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Abstract

We show that minimizing the expected Wasserstein loss between empirical distributions can lead to
biased parameter estimates in finite-sample regimes. Specifically, when two empirical distributions
are sampled from the same parametric family—one at a fixed parameter value and the other at a
variable—we find that minimizing the expected loss with respect to the variable parameter generally
fails to recover the fixed one. We analytically verify this bias in simple one-dimensional settings,
including location-scale models, by deriving closed-form expressions for the expected empirical
Wasserstein loss. The analysis reveals that when the expected loss varies along the diagonal (where
the two parameter values coincide), the gradient at the fixed parameter value is nonzero, shifting
the minimizer away from it. To address this, we propose a simple correction scheme that eliminates
the bias in well-specified cases. Numerical experiments confirm that stochastic gradient descent on
the empirical Wasserstein loss converges to biased solutions and demonstrate the effectiveness of
the proposed bias correction scheme.

1. Introduction

Recent advances in computational optimal transport have made Wasserstein distances a powerful
tool for quantifying differences between probability distributions, with growing impact across a
wide range of machine learning and statistical applications [20]. In particular, parameter estima-
tion methods based on minimizing the Wasserstein distance have drawn increasing attention as an
alternative to classical likelihood-based approaches [2, 5]. Unlike maximum likelihood estimation,
Wasserstein-based methods offer robustness when the support of the distributions differs, and can
be applied even when the likelihood function is intractable but sampling is possible. These proper-
ties have led to the widespread adoption of Wasserstein-based loss functions in modern inference
[4, 8, 18, 19] and generative modeling frameworks [1, 11, 15, 17].

Theoretical properties of the minimum Wasserstein estimator, which minimizes the Wasserstein
distance between a parametric model and an empirical distribution, have attracted growing interest.
This estimator is consistent, converging to the parameter value that minimizes the distance be-
tween the model and the underlying distribution as the sample size increases [2, 5]. In finite-sample
regimes, however, the expected empirical Wasserstein loss between an empirical distribution and
a parametric model can differ from its infinite-sample counterpart, leading to biased gradients and
minimizers [3]. This contrasts with the log-likelihood, for which the expected empirical objective
coincides exactly with the population objective, so no such bias arises.
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While most theoretical analyses have focused on asymptotic or one-sided empirical settings, less
attention has been given to the regime most relevant in practice—minimizing the expected Wasser-
stein loss between two empirical distributions, both constructed from finite samples. Although prior
work has examined the properties of minibatch Wasserstein loss and noted that it differs from the
true distance between the underlying distributions [12], and non-asymptotic bounds on this gap have
been proposed [23], its impact on optimization outcomes, particularly the presence and characteri-
zation of bias in parameter estimation, remains largely unexplored.

In this paper, we show that minimizing the expected Wasserstein loss between two empirical
distributions can lead to biased parameter estimates in finite-sample regimes. Specifically, when
two empirical distributions are independently generated from the same parametric family—one at
a fixed parameter value and the other at a variable parameter value—we find that minimizing the
expected loss with respect to the variable parameter generally fails to recover the fixed one.

To make this phenomenon analytically tractable, we focus on one-dimensional settings where
closed-form expressions for optimal transport are available [6, 20, 22, 24]. We derive the expected
empirical Wasserstein loss in closed form for representative models such as location-scale families,
and demonstrate the resulting bias.

Furthermore, we show that if the expected loss is non-constant along the diagonal (where the
two parameters coincide), the gradient of the expected loss with respect to the variable parameter,
evaluated at the fixed parameter value, is nonzero, shifting the minimizer away from it. To address
this, we propose a simple correction scheme that eliminates the bias in well-specified cases. Numeri-
cal experiments confirm that stochastic gradient descent on the empirical Wasserstein loss converges
to biased solutions and demonstrate the effectiveness of the proposed bias correction scheme.

