task of log-likelihood estimation is directly motivated by applied problems such as data compres-
sion [31]. In that domain, arithmetic coding techniques can take a generative model and produce a
compression algorithm that provably achieves a compression rate (in bits per dimension) that equals
the model’s log-likelihood [4]. Other applications of log-likelihood estimation include adversarial
example detection [52], semi-supervised learning [5], and others.

Note that our primary focus is density estimation and probabilistic modeling rather than sample
quality. The visual appeal of generated images (as measured by e.g., FID) correlates imperfectly with
log-likelihood. We focus here on pushing the state-of-the-art in log-likelihood estimation, and while
we report FID for completeness, we defer sample quality optimization to future work.

3.2 A Forward Diffusion Process With Multivariate Adaptive Noise

Next, our plan is to define a family of approximate posteriors Q, as well as a family suitably matching
reverse processes P, such that the optimization problem maxp2p;q20 ELBO(p; q) is tractable and
does not suffer from the aforementioned invariance to the choice of q. This subsection focuses on
defining Q; the next sections will show how to parameterize and train a reverse model p 2 P.

Notation. Given two vectors a and b, we use the notation ab to represent the Hadamard product
(element-wise multiplication). Additionally, we denote element-wise division of a by bas a/b. We
denote the mapping diag(.) that takes a vector as input and produces a diagonal matrix as output.

3.2.1 Multivariate Gaussian Noise Schedule

Intuitively, a multivariate noise schedule injects noise at different rates for each pixel of an input
image. This enables adapting the diffusion process to spatial variations within the image. We will
also see that this change is sufficient to make the ELBO no longer invariant in g.

Formally, we define a forward diffusion process with a multivariate noise schedule ¢ via the marginal
for each latent noise variable X for t 2 [0; 1], where the marginal is given by:

q(xtjXo) = N (Xt; tXo; diag( ¢)); @)
where X¢; X0 2 RY, ¢ 2 R‘i and d is the dimensionality of the input data. The ¢; ¢ denote
varying amounts of signal associated with each component (i.e., each pixel) of Xg as a function of



timet(i). We de ne the multivariate signal-to-noise ratio at) = 2= 2 and choose {; SO
that (t) decreases monotonically iralong all dimensions and is differentiableti2 [0;1]. Let

4s= = sand 2.= ¢ Z.= Zwithall operations applied elementwise.

These marginals induce transition kernels between stepis given by (Suppl. 19):
2 2 2 2 !
: t t . S t
d(XsiXt;Xo) = N Xs; ¢ = 152 S %, + 182 Xo; = diag 7215
t t

®3)

t

In Sec. 3.5, we argue that this class of diffusion procg@ssduces an ELBO that is not invariant to

g2 Q. The ELBO consists of a line integral along the diffusion trajectory speci ed @y. A line
integrand is almost always path-dependent, unless its integral corresponds to a conservative force
eld, which is rarely the case for a diffusion process [55]. See Sec. 3.5 for details.

3.2.2 Adaptive Noise Schedule Conditioned On Context

Next, we extend the diffusion process to support context-adaptive noise. This enables injecting
noise in a way that is dependent on the features of an image. Formally, suppose we have access
to a context variable 2 R™ which encapsulates high-level information regardigg Examples

of ¢ could be a class label, a vector of attributes (e.g., features characterizing a human face),
or even the inpuk, itself. We de ne the marginal of the latemt; in the forward process as
a(x¢jXo;€) = N(xt; t(C)xo; £(c)); the reverse process can be similarly derived (Suppl. 19) as:

I
s(c) 2(c) 5@ s@ ) g0
ORI 2 X0 T dag oy

(4)

a(XsjXt;Xos€) = N g =

where the diffusion parameters,  are now conditioned oavia a neural network.

Speci cally, we parameterize the diffusion parameters(c); (c); (t;c) as 2(c) =
sigmoid (c;t)), 2(c) = sigmoid (c;t)), and (c;t) = exp( (c;t)). Here, (c;t):
R™ [0;1]! [ min; mad® is a neural network with the property that(c;t) is monotonic int.
Following Kingma et al. [20], Zheng et al. [65], we s&fin = 13:30, max=5:0.

We explore various parameterizations for(c; t). These schedules are designed in a manner that
guarantees (c;0)= minlg and (c;1) = mnaxlq, Below, we list these parameterizations. The
polynomial parameterization is novel to our work and yields signi cant performance gains.

Monotonic Neural Network [20]. We use the monotonic neural networlgm(t), proposed in
VDM to express as a function of such that ygm(t) : [0;1]! [ min; mad®. Then we use FiLM
conditioning 8] in the intermediate layers of this network via a neural network that rmaphe
activations of the FiLM layer are constrained to be positive.

Polynomial. (Ours) We express (c;t) as a monotonic degree 5 polynomiaktinDetails about the
exact functional form of this polynomial and its implementation can be found in Suppl. E.2.

3.3 Auxiliary-Variable Reverse Diffusion Processes

In principle, we can t a normal diffusion model in conjunction with our proposed forward diffusion
process. However, variational inference suggests that the variational and the true posterior ought to
have the same dependency structure: that is the only way for the KL divergence between these two
distributions to be zero. Thus, we introduce a class of approximate reverse prdee¢baematch

the structure oQ and that are naturally suitable for joint optimizatio@ax,2p ;q20 ELBO(p; 0).

Formally, we de ne a diffusion model where the reverse diffusion process is conditioned on the
contextc. Speci cally, given any discretization df 2 [0; 1] into T time steps as in Sec. 2, we
introduce a context-conditional diffusion mogelxo:1jc) that factorizes as the Markov chain

v
P (Xo1jc) = p (X1je) P (Xs(i)iXt(i)s €)- %)
i=1



Given that the true reverse process is a Gaussian as speci ed in Eq. 4, thp idealches this
parameterization (the proof mirrors that of regular diffusion models; Suppl. D), which yields
!

X (xi;t); p=diag 3(c) §s(c)= £(c)
(6)

wherex (X¢;t), is a neural network that approximates. Instead of parameterizing (x¢;t)

directly using a neural network, we consider two other parameterizations. One is the noise param-
eterization 6] where (Xy;c;t) is the denoising model which is parameterized gx¢;t) =

(Xt t(c)x (xt:;t;¢))= ¢(c); see Suppl. E.1.1 and the other is v-parameterizatiGh\Where

Vv (X¢;c;t) is a neural network that models (x¢;c;t) = ( (€)X X (X¢;c;t))= ¢(c); see

Suppl. E.1.2.

s(€) 39, Gs(0) s(0)

PolEI=N = T T T e

3.3.1 Challenges in Conditioning on Context

Note that the modgd (xo.1jc) implicitly assumes the availability af at generation time. Sometimes,
this context may be available, such as when we condition on a label. We may then t a conditional
diffusion process with a standard diffusion objectig ..[ELBO(Xo; p (X0:1jC);q (Xo:1jC)], in

which both the forward and the backward processes are conditionesee Sec. 3.4).

Whenc is not known at generation time, we may t a mogelthat does not condition onn Unfortu-

nately, this also forces us to de e (XsjX¢) = N ( p(Xt;t);  p(Xi;t)) where p(Xe;t);  p(Xist)

is parameterized directly by a neural network. We can no longer use a noise parameterization
(X¢;t) = (x¢ t(C)x (X¢;t; €)= ((c) because it requires us to computg(c) and (c),

which we do not know. Since noise parameterization plays a key role in the sample quality of

diffusion models [16], this approach limits performance.

3.3.2 Conditioning Noise on an Auxiliary Latent Variable

We propose an alternative strategy for learning conditional forward and reverse progegbed

feature the same structure and hence support ef cient noise parameterization. Our approach is based
on the introduction of auxiliary variables (], which lift the distributionp into an augmented latent
space. Experiments (Suppl. D.3) and theory (Suppl. D) con rm that this approach performs better
than parameterizing using a neural network;, (Xx;t).

Speci cally, we introduce an auxiliary latent variabte2 R™ and de ne a liftedp (x;z) =

p (xjz)p (z); wherep (xjz) is the conditional diffusion model from Eq. 5 (with contexset to

z) andp (z) is a simple prior (e.g., unit Gaussian or fully factored Bernoulli). The latermtzn

be interpreted as a high-level semantic representatiartioft conditions both the forward and the
reverse processes. Unlikg.1, thez are not constrained to have a particular dimension and can be
a low-dimensional vector of latent factors of variation. They can be continuous or discrete. The
learning objective for the lifte@ is given by:

logp (X0) Eq (zjxo)[l0ogp (X0jz)] Dki(d (zjxo)kp (2)) (7)
Eq (zixo) ELBO(P (X0:1J2);9 (X0:1J2))  Dki(q (zjxo)kp (2)); 8

whereELBO(p (X0:1j2); g (Xo:1j2)) denotes the variational lower bound (VLB) of a diffusion model
(de ned in Eq. 1) with a forward process (Xo:1jz) (de ned in Eqg. 4 and Sec. 3.2.2) and and an
approximate reverse procgss$Xo:1jz) (de ned in Eq. 5), both conditioned an The distribution
g (zjxo) is an approximate posterior farparameterized by a neural network with parameters

Crucially, note that in the learning objective (Eq. 8), the context, which in this casésiavailable

at training time in both the forward and reverse processes. At generation time, we can still obtain a
valid context vector by sampling an auxiliary latent frpn{z). Thus, this approach addresses the
aforementioned challenges and enables us to use the noise parameterization in Eq. 6.

