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ABSTRACT

Uniform expressivity guarantees that a Graph Neural Network (GNN) can express
a query without the parameters depending on the size of the input graphs. This
property is desirable in applications in order to have a number of trainable param-
eters that is independent of the size of the input graphs. Uniform expressivity of
the two variable guarded fragment (GC2) of first order logic is a well-celebrated
result for Rectified Linear Unit (ReLU) GNNs |Barcelo et al. (2020). In this article,
we prove that uniform expressivity of GC2 queries is not possible for GNNs with
a wide class of Pfaffian activation functions (including the sigmoid and tanh),
answering a question formulated by |Grohe|(2021)). We also show that despite these
limitations, many of those GNNs can still efficiently express GC2 queries in a
way that the number of parameters remains logarithmic on the maximal degree
of the input graphs. Furthermore, we demonstrate that a log-log dependency on
the degree is achievable for a certain choice of activation function. This shows
that uniform expressivity can be successfully relaxed by covering large graphs
appearing in practical applications. Our experiments illustrates that our theoretical
estimates hold in practice.

1 INTRODUCTION

Graph Neural Networks (GNNs) form a powerful computational framework for machine learning
on graphs, and have proven to be very performant methods for various applications ranging from
analysis of social networks, structure and functionality of molecules in chemistry and biological
applications |Duvenaud et al.|(2015); [Zitnik et al.| (2018)); |Stokes et al.| (2020); Khalife et al.| (2021)),
computer vision |Defferrard et al. (2016), simulations of physical systems Battaglia et al.| (2016);
Sanchez-Gonzalez et al.| (2020), and techniques to enhance optimization algorithms Khalil et al.
(2017); |Cappart et al.|(2021)) to name a few. Significant progress has been made in recent years to
understand their computational capabilities, in particular regarding functions one can compute or
express via GNNs. This question is of fundamental importance as it precedes any learning aspect, by
asking a description the class of functions one can hope to learn via a GNN. A better understanding
of the dependency of the expressivity on the architecture of the GNN (activation and aggregation
functions, number of layers, inner dimensions, ...) can also help to select the most appropriate
one, given some basic knowledge on the structure of the problem at hand. One common approach
in this line of research is to compare standard algorithms on graphs to GNNs. For example, if
a given algorithm is able to distinguish two graph structures, is there a GNN able to distinguish
them (and conversely)? The canonical algorithm that serve as a basis of comparison is the color
refinement algorithm (closely related to Weisfeler-Lehman algorithm), a heuristic that almost solve
graph isomorphism Cai et al.[(1992)). It is for example well-known that the color refinement algorithm
refine the standard GNNSs, and that the activation function has an impact on the the ability of a GNN
to refine color refinement Morris et al.| (2019); |Grohe| (2021)); Khalife & Basu| (2023).
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The expressivity of GNNs can also be compared to queries of an appropriate logic. A first form
of comparison relies on uniform expressivity, where the size of the GNN is not allowed to grow
with the input graphs. Given this assumption, a first basic question is to determine the fragment
of logic that can be expressed via GNNSs, in order to describe queries that one can possibly learn
via GNNs. For instance with first-order-logic, one can express the query that a vertex of a graph
is part of a triangle. It turns out standard aggregation-combine GNNs cannot express that query,
and more generally, a significant portion of the first order logic is removed. The seminal result of
Barcelo et al.| (2020) states that aggregation-combine GNNs with sum aggregations (3-AC-GNNs)
allow to express at best a fragment of the first order logic (called graded model logic, or GC2), and
can be achieved with Rectified Linear Unit (ReLU) activations. Conversely, ReLU ¥-AC-GNNs can
express uniformly queries of GC2. In|Grohe|(2023)), the author presents more general results about
expressivity in the uniform setting, introducing a new logical guarded fragment (GFO+C) of the first
order with counting (FO+C), in order to describe the expressivity of the general message passing
GNNs, when no assumption is made on the activation or aggregation function. The author shows that
GC2 C GNN C GFO+C, where both inclusions are strict. See Figure [I]for a representation of the
known result for uniform expressivity.

FO+C
GFO+C

GNNs

Figure 1: Main logical classes to describe the uniform expressivity of GNNs. If no restriction is made
on the activation and aggregation functions, standard message passing GNNs can express slightly
more than GC2 queries, but less than GFO+C queries. The sum-aggregation aggregation combine
GNNs (X-AC-GNNs) exactly express GC2 queries.

Evidently, the logic of GNNs depends on the choice of architecture. Recent work include the impact
of the activation function aggregation function on uniform expressivity Khalife| (2023); Rosenbluth
et al|(2023). In|Grohe & Rosenbluth|(2024), the authors also study the expressivity depending on
the type of messages that is propagated (message that depends only on the source vs vs. dependency
on source and target vertex). They show that in a non-uniform setting, the two types of GNNs have
the same expressivity, but the second variant is more expressive uniformly. Additionally, it was also
showed that GNNs with rational activations and aggregations do not allow to express such queries
uniformly, even on trees of depth two |[Khalife| (2023). More generally, a complete characterization of
the activation function that enables GC2 remains elusive.

By allowing the size of the GNN to grow with the input graphs, it is possible to relax the uniform
notion of expressivity and ask analogous questions to the uniform case. For instance, what is the
portion of first-order logic one can express over graphs of bounded order with a GNN? What is the
required size of a GNN with a given activation to do so? In this setup, it becomes now possible that
general GNNSs express a broader class than the uniform one (GFO+C), and that 3-AC-GNN’s express
a broader class than GC2. Such question has been explored in the work of |Grohe|(2023)), that describes
the new corresponding fragments of FO+C. In particular, the author proves an equivalence between
a superclass of GFO+C, called GFO+C,, and general GNNs with rational piecewise linear (rpl)-
approximable functions. More precisely, a query can be expressed by a family of rpl-approximable
GNNs whose number of parameters grow polynomially with respect to the input graphs, if and only
if the query belongs to GFO+C,,, a more expressive fragment than GFO+C. The GNNs used to
prove this equivalence only requires linearized sigmoid activations (x — min(1, max(0, z))) and
Y-aggregation. Similarly to the uniform case, the set of activation functions that allows maximal
expressivity still needs to be better understood. If one restricts to >-AC-GNNs and the well-known
GC2 fragment, one can ask for example, given a family of activation functions, how well £-AC-GNNs
with those activation functions can express GC2 queries. For example, given an activation function,
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and integer n, what is the number of parameters of a ¥>-AC-GNNs needed to express GC2 queries of
deptlﬂ d over graphs of order at most n?

Main contributions. Our first contribution goes towards a more complete understanding of both
uniform and non-uniform expressivity of GNNs, with a focus on >-AC-GNNs. We first show that
similarly to rational GNNs, there exist a large family of GC2 that cannot be expressed with X-AC-
GNNs with bounded Pfaffian activations including the sigmoidal activation x — m function
that was so far conjectured to be as expressive as the ReLU = +— max(0, z) units in this setup
Grohe| (2021). More precisely, we prove that GNNs within that class cannot express all GC2 queries
uniformly, in contrast with the same ones replaced with ReLU activations. Our second contribution
adds on descriptive complexity results |(Grohe| (2023) by providing new complexity upper-bounds in
the non-uniform case for a class of functions containing the Pffafian ones. Our constructive approach
takes advantage of the composition power, provideding some simple assumptions on the activation
functions, endowing deep neural networks to approximate the step function x — 1,0, efficiently.
Our experiments confirm our theoretical statements on synthetic datasets.

