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Abstract

Adam has become one of the most favored optimizers in deep learning problems. Despite its
success in practice, numerous mysteries persist regarding its theoretical understanding. In this
paper, we study the implicit bias of Adam in linear logistic regression. Specifically, we show
that when the training data are linearly separable, Adam converges towards a linear classifier that
achieves the maximum ¢.,-margin. Notably, for a general class of diminishing learning rates, this
convergence occurs within polynomial time. Our result shed light on the difference between Adam
and (stochastic) gradient descent from a theoretical perspective.

1. Introduction

Adam [24] is one of the most widely used optimization algorithms in deep learning. By entry-wisely
adjusting the learning rate based on the magnitude of historical gradients, Adam has proven to be
highly efficient in solving optimization tasks in machine learning. However, despite the remarkable
empirical success of Adam, current theoretical understandings of Adam cannot fully explain its
fundamental difference compared with other optimization algorithms.

It has been recently pointed out that the implicit bias [20, 31, 39] of an optimization algo-
rithm is essential in understanding the performance of the algorithm in machine learning. In
over-parameterized learning tasks where the training objective function may have infinitely many
solutions, the implicit bias of an optimization algorithm characterizes how the algorithm prioritizes
converging towards a specific optimum with particular structures and properties. Several recent works
studied the implicit bias of Adam and other adaptive gradient methods. Specifically, [34] studied the
implicit bias of AdaGrad, and showed that AdaGrad converges to a direction that can be characterized
as the solution of a quadratic optimization problem related to the limit of preconditioners. However,
their results cannot be extended to Adam. [44] showed that gradient descent with momentum (GDM)
and its adaptive variants have the same implicit bias with gradient descent. This result is extended
to the setting of training homogeneous models in [43]. However, the results in [43, 44] reply on
a nonnegligible stability constant — when the gradient entries are minimized below the stability
constant (which is by default 10~® in Adam), adaptive gradient methods will essentially behave like
gradient descent. Therefore, it remains an open question how Adam will behave under the more
practical regime where stability constant is negligible. A more recent work [48] studied the implicit
bias of AdamW without considering such a stability constant. They showed that, if the iterates of
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AdamW converges, then the limiting point must be a KKT point of an optimization problem with £,
constraints. However, their result does not cover Adam, where the regularization parameter is zero.

In this paper, we investigate the implicit bias of Adam. Specifically, we consider using Adam
to train a linear model to minimize the empirical logistic loss or exponential loss, and demonstrate
that Adam has an implicit bias towards the maximum {.,-margin solution. We summarize the major
contributions of this paper as follows:

* We demonstrate the implicit bias of Adam for solving linear classification problems with linearly
separable data. We prove that Adam has an implicit bias towards a maximum ¢,-margin solution.
Our result distinguishes Adam from (stochastic) gradient descent with/without momentum., whose
implicit bias is towards the maximum ¢»-margin solution.

* Our analysis of Adam covers a broad range of diminishing learning rate schedules. For 7, = ©(t~%)
with a € (0, 1), our result demonstrates that the convergence towards the maximum /,-margin
occurs in polynomial time. This further differentiates Adam from (stochastic) gradient descent
with/without momentum in terms of the convergence speed.

£}

* QOur result focuses on a particularly challenging setting where we ignore the “stability constant e
in the Adam algorithm. In practice, the stability constant is by default set as e = 108, which is
almost negligible throughout the optimization process. Therefore, by covering the setting without
the stability constant, our theory matches the practical setting better. We demonstrate by simulation
that our theory can also correctly characterize the implicit bias of Adam with the stability constant.

2. Problem Settings

Given n training data points {(x;,v;)}?_, where x; € R% and y; € {+1, —1}, we aim to find a
coefficient vector w with Adam which minimizes the following empirical loss

R(w) = % S 0w, i 1)), @1
=1

where ¢((w, y; - x;)) is the loss function value on the data point (x;, y;). In this paper, we consider
0 € {log, Loxp }> Where g (2) = log(1 + e™7) is the logistic loss function and leyp,(2) = €77 is the
exponential loss function. We consider using Adam to minimize (2.1). Denotingm_; =v_; =0 €
R¢ and starting with initialization wq, Adam applies the following iterative formulas:

m; = fimy_1 + (1 — f1) - VR(wy), (2.2)
vi = Bovi—1 + (1 — B2) - VR(wy)?, (2.3)
bl (2.4)

i’

where 31, B2 € [0,1) are the hyperparameters of Adam, and the square (-)2, square root (/-) and
division (=) above all denote entry-wise calculations.
Note that in practice, it is common to consider the variant w11 = Wy — 1

