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Abstract

Diagonal preconditioners are computationally tractable approximations to second-order optimizers
and have been central to the recent push for faster training of deep models. Two predominant
families are based on Adam and on the Gauss-Newton (GN) matrix: Adam tracks running statistics
of gradients, while GN-based methods (e.g. Sophia) use the diagonal of the Gauss-Newton matrix.
We compare these two families through the lens of two factors: the basis in which the diagonal
preconditioner acts and the impact of gradient noise from mini-batching. Using linear and logistic
regression as analytic testbeds, we show that (i) regardless of basis, there exist instances where
Adam outperforms both GN−1 and GN−1/2 in the full-batch regime—even in the GN eigenbasis
for logistic regression—and (ii) in the stochastic regime, Adam behaves equivalently to GN−1/2

for linear regression under Gaussian inputs. These predictions are corroborated by experiments on
convex and non-convex problems including MLPs, CIFAR-10, and Transformers.

1. Introduction

Modern deep learning has shifted from vanilla (stochastic) gradient descent toward adaptive first-
order optimizers with preconditioned updates of the form θ(t+1) = θ(t) − ηPg(t), where P ∈ Rd×d

is often diagonal. Methods such as Adam [15], RMSProp [27], Adafactor [26], SignSGD [7], and
Lion [10] build their preconditioners from empirical gradient statistics rather than true curvature.
Recently, optimizers such as Sophia [19] have revisited the curvature connection by using a diagonal
of the Gauss-Newton (GN) matrix. A complementary line of work [29] interprets non-diagonal
preconditioners such as Shampoo [14] as a diagonal preconditioner in a transformed basis.

This naturally raises a question central to this work: can we disentangle the role of the basis used for
preconditioning from the diagonal scaling applied within that basis? We compare two canonical
diagonal scalings—one based on running-average squared gradients (Adam, the diagonal of the
empirical Fisher [17]), and one based on the diagonal of the Gauss-Newton matrix—across two
bases (the identity basis used by Adam and the GN eigenbasis used by curvature-aware methods).
Since empirical-gradient methods effectively use a square root, we additionally consider both GN−1

and GN−1/2. Under this lens we ask: does the empirical Fisher (used by Adam, SOAP) offer real
advantages over GN-derived curvature, or merely serve as a tractable proxy?
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Contributions. We show the comparison hinges on two axes: (1) basis choice—identity vs. the
GN eigenbasis; (2) gradient noise—full-batch (population) vs. stochastic (batch size 1). Our re-
sults, summarized in Table 1, are:

• Sensitivity to basis (§3,4). For linear regression, GN preconditioning in the eigenbasis is well
known to be optimal; under a misaligned (identity) basis, however, Adam can outperform both
GN−1 and GN−1/2. For logistic regression, Adam can outperform GN−1 even under the GN
eigenbasis with full batches.

• Equivalence under noise (§3.2). For linear regression in the stochastic regime with Gaussian
inputs, Adam behaves equivalently to GN−1/2 regardless of basis—a surprising alignment
between Adam’s empirical design and curvature-based preconditioning.

We complement these findings with experiments on toy and real problems, including CIFAR-10 and
Transformers (§C).
Table 1. Comparison of Adam vs. GN diagonal preconditioners across two axes: (i) basis and (ii) gradient
noise. Theoretical results are based on quadratics (§3) and logistic regression (§4).

Batch-size regime

Basis Full batch Small batch

Eigenbasis ∃ logistic example where Adam > GN−1 GN−1 ≥ Adam ≈ GN−1/2

(quadratics)
Identity ∃ quadratic example where Adam

> GN−1
Adam ≈ GN−1/2 (quadratics)

2. Preliminaries

Consider optimizing f : Rd → R parameterized by θ ∈ Rd under loss ℓ. We study preconditioned
updates of the form

θ(t+1) = θ(t) − ηt (U Dp U⊤) g(t),

which factorizes any preconditioner into two ingredients: an orthonormal basis U in which the
gradient is rotated, and a diagonal preconditioner Dp applied within that basis. The exponent p ∈
{−1

2 ,−1} controls how aggressively curvature is exploited; g(t) is the gradient at θ(t) (population
or stochastic).