The rest of this article is organized as follows. Section [2] presents the basic definitions of GNNSs,
Pfaffian functions and the background logic. In Section [3] we state our main theoretical results,
in comparison with the existing ones. Section 4] presents an overview of the proof of our negative
result that builds on these properties. Section [5presents the core ideas to obtain our non-uniform
expressivity upper-bounds. Technical details including additional definitions and lemmas are left in
the appendix. In Section[6] we present the numerical experiments supporting our theoretical results.
We conclude with some remarks, present the limitations of our work in Section

2 PRELIMINARIES

Notations. In the following, for any positive integer n, [n] refers to the set {1,--- ,n}. We assume
the input graphs of GNNs to be finite, undirected, simple, and vertex-colored with £ > 1 colors: a
graph is a tuple G = (V(G), E, \) consisting of a finite vertex set V' (G), a binary edge relation
E C V(G)? that is symmetric and irreflexive, representing the edges; and a map A : V(G) — [4],
representing the colors (or labels). The number of colors ¢ is fixed and does not depend on n. In
G, N¢(v) will denote the set of vertices adjacent to v in G (not including v). Given a function
o : R — R, ¢’ will denote the derivative and c¥ =g o---00 (i.e,, 0 =cand N = oV 1o o)
the IN-th iterated composition of o. The function log refers to the logarithm in base 2.

Definition 2.1 (Neural network). A (k + 1)-layer neural network (NN) with activation function
o : R — R with input dimension wqy and output dimension wy 1 is formed by a sequence of k + 1
affine transformations

T; : RYi — RWit? (1€{0,...,k})
where wy, ..., wi41 are positive integers. The function that the NN computes is the function
[ RYo — R™k+1 gjven by

f=TyoocoTlg 10---TiocoTy

where o is applied pointwise for every coordinate of each inner layer’s output. The size of the neural
network is wg + w1 + - - - + wg, + Wrt1.

Definition 2.2 (Graph Neural Network (GNN)). A GNNE]is a recursive embedding of vertices of
a graph. At each iteration, the GNN combines the information at the current vertex as well as the
aggregated information on the vertex’s neighborhood using a neural network. More precisely, a GNN
with T iterations, activation function o : R — R and input size ¢ is a sequence of T' combination
functions

comb; : R%* x R — R+ (te{0,...,T —1})

that are NNs with activation function o, and where dy = ¢. Given a graph GG with colors 1,. .., /, the
GNN builds 7' + 1 vertex embeddings (v, G) € R% (t € {0,...,T — 1}, v € V(G)) as follows:

!The notion of depth will be defined more precisely in Section For the time being, one can think of the
depth as a measure of complexity measure on the space of queries.

’This definition coincides with sum-aggregation-combine GNNs (X-AC-GNNG) in the literature. In the
following, for simplicity, unless state otherwise, we refer to X-AC-GNNs simply as GNNs. Some of our results
generalize to a slightly more general class of aggregation functions, see Remarkin the appendix.
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o The initial embedding £°(v, G) is given by £°(v, G) = ey (,) where e; € R is the ith canonical
vector and A(v) € [{] the label of v.

o Atiteration ¢, 1 (v, G) is computed from ¢ (v, ) via the update rule
¢ (v, G) = comby | £'(v, G), Z w,G) | . (1)
weNG (v)
The size of the GNN is the maximum size of the NNs given by the combination functions.

In the context of this paper, we will focus on the following activation functions:

* ReLU: The Rectified Linear Unit ReLU : R — R is defined as ReLU(z) = max{0, z}.

* CReLU: The Clipped Rectified Linear Unit CReLU : R — [0, 1] defined by CReLU(z) =
min{max{0, 2}, 1}.

* tanh: The Hyperbolic Tangent tanh : R — (—1, 1) given by tanh(x) = 2112:: )
* Sigmoid: The Sigmoid Sigmoid : R — (0, 1) defined by Sigmoid(x) = H%

Definition 2.3 (GC2 (Barcelo et al., 2020; \Grohe, [2021)). A GC2 query is a formula with one free
variable obtained from the always true empty formula T and atomic formulas Col(z) (returning 1 or 0
for one of the palette colors) through one of the following operations

—6(x), ¢(x) Ap(x) and F=Ny(E(z,y) A ¢(y))
where — is the logical negation, A the logical conjunction, 32V, with N a positive integer, means
“there exist at least N”, and E/(x, y) means “x and y are adjacent in the considered graph”. The depth,
D( ) is a complexity measure of GC2 queries defined recursively as follows: for the always true

empty formula T, D(T) = 0; for any atomic formula, D(Col(-)) = 1; and for the non-atomic formulas,
D(=¢) = D(¢) + 1, D(¢ A¢) = D(¢) + D(¥) + 1 and D(I=Vy(E(z,y) A é(y))) = D() + 1.
Remark 2.1. GC2 queries are formulas from the so-called guarded model logic (GC), but restricted

with two variables. In general, GC formulas are free formulas constructed using Boolean connec-
tives, such as — and A, and quantifiers that range over the neighbors of the current node, such as
FNyY(E(z,y) A o(y)-

Remark 2.2. Given our definition, the depth of a query depends on its writing. For example, if ¢ is a
GC2 query, ¢ and ¢ A ¢ express the same GC2 query, but the latter has larger depth.

Definition 2.4. Given a graph G, a vertex v and a unary query @, Q(v,G) = 1if Q(v) is true in G
and Q(v, G) = 01if Q(v) is false in G.

Example 2.1 (Barcel6 et al.[(2020)). All GC2 formulas define unary queries. Suppose ¢ = 2 (number
of colors), and for illustration purposes Col; = Red, Coly = Blue. Then

v(z) := Blue(z) A 3y (B(z,y) A 322z (B(y, z) ARed(z)))
queries if z is blue and it has at least one neighbor with two red neighbors. Then + is in GC2. Now,
§(z) := Blue(z) A 3y (—E(z,y) A 372z (E(y,z) A Red(2)))
is not in GC2 because the use of the guard —~F(z, y) is not allowed. However,
n(z) === 3y (E(z,y) A 322z (E(y, z) A Blue(z))))

is in GC2 because the negation — is applied to a formula in GC2.

Definition 2.5. (Khovanskii,|1991) Let U C R™ be an open set. A Pfaffian function o : U — R is an
analytic function for which there is & > 1 and a chain of analytic real functions fy,---, f. : U = R
such that f,. = o and that satisfies the following differential equations

8f1/8x] = Pz',j(xa fi(z),..., fi(2)))

where P, ; € R[z1, ..., Zn, Y1, ---, ¥i] are polynomials on (n + 7) variables of degree at most cv.
Proposition 2.1. tanh and Sigmoid are bounded Pfaffian functions.
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3 STATEMENT OF THE CONTRIBUTIONS

Our contributions focus on the expressivity of GC2 queries by GNNs.

Definition 3.1. Given a unary query @ and a GNN computing a vertex embedding £, we say that the
GNN expresses Q over a set of graphs X if there is a real € < 1/2 such that for all graphs G € X
and vertices v € V(G),

Ew,G)>1—¢ ifQ(v,G)=1 and
{s(v, G)<e if Q(v,G) =0

We say that the GNN expresses uniformly @ if X is the set of all graphs.

The following result states the best known upper-bound on the number of iterations and size of GNNs
with activation function CReLU to express GC2 uniformly.

Theorem 3.1. (Barcels et al.| [2020; |Grohel [2021) For every GC2 query Q of depth d, there is a GNN
with activation function CReLU, d iterations and size at most 4d that express Q) over all graphs.
Conversely, any GNN with activation function CReLU expresses a GC2 query.

