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Abstract

While traditional Deep Learning (DL) optimization methods treat all training samples
equally, Distributionally Robust Optimization (DRO) adaptively assigns importance weights
to different samples. However, a significant gap exists between DRO and current DL prac-
tices. Modern DL optimizers require adaptivity and the ability to handle stochastic gradi-
ents, as these methods demonstrate superior performance. This paper aims to bridge this
gap by introducing ALSO – Adaptive Loss Scaling Optimizer – an adaptive DRO algo-
rithm suitable for DL. We prove the convergence of our proposed algorithm for non-convex
objectives, the standard setting for DL models. Empirical evaluation demonstrates that
ALSO outperforms baselines.

1. Introduction

Deep Learning (DL) has long been centered around the empirical risk minimization problem:

min
θ∈Rd

{
1

n

n∑
i=1

fi(θ) +
τ

2
∥θ∥22

}
, (1)

where θ are the parameters of the DL model, fi(θ) := L(model(θ,xi), yi) is the loss function
on the i-th element (xi,yi) ∈ X ×Y of the training data, n is the number of the training
samples and τ

2∥θ∥
2
2 is a regularizer.

However, the problem (1) has a natural limitation: it assumes that all samples in the
training dataset are equally important. Additionally, DL models performance is measured
on test samples, which are not used in (1). This uniform treatment can lead to poor
generalization, especially when a distributional shift exists between the training and test
sets – a common cause of overfitting [43]. Distributionally Robust Optimization (DRO)
[11; 27; 42] minimizes the expected loss with respect to the ”worst“ training data distribution
at the moment. One formalization of this idea leads to the following minimax problem:
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min
θ∈Rd

max
π∈∆n−1∩U

{
h(θ, π) :=

n∑
i=1

πifi(θ) +
τ

2
∥θ∥22 − τKL [π∥π̂]

}
, (2)

where U is an uncertainty set, i.e. constraint on π. For example, one can use KL-
divergence ball to prevent significant deviations from some prior distribution π̂: U =
{π ∈ ∆n−1 : KL [π∥π̂] ≤ r}. To additionally restrict deviation from the starting distribu-
tion, a regularization using KL-divergence is used, where τ > 0 is the regularization param-
eter. It is worth highlighting that if we substitute π = π̂ = U

(
1, n
)
into (2), the resulting

equation is exactly the same as (1).

Despite that DRO has successful applications in separate DL fields such as Reinforce-
ment Learning [31; 21; 30] and Semi-Supervised Learning [3], we identify several challenges
in applying existing methods for general DL:

• Non-adaptive θ-update. Most general DRO methods use simple SGD updates [5]
or apply Variance Reduction (VR) techniques [33; 32; 25; 38], while the most successful DL
optimizers are adaptive [22; 8].

• Focus on methods for classical Machine Learning. Despite the success of the
existing DRO methods in the convex domain (e.g. logistic regression) [33; 32; 25], neural
networks are inherently non-convex, presenting additional challenges, and VR methods are
usually ineffective in DL [10]. Furthermore, Variance Reduction techniques necessitate
additional memory to store historical gradients – a significant limitation for large Deep
Learning models with millions of parameters.

• Heuristic methods. Several attempts have been made to develop DRO methods
specifically for Deep Learning. For instance, in [29] the authors propose a heuristic algorithm
without theoretical guarantees that requires two separate training phases to produce the
final model. An alternative approach is presented in [40], where the authors propose an
algorithm with convergence guarantees for the convex case and apply it to neural network
training with replacement of GD step with Adam step without proper theoretical analysis.

• Exact solution of the inner maximization problem in (2). Another approach
is proposed by [38], where authors address the non-convex scenario. They solve the inner
maximization problem exactly, resulting in the following formulation:

min
θ∈Rd

{
1

n

n∑
i=1

exp
[
τ−1fi(θ)

]
+
τ

2
∥θ∥22

}
. (3)

Although this eliminates the need to manage π, the reformulation (3) has several drawbacks.
The exponential term is numerically unstable for small τ . Moreover, computing the globally
optimal π∗(θ) for an undertrained model can be problematic, as it can cause the model to
overfit outliers and prematurely focus on samples that are only difficult due to the model’s
immaturity.

Motivated by these limitations, we design general-purpose DROmethods for the problem
(2), which utilize adaptive θ-update, and analyze it in the non-convex, stochastic case. Our
contributions are summarized as follows.

• Deep Learning optimizer. We present ALSO – Adaptive Loss Scaling Optimizer – a
novel algorithm designed to solve the problem (2) in Deep Learning context (Algorithm 1).
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• Theory. We establish a convergence of ALSO in the stochastic, non-convex, L-smooth
case.

• Experiments. We experimentally demonstrate that ALSO outperforms Adam [22] and
DRO algorithms.

2. ALSO – Adaptive Loss Scaling Optimizer

The development of our algorithm is motivated by the evolution of optimization methods for
saddle point problems. The easiest option to obtain methods for saddle point problems is
to adapt gradient schemes from minimization tasks. In this way, it is possible to obtain the
Stochastic Gradient Descent Ascent (SGDA) method. However, this scheme is inadequate
from the theoretical perspective. Therefore, it is suggested to use more advanced algorithms
such as Extragradient [23]. For our non-Euclidean geometry, it makes sense to consider an
appropriate modification of Extragradient – Mirror-Prox [19]. However, both Extragradient
and Mirror-Prox require two oracle calls per iteration. To address this, so-called Optimistic
version of these algorithms can be applied [37]. It requires only one oracle call per iteration.
It turns out that the Extragradient and Optimistic updates outperform SGDA not only in
the theory, but also in DL, particularly in training GANs [9; 12; 34; 6; 26; 36]. Building upon
the foundation of Optimistic Mirror-Prox, we introduce ALSO (Algorithm 1) – the Adaptive
Loss Scaling Optimizer which effectively addresses DL requirements. Since for θ euclidean
norm is used, Optimistic Mirror-Prox utilizes GD-like step over θ. To enhance adaptivity, we
replace this GD step with Adam [22], resulting in our proposed ALSO algorithm (Algorithm
1) for solving the problem (2).

In practice, nearly all works that employ Euclidean Optimistic method for DL tasks do
not use its theoretical version, but rather an adaptive variant (typically with Adam-style
stepsizes) [9; 12; 34; 6; 26; 36]. This substitution is often justified as a standard procedure in
DL. However, we question this approach, as establishing theoretical guarantees for adaptive
methods is a nontrivial and technically demanding task (see Appendix C). In this work, we
do not follow this simplified route; instead, we provide a rigorous analysis of the adaptive
method (see Theorem 5).

Algorithm 1 ALSO

Input: γθ, γπ – stepsize for θ and π; β1, β2, ε from Adam; momentum α; τπ, τθ – regular-
ization parameters for π and θ; number of iterations N ; π̂ – prior distribution.

Initialization: m0 = g0 = p0 = 0, v0 = 0, π0 = π̂, γ̂π = γπ/(1 + γπτπ), n = len(π̂)
for k = 0, 1, 2, . . . , N do

Sample B indexes of object: {ik1, ..., ikB}
gk+1 = n

B

∑B
j=1 πikj

∇θfikj
(θk)

ĝk+1 = (1 + α)gk+1 − αgk + τθθ
k

pk+1 = n
B

∑B
j=1 eikj

·fikj (θ
k), where ei is vector with 1 in i-th position and zeros in others

p̂k+1 = (1 + α)pk+1 − αpk

θk+1 = θk − γθ ·Adam(ĝk+1, β1, β2, ε)
πk+1 = argminπ∈U∩∆c−1

{
⟨p̂k+1 + log π

π̂ , π⟩+KL[π||πk]
}

end
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Assumption 1 The admissible domain Dπ := ∆c−1 ∩U is nonempty, closed, and convex.
Moreover, regularizer π̂ ∈ Int(Dπ)

Assumption 2 For all i the functions fi from (2) are Ki-Lipschitz and Li-Lipschitz con-
tinuous on Θ with respect to the Euclidean norm ∥·∥2 , i.e., for any θ1, θ2 ∈ Θ the following
inequality holds:

∥∇fi(θ1)−∇fi(θ2)∥2 ≤ Li∥θ1 − θ2∥2 and |fi(θ1)− fi(θ
2)|2 ≤ Ki∥θ1 − θ2∥2.

Assumption 3 At each iteration of Algorithm 1 we have access to g = g(θ, π) and p =
p(θ, π), which provide unbiased estimates of the gradients for the problem (2). Moreover,

E
∥∥g(θ, π)−∇θh(θ, π)

∥∥2
2
≤ σ2; E

∥∥p(θ, π)−∇πh(θ, π)
∥∥2
2
≤ σ2.

Definition 4 (Stationary point, cf. [28]) A point θ is called an ε-stationary point (ε ≥
0) of a differentiable function Φ if ∥∇Φ(θ)∥ ≤ ε. If ε = 0, then θ is a stationary point.

In our setting, the primal objective is Φ(θ) := maxπ∈Dπ h(θ, π), which is differentiable
since h(θ, π) is smooth with respect to θ and the maximization is over a compact convex
set. Therefore, following [28], it is sufficient to measure convergence of Algorithm 1 by the
gradient norm ∥∇Φ(θ)∥, as small gradients certify approximate stationarity of the original
min–max problem (2). Moreover, due to stochasticity in the updates, it is natural to adopt
the criterion E∥∇Φ(θ)∥2 ≤ ε2.