Although we apply Jensen's inequality twice to get (8), this also enables us to learn the noise
process, which signi cantly offsets any potential increase in ELBO gap reduction and improves
ELBO(p (Xo0:1j2);9 (Xo:1j2)) by optimizing over a more expressive class of posteriors. This claim

is empirically validated in Table 2.



3.4 Variational Lower Bound

Next, we derive a precise formula for the learning objective (8) of the auxiliary-variable diffusion
model. Using the objective of a diffusion model in (1) we can write (8) as the sum of four terms:

|ng (XO) Eq [Lrecons+ Ldiffusion"' I—prior"' Llatem]; (9)

The reconstruction los§,recons can be (stochastically and differentiably) estimated using standard
techniques; see’f], L prior = DrL[d (X1jXo0;2)kp (x1)] is the diffusion prior termL jatent =

DkL[a (zjxo)kp (2)] is the latent prior term, and gisusion IS the diffusion loss term, which we
examine below. The complete derivation is given in Suppl. E.3.

3.4.1 Diffusion Loss

Discrete-Time Diffusion. We start by de ningp in discrete time, and as in Sec. 2, weTet- 0

be the number of total time steps and detfe) = i=T ands(i) = (i 1)=T as indexing variables

over the time steps. We also usg; to denote the subset of variables associated with these timesteps.
Starting with the expression in Eq. 1 and following the steps in Suppl. E, we canlwitgon as:

X
L giffusion = DiL[a (XseiyiXtciys Xo; Z)KP (Xs(iyiXt(iys 2)]
i=2
1 X . . . . .
=5 I (xt;z;t(i))) " diag( (z;s(i))  (zt(i))( « (Xt;z;t(i))] (10)

i=2

Continuous-Time Diffusion. We can also consider the limit of the above objective as we take an
in nitesimally small partition oft 2 [0; 1], which corresponds to the limitwh@n! 1 . In Suppl. E
we show that taking this limit of Eq. 10 yields the continuous-time diffusion loss:

1 .

Laifusion = 5Bt po;1{( ¢ (Xt;z;t)) " diag(r « (z;t)) ( « (Xt;zZ;1))] (11)
wherer ; (z;t) 2 RY denotes the Jacobian ofz;t) with respect to the scalar We observe that
thelimitof T ! 1  yields improved performance, matching the existing theoretical argument by
Kingma et al. [20].

3.4.2 Auxiliary latent loss

We try two different kinds of priors fop (z): discrete £ 2 f 0; 1g™) and continuousz(2 R™).

Continuous Auxiliary Latents. In the case whereis continuous, we selegt (z) asN (0; I ).
This leads to the following KL loss term:

DL (g (zixo)kp (2)) = 3( 7 (x0) (o) + tr( *(xo) Im) logj ?(xo)i)-

Discrete Auxiliary Latents. In the case where is discrete, we selegt (z) as a uniform
distribution. Letz 2 f 0;1g™ be ak-hot vector sampled from a discrete Exponential Family
distributionp (z; ) with logits . Niepert et al.[34] show thatz p (z; ) is equivalent to
z=argmaxyoyh + ¢;yi where 4 denotes the sum of gamma distribution SupplY Fdenotes
the set of alk-hot vectors of some xed lengtin. Fork > 1, To differentiate through tharg max

we use a relaxed estimator, Identitymas proposed by Sahod€thlThis leads to the following KL
loss term: R (q (zjxo)kp (2)) = 21 0 (zjx0)i(logq (zjxo)i +log m).

3.5 The Variational Lower Bound as a Line Integral Over The Noise Schedule

Having de ned our loss, we now return to the question of whether it is invariant to the choice of
diffusion process. Notice that we may rewrite Eq. 11 in the following vectorized form:
141

L giffusion = E (Xo X (Xt;Z;t))z ry (z;t)d (12)
0



where the square is applied elementwise. We seek to rewrite (12) as a line irl?fem’eat)) %r (t)at
for some vector eldf and trajectory (t). Recall that (z;t) is monotonically decreasing in each
coordinate as a function of hence, it is invertible on its image, and we can wtite , 1( (z;t))
forsome , 1. Letx (X (z4);z; (z;1)) X (X LA (2 , 1 (z;1))) and note that for al,
we can writexy asx (.t); ﬂae Eqg. 30, and have (X (;1);Z; (z;1)) X (Xt;z;t). We can then
write the integral in (12) asol(xo X (X (1), 2 (z;1)))? % (z;t)idt, which is a line integral
with f(r(t)) (o x (X zn);z; (D)) Zandr(t)  (z;t).

Intuitive explanation. Imagine piloting a plane across a region with cyclones and strong winds,
as shown in Fig. 5. Plotting a direct, straight-line course through these adverse weather conditions
requires more fuel and effort due to increased resistance. By navigating around the cyclones and
winds, however, the plane reaches its destination with less energy, even if the route is longer.

This intuition translates into mathematical and physical terms. The plane's trajectory is denoted by
r(t) 2 R?, while the forces acting on it are represented y(t)) 2 R". The work required to

navigate is given byOl f(r(t) d%r(t); dt. Here, the work depends on the trajectory becdsé))
is not a conservative eld.

This concept also applies to the diffusion NELBO. From Eq. 12, it's clear that the traject)rg
parameterized by the noise schedu(g;t), which is in uenced by complex force$,(analogous to
weather patterns), represented by the dimension-wise reconstruction error of the denoising model,
(Xo X (Xt;z;1))?. Thus, the diffusion losg, gifusion, Can be interpreted as the work done along the
trajectory (z;t) in the presence of these vector eld fordesBy learning the noise schedule, we

can avoid “high-resistance” paths (those where the loss accumulates rapidly), thereby minimizing the
overall “energy” expended, as measured by the NELBO. Since the diffusion process corresponds
to non-conservative force elds, as noted in Spinney & Hardl, different noise schedules should

yield different NELBOs—a result supported by our empirical ndings. In Suppl. E.5, we show that
variational diffusion models are limited to linear trajectorig$), rendering their objective invariant

to the noise schedule. In contrast, our approach learns a multivariateabling paths that achieve a
better ELBO.

4 Experiments

This section reports experiments on the CIFAR-1f] pnd ImageNet-329¢] datasets. We don't
employ data augmentation and we use the same architecture and settings as in the VDM thodel [
The encodery (zjx), is modeled using a sequence of 4 ResNet blocks which is much smaller than
the denoising network that uses 32 such blocks (i.e., we increase parameter count by only about 10%);
the noise schedule is modeled using a two-layer MLP. In all our experiments, we use discrete
auxiliary latents withm = 50 andk = 15. A detailed description can be found in Suppl. G.

4.1 Training Speed

In these experiments, we replace VDM's noise process MitLAN. On CIFAR-10,MULAN

attains VDM's likelihood score of 2.65 in just 2M steps, compared to VDM's 10M stepsl).

When trained on 4 V100 GPUs, VDM achieves a training rate of 2.6 steps/second MuhilaN

trains slightly slower at 2.24 steps/second due to the inclusion of an additional encoder network.
However, despite this slower training pace, VDM requires 30 days to reach a BPD of 2.65, whereas
Mulan achieves the same BPD within a signi cantly shorter timeframe of 10 days. On ImageNet-32,
VDM integrated withMULAN reaches a likelihood of 3.71 in half the timaghieving this score in

1M steps versus the 2M steps required by VDM

4.2 Likelihood Estimation

In Table 2, we also compafdULAN with other recent methods on CIFAR-10 and ImageNet-
32. MULAN was trained using v-parameterization 8w steps on CIFAR-10 an@dM steps on
Imagenet-32. During inference, we extract the underlying probability ow ODE and use it to estimate
the log-likelihood; see Suppl. I.2. Our algorithestablishes a new state-of-the-art in density
estimation on both ImageNet-32 and CIFAR-10. In Table 8, we also compute variational lower



Table 1: Likelihood in bits per dimension (BPD) based on the Variational Lower Bound (VLB)
estimate (Suppl. I.1), sample quality (FID scores) and number of function evaluations (NFE) on
CIFAR-10, for vanilla VDM and VDM when endowed witil ULAN . FID and NFE were computed

for 10k samples generated using an adaptive-step ODE solver. Both methods use noise parameteriza-
tion (Suppl. E.1.1).

Model CIFAR-10 ImageNet
Steps VLB#) FID(#) NFE@ | Steps VLB# FID(# NFE®)
VDM [20] 10M 2.65 23.91 56 2M 3.72 14.26 56
+ MULAN 2M 2.65 18.54 55 1M 3.72 15.00 62

+ MULAN 10M 2.60 17.62 50 2M 3.71 13.19 62

Table 2: Likelihood in bits per dimension (BPD) on the test set of CIFAR-10 and ImageNet. Results
with “/” means they are not reported in the original papers. Model types are autoregressive (AR),
normalizing ows (Flow), diffusion models (Diff). We only compare with results achieved without
data augmentation.