Remark 3.1. We can further restrict the GNN in Theorem 3.1]by requiring its combination functions to
be of the form comby (z,y) = CReLU(Az + By + C) with A € {—1,0,1}4*4, B € {—1,0,1}4*4
and C' € Z? independent of .

Remark 3.2. Theorem [3.T]admits the a partial converse for beyond AC-GNNs Barcel et al.| (2020): if

a unary query is expressible by a GNN and also expressible in first-order logic, then it is expressible
in GC2.

Until now, the question about uniform expressivity has been mainly open for other activation functions
such as tanh and Sigmoid. Our contributions is two-fold. On the one hand, we show that uniform
expressivity is not possible. On the other hand, we show that, despite this impossibility, a form of
almost-uniform expressivity is achievable.

We briefly overview these two contributions below, giving more details in Sections 4] and [5]

3.1 IMPOSSIBILITY OF UNIFORM EXPRESSIVITY

Definition 3.2 (Superpolynomial). Let f : R — R be a function having a finite limit £ € R
in +oo. We say that f converges superpolynomially to ¢ iff for every polynomial P € R[X],
limg 400 P(2)(f(z) =€) = 0.

We say that a Pfaffian function is superpolynomial if it is non-constant and verifies this condition.
Our first result extends the negative result of rational GNNs to the class of bounded superpolynomial
Pfaffian GNNGs.

Theorem 3.2. Let 0 : R — R be a bounded superpolynomial Pfaffian activation function. Let & be
the output of a GNN with activation function o. Then there is a GC2 query Q, such that for any € > 0
there exist a pair of rooted trees (T, T") of depth 2 with roots (s, ') such that

i) Q(s,T)=1and Q(s',T") =0

”) |£(S/7T/) - 5(85 T)' <e€
Corollary 3.3. Let 0 € {Sigmoid, tanh}. There exists a GC2 query Q such that no GNN with
activation o can express @ uniformly over all graphs.

We want to emphasize that the above query does not depend on the choice of the GNN provided it
has this type of activation function.

3.2 ALMOST-UNIFORM EXPRESSIVITY

Our second contribution shows that for a large class of activation functionss, which we call step-like
activation function (see Definition[5.T]in Section [5]below) we have almost-uniform expressivity of
GC?2 queries.
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Theorem 3.4. Let o be a step-like activation function. Then, for every GC2 query Q of depth d and
every positive integer A, there is a GNN with activation function o, d iterations and size O(dlog A)
that express Q) over all graphs with degree < /. Moreover, there exists a family of step-like activation
Sunctions such that the size of the GNN can be further reduced to O(dloglog A).

Corollary 3.5. Let 0 € {Sigmoid, tanh}. Then, for every GC2 query Q of depth d and every
positive integer A, there is a GNN with activation function o, d iterations and size O(dloglog A)
that express Q over all graphs with degree < A.

We want to emphasize that the function log log A grows so slowly that for almost all theoretical and
practical purposes we can consider it to be a constant function, hence our usage of the expression
“almost-uniform expressivity”.

4 SUPERPOLYNOMIAL BOUNDED PFAFFIAN GNNS: IMPOSSIBILITY

Let us overview why Theorem [3.2] holds, expanding all details in Appendix [B] Our first result makes
use of specific families of input trees that allow us to saturate the output signal of a GNN by increasing
appropriately their number of vertices in certain regions. The input trees, pictured in Figure [2|are
carefully chosen in order to return distinct outputs to query of GC2. The gist of our proof consists in
showing that by increasing the order of the trees in a suitable manner, the output signals of the GNN's
of the considered class can be made arbitrarily close. This is achieved by proving a stronger property
on all vertices on the trees stated below. To do so, we first need the intermediate definition:

S, :={¢:R*""D L R: VP e R[X], Vz € R Jim | P(yr1) (@, s yroa)| = 0}
Yy o0

where for vectors z € R%, and functions F : R? — R, lim, 1 F(2) = 0 means that for every
e > 0 there exists 8 > 0, such that min(zy,--- , zq) > [ implies |F(z)| < e.

S

Z1 2
z leaves k leaves . k leaves

Figure 2: Tree T'[x, k, m] with root s

For non-negative integers k and m, let T'[x, k, m] be the rooted tree of Figure [2} In this tree, the
root s has m descendants x;, having x; x descendants for 7« = 1 and k descendants for ¢ > 2. For
ease of notation, whenever context allows, we will refer to T'[x, k, m] simply as T" and to any of the
descendants of z; as [;. For any non-negative integer ¢ and v € V(T'), let ! (v, T') be the embedding
returned for node v by a GNN with bounded superpolynomial Pfaffian activation function o after ¢

iterations. Let M > 0 be an integer. We will prove by induction on ¢ that for any ¢ € {1,--- , M }:
(s, T) = vy + e, k,m)
&' (x1,T) = ge(k) + € (z, k,m) ' (wi2, T) = ge(k) + ee(@, k,m)
€1y, T) = he(k) + v} (x, k,m) ' (li>2, T) = hy(k) + ve(w, k,m)

with the following properties:

1) v € R4 is constant with respect to x, k and m.

ii) Each coordinate of g, and h; are bounded Pfaffian functions of % that depend only on the
combination and aggregation functions and the iteration ¢.
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iii) Each coordinate of the functions vy, 1, €1, €}, v} are in Ss.

A few comments are in order. Recall that S5 is the set of functions R® — R such that, for any fixed
first argument, the function of the second and third argument tend (collectively) superpolynomially
to 0 with respect to the third argument. This asymptotic behavior will arise from our assumptions
made on the Pfaffian activation functions, and will be used in our inductive argument. One immediate
corollary is that we can decompose the signal at the root vertex into a main component v; and an
error term that tends to 0 when the order of the trees to +o00. The main signal v; will depend only
on the number of iterations, not on x, m or k. In the other vertices, the main component will only
be a function of k. This will prove for instance, that the the two outputs of the GNN on the pair
(T[0, k,m], T[1,k, m])(x,m)en> converge to the same limit, when & and m tend to +oc. However,
for every k,m > 0, T'[0, k,m| and T'[1, k, m| have distinct output at the root for the following query:

Qv) := = (Ezly (E(y, v) A (ﬁ (HZQU (E(v,y) A T))))) =Vy (E(ym) — HEQZE(z,y))

expressing that the vertex v’s neighbors have degree at least 2. Note that GC2 can emulate other
Boolean connectives (here —) combining the ones it has, although it cannot use them directly. Clearly,
Q is a GC2 query of fixed depth 4. We can easily generalize to any GC2 query for which the root
vertex of both trees have different output. In conclusion, the uniform expressivity of GNNs with
superpolynomial bounded activation functions is weaker than those of the ReLUs.

5 TOWARDS EFFICIENT NON-UNIFORM EXPRESSIVITY

Our second result focuses on non-uniform expressivity, where the size of the GNN is allowed to grow
with the size of the input graphs. The result that we obtain holds for the wide class of activation
functions defined below, and to any other activation function that can express them through a neural
network. This class (See Lemma [C.1]in Appendix [C)) is characterized by a fast convergence to the
linear threshold activation function

0 ifex <1/2
ou(x):=<¢1/2 ifa=1/2. )
1 ifz>1/2
Recall that o’ denotes the derivative of ¢ and o = ¢ o - - - ¢ its N-th iterated composition.
Definition 5.1 (Step-Like Activation Function). A step-like activation function is a C*-map o : R —
R satisfying forn € [0,1),e € (0,1/2), N € Nand H > 0 the following:
(@) 0(0)=0and o(1) = 1.
() [o'(0)], o’ ()] < 7.
(c) forallx ¢ (g,1 —¢), |0 (z) — 0w (x)| < min{e, (1 —n)/H}.
(d) forallz € o (R\ (e,1 —¢)), |o" ()| < H.