The Hessian decomposes as H = H(GN) + ∇f ℓ∇2
θf , where H(GN) := ∇θf ∇2

f ℓ∇θf
⊤ is PSD

for convex losses and only needs first-order information of the network [25]; for squared loss,
H(GN) = E[∇θf ∇θf

⊤]. We use H(GN) to define both a basis (its eigenbasis) and a diagonal pre-
conditioner (its diagonal entries). The two basis choices we compare are the identity U = I (Adam’s
default) and the GN eigenbasis (the curvature-aligned target of Sophia/Shampoo). For experiments
we additionally use the Kronecker-factored approximation [20, 29] as a tractable surrogate for the
full eigenbasis (Section C).
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Diagonal preconditioners. Given basis U , rotate the gradient g̃ := U⊤g and apply a diagonal D.
We study

D
(A)
ii :=

(
E[(u⊤i g(x))2]

)−1/2
, D

(GN)
ii := (u⊤i H

(GN)ui)
p. (1)

The first matches Adam’s running average of squared gradients (modulo β1 = β2); the second
uses GN’s diagonal curvature estimate. In the full-batch limit D(A)

ii approaches the rotated mean-
gradient norm (giving rise to the auto-tuning effect of §3.1); in the stochastic limit it is dominated
by per-sample gradient norms. At batch size 1 for cross-entropy / MSE losses, D(A) and D(GN)

correspond, respectively, to the empirical Fisher and the Fisher matrices [17].

3. Linear regression: basis choice and gradient noise

We study the workhorse setting fθ(x) = θ⊤x with ℓ(θ) = 1
2E[((θ − θ∗)⊤x)2] and x ∼ N (0,Σx).

Here H(GN) = E[xx⊤] = Σx, so the GN eigenbasis is the input-covariance eigenbasis and the GN
diagonal is diag(Σx). Vanilla gradient descent on this objective evolves as ∆(t+1) := θ(t+1)− θ∗ =
(I − ηΣx)∆

(t). Under the eigenbasis, GN−1 is well known to be optimal: it converges in a single
step at full batch and at the optimal linear rate stochastically (Section A.1). Below, we examine the
three remaining quadrants in Table 1.

3.1. Full batch, identity basis: Adam “auto-tunes” to curvature

Heterogeneous curvature is a textbook motivation for preconditioning [13, 19, 24, 30, 31], and
GN−1 in the eigenbasis is the textbook answer. But what happens when the basis is wrong? We
construct an example where the misalignment hides the curvature from GN entirely, while Adam
still adapts.

Consider the block-structured covariance

Σx =

[
11⊤ 0
0 I

]
∈ R2d×2d, (2)

where 1 ∈ Rd. The first block has top eigenvalue d (max stable LR 2/d); the second has eigenvalues
1 (LR up to 2). The two blocks need very different step sizes, but each is symmetric within itself.

GN reduces to GD under the identity basis. Every diagonal entry of Σx equals 1, so under U = I,
D

(GN)
ii = 1p = 1 uniformly. Both GN−1 and GN−1/2 degenerate to vanilla GD, and convergence

is bottlenecked by the first block’s curvature: any safe LR is O(1/d), so reaching error ϵ requires
Ω(d log(1/ϵ)) steps.

Adam auto-tunes per-block. By symmetry, the first block sees a single rotated-gradient norm
∥g(t)0 ∥ and the second block has independent per-coordinate norms |g(t)i |, giving updates ∆(t+1)

0 =

(I − η

∥g(t)0 ∥
Σx)∆

(t)
0 and ∆

(t+1)
i = (I − η

|g(t)i |
Σx)∆

(t)
i . After a short burn-in, η/∥g(t)0 ∥ stabilizes

near 2/d and η/|g(t)i | near 2, simultaneously. Halving η thereafter reaches error ϵ in O(log(1/ϵ))
steps—a d-fold improvement over GN. This auto-tuning mirrors normalized gradient descent [22]
and arises from the mean gradient in Adam’s denominator at full batch; it vanishes stochastically,
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where the denominator is dominated by gradient variance [23]. Empirically: on a 100-dim instance
of (2) under the identity basis, Adam’s loss drops by orders of magnitude in tens of steps while
GN−1 tracks vanilla GD (Figure 2 (a); Section C.1).