Model Type CIFAR-104) ImageNet#)
PixelCNN [57] AR 3.03 3.83
Image Transformer [35] AR 2.90 3.77
DDPM [16] Diff 3:69 /
ScoreFlow [54] Diff 2.83 3.76
VDM [20] Diff 2:65 372
Flow Matching [28] Flow 2.99 /

Re ected Diffusion Models [30]  Diff 2.68 3.74
MULAN (Ours) Dif 255 10° 367 10°

bounds (VLBs) of 2.59 and 3.71 on CIFAR-10 and ImageNet, respectively. Each bound improves
over published results (Table 2); our true NLLs (via ow ODES) are even lower.

4.3 Alternative Learned Diffusion Methods

Concurrent work that seeks to improve log-likelihood estimatidable 3: Likelihood in bits per
by learning the forward diffusion process includes Neural Diffusighmension (bpd) on CIFAR-10
Models (NDMs) [1] and DiffEnc [33]. In NDMs, the noise schedulefor learned diffusion methods.
is xed, but the mean of each marging({x:jxo) is learned, while
DiffEnc adds a correction term @ Diffusion normalizing ows Model NLL (#)
(DNFs) represent an earlier effort wheges a normalizing ow DNF [64] 304
trained by backpropagating through sampling. In Table 3, we comg;p [1] '2.70
pare against NDMs, DiffEnc, and DNFs on the CIFAR-10 datasetDiﬁEnC [33] 2:62
using the authors' published results; note that their published Ima ULAN 5 55
geNet numbers are either not available or are reported on a differen i
dataset version that is not comparable. Our approach to learned
diffusion outperforms previous and concurrent work.

4.4 Ablation Analysis And Additional Experiments

Due to the expensive cost of training, we only performed ablation studies on CIFAR-10 with a reduced
batch size 064 and trained the model f&:5M training steps. In Fig. 2a we ablate each component

of MULAN : when we remove the conditioning on an auxiliary latent space fvbnh AN so that

we have a multivariate noise schedule that is solely conditioned ont timg performance becomes
comparable to that of VDM, on which our model is based. Changing to a scalar noise schedule
based on latent variableinitially underperforms compared to VDM. This drop aligns with our
likelihood formula (Eq. 6) which includeBy. (q (zjXo)jp (2)), an extra term not in VDM. The
input-conditioned scalar schedule doesn't offer any advantage over the scalar schedule used in VDM.
This is due to the reasons outlined in Sec. 3.5.



(@) INnMULAN w/o aux. latent, the noise isn't condi-  (b) MULAN with different noise schedule parameter-
tioned on a latentMULAN w/o multivariate uses a izations: polynomial, monotonic neural network, and
scalar noise schedul®uLAN w/o adaptivity has a linear. Our proposed polynomial parameterization
linear schedule and no auxiliary latents. performs the best.

Figure 2: Ablating components of ™LAN on CIFAR-10 over 2.5M steps with batch size of 64.

Perceptual Quality While perceptual quality is not the focus of this work, we report FID humbers

for the VDM model and MuLAN (Table 1). We use RK45 ODE solver to generate samples by
solving the reverse time Flow ODE (Eq. 76). We observe that MULAN does not degrade FIDs,
while improving log-likelihood estimation. Note that MULAN does not incorporate many tricks that
improve FID such as exponential moving averages, truncations, specialized learning schedules, etc.;
our FID numbers can be improved in future work using these techniques.

Loss curves for different noise schedules. We investigate different parameterizations of the noise
schedule in Fig. 2b. Among polynomial, linear, and monotonic neural network, we nd that the
polynomial parameterization yields the best performance. The polynomial noise schedule is a novel
component introduced in our work. The reason why a polynomial function works better than a linear
or a monotonic neural network as proposed by VDM is rooted in Occam's razor. In Suppl. E.2, we
show that a degree 5 polynomial is the simplest polynomial that satis es several desirable properties,
including monotonicity and having a derivative that equals zero exactly twice. More expressive
models (e.g., monotonic 3-layer MLPs) are more dif cult to optimize.

Examining the noise schedule. Since the noise
schedule, (z;t) is multivariate, we expect to
learn different noise schedules for different in-
put dimensions and different inputs p (2).

In Fig. 3, we take our best trained model on
CIFAR-10 and visualize the variance of the noise
schedule at each point in time for different pix-
els, where the variance is taken on 128 samples

z p(2).

We note an increased variation in the early portions

of the noise schedule. However, on an absolute

scale, the variance of this noise is smaller than we

expected. We also tried to visualize noise schddgure 3: Noise schedule visualizations fdu-

ules across different dataset images and acrégsN on CIFAR-10. In this gure, we plot the
different areas of the same image; refer to Fig. Mariance of (z;t) across differenz  p (z)

We also generated synthetic datasets in which eaghere each curve represents the SNR correspond-
datapoint contained only high frequencies or onlgg to an input dimension.

low frequencies, and with random masking ap-

plied to parts of the data points; see Suppl. H. Surprisingly, none of these experiments revealed
human-interpretable patterns in the learned schedule, although we did observe clear differences in
likelihood estimation. We hypothesize that other architectures and other forms of conditioning may
reveal interpretable patterns of variation; however, we leave this exploration to future work.



Replacing the noise schedules in a trained denoising modelWe also con rm experimentally

our claim that the learning objective is not invariant to the multivariate noise schedule. We replace
the noise schedule in the trained denoising model with two alternatited:AN with scalar noise
schedule, and a linear noise schedule(z;t) = min+ t( max  min)1d; See Kingma et a[20].

For both the noise schedules the likelihood reduces to the same value as that of th 6BM:

5 Related Work

Diffusion models have emerged in recent years as powerful tools for modeling complex distributions
[51, 16], extending ow-based method$3, 24, 48, 49] The noise schedule, which determines the
amount and type of noise added at each step, plays a critical role in diffusion models[3Lhen
empirically demonstrate that different noise schedules can signi cantly impact the generated image
quality using various handcrafted noise schedules. Kingma gi(@Ishowed that the likelihood of a
diffusion model remains invariant to the noise schedule with a scalar noise schedule. In this work we
show that the ELBO is no longer invariant to multivariate noise schedules.

Recent works explored multivariate noise schedules (including blurring, masking, &f¢c42[

36, 12], yet none have delved into learning the noise schedule conditioned on the input data itself.
Likewise, conditional noise processes are typically not learfed3p, 62] and their conditioner (e.g.,

a prompt) is always available. Auxiliary variable modeis,[60] add semantic latents in, but not in

g, and they don't condition or learp In contrast, we learn multivariate noise conditioned on latent
context.

Diffusion normalizing ows (DNFs) p4] learn aq parameterized by a normalizing ow; however,
suchqg do not admit tractable marginals and require sampling full data-to-noise trajectoriegq,from
which is expensive. Concurrent work on neural diffusion models (NDMs) and DiffEnc admits tractable
marginalsg with learned means and univariate schedules; this yields more exprgsbae ours

but requires computing losses in a modi ed space that precludes using a noise parameterization and
certain sampling strategies. Empirically, MuLAN performs better with fewer parameters (Suppl. A).

Optimal transport techniques seek to learn a noise process that minimizes the transport cost from
data to noise, which in practice produces smoother diffusion trajectories that facilitate sampling.
Schrondinger bridgeslf, 6, 59, 37] learn expressive do not admit analytical marginals, require
computing full data-to-noise trajectories and involve iterative optimization (e.g., sinkhorn), which can
be slow. Recti cation P7] seeks diffusion paths that are close to linear; this improves sampling, while
our method chooses paths that improve log-likelihood. See Suppl. A for more detailed comparisons.

6 Conclusion

We introducedMlULAN, a context-adaptive noise process that applies Gaussian noise at varying rates
across input data. Our theory challenges the prevailing notion that the likelihood of diffusion models
is independent of the noise schedule: this independence only holds true for univariate schedules. Our
evaluation oM ULAN spans multiple image datasets, where it outperforms state-of-the-art generative
diffusion models. We hope our work will motivate further research into the design of noise schedules,
not only for improving likelihood estimation but also to improve image quality generatigrbp).

A stronger t to the data distribution also holds promise for improving downstream applications of
generative modeling, e.g., compression or decision-making [32, 9, 8, 41].
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Appendices

Appendix A Comparing to Previous Work

MULAN is the rst method to introduce a learned adaptive noise process. A widely held assumption
is that the ELBO objective of a diffusion model is invariant to the noise proc&gs\Ve dispel this
assumption: we show that when input-conditioned noise is combined with (a) multivariate noise, (b)
a novel polynomial parameterization, and (c) auxiliary variables, a learned noise process yields an
improved variational posterior and a tighter ELBO. This approach sets a new state-of-the-art in density
estimation. While (a), (c) were proposed in other contexts, we leverage them as subcomponents of a
novel algorithm. We elaborate further on this below.
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A.1 Diffusion Models with Custom Noise

The noise schedule, which determines the amount and type of noise added at each step, plays a
critical role in diffusion models. Chej3] empirically demonstrate that different noise schedules can
signi cantly impact the generated image quality using various handcrafted noise schedules. Kingma
et al.[20] showed that the likelihood of a diffusion model remains invariant to the noise schedule with

a scalar noise schedule. In this work we show that the ELBO is no longer invariant to multivariate
noise schedules.