Remark 5.1. Seeing 0 : R — R as a discrete dynamical system, (a) and (b) translate into 0 and 1 being
attractive fixed points; (c) says that, after IV iterations, every point in R \ (—¢, €), the complement of
(—¢,€), is in the attractive region of either 0 or 1; and (d) provides a bound on a constant related to
the size of these attractive regions.

Our main contribution presented Theorem |3.4|can be deduced from its technical version stated in the
theorem below. All proof details are relegated to Appendix [C]

Theorem 5.1. Let o be a step-like activation function. Then, for every GC2 query Q of depth d and
every positive integer A, there is a GNN with activation function o, d iterations and size

2 +log(A + 2))
1—log(1+mn)

that express () over all graphs with degree < A. Moreover, if n = 0, the size of the GNN can be
further reduced to

(34

(34 N +1log(2 + log(A +2)))d.
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Remark 5.2. The logarithmic dependence of the GNN’s size on the degree A of the considered class
of graphs guarantees that the GNN has a reasonable size for applications. Moreover, if = 0, then
we have a log-log dependency, which for whichever practical setting is an almost constant function.
Remark 5.3. Our proof further shows that only the width of the combination function depends on the
depth d of the query, and that the number of layers remains independent of d.

Now, to give meaning to the above result, we will prove the following proposition giving us a way of
constructing step-like activation functions out of tanh and Sigmoid.

Proposition 5.2. There is a step-like activation function @ ayctan withn = 0.64, e = 0.1, N = 0 and
H = 1.52 that can be expressed with a 3-layer NN with activation function arctan of size 3.
Proposition 5.3. There is a step-like activation function Gany withn = 0, € = 0.2, N = 0 and
H = 2.2 that can be expressed with a 4-layer NN with activation function tanh of size 6.

Proposition 5.4. There is a step-like activation function Gsigmoia Withn =0, € = 0.2, N = 0 and
H = 2.2 that can be expressed with a 4-layer NN with activation function Sigmoid of size 6.

Using these propositions, we get the following two important corollaries of Theorem [5.1]to get the
almost-uniform expressivity of GC2 queries for tanh and Sigmoid, for which uniform expressivity
is not possible due to Theorem

Corollary 5.5. For every GC2 query Q of depth d and every positive integer A, there is a GNN with
activation function arctan, d iterations and size at most (10 4+ 3.51og(A + 2)) d that expresses @
over all graphs with degree < A.

Corollary 5.6. For every GC2 query Q of depth d and every positive integer A, there is a GNN with
activation function tanh, d iterations and size at most (9 + 41og(2 + log(A + 2))) d that expresses
Q over all graphs with degree < A.

Corollary 5.7. For every GC2 query Q of depth d and every positive integer A, there is a GNN
with activation function Sigmoid, d iterations and size at most (9 + 4log(2 + log(A + 2))) d that
expresses Q over all graphs with degree < A.

6 NUMERICAL EXPERIMENTS

In this section, we demonstrate how the size of the neural networks impacts the GNN’s ability to
express GC2 queries via two experiments.

6.1 QUERIES

In our experiments, we consider the following two queries:

Q1(v) === (Hzly (E(y,v) A (—\ (3221) (E(v,y) A T))))) =Vy (E(y, v) — EZQzE(z,y))
and
Q2(v) = Red(v)/\(ﬂzlx (E(;v,v) A (3217) (E(v,x) A Blue(v))) A (32111 (E(v,z) A Red(v))))) )

One can see that Q1 (v) expresses that all neighbors of v have degree at least two, and Q2 (v) that v is
red and it has a neighbor that has a red neighbor and a blue neighbor. Moreover, 1 has depth 4 and
(22 has depth 7. Note that (), applies even to graphs with any number of colors, while ()2 applies to
graph having at least two colors.

6.2 EXPERIMENTAL SETUP

Computing and approximating queries. For the first experiment, our set of input graphs is composed
of pairs of trees ([0, k, m], T[1, k, m]) ken,men presented in Section These are unicolored for )y
and colored as follows for ()s: the root s and the x; are red, and the leaves are blue. We compare for
i € [2], the two following GNNs:

(a) The ReL.U GNN that exactly computes the query Q);.

‘We use the construction of (Barcel¢ et al., |2020), specified in the proof of Theorem where each
of the GNNSs has the same combination function in each iteration. For ()1, the ReLU GNN has 4
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iterations (depth of 01); and for ()2, the ReLU GNN has 7 iterations (depth of ()2). The combination
functions are of the form

comby(z,y) = ReLU(Ax + By + C),

where z,y € R%, ¢ € {0,...,d — 1} and d = 4 for Q; and d = 7 for Q5. The parameters A, B and
C are specified in Appendix D]

(b) The Pfaffian GNN with activation function: ¢ : 2 — 1/2+(2/7) arctan (z — 1/2) that expresses
(2; non uniformly.

We use the construction in the proof of Theorem[5.1] where as in the GNNs above, the combination
functions are all the same. In this case, the combination functions are of the form

comby(z,7) := o*(Az + By + ¢)

where z,y € R%, ¢t € {0,...,d — 1}, d = 4 for Q; and d = 7 for )5, and the parameters A, B and
c are the same as the ones of the ReLU counterparts, given in Appendix [D| Note that this is a NN
with £ + 2 layers, where ¢ of the layers have width d and one has width 2d.

We report for different values of ¢ and number of vertices of the graphs inputs (which is function
of k and m), how close the two outputs of the Pfaffian GNNs, on the tree inputs T'[0, k, m] and
T'[1, k,m]. Since the root of these trees have respectively 0 and 1 as output of the query @, the ReLU
GNN constructed will have a constant gap of 1. Theorem [3.2]states that these outputs will tend to be
arbitrarily close when the order of the graph increases, for a fixed . In addition, Theorem [3.4]tells us
that the number of iterations should impact exponentially well how large graphs can be handled to be
at a given level of precision of a gap 1.

Q(v)=All neigbhors of v have degree at least 2 Q(v)=v is red and has a neighbor that has a blue and red neighbor
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Figure 3: Separation power of CReLU GNN vs. Pfaffian GNN above as function of the graph size

Learning queries. For the second experiment, we compare the GNN’s ability to learn GC2 queries,
depending on the activation considered (ReLU vs. Pfaffian). We consider the same two queries as
above and train two distinct GNNs: (a) A first GNN with Sigmoid activation function, and (b) A
second GNN with CReLU activation functions. Both GNNs have 4 and 7 iterations when trained to
learn the first and second query respectively. Each iteration is attributed his own combine function, a
feedforward neural network with one hidden layer. This choice is justified by our theoretical results
that one can either compute exactly a GC2 query (with the ReLU one), or approximate it efficiently
(with the Pfaffian one) with only one hidden layer for the combine function. Our training dataset is
composed of 3750 graphs of varying size (between 50 and 2000 nodes) of average degree 5, and
generated randomly. Similarly, our testing dataset is composed of 1250 graphs with varying size
between 50 and 2000 vertices, of average degree 5.