Now we are ready to present the following main theorem, which establishes the com-
plexity bounds of Algorithm 1.

Theorem 5 Under Assumptions 1, 2, 3, the required number of iterations to achieve ε-
stationarity 4 (E∥∇Φ(θ)∥2 ≤ ε2) for the problem (2) by ALSO (Algorithm 1) with γθ =

O( λ
4

L4 ), γπ = λ
8L2 , β1 = O( ελ

2

L2 ), β2 = 1−O(ε2), B = O(σ
2

ε2
) is

T = O
(
L4

λ4ε2
·max{∆Φ · (K + σ), D0}

)
,

where ∆Φ = Φ(θ0)−minθ∈Rd Φ(θ), D0 = KL(π∗(θ0)∥π0), π∗(θ) = argmaxπ∈Dπ
h(θ, π) and

L2 = O
((

c
n maxi

∑ni
j=1 Li,j + τ + c

n maxi
∑ni

j=1Ki,j

)2
+ λ2

)
, K = c

n maxi
∑ni

j=1Ki,j.

Appendix C provides a detailed derivation of the constants and discusses parameter tuning.

Discussion. This convergence result matches the convergence guarantees established
for the standard SGDAmethod in [28]. Unlike SGDA, our method leverages a non-Euclidean
geometry and incorporates adaptivity by performing an Adam-type update on the θ vari-
able. At the same time, the accurate decomposition of heavy-ball terms and boundaries
for the scaled factors, similarly to [7] for the nonconvex scenario, allows to obtain the
GD-behavior in our analysis, which leads to the same theoretical guarantees as for SGDA.
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3. Experiments

We compare ALSO with standard DL baselines, including AdamW and Static Weights (see
Appendix A.1 for details), as well as DRO methods that tackle close to our problem. We use
both classical DRO methods like Spectral Risk [32], and state-of-the-art methods such
as DRAGO [33] (noted for fast convergence), FastDRO [25] (a scalable method), RECOVER [38]
(a non-convex method). Baselines were implemented using official code when available, or
based on the original papers otherwise. We use established metrics that effectively capture
performance under heterogeneity. All methods were tuned for the same number of iterations
using the Optuna package [1] (see Appendix A). To reduce the hyperparameter search space,
we fix α = 1. This decision is supported by theory (see [37]) and prior empirical studies,
which have shown that setting α near 1 is an effective choice [34; 9; 2]. We use U = ∆n−1

for ALSO. Our code is available at https://github.com/brain-lab-research/ALSO.

3.1. Learning from Unbalanced Data
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Figure 1: Performance comparison of
optimization techniques designed for training
in the presence of class imbalance: ALSO,
different AdamW and DRO techniques. The
final f1-score was averaged over 20 runs, see
Appendix A.1 for details.

This experiment demonstrates ALSO’s effec-
tiveness on training datasets with signifi-
cant class imbalance. We consider a classi-
fication task on the CIFAR-10 dataset [24]
using the ResNet-18 model [17]. Class im-
balance was created by grouping the 10 orig-
inal classes into two by parity. One of
these groups was then undersampled in the
training and validation sets, while the test
set remained balanced for evaluation. To
quantify the class imbalance, we introduce
the unbalanced coefficient (uc), which spec-
ifies the ratio of samples between the first
and second classes as: # 1 class/# 2 class = uc,
where # is the number of samples in the cor-
responding classes. We consider the values
uc ∈ {1, 2, 5, 10, 20, 30, 40, 50}. The results of the experiment are presented in Figure 1.
Analyzing the results, we observe that the proposed method ALSO outperforms all the com-
pared baselines. The performance advantage is particularly noticeable for large values of the
unbalanced coefficient (≥ 30), where one class significantly outweighs the other. Additional
details can be found in Appendix A.1.

3.2. Tabular Deep Learning

We choose Tabular DL for ALSO evaluation as tabular data is not only central to many
real-world, industrial problems but is also characterized by complex and challenging data
heterogeneity: heavy-tailed, non-symmetric target, extreme distributional shift, class im-
balance, e.t.c. (see Table 3 for details). As a model, we choose MLP-PLR [13] as it is
a strong baseline in the tabular DL field. We evaluate the training procedure over 14
datasets from [15; 39]. Detailed dataset characteristics and training specifications can be
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found in Appendix A.2. The results of the algorithms comparison are presented in Table
1. ALSO demonstrates the best performance on the most datasets and can be considered as
alternative to both conventional DL optimizers and specialized DRO methods.

Table 1: Performance comparison of ALSO and baselines on tabular deep learning datasets.
Bold entries represent the best method on each dataset according to mean, underlined
entries represent methods, which performance is best with standard deviations over 15
runs. Metric is written near dataset name, ↑ means that higher values indicate better
performance, ↓ means otherwise.

Dataset ALSO AdamW DRAGO Spectral Risk FastDRO RECOVER Static Weights

Weather (RMSE ↓) 1.4928± 0.0042 1.5208± 0.0037 1.5803± 0.0103 1.5189± 0.0047 1.5184± 0.0041 1.5547± 0.0034 1.5161± 0.0046

Ecom Offers (ROC-AUC ↑) 0.5976± 0.0020 0.5810± 0.0039 0.5983± 0.0019 0.5796± 0.0034 0.5900± 0.0126 0.5859± 0.0031 0.5803± 0.0033

Cooking Time (RMSE ↓) 0.4806± 0.0003 0.4813± 0.0003 0.4843± 0.0008 0.4810± 0.0004 0.4809± 0.0004 0.4813± 0.0006 0.4818± 0.0006

Maps Routing (RMSE ↓) 0.1612± 0.0001 0.1618± 0.0002 0.1651± 0.0005 0.1619± 0.0003 0.1620± 0.0003 0.1621± 0.0003 0.1617± 0.0002

Homesite Insurance (ROC-AUC ↑) 0.9632± 0.0003 0.9621± 0.0005 0.9536± 0.0018 0.9609± 0.0005 0.9614± 0.0008 0.9612± 0.0005 0.9619± 0.0003

Delivery ETA (RMSE ↓) 0.5513± 0.0020 0.5519± 0.0017 0.5555± 0.0016 0.5528± 0.0013 0.5528± 0.0017 0.5551± 0.0035 0.5555± 0.0031

Homecredit Default (ROC-AUC ↑) 0.8585± 0.0012 0.8579± 0.0012 0.8463± 0.0013 0.8575± 0.0012 0.8579± 0.0014 0.8576± 0.0011 0.8557± 0.0012

Sberbank Housing (RMSE ↓) 0.2424± 0.0024 0.2434± 0.0027 0.2694± 0.0070 0.2453± 0.0036 0.2458± 0.0044 0.2589± 0.0093 0.2465± 0.0080

Black Friday (RMSE ↓) 0.6842± 0.0004 0.6864± 0.0005 0.7011± 0.0040 0.6861± 0.0004 0.6861± 0.0003 0.6963± 0.0012 0.6870± 0.0008

Microsoft (RMSE ↓) 0.7437± 0.0004 0.7442± 0.0003 0.7496± 0.0010 0.7441± 0.0003 0.7448± 0.0004 0.7486± 0.0002 0.7467± 0.0004

California Housing (RMSE ↓) 0.4495± 0.0046 0.4602± 0.0042 0.6326± 0.2073 0.4681± 0.0050 0.4639± 0.0024 0.4787± 0.0042 0.4651± 0.0040

Churn Modeling (ROC-AUC ↑) 0.8666± 0.0027 0.8616± 0.0015 0.7960± 0.0010 0.8626± 0.0020 0.8622± 0.0020 0.8604± 0.0033 0.8249± 0.0073

Adult (ROC-AUC ↑) 0.8699± 0.0001 0.8688± 0.0012 0.7640± 0.0014 0.8687± 0.0009 0.8702± 0.0009 0.8683± 0.0013 0.8498± 0.0051

Higgs Small (ROC-AUC ↑) 0.7280± 0.0009 0.7274± 0.0017 0.6263± 0.0573 0.7282± 0.0021 0.7282± 0.0009 0.7267± 0.0013 0.7222± 0.0022

4. Ablation Study Summary

Due to space constraints, our full ablation studies are presented in Appendix B. This sec-
tion provides a summary of the key findings: we demonstrate that ALSO’s computational
overhead is insignificant compared to training with AdamW (Section B.1); ALSO demonstrates
stable performance across a wide range of hyperparameter values (Section B.2); we validate
our key design choices, such as the use of momentum (α) and a non-adaptive π update,
showing that the version of ALSO presented in Algorithm 1 is optimal (Section B.3).

5. Discussion and Future work

In this work, we introduce ALSO, an adaptive optimizer that successfully bridges the gap
between Distributionally Robust Optimization and the practical needs of modern deep
learning. Our theoretical analysis establishes convergence in the challenging non-convex
setting, and extensive empirical evaluations demonstrate its superior performance. For
future work, we would like to explore alternative adaptive mechanisms and methods for
automatically tuning the regularization parameters could further enhance the algorithm’s
usability and performance.
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ping improves adagrad when the noise is heavy-tailed. arXiv preprint arXiv:2406.04443,
2024.

[8] Dami Choi, Christopher J Shallue, Zachary Nado, Jaehoon Lee, Chris J Maddison,
and George E Dahl. On empirical comparisons of optimizers for deep learning. arXiv
preprint arXiv:1910.05446, 2019.