Recent works, including Hoogeboom & Salimdfg], Rissanen et aJ42], Pearl et al[36], have
explored per-pixel noise schedules (including blurring and other types of noising), yet none have
delved into learning or conditioning the noise schedule on the input data itself. The shared components
among these models are summarized and compared in Table 4.

A.2 Advanced Diffusion Models

Yang et al.[62] proposes noise processes that are conditioned on an external context (e.g., text).
We also propose context-conditioned noise processes; however, their setting is that of conditional
generation, where the context is always available at training and inference time, and the context

represents external data. Our paper instead looks at unconditional generation, and we condition the
noising process on the image itself that we want to generate (via latent variable) and learn how to

apply noise across an image as a function of the image.

Lee et al[26], Popov et al[39] proposed using a data-dependent prior: however, they do not learn
g and their noise process is not adaptive to the imgufThus they propose a fairly different set of
methods from what we introduce.

Yang & Mandt[63], Wang et al[60] have explored diffusion models with an auxiliary latent space,
where the denoising network is conditioned on a latent distribution. Our paper also incorporate
auxiliary latents, but unlike previous works, we add them to péimdqg and we also also focus

on learning the procesg(as opposed to doing representation learning using the auxiliary learned
space). Lastly, our algorithm relies on many other components including a custom noise schedule,
multivariate noise, etc. The shared components among these models are summarized and compared
in Table 4.
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Table 4: MULAN is a noise schedule that can be integrated into any diffusion model such as
VDM [ 20] or InfoDiffusion [60]. The shared components betwédiwLAN and these models are
summarized and compared in this table.

learned multivariate input conditioned  auxiliary noise
Method : ; .
noise  noise noise latents schedule
Monotonic
VDM [20] Yes No No No neural
network
Blurring
Diffusion No Yes No No g:ﬂﬁency
Model [17] g
Inverse Heat No Yes No No Exponential
Dissipation 7] P
SVNR [36] No Yes No No Linear
i In denoising .

InfoDiffusion [60] No No No process Cosine
Lossy In denoising  Linear/
Compressiond3] No No No process Cosine

In noising

and :
MULAN (Ours) Yes Yes Yes denoising Polynomial

process

A.3 Learned Diffusion
Diffusion Normalizing Flow (DNF) uses the following forward process:
dx¢ = f (X¢;t)dt + g(t)dw; (13)

where the driftterni : R R! RYis parameterized by a neural network with parametersd
the diffusion terng(t) 2 R* is a scalar constant amd is the standard Brownian motion. However,
in MULAN, the forward process is given by

dx; = f (z;t) xdt+ g (z;t) dw;z q (zjxo); (14)

wherez 2 f 0;1g™ is the auxiliary latent vectof, : R™ R! R%andg :R™ R! RY

are parameterized by a neural network. Notice that the drift term in DN;t), is a non-linear
function inxg, and the same holds for MULAN since in the drift tefim(z;t) X, z andx depend

onXxg. Additionally, the diffusion coef cientg (z;t), is multivariate and conditioned ot via z.

The two parameterizations are different: on one hand, DNF admits more general classes of neural
networks because it does not require marginals to be tractable. On the other hand MuLAN admits a
more exible noise modef) (z;t) and admits more ef cient training (see the summarized Table 5
below).

MuLAN has the advantage that it is simulation free; which means that given x glatiae noisy
samplex; can be computed in closed form; however, in Diffusion Normalizing Flow, to compyte

one needs to simulate the forward SDE which is resource intensive and limits its scalability to larger
denoising models. While MuLAN optimizes the ELBO, DNF optimizes an approximation for the
ELBO. In particular, the DNF training objective does not involve a term that accounts for the entropy
of the encoder. Thus, the objective is closer to that of a normal auto-encoder in that regard.
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Table 5: The key differences betweerulMAN and DNF is listed below.

Aspect Property Diffusion Normalizing Flow | MULAN
Multivariate Yes Yes
Drift Term Adaptive Yes Yes
Learnable Yes Yes
Multivariate No Yes
Diffusion Term Adaptive No Yes
Learnable No Yes
Simulation Free Training No Yes
Exact ELBO Optimization No Yes
NLL (#) CIFAR-10 3.04 2.55

Other concurrent work seeks to improve log-likelihood estimation by learning the forward diffusion
process in a simulation-free setting. In neural diffusion models (NDMs), the noise schedule is xed,
but the mean of each margirg(ix;jx ) is learned. This requires denoisirgn a transformed space,
which prevents using noise parameterization, a design choice that is important for performance. Their
denoising family also induces a parameterization that limits the kinds of samplers that can be sued.
Lastly, NDMs use a model that is 2x larger than a regular diffusion model, while ours only adds 10%
more parameters.

The DiffEnc framework adds an extra learned correction termg to adjust the mean of each
marginalq(X¢jxo). This noise choice also requires using certain parameterizatiomstifiat are not
compatible with noise parameterization; while their approach supports v-parameterization, it also
requires training a mean parameterization network. Similarly to NDMs, the noise schedule remains
xed, while the mean of each marginal is adjusted by the network. Our approach towards learning
the noise schedule yields better empirical performance and is, in our opinion, simpler; it can also be
combined with this prior work on learning the marginals' means.

A.4  Optimal Transport

In techniques based on optimal transport, the goal is to learn a noise process that minimizes the
transport cost from data to noise, which in practice produces smoother diffusion trajectories that
facilitate sampling.

Minimizing Trajectory Curvature (MTC) of ODE-based generative models Lee gt4gl.the primary

goal is to design the forward diffusion process that is optimal for fast sampling; however, MULAN
strives to learn a forward process that optimizes for log-likelihood. In the former, the mangjrials

the forward process are given as

Xe=(1 t)xo+tz;z q (zjxo) (15)
here x;;xo;z 2 RY. However for MULAN the marginals ar&, = (z;1) Xo +
1 2(zt) 5 N (0lg);z q(zjxo) where (z;t):RY R! RY,,z2f0;1g"

, 2 RY Notice that in the MTC formula, the coef cient ofy , the time integral of the drift term,

is a scalar and linear function of, and is independent of the irRpuin MuLAN, that term is a
multivariate non-linear function ity and conditioned oRg via the auxiliary latent variable. This

implies that the forward diffusion process in MULAN is more expressive than MTC. The simplistic
forward process in MTC enables faster sampling whereas the richer / more expressive forward process
in MULAN leads to improved likelihood estimates. Table 6 summarizes the key differences.
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Table 6: Comparison between Minimizing Trajectory Curvature and MuLAN methods.

Aspect Property Minimizing Trajectory Curvature | MuLAN
Goal Design faster sampler Improve log-
likelihood
Learnable No Yes
Linearit Linear in timet, linear inx Non-linear in timet,
Drift Term y 0

Non-linear in z (and
hencexg)

Dimensionality Scalar Multivariate
Adaptive No Yes
Linearity Linear in timet Non-linear in time t
T Dimensionality Multivariate Multivariate
Diffusion Term
Learnable Yes Yes
Adaptive Yes Yes

An alternative approach to learning a forward process that performs optimal transport is via the theory
of Schrodinger bridges[/, 6, 59, 37] . Similarly to the DNF framework, these methods do not admit
analytical marginals and therefore involve computing full trajectories from noisy and clean data.
Additionally, they are typically trained using an iterative procedure that generalizes the sinkhorn
algorithm and involves iteratively trainingandp. As such, these types of methods are typically
more expensive to train and competitive results on standard benchmarks (e.g., CIFAR10, ImageNet)
are not yet available to our knowledge.

Appendix B Standard Diffusion Models

We have a Gaussian diffusion process that begins with thexgatand de nes a sequence of
increasingly noisy versions af, which we call the latent variables, wheret runs fromt = 0 (least
noisy) tot =1 (most noisy). GivenT, we discretize time uniformly intd timesteps each with a
width 1=T. We de net(i) = i=T ands(i) = (i 1)=T.

B.1 Forward Process

a(xtjxs) = N( gjsXs; fisln) (16)
where
s = — (17)
S
2.
tjs
Gs= f (18)
S
B.2 Reverse Process
Kingma et al. [20] show that the distributi@ixsjx;; Xo) is also gaussian,
!
tis 2 s s S fs
aXsixe;X0) = N g= —x¢+ —"x0; q= —%ln (19)
t t t

Since during the reverse process, we don't have accesg, twe approximate it using a neural
networkx (x;;t) with parameters. Thus, |
2 2 22

. t t S t
P (Xsjx¢) = N p= ]Sz > X¢ + ]Sz X (X;1); p= zjs In (20)
t t t
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B.3 Variational Lower Bound

This corruption processis the following markov-chain ag(xo:.1) = q(xo) QiT:l a(Xt(i)iXsiy) -

In the Reverse Process, or the Denoising Procpssa neural network (with parameter3

is use% to denoise the noising proceps The Reverse Process factorizes gs(Xp.1) =
p (X1) iTzl P (Xs(iyiXt(i)). Letx (X¢;t) be the reconstructed input by a neural network from

X¢. Similar to Sohl-Dickstein et a[51], Kingma et al[20] we decompose the negative lower bound
(VLB) as:
P i my)
Xt(1): t(T)IX
Q({Zt(l).t(T)l 0)}
ELBO(p (Xo01);d(Xo:1 ))de nedinEq. 1
= Extm a(X¢ ixo)[ 10gP (XojX¢(1))]
% H .
+ 0 By atunixe) PruIP (XsgiyiX iy )KA(X iy [ Xtiys Xo)]
i=2
+ Die[p (x1)kq (X1jX0)]

= |Ext(1) a(Xt () jXO)EZ |ng (XOth(l) );

logp (x0) Eq

L recons

T . .
+ |§E N (©:ln)i Uf2;TgDKL[p{(xs(i)JXt(i))kQ(Xs(i)]Xt(i);XO);
Z

L diffusion
+ PKL [P (XLJ{)7KQ(X11'X0); (21)

The prior loss.L prior, and reconstruction loss,econs Can be (stochastically and differentiably)
estimated using standard techniques; see Kingma & Welliyy The diffusion lossL gittusion, Varies

with the formulation of the noise schedule. We provide an exact formulation for it in the subsequent
sections.