Which power for GN? Even when GN preconditions in the wrong basis, the choice between
p = −1 and p = −1/2 matters. The rate of preconditioned GD [9] depends on κ(P 1/2ΣxP

1/2),
and there exist Σx for which the half-power has the more favorable conditioning (Section A.3).
Simulations on a 5-dim regression confirm both directions of the comparison: GN−1/2 > GN−1 on
a Σx engineered for it (Figure 2 (c)), and the opposite on its dual (Figure 1; Section A.3).

3.2. Stochastic regime: Adam ≈ GN−1/2 in any basis

We now ask the dual question: how does basis choice matter once gradient noise dominates? At
single-sample batches, Adam’s denominator no longer captures the population mean but the per-
sample gradient norm. The next lemma shows that, under Gaussian inputs, this is exactly the Fisher
up to a loss-dependent rescaling.

Lemma 1 For linear regression with Gaussian inputs, ℓ(θ)·Σx ⪯ 1
2 E[g(x) g(x)

⊤] ⪯ 3 ℓ(θ)·Σx.

The empirical Fisher (Adam’s target) is therefore equivalent to the Fisher (GN’s target) up to a√
ℓ(θ) rescaling that is the same on every coordinate. Diagonalizing both sides in any basis U gives

the per-step equivalence:

Corollary 2 For single-sample updates, Adam and GN−1/2 differ by a constant: 1√
3ℓ
D(GN,− 1

2
) ⪯

1
2 D

(A) ⪯ 1√
ℓ
D(GN,− 1

2
).

A loss-dependent overall rescaling can always be absorbed into a learning-rate schedule, so this says
Adam and GN−1/2 are essentially interchangeable preconditioners under noise—in any orthonormal
basis. To compare GN−1/2 to its sister GN−1 in the same regime, we need a stochastic convergence
rate. Define A(P ) := P 1/2ΣxP

1/2.

Lemma 3 For linear regression with stochastic Gaussian inputs and any PSD preconditioner P ,

E[ℓ(t)] ≤ O

[(
1− λmin(A(P ))

3 Tr(A(P ))

)t
ℓ(0)

]
.

The bound depends on a stochastic-regime “condition number” κs(A(P )) := Tr(A(P ))/λmin(A(P )) ≥
d. In the eigenbasis, GN−1 minimizes this to d; GN−1/2 achieves

∑
i

√
λi(Σx)/λmin(Σx) ≥ d,

with equality only when Σx is isotropic. So GN−1 remains optimal in the noise regime, with
GN−1/2 and (by Corollary 2) Adam matching it up to the spread of the spectrum. Proofs in Sec-
tion A.2.

Experimental confirmation. The small-batch quadrants of the random-teacher MLP, sparse parity,
staircase, and CIFAR-10 experiments (Figure 3 (a), Figures 4 to 6 in Section C.3) all show Adam
and GN−1/2 tracking each other in either basis, exactly as Corollary 2 predicts.
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4. Logistic regression: Adam beats GN−1 even in the eigenbasis

The optimality of GN−1 in the eigenbasis is special to quadratics. Once non-convexity enters,
GN−1’s aggressive scaling can amplify rather than dampen the dynamics. We construct a logistic-
regression example where, under full batches and the GN eigenbasis, Adam outperforms GN−1.

Setup. Let x be uniform over {ei}di=1 with νi := Pr(x = ei), and y |x = ei ∼ Bernoulli(Pi)
with Pi ∈ [0.6, 0.8] (labels neither deterministic nor purely random; θ∗ bounded). Consider the
weight-tied two-layer linear network qi(θ) := Prθ(y = 1 | x = ei) = σ(

∑
j θ

2
jxj) = σ(θ2i ),

σ(z) = 1/(1 + e−z). The squared parameterization is non-convex and structurally analogous to
the key×query product in self-attention [28]. Define κ(ν) = νmax/νmin and target error ϵ. The
eigenvectors of H(GN)(θ) are the standard basis, so the identity and the GN eigenbasis coincide;
both algorithms act coordinate-wise, and we analyze local convergence near θ∗.

Adam: O(log(1/ϵ)) steps. Adam reduces to sign-GD with per-coordinate step size η. Starting at
O(1) and halving every O(1) steps yields O(log(1/ϵ)) local convergence—no dimension depen-
dence.

