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Abstract

We investigate robustness to strong data cor-
ruption in offline sparse reinforcement learn-
ing (RL). In our setting, an adversary may ar-
bitrarily perturb a fraction of the collected tra-
jectories from a high-dimensional but sparse
Markov decision process, and our goal is to
estimate a near optimal policy. The main chal-
lenge is that, in the high-dimensional regime
where the number of samples N is smaller
than the feature dimension d, exploiting spar-
sity is essential for obtaining non-vacuous
guarantees but has not been systematically
studied in offline RL. We analyse the problem
under uniform coverage and sparse single-
concentrability assumptions. While Least
Square Value Iteration (LSVI), a standard
approach for robust offline RL, performs well
under uniform coverage, we show that inte-
grating sparsity into LSVI is unnatural, and
its analysis may break down due to overly
pessimistic bonuses. To overcome this, we
propose actor–critic methods with sparse ro-
bust estimator oracles, which avoid the use
of pointwise pessimistic bonuses and provide
the first non-vacuous guarantees for sparse
offline RL under single-policy concentrability
coverage. Moreover, we extend our results
to the contaminated setting and show that
our algorithm remains robust under strong
contamination. Our results provide the first
non-vacuous guarantees in high-dimensional
sparse MDPs with single-policy concentrabil-
ity coverage and corruption, showing that
learning near-optimal policy remains possi-
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ble in regimes where traditional robust offline
RL techniques may fail.

1 INTRODUCTION

Offline reinforcement learning (RL) aims to learn ef-
fective decision-making policies solely from previously
collected data, without further interaction with the
environment. A central complication in practice is that
real-world datasets can be corrupted, by logging errors,
distribution shift, or even adversarial manipulation,
so algorithms must be robust to a nontrivial fraction
of contaminated trajectories. In this work we study
corruption-robust offline RL under linear function ap-
proximation, where both rewards and transitions admit
linear models in a feature map.

Much of the existing offline RL theory analyses regimes
with a modest number of features and shows that the
sample size N must scale polynomially with the ambi-
ent dimension d to yield near-optimal policies. How-
ever, contemporary applications often operate with
feature representations whose dimension d far exceeds
N , an increasingly common situation with deep models,
rendering these guarantees vacuous or demanding pro-
hibitively large datasets. To address this challenge, a
common strategy is to assume the model exhibits a low-
dimensional structure, with sparsity being a prominent
form: only a small subset S ⊂ [d] (with s = |S| ≪ d)
significantly influences the reward and transition prob-
ability. This setting is known as the sparse MDP
[Golowich et al., 2024] and allows the sample size to
scale polynomially with the sparsity level s instead of
the ambient dimension d.

Despite the importance of high-dimensionality, the
sparse MDP literature, especially under corruption,
remains under-explored. Existing positive results typ-
ically require strong coverage assumptions, such as
uniform coverage [Hao et al., 2021]. By contrast, re-
alistic data may exhibit weak coverage concentrated
around a small set of policies. To clarify what is pos-
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sible in such settings, we focus on the single-policy
concentrability regime, where data cover only one good
policy (e.g., the optimal policy), and ask:

When d > N and only single-policy concentrability
coverage holds, can we exploit sparsity to learn a near-
optimal policy? Moreover, can we extend these guaran-
tees to the setting where part of the dataset is corrupted?

In this paper, we tackle these questions and make
significant progress in these directions, which can be
summarised below.

1. Difficulty of integrating sparsity into LSVI.
In sparse MDPs with single-policy concentrability
coverage, directly incorporating sparsity into the
LSVI framework may fail, even without corruption.
The core issue is that the pointwise pessimistic
bonus, central to standard LSVI analysis, is incom-
patible with sparsity: without support knowledge,
such bonuses cause excessive Bellman error and
the guarantees break down.

2. A sparsity-aware pessimistic Actor-Critic
(AC) algorithm. To address this limitation, we
develop a pessimistic AC framework that bypasses
pointwise pessimistic bonuses. Under single-policy
concentrability and no contamination, we obtain
a suboptimality gap of order Õ(H2N−1/4

√
κs),

where H is the horizon, N the sample size, and κ
the relative condition number.

3. A sparsity-aware pessimistic AC with con-
tamination. We further extend our results to the
contaminated setting. By integrating sparse ro-
bust regression oracles into the critic, our method
achieves meaningful guarantees under both uni-
form coverage and single-policy concentrability,
even when d > N and an ε fraction of trajec-
tories are corrupted. In particular, we obtain a
suboptimality gap of O(

√
sε) with a statistically

optimal but computationally expensive oracle, and
O(
√
s ε1/4) with a computationally efficient oracle.

To the best of our knowledge, ours is the first result
to achieve near-optimal policy learning in the high-
dimensional regime d > N under single-policy con-
centrability. Our findings also reveal a sharp contrast
between two prominent offline RL paradigms: although
both LSVI and AC methods can be near-optimal in
non-sparse MDPs, enforcing pessimism in a pointwise
manner is unnatural for LSVI analysis and renders
the guarantee vacuous in the sparse setting, whereas
the AC approach naturally accommodates sparsity and
provides non-vacuous guarantees. To save space, all
proofs in this paper are deferred to the Appendix.

1.1 Related works

We now briefly outline related work and refer the reader
to Appendix A for a more in-depth literature review.

Offline RL. The central challenge in offline RL is
to learn a near-optimal policy from data that provides
only partial information about the environment. To
address this challenge, value-iteration-based methods
[Buckman et al., 2021, Liu et al., 2020, Kumar et al.,
2019, Jin et al., 2020, Yu et al., 2020] and AC methods
[Levine et al., 2020, Wu et al., 2019, Zanette et al.,
2021b] are among the most popular approaches. We
consider methods that apply pessimism by penalising
value functions of policies that are under-represented
in the data. However, as we show in Section 4.2, such
an approach may lead to vacuous bounds in the sparse
setting, arguably due to an overcompensation for un-
certainty arising from the use of pointwise pessimistic
bonuses. This also motivates the use of AC methods,
which we show can effectively mitigate such an issue.

Corruption-robust offline RL. In this paper, we
consider data poisoning attacks in offline RL [Zhang
et al., 2021]. Previous work on corruption-robust offline
RL has primarily considered the low-dimensional set-
ting where N ≫ d [Zhang et al., 2021, Ye et al., 2023,
Mandal et al., 2025]. In contrast, this work focuses on
the high-dimensional setting d > N . In particular, we
employ a value function estimation approach [Zhang
et al., 2021] based on sparse robust estimation [Merad
and Gäıffas, 2022]. We find that, under single-policy
concentrability, in sparse settings, integrating sparse
oracles into LSVI-type algorithms is considerably more
challenging and may yield suboptimal bounds that de-
pend polynomially on d, in contrast to prior work in the
low-dimensional setting [Zhang et al., 2021]. Moreover,
we demonstrate that sparse robust estimation can be
naturally integrated into the AC framework, effectively
eliminating polynomial dependence on d. A system-
atic comparison of our results with previous work on
corruption-robust offline RL is provided in Table 1.

Sparse Linear MDP. Sparse linear MDPs have
been a primary focus in the online RL litera-
ture [Golowich et al., 2024, Kim et al., 2024, Hao et al.,
2021], where one can often design exploratory policies
to ensure good data coverage and thereby exploit the
underlying sparsity structure. In contrast, there are far
fewer works on sparse MDPs in the offline RL setting
[Hao et al., 2021], where strong data coverage assump-
tions (e.g., uniform coverage) are typically imposed
to bypass the need for pessimism, as we shall explain
later in this paper. However, we note that limited
data coverage is the central challenge of offline RL com-
pared to online RL, without an exploratory policy that
guarantees sufficient coverage, it is unclear from prior
work whether one can learn a near-optimal policy. For
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Suboptimality gap #Sample required
Non-vacuous bound

when d > N?
Coverage assumption

[Ye et al., 2023] Õ
(

H3
√
dϵ

ξ

)
poly(d,H) ✗ Uniform coverage

[Zhang et al., 2021] Õ
(

H3
√
dϵ

ξ

)
poly(d,H) ✗ Uniform coverage

Ours Õ
(

H3s
√
ϵ

ξ

)
poly(s,H) ✓ Uniform coverage

[Zhang et al., 2021] Õ
(
H3
√
dκϵ
)

poly(d,H) ✗ Single-policy concentrability

Ours Õ
(
H3
√
sκϵ
)

poly(s,H) ✓ Single-policy concentrability

Table 1: Comparisons with existing results on corruption-robust offline RL. The table compares our results with
existing results in the literature on corruption-robust offline RL. The column Non-vacuous bound means that, in
the clean setting, the suboptimality gap can approach 0 when d > N . Our result in this table is stated under the
boundedness assumption ∥ϕ(·)∥∞ ≤ 1 and maxh max{∥θh∥1, ∥µh(X )∥1} ≤ 1 for fair comparison. In the Coverage
assumption column, Uniform coverage means that the covariance matrix has minimum eigenvalue at least ξ (see
Assumption 2.2), while Single-policy concentrability coverage means that the relative condition number is at most
κ (see Assumption 2.3).

this reason, our paper primarily focuses on the case of
limited coverage, namely single-policy concentrability,
and is the first to establish non-vacuous suboptimality
guarantees for sparse MDPs in this regime.

2 PRELIMINARIES

Notations. For K ∈ N+, denote [K] = {1, . . . ,K}.
Let I be the indicator function. For z ∈ Rd and S ⊆ [d],
let zS ∈ Rd be the vector obtained by zeroing out
coordinates outside S, i.e. (zS)i = ziI{i ∈ S}. For
any symmetric matrix Σ ∈ Rd×d and index set S ⊆ [d],
let ΣS ∈ R|S|×|S| denote the principal submatrix of Σ
indexed by S, i.e., ΣS =

[
Σij

]
i∈S, j∈S

. For a symmetric

matrix Σ, denote λmin(Σ) as its smallest eigenvalue.

General MDPs. Consider an episodic MDPM =
(X ,A, H, P,R, x1), where X is the state space, A is
the action space, H is the episode length, P = {Ph :
X×A → ∆(X )}Hh=1 denotes the transition probabilities
(here, ∆(X ) denotes the space of probability distribu-
tions over X ), R is a bounded stochastic reward with
support supp(Rh) = [0, 1] and mean rh : X×A → [0, 1]
for all h ∈ [H], x1 is the initial state. For a policy π,
let dπ = (dπh)

H
h=1 denote the occupancy measures over

state-action pairs induced by π and the transition prob-
ability P , that is, dπh = P(xh = x, ah = a | π, x1).

For any function f : X × A → R, we define the π-
Bellman operator and the (optimal) Bellman operator

(Bπ
hf)(x, a) ≜ rh(x, a) + E

x′∼Ph(·|x,a)
a′∼π(·|x′)

[f(x′, a′)] ;

(Bhf)(x, a) ≜ rh(x, a) + E
x′∼Ph(·|x,a)

[
max
a′∈A

f(x′, a′)

]
.

We then have the Bellman equation

Qπ
h(x, a) = (Bπ

hQ
π
h+1)(x, a), V

π
h (x) = E

a∼π(·|x)
[Qπ

h(x, a)],

and the Bellman optimality equation

Q⋆
h(x, a) = (BhQ

⋆
h+1)(x, a), V

⋆
h (x) = max

a∈A
Q⋆

h(x, a).

Let π⋆ be an optimal policy, for a policy π, define the
sub-optimal gap

SubOpt(π⋆, π) ≜ V π⋆(x1)− V π(x1).