B.4 Diffusion Loss

For brevity, we use the notatianfor s(i) andt for t(i). From Eg. 31 and Eq. 32 we get the following
expression fog(XsjXt; Xo):
DL (d(XsjXt; X0)Kp (XsjXt))

1 . S
=5 (q p) Y q pt I g pl I'n |0gj.—q].
2 I »l

1 .
= 5( q p) 1( q p)

Substituting 4; q; p; p from equation 20 and equation 19; for the exact derivation see Kingma et al. [20]
1
=50 (Mkxo x (xi;1)) k3 (22)

ThusL gittusion IS given by

L diffusion
. T . .
= T“Eﬂ EE N )i uf2TgDriIP (Xs(iyiXeciy)Ka (Xs(iyiXtiys Xo)]
X 5
= TI|er > En oin)( () (1) kxo x (X;t)k;
: i=2
" #
_1 X L2
= EE N (0:ln) T';{n B ((s) (M) kxo x (Xi;t)k3
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" #
1 X .1
= EE N (0:1n) T';{n , T((s) ()kxo x (Xt,t)sz

SubstitutingTIIi{n T( () 1) = % (1) %t); see Kingma et al. [20]
1 1

= 5E N (©:1n) At)kxo X (x¢;t)k3 dt (23)
0
In practice instead of computing the integral is computed by MC sampling.
1
= SE N @ vy At)kxo X (X¢;t)ks (24)

Appendix C Multivariate noise schedule

For a multivariate noise schedule we have 2 RY wheret 2 [0;1]. ; . are vectors. The
timesteps; t satisfy0 s<t 1. Furthermore, we use the following notations where arithmetic
division represents element wise division between 2 vectors:

tjs = — (25)
S

g

S
Gs= § —% (26)

S

C.1 Forward Process

q(Xtjxs) = N tjsXs; tzjs (27)

Change of variables. We can writex; explicitly in terms of the signal-to-noise ratio(t), and
inputxg in the following manner:

2
— t
t= 72
t
We know 2=1 2 for Variance Preserving process; see Sec. 2.
1 ¢
:) 2 = t
t
— 2 _ 2 _ t
= = and = 28
I e (28)
2
— t
t— 72
t
We know 2=1 2 for Variance Preserving process; see Sec. 2.
1 ¢
:) 2 =t
t
1
=) 2= and 2= — (29)

1+ 1+
Thus, we writex; in terms of the signal-to-noise ratio in the following manner:
X = tXo+ ¢, t N (0;lp)

(t) 1 .
p Xo+ P Using Eqg. 28 30
P Tt () ot P it () t g Eq (30)
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C.2 Reverse Process

The distribution ofx; givenxg is given by:
2 2 2 2
. t t . S t
O(XsjX¢;X0) = N q= lSz =X¢ + JSz Xo; = diag — 2JS
t t

(1)

Letx (xi;t) be the neural network approximation fog. Then we get the following reverse process:
2 2 5 !

tjs . S tjs

Jtz X (xi;1); = diag 731

2
. _ _ tis s
p (Xsjxt)= N p= >— Xt T
t

(32)

C.3 Diffusion Loss
For brevity we use the notatianfor s(i) andt for t(i). From Eq. 31 and Eq. 32 we get the following
expression fog(XsjX¢; Xo):
D (A(XsjXt; X0)kp (XsjXt))
1

=5 (q 0 (g p)ttr g pl ln  log:
1 >
= é( q p) l( q p)

Substituting 4; p; p from equation 32 and equation 31.
! ! !

1 2 2 g 22 Y 2 2
=2 B %y B x (xt)  diag == B xo L x (xet)
2 t t t t t
| | |
1 205 220 7 2 s
= S(x0 X (xi;1)” diag S~ diag B diag 55— (xo X (x:t))
t t t
|
2 2 '
1 . tj S 2 ti S
- 5(xo X (X¢;1)” diag —2, I B~ (xo x (X1)
t | S tjs t
1 3 3
. t S
= 5o x (x;t)7diag —5— (X0 X (x:;1))
t s
Simplifying the expression using Eq. 25 and Eq. 26 we get,

1 > g s i
= E(XO X (xg;t))"diag —  — (Xo X (X;t))
{

Using the relation (1) = 2= Z we get,
1 .
= E(XO X (xi;1)7diag( (s) (1)) (xo X (Xt;t)) (33)

Like Kingma et al. [20] we train the model in the continuous domain Withl

L diffusion

X . .
=Jm 5 BN i) Dre(AXsiyXey: Xo) kP (Xs(iyIXeiy))
: i=2
X s
= T“!rln > En ©i1.)(Xo X (Xeqiy: t(i))) ~ diag i) iy (Xo X (Xg(i):1))
i=
" #
1 X s
= EE N (i) T';{“ (Xo X Xy t)) 7 diag sy iy (Xoo X (Xeqiys b))

i=2

" #
1 . . . 1
= EE N (0:ln) T'}{n T(xo X (Xgi;t(i))~ diag ) iy (Xo X (Xt(i);t))f
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LetTIIi{n T( sy t(i)) = dgt (t) denote the scalar derivative of the vectdt) w.r.tt

! z,

1 . d
=SEn oy (oo X (xgt)7diag o (1) (o X (xet)dt (34)

0

In practice instead of computing the integral is computed by MC sampling.

1 . d
= 2E N 1 up (Xo X (X¢;t))” diag o (t) (Xo x (x¢;t) (35)

C.4 Vectorized Representation of the diffusion loss

Let (t) be the vectorized representation of the diagonal entries of the mdt)ix\We can rewrite
the integral in34 in the following vectorized form where denotes element wise multiplication and
h i denotes dot product between 2 vectors.

Ldif‘fusion
121 d
= 5 (o x (xgt)7dag o () (xo x (xgt)dt
1ZOl d
= 5 (o x (1) (o X (xat)ig (O
0
Using change of variables as mentioned in Sec. 3.2 we have
171 d
= 5 (o X (i O) (o % (X O)ig (1) d
0

Letfz(xO; M=(x0 x (X @ () o x (X @ (1)
1

- . .d
=, f(xor ()5 (O dt (36)

ThusL gifusion Can be interpreted as the amount of work done along the trajec{oly (1) inthe
presence of a vector elfl (xq; (z;t)). From the perspective of thermodynamics, this is precisely
equal to the amount of heat lost into the environment during the process of transition between 2
equilibria via the noise schedule speci ed byt).

C.5 Log likelihood and Noise Schedules: A Thermodynamics perspective

A diffusion model characterizes a quasi-static process that occurs between two equilibrium distri-
butions:q(xo)  q(x1), via a stochastic trajectornp]]. According to Spinney & Ford55], it is
demonstrated that the diffusion schedule or the noising process plays a pivotal role in determining the

"measure of irreversibility” for this stochastic trajectory which is expressmiga%‘(x%. Pe (X0:1)

B (X10

represents the probability of observing the forward path andPg (x1.0) represents the probability

of observing the reverse path.y. It's worth noting thatog % corresponds precisely to the
ELBO Eg. 1 that we optimize when training a diffusion model. Consequently, thermodynamics
asserts that the noise schedule indeed has an impact on the log-likelihood of the diffusion model

which contradicts Kingma et al. [20].

Appendix D Multivariate noise schedule conditioned on context

Let's say we have a context variabte 2 R™ that captures high level information abaoxg.
t(c); ¢(c) 2 RY are vectors. The timestegst satisfy0 s <'t 1. Furthermore, we
use the following notations:

0= 3 (37)
2 (c
fs@= {0 “;((C)) (38)
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The forward process for such a method is given as:

g (xejxs;i€)= N 4js(e)xs; §s(C) (39)

The distribution ofx; givenxs is given by (the derivation is similar to Hoogeboom & Salim@hg|):
q (XsiXt;X0; ) |
ys(c) 2(c) i@ s o Ee) g0

O 20 o o= dag

=N q= (40)
D.1 contextis available during the inference time.

Even thouglc represents the inpuy, it could be available during during inference. For exanmle
could be class labels [10] or prexisting embeddings from an auto-encoder [40].