The experiments were conducted on a Mac-OS laptop with an Apple M1 Pro chip. The neural
networks were implemented using PyTorch 2.3.0 and Pytorch geometric 2.2.0. The details of the
implementation are provided in the supplementary material.
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6.3 EMPIRICAL RESULTS

Figure [3| reports our results for the first experiment. As our theory predicts, the CReLU GNN
designed with the appropriate architecture and weights is able to distinguish the source vertices
of both trees with constant precision 1, regardless of the number of vertices. On the other end,
the Pfaffian GNNs struggle to do separation for values of ¢ < 8 (recall that ¢ is the number of
compositions, i.e. the number of layers in the combinations functions) for graphs of than 1500
vertices. As the value of ¢ increases slightly to 10 for the first query and 12 for the second, the
capacity of these GNNs dramatically increases to reach a plateau close to 1 for graphs up to 4000
vertices. This also illustrates our second theoretical result prediciting that the step-like activation
functions endow GNNss efficient approximation power of GC2 queries.

Figure @ reports the mean square error on our test set for learning the same two queries. We observe
that the error is similar for both GNNs, with a slight advantage for Pfaffian GNNs. This suggests
that better uniform capacities does not imply that learning the queries is getting easier, given the
same architecture and learning method. One potential reason is numerical: the combination functions
using step-like activation functions used in our approximation of GC2 queries have likely to have
large gradients. We suspect this adds to the difficulty to efficiently train these networks to optimality,
despite their ability to approximate queries to an arbitrary level of precision.

Q(v)=All neigbhors of v have degree at least 2 Q(v)=v is red and has a neighbor that has a blue and red neighbor
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Figure 4: Learning queries with Pfaffian GNN vs ReLU GNN.
The mean square error per graph on the test set is displayed as a function of the order of the graph.

7 DISCUSSION AND OPEN QUESTIONS

Uniform expressivity is a desirable property when some information on the function or query to learn
is available. Structural information may allow to design the GNN appropriately in a hope to express
the query by selecting the correct weights, for example after learning from samples. In this study,
we showed that many activation functions are not as powerful as CReLU GNNs from a uniform
standpoint. This limitation is counterbalanced by the efficiency of many activations (including the
Pfaffian ones that are weaker than CReLU) for non-uniform expressivity, where one allows the
number of parameters to be non-constant with respect to the input graphs. Therefore, we argue that
despite being desirable, uniform expressivity has to be complemented by at different measures for a
thorough study on the expressivity of GNNs.

Moreover, it is frequent that one does not know in advance the structure of the query to be learned.
Even when knowing the appropriate architecture for which approximate expressivity is guaranteed,
learning the appropriate coefficients can be challenging as illustrated in our numerical experiments.
However, these experiments are only preliminary and constitute by no means an exhaustive exploration
of all the architectures and hyperparameters to learn those queries. As such, we hope this study will
constitute a first step towards provably efficient and expressive GNNs, and suggest new directions to
bridge the gap between learning and expressivity.

10
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A FACTS ABOUT PFAFFIAN FUNCTIONS

The following three results are folklore in the theory of Pfaffian functions. We finish with a proof of
Proposition [2.1]

The first proposition is just a direct consequence of the so-called o-minimality of Pfaffian func-
tions [Wilkie| (1999), which guarantees that Pfaffian systems share with polynomial systems their
finiteness properties—among which we have the finiteness of zero-dimensional zero sets. The first
lemma is an easy consequence of the chain rule and the definition of Pfaffian functions. The second
and third lemmas follow from the proposition, but we include a proof for completeness.

Proposition A.1. Let f : R — R be a Pfaffian function. Then f is either constant or has finitely
many zeroes in R. O

Lemma A.2. The addition, multiplication, composition and derivatives of Pfaffian functions are
Pfaffian. O

Lemma A.3. Let f : R — R be a Pfaffian and bounded function. Then f has a finite limit in +oo.

Proof. By Lemma since f is Pfaffian, so is f’. Hence, by Proposition either f’ is constant,
and so f/ = 0, or f' has finitely many zeros. In the first case, f is constant and so it trivially has a
limit. In the second case, let R > 0 be such that (R, co) does not contain any zero of f’. Then either
f is strictly positive or strictly negative on (R, o0), and so either f is strictly increasing or strictly
decreasing on (R, co). Hence, by the supremum axiom of the real numbers, we have that

Jim f(2) =sup{f(y) | y € (R,00)}
if f is strictly increasing on (R, 00), or
Jim f(z) = inf{f(y) [y € (R,00)}

if f is strictly decreasing on (R, co). Since f is bounded, the right-hand side is finite in both cases.
Thus f has a finite limit in +o0. O

Lemma A.4. A bounded Pfaffian function f : R — R has a bounded derivative.

Proof. By LemmalA.2] f” and f” are Pfaffian, because f is so. Thus, by Proposition[A.1} f, f’ and
/" have a finite number of zeros—if any of them are constant, then f cannot be bounded. Hence there
is R > 0 such that all the zeros of f, f’ and f” are inside (—R, R). In this way, since f” is bounded
on any bounded interval, we only need to prove that f’ is bounded on [R, c0) and on (—o0, —R].
Without loss of generality, we will focus on the former case.

Assume, without loss of generality, after multiplying f and the variable X by —1 if necessary, that
f(R) > 0and f'(R) > 0. Now, we either have that f”’ is positive or negative on the whole [R, o0),

12
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and so for all z € [R, c0), f'(z) > f'(R) > 0, if f/ positive, or 0 < f'(z) < f(R), if f' negative.
In the first case, for z > R,

f(e) = F(R) + /R " f(s)ds > F(R) + (x— R)J'(R)

goes to infinity as  — oo, which contradicts our assumption on f. Thus, we are in the second case,
in which f’ is bounded as desired. O

Now, we end with a proof of Proposition [2.1]
Proof of Proposition The only part requiring proof is that they are Pfaffian, that they are bounded
is easily shown.
We have that tanh’(z) = 1 — tanh(z)? and that Sigmoid'(z) = —e~® Sigmoid(x)?. In this way,
tanh’(x) = P(z, tanh(z))
with P(z,y) = 1 — 2, and
Sigmoid’(z) = P(z,e”*, Sigmoid(z)), ™" = Q(z,e™ ")

with P(x,y1,y2) = —1195 and Q(x,y) = —y, show that tanh and Sigmoid are Pfaffian.
Alternatively, since

tanh(z) = 2 Sigmoid(2x) — 1 and Sigmoid(z) = tanh(z/2)/2, 3)

it would have been enough to show that either tanh or Sigmoid is Pfaffian to conclude that the other
is so, by Lemma[A.2] O

B PROOF OF THEOREM [3.2] AND COROLLARY [3.3]

Proof of Theorem We consider the set of activation functions
E:= {0 : R — R : o is Pfaffian, bounded and superpolynomial}

where the notions above where given in Definitions and Let S, be the set of R” — R
functions of fast decay in the last variable:

S, = {¢: R~V L R:YP e R[X],Vz € R Tim |P(y—1)¢(z, 1, yr1)| = 0}
Yy o]

where for functions ' : R? — R, lim,_, | o, F(z) = 0 means that for every e > 0 there exists 3 > 0,
such that min(zy, - - , zq) > 0 implies |F(z)| < e.