Assumption 2.1 (Sparse linear MDP). There exists
a feature map ϕ : X × A → Rd, signed measures µh :
X → Rd, and parameter vectors θh ∈ Rd such that, for
all (x′, x, a),

Ph(x
′ | x, a) = ⟨ϕ(x, a), µh(x

′)⟩,
rh(x, a) = ⟨ϕ(x, a), θh⟩.

(1)

We assume that the MDP is s-sparse, that is, there is
S ⊂ [d], |S| = s, such that for any i /∈ S, (µh(x))i = 0
for all x ∈ X , and θi = 0. We assume that for all
(x, a, h) ∈ X × A × [H], ∥ϕ(x, a)∥∞ ≤ 1, ∥θh∥1 ≤ 1,
and ∥µh(X )∥1 ≤ 1.

Next, we can define the space of linear Q-function as
follows: for any h, define

Qh = {(x, a) 7→ ⟨ϕ(x, a), w⟩ |
w ∈ Rd, ∥w∥1 ≤ H + 1− h, ∥w∥0 ≤ s}.

Offline data set. We consider the offline setting with
contaminated data. Let D̃ be a clean dataset consist-
ing of N trajectories, i.e., D̃ = {(xτ

h, a
τ
h, R

τ
h)}

N,H
τ=1,h=1.

Suppose there is an adversary who observes the dataset
D̃ and may arbitrarily corrupt up to ϵN trajectories,
resulting in a corrupted dataset D. We split the dataset
into H disjoint subsets D1, . . . ,DH , and use Dh only
for the stage-h regression. In this work, regarding clean
data set, we assume there is an exploratory policy πν ,
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with the occupancy probability ν = (νh)
H
h=1. Define

Σh ≜ Eνh

[
ϕ(x, a)ϕ(x, a)⊤

]
as the covariance matrix of

the underlying data distribution ν at horizon h. We
introduce an assumption on the distribution ν, which
is crucial for our main result.

Assumption 2.2 (Uniform coverage). We say that
the data distribution ν is ξ-covering the state–action
space with ξ > 0 if, for any h ∈ [H], Σh ⪰ ξI, i.e., the
smallest eigenvalue of Σh is at least ξ.

Assumption 2.3 (Sparse single-policy concentrabil-
ity). Let Σ⋆,h = Σπ⋆,h denote the covariance matrix
induced by the optimal policy π⋆ at horizon h. For any
h ∈ [H] and vector z ∈ Rd with ∥z∥0 ≤ 2s, assume that

max
z∈Rd:∥z∥0≤2s

z⊤Σ⋆,hz

z⊤Σhz
≤ κ. (2)

3 SPARSE ROBUST LINEAR
REGRESSION

Suppose there is a collection of data points D̃ =
{(zi, yi)}Ni=1 generated i.i.d. from the underlying model
y = z⊤w⋆+η, where z ∼ ν ∈ ∆(Rd) satisfies ∥z∥∞ ≤ 1.
Denote the covariance matrix as Σ = Ez∼ν [zz

⊤]. The
unknown parameter w⋆ ∈ Rd is an s-sparse vector, and
η is zero-mean sub-Gaussian noise with Var(η) ≤ σ2.
Suppose an adversary can arbitrarily corrupt up to ϵN
data points, resulting in a corrupted dataset D, and
the estimator has access only to D. We now discuss
the estimation error of different robust sparse linear
estimators under various settings of Σ.

Given a dataset D, the Sparse Robust Linear Estimator,
denoted SRLE, is a mapping that takes D as input and
outputs an estimator ŵ of the true parameter w⋆, i.e.,
ŵ = SRLE(D). In this section, we will investigate
different types of SRLE under different assumptions on
the covariate distribution ν.

3.1 Robust Sparse Linear Regression with
Uniform Coverage

We begin by analyzing the case where the covariate ma-
trix Σ is well-conditioned, i.e., its minimum eigenvalue
is bounded away from zero. This uniform coverage
assumption ensures that the features are sufficiently
informative across all directions, which allows us to
design computationally efficient and statistically robust
estimators. The following result, adapted from [Merad
and Gäıffas, 2022], provides guarantees for such an
estimator.

Proposition 3.1. If λmin(Σ) ≥ ξ > 0, then with prob-
ability at least 1− δ, there exists a robust least squares
estimator, named SRLE1, which returns an estimate ŵ

satisfying

∥ŵ − w⋆∥1 = O

(
(σ + ∥w⋆∥1)

(
s log(d/δ)

ξ
√
N

+
s
√
ϵ

ξ

))
.

(3)
Moreover, the estimator runs in poly(d, s,N) time.

To the best of our knowledge, SRLE1 is a practical es-
timator that achieves a small error bound when the
covariate distribution is sub-Gaussian, although we
suspect its guarantee is highly suboptimal. Since de-
veloping robust estimators is not the main focus of
this paper, but rather understanding how to use them
effectively in offline RL, further advances in sparse re-
gression under corruption could directly strengthen our
results by replacing the SRLE1 oracle with a stronger
alternative.

Proposition 3.1 shows that, under uniform coverage,
we can achieve both robustness to data contamination
and computational efficiency. However, in practice the
uniform coverage assumption may not hold, especially
in high-dimensional settings where the covariate matrix
can be ill-conditioned, even when restricted to sparse
subspaces. We therefore turn to the more challenging
case where no such assumption is imposed.

3.2 Robust Sparse Linear Regression without
Uniform Coverage

When Σ may be ill-conditioned, that is, λmin(Σ)→ 0,
the estimation error bound in Proposition 3.1 becomes
vacuous. In this setting, we first present a statistically
optimal but computationally expensive estimator, and
then show another computationally efficient estimator
with larger statistical error. Due to the lack of uniform
coverage, the estimation error in terms of ∥ · ∥1 can no
longer be guaranteed. Instead, we provide estimation
error bounds with respect to the Σ-norm ∥ · ∥Σ, which
will be sufficient for the RL algorithm used later.

A non-computationally efficient estimator. The
following theorem establishes the existence of an estima-
tor, denoted SRLE2, which achieves minimax-optimal
statistical guarantees even without uniform coverage.

Proposition 3.2. For any covariate matrix Σ, with
probability at least 1−δ,there exists an estimator named
SRLE2 returns ŵ such that

∥ŵ − w⋆∥2Σ = O

(
σ∥w⋆∥2

√
s log(d/δ)√
N

+ σ2ϵ

)
. (4)

Note that, in the case of an ill-conditioned covariate
matrix, the minimax optimal rate is 1/

√
N [Hsu et al.,

2014], which is known as the slow rate in the literature.
We also note that previous work such as [Jin et al.,
2021, Zhang et al., 2021] uses an oracle with rate 1/N ,
but with a hidden constant that scales inversely with
λmin(Σ), which is invalid in our setting as λmin(Σ)→ 0.
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A computationally efficient estimator. While
SRLE2 enjoys optimal statistical guarantees of order
O(ϵ), it is computationally intractable in general (see
Appendix C.2 for details), since best subset selection
is a NP-hard problem. To address this limitation, one
can employ an alternative algorithm, SRLE3, which
is polynomial-time computable at the cost of looser
statistical guarantees.

Proposition 3.3. For any covariate matrix Σ, there
exists an algorithm named SRLE3 such that, with proba-
bility at least 1− δ, it returns an estimate ŵ satisfying

∥ŵ − w⋆∥2Σ = O

(
∥w⋆∥1(∥w⋆∥1 + σ)

×

(√
log(dδ−1)

N
+
√
ϵ

))
.

Moreover, the estimator runs in poly(N, d, s) time.

Note that the statistical error for SRLE3 is O(
√
ϵ), in

contrast to O(ϵ) for the computationally expensive
oracle SRLE2. This trade-off highlights the fundamen-
tal tension in the absence of uniform coverage: one
may either obtain statistically optimal but computa-
tionally expensive estimators, or efficient algorithms
with degraded accuracy. We also note that the bound
in Proposition 3.3 can have implicit dependence on s
through ∥w⋆∥1.

3.3 Using SRLE Estimators in Offline
Reinforcement Learning

So far, we have established guarantees for several vari-
ants of Sparse Robust Linear Estimators (SRLE) un-
der different assumptions on the covariate distribution.
While these regression results are of independent in-
terest, their main role in this paper is to serve as a
key component in the design and analysis of offline
reinforcement learning algorithms. In particular, the
SRLE estimators will be used to approximate the linear
predictors that arise when estimating value functions.

Formally, recall that for each horizon h, the population
covariance is

Σh = Eνh

[
ϕ(x, a)ϕ(x, a)⊤

]
,

and its empirical analogue is defined as

Σ̂h ≜
1

|Dh|
∑

(x,a)∈Dh

ϕ(x, a)ϕ(x, a)⊤ + (λ+ ϵ)I.

Let F denote the space of real-valued functions on
X × A. Given a policy π, first we define a data set
compatible with SRLE using the offline data set D and

policy π, as

Dπ
h ≜


ϕ(xτ

h, a
τ
h)︸ ︷︷ ︸

zi

, Rτ
h + Eπh+1

[
F (xτ

h+1, a)
]︸ ︷︷ ︸

yi




N/H

τ=1

.

Next, we define three operators, a projection opera-
tor Pπ, a regression operator Rπ, and the associated
estimation error Eπ, as mappings from F to Rd:

Pπ
h (F ) ≜ θh +

∫
X

(∑
a′∈A

π(a′|x′)F (x′, a′)

)
µh(x

′) dx′,

Rπ
h(F ) ≜ SRLE(Dπ

h),

Eπh (F ) ≜ Pπ
h (F )−Rπ

h(F ).
(5)

In words, for any function F , the projection operator
Pπ
h (F ) represents the best-fit linear predictor, the re-

gression operator Rπ
h(F ) applies an SRLE estimator to

approximate this predictor using corrupted data, and
Eπh (F ) captures the resulting estimation error. Note
that the precise statistical guarantees of Rπ

h depend on
the choice of SRLE variant (e.g., SRLE1, SRLE2, SRLE3),
and we will specify this choice in each subsequent result.

For later use, we also define the greedy projection
operator P∗, greedy regression operator R∗ and the
associated estimation error E∗ which replaces the policy
expectation with a maximisation:

D∗
h ≜

{(
ϕ(xτ

h, a
τ
h), R

τ
h +max

a∈A
F (xτ

h+1, a)

)}N/H

τ=1

.

P∗
h(F ) ≜ θh +

∫
X
max
a′∈A

F (x′, a′)µh(x
′) dx′,

R∗
h(F ) ≜ SRLE(D∗

h),

E∗h(F ) ≜ R∗
h(F )− P∗

h(F ).
(6)

4 WHY ROBUST LSVI MAY FAIL
IN SPARSE OFFLINE RL

In the offline RL literature, the Least Square Value
Iteration (LSVI) framework is a popular choice [Jin
et al., 2021]. Moreover, they can successfully handle
data corruption, which makes them a strong candidate
for addressing the problem studied in this paper [Zhang
et al., 2021]. However, in this section we show that
while LSVI-type algorithms can succeed under the uni-
form coverage assumption (Assumption 2.2), they can
fail when only the single concentrability assumption
(Assumption 2.3) is imposed. We begin by describing
the Sparse Robust LSVI algorithm, whose pseudocode
is provided in Algorithm 1.
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Algorithm 1 Sparse Robust Least-Square Value Iter-
ation
Input data set D, SRLE oracle, Pessimistic bonus
function {Γh}Hh=1.
Initialise Q

H+1
= 0.

for h ∈ [H] do
Set ŵh ← R∗

h(Qh+1
).

Set Q
h
(x, a) = ϕ(x, a)⊤ŵh + Γh(x, a), clipped in

[0, H + 1− h].

Set π̂h(a | x) =

{
1 if a = argmaxa Qh

(x, a)

0 otherwise .
.

end for
Output {π̂h}Hh=1.