[9] Constantinos Daskalakis, Andrew Ilyas, Vasilis Syrgkanis, and Haoyang Zeng. Training
gans with optimism. arXiv preprint arXiv:1711.00141, 2017.
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Appendix A. Missing Experiment Details

A.1. Unbalanced Data Details (Section 3.1)

Baselines description. Now, let us discuss described basic unbalance handling techniques.
The first of these techniques is known as upsampling [16; 20], the idea is to sample objects
for gradient calculation at the current optimization step not uniformly, but proportionally
to the class ratio of each object in the training dataset. For the π̂ regularizer in the problem
(2), we utilize this modified distribution instead of the vanilla uniform distribution U(1, n).
This choice results in a significant improvement in the performance. The second technique
is called static weights [16]. Its idea is similar to the previous method, however, instead of
modifying the sampling distribution, objects are sampled uniformly. The class imbalance
is then addressed by multiplying the loss function for each object by a weight equal to the
inverse ratio of the number of objects belonging to that class in the training dataset.

Data preprocessing. For all optimizers the same preprocessing was used for fair
comparison. We modified the images from CIFAR-10 train dataset with Normalizing and
classical computer vision augmentations: Random Crop [41], Random Horizontally Flip.

Training neural networks. We use cross-entropy as the loss function. We do not
apply learning rate schedules since we tune hyperparameters. We use a predefined batch
size equal to 64 and maximum number of epochs equal to 20.

Hyperparameter tuning. Hyperparameter tuning is performed with the TPE sam-
pler (200 iterations) with 5 epoch from the Optuna package [1]. Hyperparameter tuning
spaces for experiment are provided in Table 2.

Parameter Distribution

Learning rate LogUniform[1e-4, 1e-2]
Weight decay LogUniform[1e-6, 1e-2]

π-Learning rate (γπ from ALSO, used for ALSO, DRAGO) LogUniform[1e-5, 1e-3]
π-regularization (τπ from ALSO, used for ALSO, DRAGO, RECOVER, Spectral Risk) LogUniform[1e-3, 1]

Table 2: The hyperparameter tuning space for unbalanced data experiment.

Evaluation. The tuned hyperparameters are evaluated under 20 random seeds. The
mean test metric and its standard deviation over these random seeds are then used to
compare algorithms as described in Section 3.1.
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A.2. Tabular Deep Learning Details (Section 3.2)

Name # Train # Validation # Test # Num # Bin # Cat Task type Metric Heterogeniety Batch size

Sberbank Housing 18 847 4 827 4 647 365 17 10 Regression RMSE Heavy-tailed 256
Ecom Offers 109 341 24 261 26 455 113 6 0 Binclass ROC AUC Extreme shift 1024
Maps Routing 160 019 59 975 59 951 984 0 2 Regression RMSE - 1024
Homesite Insurance 224 320 20 138 16 295 253 23 23 Binclass ROC AUC Class imbalance 1024
Cooking Time 227 087 51 251 41 648 186 3 3 Regression RMSE Heavy-tailed 1024
Homecredit Default 267 645 58 018 56 001 612 2 82 Binclass ROC AUC High uncertainty 1024
Delivery ETA 279 415 34 174 36 927 221 1 1 Regression RMSE Non-symmetric 1024
Weather 106 764 42 359 40 840 100 3 0 Regression RMSE Non-symmetric 1024
Churn Modelling 6 400 1 600 2 000 10 3 1 Binclass ROC AUC Noisy data 128
California Housing 13 209 3 303 4 128 8 0 0 Regression RMSE Heavy-tailed 256
Adult 26 048 6 513 16 281 6 1 8 Binclass ROC AUC High uncertainty 256
Higgs Small 62 751 15 688 19 610 28 0 0 Binclass ROC AUC - 512
Black Friday 106 764 26 692 33 365 4 1 4 Regression RMSE Heavy-tailed 512
Microsoft 723 412 235 259 241 521 131 5 0 Regression RMSE - 1024

Table 3: Properties of the datasets from [15; 39]. “# Num”, “# Bin”, and “# Cat”
denote the number of numerical, binary, and categorical features, respectively

We mostly follow the experiment setup from [14]. As such, most of the text below is
copied from [14].

Data preprocessing. For each dataset, for all optimizers, the same preprocessing was
used for fair comparison. For numerical features, by default, we used a slightly modified
version of the quantile normalization from the Scikit-learn package [35] (see the source
code), with rare exceptions when it turned out to be detrimental (for such datasets, we
used the standard normalization or no normalization). For categorical features, we used
one-hot encoding. Binary features (i.e. the ones that take only two distinct values) are
mapped to {0, 1} without any further preprocessing.

Training neural networks. We use cross-entropy for classification problems and
mean squared error for regression problems as loss function. We do not apply learning rate
schedules. We do not use data augmentations. We apply global gradient clipping to 1.0.
For each dataset, we used a predefined dataset-specific batch size. We continue training
until there are patience consecutive epochs without improvements on the validation set;
we set patience = 16.

Hyperparameter tuning. In most cases, hyperparameter tuning is performed with
the TPE sampler (100 iterations) from the Optuna package [1]. Hyperparameter tuning
spaces for experiment are provided in Table 4.

Evaluation. On a given dataset, for a given model, the tuned hyperparameters are
evaluated under multiple (in most cases, 15) random seeds. The mean test metric and
its standard deviation over these random seeds are then used to compare algorithms as
described in Table 3.
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Parameter Distribution

# layers UniformInt[1, 5]

Width (hidden size) UniformInt[64, 1024]

Dropout rate {0.0,Uniform[0.0, 0.5]}
n frequencies UniformInt[16, 96]

d embedding UniformInt[16, 32]

frequency init scale LogUniform[1e-2, 1e1]

Learning rate LogUniform[3e-5, 1e-3]

Weight decay {0,LogUniform[1e-4, 1e-1]}
π-Learning rate (γπ from ALSO, used for ALSO, DRAGO) LogUniform[1e-5, 1e-3]

π-regularization (τπ from ALSO, used for ALSO, DRAGO, RECOVER, Spectral Risk) LogUniform[1e-3, 1]

Size (used for FastDRO) Uniform[0, 1]

n draws (used for Spectral Risk) LogUniform[1e-3, 1]

Table 4: The hyperparameter tuning space for tabular Deep Learning experiment.

Appendix B. Ablation Study

B.1. ALSO Step Time Analysis

103 104 105 106

Train dataset size

10 3

10 2

Ti
m

e,
 s

Time Distribution of Different Stages in ALSO Optimization Steps

forward-backward
 update
 update

Figure 2: Time distribution over dataset size of three main parts of optimization process
with ALSO: gradient computation (forward-backward), θ update and π update. The
trained model is ResNet-18 with batch size. Time of each part is averaged across 25
training steps. We want to highlight, that gradient computations are required for all first
order optimization methods, and this measurement is used only for comparison.

To analyze the time consumption of each component in the optimization process with
ALSO, we conduct an experiment training ResNet-18 [17] with a fixed batch size of 64
across various dataset sizes, measured time is averaged across 25 iterations. This approach
is chosen because while π updates depend on dataset size, gradient computation and θ
updates do not. We test dataset sizes up to 1 million samples, which exceeds our largest
experimental dataset, which contains approximately 800000 samples. The experiment was
conducted on one NVIDIA GeForce RTX 2080 Ti GPU. We want to highlight, that gradient
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computations are required for all first order optimization methods, and this measurement
is used only for comparison.

The results, presented in Figure 2, reveal a clear hierarchy in computational demands.
Gradient computation (forward-backward passes) consistently requires significantly more
time than both θ and π updates across all dataset sizes, which is consistent with [18].
Furthermore, θ updates consistently demand more computational time than π updates.
This experiment leads to conclusion that the explicit weight vector update (π update) is
computationally negligible relative to the overall training step time.

B.2. Hyperparameters sensitivity

This ablation study examines ALSO’s sensitivity to its π-specific hyperparameters: the π-
learning rate (γπ) and π-regularization (τπ). We conducted full 2D sweeps for both param-
eters, fixing model weight learning rates and regularization to isolate their impact. Results
from the imbalanced data setting (Section 3.1) show consistent performance across varying
imbalance coefficients (Figure 3). Across all experiments, ALSO proves largely insensitive to
γπ and τπ settings, suggesting strong performance is achievable without extensive tuning.

Figure 3: Robustness of ALSO to π-hyperparameters (∆F1-score vs. AdamW baseline).
Each cell shows the F1-score difference between ALSO and AdamW with static weights
(baseline), over a full 2D grid of π-learning rate (γπ) and π-regularization (τπ). All cells
are red (positive ∆F1), indicating that ALSO consistently outperforms the baseline across
the entire grid and for different imbalance coefficients (2 and 10).

B.3. Design choices

This section presents an empirical evaluation of key design choices in the proposed algo-
rithm, focusing on the optimistic step and the non-adaptive update rule for the parameter
π. We compare the performance of three algorithm variants:

1. Vanilla ALSO: The standard implementation of the proposed algorithm (Algorithm 1).

2. Descent-Ascent ALSO (α = 0): A variant where the optimistic step is removed by
setting the optimistic coefficient α to zero.
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3. AπLSO: A modified version of ALSO that employs the Adam optimizer for updating the
weight vector π.