For non-negative integers k and m, let T'[z, k, m] be the rooted tree of Figure [2|in which the root
s has m descendants x;, having x; = descendants if ¢ = 1 and k descendants if ¢ > 2. For ease
of notation, we will refer to T'[x, k, m] simply as T" and to any of the descendants of x; as [;. For
any non-negative integer t and v € V(T'), let £!(v, T') be the embedding returned for node v by a
GNN with activation function o € = after ¢ iterations. Let M > 0 be an integer. We will prove by
induction on ¢ that forany ¢ € {1,--- , M }:

(s, T) = vy + ne(z, k, m)
(w0, T) = gi (k) + ez, k,m)
' (li>2, T) = he(k) + ve(w, k,m)

T) = g:(
T) = hy(

&z, gi(k) + €} (x, k,m)
&', hy
with the following properties: a) v; € R% is constant with respect to 2 and m. b) each coordinate of

g+ and h; are bounded Pfaffian functions of k that depend only on the combination and aggregation
functions and the iteration ¢, and c¢) each coordinate of vy, 1:, €, e%, th are in S3.

k) + v (z, k,m)

13
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In the remaining of the proof we explicitly treat the case of one-dimensional embeddings (i.e. d; = 1
for every t € [T']) for ease of notation. Our proof extends to multi-dimensional embeddings with the
three additional ingredients:

i) considering only one input variable and the rest fixed, each coordinate of a combine function given
by a neural network with an activation function o € = is a bounded Pfaffian function that is constant
or superpolynomial (see Lemma[A.2). Therefore, one can also use in that case Corollary [A.T|on the
zeroes of these functions, as we do in the one-dimensional case.

ii) the error terms of each signal can be controlled using norms of the Jacobian matrix instead of the
gradient, as we shall see next.

iii) Given a bounded multivariate Pfaffian function f, for any fixed reals Ay, .-, A,
f(Aym, Agm, - - | A,m) has a limit when m — +o0c. This follows from the fact that the univariate
function z — f(Ax, Aoz, - - , A\,x) is Pfaffian bounded.

Base case: Obvious as all embeddings are initialized to 1.

Induction hypothesis: Suppose that for some integer ¢t > 0, for every u < ¢:

1) The above system of equation is verified.
ii) gy, h, are Pfaffian and bounded functions.

iii) Vi, Nu, €u, €, and v} € Ss.

Induction step: For the remaining of the proof, for convenience we drop the dependency on ¢ of
comb; and simply write comb, which is a neural network with some activation o € =. First note that
comb has bounded derivatives as the derivative of a bounded Pfaffian function is also bounded, see
LemmalA.4] Let Kcomb := SUp, 2|0z, comb(x), Oz, comb(x)||2.

The update rule for the leaves writes
€M (li>2,T) = comb(&'(1;, T), £ (24, T))
= comb(h(k) + vi(z, k,m), g:(k) + e (z, k,m))
:= comb(h(k), g¢(k)) + ves1 (2, k,m)
= hy1(k) + viga(z, k,m)
where
[Ver1(z, k,m)| = |comb(he(k) + vi(x, k,m), gi(k) + e:(x, k,m)) — comb(h:(k), g:(k))|
< Keomb (ve(x, k,m), €(x, k,m))||2
< Kcomb\@‘|(yt(z7 k? m)v et(x7 k’ m))”oo
similarly, &1 (1;,T) = comb(hy(k), g:(k)) + viy (z, k, m) where
l/t1+1(x, k,m) = |comb(h(k) + v} (z,k,m), g:(k) + €; (x, k,m)) — comb(hs(k), g(k))|
For the intermediary vertices, we have
£t (2452, T) = comb(¢8 (24, T), &' (s, T) + k&' (1;, 1))
= comb(g:(k) + et(z, k,m), ve + ne(z, kym) + k(he (k) + vie(z, k,m)))
= comb(g¢(k),vr + khi(k)) + €41 (z, k,m)
1= gi1(k) + €rp1(z, k,m)
Let A := n(x, k, m) + kv (x, k, m)
ler1,m (k)| = |comb(ge(k) + e(x, k,m), v + A + khe((k)) — comb(ge(k), ve + khe(k))|
< Kcomb\/ill(et(*% k? m)? A) HOO
Similar inequalities can be derived for £¢(z1,T'). Finally, for the root we have

¢
£t+1(57 T) = comb(ft(s, T)v th(xiv T))
=1

= Comb(vt + nt(x:kam)agt(m) + (m - 1)gt(k) + 67}(‘% ka m) + (m - l)et(xv k’ m))
= Comb(vtvgt(x) + (m - 1)gt<k)) + 77t+1(957 k>m)

14
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Using Corollary forevery u € {1,--- ,t + 1}, g, is either constant equal to 0 on R or has no
zeroes after some rank. Therefore, there exists an integer k* such that for every k; > k* and every
u € {1,---,¢t+ 1}, one of the following cases holds:

Case a) g,(k;) > 0.
Case b) g, (ki) < 0.

Casec) g, = OonR.

We remind the reader that a similar case discussion here extends to the multidimensional case, i.e.
when the function g, take vectorial values, and when the combine function has multi-dimensional
co-domain, see for example comment Note that we can select a common S = k* for each
iteration. Now, suppose that |k| > (.

By continuity of comb and g; having a limit in +o0,
Ve >0, AM, Vk > B, Vm > M, |comb(vs, gi(z) + (m — D)ge(k)) — 1] <€
where [ = lim,_, 4., comb(v, y) if case a) and [ = lim,_, ., comb(vs,y) if case b), and | =
comb(vy, 0) otherwise (case c¢). Hence
EH (s, T) = comb(vr, ge(2) + (m — 1)gs(k)) + ne41(, k, m)
limy_, _ o comb(vg, y) + N1 (2, k,m)  if g (k*) <0
= < limy_, 4 oo comb(ve, y) + ny1 (z, k,m)  if g (k) >0
comb(vt, 0) + N1 (z, kym) otherwise
where 17,11 = 1} 1+ n? 1. In the third case the induction step goes through immediately. In the
following, we suppose without loss of generality that g;(k*) > 0, with
|77251+1(‘T7 k> m)| = ‘comb(vt + 77t<957 k7 m)a gt(x) + (m - 1)gt(k> + 6%(377 k7 m)
+ (m — De(z, k,m)) — comb(ve, g, (2) + (m — 1)g.(k))|
and

|n§i)1(x, k,m)| := |comb(v, g:(z) + (m — 1)ge(k)) — ygrfoo comb(vy, y)
First, it is clear that n7, , (z, k, m) can be made less than e for some m, due to the existence of

the limit lim,_, { . comb(v:,y) and that g,(k) is chosen to be non zero (for every k after rank

k* chosen above). Furthermore, 77t(-2+)1 is still in S5 as for every fixed x,k > k* the function

m — comb(vg, g4 () + (m—1)g.(k)) tends superpolynomially fast to its limit, due to the assumption
made on the activation function and again from the fact that g, (k) # 0 for every k > k*. Second,

|17t1+1(x? k? m)| S Kcomb\@||(77t(x7 ka m)’ 67} (Iv ka m) + (m - l)et($7 ka m))HOC

We see that for this part the error terms ¢; and ¢; get multiplied by m. We know by the induction
hypothesis that for every polynomial P,

Ve> 0,38, Vm > B, B<|k| = |[P(m)e(z,k,m)| <e.
In these conditions |(m —1)e;(x, k, m)| < e. The property is still verified at rank ¢+ 1 as | P(m)(m—
Det(z, ky,m)| < |P(m)(m — 1)|ex(x, k, m) where Q(X) := (X — 1)P(X) is a polynomial.
—_————
Q(m)
By the triangle inequality, |1;41,m (k)| < |77t(—1§—)1,m(k)| + |77t(_2217m(k)|, and so the desired property
follows (after splitting the € in half) and ends the induction. O

Remark B.1. The above proof can be generalized for more general GNNs that use aggregation
functions more general than sums. In particular, the proof above can be adapted to any aggregation
function agg, that admits a limit in {—c0, 400} when the size of the multiset with a repeated entry
grows to +o0.