D.1.1 Reverse Process: Approximate

Letx (x¢;c;t) be an approximation fory. Then we get the following reverse process (for brevity
we writex (X¢;c;t) asx ):

I
is(c) 2(c) 5@ s ie) §s(0)
20 20 < T dEg T

P (Xsjxi;€)= N p=
(41)
D.1.2 Diffusion Loss

Similar to the derivation of multi-variate gigusion In EQ. 33 we can derive gisusion for this case too:

1 . d
L diffusion = EE N (©0:14)t u:a (Xo X (X¢;cit))” diag o () (xo x (xt;c;t)

(42)
D.1.3 Limitations of this method

This approach is very limited where the diffusion process is only conditioned on class labels. Using
pre-existing embeddings like Diff-AE![)] is also not possible in general and is only limited to tasks
such as attribute manipulation in datasets.

D.2 contextisn't available during the inference time.

If the context,c is an explicit function of the inputy things become challenging becauseisn't
available during the inference stage. For this reason, Eq. 40 can't be used to paramgterigen

P (Xsjxt). Letp (Xsjx¢) = N( p(X¢;t);  p(Xe;t)) where ;| are parameterized directly by a
neural network. Using Eq. 4 we get the following diffusion loss:

L diffusion = T Ei0 u;T1PKL  A(Xs(iyiXeciys Xo)KP (Xs(iyiXtiy) 1

T S T |
= Eq ?@5( o 0 a o 5 T ot In |09H § (43)
| {z b iz ol
term 1 term 2

D.2.1 Reverse Process: Approximate

Due to the challenges associated with parameteriziflg , directly using a neural network we
parameterize using a neural network that approximates the reverse process. Let(x;;t) be an
approximation foxy. Then we get the following reverse Rrocess (for brevity we weitéx; t) as

X ,andc denotes an approximation ¢an the reverse process.):

P (XsjXt)
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n
ys(c) 2(c) Gs(c) s(c) o 3e) 3(c)

=N = X X ; = dial 44
° ) 2©) e S 49
Consider the limiting case whefle! 1 . Let's analyze the 2 terms in EqQ. 43 separately.
Using Eq. 4 and Eq. @erm 1 in Eq. 43 simpli es in the following manner:
T S
T';{“ 5( q p) 1( q p)
o T )
i 2. (o (45)
Substituting 1/ T as
X! 1
lim o
10 i=1 ) i2(X ‘1 ) 1 i(.X(X;t,))
it ) i) i(X;t)
zi+  i(x:t 1 ——— X
CORECTER AT oo W
#,
(x5t ) ix ) i(x ;1)
Zi+ (Xt 1 — (x) 46
R D S A T o T SR
Consider the scalar case: substitutirg 1 =T,
. 1
“lmo (x ;t)
2(x 5t ) 1 o
x;t ) (x50 . (x;t)
CH I CTUND S R o N
#2
(x5t ) (x5t , (x ;1)
SR IR SR CRTa “n

Notice that this equation is in indeterminate for when we substitat® . One can apply L'Hospital
rule twice or break it down into 3 terms below. For this reason let's write it as

expression 1ti!m0} (X(;;;t) ) (X(;);;t) )zt + (xt ) 1 ()(();t)) X
#
x5t ) (x5t . (x ;t)
I CE D E N O )
: , 1 ;) (xt) . (x; 1)
expression 2t|!m0 . ((X.t;t)) CORCE. )zt + (x5t ) 1 wt )
, s,
x5t )  (x;1) . (x ;1)
R I GO K A N O “9)
Applying L'Hospital rule in expression 1 we get,
d (xt ) (x1) _ () () e+ () A%t
d xn ato) T (b 2::1)
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P, )

- (x;t) (x;1) 50)
d . (x;1) _ Lo A t)
di (X,t ) 1 m . - (th) (X,t) (51)
WG, sy sy Ax
T R A R N (52)
Yx;1) win. oo
_ X;t _ X ;t X;t
(x;1) 0 X+ (x;t) x 0 X A1) (53)
Thus the nal result:
x RGO e I GO S S
- i(x;t) i(x;t) (x5t i(x )
#,
R CH)) PR ) i(X;t)
607X T TG Tk
_ s (x;t)
- ",,'ag Ax;t) , ,
here = (Ox(:xt;)t . i(:;;:)) ’ 0((xX n 0((: ;;:))‘ moay 0((:;;:))X T 0((xX ol ®4)

For the second term we have the following:

T 1 i
g e e ey
o T ; 2. (c;t) ; 2(n . (c ;1)
= 'I!I!T 5 tr diag (c;s) 1 s diag (c;s) 1 9 I'n
diag 2(c;s)(1 -&) #
log
diag 2(c;s)(1 ()
Txd 0 'Z(C'S) 1 i(c;t) '2(C'S) 1 i(c;t)
. ! ! i(c;s) I d i(c:s)
- '|I'IIT E @ 2 i(c ;t) 1 IOg 2 i(c 1) A (55)
' (A G i2(c;8) 1 —5
(56)
e 1 e
Letp = o 1 :EE 3
. T P d ra- P d
The sequenctm (@ 1 logp) converges iffim ‘. 1 logp)=0.

Notice that the functio?h Q() =x 1 logx 0 8x2 R and the equality holds for = 1. Thus,
the conditionlim Tg idzl (p 1 logp) holdsifflimryy;, py=0 8i 2f1;:::;dg. Thus,

i =1
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(c;s)
=) Jim @ H(c i) A=t
' i2(ci8) 1 o)

Substituting 1/T as,
0 N ‘t
i Z(C; t ) 1 i(c;t)

5 lim @ A=l
i et ) 1 ey
i(cit) !
=) iZ(C;t) lim @MA =1

.2 . + i(c ;t)
e e 1 5
Applying L'Hospital rule,
MCH)
-) i%(c;t) @D )A -1
i2(c ;1) i%c ;t)
i(c )

et qet) sy g

= 57
) TEen e e sy &0
In the vector form the above equation can be written as,
2 .
t (C) t(C )r t (Cy t) —_ 1d (58)

2(c) (©r¢ (c;t)

Eqg. 58 holds if:
* X = Xg i.e. the unet can perfectly mag to xo 8t 2 [0; 1] which is unrealistic.
* Clever parameterizations for; ; that ensure Eq. 58 holds.

Because of aforementioned challenges we evaluate this method witi nit&000. We demonstrate
the performance of the model empirically in Fig. 4.

D.2.2 Recovering VDM

If we substitute ((c); ¢(c ) with (t) (since the SNR isn't conditioned on the contejt
t(c); t(c)with {and {(c); {(c)with ¢, Eq.45 reduces to the intermediate loss in VDM
ie.3(x  Xo)’r¢ () (x  Xo)andEq. 55 reduces to 0.

D.3 Experimental results

In Fig. 4 we demonstrate that the multivariate diffusion processes wetrereclass labels” oc = Xg
perform worse than VDM. Since a continuous time formulationT.eé.1  for the case wheo = Xg

isn't possible (unlikeMULAN or VDM) we evaluate these models in the discrete time setting where
we useT = 1000. Furthermore we also ablate= 10k; 10k for ¢ = xg to show that the VLB
degrades with increasing T whereas for VDM aid LAN it improves for increasing T; see Kingma

et al.[20]. This empirical observation is consistent with our mathematical insights earlier. As these
models consistently exhibit inferior performance w.r.t VDM, in line with our initial conjectures, we
refrain from training them beyond 300k iterations due to the substantial computational cost involved.
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Figure 4: Forc = “class labels” oic = X the likelihood estimates are worse than VDM. Eor Xg,

we see that the VLB degrades with increasing T, but for VDM 8hdLAN, it improves with
increasing T. This empirical observation is consistent with our mathematical insights earlier. As these
models consistently exhibit inferior performance w.r.t VDM, in line with our initial conjectures, we
refrain from training them beyond 300k iterations due to the substantial computational cost involved.

Table 7: Likelihood in bits per dimension (BPD) (mean and 95% con dence interval), on the test set
of CIFAR-10 computed using VLB estimate.
parameterization | Num training stepg CIFAR-10 ()
Noise parameterizatio oM 260 103
v-parameterization M 259 1038

Appendix E MULAN: MUItivariate Latent Auxiliary variable Noise
Schedule

E.1 Parameterization in the reverse process
E.1.1 Noise parameterization

Since the forward pass is given ky = (Z)Xxo+ ((2) ¢, we can write the noiseg in terms of
Xo; Xt in the following manner:
_ Xt t(2)Xo
b t(2)
Following Dhariwal & Nichol[10], Kingma et al[20], instead of parameterizing (X¢; z; t) using a

neural network, we use Eq. 59 to parameterize the denoising model in terms of a noise prediction
model (x¢;z;t),

(59)

t t(Z2)X (Xt;Z;t)

t(2)

(xt;z;t) = X

(60)

E.1.2 Velocity parameterization

Following Salimans & HQ45], Zheng et al[65], we explore another parameterization of the
denoising network which is given by

t(2)x¢y X (X¢;zZ;1)

t(2)

v (X¢;z;t) = (61)

In practice, v-parameterization leads to a better performance than noise parameterization; as illustrated
in Table 7.
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E.2 Polynomial Noise Schedule

Letf (x; ) be a scalar-valued polynomial of degreavith coef cients 2 R"*! expressed as:
fo )= ax"+ o X" T+ x+ g

and denote its derivative with respeclxt@s%f (x; ), represented bf%(x; ). Now we'd like to
nd leastn such thaf (x; ) satis es the following properties:

1. f (x; ) is monotonically increasing, i.d(x; ) 08x2R; 2 R"'l.
2.f9%xy; )=0;f%xs; )=0 9%1;%x22 C;X1 6 X2;8 2 R"™1,

For the rst condition to hold, we can desigr(x; ) such that it's a perfect square with real /
imaginary roots. Thatwaf(x; ) 08x 2 R; 2 R"*! . This means thdt%x; ) is an even
degree polynomial, i.e. the degreef&x; ) can take the following value; 4;:::. Also, note that

at least half of the roots df9(x; ) are repeated sind€(x; ) can be expressed as a perfect square,
i.e., iff Ax; ) has a degree 2 then it has exactly 1 unique root (real / imaginafy)xf ) has a
degree 4 then it has at most 2 unique roots (real / imaginary), and so on.