4.1 Sparse Robust LSVI with Uniform
Coverage

The uniform coverage assumption enables the use of
SRLE1 estimator in Proposition 3.1, which in turn al-
lows us to apply the pessimistic LSVI framework for
robust offline RL.

Proposition 4.1. Suppose Assumption 2.1 and 2.2
hold. Let the pessimistic bonus be Γh(x, a) = 0 for all
h ∈ [H], x ∈ X , a ∈ A. Run Algorithm 1 with the
SRLE1 estimator. Then, with probability at least 1− δ.

SubOpt(π⋆, π̂) = O

(
H3s log(d/δ)

ξ
√
N

+
H3s
√
ϵ

ξ

)
. (7)

Remark 4.2. Under the uniform coverage assump-
tion, the parameter ξ can be regarded as a constant
(independent of d) in many settings, as long as the fea-
ture vectors satisfy ∥ϕ(·)∥∞ ≤ 1. For example, when
ϕ(x, a) is sampled from {−1, 1}d under the uniform
distribution, we have ξ = 1. Therefore, the key feature
of Proposition 4.1 is that the suboptimality gap con-
tains no polynomial dependence on the ambient dimen-
sion d, making the result meaningful even in the high-
dimensional regime d > N . Moreover, when N ≥ d,
the result of Zhang et al. [2021] achieves O(H2

√
dξ−1ϵ),

since ∥ϕ(·)∥2 ≤
√
d in our setting. The dependence on√

d makes this result less desirable compared to our
result, O(H2sξ−1

√
ϵ).

Moreover, our bound currently scales as O(s
√
ϵ),

which we believe may be further improved. In par-
ticular, if one could design an SRLE oracle satisfy-
ing ∥ŵ − w⋆∥1 = O(

√
sϵ), then a sharper O(

√
sϵ)

suboptimality rate would follow immediately. How-
ever, the best computationally-efficient oracle we are
aware of, SRLE1 (see Proposition 3.1), achieves only
∥ŵ − w⋆∥1 ≤ O(s

√
ϵ), which we suspect is suboptimal.

Thus, further progress in sparse regression under cor-
ruption could directly tighten our results by replacing
the SRLE1 oracle.

4.2 Sparse Robust LSVI with Single
Concentrability

Beyond the uniform coverage case, we now explain
why pointwise pessimistic bonuses can lead to large
error bounds. In this section, we assume Assumption
2.3 holds. Since the uniform coverage assumption no
longer applies, we must replace the SRLE1 estimator
with either SRLE2 or SRLE3. For concreteness, we focus
on the result using SRLE2; the same challenges and
limitations of LSVI also apply when using SRLE3. We
begin by relating the suboptimality gap of pessimistic
LSVI to an upper bound on the Bellman error.

Theorem 4.3 ([Jin et al., 2020]). Choose a pessimistic
bonus (Γh)

H
h=1 such that (Q

h
− BhQh+1

)(x, a) ≤
Γh(x, a) for any (x, a) ∈ X × A and h ∈ [H] . Then,
the LSVI algorithm (Algorithm 1) outputs a policy π̂

such that SubOpt(π, π̂) ≤ 2
∑H

h=1 Eπ[Γh(x, a)] .

Let w⋆
h = P∗

h(Qh+1
) denote the best-fit linear predictor

given the pessimistic estimator at stage (h+1). Let S̃h

be the sparsity support of ŵh − w⋆
h, so that |S̃h| ≤ 2s.

The Bellman error and the pessimistic bonus Γh can
then be bounded as

|Q̂h(x, a)− Bh(Qh+1
)(x, a)| = |ϕ(x, a)⊤(ŵh − w⋆

h)|
(i)

≤ ∥ŵh − w⋆
h∥Σ̂h︸ ︷︷ ︸

Estimator error αh

∥∥∥ϕS̃h
(x, a)

∥∥∥
Σ̂−1

h

(ii)

≤ αh

(
max

S: |S|≤2s
∥ϕS(x, a)∥Σ̂−1

h

)
≜ Γh(x, a).

(8)

Inequality (i) holds because only features in S̃h of ϕ
contribute non-zero terms to the Bellman error. The
max operator in (ii) is necessary since the true support

S̃h is unknown. Thus, to guarantee pessimism, one
must maximize over all subsets S of size at most 2s.
We note that maxS: |S|≤2s ∥ϕS(x, a)∥Σ̂−1

h
is not always

smaller than ∥ϕ(x, a)∥Σ̂−1
h
. However, restricting ϕ(·)

to a sparse support is a natural way to remove the
explicit dependence on d in the Bellman error bound.
Nevertheless, this maximization introduces additional
error, since

E
(x,a)∼dπ⋆

[Γh(x, a)]

≍ αh Edπ⋆

[
max

S:|S|≤2s

(
ϕ⊤
S (x, a)ΣhϕS(x, a)

)]
(i)

≥ αh max
S:|S|≤2s

Edπ⋆

[
ϕ⊤
S (x, a)ΣhϕS(x, a)

]
.

(9)

where inequality (i) follows from Jensen’s inequality by
exchanging expectation and maximization.

The LHS of inequality (i) in (9) serves as the ideal
upper bound for the Bellman error, contributing a
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factor of order αh
√
sκ under Assumption 2.3 [Zhang

et al., 2021]. However, since sparsity support S̃h is
unknown, the Bellman error must be bounded by the
RHS, which can be significantly larger as shown below.

Proposition 4.4. Let Σ = λI. Let z ∼ Berd(1/2).
Then, for d > 4s, we have

Ez∼µ

[
max

S:|S|=2s
z⊤S Σ−1zS

]
︸ ︷︷ ︸

LHS in (9)

− max
S:|S|=2s

Ex∼µ

[
z⊤S Σ−1zS

]
︸ ︷︷ ︸

RHS in (9)

≥ (1− 2 exp(−d/8)) s
λ
.

(10)

Since λ is choose typically of order 1/
√
N , the resulting

s log(d)
√
N -multiplicative factor in the Bellman error,

leading to a large suboptimality gap for LSVI.

Remark 4.5. The difficulty with LSVI is that it im-
poses pessimism in a pointwise manner. This can be
viewed as over-pessimism. While such over-pessimism
does not cause issues in low-dimensional MDPs, it leads
to excessive Bellman error in high-dimensional sparse
MDPs, where the sparsity support is hidden from the
learner. Let V 1(x1) = maxa Q1

(x1, a), from [Jin et al.,
2021], the main reason LSVI requires pointwise pes-
simistic bonus is the need to enforce

V 1(x1)−V π̂
1 (x1) = Edπ̂

[
H∑

h=1

(Q
h
− BhQh+1

)(x, a)

]
< 0.

Here, the policy π̂ is defined greedily with respect to
(Q

h
)Hh=1, which means that π̂ is chosen after (Q

h
)Hh=1

is fixed. This creates a statistical dependency: π̂ tends
to place weight on (x, a) where (Q

h
− BhQh+1

)(x, a)

is less negative (or even positive), due to the greedy
nature of π̂ (i.e., the max operator). As a result, the
only distribution-free way to guarantee the inequality
above is to impose

(Q
h
− BhQh+1

)(x, a) ≤ 0 ∀(x, a, h), (11)

i.e., using pointwise pessimistic bonus. We shall see
that the AC method introduced in Section 5.2 avoids
this requirement and can achieve a meaningful subop-
timality gap as a result.

5 SPARSE ACTOR-CRITIC
METHODS

The shortcoming of LSVI arises from its pointwise
pessimistic bonus. In this section, we show that this
issue can be addressed by incorporating sparsity di-
rectly into AC methods. The key idea is that, unlike
LSVI, AC does not impose pessimism uniformly over
all state–action pairs; instead, the critic only needs
to evaluate the current actor’s policy pessimistically.

This is better aligned with sparse structure, since the
regression error is controlled only along the policy be-
ing optimized, thereby avoiding the overly conservative
bonus that limits LSVI. As a result, sparsity, pessimism,
and weak coverage can be combined in a natural way.

First, consider the actor. We use a log-linear class
of policies. In particular, for any policy parameter
υ = (υh)

H
h=1, we define

πυ
h(a | x) =

exp(⟨ϕ(x, a), υh⟩)
exp
(∑

a∈A ⟨ϕ(x, a), υh⟩
) .

To update the actor, we invoke the mirror descent
framework [Zanette et al., 2021b], that is, πt+1,h ∝
πt,h exp(ηQh,t(x, a)). When the Q-function is linear,
that is, Qh,t ∈ Qh, it is possible to simplify the actor
update as shown in Line 5 of Algorithm 2. The pseu-
docode of Sparse Robust Actor-Critic is provided in
Algorithm 2.

Algorithm 2 Sparse Robust Actor-Critic

Actor:

1: Input dataset D, learning rate η, SRLE oracle.
2: Initialize υ1 = 0d.
3: for t ∈ [T ] do
4: wt = Critic(D, πυt

).
5: υt+1 = υt + ηwt

6: end for

Critic:

1: Input dataset D, SRLE oracle.
2: Solve PessOpt subroutine, obtain weight w.
3: Return pessimistic weight w.

5.1 Sparse Robust AC with Uniform
Coverage

We first consider the case where the uniform coverage
assumption holds. Here, we can directly apply the
SRLE1 estimator to define the regression operator Rπ.
This leads to a natural construction of the critic, which
recursively estimates value functions in a pessimistic
manner.

Formally, the subroutine PessOpt within the critic
is defined by the following pessimistic optimisation
problem. Let Q

H+1
= 0. Given a policy π, for h ∈ [H],

we define recursively

PessOpt (uniform coverage).

wh ∈ argmin
wh

∥∥∥wh −Rπ
h(Qh+1

)
∥∥∥
1
;

s.t. ∥wh∥1 ≤ H + 1− h.

(12)

The overall algorithm alternates between actor and
critic updates, summarized in Algorithms 2. The next
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result shows that this sparse robust actor-critic algo-
rithm achieves strong suboptimality guarantees under
uniform coverage.

Theorem 5.1. Suppose Assumption 2.1 and 2.2 hold.

Then, with step size η =
√

logA
N , after T = N/H

iterations the actor-critic algorithm returns a policy π̂
that satisfies

SubOpt(π⋆, π̂) = O

(
H3s log(dNHδ−1)

ξ
√
N

+H3

√
log(|A|)

N
+

H3s
√
ϵ

ξ

)
,

(13)
with probability at least 1− δ.

This result demonstrates that, under uniform cover-
age, actor-critic methods achieve near-optimal sample
complexity in the sparse setting, similar to LSVI-based
algorithms. Moreover, we will show that actor-critic
methods are superior to LSVI when the data distribu-
tion is ill-conditioned.

5.2 Sparse Robust AC with Single
Concentrability

We now turn to the more challenging setting where
only the single-policy concentrability assumption holds.
In this case, the critic must be modified to incorpo-
rate explicit pessimistic constraints. The actor-critic
algorithm remains the same in structure, but the critic
subproblem is more involved.

Formally, the subroutine PessOpt within the critic is
defined by the following optimisation problem.

PessOpt (single concentrability).