The algorithms were evaluated across three distinct experimental settings: Learning
from Unbalanced Data (Section 3.1), Tabular Deep Learning (Section 3.2). The results are
summarized in Figure 4 and Table 5.

The Descent-Ascent variant has a significantly lower performance compared to the other
two algorithms, indicating the importance of the optimistic step. The AπLSO algorithm
achieves comparable performance to vanilla ALSO in some scenarios (Table 5). However,
in the Unbalanced Data experiment, AπLSO demonstrates degraded performance when the
unbalanced coefficient is large (≥ 10).

Considering both performance and ease of implementation, we recommend vanilla ALSO

as a robust baseline. While AπLSO can provide competitive results in certain settings, it
introduces additional hyperparameters and computational overhead associated with the
Adam optimizer for π. Therefore, AπLSO may be considered when sufficient computational
resources are available for hyperparameter tuning and multiple experimental runs.
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Figure 4: Performance comparison of ALSO, ALSO with α = 0 (descent-ascent), and AπLSO

(adaptive step over π) on the unbalanced CIFAR experiment from Section 3.1.
Hyperparameter tuning is performed in the same manner as in the main experiment.

Appendix C. Theory for ALSO

C.1. Definitions

Let h(θ, π) be a differentiable function defined in 2. In our analysis, we will consider
Assumptions 2, 3, and 1 to provide theoretical guarantees.

In fact, we apply 3 to estimate the norms of stochastic gradients and we add batch size
B to control the variance of noise that occurs due to stochastics in gradient oracle. Also in
2 we require the Ki,j-Lipschitz continuity of fi,j(θ) and their Li,j-smoothness. In the sequel,
assumption 7 is useful several times in calculations, but it has a different form, however,
we can estimate this constant L through our existing Li,j and Ki,j .

We use asssumption 1 with set U because this notation is adopted in the related paper
[33]. Namely, we define the domain for π as the set U ∩∆, which is usually used to truncate
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Dataset ALSO ALSO α = 0 AπLSO

Weather (RMSE ↓) 1.4928± 0.0042 1.5209± 0.0036 1.4967± 0.0066

Ecom Offers (ROC-AUC ↑) 0.5976± 0.0020 0.5975± 0.0020 0.5915± 0.0087

Cooking Time (RMSE ↓) 0.4806± 0.0003 0.4810± 0.0003 0.4806± 0.0004

Maps Routing (RMSE ↓) 0.1612± 0.0001 0.1613± 0.0002 0.1611± 0.0001

Homesite Insurance (ROC-AUC ↑) 0.9632± 0.0003 0.9630± 0.0004 0.9626± 0.0003

Delivery ETA (RMSE ↓) 0.5513± 0.0020 0.5536± 0.0030 0.5507± 0.0011

Homecredit Default (ROC-AUC ↑) 0.8587± 0.0012 0.8587± 0.0008 0.8587± 0.0011

Sberbank Housing (RMSE ↓) 0.2424± 0.0024 0.2457± 0.0044 0.2401± 0.0073

Black Friday (RMSE ↓) 0.6842± 0.0004 0.6843± 0.0013 0.6838± 0.0005

Microsoft (RMSE ↓) 0.7437± 0.0003 0.7435± 0.0003 0.7438± 0.0003

California Housing (RMSE ↓) 0.4495± 0.0046 0.4533± 0.0043 0.4455± 0.0032

Churn Modeling (ROC-AUC ↑) 0.8666± 0.0027 0.8597± 0.0076 0.8646± 0.0019

Adult (ROC-AUC ↑) 0.8699± 0.0001 0.8698± 0.0002 0.8698± 0.0014

Higgs Small (ROC-AUC ↑) 0.7280± 0.0009 0.7279± 0.0013 0.7288± 0.0012

Table 5: Performance comparison of ALSO, ALSO α = 0 (descent-ascent) and AπLSO

(adaptive step over π). The trained model is MLP-PLR [13]. Bold entries represent the
best method on each dataset according to mean, underlined entries represent methods,
which performance is best with standard deviations over 15 seeds taken into account.
Metric is written near dataset name, ↑ means that higher values indicate better
performance, ↓ means that lower values indicate better performance. Hyperparameter
tuning is performed in the same manner as in the main experiment.

corners of ∆ to ensure that the KL divergence remains bounded on ∆∩U . However, in our
theory we do not require that the simplex must be with truncated corners.

In this section, we consider a more general case of assumptions for our algorithm. So
we now introduce several definitions and lemmas proven in [4], which will be used in the
convergence analysis.

We consider more general problem than (2):

min
θ∈Rd

max
π∈S

L(θ, π) = c∑
i=1

πi

 c

n

ni∑
j=1

fi,j(θ)

+
τ

2
∥θ∥22 − λDψ(π||π̂)

 , (4)

where we replace KL-divergence with general DΨ-divergence (Bregman divergence).

Assumption 6 The domain S ⊆ Rc is nonempty, closed, convex, with π̂ ∈ Int(S).

Assumption 7 The function L(θ, π) is L-smooth, i.e. for all (θ1, π1), (θ2, π2) ∈ Rd× S it
satisfies

∥∇L(θ1, π1)−∇L(θ2, π2)∥2 ≤ L2
(
∥θ1 − θ2∥2 + ∥π1 − π2∥2

)
.

Lemma 8 Under Assumptions 2, and 6, the function L(θ, π) in (4) is L-smooth (i.e.
Assumption 7), i.e. for all (θ1, π1), (θ2, π2) ∈ Rd × S it holds

∥∇L(θ1, π1)−∇L(θ2, π2)∥2 ≤ L2
(
∥θ1 − θ2∥2 + ∥π1 − π2∥2

)
,
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where the Lipschitz constant L can be chosen as

L2 =
(
c
n max
i∈[c]

ni∑
j=1

Li,j + τ + c
n max
i∈[c]

ni∑
j=1

Ki,j

)2
+ (λLψ)

2,

with Li,j and Ki,j being the smoothness and Lipschitz constants of fi,j from Assumption 2,
and Lψ the Lipschitz constant of ∇πDψ(·∥π̂).

Proof We decompose the gradient into its θ- and π-parts:

∇θL(θ, π) =
c∑
i=1

πi

(
c
n

ni∑
j=1

∇fi,j(θ)
)
+ τθ, ∇πL(θ, π) =

(
c
n

ni∑
j=1

fi,j(θ)
)c
i=1

− λ∇πDψ(π∥π̂).

For the θ-part we obtain

∥∇θL(θ1, π1)−∇θL(θ2, π2)∥

≤
c∑
i=1

|π1i − π2i |
(
c
n

ni∑
j=1

∥∇fi,j(θ1)∥
)
+ c

n

c∑
i=1

π2i

ni∑
j=1

∥∇fi,j(θ1)−∇fi,j(θ2)∥+ τ∥θ1 − θ2∥

≤ c
n max

i

ni∑
j=1

Ki,j ∥π1 − π2∥+
(
c
n max

i

ni∑
j=1

Li,j + τ
)
∥θ1 − θ2∥.

For the π-part we analogously have

∥∇πL(θ1, π1)−∇πL(θ2, π2)∥ ≤ c
n max

i

ni∑
j=1

Ki,j ∥θ1 − θ2∥+ λLψ∥π1 − π2∥.

Combining both estimates yields

∥∇L(θ1, π1)−∇L(θ2, π2)∥2 ≤
(
c
n max

i

∑
j

Li,j+τ+
c
n max

i

∑
j

Ki,j

)2
∥θ1−θ2∥2+(λLψ)

2∥π1−π2∥2,

which completes the proof.

Lemma 9 Under Assumption 2, with τ = 0, the function L(θ, π) in (4) is K-lipschitz
with respect to θ, i.e. for all θ1, θ2 ∈ Rd and π ∈ S it holds

|L(θ1, π)− L(θ2, π)| ≤ L∥θ1 − θ2∥,

where the K can be chosen as

K =
c

n
max
i∈[c]

ni∑
j=1

Kij

with Ki,j being Lipschitz constant of fi,j from Assumption 2.
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Proof

|L(θ1, π)− L(θ2, π)| = |
c∑
i=1

πi
c

n

ni∑
j=1

(fij(θ
1)− fij(θ

2))| ≤

c∑
i=1

πi
c

n

n∑
i=1

|fij(θ1)− fij(θ
2)| ≤

c∑
i=1

πi
c

n

ni∑
j=1

Kij∥θ1 − θ2∥ ≤

≤ c

n
∥θ1 − θ2∥

c∑
i=1

πi

ni∑
j=1

Kij ≤
c

n
max
i∈[c]

ni∑
j=1

Kij

The last inequality holds, since π ∈ ∆c−1.

Assumption 10 The function ψ, which produce Dψ, is 1-strongly convex, i.e. for all
π1, π2 ∈ S it satisfies

ψ(π1) ⩾ ψ(π2) + ⟨∇ψ(π2), π1 − π2⟩+
1

2
∥π2 − π1∥2.

Lets formulate lemma from [4]

Lemma 11 ( [4]) Consider the problem (4) under Assumption 10. Then, for every θ ∈ Rd
the function L(θ, π) is λ-strongly concave, i.e. for all π1, π2 ∈ S it satisfies

L(θ, π1) ≤ L(θ, π2) + ⟨∇ψL(θ, π2), π1 − π2⟩ −
λ

2
(Dψ(π1, π2) +Dψ(π2, π1)) .