GN−1: Ω̃(dδ log(1/ϵ)) steps. The GN−1 update has a built-in tension: a small η keeps the iterate
from blowing up far from θ∗ (where H(GN)(θ) vanishes), but a small η∞ := limt ηt slows local
convergence. Linearizing at θ∗ with H

(GN)
∗ := H(GN)(θ∗), the local contraction factor γ(η∞, α) :=

∥I− η∞(H
(GN)
∗ + αI)−1H

(GN)
∗ ∥2 governs the asymptotic rate.

Theorem 4 (Logistic lower bound) Initialize θ(0) = 1√
d
1. For any non-increasing {ηt} and α ≥

0, if θ(t) → θ∗, then γ(η∞, α) ≥ 1− c
√
log d max

{
1√
d
,

√
d

κ(ν)

}
for a universal constant c.

Corollary 5 For κ(ν) = Ω(d1/2+δ), δ ∈ [0, 1/2], GN−1 requires t = Ω̃(dδ log(1/ϵ)) local steps
to reach ∥θ(t) − θ∗∥2 ≤ ϵ.

So GN−1 has a polynomial-in-d slowdown in the eigenbasis, exacted by the requirement to converge
globally from O(1/

√
d) initialization. This is consistent with Abreu et al. [4]’s empirical findings

for line-search GN, which violates the non-increasing-η assumption. Full proof in Section B. Em-
pirically: a 2048-dim simulation confirms Adam > GN−1 in the eigenbasis (Figure 2 (b)), and the
same separation appears on a 1-layer Transformer whose attention mirrors this squared parameteri-
zation (Figure 3 (b); Section C.5).

5. Discussion

Our two-axis decomposition (Table 1) shows that Adam can outperform GN in the identity basis
(linear regression) and even in the eigenbasis (logistic), while in the stochastic regime Adam aligns
with GN−1/2 regardless of basis. The experiments inlined above are detailed in Section C, including
additional non-convex MLPs (sparse parity, staircase, CIFAR-10) and a basis-interpolation sweep.
The small-batch equivalence between Adam and GN−1/2 likely extends to large-scale training,
where gradient variance dominates the mean; combined with Adam’s auto-tuning at large batches,
this suggests a promising direction: optimizers that retain auto-tuning even at small batches.
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Appendix A. Theoretical results and omitted proofs

A.1. Optimality of GN−1 in the correct basis

For completeness, we provide proofs for the optimality of GN−1 for the quadratic loss under the
correct eigenbasis.

Full batch. For GN−1, the parameter estimation error evolves as

θ(1) − θ∗ = (θ(0) − θ∗)− η(H(GN))−1g(0)

= θ(0) − ηE[xx⊤]−1E[xx⊤(θ − θ∗)] = (1− η)(θ(0) − θ∗).
(3)

Hence GN−1 reaches the optimum in one step with η = 1.

Stochastic regime. Consider single-sample updates. Define M (t) := E[(θ(t) − θ∗)(θ(t) − θ∗)⊤],
the second moment of the distance to optimum. The GN−1 update with g = (θ − θ∗)⊤x · x gives

M (t+1) = M (t) − 2ηM (t) + η2Tr(M (t)Σx) Σ
−1
x + 2η2M (t). (4)

10
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Multiplying by Σx and taking the trace,

E[ℓ(t+1)] =
(
1− 2η + η2(d+ 2)

)
E[ℓ(t)]. (5)

Setting η = 1/(d+ 2) halves the expected error every O(d) steps.

A.2. Equivalence of Adam and GN−1/2 in the stochastic regime

We start with the equivalence between empirical and true Fisher (Lemma 1), used to derive the
per-step equivalence (Corollary 2) and the loss-rate bound (Lemma 3).

A.2.1. PROOF OF LEMMA 1

Proof For a given θ, set M := (θ − θ∗)(θ − θ∗)⊤. Then

E[g(x)g(x)⊤] = E[x⊤Mx · xx⊤] = 2ΣxMΣx +Tr(ΣxM) Σx ⪯ 3 Tr(ΣxM) Σx, (6)

by Wick’s theorem. The lemma follows since ℓ = 1
2E[x

⊤Mx] = 1
2 Tr(ΣxM).