{wπ
h}Hh=1 ≜ argmin

{wh}H
h=1

∑
a

π1(a|x1)⟨ϕ(x1, a), w1⟩

s.t. ∥wh −Rπ
h(⟨ϕ,wh+1⟩)∥2Σ̂h

≤ α2
h,

∥wh∥1 ≤ H + 1− h,

∥wh∥0 ≤ s.
(14)

Remark 5.2 (How AC avoids pointwise pessimistic
bonuses). Notice that the objective function of the
PessOpt subroutine only ensures that the value func-
tion is pessimistic at the initial state, that is, V π

1 (x1) ≤
V π
1 (x1) for the given policy π. It does not guarantee

that the value function is pessimistic for any other
(x, a, h), which is the key difference compared to how
LSVI imposes pointwise bonuses (8). We note that
AC is able to bypass pointwise bonuses thanks to its
algorithmic structure. In particular, at each phase t,
the AC algorithm fixes a policy πt first ; then it is pos-
sible to compute a pessimistic Q function that defines

Eπh (x, a), which satisfies V πt
1 (x1) − V πt

1 (x1) < 0, by
solving the PessOpt subroutine (14). In contrast, in
LSVI-type algorithms the policy π̂ is defined greedily
only after Q

h
(x, a) is constructed. Consequently, to

safely guarantee V 1(x1)−V π̂(x1) < 0, one must impose
pessimism in the pointwise manner as in (11).

This simple observation allows us to derive the
suboptimality-gap guarantee stated below.

Theorem 5.3. Suppose Assumption 2.1 and 2.3 hold.
Let operators (Rπ

h)
H
h=1 be defined using the SRLE2 esti-

mator. Choose the sequence α such that

α2
h = O

(√
sH3 log(dHδ−1)√

N
+H3ϵ+H3(λ+ ϵ)

)
.

Choose λ = s
N log d

sδ . Then, after T = N iterations

with step size η =
√

log(|A|)
H2N , the actor-critic algorithm

returns a policy π̂ that satisfies

SubOpt(π⋆, π̂) = O

(
H3
√
κs3/4

√
log(dHNδ−1)

N
1
4

+H3

√
log(|A|)

N
+H3

√
κsϵ

)
,

with probability at least 1− δ.

Theorem 5.3 shows that, even under weaker cover-
age conditions, sparse actor-critic algorithms can still
achieve meaningful robustness guarantees, though with
slower rates compared to the uniform coverage case. In

particular, suppose N = Ω
(

s log2(dHNδ−1)
ϵ2

)
, then we

obtain

SubOpt(π⋆, π̂) = Õ(H3
√
κsϵ). (15)

We note that the result in Theorem 5.3 relies on
the SRLE2 oracle, which is computationally expensive.
Therefore, we derive the next theorem, which leverages
the more efficient SRLE3 oracle, at the cost of a larger
suboptimality gap.

Theorem 5.4. Suppose Assumption 2.1 and 2.3 hold.
Let operator Rπ

h be defined using the SRLE3 estimator.
Choose the sequence α such that

αh = O

(
H3 log(dHδ−1)√

N
+H3

√
ϵ+H3(λ+ ϵ)

)
.

Choose λ = s
N log d

sδ . After T = N iterations with step

size η =
√

log(|A|)
H2N , the actor-critic algorithm returns a
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policy π̂ that satisfies

SubOpt(π⋆, π̂) = O

(
H3
√
κs
√
log(dHNδ−1)

N
1
4

+H3

√
log(|A|)

N
+H3

√
κsϵ

1
4

)
,

(16)
with probability at least 1− δ.

Theorem 5.4 shows that using computationally efficient
oracle SRLE3, sparse actor-critic algorithms still achieve
meaningful robustness guarantees, although slightly
worse compared to that of Theorem 5.3. In particular,

suppose N = Ω
(

log2(dHNδ−1)
ϵ

)
, then we obtain

SubOpt(π⋆, π̂) = Õ(H3
√
κsϵ

1
4 ). (17)

Proof sketch of Theorem 5.3 and 5.4. The proof has
three main steps. First, for each actor iterate πt, we
solve the constrained critic problem in (14) and use its
solution to define an induced MDP Mt, similar to that
in Zanette et al. [2021b]. By construction, the critic is
exact in Mt, and the induced reward perturbation is
chosen so that V πt

Mt
is no larger than the true value V πt .

Thus, the critic provides a pessimistic evaluation of
the current policy without requiring a pointwise lower
bound over all state-action pairs.

Second, the sparse robust regression oracle controls the
critic error in the empirical covariance norm. The key
step is then to transfer this control from the data dis-
tribution to the occupancy measure of the comparator
policy. Under single-policy concentrability, this trans-
fer incurs only a

√
κ factor, while sparsity ensures that

the complexity depends on the support size s, rather
than the ambient dimension d. This yields a bound
on the suboptimality of evaluating π⋆ in the induced
MDP.

Third, we combine this critic bound with the standard
mirror-descent regret guarantee for the actor updates.
Averaging over iterations and summing the two con-
tributions gives the final suboptimality bound. In par-
ticular, the result follows from the interaction of three
ingredients: pessimistic policy evaluation through the
induced MDP, sparse regression error control under
weak coverage, and no-regret policy optimization.

In the uniform coverage case discussed in Sections 5.1
and 4.1, both Algorithm 1 and Algorithm 2 can be
implemented in poly(N, d,H, s) time. In contrast, in
the single concentrability setting, a necessary condition
for computational efficiency is to use the SRLE3 esti-
mator in place of SRLE2. However, even with SRLE3,
the Actor–Critic method still requires solving Equa-
tion (14), which involves an ℓ0-type constraint. This

constraint substantially increases the computational
complexity, making Equation (14) the primary bottle-
neck in achieving a polynomial-time algorithm.

We note that dropping the ℓ0-constraint in (14) may
cause significant errors. Without restricting ∥ϕ∥Σ−1

h
to

a sparsity support, the suboptimality gap incurs a mul-

tiplicative factor
√
κd, since Edπ⋆

[
∥ϕ∥Σ−1

h

]
= O(

√
κd)

in the worst case [Zhang et al., 2021]. Moreover, with-
out additional assumptions on the data distribution
ν, it remains unclear how to design an algorithm that
solves Equation (14) in poly(N, d, s) time. We conjec-
ture that some relaxation of data distribution ν may
be needed to make such a solution computationally
feasible.

6 CONCLUSION

We studied offline RL in sparse linear MDPs with lim-
ited coverage and adversarial corruption, showing that
pessimistic LSVI can fail in sparse regimes due to overly
conservative pointwise pessimistic bonuses. To ad-
dress this, we proposed a pessimistic actor–critic frame-
work with sparse, robust regression oracles, achieving
near-optimal guarantees when d ≫ N under single-
policy concentrability. Our results provide the first
non-vacuous bounds for sparse offline RL, establishing
a separation between LSVI and AC methods.

An important direction for future work is to explore
algorithmic relaxations of the ℓ0-constraint in Equa-
tion (14) that preserve statistical guarantees while re-
ducing computational burden. In particular, investigat-
ing distributional assumptions on ν or alternative con-
vex surrogates could pave the way toward polynomial-
time solutions.

It would also be interesting to study multi-agent
Markov games under sparsity. The structure of sparse
linear MDPs can be naturally extended to multi-agent
Markov games. However, existing algorithms for solv-
ing offline Markov games are based on value iteration
based methods, and handling sparsity will require gen-
eralization of our actor-critic framework to multi-agent
setting. Furthermore, recent work Nika et al. [2024]
on corruption robustness in offline Markov games has
highlighted that data coverage assumptions play an
important role on achievable error rates, and it would
be interesting to explore how sparsity influences such
data coverage assumptions.

Acknowledgements

The work of Andi Nika and Goran Radanovic was
funded by the Deutsche Forschungsgemeinschaft (DFG,
German Research Foundation) – project number
467367360.



Sparse Offline Reinforcement Learning with Corruption Robustness

References

Ainesh Bakshi and Adarsh Prasad. Robust linear
regression: Optimal rates in polynomial time. In
Proceedings of the 53rd Annual ACM SIGACT Sym-
posium on Theory of Computing, pages 102–115, 2021.

Jacob Buckman, Carles Gelada, and Marc G Belle-
mare. The importance of pessimism in fixed-dataset
policy optimization. In International Conference on
Learning Representations, 2021.

Noah Golowich, Ankur Moitra, and Dhruv Rohatgi.
Exploring and learning in sparse linear mdps without
computationally intractable oracles. In Proceedings
of the 56th Annual ACM Symposium on Theory of
Computing, 2024.

Botao Hao, Yaqi Duan, Tor Lattimore, Csaba
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A Related Works

Offline RL. In recent years, offline RL [Lange et al., 2012, Levine et al., 2020] has garnered considerable
attention, as it offers a compelling alternative to the constraints of online data collection, making it particularly
attractive for critical applications. Substantial progress has been made in this area, both on the empirical [Laroche
et al., 2019, Jaques et al., 2019, Kumar et al., 2020, Kidambi et al., 2020] and theoretical fronts [Xie et al., 2021,
Jin et al., 2020]. The central challenge in offline RL is learning an optimal policy from data that provides only
partial information about the environment. To address this challenge, value-iteration-based methods [Buckman
et al., 2021, Liu et al., 2020, Kumar et al., 2019, Jin et al., 2020, Yu et al., 2020] and actor-critic methods [Levine
et al., 2020, Wu et al., 2019, Zanette et al., 2021b] are among the most popular approaches. We consider methods
that apply pessimism by penalizing value functions of policies that are under-represented in the data. However,
as we show in Section 4.2, such an approach may lead to vacuous bounds in the sparse setting, arguably due to
an overcompensation for uncertainty arising from the use of pointwise pessimistic bonuses. This also motivates
the use of actor-critic methods, which we show to effectively mitigate such an issue.

Corruption-robust offline RL. There exists a large body of literature on adversarial attacks in RL [Sun
et al., 2020, Lin et al., 2017, Huang et al., 2017, Rakhsha et al., 2021], including training-time attacks, test-time
attacks, and backdoor attacks. In this paper, we consider a special type of training-time attacks, namely data
poisoning attacks in offline RL [Zhang et al., 2021]. To defend against such attacks, several approaches have been
proposed, such as robust value function estimation based on robust statistical approaches [Zhang et al., 2021],
uncertainty weighting-based methods [Ye et al., 2023] and, more recently, differential privacy-based methods [Liu
et al., 2025]. In this work, we employ a value function estimation approach [Zhang et al., 2021] based on sparse
robust estimation [Merad and Gäıffas, 2022]. Under uniform coverage, the use of robust linear regression oracles
[Bakshi and Prasad, 2021, Klivans et al., 2018] in offline RL is straightforward. However, under weaker notions
of coverage in sparse settings, we show that integrating sparse oracles into LSVI-type algorithms, a standard
approach for robust offline RL, is much more challenging and may yield suboptimal bounds that depend on the
full dimension, whereas dependence only on the sparse dimension would be desirable. In contrast, we demonstrate
that sparse robust estimation can be naturally integrated into the actor–critic framework, effectively removing
full-dimensional dependence and achieving bounds that scale only with the sparse dimension.

Sparse Linear MDP. Sparse linear MDPs have been a primary focus in the online RL literature [Golowich
et al., 2024, Kim et al., 2024, Hao et al., 2021], where one can often design exploratory policies to ensure good data
coverage and thereby exploit the underlying sparsity structure. In contrast, there are far fewer works on sparse
MDPs in the offline RL setting [Hao et al., 2021], where strong data coverage assumptions (e.g., uniform coverage)
are typically imposed to bypass the need for pessimism, as we shall explain later in this paper. However, we note
that limited data coverage is the central challenge of offline RL compared to online RL, without an exploratory
policy that guarantees sufficient coverage, it is unclear from prior work whether one can learn a near-optimal policy.
For this reason, our paper primarily focuses on the case of limited coverage, namely single-policy concentrability,
and is the first to establish non-vacuous suboptimality guarantees for sparse MDPs in this regime.