C.2. Auxiliary lemmas

Notation 1 For the saddle-point problem (4) and Algorithm 1, we use the following nota-
tion, aligned with [4]:

gtθ ≡ c

B

B∑
j=1

πctj ∇θfctj ,itj (θ
t), stochastic gradient w.r.t. θ,

gtπ ≡ c

B

B∑
j=1

ectj fctj ,itj (θ
t) − λ∇πDψ(π

t∥π̂), stochastic gradient w.r.t. π,

γθ — stepsize for θ, γπ — stepsize for π,

L(θ, π) ≡
c∑
i=1

πi

(
c
n

ni∑
j=1

fi,j(θ)
)
+ τ

2∥θ∥
2
2 − λDψ(π∥π̂), S — feasible set for π.

Here ei denotes the i-th standard basis vector in Rc, π̂ is the reference distribution in the
regularization term, and ∇πDψ(π

t∥π̂) denotes the gradient (or subgradient) of the divergence
Dψ with respect to π.
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According to the notation, Algorithm 1 can be formulated in a simpler form:

θt+1 = θt − γθ d
t
θ,

πt+1 = argmin
π∈S

{
⟨−γπgtπ, π⟩ + Dψ(π ∥πt)

}
,

where dtθ is classsical Adam step.

We begin by noting that our convergence analysis is based on the Adam estimator. Let
us introduce the main Adam Estimator process:

θt+1 = θt − γθd
t
θ = θt − γθ

mt
θ

bt
, (5)

πt+1 = argmin
π∈S

{
⟨−γπgtπ, π⟩+Dψ(π ∥πt)

}
. (6)

We also introduce a copy of the main process, which behaves identically to the original
algorithm but is used to generate the scaling constant bt for the main process:

θt+1
copy = θtcopy − γθ

mt
θ,copy

bt
,

πt+1
copy = argmin

π∈S

{
⟨−γπ g̃tπ, π⟩+Dψ(π ∥πtcopy)

}
.

The update rules for the copy and main processes are:

mt
θ,copy = β1m

t−1
θ,copy + (1− β1)g̃

t
θ,

b2t = β2b
2
t−1 + (1− β2)∥g̃tθ∥2,

mt
θ = β1m

t−1
θ + (1− β1)g

t
θ,

where gtθ is the stochastic gradient with respect to θ at the point (θt, πt), and g̃tθ is the
stochastic gradient at the point (θtcopy, π

t
copy).

The first moment mt
θ admits a closed-form expression:

mt
θ = (1− β1)

t∑
k=0

β t−k1 gkθ .

We initialize

m−1
θ,copy = m−1

θ = 0, b−1, b0 > 0.

The purpose of introducing the copy process is to decouple the randomness of the estimator:
in the original process, products of random variables inside expectations are dependent,
while in the proposed estimator the corresponding quantities can be treated as independent,
which allows us to move products under the expectation in the convergence analysis.

According to the above, the next lemma holds.
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Lemma 12 ([7], Lemma 13) For a reference step r ≤ t, and letting β2 = 1 − 1
K for

some K ≥ t− r, the following lower bound holds:

b2t ≥ βt−r2 b2r =

(
1− 1

K

)t−r
b2r ≥

(
1− 1

K

)K
b2r ≥ c2mb

2
r ,

where for our Adam-type estimator, we can choose cm = 1
2 .

Now let us formulate a technical lemma, which we will need in the future to evaluate
the resulting sums:

Lemma 13 Let at = −⟨∇Φ(θt), dtθ⟩ and ξt = −⟨∇Φ(θt), gtθ⟩, where dtθ is the Adam es-
timator step and gtθ is the stochastic gradient used for the momentum term in the Adam
estimator 5, and θt is the iterate of the main process at step t. Then, the following inequality
holds:

T∑
t=0

at ≤
T∑
k=0

Ckξk + 3γθκL

T−1∑
k=0

Ak∥dkθ∥2,

where

Ck = (1− β1)
T∑
t=k

βt−k1

bt
, Ak = bk

T∑
t=k+1

βt−k1

bt
.

Proof According to the update rule, we have

at =
1

bt

(
(1− β1)ξt − ⟨∇Φ(θt), β1m

t−1
θ ⟩

)
.

Hence, we get

at =
1

bt

(
(1− β1)ξt + ⟨∇Φ(θt−1)−∇Φ(θt)−∇Φ(θt−1), β1m

t−1
θ ⟩

)
=

1

bt

(
(1− β1)ξt + β1bt−1at−1 + ⟨∇Φ(θt−1)−∇Φ(θt), β1m

t−1
θ ⟩

)
.

Using 3κL-Lipschitzness of Φ, the last term can be decomposed as follows:

⟨∇Φ(θt−1)−∇Φ(θt), β1m
t−1
θ ⟩ ≤ 3β1κL∥θt − θt−1∥∥mt−1

θ ∥
≤ 3γθκLβ1bt−1∥dt−1

θ ∥2,

where in the second inequality we apply the property of the proximal operator. Thus, one
can obtain

at ≤
1

bt
(1− β1)ξt + β1

bt−1

bt
at−1 + 3γθκLβ1

bt−1

bt
∥dt−1

θ ∥2.

Running the recursion over at, we have

at ≤
1

bt

t∑
k=0

(1− β1)β
t−k
1 ξk + 3γθκL

t−1∑
k=0

βt−k1

bk
bt
∥dkθ∥2.
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Summing over t = 0 to T , we get:

T∑
t=0

at ≤
T∑
t=0

1

bt

t∑
k=0

(1− β1)β
t−k
1 ξk + 3γθκL

T∑
t=0

t−1∑
k=0

βt−k1 bk
bt

∥dkθ∥2.

Switching the order of sums in the second term leads to

T∑
t=0

at =
T∑
t=0

1

bt

t∑
k=0

(1− β1)β
t−k
1 ξk + 3γθκL

T−1∑
k=0

bk∥dkθ∥2
T∑

t=k+1

βt−k1

bt
.

Thus, the overall summed inequality becomes:

T∑
t=0

at ≤
T∑
k=0

Ckξk + 3γθκL

T−1∑
k=0

Ak∥dkθ∥2,

where:

Ck = (1− β1)
T∑
t=k

βt−k1

bt
, Ak = bk

T∑
t=k+1

βt−k1

bt
.

This finishes the proof.

The next lemma, that is useful for us, help us to upper bound distance between mo-
mentum and stochastic gradient:

Lemma 14 Let gt is stochastic gradient, and mt is momentum of the Adam estimator 5
then distance between them such as folowing:

∥gt −mt∥2 ≤ β21 ·Gt, (7)

where β1 is parameter in Adam and Gt = 2
(
∥gt∥2 + (1− β1)

∑t−1
k=0 β

t−k
1 ∥gk∥2

)
.

Proof

∥gt −mt∥2 = ∥gt − (1− β1)gt − β1mt−1∥2 = β21∥gt −mt−1∥2

≤ 2β21
(
∥gt∥2 + ∥mt−1∥2

)
We know that recursion on momentum mt is revealed in the following:

mt−1 = (1− β1)gt−1 +mt−2 = (1− β1)
t−1∑
k=0

βt−k1 gk

Using convexity of ∥ · ∥2 we have:

∥mt−1∥2 = ∥(1− β1)
t−1∑
k=0

βt−k1 gk∥2 ≤ (1− β1)
2 1

1− βt1

t−1∑
k=0

βt−k1 ∥gk∥2

≤ (1− β1)
t−1∑
k=0

βt−k1 ∥gk∥2

Now we can move on to the main theorem.

21



Feoktistov Ignashin Veprikov Borovko Bogdanov Chezhegov Beznosikov

C.3. Main lemmas and theorem

C.3.1. Main lemma

Lemma 15 (Stochastic distance recursion) Consider the problem (4) under Assump-
tions 7, 10, and 3. Let gt = ∇πL(θt, πt; ζt) be the stochastic gradient computed using a
mini-batch of size B, and let ξt := gt −∇πL(θt, πt) be the noise term. Then, Algorithm 5
with tuning

γπ =
λ

8L2
, γθ ≤

cmb0
1048Lκ4

,

produces a sequence {(θt, πt)}Tt=1 such that

E[Dψ(π
∗(θt+1), πt+1)] ≤

(
1− 1

128κ2

)
E[Dψ(π

∗(θt), πt)]

+ γ2θ CΦ E∥∇Φ(θt)∥2 + γ2θ CB
σ2

B + γ2θ β
2
1Cβ,

where the constants are

CΦ =
2080κ6

c2mb
2
0

, CB =
1040κ6

c2mb
2
0

+
λ2

32L4
, Cβ =

8320κ6

c2mb
2
0

(
K2 + σ2

B

)
.

Proof To begin, we use three-point identity:

Dψ(π
∗(θt+1), πt+1) =Dψ(π

∗(θt+1), π∗(θt)) +Dψ(π
∗(θt), πt+1)

+ ⟨∇ψ(π∗(θt))−∇ψ(πt+1), π∗(θt+1)− π∗(θt)⟩.
(8)

Further, we write the optimality condition for the stochastic mirror-ascent step:〈
−γπgt + [∇ψ(πt+1)−∇ψ(πt)], π∗(θt)− πt+1

〉
≥ 0.