A.2.2. PROOF OF COROLLARY 2

Proof Adam’s preconditioner is based on P (A) := E(x,y)[g(x)g(x)
⊤], so for an orthonormal ba-

sis U the diagonal entries satisfy (D
(A)
ii )−1 =

√
u⊤i P

(A)ui. Combined with (D
(GN,−1/2)
ii )−1 =√

u⊤i Σxui and Lemma 1, the claim follows.

Single-sample H(GN). On single-sample batches, g(θ) = ℓ′f ∇θf . With β1 = β2 = 0 and rotated
gradient g̃ := U⊤g,

D
(A)
ii = (|g̃i|)−1 =

(
(ℓ′f )

2(U⊤∇θfi)
2
)−1/2

, D
(GN)
ii = (H

(GN)
ii )−1/2 = ((ℓ′f )

2/ℓ′′f )
1/2D

(A)
ii .

A.2.3. PROOF OF LEMMA 3

Proof Define M (t) = E[(θ(t) − θ∗)(θ(t) − θ∗)⊤]. For any P , the update θ(t+1) − θ∗ = (I −
ηPxx⊤)(θ(t) − θ∗) yields

M (t+1) = (I− ηPΣx)M
(t) (I− ηPΣx)

⊤ + η2P
(
ΣxM

(t)Σx +Tr(ΣxM
(t))Σx

)
P. (7)

Let M̃ (t) := Σ
1/2
x M (t)Σ

1/2
x so E[ℓ(t)] = E[Tr(M̃ (t))], and A(P ) := Σ

1/2
x PΣ

1/2
x . Then

M̃ (t+1) ⪯ (I− ηA(P )) M̃ (t) (I− ηA(P ))⊤ + 2η2Tr(M̃ (t))A(P )2. (8)

Rotating into the eigenbasis of A(P ) (preserving traces), let vt = diag(M̃ (t)). Then

vt+1 =
(
(I− ηA(P ))2 + η2A(P )2 + η2diag(A(P )2)1⊤

)
vt. (9)

11
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Taking the inner product with diag(A(P )−1) on both sides, using 1⊤vt ≥ λmin(A(P )) diag(A(P )−1)⊤vt,
gives

diag(A(P )−1)⊤vt+1 ≤
(
1−λmin(A(P )) η(2−(2λmax+Tr(A(P )))η)

)
diag(A(P )−1)⊤vt. (10)

The optimal contraction is at η = 1/(2λmax + Tr(A(P ))), which is bounded above by
(
1 −

λmin(A(P ))
3Tr(A(P ))

)
.

A.3. Comparing GN powers

By Lemma 3, comparing GN−1 and GN−1/2 reduces to comparing the condition number of A(P ) =

P 1/2ΣxP
1/2 for P ∈ {Σ−1

x , Σ
−1/2
x }. We claim:

Claim 6 There exists Σx such that κ(A(diag(Σx)
−1/2)) < κ(A(diag(Σx)

−1)).

Empirically, by sampling random orthonormal U for fixed eigenvalue diagonals Λ and forming
Σx = UΛU⊤, we find both Σx such that GN−1/2 wins (Figure 2 (c)) and Σx such that GN−1 wins
(Figure 1). Characterizing the favorable regime is left as future work.

0 100000
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10 9

10 7

10 5

10 3

Lo
ss

Full Batch

0 200000
Step

10 12

10 9

10 6

10 3
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ss

Small Batch

GN (p=-1) GN (p=-1/2)

Figure 1. Comparing GN powers p ∈ {− 1
2 ,−1} on a covariance constructed so that GN−1 has the better

condition number; here GN−1 converges as fast or faster than GN−1/2 at both small and large batches.

Appendix B. Proof of Theorem 4 (logistic lower bound)

The two-layer linear network with weight tying and squared parameterization satisfies qi(θ) =
Prθ(y = 1 | x = ei) = σ

(∑
j θ

2
jxj

)
= σ(θ2i ), σ(z) = 1/(1 + e−z). For the logistic loss the

population gradient and diagonal GN are

[g(θ)]i = 2νiθi(σ(θ
2
i )− Pi), [H(GN)(θ)]ii = 4νiθ

2
i σ(θ

2
i )(1− σ(θ2i )). (11)

For step sizes {ηt} and ridge α ≥ 0, the GN iteration θ(t+1) = Mηt,α(θ
(t)) has coordinate update

[Mη,α(θ)]i = θi − η
2θiνi(σ(θ

2
i )− Pi)

4θ2i νiσ(θ
2
i )(1− σ(θ2i )) + α

. (12)

The proof hinges on a per-coordinate divergence threshold for the learning rate. Above it, the GN
update diverges; requiring all coordinates to avoid divergence forces a small η∞, which slows local
convergence.