2. Background

The p-Wasserstein distance (denoted 17/,,) between two probability density functions (PDFs) ;. and
v over R is defined as W} (1, v) = infyer [pa [ga |z — yl[Pdy(z, y), where I' denotes the set of
all joint distributions on R¢ x R¢ that have respective marginals y and v.

In the one-dimensional case (d = 1), this admits a closed-form expression using the cumulative
distribution functions (CDFs) P and @ of 1 and v, respectively [9, 20]:

1
W (1,v) = / P () — QY (u)|Pdu. (1)

We focus on the one-dimensional case, which allows more precise analytical characterization of the
Wasserstein distance and is sufficient to reveal the core phenomena under study.

Let iy and Py denote empirical distributions constructed from i.i.d. samples z1,...,Zx ~ i
and y1,...,yn ~ v, respectively: iy = % Zf\il dg; and Uy = % Zf\il dy,, where 0, is a Dirac
measure at z € R. Assuming the samples are ordered without loss of generality, i.e., z; < ;41 and
Yi < yip1fori=1,..., N — 1, the W, distance between /iy and )y becomes

N
WE(jin, On) Z |k — yk[”- )
k:

It is well known that under mild conditions, W, (jin, ) — 0 in expectation as N — oo [6, 7,
10, 14, 25], and hence, E [W (iin, on)] — W (w, v) [23].



FINITE-SAMPLE BIAS OF MINIMIZING EXPECTED WASSERSTEIN LOSS

Let {fy | 6 € © C R™} be a parametric family of distributions. The minimum Wasserstein
estimator minimizes the Wasserstein distance between an empirical distribution and a model distri-
bution, i.e., Oy = arg ming W), (fin, fo). Under suitable conditions, this estimator is known to be
consistent [2, 5]: Oy — 0 = arg ming W (i, fp) as N — oo.

However, this consistency holds only asymptotically, and the estimator can behave quite dif-
ferently in finite-sample settings. For instance, in a Bernoulli model, minimizing the expected
empirical Wasserstein loss yields a biased estimate [3], i.e., Oy = arg ming E[W) (i, fo)] #
argming W} (u, fp) in general.

In practice, Wasserstein-based objectives are often used to compare two empirical distributions,
each constructed from finite samples [4, 11, 17, 19]. Although a consistency result has been estab-
lished for this setting under certain asymptotic conditions [5], the behavior of such estimators in the
finite-sample regime remains poorly understood.

Our focus. We study this finite-sample regime directly. Let fg*, ~ and f97 ~ denote empirical dis-
tributions independently drawn from the parametric model at parameter values 6* (fixed) and 6
(variable), respectively. We consider the expected loss Jy (6*,6) = E[W}( f9*7 N, f97 ~)], and ask

whether its minimizer recovers the fixed parameter, i.e., Oy = argmin, Jy (6*, ) = 6*.

3. Finite-sample bias of minimizing expected Wasserstein loss between empirical
distributions

In this section, we present analytic and numerical results demonstrating that the minimizer of the ex-
pected Wasserstein loss between two empirical distributions can be biased, by focusing on location-
scale models. We then propose a simple method to correct the bias in well-specified settings.

3.1. Bias in minimizing expected squared 1V for location-scale models

Let f9*7N = % Zi\il 5% and f97N = % Ei\il 5yi, where Lly..ey N fg* and Y1y o oy YN ~~ fg
are ordered samples, and 6* = (67, 63) is fixed while 6 is variable. Setting p = 2 in (2), our loss is

N
In(0°,0) = EWE (oo s fon)) = = 3 Ef(ai — 1)), 3)

N 4
=1

Each term is E[(z; — 1:)?] = [ Ja(@i — 1:)? px@)(@i) py (i) (i) ds dy;, where px(;(x;) and

Py (i) (y;) are the densities of the i-th order statistics from fy- and fy, respectively [6].

We analyze the bias in the location-scale family fp(y) = % fo (ygfl ), with location parameter

#, and scale parameter A2 > 0. The reference density fy is normalized to have zero mean and unit
variance without loss of generality.