Applying (8), we obtain

−γπ
〈
gt, π

∗(θt)− πt+1
〉
+Dψ(π

∗(θt), πt)−Dψ(π
∗(θt), πt+1)−Dψ(π

t+1, πt) ≥ 0.

Substituting gt = ∇πL(θt, πt) + ξt, we get:

−γπ
〈
∇πL(θt, πt), π∗(θt)− πt+1

〉
− γπ

〈
ξt, π

∗(θt)− πt+1
〉

+Dψ(π
∗(θt), πt)−Dψ(π

∗(θt), πt+1)−Dψ(π
t+1, πt) ≥ 0.

After re-arranging the terms, we get

Dψ(π
∗(θt), πt+1) ≤ Dψ(π

∗(θt), πt)−Dψ(π
t+1, πt)− (9)

γπ
〈
∇πL(θt, πt), π∗(θt)− πt+1

〉
− γπ

〈
ξt, π

∗(θt)− πt+1
〉
. (10)

Since π∗(θt) is the exact maximum of L(θt, π) in π, there is another optimility condition

γπ
〈
∇πL(θt, π∗(θt)), π∗(θt)− π

〉
≥ 0.
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Substituting π = πt+1 and summing it with (9), we derive

Dψ(π
∗(θt), πt+1) ≤Dψ(π

∗(θt), πt)−Dψ(π
t+1, πt)

+ γπ
〈
∇πL(θt, π∗(θt))−∇πL(θt, πt), π∗(θt)− πt+1

〉
− γπ

〈
ξt, π

∗(θt)− πt+1
〉

≤Dψ(π
∗(θt), πt)−Dψ(π

t+1, πt)

+ γπ
〈
∇πL(θt, π∗(θt))−∇πL(θt, πt), π∗(θt)− πt

〉
+ γπ

〈
∇πL(θt, π∗(θt))−∇πL(θt, πt), πt − πt+1

〉
−

γπ
〈
ξt, π

∗(θt)− πt
〉
− γπ

〈
ξt, π

t − πt+1
〉
.

Now, we are going to utilize the strong concavity of L(θ, π) in π:

γπ
〈
∇πL(θt, π∗(θt))−∇πL(θt, πt), π∗(θt)− πt

〉
≤ −γπλ

2
Dψ(π

∗(θt), πt).

Thus, we have

Dψ(π
∗(θt), πt+1) ≤

(
1− γπλ

2

)
Dψ(π

∗(θt), πt)−Dψ(π
t+1, πt)

+ γπ
〈
∇πL(θt, π∗(θt))−∇πL(θt, πt), πt − πt+1

〉
− γπ

〈
ξt, π

∗(θt)− πt+1
〉
.

Next, we apply Cauchy-Schwartz inequality to the scalar product and obtain

Dψ(π
∗(θt), πt+1) ≤

(
1− γπλ

2

)
Dψ(π

∗(θt), πt)−Dψ(π
t+1, πt)

+
γπα

2
∥∇πL(θt, π∗(θt))−∇πL(θt, πt)∥2 +

γπ
2α

∥πt − πt+1∥2

− γπ
〈
ξt, π

∗(θt)− πt
〉
− γπ

〈
ξt, π

t − πt+1
〉
.

For the stochastic noise terms, we apply Young’s inequality in Bregman geometry:

−γπ
〈
ξt, π

t − πt+1
〉

≤ γ2π∥ξt∥2∗ + 1
2Dψ(π

t+1, πt).

Using L-smoothness of L (see Assumption 7) and ψ is 1-strongly convex (see Assumption
10), we obtain

Dψ(π
∗(θt), πt+1) ≤

(
1− γπλ

2

)
Dψ(π

∗(θt), πt)−Dψ(π
t+1, πt) +

1

2
Dψ(π

t+1, πt)

+ γπαL
2Dψ(π

∗(θt), πt) +
γπ
α
Dψ(π

t+1, πt)

− γπ
〈
ξt, π

∗(θt)− πt
〉
+ γ2π∥ξt∥2∗.

Choose α = 2γπ. Substituting this into the previous inequality and reducing terms
Dψ(π

t+1, πt), we get

Dψ(π
∗(θt), πt+1) ≤

(
1− γπλ

2

)
Dψ(π

∗(θt), πt)

+ 2γ2πL
2Dψ(π

∗(θt), πt)

− γπ
〈
ξt, π

∗(θt)− πt
〉
+ γ2π∥ξt∥2∗.
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Taking conditional expectation E[· | Ft] and using E[⟨ξt, π∗(θt)−πt⟩ | Ft] = 0, we obtain

E
[
Dψ(π

∗(θt), πt+1) | Ft
]
≤
(
1− γπλ

2
+ 2γ2πL

2

)
Dψ(π

∗(θt), πt) + γ2π
σ2

B
. (11)

The stepsize that minimizes the quadratic factor is

γπ =
λ

8L2
.

Substituting this choice and applying full expectation yields

E
[
Dψ(π

∗(θt), πt+1)
]
≤
(
1− 1

32κ2

)
E
[
Dψ(π

∗(θt), πt)
]
+

λ2

64L4

σ2

B
, (12)

where κ = L
λ is the condition number.

Let us return to (8). Note that

∇ψ(π∗(θt))−∇ψ(πt+1) =
1

λ

(
∇πL(θt, πt+1)−∇πL(θt, π∗(θt))

)
.

Thus, there is

Dψ(π
∗(θt+1), πt+1) =Dψ(π

∗(θt+1), π∗(θt)) +Dψ(π
∗(θt), πt+1)

+
1

λ
⟨∇πL(θt, πt+1)−∇πL(θt, π∗(θt)), π∗(θt+1)− π∗(θt)⟩

≤Dψ(π
∗(θt+1), π∗(θt)) +Dψ(π

∗(θt), πt+1)

+
αL2

λ
Dψ(π

∗(θt), πt+1) +
1

λα
Dψ(π

∗(θt+1), π∗(θt)).

Let us choose α = λ3/64L4. With such a choice and using fact that κ ≥ 1, we have

Dψ(π
∗(θt+1), πt+1) ≤ 65κ4Dψ(π

∗(θt+1), π∗(θt)) +

(
1 +

1

64κ2

)
Dψ(π

∗(θt), πt+1).

To deal with Dψ(π
∗(θt), πt+1), we utilize (12). Using (1 + 1

64κ2
)(1 − 1

32κ2
) ≤ 1 − 1

64κ2
and

1 + 1
64κ2

≤ 2 we obtain

E
[
Dψ(π

∗(θt+1), πt+1)
]
≤ 65κ4E

[
Dψ(π

∗(θt+1), π∗(θt))
]
+ (13)(

1− 1

64κ2

)
E
[
Dψ(π

∗(θt), πt)
]
+

λ2

32L4

σ2

B
. (14)

The remaining task is to prove that the descent step does not dramatically change the
distance between the optimal values of weights. Let us write down two optimality conditions:

⟨∇πL(θt, π∗(θt)), π − π∗(θt)⟩ ≤ 0,

⟨∇πL(θt+1, π∗(θt+1)), π − π∗(θt+1)⟩ ≤ 0.
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Let us substitute π = π∗(θt+1) into the first inequality and π = π∗(θt) into the second one.
When summing them up, we have

⟨∇πL(θt, π∗(θt))−∇πL(θt+1, π∗(θt+1)), π∗(θt+1)− π∗(θt)⟩ ≤ 0. (15)

On the other hand, we can take advantage of the strong concavity of the objective (see
Lemma 11) and write

⟨∇πL(θt, π∗(θt+1))−∇πL(θt, π∗(θt)), π∗(θt+1)− π∗(θt)⟩ (16)

≤ −λ
2

[
Dψ(π

∗(θt), π∗(θt+1)) +Dψ(π
∗(θt+1), π∗(θt))

]
. (17)

Combining (15) and (16), we obtain

λ2

4

[
Dψ(π

∗(θt), π∗(θt+1)) +Dψ(π
∗(θt+1), π∗(θt))

]2 ≤ L2∥π∗(θt+1)− π∗(θt)∥2∥θt+1 − θt∥2.

Re-arranging the terms and substituting Adam estimator step, we derive[
Dψ(π

∗(θt), π∗(θt+1)) +Dψ(π
∗(θt+1), π∗(θt))

]
≤4κ2∥θt+1 − θt∥2 ≡ 4γ2θκ

2
∥∥dtθ∥∥2 .

After simplifying, we have

Dψ(π
∗(θt+1), π∗(θt)) ≤4γ2θκ

2
∥∥dtθ∥∥2 .