B Properties of Sparse Linear MDPs

Claim B.1. For any Qh+1 ∈ Qh+1 and policy π, let wπ
h ≜ Pπ

h (Qh+1), then

∥wπ
h∥0 ≤ s, ∥wπ

h∥1 ≤ (H − h+ 1).
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Proof. By construction, we have that,

∥wπ
h∥1 =

∥∥∥∥∥θh +

∫
X

(∑
a′∈A

π(a′ | x′)Qh+1(x
′, a′)

)
µh(x

′)dx′

∥∥∥∥∥
1

≤ ∥θh∥1 + ∥(H − h)µh(X )∥1
≤ H − h+ 1.

(18)

Moreover, both θh and µh(x) are sparse vector supported in S, therefore, wπ
h has support in S, and ∥wπ

h∥0 ≤ s.

Claim B.2. For any Qh+1 ∈ Qh+1 and policy π, for any (x′, a′) ∈ X ×A, we have that∣∣∣∣∣Rh +
∑
a′∈A

π(a′ | x′)Qh+1(x
′, a′)

∣∣∣∣∣ ≤ H − h+ 1 ≤ 2(H − h)∣∣∣∣Rh +max
a′∈A

Qh+1(x
′, a′)

∣∣∣∣ ≤ H − h+ 1 ≤ 2(H − h).

(19)

Proof. The proof is immediately followed from the fact that |Rh| ≤ 1 and |Qh+1(x
′, a′)| ≤ (H − h) for any pair

(x′, a′).

C Proof of Section 3

C.1 Estimation Error of SRLE1

SRLE1 was proposed in [Merad and Gäıffas, 2022]. It solves the convex optimization problem

min
w∈Rd

∥Xw − Y ∥22

s.t. ∥w∥1 ≤ ∥w⋆∥1,
(20)

and achieves fast rates by exploiting the uniform coverage assumption via a multi-stage mirror descent algorithm.
For further details, we refer the reader to the original paper [Merad and Gäıffas, 2022]. Below, we state the error
guarantee of this estimator for our setting.

Proposition 3.1. If λmin(Σ) ≥ ξ > 0, then with probability at least 1 − δ, there exists a robust least squares
estimator, named SRLE1, which returns an estimate ŵ satisfying

∥ŵ − w⋆∥1 = O

(
(σ + ∥w⋆∥1)

(
s log(d/δ)

ξ
√
N

+
s
√
ϵ

ξ

))
. (3)

Moreover, the estimator runs in poly(d, s,N) time.

Proof. The proof is a result of Corollary 9 in [Merad and Gäıffas, 2022], which can be stated as follows. Let

σ2
max ≜ max

w:∥w∥1≤∥w⋆∥1

max
j∈[d]

Ez,y

[
((z⊤w − y)xj)

2
]
.

Then, the excessive risk is bounded as

∥ŵ − w⋆∥1 ≤ O

(
σmaxs log(dδ

−1)

ξ
√
N

+
σmaxs

√
ϵ

ξ

)
. (21)

We now compute the constant σmax. Note that, since ∥z∥∞ ≤ 1, then

σ2
max ≤ max

w
Ez,y

[
(z⊤w − y)2

]
≤ max

w
max

z
Ez,y

[
(z⊤(w − w⋆))

2
]
+ E[η2] = 4∥w⋆∥21 + σ2.

Plug this upper bound for σmax into the above excessive risk, we conclude the proof.
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C.2 Estimation Error of SRLE2

In this section, we will present the proof of Proposition 3.2. We first introduce the SRLE2 estimator. For any
C ⊂ [N ], let Σ̂(C) ≜ 1

|C|
∑

i∈C xix
⊤
i . Consider ℓ0 − ℓ2 minimisation with trimmed mean square.

min
C⊂[N ]

min
w

1

N
∥YC − ZCw∥22 + λ∥w∥22

s.t. ∥w∥0 ≤ s.

∥w∥1 ≤ ∥w⋆∥1.
|C| = (1− ϵ)n

(22)

Where ZC = [zi]i∈C and YC = [yi]i∈C . We first have the upper bound for prediction error.

Lemma C.1. Let C∗ be the index set of clean data and Ĉ be the index set returned by optimisation problem (22).
For all S ∈ [d] such that |S| = s , we have that

∥ŵ − w⋆∥2Σ̂(Ĉ∩C∗)+λI
= O

(
σ2s

Nλ
+

σ2s log(dδ−1)

N
+ 2λ∥w⋆∥22 + σ2ϵ

)
(23)

Proof. Based on the optimisation criteria, one has that

1

N

∥∥YĈ − ZĈŵ
∥∥2
2
+ λ∥ŵ∥22 ≤

1

N
∥YC∗ − ZC∗w⋆∥22 + λ∥w⋆∥22 (24)

This leads to

1

N

∥∥YĈ − ZĈŵ
∥∥2
2
+ λ∥ŵ∥22 ≤ 1

N
∥YC∗ − ZC∗w⋆∥22 + λ∥w⋆∥22

=⇒ 1

N

∥∥∥YĈ∩C∗
− ZĈ∩C∗

ŵ
∥∥∥2
2
+ λ∥ŵ∥22 ≤ 1

N
∥YC∗ − ZC∗w⋆∥22 + λ∥w⋆∥22

⇐⇒ 1

N

∥∥∥YĈ∩C∗
− ZĈ∩C∗

ŵ
∥∥∥2
2
+ λ∥ŵ∥22 + λ∥w⋆∥22 ≤ 1

N

∥∥∥YC∗∩Ĉ − ZC∗∩Ĉw⋆

∥∥∥2
2

+
1

N

∥∥∥YC∗\Ĉ − ZC∗\Ĉw⋆

∥∥∥2
2
+ 2λ∥w⋆∥22

=⇒ 1

N

∥∥∥YC∗∩Ĉ − ZC∗∩Cŵ
∥∥∥2
2
+ λ∥ŵ − w⋆∥22 ≤ 1

N

∥∥∥YC∗\Ĉ − ZC∗\Ĉw⋆

∥∥∥2
2

+
1

N

∥∥∥YC∗∩Ĉ − ZC∗∩Ĉw⋆

∥∥∥2
2
+ 2λ∥w⋆∥22.

Since YĈ∩C⋆
= ZĈ∩C⋆

w⋆ + ηĈ∩C⋆
, we have that ∥YĈ∩C⋆

− ZĈ∩C⋆
ŵ∥22 = ∥ZĈ∩C⋆

(w⋆ − ŵ) + ηĈ∩C⋆
∥22. Therefore,

the inequality above can be written as

1

N

∥∥∥ZC∗∩Ĉ(ŵ − w⋆)
∥∥∥2
2
+ λ ∥ŵ − w⋆∥22 ≤

2

N

〈
ηC∗∩Ĉ , ZC∗∩Ĉ(ŵ − w⋆)

〉
︸ ︷︷ ︸

(1)

+
1

N

∥∥∥YC∗\Ĉ − ZC∗\Ĉw⋆

∥∥∥2
2︸ ︷︷ ︸

(2)

+2λ∥w⋆∥22

(25)

Consider (1), and note that C∗ ∩ Ĉ is a uncorrupted data set and (w⋆ − ŵ) ∈ S̃ such that dim(S̃) ≤ 2s.

Claim C.2. With probability 1− δ, we have that

2
〈
ZC∗∩Ĉ(ŵ − w⋆), ηC∩C∗

〉
≤ 1

2

(
∥ZC∗∩C(w⋆ − ŵ)∥22 +Nλ∥ŵ − w⋆∥22

)
+O

(
σ2s

λ
+ σ2s log(dδ−1)

)
. (26)

Proof. We drop the subscript for data set C and subspace S to reduce clutter. Note that, w⋆ − ŵ have support S
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such that |S| ≤ 2s.

2
〈
(ŵ − w⋆), Z

⊤
S η
〉
= 2

〈
(Z⊤

S ZS +NλI)
1/2(ŵ − w⋆), (Z

⊤
S ZS +NλI)

−1/2Z⊤
S η
〉

≤ 1

2

(
∥ZS(w⋆ − ŵ)∥22 +Nλ∥(w⋆ − ŵ)∥22

)
+ 2
(
η⊤ZS(Z

⊤
S ZS +NλI)−1Z⊤

S η
)
.

(27)

Let Pλ = ZS(Z
⊤
S ZS +NλI)−1Z⊤

S , we have that

∥Pλ∥2 ≤
1

λ
; ∥Pλ∥F ≤

√
s

λ
. (28)

Applying Hanson-Wright inequality and take union bound for all subset S such that |S| ≤ 2s, we have that with
probability 1− δ,

η⊤Pλη = E[η⊤Pλη] +O
(
σ2s log(dδ−1)

)
= O

(
σ2Tr(Σ̂)

λ
+ σ2s log(dδ−1)

)

= O

(
σ2s

λ
+ σ2s log(dδ−1)

)
. (∥z∥∞ ≤ 1)

Therefore,

2

N
⟨ZC∗∩C(ŵ − w⋆), ηC∩C∗⟩ ≤

1

2N
∥ZC∗∩C(w⋆ − ŵ)∥22 +O

(
σ2s

Nλ
+

σ2s log(dδ−1)

N

)
.

Consider (2)

1

N

∥∥∥YC∗\Ĉ − ZC∗\Ĉw⋆

∥∥∥2
2
=

1

N

∥∥∥ηC∗\Ĉ

∥∥∥2
2
≤ 2σ2ϵ.

Therefore, we have that

1

2N

∥∥∥ZC∗∩Ĉ(ŵ − w⋆)
∥∥∥2
2
+

λ

2
∥ŵ − w⋆∥22 ≤ O

(
σ2s

Nλ
+

σ2s log(dδ−1)

N
+ 2λ∥w⋆∥22 + σ2ϵ

)
. (29)

As |C⋆ ∩ C| ≥ (1− 2ϵ), and assume that ϵ ≤ 1/4, we have that 1−2ϵ
2(1−ϵ) ≥

1
4 ,

2
1−ϵ ≤ 4, 1

1−ϵ ≤ 2. Therefore,

∥ŵ − w⋆∥2Σ̂λ(Ĉ∩C∗)
≤ O

(
σ2s

Nλ
+

σ2s log(dδ−1)

N
+ 2λ∥w⋆∥22 + σ2ϵ

)
. (30)

Let ∆S,λ = (Σ̂SS,λ)
−1/2(ΣSS − Σ̂SS)(Σ̂SS,λ)

−1/2.

Lemma C.3. Let ŵ − w⋆ has non-zero support in S. Assume ∥∆S,λ∥ ≤ 1, then,

∥ŵ − w⋆∥2Σ ≤ ∥ŵ − w⋆∥2Σλ
≤ 1

1− ∥∆S,λ∥2
∥ŵ − w⋆∥2Σ̂λ

. (31)

Proof. It is straightforward from the fact that (ŵ − w⋆) is 2s-sparse vector, and for ∥v∥2 ≤ 1, we have that
v⊤Av
v⊤σv

≤ ∥σ−1A∥2 if A, σ are both strictly symmetric PSD matrix. And By Lemma 3 of [Hsu et al., 2014], we
have that

∥Σ1/2
S,λΣ̂

−1
S,λΣ

1/2
S,λ∥2 ≤

1

1− ∥∆S,λ∥2
.
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Now, fix a subset S, we will drop the subscript for clearer presentation. For z ∈ R2s,

d1,λ :=

2s∑
j=1

λi(ΣSS)

λ+ λi(ΣSS)
≤

2s∑
j=1

λi(ΣSS)

λ
≤ 2s

λ

ρλ ≥
∥Σ−1/2

SS,λ z∥√
d1,λ

d̃1,λ := max{1, d1,λ}.

(32)

Note that, as ∥z∥∞ ≤ 1, it means ∥z∥2 ≤
√
2s we can choose ρλ =

√
2s√

λd1,λ

.