The following proposition shows that, both the expected Wasserstein loss in (3) and its min-
imizer can be derived analytically, revealing that the optimal parameters éN = (GANJ, éNVQ) =
arg min, Jn (6%, 0) generally differ from the fixed parameter #* when N is finite.

Proposition 1 Assume that the first and second moments of the reference distribution fy are finite.
Then the expected squared W loss is given by

IN(0%,0) = E[W3(fo- v, fon)] = (01 — 07)> + 63 — 2c - 0205 + 657, (4)
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Figure 1: The constant cy and expected Wasserstein loss Jy(0*,0) for Gaussian distributions,
shown across different values of V. In (a), the value of ¢ is computed for N € [2,100]
via numerical integration. In (b), colored solid curves represent Jy (6*, 6), with minimiz-
ers 0 ~,2 marked by dots. In (c), Jn (6%, 0) are evaluated along the diagonal 6* = 6.

2
where cy = <1{7 Zfil (fol F(;l (u) pyiy(u) du) >, pu(i)(u) denotes the probability density func-

tion of the i-th order statistic of a uniform distribution, and Fy is the cumulative distribution function
of the reference density fo. The optimal location and scale parameters, Oy = (é N1 6 N,2) that min-
imize the expected loss in (4) are given by GANJ = 0] and HAN72 =cn - 6.

Proof. The proof is provided in Appendix A.2. O

Therefore, when N is finite, we generally have 6 N2 # 03, indicating that the fixed scale parame-
ter cannot be recovered by minimizing the expected Wasserstein loss. This contrasts with maximum
likelihood estimation, where the finite-sample expected log-likelihood coincides with the population
objective and thus recovers the fixed parameter under a well-specified model.

Numerical examples. We illustrate the finite-sample bias using the Gaussian distribution, where
the mean and standard deviation serve as the location and scale parameters, respectively. Since
Proposition 1 shows no bias in the location parameter, we focus on the scale parameter.

Figure 1(a) shows that cy in (4) deviates significantly from 1 for small N and approaches 1
as N increases, indicating that the optimal scale parameter tends to be underestimated when N is
small, but converges to the true value as N grows. This behavior aligns with the consistency results
of minimum Wasserstein estimation [2, 5].

In Figure 1(b), we set #; = 67 = 0 and 65 = 1, then plot J (6%, 8) for various N. Compared
to the true Wasserstein loss (the N — oo limit), the empirical loss remains strictly higher, does not
vanish at = 0*, and its minimum is biased when N is finite.

3.2. Conditions for finite-sample bias and a simple bias-correction scheme
dJn (6,0)

Because the objective Ji(-,-) is symmetric in its two arguments, we have 5= e 2.
%z*’m as shown in Appendix A.3. This identity leads directly to the following remark on

the condition under which minimizing the expected Wasserstein loss exhibits finite-sample bias:
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Figure 2: Modified loss and stochastic optimization results of empirical Wasserstein losses for dif-
ferent sample sizes N. In (a), colored solid curves represent .J ~n(0*,0) for Gaussian dis-
tributions, with minimizers éN,g marked by dots. In (b), we apply SGD to minimize
Jn (6%, 6) (top) and J N (6%, 6) (bottom) for Gaussian distributions. Colored solid lines
represent the parameter trajectories, and dashed lines indicate the corresponding mini-
mizers of Jy(0*,0). In (c), we depict the fitting error for Gaussian mixture models in
dimensions d = 2, 5, 10.

Remark 2 If the expected empirical Wasserstein loss Jn (0%, 0) with finite N has a non-zero gra-

dient along the diagonal subspace 0* = 0—that is, if w%i%e,m # O—then %g*m e # 0 and
there exists a parameter 0 # 0* that achieves a lower loss than 60 = 6™,

This condition applies to the Gaussian density example (see Figure 1(c)). The fact that Jx (6, 6)
increases with 0 aligns with the downward bias of 0 N2 observed in Figure 1(b), as further explained
in Appendix A.3.