12
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Lemma 7 (Divergence threshold) For constants η, α > 0, define the one-dim update map Mη,α(θ) =

θ − η 2θ(σ(θ2)−P )
4θ2σ(θ2)(1−σ(θ2))+α

. Consider θ(t+1) = Mηt,α(θ
(t)). There is a universal constant c such that

for any P ∈ [0.6, 0.8] and any θ(0) > 0 with σ((θ(0))2) ≤ 0.55, if the non-increasing {ηt} satisfies
ηt ≥ c

√
log(1/θ(0))

(
θ(0) + α/θ(0)

)
for all t, then |θ(t)| diverges geometrically.

Proof We split the proof into three parts.

Part 1: θ(1) is large. σ((θ(0))2) ≤ 0.55 implies θ(0) ≤ 0.5. Since P ≥ 0.6, σ((θ(0))2)− P < 0, so
θ(1) > θ(0) and

θ(1) ≥ θ(0) + η0
2θ(0)(0.6−0.55)

4(θ(0))2·0.52+α
≥ η0

0.1θ(0)

(θ(0))2+α
= 0.1 η0

θ(0)+α/θ(0)
.

Substituting the lower bound on η0 from the lemma yields θ(1) ≥ 0.1 c
√

log(1/θ(0)), which can be
made arbitrarily large by choosing c large enough.

Part 2: key properties of θ(1). We show that c can be chosen so that (i) σ((θ(1))2) ≥ 0.9 and (ii)
4(θ(1))2(1 − σ((θ(1))2)) ≤ θ(0). (i) follows directly. For (ii), using 1 − σ(z) ≤ e−z and that
z(1− σ(z)) is decreasing for z ≥ 2, with θ

(1)
low := 0.1c

√
log(1/θ(0)),

4(θ(1))2(1− σ((θ(1))2)) ≤ 4(θ
(1)
low)

2e−(θ
(1)
low )2 = (0.04c2) log(1/θ(0))(θ(0))0.01c

2

=
(
(0.04c2) log(1/θ(0))(θ(0))0.01c

2−1
)
θ(0).

For sufficiently large c (e.g. 0.01c2 > 2), the parenthesized factor is < 1, since the polynomial
decay dominates the logarithm.

Part 3: geometric divergence for t ≥ 1. For any η above threshold and any θ with θ2 ≥ (θ(1))2,
write Mη,α(θ) = θ(1 − K(θ)) with K(θ) := 2η(σ(θ2)−P )

4θ2σ(θ2)(1−σ(θ2))+α
> 0. By (i), the numerator is

≥ 2η(0.9 − 0.8) = 0.2η. By (ii) and θ(0) ≤ 0.5, the denominator is ≤ θ(0) + α/θ(0). Hence
K(θ) ≥ 0.2η

θ(0)+α/θ(0)
≥ 0.2 c

√
log(1/θ(0)). Since θ(0) ≤ 0.5, log(1/θ(0)) ≥ log 2, and c can be

chosen so that 0.2c
√
log 2 ≥ 1 +

√
2. Thus |1−K(θ)| ≥

√
2, so |θ(t+1)| ≥

√
2|θ(t)|.

Proof [Proof of Theorem 4] At θ∗, the diagonal entries of H(GN)
∗ = H(GN)(θ∗) are λi(H

(GN)
∗ ) =

4(θ∗i )
2νiσ((θ

∗
i )

2)(1−σ((θ∗i )
2)). Since Pi = σ((θ∗i )

2) ∈ [0.6, 0.8], (θ∗i )
2 is bounded, so λi(H

(GN)
∗ )

is proportional to νi (up to universal constants); in particular λmin(H
(GN)
∗ ) ≥ νmin/c1.

The coordinate updates separate. Applying Lemma 7 per coordinate (with α/νi as the regularizer),

since {ηt} is non-increasing, η∞ must satisfy η∞ ≤ c

√
log(1/θ

(0)
i )

(
θ
(0)
i +α/(νiθ

(0)
i )

)
for every i.