Using lemma 14 and lemma 12:

∥dtθ∥2 = ∥
mt
θ

bt
∥2 ≤ 1

c2mb
2
0

∥mt
θ∥2 ≤

4

c2mb
2
0

(
∥gtθ −mt

θ∥2 + ∥∇θL(θt, πt)∥2 + ∥ξt∥2
)

(18)

≤ 4

c2mb
2
0

(
β21 ·Gt + ∥∇θL(θt, πt)∥2 + ∥ξt∥2

)
, (19)

where ξt = ∇θL(θt, πt)− gtθ is the stochastic gradient noise,

Gt = 2

(
∥gtθ∥2 + (1− β1)

t−1∑
k=0

βt−k1 ∥gkθ∥2
)

.
Using L-smoothness of L (see Assumption 7) and ψ is 1-strongly convex (see Assumption

10), we obtain

∥∇θL(θt, πt)∥2 ≤ 2
(
∥∇Φ(θt)∥2 + ∥∇θL(θt, πt)−∇Φ(θt)∥2

)
≤ 2∥∇Φ(θt)∥2 + 4L2Dψ(π

∗(θt), πt)

Applying expectation and using assumption 3 we have:

E∥dtθ∥2 ≤
4

c2mb
2
0

(
β21 · E[Gt] + 2E∥∇Φ(θt)∥2 + 4L2 E

[
Dψ(π

∗(θt), πt)
]
+
σ2

B

)
. (20)
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Setting τ = 0 and using K-Lipschitzness 9 of L and boundess of variance 3, we have

∥gkθ∥2 ≤ 2K2 + 2σ2

B ⇒ E[Gt] ≤ 8K2 + 8σ2

B . (21)

After substituting inequality 21 into 20 we obtain

E∥dtθ∥2 =
4

c2mb
2
0

(
β21 · 8(K2 +

σ2

B
) + 2E∥∇Φ(θt)∥2 + 4L2 E[Dψ(π

∗(θt), πt)] +
σ2

B

)
. (22)

Let us take an expectation and derive

EDψ(π
∗(θt+1), π∗(θt)) ≤

16γ2θκ
2

c2mb
2
0

(
8β21

(
K2 + σ2

B

)
+ 2 E ∥∇Φ(θt)∥2 + 4L2 E[Dψ(π

∗(θt), πt)] + σ2

B

)
.

Substituting this into (13) we have

E[Dψ(π
∗(θt+1), πt+1)] ≤

1040 γ2θκ
6

c2mb
2
0

(
8β21
(
K2 + σ2

B

)
+ 2E∥∇Φ(θt)∥2 + 4L2 E[Dψ(π

∗(θt), πt)] + σ2

B

)
+
(
1− 1

64κ2

)
E[Dψ(π

∗(θt), πt)] + λ2

32L4
σ2

B .

Using γθ ≤ cmb0
1048Lκ4

and substituting (22) into (13), we have

E
[
Dψ(π

∗(θt+1), πt+1)
]
≤
(
1− 1

128κ2

)
E
[
Dψ(π

∗(θt), πt)
]

+
1040 γ2θκ

6

c2mb
2
0

(
8β21
(
K2 + σ2

B

)
+ 2E∥∇Φ(θt)∥2 + σ2

B

)
+ λ2

32L4
σ2

B .

Collecting terms, we obtain

E[Dψ(π
∗(θt+1), πt+1)] ≤

(
1− 1

128κ2

)
E[Dψ(π

∗(θt), πt)]

+ γ2θ CΦ E∥∇Φ(θt)∥2 + γ2θ CB
σ2

B + γ2θ β
2
1Cβ,

where the constants are

CΦ =
2080κ6

c2mb
2
0

, CB =
1040κ6

c2mb
2
0

+
λ2

32L4
, Cβ =

8320κ6

c2mb
2
0

(
K2 + σ2

B

)
.

This completes the proof of the stochastic version of the main lemma.

C.3.2. Main theorem

Now let us proceed to the convergence proof for Algorithm 1.
Proof 5 One can note that Φ is 3κL-smooth. Indeed,

∥∇Φ(θ1)−∇Φ(θ2)∥2 =∥∇θL(θ1, π∗(θ1))−∇θL(θ2, π∗(θ2))∥2

≤L2
[
∥θ1 − θ2∥2 + 2Dψ(π

∗(θ1), π
∗(θ2))

]
≤ L2

(
1 + 4κ2

)
∥θ1 − θ2∥2

≤9κ2L2∥θ1 − θ2∥2.
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Thus, we can write

Φ(θt+1) ≤Φ(θt) + ⟨∇Φ(θt), θt+1 − θt⟩+ 3κL∥θt+1 − θt∥2

=Φ(θt)− γθ
〈
∇Φ(θt), dtθ

〉
+ 3γ2θκL

∥∥dtθ∥∥2
Summing from t = 0 to T yields

Φ(θT+1) ≤ Φ(θ0)− γθ

T∑
t=0

⟨∇Φ(θt), dtθ⟩+ 3γ2θκL
T∑
t=0

∥dtθ∥2.

Applying lemma 13 with at = −
〈
∇Φ(θt), dtθ

〉
we have:

Φ(θT+1) ≤ Φ(θ0) + γθ

T∑
k=0

Ckξk + 3γ2θκL
T∑
k=0

(1 +Ak)∥dkθ∥2,

where ξk = −⟨∇Φ(θk), gkθ ⟩ and gkθ is the stochastic gradient in the Adam estimator 5.
By decomposing the stochastic gradient into the true gradient and the noise gkθ =

∇θL(θk, πk) + ηk, we have

Φ(θT+1) ≤ Φ(θ0)− γθ

T∑
k=0

Ck

〈
∇Φ(θk),∇θL(θk, πk)

〉
− γθ

T∑
k=0

Ck

〈
∇Φ(θk), ηk

〉
+ 3γ2θκL

T∑
k=0

(1 +Ak)∥dkθ∥2.

Rearranging the terms and dividing by γθ yields

T∑
k=0

Ck

〈
∇Φ(θk),∇θL(θk, πk)

〉
≤ (23)

Φ(θ0)− Φ(θT+1)

γθ
−

T∑
k=0

Ck

〈
∇Φ(θk), ηk

〉
+ 3γθκL

T−1∑
k=0

(1 +Ak)∥dkθ∥2. (24)

Applying Young’s inequality to the scalar product:〈
∇Φ(θk), ∇θL(θk, πk)

〉
≥ 1

2
∥∇Φ(θk)∥2 − 1

2

∥∥∇θL(θk, πk)−∇Φ(θk)
∥∥2.

1

2

T∑
k=0

Ck∥∇Φ(θk)∥2 − 1

2

T∑
k=0

Ck
∥∥∇θL(θk, πk)−∇Φ(θk)

∥∥2 ≤ Φ(θ0)− Φ(θT+1)

γθ

−
T∑
k=0

Ck⟨∇Φ(θk), ηk⟩ + 3γθκL

T−1∑
k=0

(1 +Ak)∥dkθ∥2. (25)

Let Fk denote the history of the main process up to time k, and let the coefficients
Ck = (1−β1)

∑T
j=k β

j−k
1 /bj be generated by an auxiliary (copy) sequence {bj}j≥0. Since Ck
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depends only on future {bj}j≥k from the copy process, while rk :=⟨∇Φ(θk), ηk⟩ is generated
by the main process at time k, we have the conditional independence of Ck and rk with
respect to (Fk, copy). Using the unbiasedness E[ηk | Fk] = 0, the tower property gives

E[Ck rk] = E[E[Ck rk | Fk, copy]] = E[E[Ck | Fk, copy]E[rk | Fk]] = 0.

Taking conditional expectation of (24) and then applying the tower property, we obtain

1

2

T∑
k=0

E
[
Ck∥∇Φ(θk)∥2

]
−1

2

T∑
k=0

E
[
Ck
∥∥∇θL(θk, πk)−∇Φ(θk)

∥∥2] ≤ Φ(θ0)− EΦ(θT+1)

γθ

+ 3γθκL

T−1∑
k=0

E
[
(1 +Ak)∥dkθ∥2

]
. (26)

To separate the factors on the left, use conditional independence as above:

E
[
Ck∥∇Φ(θk)∥2 | Fk, copy

]
= E[Ck | copy] · ∥∇Φ(θk)∥2.

Hence
E
[
Ck∥∇Φ(θk)∥2

]
= E

[
E[Ck | copy] ∥∇Φ(θk)∥2

]
.

Let us get the bound of the scaling parameter bt in the Adam estimator 5:

E
[
∥gtθ∥2

∣∣∣ θkcopy, πkcopy] ≤ 2 (K2 +
σ2

B
), (27)

E
[
bi

∣∣∣ θkcopy, πkcopy] ≤ E
[√

β2b2i−1 + (1− β2)∥g̃tθ∥2
∣∣∣∣ θkcopy, πkcopy]

≤ E
[
max{bi−1, ∥g̃tθ∥}

∣∣∣ θkcopy, πkcopy]
≤ max

i

√
2K2 + 2

σ2

B
=

√
2K2 + 2

σ2

B
. (28)

Using 12 we have

E[Ck | θkcopy, πkcopy] = (1−β1)
T∑
j=k

β j−k1

E[bj | θkcopy, πkcopy]
≥ (1−β1) min

j∈{0,...,T}

1

E[bj | θkcopy, πkcopy]
≥ 1− β1√

2K2 + 2σ
2

B

and

E[Ck | θkcopy, πkcopy] ≤
1

cmb0
.