For thesecondcondition to holdf {x; ) needs to have at least 2 unique rodts2 R"*1 . For this
reasorf {x; ) is a polynomial of degree 4. Thus%(x; ) can be written ag%(x; )=( 3x°+
oX+ 1)%. Thisensuresth& 2 R®s.t.f9qx; )=0 twiceinx 2 R,andfqx; ) 08 2 R®.

Thus,f (x; ) takes the following functional form:
z
f(x; )= ( ax?+ ox+ 1)%dx

2
+2
322x4+ 2 3 3 1x3+ , 1x%+ 2x+ constant. (62)

For the above-mentioned reasons we expreg¢s;t) : R™ [0;1]! RY as a degree 5 polynomial
int. We de ne neural networka (c¢): R™ ! RY, b (c):R™! RY andd (c): R™ ! RY with
parameters. Letf :R™ [0;1]! RY be de ned as:

612(c)t5+ a (b ()., b2(c)+2a (c)d (c)
5 2 3

where the multiplication and division operations are elementwise. The the noise schédutg, is
given as follows:

f (cit) = 2+ b (c)d (c)t?+ d?(o)t

f (c;t)

f (c;t=1) (63)

()= min+( max min)

Notice that (c;t) has these interesting properties:

* Isincreasing irt 2 [0; 1] which is crucial as mentioned in Sec. 3.5.

 (c;t) has end points d@t= 0 andt = 1 which the user can specify Vign, and max-
Specicaly, (c;t=0)= minlgand (c;t=1)= qalg-

* Its time-derivative i.er ; (c;t) canbe zero twice it 2 [0; 1]. This isn't a necessary
condition but it's nice to have a exible noise schedule whose time-derivative c@rabthe
beginning and the end of the diffusion process.

E.3 Variational Lower Bound

In this section we derive the VLB. For ease of reading we use the notatitmdenotex, ;) and
Xt 1todenotex,; 1y Xsy in the following derivation.

logp (Xo)
p (Z;Xo:T)
E log ——————"—
a 99 @ xurixo)
= Eq IOQM logp (x7) logp (2)

q (z;x1:7jXo0)
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p (Xor 1jz

TXT)

= E | - - | |
© 9 xar iz xo) q (zxg) 9P (x7) logp (2)
P (Xo:T 1jZ;X7) p (2)
= E logm——————~ o lo -
q g q (XeTiZ.X0) gp (Xr) gq (Zixo) ,
X -
P (Xt 1jZ;Xt) p (2)
= E lo b lo lo -
L xxe nzixg) 0P () 100 4 i)
#
p (xojzix1) X P (X1 1jZ;%1) P (2)
= E log ————% log ————————~— lo X lo "
! Yo taixeiz) ., 0 (xixe nizixe) OF 6r) 109 g i)
" #
_ P (Xo0jzZ;X1) P (Xt 1JZ;X1)q (Xt 1)JZ;Xo) p (2)
= E log —F——7F7—"—= lo . - lo X lo -
! Sataxez) o, 0d (e dxuzixo) (kizixo) o OF X1 109 4 i)
P (Xojz; X1) P (Xt 1)Z;Xt) X q (Xt 1jz;Xo0) p (2)
= E log ————~ log ————M——"— log————= | | -
9 ko), 0a (ke gxazixe) ., 0 g (dzixe) OF X1 109 4 i)
#
P (Xo0jz;X1) P (Xt 1jZ;Xt) q(X1jz; Xo) p (2)
= E — | - - lo lo -
! q (xajx0;z) ., 9 (Xt 1jXt;Z;Xo) g (xrizixg) 9P T 095G
#
. P (Xt 1jZ;Xt) p (2)
= E lo Xo0jzZ; X lo - - lo X lo -
g gp (Xojz;X1) 9 G ik zixe) 9a Gz gp (xr) log oy
X .
. P (Xt 1jZ;Xt) p (X1) p (2)
= E lo Xo0jZ; X lo - - -
‘ 9p (ojzixa) 108 i zixo) q (x7jz; o) q (zixo)
2 3
. )Q- . .
= Eq | logp &Xo]z;xl;+ DiLlp (Xt 1jz;Xe)kq (Xt 1jXt; Z; Xo)]
L recons f:Z {7 }
2 L diffusion 3
+ Eq QPKL[p (XT)@ (XTJ'Z2X0);+ PKL[D (Z{)7|<CI(ZJ'X0)]]g (64)
L prior L jatent
Switching back to the notation used throughout the paper, the VLB is given as:
log p2(><o)
. % - .
Eq | logp goJZixlg“ DrLlp (Xs(iyJZs Xe(iy)Ka (XsqiyiXt(iys 23 Xo)]
L recons lZZ {7 }
2 L diffusion 3
+ £ 8pulp (kg (xuizixol + Palp (2)ka (@xops (65)

E.4 Diffusion Loss

prior L iatent

To derive the diffusion loss,L giusion in EQ. 9, we
Dk (g (Xsjz; xt;X0)kp (Xsjz;x¢)) using Eq. 4 and Eg. 6 in the following manner (details in

Suppl. E):
DL (g (Xsjz
1
= E ( q
1
= 3 (Xo

s X5 X0)Kp (XsjZ;X4))
0 (g Pttt gt
x ) diag (z;8) () (X0 X )
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rst derive an expression for

J gl
log——
g] p)

I'n

(66)
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Letlimtiy T( s(2) t(2)) = r  (z;t) be the partial derivative of the vecto(z;t) w.r.t
scalart. Then we derive the diffusion losk gisusion, fOr the continuous case in the following manner
(for brevity we use the notatiomfor s(i) = (i 1)=T andt for t(i) = i=T):

I—diffusion
X . .
= T“Irln > E N (0;1,)Dri(A(XsjXt; Xo;2)Kp (Xs)Xt;2))
’ i=2
Using Eq. 66 we get,
X s . . .
= TII!Irp > En @10 x (xe;t(i)) " diag( (s(i);2)  (t(i);2)) (xo  x (Xt;t(i)))
i=2 #
1 X s . . 1
= 3E N @i M T(xo x (xe;t(i))) " diag( (s(i);z)  (t(i);2))(x0 X (xet()) +
=2
Using the facttha;llilm T( (s;2) (z;t) = r ¢ (t z) we get,
1
= EEtf 0;::5 1g (XO X (Xt;t))> (rt t(z))(XO X (Xt;t))

Substitutinggo = *(2)(xt t(z) ) from Eq. 59 and
Substitutings (x;z;t) = *(2)(xt t(z) (x;t)) from Eq. 60 we get,

2
= SEew (0 ) S0 @ (D)

Let (z;t) denote the reciprocal of the values in the vect(z; t).

Eoom (0 (at)dag O@r (@) (0 )

Substituting (z;t) =exp(  (z;t)) from Sec. E.1.1

1

SE o (0 (xat) diagexp( ZO)reexp( (ZON( ¢ (1)

= %Et oy (¢ (xgt)7diaglexp( (z)exp( (z)re @O« (xi;t)
1

= 5B oy (o (xi;1)” diag(r ¢ (z1)( (xt;1)) (67)

E.5 Recovering VDM from the Vectorized Representation of the diffusion loss

Notice that we recover the loss function in VDM whe(g;t) = (t)14 where { 2 R* and1q4
represents a vector of 1s of sidend the noising schedule isn't conditionedzan

Z, d Z, d
M (xo; ()i g (Didt= H (xo; (1)); 5 ( (DLn)ick
0 ZO;]_
= I (xo; (1);1qi Yt)ct
ZO
1
= Yt)kf (xo; ()kidt
Z0
1

Ak(xo  * (x (v ())kidt (68)

R
01 % (Dk(xo * (X 1); (1) kdt denotes the diffusion l0s&,gifiusion, @S used in VDM; see
Kingma et al. [20].
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Figure 5:(a) Imagine piloting a plane across a region with cyclones and strong winds, as shown
in Fig. 5. Plotting a direct, straight-line course through these adverse weather conditions requires
more fuel and effort due to increased resistance. By navigating around the cyclones and winds,
however, the plane reaches its destination with less energy, even if the route is longer.This intuition
translates into mathematical and physical terms. The plane's trajectory is denatéd ByR? ,

while thq?forces actmg on it are representedifi(t)) 2 R". The work required to nawgate is

given by f(r(t)) i dr(t); dt. Here, the work depends on the trajectory becdiis@)) is not a
conservanve eld.