Accordingly, we define a bias-corrected loss by subtracting a self-distance term:

~ 1
Differentiating (5) with respect to 6 gives w = 0, since 6‘7%(99’9) =2 %

0=0 0=0 =0+

Therefore, § = 6* is always a stationary point of .J, ~N(0%,8), for any 6* and N.

Numerical examples. We first evaluate the modified loss J. ~N (6%, 0) for Gaussian density exam-
ples in Figure 2(a). Unlike the biased minimizers of Jy(6*, ) in Figure 1(b), the minimizers of
J N (6%, 0) coincide with those of the true Wasserstein loss between the underlying densities.

Figures 2(b) and (c) present results of stochastic gradient descent (SGD) applied to Jx (6%, 0)
and .J N (6%, 0) for Gaussian models and high-dimensional Gaussian mixture models (GMMs), re-
spectively. Experimental details are provided in Appendices B.1 and B.2.

In Figure 2(b), for finite N, the scale parameter minimizing Jx (6%, ) converges to a biased
solution, which matches the minimizers characterized in Proposion 1. As N increases, this bias di-
minishes, and the solution approaches the fixed parameter. In contrast, minimizing the modified loss
JIn (6%, 6), yields convergence to the fixed parameter even for small NV, demonstrating the effective-
ness of the bias correction scheme.

Figure 2(c) reports fitting errors for high-dimensional GMMs as a function of batch size N.
Finite-sample bias is evident in all cases, becomes more pronounced in higher dimensions, and
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decreases as N grows. The bias correction scheme consistently reduces this error, with the largest
improvements for small /N and large d. Additional results are provided in Appendix B.3 for an affine
PDF model defined in Appendix A.4.

4. Conclusion

In this paper, we have investigated the finite-sample bias that arises when minimizing the expected
Wasserstein distance between two empirical distributions. We analytically characterized this bias
in well-specified settings, with detailed results for one-dimensional location—scale models. The fact
that such bias arises even in these simple cases suggests that similar or more pronounced effects may
occur in practical scenarios, where models are often misspecified and batch sizes are limited. Future
work will further extend the analysis and bias correction scheme to broader settings, including
misspecified models and Sinkhorn divergences [15], and evaluate their effectiveness on real-world
data.
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Appendix A. Derivations and proofs
A.1. Derivations for expected squared /> between empirical measures
To prove Proposition 1, we first establish the following lemma.

Lemma 3 Let {fy | 0 € © C R™} be a parametric family of distributions, and let f9*7 ~ and f97 N
denote empirical distributions based on N i.i.d. samples drawn from the parametric models fg« and
fo, respectively. Then the expected squared W loss between fo« N and fg n is

In(0%,0) = E[W3(fo- N, fon)]

= ma(0") +m2(0 i *)mai(6), (6)
where :

m;(0) = /01 Fy N (wi)pu ) (ui)dus, (7)

ma(0) = / v fo(y)dy. ®)

Here py;)(u) = #}wuiq (1—u)N =" is the density of the i-th order statistic of a Uniform(0, 1)

distribution, and Fy denotes the CDF associated with fy.

Proof. Let fg*J\[ = % vazl Oz, andfg,N = % ZZ]\LI Oy, wherez1,...,xNn ~ fo-andyy, ..., yn ~
fo are ordered samples. Then the expected squared Wy loss is expressed as
| XN
In(07.0) = & Z E[(z; — vi)?] )
-+ Z / [ =00 pxco ) pro () e d, (10)
where px ;) (z;) = ng* () Foe (25) =1 (1 — Fp«(23))N "7 is the density of the i-th order

statistic from fo« [6]. An analogous expression holds for py (; )( i), the i-th order statistic from fy.
Applying the change of variables x; — u; = Fy«(z;) and y; — v; = Fy(y;), the loss in (10)
can be written as