Lemma C.4 ([Hsu et al., 2014]’s Lemma 2). For any δ such that ln(1/δ) > max{0, 6 − log d̃1,λ}, then with
probability at least 1− δ, we have that

∥∆λ∥2 ≤

√
4ρ2λd1,λ(log(d̃1,λ + δ−1))

N
+

2ρ2λd1,λ(log(d̃1,λ + δ−1))

3n
. (33)

With the choice of ρλ above, the bound can be further simplified as

∥∆λ∥2 ≤

√
8s(log(d̃1,λ + δ−1))

λn
+

4s(log(d̃1,λ + δ−1))

3λn
. (34)

Choose λ = σ
√
s√

N∥w⋆∥2
to optimise the bound in Lemma C.1. Moreover, Taking union bound for all S, for

∥∆λ∥2 ≤ 1/2 with probability at least 1− δ, it suffices to choose N = Ω
(

s∥w⋆∥2
2(log(2s+dδ−1))
σ2(1−2ϵ)2

)
.

Proposition 3.2. For any covariate matrix Σ, with probability at least 1− δ,there exists an estimator named
SRLE2 returns ŵ such that

∥ŵ − w⋆∥2Σ = O

(
σ∥w⋆∥2

√
s log(d/δ)√
N

+ σ2ϵ

)
. (4)

Proof. By choosing λ = σ
√
s√

N ∥w⋆∥2
and ensuring that N = Ω

(
s∥w⋆∥2

2 log2(2s+dδ−1)
(1−2ϵ)2

)
, we can guarantee that for all

S ⊆ [d] with |S| ≤ 2s, ∆S,λ ≥ 1
2 with probability at least 1− δ. Combining the result in Lemma C.3 and Lemma

C.1, we conclude the proof.

C.3 Estimation Error of SRLE3

Similar as SRLE1, SRLE3 was proposed in [Merad and Gäıffas, 2022] to solve the convex optimization problem

min
w∈Rd

∥Xw − Y ∥22

s.t. ∥w∥1 ≤ ∥w⋆∥1,
(35)

Without the uniform coverage assumption, the mirror descent algorithm with a suitable choice of Bregman
divergence function is still able to achieve the slow rate. For further details, we refer the reader to the original
paper [Merad and Gäıffas, 2022]. We now state the error guarantee of this estimator in our setting.

Proposition 3.3. For any covariate matrix Σ, there exists an algorithm named SRLE3 such that, with probability
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at least 1− δ, it returns an estimate ŵ satisfying

∥ŵ − w⋆∥2Σ = O

(
∥w⋆∥1(∥w⋆∥1 + σ)

×

(√
log(dδ−1)

N
+
√
ϵ

))
.

Moreover, the estimator runs in poly(N, d, s) time.

Proof. By Proposition 3 in [Merad and Gäıffas, 2022], we have that

∥ŵ − w⋆∥2Σ ≤
νRL

T
+ 4∥w⋆∥σmax

(√
log(d) + log(δ−1)

N
+
√
ϵ

)
. (36)

Where ν = 1
2e

2 log(d); and L = 1 is the Lipschitz-smoothness, that is,

∥Σ(w − w′)∥∞ = max
i∈[d]
⟨Σi, w − w′⟩ ≤ max

i∈[d]
∥Σi∥∞∥w − w′∥1 ≤ L∥w − w′∥1.

and ν = 1
2e

2 log(d). Moreover,

σ2
max ≜ max

w:∥w∥1≤∥w⋆∥1

max
j∈[d]

Ez,y

[
((z⊤w − y)xj)

2
]
.

We note that, since ∥z∥∞ ≤ 1

σ2
max ≤ max

w
Ez,y

[
(z⊤w − y)2

]
≤ max

w
max

z
Ez,y

[
(z⊤(w − w⋆))

2
]
+ E[η2] = 4∥w⋆∥21 + σ2.

D Proof of Section 4

D.1 Proof of Section 4.1

Proposition 4.1. Suppose Assumption 2.1 and 2.2 hold. Let the pessimistic bonus be Γh(x, a) = 0 for all
h ∈ [H], x ∈ X , a ∈ A. Run Algorithm 1 with the SRLE1 estimator. Then, with probability at least 1− δ.

SubOpt(π⋆, π̂) = O

(
H3s log(d/δ)

ξ
√
N

+
H3s
√
ϵ

ξ

)
. (7)

Proof. First, by Claim B.1, for any Qh+1 ∈ Qh+1, Pπ
h (Qh+1) is s-sparse, and ∥Pπ

h (Qh+1)∥1 ≤ (H − h + 1).
Moreover, by Claim B.2, for any trajectory τ , we have |Rh +maxa′∈A Qh+1(x

′, a′)| ≤ H . Note that |Dh| = N/H
and the worst-case contamination level in Dh is Hϵ. Therefore, using the estimation error in Proposition 3.1 with
∥w∥1 ≤ 2Hs and σ ≤ H, we obtain

∥R∗
h(Qh+1

)− P∗
h(Qh+1

)∥1 = O

H
3
2 s log(d/δ)

ξ
√
N

+
H2s
√
ϵ

ξ

 . (37)

Similar to Lemma 3.1 of Zhang et al. [2021], we have that

SubOpt(π, π̂) ≤ 2H max
(x,a,h)

∣∣∣Q
h
(x, a)− (BhQh+1

)(x, a)
∣∣∣

≤ 2H ∥ϕ(x, a)∥∞
∥∥∥R∗

h(Qh+1
)− P∗

h(Qh+1
)
∥∥∥
1

= O

(
H3s log(d/δ)

ξ
√
N

+
H3s
√
ϵ

ξ

)
.
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D.2 Proof of Section 4.2

Proposition 4.4. Let Σ = λI. Let z ∼ Berd(1/2). Then, for d > 4s, we have

Ez∼µ

[
max

S:|S|=2s
z⊤S Σ−1zS

]
︸ ︷︷ ︸

LHS in (9)

− max
S:|S|=2s

Ex∼µ

[
z⊤S Σ−1zS

]
︸ ︷︷ ︸

RHS in (9)

≥ (1− 2 exp(−d/8)) s
λ
.

(10)

Proof. For any subset S ⊂ [d] with |S| = 2s define

ZS :=
∑
i∈S

zi (so ZS = z⊤S zS).

Step 1. Because each zi ∈ {0, 1}, ZS counts how many of the 2s chosen coordinates are equal to 1. For a realisation

of z let K =
∑d

i=1 zi (the total number of ones). If K ≥ 2s we can pick all 2s ones, so max|S|=2s ZS = 2s. If
K < 2s we pick all K ones and fill the remaining slots with zeros, so the maximum equals K. Thus,

max
|S|=2s

ZS = min{2s,K}.

Step 2. Write µ = d/2 for the mean of K. Because 2s ≤ d/2 = µ, Chernoff’s inequality gives

P(K < 2s) = P
(
K < (1− δ)µ

)
≤ exp(− δ2µ

2 ), δ := 1− 4s
d ∈ (0, 1].

In particular, for all d ≥ 4s we have δ ≥ 1
2 , hence

P(K < 2s) ≤ e−d/8.

Step 3. Using (1) we decompose

E
[
max
|S|=2s

ZS

]
= 2sP(K ≥ 2s) + E

[
K 1{K<2s}

]
≥ 2s(1− e−d/8).

If we use the ridge matrix Σ = λId (so that Σ−1 = 1
λId), then zS = 1

λZS . Multiply inequality (2) by λ:

E
[
max
|S|=2s

zS

]
− max

|S|=2s
E[zS ] ≥ λs

(
1− 2e−d/8

)
; (d ≥ 4s)

E Proof of Section 5

Induced MDP. To prove the results stated in Section 5, we use the notion of an induced MDP with perturbed
rewards [Zanette et al., 2021b]. This perspective allows us to interpret the critic’s pessimistic estimates as defining
a modified MDP, in which the value functions coincide exactly with the pessimistic predictions.

Define the induced MDP M̂(π) = (X ,A, P, r̂π, H) associated with {wh}Hh=1, which differs from the original MDP
M only in its reward function. For any (x, a), define

r̂πh(x, a) ≜ rh(x, a) +Qπ

h
(x, a)− (Bπ

hQ
π

h+1
)(x, a). (38)

This construction is crucial: the linearity of the π-Bellman operator guarantees that the induced MDP is
well-defined and enables tight pessimistic evaluation without the need for pointwise bonuses.
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Below, we demonstrate that the induced MDP corresponds to the pessimistic evaluation of Q-function provided
by the critic.

Proposition E.1. M̂(π) satisfies the following: Q
h,M̂π (x, a) = Qπ

h
(x, a), and V

h,M̂π (x) = V π
h(x).

Proof. We begin by bounding the pessimistic property of the value function at the initial state:

Qπ
h,M̂π (x, a)−Qπ

h(x, a) =

H∑
l=h

Edπ
l
[r̂π(xl, al)− r(xl, al)]. (39)

On the other hand, using the definition of Qπ

h
and the Bellman operator, we obtain

Qπ

h
(x, a)−Qπ

h(x, a) = ⟨ϕ(x, a), wπ
h⟩ − Bπ

h(Q
π
h+1)(x, a)

=
(
⟨ϕ(x, a), wπ

h⟩ − Bπ
h(Q

π

h+1
)(x, a)

)
+
(
Bπ
h(Q

π

h+1
)(x, a)− Bπ

h(Q
π
h+1)(x, a)

)
= r̂πh(x, a)− rh(x, a) + Ex′∼P (·|x,a)Ea∼π(·|x)[Q

π

h+1
−Qπ

h+1](x, a).

(40)

Here, the last equality follows from the linearity of the Bellman operator Bπ
h.

Applying this argument recursively for l = 1, . . . ,H, we obtain

Qπ

h
(x, a)−Qπ

h(x, a) =

H∑
l=h

Edπ
l
[r̂πl (xl, al)− rl(xl, al)]. (41)

This establishes the claim and concludes the proof.

Next, we recall the general theorem for actor convergence [Zanette et al., 2021b], which will be used in our proof.

Theorem E.2 ([Zanette et al., 2021b]). Let Mt ≜ M̂(πt). For each Mt, define the advantage function

Gπt

h,Mt
(x, a) ≜ Qπt

h,Mt
(x, a)− V πt

h,Mt
(x).

Assume that the advantage function is uniformly bounded, i.e.,

max
t∈[T ]

max
(x,a,h)

|Gπt

h,Mt
(x, a)| ≤ B.

Suppose further that T ≥ log(|A|) and that the step size satisfies η ∈ (0, 1). Then, for any fixed policy π, we have

1

T

T∑
t=1

(
V πt

1,Mt
(x1)− V π

1,Mt
(x1)

)
= O

(
H

(
log(|A|)

ηT
+ ηB2

))
. (42)

E.1 Proof of Section 5.1

For a sequence β = (βh)
H
h=1 and any given policy π, define the good event

G′π(β) ≜

{
sup

Qh+1∈Qh+1

∥Eπh (Qh+1)∥1 ≤ βh, ∀h ∈ [H]

}
. (43)

Under the good event G′π(β) for the sequence of policies produced by the actor, we will show that the suboptimality
gap is small. Before doing so, we first establish that, under the good event G′π(β), the critic’s estimation error
can be bounded as follows.