Proof of Corollary[3.3] This follows from Theorem [3.2]and Proposition O
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C PROOFS FOR SECTION

C.1 PROOF OF THEOREM[3.1]

Let us overview the proof of Theorem First, we will show that the constructive proof of (Barceld
et al.,|2020, Proposition 4.2) for CReLU holds for the linear threshold activation function o, defined
in equatio After this, we will exploit that for a fast convergence of step-like function (see

Definition|[5.1) o, o converges fast to o, as the following lemma shows.

Lemma C.1. Let o be a step-like activation function. Then for all x ¢ (¢,1 — ) and all ¢ > N,

—N
1+
ot (z) —ou(2)| <& (2”> : @)
Moreover; if further n = 0, then for all x ¢ (¢,1 —¢) and all £ > N,
5
|of(x) — 0u(2)] < T ®)

Proof of Theorem[5.1] Let Q be a query of GC2 of depth d, and let (Q1, ..., Qq) be an enumeration
of its subformulas, being each @); an atomic formula or a formula build from the previous ones.
Without loss of generality, assume that ) uses all ¢ < d colors and that the first £ subformulas
Q1,...,Qy are the atomic formulas

Coly(x), ..., Coly(x)

corresponding to these £ colors. If this is not the case, then ) involves ¢/ < £ colors, say A1, ..., Ap,
and so in the sequence (Q1, . .., Qq), we will only have the atomic formulas Coly, (z), ..., Coly,, ()
appearing. Thus to make the construction below work, we only need to reorder the subformulas and
to perform the constructions below changing the color A; to the color ¢ in the formulas and change
the A and B in the first combination function combg from A and B to AP and B P where P is the
coordinate projection mapping ey, to e;.

First, we extend the constructive proof of (Barcelo et al., [2020} Proposition 4.2) to GNNs with linear
threshold activations o.. In this extension, we have to make sure we can control the error made
efﬁcientlyﬂ The GNN that we will build has d iterations, being each combination functions of the
form

comby : (z,y) — o.(Ax + By + C) (tef{0,...,d—1})
where A and B are d x d matrices and C' a d-dimensional vector C. The jth row of A, B and C will
correspond to the corresponding subformula (); and they will be filled as follows:

1) If Q; is the atomic formula corresponding to the color A;, then A; \, = 1fork = \;j and A =0
otherwise, B, ; = 0 for all k € [d], and C; = 0. Note that by our assumption, the first £ rows of A
are those of the identity matrix, and so the first £ components of the embeddings give the color of the
vertex.

) IfQ;(z) = I=Ky (E(z,y) A Qi(y)) for some i < j, then A;, = 0 forall k € [d], B;; = 1 and
Bjr=0fork #i,and C; = —(K —1).

I Q,(x) =F2Ky (E(z,y) AT), then Aj ), = 0forall k € [d], Bjr, = 1fork € [¢(] and Bj;, = 0
fork ¢ [{],and C; = —(K —1).

HIfQ;(x) = -Q;(x) withi < j,then A;; = —1land Aj, = 0fork # 4, B;, = 0forall k € [d]
and C; = 1.

5)IfQj(x) =-T,then A;; = B, ; =0forall k € [d] and C; = 0.
6) If Qj(x) = Qi,(x) A Qi,(x) for some 1,92 < j, then A;;, = A;;, = land A, = 0 for
k 7é 11,19, Bj,k =0 for allj S [d] and Oj =—1.

NI Q;(x) = Qi(x) ATor Q;(xz) =TA Q;(x) for some ¢ < j, then A;; = 1 and A;, = 0 for
k #i,Bj, =0forall j € [d] and C; = 0.

3The original proof to exactly compute the query can actually be extended for any function g : R — R
verifying: there exists real a < b such that i) for every real z < a, g(z) = 0, ii) for every real x > b, g(z) = 1
and iii) g is non-decreasing on [a, b].
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) IfQj(x) =TAT, then A;, = B =0forall j € [d] and C; = 1.
For any integer ¢t € {0,...,d — 1} and for every graph G and each vertex v € V(G) of G, consider

(v, G) := comb; | ¢' (v, G), Z ¢'(w,G) | . (6)
weNg(v)

Observe that for each ¢ € [d], ¢'(v,G) € {0,1}%. With the exact same inductive argument as in
(Barceld et al., 2020, Proposition 4.2), we have that for all ¢ € [d] and all j € [¢],

q;-(l}, G) = Q] (Ua G)?
i.e., the first ¢ components of the embedding ¢ (v, G) are equal to the first ¢ subformulas Q1, . .., Q:
of Q.

Now, we will now consider the GNN where we have substituted o, by its approximation o. The
new GNN will have combination functions of the form

comb! : (z,y) — oc'(Az + By+C)  (t€{0,...,d—1)

with A, B and C as above, and it will construct the vertex embedding & (v, G) given by the update
rule

&11(v,G) = comb; [ &(0,G), DY &(w,G)
weNG(v)

Observe that com bf is a neural network with input size 2d, output size d, £ + 1 layers and widths
2d,d, . ..,d, and so size (£ + 2)d.

Let A be a positive integer and fix a graph G with maximal degree bounded by A. Fort € {0,...,d},
we define

€ 1= max 1€ (v, G) = ¢' (v, G) oo

We shall prove that, under the assumptions of the theorem, the following claim:

Claim. Forany t € {0,...,d — 1},

() Ve ifn>0

if 2(A + 2)615 <1, then €41 < { 2 .
ifn=20

__£&__
22£—N—1

Under this claim, using induction, we can easily show that if either

2 + log(A + 2)

>0and ¢ > N +
g - 1—1log(l+mn)

or
n=0and £ > N + log(2 + log(A + 2)),

then 5 < 1/3 < 1/2. Effectively, under any of the above assumptions, we have that
Z(A + 2)€t <l = Q(A + 2)Et+1 <1

by the claim and the fact that ¢ < 1/2. Since ¢y = 0, we conclude, by induction, that

14n L—N :
€ < <25) e itn>0 151y,

providing the expressivity. Note that the size of the above GNN is 2d + m, and so the statement of
the theorem follows.
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Now, we prove the claim. For ¢t € {0, ...,d — 1} we have, by the triangle inequality, that
_ t+1 G _ t+1 G
€y = o 1€ (v, G) = ¢ (v, )Hoo

= max ||comb! [ £(v,G), Z &'(w,G) | —comb; | ¢'(v, G), Z ¢'(w, Q)

vev(@) weNg(v) weNg(v)
< Dax comb! | (v, @), Z &'(w,G) | —comby; | (v, G), Z (w,G)
weNG (v) weNg(v)
+ max |lcomb; [ &' (v, G), Z & (w,G) | — comb; | ¢*(v,G), Z ¢ (w, Q)
veV(G)
weNea(v) weNg(v)

The first maximum of the last inequality is bounded above by
sup{Hcombf (z,y) — comby, (x,y)” foralli, x; ¢ (e, 1 —€), y; ¢ (Aet,l—Aet)}

since each component of £f(v, G) is at distance at most ¢; from 0 or 1 by definition of ¢;. Now,
comb! (z,y) = o' (Az+Bx+C) and comby (z,y) = 0. (Az+By+C) with A, B € {—1,0,1}9x4
and C € Z“. Moreover, the matrix A has at most two non-zero entries per row, and B at most one
non-zero entry. Since the 1-norm of each row of A is at most 2, and the one of B is at most 1, we can
improve the upper-bound with

sup {|0° (2) — 0. (2) |1 2 & (A +2)er, 1 = (A+2)er) },
By assumption, this quantity is bounded from above by the claimed by Lemma

For the second maximum, define
r:=¢(v,G) andy := Z &(w, Q)
weNG(v)

and
7' :=q'(v,G) andy := Z ¢'(w,G)
weNg (v)
to simplify notation. By definition of ¢;, we have

o = alloc < e and Jly—y/[loc < Acy.