N o1 op1
1
=N Z/o /0 (Fp (us) — Fy ' (v3))? pU, (Wi)puy,, (vi) dv; du. (11)
i=1

Using (7) and ma ;( fo pU( )(ui)dui, the expected loss in (11) simplifies to:
Z Mo (0%) — 2ma (0% )ma i(0) + ma(0) (12)
= my(0%) + ma(0 ——Zmu ymai(6), (13)
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where we have used & 3" ma;(0) = £ 3N, fo )?pu (i) (wi)du; = fo u))?du =
fR v2 fo(y)dy to derive (13), which follows from the permutatlon mvartance of the sum and the
change of variable u — y = Fe_l(u). (I

A.2. Proof of Proposition 1

By Lemma 3, it remains to compute the terms m ;(#) in (7) and m2(0) in (8) for the location-scale
model in order to obtain (4).

Since the inverse CDF of the location-scale model is F, ! (v) = 61 + 05 - F; ' (v), where Fy is
the CDF of the reference density fj, the assumptions that fy has zero mean and unit variance yield

m,i(0) = 61 + 02 - by, (14)
mo(6) = 62 + 63, (15)

with b; = fol Fal(ui)p(](i) (ul)dul
Substituting (14) and (15) into (6) and simplifying, we obtain

N
2
In(0%,0) = 0F + 05 + 077 + 05" — = > (07 + 05 - bi)(01 + 0 - ) (16)
=1
= (01 — 07)% + 02 — 2ci - 0205 + 052, (17)
2
where cy = Zz b= N ZZ 1 (fo u) py i) (u) du) . Here we also used the fact that
+ SN b =~ Ly, fo w)py, (u)du = ffooo zfo(z)dz = 0, since fj has zero mean.

The resultlng objective is quadratlc in (A1, 62). Solving the first-order necessary condition % =

0 yields éLN = 67 and éQ’N =cn - 05. ]

A.3. Additional discussion of finite-sample bias and the correction scheme

Consider Jy(0*,0) in (3) as a function over the joint parameter space. The loss is symmetric in its
arguments, meaning that Jy (6*,0) = Jn(6,0"). As a result, along § = 6%, the partial derivatives
with respect to each argument must be equal, i.e., w = %

for an
0=0*=0 y

0*=0=0q

parameter value 6.
In the one-dimensional parameter case, consider the directional derivative of Jy (0*, ) along
the line 6* = 6. It is given by

8.Jn(6,0)
0

8N (6%, 0)

JIN(6%,0)
= - (1) =2 2
9:00 8(0 79>

’ ) (18)
0=0*=0q 90

0=0*=09

which is nonzero if and only if the gradient at § = 6* is nonzero.
By contrast, the directional derivative in the orthogonal direction (1, —1) T vanishes due to sym-

. 9Jn(6%.6) 1 _1\T —
metry, i.e., 079 ’9:0*:90 (1,-1) 0.
This implies that, locally, variation of the loss around 8 = 6* occurs only along the diagonal.
Hence, the condition % # 0 fully characterizes whether § = 6* is a stationary point of the

10
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expected loss for fixed 8*. If this condition fails, i.e., if the gradient is nonzero, then the minimizer
must lie at some 6 # 6*.

Note that this reasoning extends naturally to the case of higher-dimensional data, where the loss
IN(0%,0) = E[W3( fg*’ N fg’ ~)] is symmetric in its two arguments. Furthermore, it is applicable to
the case of high-dimensional parameters, where § = 6* defines the diagonal subspace along which
local variations in the loss around § = 6* are confined to occur.

Gaussian density examples. We examine the expected Wasserstein loss Jy (0*,60) at § = 6* in
the context of Gaussian scale parameter estimation. Figure 1(c) shows that Jy (6, 0) increases with
the scale parameter 65, reflecting that sample transport distances grow with scale, particularly when
the number of samples is small. By Remark 2 and (18), this implies that a scale parameter smaller
than the true value 6* can yield lower expected loss, thereby inducing the downward bias in the
minimizer, as observed in Figure 1(b). As the sample size N increases, the gradient of the expected
loss along the diagonal diminishes, indicating that the bias vanishes asymptotically.