Proposition E.3. Conditioned on the event G′π(β), for some input policy π, the critic returns an induced MDP



Nam Phuong Tran, Andi Nika, Goran Radanovic, Long Tran-Thanh, Debmalya Mandal

M̂(π) such that, for every policy π̃,

∣∣∣V π̃
1,M̂(π)

(x1)− V π̃
1 (x1)

∣∣∣ ≤ 2

H∑
h=1

βh. (44)

Proof. Let ŵπ
h = Rπ(Qπ

h+1
). We bound wπ

h − Pπ
h (Q

π

h+1
) as follows:∥∥∥wπ

h − Pπ
h (Q

π

h+1
)
∥∥∥
1
≤ ∥wπ

h − ŵπ
h∥1 +

∥∥∥ŵπ
h − Pπ

h (Q
π

h+1
)
∥∥∥
1

≤ 2
∥∥∥ŵπ

h − Pπ
h (Q

π

h+1
)
∥∥∥
1

(Conditioned on G′π(β), ŵπ
h is a feasible solution of (12))

≤ 2βh.

Therefore, for all h ∈ [H],

max
(x,a)

r̂πh(x, a)− rh(x, a) = max
(x,a)

∣∣∣Qπ

h
(x, a)− (BπQπ

h+1
)(x, a)

∣∣∣
≤
〈
wπ

h − Pπ(Qπ

h
), ϕ(x, a)

〉
≤
∥∥∥wπ

h − Pπ(Qπ

h
)
∥∥∥
1
∥ϕ(x, a)∥∞

≤ 2βh.

Therefore, we have that

V π̃
1,M̂(π)

(x1)− V π̃
1 (x1) =

H∑
h=1

Edπ̃ [r̂πh(x, a)− rh(x, a)] ≤
H∑

h=1

(
max
(x,a)

r̂πh(x, a)− rh(x, a)

)
≤ 2

H∑
h=1

βh.

This completes the proof.

Theorem 5.1. Suppose Assumption 2.1 and 2.2 hold. Then, with step size η =
√

logA
N , after T = N/H iterations

the actor-critic algorithm returns a policy π̂ that satisfies

SubOpt(π⋆, π̂) = O

(
H3s log(dNHδ−1)

ξ
√
N

+H3

√
log(|A|)

N
+

H3s
√
ϵ

ξ

)
,

(13)

with probability at least 1− δ.

Proof. Bound probability of good event G′(β). choose the sequence β

βh = O

(
H2s log(dHNδ−1)

ξ
√
N

+
H2s
√
ϵ

ξ

)
.

According to Proposition 3.1, and by Claim B.1 and Claim B.2, we have that for any policy π, P(G′π(β)) ≥ 1−δ/T .
Therefore, for any sequence of policy (πt)

T
t=1, taking union bound for T policies and H horizon, we have that,

P(∩Tt=1G′πt(β)) ≥ 1− δ.
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Suboptimality gap decomposition. Let Mt ≜ M̂(πt). From the critic analysis, under event Gπt(β),

V π⋆
1 (x1)− V πt

1 (x1) =
(
V π⋆
1 (x1)− V π⋆

1,Mt
(x1)

)
+
(
V π⋆

1,Mt
(x1)− V πt

1,Mt
(x1)

)
+
(
V πt

1,Mt
(x1)− V πt

1

)
≤ V π⋆

1,Mt
(x1)− V πt

1,Mt
(x1) + 2

H∑
h=1

βh.
(45)

Actor Convergence. We now bound

1

T

T∑
t=1

[
V π⋆

1,Mt
(x1)− V πt

1,Mt
(x1)

]
.

To do so, we invoke Theorem E.2 and provide an upper bound for the advantage function parameter B, namely
B = O(H).

By Proposition E.1, and assuming the event Gπt(β) holds for the sequence (πt)
T
t=1 with βh ≤ 1, we obtain

|r̂πt

h (x, a)− r̂πt

h (x, a′)| ≤ |rh(x, a)− rh(x, a
′)|+ 2βh ≤ 4.

Moreover, from the constraints in (12), for any (x, h) we have

V πt

h+1,Mt
(x) ≤ H − h.

Therefore, for any triplet (x, a, h),∣∣∣Qπt

h,Mt
(x, a)−Qπt

h,Mt
(x, a′)

∣∣∣ ≤ |r̂πt

h (x, a)− r̂πt

h (x, a′)|+
∣∣∣∣∫

x′∈X
V πt

h+1,Mt
(x′)

(
P (x′ | x, a)− P (x′ | x, a′)

)∣∣∣∣
≤ O(1) +

∣∣∣∣〈ϕ(x, a)− ϕ(x, a′),

∫
x′∈X

Vh+1,Mt
(x′)µ(x′)

〉∣∣∣∣
≤ O(1) + ∥ϕ(x, a)− ϕ(x, a′)∥∞

∥∥∥∥∫
x′∈X

Vh+1,Mt
(x′)µ(x′)

∥∥∥∥
1

≤ O(1) + 2

∥∥∥∥∫
x′∈X

Vh+1,Mt
(x′)µ(x′)

∥∥∥∥
1

≤ O(1) + 2

∥∥∥∥H ∫
x′∈X

µ(x′)

∥∥∥∥
1

≤ O(1) + 2H.

Thus, we can take B = O(H).

Applying Theorem E.2, we conclude that

1

T

T∑
t=1

[
V π⋆

1,Mt
(x1)− V πt

1,Mt
(x1)

]
≤ 4H2

√
log(|A|)

T
. (46)

Putting things together. Let π̂ be the mixture of policies {π1, ..., πT } and T = N/H, we have

V π⋆
1 (x1)− V πt

1 (x1) ≤ 2

H∑
h=1

βh + 4H3

√
logA
N

(47)

with probability at least 1− δ. Finally, by the choice of β, we have that

V π⋆
1 (x1)− V πt

1 (x1) = O

(
H3s log(dNHδ−1)

ξ
√
N

+H3

√
log(|A|)

N
+

H3s
√
ϵ

ξ

)
, (48)



Nam Phuong Tran, Andi Nika, Goran Radanovic, Long Tran-Thanh, Debmalya Mandal

with probability at least 1− δ.

E.2 Proof of Section 5.2

First, we recall the definition of the good event used in this section, and show that it holds with high probability.
For a sequence α = (αh)

H
h=1 and any policy π, define

Gπ(α) ≜

{
sup

Qh+1∈Qh+1

∥Eπh (Qh+1)∥2Σ̂h
≤ αh, ∀h ∈ [H]

}
. (49)

Proposition E.4. Run Algorithm 2 with the SRLE2 and SRLE3 estimators. Choose the sequences α and α′ for
these two estimators as follows:

α2
h = O

(√
sH3 log(dHδ−1)√

N
+H3ϵ+H3(λ+ ϵ)

)
,

and

α′2
h = O

(
H3 log(dHδ−1)√

N
+H3

√
ϵ+H3(λ+ ϵ)

)
.

Then, for any policy π,
P(Gπ(α)) ≥ 1− δ,

when using the SRLE2 estimator, and
P(Gπ(α′)) ≥ 1− δ,

when using the SRLE3 estimator.

Proof. We first prove the result for the SRLE2 estimator. The proof for the SRLE3 estimator follows the same
argument, with Proposition 3.2 replaced by Proposition 3.3.

We apply the property of the sparse linear regression oracle. By Claim B.1, for any policy π,

∥Pπ
h (Qh+1)∥1 ≤ H − h, ∥Pπ

h (Qh+1)∥0 ≤ s. (50)

Let zτh = ϕ(xτ , aτ ) and define

yτh = rτh +
∑
a∈A

π(a | xτ
h+1)Qh+1(x

τ
h+1, a).

Then, by Claim B.2,
E[yτh] = ⟨ϕ(xτ , aτ ),Pπ

h (Qh+1)⟩, |yτh| ≤ H − h.

Note that dual to data spliting, the worst case contamination level in set Dh is Hϵ. By Proposition 3.2, for all
h ∈ [H], the SRLE2 oracle ensures that

∥Eπh (Qh+1)∥2Σh
= O

(
H3
√
s log(dH/δ)√

N
+H3ϵ

)
,

with probability at least 1− δ.

Claim E.5.
∥Eπh (Qh+1)∥2Σ̂h

= O
(
∥Eπh (Qh+1)∥2Σh

+H3(ϵ+ λ)
)
. (51)

Proof of claim. Let e = Eπh (Qh+1). Note that, due to data splitting, Qh+1 does not dependent on data set Dh.
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We have ∥e∥1 = O(H − h) and ∥e∥0 ≤ 2s. Let S denote the sparsity support of e. Then

∥e∥2
Σ̂h

= e⊤Σ̂he

= e⊤S

H
N

N/H∑
i=1

ϕiϕ
⊤
i + (λ+ ϵ)I

 eS

= e⊤S


H

N

(1−ϵ)N/H∑
i=1

ϕ̃iϕ̃
⊤
i︸ ︷︷ ︸

(1−ϵ)Σ̃h, clean data

+
H

N

ϵN/H∑
i=1

ϕ′
iϕ

′⊤
i︸ ︷︷ ︸

corrupted data

+(λ+ ϵ)I

 eS .

(52)

For the corrupted data,

H

N

ϵN/H∑
i=1

e⊤ϕ′
iϕ

′⊤
i e ≤ H

N

ϵN/H∑
i=1

(∥ϕ′
i∥∞∥e∥1)2 ≤ ϵ∥e∥21 ≤ O((H − h)2ϵ).

For the clean data, by Lemma F.1, for 0 < ϵ < 1/2,
H

N

(1−ϵ)N/H∑
i=1

ϕ̃iϕ̃
⊤
i︸ ︷︷ ︸

(1−ϵ)Σ̃h, clean data

+(λ+ ϵ)I


S

= O([Σh + (λ+Hϵ)I]S).

Therefore,
∥e∥2

Σ̂h
= O(∥e∥2Σh

+H3(λ+ ϵ)).

Combining the results completes the proof of the proposition.

Proposition E.6 (Policy evaluation). Condition on the event Gπ(α), when given any policy π, the critic returns

an induced MDP M̂(π) such that:
[a] For the given policy π, we have

V π
1,M̂(π)

(x1) ≤ V π
1 (x1). (53)

[b] For any policy π̃, we have

∣∣∣V π̃
1,M̂(π)

(x1)− V π̃
1 (x1)

∣∣∣ ≤ 2

H∑
h=1

αhEdπ̃

[∥∥∥[ϕ(x, a)]S̃h

∥∥∥
Σ̂−1

h

]
. (54)

Proof. Part a: We first show that the ground truth w̃π
h , that is, the ground truth Qπ

h(x, a) = ⟨ϕ(x, a), w̃π
h⟩

, satisfies the program. In particular, let w̃π
H+1 = 0 and w̃π

h = Pπ
h (⟨ϕ, w̃π

h+1⟩). By Claim B.1, we have that
∥w̃π

h∥1 ≤ H − h.

Next, under the event Gπ(α), and note that ground truth Qπ
h+1 ∈ Qh+1, we have that

∥w̃π
h −Rπ

h(Q
π
h+1)∥2Σ̂h

≤ αh.

Which means that (w̃π
h)

H
h=1 is a feasible solution of the optimization problem. The output of the optimization

problem wπ
h satisfies

V π
1,M(π)(x1) = V π

1 (x1) ≤ V π
1 (x1). (55)
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Part b: First, from the definition of perturbed reward of M(π), we have

r̂πh(x, a)− rh(x, a) = ⟨ϕh(x, a), w
π
h⟩ − Bπ

h(Q
π

h+1
)(x, a)

= ⟨ϕh(x, a), w
π
h −R(Q

π

h+1
)⟩+R(Qπ

h+1
− Bπ

h(Q
π

h+1
)(x, a)

= ⟨ϕh(x, a), w
π
h −R(Q

π

h+1
)⟩+ ⟨ϕh(x, a),R(Qπ

h+1
)− P(Qπ

h+1
)⟩

≤ 2∥[ϕ(x, a)]S̃∥Σ̂−1
h
αh.