Therefore,
T∑
k=0

E
[
Ck∥∇Φ(θk)∥2

]
≥ 1− β1√

2K2 + 2σ
2

B

T∑
k=0

E
[
∥∇Φ(θk)∥2

]
(29)

and

T∑
k=0

E
[
Ck
∥∥∇θL(θk, πk)−∇Φ(θk)

∥∥2] ≤ 1

cmb0

T∑
k=0

E
[∥∥∇θL(θk, πk)−∇Φ(θk)

∥∥2] . (30)
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Combining (26) and (29), (30), we arrive at

1− β1

2
√
2K2 + 2σ

2

B

T∑
k=0

1

2
E
[
∥∇Φ(θk)∥2

]
− 1

cmb0

T∑
k=0

1

2
E
[∥∥∇θL(θk, πk)−∇Φ(θk)

∥∥2] ≤ Φ(θ0)− EΦ(θT+1)

γθ

+3γθκL
T−1∑
k=0

E
[
(1 +Ak)∥dkθ∥2

]
. (31)

Using 22 we have:

E∥dtθ∥2 =
4

c2mb
2
0

(
β21 · 8(K2 +

σ2

B
) + 2E∥∇Φ(θt)∥2 + 4L2 E[Dψ(π

∗(θt), πt)] +
σ2

B

)
. (32)

By definition of Ak:

EAt ≤ β1
cmb0(1−β1)

√
2K2 + 2

σ2

B
,

E
[
(1 +At)∥dtθ∥2

]
≤

(
1 +

β1
cmb0(1− β1)

√
2K2 + 2

σ2

B

)

· 4

c2mb
2
0

(
β21 · 8(K2 +

σ2

B
) + 2E∥∇Φ(θt)∥2 + 4L2 E[Dψ(π

∗(θt), πt)] +
σ2

B

)
.

CA :=
β1

cmb0(1− β1)

√
2K2 + 2

σ2

B
, CD :=

4

c2mb
2
0

.

Then the auxiliary bounds read

EAt ≤ CA,

E
[
(1 +At)∥dtθ∥2

]
≤ (1 + CA)CD

(
β21 · 8

(
K2 + σ2

B

)
+ 2E∥∇Φ(θt)∥2 + 4L2 E[Dψ(π

∗(θt), πt)] + σ2

B

)
.

Substituting these inequalities into the main relation yields

1− β1

2
√
2K2 + 2σ

2

B

T∑
k=0

1

2
E
[
∥∇Φ(θk)∥2

]
− 1

cmb0

T∑
k=0

1

2
E
[∥∥∇θL(θk, πk)−∇Φ(θk)

∥∥2] ≤ Φ(θ0)− EΦ(θT+1)

γθ

+ 3γθκL

T−1∑
k=0

(1 + CA)CD

(
β21 · 8

(
K2 + σ2

B

)
+ 2E∥∇Φ(θk)∥2 + 4L2 E[Dψ(π

∗(θk), πk)] + σ2

B

)
.

Using smoothness of L and the definition of π∗(θk):

1− β1

2
√
2K2 + 2σ

2

B

T∑
k=0

1

2
E
[
∥∇Φ(θk)∥2

]
− 1

cmb0

T∑
k=0

L2E
[
Dψ(π

∗(θk), πk)
]
≤ Φ(θ0)− EΦ(θT+1)

γθ

+ 3γθκL

T−1∑
k=0

(1 + CA)CD

(
β21 · 8

(
K2 + σ2

B

)
+ 2E∥∇Φ(θk)∥2 + 4L2 E[Dψ(π

∗(θk), πk)] + σ2

B

)
.
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Using

γθ ≤ 1− β1

72κL(1 + CA)CD
√

2K2 + 2σ2/B
,

we have

1− β1

2
√

2K2 + 2σ
2

B

T∑
k=0

1
3 E
[
∥∇Φ(θk)∥2

]
≤

 7(1− β1)

2
√

2K2 + 2σ
2

B

+
1

cmb0

L2
T∑
k=0

E[Dψ(π
∗(θk), πk)]

+
Φ(θ0)− EΦ(θT+1)

γθ
+ 3γθκL

T−1∑
k=0

(1 + CA)CD

(
β21 · 8

(
K2 + σ2

B

)
+ σ2

B

)
. (33)

Simplifying our inequality we obtain:

1

T + 1

T∑
k=0

E
[
∥∇Φ(θk)∥2

]
≤ M1

1

T + 1

T∑
k=0

E
[
Dψ(π

∗(θk), πk)
]
+M2

Φ(θ0)− EΦ(θT+1)

(T + 1)γθ
+M3 γθ,

where

M1 =

[
21 +

6
√
2K2 + 2σ2/B

(1− β1)

1

cmb0

]
L2,

M2 =
6
√
2K2 + 2σ2/B

(1− β1)
,

M3 =
18κL

√
2K2 + 2σ2/B

(1− β1)
(1 + CA)CD

(
8β21(K

2 + σ2

B ) + σ2

B

)
.

Let us denote δ = 1− 1/128κ2. Lemma 15 transforms into

E[Dψ(π
∗(θt+1), πt+1)] ≤

(
1− 1

128κ2

)
E[Dψ(π

∗(θt), πt)]

+ γ2θ CΦ E∥∇Φ(θt)∥2 + γ2θ CB
σ2

B + γ2θ β
2
1Cβ,

where the constants are

CΦ =
2080κ6

c2mb
2
0

, CB =
1040κ6

c2mb
2
0

+
λ2

32L4
, Cβ =

8320κ6

c2mb
2
0

(
K2 + σ2

B

)
.

Hence, by unrolling the recursion, we obtain

1

T + 1

T∑
t=0

EDψ(π
∗(θt), πt) ≤ 1

T + 1
· 1

1− δ
Dψ(π

∗(θ0), π0)

+
1

1− δ

(
γ2θ CΦ

1

T + 1

T∑
t=0

E∥∇Φ(θt)∥2 + γ2θ CB
σ2

B + γ2θ β
2
1Cβ

)
.
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Substituting the bound on the divergence into the main inequality, we obtain:

1

T + 1

T∑
k=0

E
[
∥∇Φ(θk)∥2

]
≤M1

[
1

T + 1
· 1

1− δ
Dψ(π

∗(θ0), π0)

+
1

1− δ

(
γ2θ CΦ

1

T + 1

T∑
t=0

E∥∇Φ(θt)∥2 + γ2θ CB
σ2

B + γ2θ β
2
1Cβ

)]

+M2
Φ(θ0)− EΦ(θT+1)

(T + 1)γθ
+M3 γθ.

Using γθ ≤
√

(1−δ)
2M1CΦ

we obtain

1

T + 1

T∑
k=0

E
[
∥∇Φ(θk)∥2

]
≤ 2M1

[
1

T + 1
· 1

1− δ
Dψ(π

∗(θ0), π0)

+
1

1− δ

(
γ2θ CB

σ2

B + γ2θ β
2
1Cβ

)]

+ 2M2
Φ(θ0)− EΦ(θT+1)

(T + 1)γθ
+ 2M3 γθ.

Then, for step size
γθ = min{γ1, γ2, γ3},

the averaged iterate satisfies

E ∥∇Φ(θ̂T )∥2 ≤ A1

γθ(T + 1)
∆Φ + γθA2

σ2

B
+

A3

T + 1
D0 + β21A4, (34)

where the constants are

A1 =
12
√
2K2 + 2σ2/B

1− β1
,

A2 =
2M1γθ
1− δ

CB +
36κL

√
2K2 + 2σ2/B

1− β1
(1 + CA)CD,

A3 =
2M1

1− δ
,

A4 =

[
288κL

√
2K2 + 2σ2/B

1− β1
(1 + CA)CD + 4

]
(K2 + σ2

B ).

Here

CA =
β1

cmb0(1− β1)

√
2K2 + 2σ2/B, CD =

4

c2mb
2
0

,

and

γ1 =
1− β1

72κL(1 + CA)CD
√
2K2 + 2σ2/B

, γ2 =
cmb0

1048Lκ4
, γ3 =

√
1− δ

2M1CΦ
.

We require each term in (34) to be at most ε2/4. This gives
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(i) From the ∆Φ-term and the D0-term:

T + 1 ≥ max

{
4∆Φ

ε2
max

(
A1
γ1
, A1
γ2
, A1
γ3

)
,
4A3

ε2
D0

}
.

(ii) From the variance term:

B ≥ 4σ2

ε2
min

(
γ1A2, γ2A2, γ3A2

)
.

(iii) From the momentum term:

β1 ≤

√
ε2

4A4
.

Then substituting δ = 1 − 1
128κ2

, b0 = L, cm = 1
2 and with step size γθ = O(1/κ4) the

averaged iterate satisfies

E ∥∇Φ(θ̂T )∥2 ≤ A1

γθ(T + 1)
∆Φ + γθA2

σ2

B
+

A3

T + 1
D0 + β21A4,

where
A1 = O(K + σ), A2 = O(κ4), A3 = O(κ2L2), A4 = O(κ4).

Requiring each term in the bound to be at most ε2/4 yields:

(i) Number of iterations:

T + 1 ≥ max

{
∆Φ

ε2
· O
(
κ4(K + σ)

)
,
D0

ε2
· O
(
κ2L2

)}
.

(ii) Batch size:

B ≥ σ2

ε2
· O(1).

(iii) Momentum parameter:

β1 ≤ ε

O(κ2)
.

This finishes the proof.

32


	Introduction
	ALSO – Adaptive Loss Scaling Optimizer
	Experiments
	Learning from Unbalanced Data
	Tabular Deep Learning

	Ablation Study Summary
	Discussion and Future work
	Acknowledgements
	Missing Experiment Details
	Unbalanced Data Details (Section 3.1)
	Tabular Deep Learning Details (Section 3.2)

	Ablation Study
	ALSO Step Time Analysis
	Hyperparameters sensitivity
	Design choices

	Theory for ALSO
	Definitions
	Auxiliary lemmas
	Main lemmas and theorem 
	Main lemma
	Main theorem