With θ
(0)
i = 1/

√
d, the tightest bound (at νi = νmax) gives η∞ ≤ c

√
log d

(
1/
√
d +

√
dα/νmax

)
.

The local contraction factor satisfies γ(η∞, α) ≥ 1 − η∞ λmin(H
(GN)
∗ )/(λmin(H

(GN)
∗ ) + α). Sub-

stituting and using λmin/(λmin + α) ≤ 1 and α/(λmin + α) ≤ 1:

γ(η∞, α) ≥ 1− c
√
log d

(
1/
√
d+

√
dλmin/νmax

)
≥ 1− c′

√
log d

(
1/
√
d+

√
dνmin/νmax

)
,

which is the claimed bound.
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Appendix C. Experiments

We complement the theory in §3–4 with experiments on (i) controlled simulations of the linear- and
logistic-regression examples, (ii) non-convex MLPs on a random teacher, sparse parity, staircase,
and CIFAR-10, and (iii) a 1-layer Transformer on a selection-based regression task. We use MSE
unless otherwise noted, sweep η and α, and (for Adam) the schedule and β2, fixing β1 = 0 as in Das
et al. [11]. Eigenbasis experiments use the Kronecker approximation [20, 29] of the GN eigenbasis.
Curves report mean±SE over 10 seeds.

Hyperparameters, hardware, runtime. We sweep η first at factors of 3 (e.g. 0.01, 0.003, 0.001)
and then at factors of 2 around the optimum. We sweep α at factors of 10. For Adam we additionally
sweep β2 ∈ {0, 0.9, 0.95, 0.99}. When varying batch size we vary the gradient batch size and
always use a large batch (4096) for H(GN) to ensure an accurate basis estimate. Runs use NVIDIA
A100 GPUs. Simulations in §3.1 take < 1min; GN-power simulations take ∼ 9min per 100k steps;
parity/staircase ∼ 10min per 1k steps; CIFAR identity-basis runs < 5min, Kronecker-eigenbasis
runs ∼ 80min.

Kronecker factorization. For matrix-valued W ∈ Rm×n, let g ∈ Rmn be the flattened gradient
and G ∈ Rm×n the unflattened gradient. The mn×mn GN matrix is approximated by

H(GN) := E[gg⊤] ≈ E[GG⊤]⊗ E[G⊤G]. (13)

The eigenvectors of the Kronecker product are Kronecker products of those of the factors, so the
eigenbasis of H(GN) is approximated by the eigenbases of the smaller E[GG⊤] ∈ Rm×m and
E[G⊤G] ∈ Rn×n. Without heuristic damping, we find the Kronecker approximation behaves simi-
larly to the full eigenbasis while being substantially cheaper [6].

C.1. Simulations of the linear- and logistic-regression examples

Figure 2 reports simulations on three settings, with all three panels labeled inside the figure. (a) On
the block-covariance example (2) (d = 100) with the identity basis, Adam converges quickly via
auto-tuning while GN±1 tracks vanilla GD. (b) On a 2048-dim instance of the logistic-regression
example with the GN eigenbasis, Adam outpaces GN−1, matching Theorem 4. (c) On a constructed
Σx where GN−1/2 has the more favorable conditioning, GN−1/2 beats GN−1 at both small and large
batches (further details in Section A.3).

C.2. Random-teacher MLP and Selector-Transformer

Figure 3 summarizes our two flagship non-convex experiments. The random-teacher MLP (a) ex-
tends the linear-regression intuition to a smooth non-convex setting; the selector-Transformer (b)
mirrors the squared parameterization of §4 via attention’s query×key product. The two figures to-
gether cover both axes of Table 1: Adam tracks GN−1/2 at small batches in either basis (§3.2), and
Adam matches or beats GN−1 when the basis is identity (§3.1) or the loss is logistic-like (§4).