(56)

Therefore, ∣∣∣V π̃
1,M̂(π)

(x1)− V π̃
1 (x1)

∣∣∣ = ∣∣∣∣∣
H∑

h=1

Edπ̃
h
[r̂πh(x, a)− rh(x, a)]

∣∣∣∣∣
≤

∣∣∣∣∣2
H∑

h=1

Edπ̃
h

[
αh

∥∥[ϕ(x, a)]S̃∥∥Σ̂−1
h

]∣∣∣∣∣ .
(57)

Proposition E.7 (Actor’s convergence). For the sequence (πt)
T
t=1, suppose that the event Gπt(α) holds for all

t ∈ [T ]. Suppose the actor takes T ≥ log |A| steps with step size η =
√

log(|A|)
TH2 . Then, for any policy π,

1

T

T∑
t=1

(
V π
1,Mt

(x1)− V πt

1,Mt
(x1)

)
= O

(
H2

√
log(|A|)

T

)
.

Proof. The proof is Proposition E.7 followed by the general result for offline actor-critic as stated in Theorem E.2.
The Proposition E.7 is immediately followed if we can show the constant in the theorem B = O(H) and choosing
the stepsize η. First, we bound the magnitude of the advantage function Gπt

h,Mt
. Note that by the definition

of induced MDP, Mt is only different from the original MDP in the reward function. By Proposition E.1, and
suppose the event Gπt(α) holds for given sequence (πt)

T
t=1 with αh ≤ 1, we have that

|r̂πt

h (x, a)− r̂πt

h (x, a′)| ≤ |rh(x, a)− rh(x, a
′)|+ 2αh ≤ 4.

Moreover, thanks to the pessimistic property of induced MDP in Proposition E.6, for any (x, h), V πt

h,Mt
(x) ≤

V πt

h (x) ≤ H − h+ 1. Therefore, for any triplet (x, a, h), we have that∣∣∣Qπt

h,Mt
(x, a)−Qπt

h,Mt
(x, a′)

∣∣∣ ≤ |r̂πt

h (x, a)− r̂πt

h (x, a′)|+
∣∣∣∣∫

x′∈X
V πt

h+1,Mt
(x′)(P (x′ | (x, a)− P (x′ | (x, a′))

∣∣∣∣
≤ O(1) +

∣∣∣∣〈ϕ(x, a)− ϕ(x, a′),

∫
x′∈X

Vh+1,Mt
(x′)µ(x′)

〉∣∣∣∣
≤ O(1) + ∥ϕ(x, a)− ϕ(x, a′)∥∞

∥∥∥∥∫
x′∈X

Vh+1,Mt
(x′)µ(x′)

∥∥∥∥
1

≤ O(1) + 2

∥∥∥∥∫
x′∈X

Vh+1,Mt
(x′)µ(x′)

∥∥∥∥
1

≤ O(1) + 2

∥∥∥∥H ∫
x′∈X

µ(x′)

∥∥∥∥
1

≤ O(1) + 2H.

Therefore, we can choose B = O(H). Now, choose η =

√
log(|A)|
H

√
T

, we obtain the result.

Theorem 5.3. Suppose Assumption 2.1 and 2.3 hold. Let operators (Rπ
h)

H
h=1 be defined using the SRLE2 estimator.
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Choose the sequence α such that

α2
h = O

(√
sH3 log(dHδ−1)√

N
+H3ϵ+H3(λ+ ϵ)

)
.

Choose λ = s
N log d

sδ . Then, after T = N iterations with step size η =
√

log(|A|)
H2N , the actor-critic algorithm returns

a policy π̂ that satisfies

SubOpt(π⋆, π̂) = O

(
H3
√
κs3/4

√
log(dHNδ−1)

N
1
4

+H3

√
log(|A|)

N
+H3

√
κsϵ

)
,

with probability at least 1− δ.

Proof. We note that, for any sequence of T policy (πt)
T
t=1, with prescribed α, the event P(∩Tt=1Gπt(α)) ≥ 1− δ.

Next, from the critic analysis, under event ∩Tt=1Gπt(α), we have that

V π⋆
1 (x1)− V πt

1 (x1) ≤

(
V π⋆

1,Mt
(x1) + 2

H∑
h=1

αhEdπ⋆

[∥∥∥[ϕ(x, a)]S̃h

∥∥∥
Σ̂−1

h

])
− V πt

1,Mt
(x1)

= V π⋆

1,Mt
(x1)− V πt

1,Mt
(x1) + 2

H∑
h=1

αhEdπ⋆

[∥∥∥ϕ(x, a)]S̃h

∥∥∥
Σ̂−1

h

]
.

(58)

As ϵ ≤ 1/2, by Lemma F.1, with number of samples N = Ω(s log(d/δ)), then with probability at least 1− δ, for

all S̃ ⊂ [d] such that |S̃| ≤ 2s, we have that

[Σ̂h]S̃ ≥
1

3
([Σh + λI]S̃).

Now, consider
Edπ⋆ [∥[ϕ(x, a)]S̃h

∥Σ̂−1
h
] ≤ Edπ⋆ [∥[ϕ(x, a)]S̃h

∥3(Σh+λI)−1 ]

≤ Edπ⋆

[√
3ϕS̃(Σh + λI)−1ϕS̃

]
≤
√

Edπ⋆

[
3ϕS̃(Σh + λI)−1ϕS̃

]
=

√
3Tr([Σ∗Σ̂

−1
h ]S̃)

≤
√
3κTr([ΣhΣ̂

−1
h ]S̃)

=

√√√√√3κTr

∑
i∈S̃

λi

λi + λ

−1

≤
√
6κs.

(59)

Now, from actor analysis, we have that

1

T

T∑
t=1

[
V π⋆

1,Mt
(x1)− V πt

1,Mt
(x1)

]
≤ 4H2

√
log |A|

T
(60)
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Therefore, let π̂ be the mixture of policies {π1, ..., πT }. Let T = N/H. We have that

V π⋆
1 (x1)− V π̂

1 (x1) ≤ 2
√
6κ

H∑
h=1

αh + 4H3

√
log |A|
N

, (61)

with probability at least 1− δ.

Theorem 5.4. Suppose Assumption 2.1 and 2.3 hold. Let operator Rπ
h be defined using the SRLE3 estimator.

Choose the sequence α such that

αh = O

(
H3 log(dHδ−1)√

N
+H3

√
ϵ+H3(λ+ ϵ)

)
.

Choose λ = s
N log d

sδ . After T = N iterations with step size η =
√

log(|A|)
H2N , the actor-critic algorithm returns a

policy π̂ that satisfies

SubOpt(π⋆, π̂) = O

(
H3
√
κs
√
log(dHNδ−1)

N
1
4

+H3

√
log(|A|)

N
+H3

√
κsϵ

1
4

)
,

(16)

with probability at least 1− δ.

Proof. The proof of Theorem 5.4 follows the same argument as the proof of Theorem 5.3, using the value of α
specified in its statement. We therefore omit the details for brevity.

F Technical Lemmas

Lemma F.1 (Regularised covariance concentration on sparse supports). Let {ϕi}Ni=1 ⊂ Rd be i.i.d. random
vectors satisfying

∥ϕi∥∞ ≤ 1 a.s.

Define the population and empirical (ridge-regularised) covariance matrices

Σ = E[ϕϕ⊤], Σ̂ =
1

N

N∑
i=1

ϕiϕ
⊤
i + λId.

Fix a sparsity level s ∈ {1, . . . , d} and let S ⊂ [d] with |S| ≤ s. Denote by ΣS (resp. Σ̂S) the principal s × s

sub-matrix of Σ (resp. Σ̂) indexed by S.

There is an absolute numerical constant C > 0 such that, for every δ ∈ (0, 1), if the ridge parameter satisfies

λ = C
s

N
log d

sδ . (62)

then, with probability at least 1− δ,

∀S ⊂ [d], |S| ≤ s :
1

3

[
Σ+ λId

]
S
⪯ Σ̂S ⪯ 5

3

[
Σ+ λId

]
S
. (63)

Proof. We adapt the argument of Lemma 39 in Appendix I of [Zanette et al., 2021a]; the main changes are the
use of the ℓ∞ bound and the restriction to supports of size at most s.

Step 1. Fix S ⊂ [d] with |S| ≤ s and a unit vector x ∈ Rd supported on S. Because each coordinate of ϕi lies in
[−1, 1], ∣∣x⊤ϕi

∣∣ =
∣∣∣∑
j∈S

xjϕij

∣∣∣ ≤ ∑
j∈S

|xj | ≤
√
s ∥x∥2 =

√
s,
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so (x⊤ϕi)
2 ∈ [0, s]. Write Zi(x) = (x⊤ϕi)

2 − E[(x⊤ϕ)2] and µ(x) = x⊤Σx. Then {Zi(x)}Ni=1 are mean-zero,
independent, |Zi(x)| ≤ s and Var[Zi(x)] ≤ s µ(x). Bernstein’s inequality gives, for any t > 0,

P
(∣∣∣ 1N N∑

i=1

Zi(x)
∣∣∣ > t

)
≤ 2 exp

(
− Nt2

2µ(x) + 2
3st

)
. (64)

Step 2: Choosing t and the ridge λ. Set

t(x) = 1
3 (µ(x) + λ).

Under (62),
Nt(x)2

2µ(x) + 2
3st(x)

≥ N(µ(x) + λ)2

18µ(x) + 4s(µ(x) + λ)
≥ C1

Nλ

s
,

for an absolute C1. Taking C ≥ 6C1 in (62) forces the exponent in (64) to exceed s log ed
s + log 2

δ . Thus, for the
fixed x,

P
(∣∣x⊤(Σ̂− Σ)x

∣∣ > 1
3 (µ(x) + λ)

)
≤ 2 exp

(
−s log ed

s − log 2
δ

)
.

Step 3: Uniformity over all x and all supports. Let N (s)
ε be an ε-net of the unit sphere in Rs, lifted to Rd

by zero padding outside S. With ε = 1
6 and a union bound over |N (s)

ε | ≤ (3/ε)s choices of x and
(
d
s

)
≤ (ed/s)s

subsets S, the preceding probability remains below δ. Standard arguments then show that on the resulting event∣∣y⊤(Σ̂− Σ)y
∣∣ ≤ 2

3

[
y⊤Σy + λ

]
, ∀y ∈ Rd, ∥y∥2 = 1, supp(y) ⊆ S,

simultaneously for every |S| ≤ s.

Step 4. Let

D :=
1

N

N∑
i=1

ϕiϕ
⊤
i − Σ = Σ̂− Σ− λId,

so that Σ̂ = Σ + λId +D. From the outcome of Step 3 we know that the event∣∣y⊤Dy
∣∣ ≤ 2

3

[
y⊤Σy + λ

]
∀ y ∈ Rd, ∥y∥2 = 1, supp(y) ⊆ S (65)

occurs with probability at least 1− δ. Fix such a vector y and write q := y⊤Σy + λ > 0. From (65) we have

−2

3
q ≤ y⊤Dy ≤ 2

3
q.

Adding q = y⊤Σy + λ to every term yields

1

3
q ≤ y⊤Σ̂y ≤ 5

3
q,

that is
1

3
y⊤(Σ + λId)y ≤ y⊤Σ̂y ≤ 5

3
y⊤(Σ + λId)y ∀ y ∈ Rd, ∥y∥2 = 1, supp(y) ⊆ S.

Since the inequality above is valid for all unit vectors supported on S, it is equivalent to the matrix bound

1

3

[
Σ+ λId

]
S
⪯ Σ̂S ⪯

5

3

[
Σ+ λId

]
S

which is exactly the claim of Lemma F.1 for the principal sub-matrix indexed by S.
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