(b) This concept also applies to the diffusion NELBO. From Eq. 12, it's clear that the traject)ry

is parameterized by the noise schedulg; t), which is in uenced by complex force$,(analogous

to weather patterns), represented by the dimension-wise reconstruction error of the denoising model,
(Xo X (Xt;z;1))2. Thus, the diffusion losg, gifusion, Can be interpreted as the work done along the
trajectory (z;t) in the presence of these vector eld fordesBy learning the noise schedule, we

can avoid “high-resistance” paths (those where the loss accumulates rapidly), thereby minimizing the
overall “energy” expended, as measured by the NELBO.

Appendix F  Subset Sampling

Sampling a subset df items from a collection of collection ai items, x1; X2;:::; X3 belongs

to a category of algorithms called reservoir algorithms. In weighted reservoir sampling, every
Xj is associated with a weight; 0. The probability associated with choosing the sequence
Swrs = [11;i2;:::;ik] be a tuple of indices. Then the probability associated with sampling this
sequence is

Wi, W, o Wiy

S T )

Efraimidis & Spirakis[13] give an algorithm for weighted reservoir sampling where each item

is assigned a random key = u"" whereu; is drawn from a uniform distribution [0, 1] and
w; is the weight of itemx;. Let TopK(r k) which takes keys = [rq1;rp;:::;r,] and returns a
sequencdii;iz;:::;ix]. Efraimidis & Spirakig13] proved that TopKif(; k) is distributed according

to P(SwrsjW).

Let's represent a subs8t2 f 0; 1g" with exactlyk non-zero elements that are equal to 1. Then the
probability associated with samplirgyis given as,
X

p(Sjw) = P(SwrsjW) (70)
Sws2 ( S)

where ( S) denotes all possible permutations of the sequé&dgy ignoring the ordering of the
elements irS,;s we can sample using the same algorithm. Xie & ErrffoH show that this sampling
algorithm is equivalent to TopR(k) wherert = [*1;f;:::; /] wherefy = log( log(ri)) =
logw;+ Gumbel(0, 1). This holds true because the monotonic transformatiog( log(x))
preserves the ordering of the keys and thus TopkY TopK(; k).
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Sum of Gamma Distribution. Niepert et al[34] show that adding SOG noise instead of Gumbel
noise leads to better performance.

Niepert et al. [34] showtha p (z; ) is equivalent t@ = argmaxyovh + 4;yi where gisa
sample from Sum-of-Gamma distribution given by
xs
SoG(; ;s) = K Gamma
i=1

K
i

logs ; (71)

Xl

wheres is a positive integer anGamma(; ) is the Gamma distribution with; ) as the shape
and scale parameters.

And hence, given logittogw, we sample &-hot vector using TopHégw + ). We choose a
categorical prior with uniform distribution acroesclasses. Thus the KL loss term is given by:
i log n% (72)

-1 4 z

Appendix G Experiment Details

G.1 Model Architecture

Denoising network. Our model architecture is extremely similar to VDM. The UNet of our pixel-
space diffusion has an unchanged architecture from Kingma[g0&IThis structure is speci cally
designed for optimal performance in maximum likelihood training. We employ features from VDM
such as the elimination of internal downsampling/upsampling processes and the integration of Fourier
features to enhance ne-scale prediction accuracy. In alignment with the con gurations suggested by
Kingma et al. (2021), our approach varies depending on the dataset: For CIFAR-10, we employ a
U-Net with a depth of 32 and 128 channels; for ImageNet-32, the U-Net also has a depth of 32, but
the channel count is increased to 256. Additionally, all these models incorporate a dropout rate of 0.1
in their intermediate layers.

Encoder network. q (zjx) is modeled using a sequence of 4 Resnet blocks with a channel count
of 128 for CIFAR-10 and 256 for ImageNet-32 with a drop out of 0.1 in their intermediate layers.

Noise schedule. For polynomial noise schedule, we use an MLP that maps the latent \zector
toa (2);b (2);c(z); see Eq. E.2 for details. The MLP has 2 hidden layers of 30 with
swish activation function. The nal layer is a linear mapping3o 3072values corresponding to

a (2);b (2);c(z). Note thata (z);b (2);c(z) have the same dimensionality 8072

G.2 Hardware.

For the ImageNet experiments, we used a single GPU node with 8-A100s. For the cifar-10 experi-
ments, the models were trained on 4 GPUs spanning several GPUs types like V100, A5000s, A6000s,
and 3090s witHloat32 precision.

G.3 Hyperparameters

We follow the same default training settings as Kingma ef2al]. For all our experiments, we
use the Adam1] optimizer with learning rat€ 10 4, exponential decay rates of = 0:9,

2 = 0:99 and decoupled weight decay¥q coef cient of 0:01. We also maintain an exponential
moving average (EMA) of model parameters with an EMA rat8:8899for evaluation. For other
hyperparameters, we use xed start and end times which satigfy= 13:3, nax=5:0, whichis
used in Kingma et al. [20], Zheng et al. [65].

Appendix H Datasets and Visualizations

In this section we provide a brief description of the datasets used in the paper and visualize the
generated samples and the noise schedules.
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H.1 CIFAR-10

The CIFAR-10 datasePf] is a collection of images consisting of 60,082 32 color images in

10 different classes, with each class representing a distinct object or scene. The dataset is divided
into 50,000 training images and 10,000 test images, with each class having an equal representation
in both sets. The classes in CIFAR-10 include: Airplane, Automobile, Bird, Cat, Deer, Dog, Frog,
Horse, Ship, Truck.

Randomly generated samples for the CIFAR-10 datasaet are provided in Fig.Mualfé&xN and
Fig. 6b for VDM. We visualize the noise schedule in Fig. 13.

(@) MULAN with velocity reparameterization after (b) VDM after 10M training iterations.
8M training iterations.

Figure 6: CIFAR-10 samples generated by different methods.

H.2 ImageNet-32

ImageNet-32 is a dataset derived from ImageNgtyhere the original images have been resized to
aresolution o382 32 This dataset comprises 1,281,167 training samples and 50,000 test samples,
distributed across 1,000 labels.

Randomly generated samples for the ImageNet datasaet are provided in FigdGlf&xN and
Fig. 8 for VDM. We visualize the noise schedule in Fig. 13.
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Figure 7: MULAN with noise parameterization after 2M training iterations.
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Figure 8: VDM after 2M training iterations.

H.3 Frequency

To see ifMULAN learns different noise schedules for parts of the images with different frequencies,
we modify the images in the CIFAR-10 dataset where we modify an image where we randomly
remove the low frequency component an image or remove the high frequency with equal probability.
Fig. 9a shows the training sampléd ULAN was trained for 500K steps. The samples generated by
MULAN is shown in Fig. 9b. The corresponding noise schedules is shown in Fig. 13. As compared
to CIFAR-10, we notice that the spatial variation in the noise schedule increases (SNRs for all the
pixels form a wider band) while the variance of the noise schedule across instances decreases slightly.

37






	Introduction
	Background
	Diffusion Models With Multivariate Learned Adaptive Noise
	Why Learned Diffusion?
	A Forward Diffusion Process With Multivariate Adaptive Noise
	Multivariate Gaussian Noise Schedule
	Adaptive Noise Schedule Conditioned On Context

	Auxiliary-Variable Reverse Diffusion Processes
	Challenges in Conditioning on Context
	Conditioning Noise on an Auxiliary Latent Variable

	Variational Lower Bound
	Diffusion Loss
	Auxiliary latent loss

	The Variational Lower Bound as a Line Integral Over The Noise Schedule

	Experiments
	Training Speed
	Likelihood Estimation
	Alternative Learned Diffusion Methods
	Ablation Analysis And Additional Experiments

	Related Work
	Conclusion
	Appendices
	Appendix Comparing to Previous Work
	Diffusion Models with Custom Noise
	Advanced Diffusion Models
	Learned Diffusion
	Optimal Transport

	Appendix Standard Diffusion Models
	Forward Process
	Reverse Process
	Variational Lower Bound
	Diffusion Loss

	Appendix Multivariate noise schedule
	Forward Process
	Reverse Process
	Diffusion Loss
	Vectorized Representation of the diffusion loss
	Log likelihood and Noise Schedules: A Thermodynamics perspective

	Appendix Multivariate noise schedule conditioned on context
	context is available during the inference time.
	context isn't available during the inference time.
	Experimental results

	Appendix MuLAN: MUltivariate Latent Auxiliary variable Noise Schedule
	Parameterization in the reverse process
	Polynomial Noise Schedule
	Variational Lower Bound
	Diffusion Loss
	Recovering VDM from the Vectorized Representation of the diffusion loss

	Appendix Subset Sampling
	Appendix Experiment Details
	Model Architecture
	Hardware.
	Hyperparameters

	Appendix Datasets and Visualizations
	CIFAR-10
	ImageNet-32
	Frequency
	Frequency-2
	CIFAR-10: Intensity
	Mask

	Appendix Likelihood Estimation
	VLB Estimate
	Exact likelihood computation using Probability Flow ODE