Bias correction in location-scale models. Applying the bias correction scheme from Section 3.2
to the location-scale model in Proposition 1, where Jy (6%, 60) = (61 — 07)2 + 03 — 2cn - 0205 + 652
as in (4), the modified loss becomes jN(H*, 0) = (61 — 07)® + ey - 03 — 2cn - 0205 + 0§2, which is
minimized at (61, 62) = (67, 05).

A.4. Expected squared 1V for an affine PDF model

As a qualitatively different example to the location-scale models, we consider the following affine
PDF model with a finite support:

falx)=a(x—05)+1, —-2<a<2, ze€]01], (19)

where a is a slope parameter. We analyze the expected squared W5 distance between empirical
distributions fa*7 ~ and fa, N, constructed from samples drawn from f,« and f,, respectively.

To derive the expected distance, it suffices by Lemma 3 to compute m; ;(a) in (7) and mz(a) in
(8). The second moment is

1
ma(a) = / 2p(x; a)dr = atd (20)
0

12
where p(x; a) is the affine density defined in (19).
We next derive m ;(a) in (7) for the affine PDF model. The inverse CDF is

Uu, a=20,
Fyl (u) = 1)

Lo141 oqu+t (2-1)° a#0.

To compute (7), we make use of the following Gauss-hypergeometric integral identity [16]:

1
/ t27 (1 = )7 (1 — 2t)Pdt = B(o, B2 Fi(p as o+ B 2), (22)

0
where B(a, ) = FF(E)‘OE(BB)) is the Beta function, I'(+) is the Gamma function, and 2 F (-, -; -; -) is the

hypergeometric function.
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Figure 3: Stochastic optimization of empirical Wasserstein losses for Gaussian distributions with
different sample sizes N. SGD is applied to minimize (a) Jy(6*,6) and (b) JIn (6%, 0)
with respect to § = (61, 62) for fixed 6*. Colored solid lines represent the parameter
trajectories, and dashed lines indicate the corresponding minimizers of Jx (6%, 6); black
solid lines indicate the fixed parameter values.

Applying this identity, we obtain the following closed-form expression:

—— a=0,
mii(a) = iVHl Vb 1 2 (23)
§—g+72F1(_§,Z§N+ §_?a)7 a#0,

where b = (% — 1)2.
Substituting (20) and (23) into (6) allows us to evaluate the expected loss. Minimization with
respect to a for a fixed a* can then be performed using a numerical solver.

Appendix B. Details for numerical experiments

B.1. Stochastic optimization settings: Gaussian and affine models

We study the well-specified case where both the data-generating distribution and the model belong
to the same parametric family {fy | ¢ € © C R™}. The data distribution is fy« and the model is fy,
trained to minimize the Wasserstein distance between their empirical distributions.

For gradient-based training, we consider models that admit a differentiable sampling map z —
go(z) from a simple latent variable z, enabling backpropagation through the sampling process. This
structure allows computation of stochastic gradients of the Wasserstein loss with respect to 6.

At each iteration, we draw batches of size N from both fyp- and fp, compute the empirical
Wasserstein loss, and update parameters using SGD with a Robbins-Monro step-size schedule [21],
N = 1;707 ;- In the Gaussian model experiment in Figure 2 (b) and (c), we use 790 = 0.01 and
~v = 0.01, while for the affine model in Figure 5, we set 79 = 1.0 and v = 0.01.