14
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(a) block-covariance LR (Id basis) (b) reparam.
logistic (eigenbasis)
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Figure 2. Adam vs. GN simulations corroborating §3–4. (a) Block-covariance LR under the identity basis:
Adam auto-tunes while GN±1 matches vanilla GD. (b) Reparameterized logistic regression under the GN
eigenbasis: Adam beats GN−1 at full batches. (c) Σx constructed so that GN−1/2 has the better condition
number—GN−1/2 > GN−1 at both small and large batches. (a)–(b) are the left and right halves of the left
figure; (c) is the right figure.
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(a) Random-teacher MLP (b) Selector-Transformer

Figure 3. Non-convex experiments. (a) Random-teacher MLP across the 2 × 2 grid of Table 1: Adam
≈ GN−1/2 at small batches in either basis, and Adam ≥ GN−1 in the identity basis. (b) Selector-Transformer:
Adam outperforms GN−1 in the (Kronecker) eigenbasis with full batches, matching Theorem 4.

C.3. MLP experiments with squared loss

We learn each task with a single-hidden-layer MLP ŷ = a · σ(w⊤x + b), w ∈ Rd×m, a, b ∈ Rm,
with σ = ReLU.

• Random teacher. Inputs xi ∼ N (0,Σx) with random Σx. The teacher is itself a single-
hidden-layer MLP; the student has hidden width 2× the teacher’s.

• Sparse parity. (d, k)-parity: y =
∏

i∈S xi for an unknown support S ⊆ [d] [3, 5, 8, 12, 21].
We use d = 20, k = 6.

• Staircase. y =
∑

(si,ei)∈P
∏ei−1

j=si
xj for segments P = {(si, ei)}i∈[k] [1, 2]. We use d =

21, k = 3, P = {(0, 7), (7, 14), (14, 21)}.

• CIFAR-10 [16]. Inputs flattened to length 3072; labels are 10-dim one-hots. Each run uses
400 steps, sufficient for the large-batch eigenbasis runs to reach ∼ 47% accuracy.

Figures 4 to 6 report the full 2 × 2 grid for each of these tasks, complementing Figure 3 (a) in the
main text. Across all four, Adam ≈ GN−1/2 at small batches in either basis, and Adam matches or
beats GN−1 in the identity basis.
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Figure 4. Sparse parity: Adam, GN−1, and GN−1/2 on the 2× 2 grid (Table 1).
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Figure 5. Staircase (a multi-feature generalization of sparse parity): same grid as Figure 4.

What about p = −1 for Adam? We define Adam’s diagonal preconditioner with p = −1/2
in Section 2 for consistency with the standard algorithm. For completeness, Figure 7 compares
Adam at p ∈ {−1/2,−1} on sparse parity. Consistent with Lin et al. [18], the two powers behave
comparably.

C.4. Interpolating between bases

To probe bases of intermediate quality, we interpolate between I and the GN eigenbasis U via
geodesic interpolation (Algorithm 1), parameterized by γ ∈ {0, 0.25, 0.5, 0.75, 1} (with γ = 0
giving I and γ = 1 giving U ). Figure 8 shows the resulting curves on parity and staircase: Adam
and GN−1/2 track each other under the stochastic regime across all bases, as predicted by §3.2.

Algorithm 1: Geodesic interpolation between bases
1: Input: full GN basis U , interpolation factor γ ∈ [0, 1].
2: Compute matrix log K := logm(U).
3: Compute matrix exponent Û := exp(γ ·K).
4: Take the real part Uγ := real(Û).
5: Output: Uγ .

C.5. Logistic experiment details

Simulations for §4. We follow the two-layer linear network of §4. Inputs are 2048-dim one-hots
with νi ∝ i−c, c = 0.6; we set Pi = 0.75 for all i.

Transformer experiments. We use a 1-layer 1-head Transformer of dimension 128. The attention
block mirrors the squared parameterization in §4: query×key matches the reparameterization, and
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Figure 6. CIFAR-10: Adam, GN−1, and GN−1/2 on the 2× 2 grid.

Figure 7. Sparse parity with Adam at power p ∈ {−1,− 1
2} on the 2× 2 grid.

softmax matches the logistic. The selection task uses an input sequence of T = 32 Gaussian
vectors followed by a length-d one-hot s (d ≥ T ), with target y = ⟨θ∗, xi⟩ when s = ei. Figure 3 (b)
compares GN and Adam under the Kronecker-approximated eigenbasis at batch size 16384. Results
are aggregated over 10 seeds; each run takes ∼ 90min.
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Figure 8. Basis interpolation: GN−1, GN−1/2, and Adam under bases interpolated geodesically between the
eigenbasis (darker) and the identity (lighter), with γ ∈ {0, 0.25, 0.5, 0.75, 1}.
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