Now, arguing as above regarding A; and B;, we have that
|(Az + By + C) — (A2’ + By +C)| . = | Alx —2) + By — )|l < 2+ A)e.
In this way, Az + By + C is a real vector with oo-norm < 1/2 to the integer vector Az’ + By’ + C
and so we conclude that
comb(z,y) = comb(z’, 1),
because o, takes the same value on an integer and on a real number at distance less than 1/2 from it.
Hence the value of the difference under the second maximum is zero, proving the claim. O

To prove Lemma|C.I| we will need the following well-known lemma.

Lemma C.2. Let f : R — R be a C?-function, x¢ € R a fixed point of f (i.e., f(xo) = xo) and
r > 0. If|f’($0)| =n< 1’ Supte[mo—r,mo—H’] ‘fﬂ(t)| =H > 0and

Hr <1—n,

then for every integer n > 0 and x € [xog — 1,209 + 7],

@) = ol = (52) o -zl < (157)

Moreover, if n = 0, then for all n and x € [xo — r,xo + 7],

2" —1
@z (y) e
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ProofofLemma@ Fix ¢ ¢ (¢,1 — ¢) and let r = min{e, (1 — n)/H}. By (c), we have that
|oN (x) — 0. (z)| < r with Hr < 1 — 7. Hence, since a*( ) is a fixed point of o, by (a), we have, by

Lemmal|C.2} (b) and (e), that
o (0™ (2)) — 0w ()]
converges to zero with the desired speed. O

Proof of Lemma|C.2} Let H = SUpP;c(yo_r zo+s [f”(t)|- Then we have that r < 121 and so for
x € [xg — 7, g + 7], we will have, by Taylor’s theorem, for some s between z and o,

(@) = 0 % 0w — 20) + 3(5)(& — w0,

where we write xg since o = f(zo). Rearranging the expression and taking absolute values,
1 Hr
|f(x) — xo| < mlz — x0| + §H|$ —zof* < (77+ 2) |z — 2o,
since | f(s)| < H and |z — x¢| < r. Now, by assumption, Hr/2 < =571, and so

1+
|f(z) — xo] < (277> |z — xo].
For the case = 0, we have instead
H
|f(z) — 0| < 5|='17 — mo|?.
Hence in both cases, induction on n ends the proof. O

C.2 PROOFS OF PROPOSITIONS [3.2] [5.3] AND [5.4]

We now focus on Proposition [5.2] [5.3]and First, we prove Proposition[5.2] Second, we show that
Proposition [5.4] follows from Proposition Third and last, we prove Proposition[5.3|by proving the
more precise Proposition [C.3]

Proof of Proposition[5.2] We just need to consider Garctan(z) = % + % arctan(2z — 1). Then a
simple computation shows that the given claim is true. O

Proof of Proposition[5.4, By equation [3] we can express tanh as a NN with activation function
Sigmoid. Hence, we can transfor Gann into ogigmoia by substituting each  — tanh(z) by « +—
2 Sigmoid(2z) — 1. A Simple counting finishes the proof.

Observe that Proposition [5.3] follows from the following precise proposition that we will prove
instead.

Proposition C.3. Let
1 tanh(z —1/2)
Tran() = 5+ S N T2)

and

Frann () tanh(2ax — a) — atanh(4az — 2a)) + tanh(6az — 3a) n 1
Ttan i= Otan 2
tanh tanh 2(tanh(a) — atanh(2a) 4 tanh(3a)) 2

where a € (0.45,0.46) and o € (3.14, 3.15) are such that

2 2 2 2
min{seCh (x) +23 sech”(3x) |ze R} _ sech (a) +23 sech”(3a)
sech”(2x) sech”(2a)

= .

Then oann and Tiann are step-like activation functions with, respectively, n = 0.86, ¢ = 0.16, N = 0
and H=0.84,andn =0, =02, N=0and H =2.2.
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Proof. The claim about o, () follows after a simple numerical computation. For the claim about
Ttanh () observe that
Otanh (l‘) = Otanh (T(J?))
where, by the choices above, we have that:
0) 7(0)=0,7(1) =1.
(1) 7 is strictly increasing.
(2) 7'(x) = 0if and only if z € {0, 1}.

Hence G,y is fixes 0 and 1, is strictly increasing and, by the chain rule, satisfies n = 0. The rest of
the constants are found by numerical computation. [

C.3 PROOFS OF COROLLARIES[5.3} [5.6] AND[5.7] AND COMPOSITE NN

Proof of Corollary[5.3] This is a combination of Theorem [5.1] with Proposition [5.2]using Proposi-
tion [C.4] below. O

Proof of Corollary[5.6] This is a combination of Theorem [5.1] with Proposition [5.3| using Proposi-
tion [C.4] below. O

Proof of Corollary[5.7] This is a combination of Theorem 5.1 with Proposition [5.4] below. O

Proposition C4. Let o : R — Rand 6 : R — R be functions. If 6 can be written in terms of a NN
with activation function o with £ + 2 layers of widths 1,11, . ..,ry, 1, then every NN with activation
Sfunction & with k + 1 layers of widths wq, . . . , w1 can be transformed into a NN with activation
Sunction o with 2 + £(k — 1) layers of widths

Wo, W1T1y .-, W1TE, W2T1, - oo, W2TEy o ooy WET 1y - ooy WETy Wh-1-

In particular, if & can be written in terms of a NN with activation function o of size r, then every NN
with activation function & of size s can be transformed into a NN with activation function o of size at
most (r — 2)s.

Proof. Let the NN with activation function ¢ have affine transformations 7; : RY: — RWi+1
(1 € {0,...,k}) and the NN with activation function o that expresses ¢ have affine transformations
Si:R™ — R+t (3 € {0,...,¢+ 1}), where rg = ry1o = 1. Then, as an R — R map we have

&:Sg+1OUOSgO--~Sl OO'OS(),
but, as a pointwise R* — R map, we can write 0 as

~ _ Q®w Rw Rw
og=_5,10005/"0---S10005;

where S;X’w is the map R™" — R"+1" given by

z1 Si(z1)
R =R")"> | : | — : € (Rm+1)W = RN+,
T Si(-rw)
In this way, considering the NN with activation function ¢ with affine transformation
@1 1 &1 ® Q1 ® Q1 ® 1
Sg 0Ty, Sy, 87, Sy o Ty o S, ST, .., 87, 857 0 Ty 0 S,
9
® Qui—1 ¢® ® Qg
S() W OTk—l OSZ_,'_lk 1,51 wk,. . "Sﬁ wk,Tk e} Sz_i_uik,

we transform the NN with activation function & into a NN with activation function o with the desired
characteristics. The claim about the size is immediate. Note that if » = 2, then ¢ is an affine map and
the claim is still true. O
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D NUMERICAL EXPERIMENTS

Computing and approximating queries. For ()1, the ReLU GNN has 4 iterations with A, B and ¢
given by

00 0 0 100 0 ~1
=10 0 o ~lo 0 0 o0 !
A4=109 0 0 o|'B=fo 10090

0 0 -1 0 0000 1

Note that since we are in the unicoloring setting, all vectors are initialized to e;.
For )2, the ReLLU GNN has 7 iterations and A, B and c are given as:
10

b

Il
—ocoocococo
coococor
corRroocoO
co~roocoO
mooocooo
Scoocococoo

sy

|
SCoocoroo
cooroOoO
cocococoo
o~ ocococoo
coocococoo
coocococoo

Q

|

Note that vertices are initialized to e; or e depending on whether they are colored red or blue.
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