Figure 3 illustrates the stochastic optimization of .Jy(6*,6) and Jy (6*,8) for Gaussian dis-
tributions with both location and scale parameters. Results for the affine model are provided in
Appendix B.3.
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Figure 4: Expected Wasserstein loss in the affine PDF model. In (a) and (b), we depict the expected
loss Jy (a*, a) in (6) and the modified loss Jy(a*, a) in (5) over (a*,a) € (—2,2)? with
N = 10, respectively. Red dashed curves trace the minimizer for each fixed a*; the black
solid line denotes the diagonal a = a*. In (c), Jy(a*, a) along the diagonal a* = a for
various N is shown.

B.2. Stochastic optimization settings: Gaussian mixture models

We fit Gaussian mixtures in higher dimensions by minimizing the Wasserstein loss. Both the data (or
true) distribution fy+ and the model fy are mixtures with the same known number of components and
weights (well-specified setting), and the goal is to recover the component means and covariances.
At each iteration, batches of size IV are drawn from both fy« and fy, the empirical Wasserstein loss
is computed, and parameters are updated via SGD. Model parameters are initialized using k-means
clustering.

For high-dimensional data, analytic expressions for the Wasserstein distance such as (1)—(2)
are not available. Therefore, we compute the optimal transport plan between empirical distributions
using the POT library [13] and use the resulting Wasserstein distance as the objective. As noted in
Appendix A.3, the bias correction scheme from Section 3.2 also applies in these higher-dimensional
data and parameter settings.

To quantitatively evaluate performance, we use the following fitting error:

K
Fitting error =~ m W5 (N (13, 57), N (1, ), (24)
k=1

where 7, is the known weight of the k-th component, yj. € RY, Y€ R%*? are the true mean and
covariance parameters, and ji;, € R?, 3, € R4*? are the learned ones from optimization. We use the
closed-form formula for the squared 2-Wasserstein distance between two Gaussians [20], applied
component-wise. This weighted sum serves as an upper bound on the mixture—mixture distance and
provides a practical accuracy metric.
We experiment with X' = 4 components in dimensions d = 2, 5, 10, batch sizes N € {16, ...,1024},

learning rate 0.01, and 20,000 SGD iterations. Figure 2(c) reports the average fitting errors over three
random seeds.
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Figure 5: Stochastic optimization of empirical Wasserstein losses for affine PDF models with dif-
ferent sample sizes N. SGD is applied to minimize (a) Jy (a*, a) and (b) Jy (a*, a) with
respect to slope parameter a for fixed a*. Colored solid lines show parameter trajectories;
dashed lines mark the minimizers of Jy(a*, a); black solid lines indicate the fixed pa-
rameter values.

B.3. Results for the affine PDF model

We use the affine PDF family (Appendix A.4) to further examine finite-sample bias in minimizing
the expected empirical Wasserstein loss. Let f,« be the data distribution with fixed slope a* and f,
the model with variable slope a.

Figure 4(a) shows that the minimizer 4 = arg min, Jy(a*, a) generally differs from a*, except
in the uniform case a* = 0. The estimates exhibit an outward bias, tending to lie farther from zero
than a*. In contrast, the modified loss .J ~n(a*,a) is minimized exactly at a* for all fixed parameters
as shown in Figure 4(b).

Along the diagonal a = a* (Figure 4(c)), the expected loss decreases as |a| grows, since larger
|a| concentrates mass near the boundaries and reduces transport among dense regions, especially
for small N. By Remark 2 and (18), this explains the outward bias in Figure 4(a). As IV increases,
the gradient along the diagonal diminishes, indicating that the bias vanishes asymptotically.

Figure 5 shows stochastic optimization results. When N is finite, minimizing Jy(a*,a) via
SGD converges to a biased solution (Figure 5(a)), and the bias diminishes as N grows. In contrast,
minimizing the modified loss J ~n(a*, a) yields convergence to the fixed parameter even for small NV
(Figure 5(b)), confirming the effectiveness of the bias correction scheme.

Also note that the observations in Figures 3 and 5 are consistent with [12], which shows that
the empirical Wasserstein loss using minibatches is unbiased with respect to its expectation over
empirical distributions of the same size.
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