Wil = Wy — )

my¢
vite’

additional term € ~ 10~ is added in (2.4) to improve stability. However, in our analysis, we do not
consider such a term e. This is because in practice, one seldom run Adam until v¢ is around the same
level as e. However, by the nature of implicit bias, the result needs to cover infinitely many iterations,
and the additional term € will eventually significantly affect the result. In fact, a recent work [44]

where an
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showed that when one considers such an additional e term, Adam will be asymptotically equivalent
to gradient descent. In comparison, in this paper, we will show that when ignoring €, Adam has a
unique implicit bias that is different from gradient descent.

3. Main Results

In this section, we present our main result on the implicit bias of Adam in linear classification
problems. We first introduce several assumptions.

Assumption 3.1 There exists w € R such that (w,y; - x;) > 0 forall i € [n).

Assumption 3.1 is a standard assumption in the study of implicit bias of linear models [15, 20, 22,
30, 39, 44, 46]. It can be easily satisfied in the over-parameterized setting where d > n. With the
linear separability assumption, we can further define the maximum /,-margin:

v = max min{w,y; - X;). 3.1
[Wlloo <1 i€[n]

We also make the following assumption on the initialization wy.
Assumption 3.2 The initialization wo of Adam satisfies that for all k € [d], VR(wo)[k]? > p.

Assumption 3.2 ensures that at every finite iteration, the entries of v; are strictly positive. We
remark that this is a mild assumption: if x;, i € [n] are generated from a continuous, non-degenerate
distribution, then regardless of the choice of wo, VR(wy)[k] # 0 with probability 1. Moreover,
p will only appear in our results in the form of log(1/p). Therefore, even if p is small, it will not
significantly hurt the convergence rates. A similar assumption was considered in [48].

Assumption 3.3 {7, }7°, are decreasing in t, and satisfy Y ;> 1 = 00, limy_o0 7 = 0.

Assumption 3.3 is a mild and standard assumption of the learning rates {7 };°, that is commonly
considered in the general optimization literature. It has also been considered in recent studies of
Adam and its variants [12, 18, 48].

Assumption 3.4 Forall 5 € (0,1) and ¢c; > 0, there exist t € Ny and co > 0 that only depend
on (3, c1, such that Zi:o BT (ecl 2 Mert 1) < cone forallt > .

Although Assumption 3.4 seems non-trivial, we claim it is a fairly mild assumption. In fact, for
both small fixed learning rate 7; = 7, and decay learning rate n; = (¢ + 2)~* with a € (0, 1],
Assumption 3.4 always hold. We formally prove this result in Lemma F.1 in the appendix.

Now, we state our main theorem about the implicit bias about Adam as follows.

Theorem 3.5 Let {w.}{°, be the iterates of Adam in (2.2)-(2.4) with 1 < Ba2. In addition, let y
be defined in (3.1) and B := maxX;c|, ||Xi|[1. Then under Assumptions 3.1, 3.2, 3.3 and 3.4, there
exists to = to(n, d, 51, B2,7, B, p, Wo) such that

o If { = leoxp, then for all t > t,

log 2 oy t—1
o8 -e 7 L=t " and | min
n i€l [[Willoo

R(wy) <

to—1 -1 3
<Wta Yi - Xi> < O 27'0:0 Nr + dZT:tO 7772
Tl TS —1 :
ZTZO Nr
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* If{ = log, then for all t > t,

and

)

ml —1
icfn]  |[Willoo Yoo

3 Y T—1
to—1 t=1 3 t—1 -1,
(Wi yi - xi) 7‘ _ 0(2;)0 nr 4+ d T mE 4 S me T )

where we use O(-) to omit factors that only depend on [31, 32,7, B.

Theorem 3.5 implies that Adam can minimize the loss function to zero, and that the normalized
£~o-margin achieved by Adam will eventually converge to the maximum ¢,-margin of the training
data set. To address general learning rate schedules, we do not specify a particular convergence
rate for either the loss or the margin, nor do we provide an exact formula for ¢o. However, it can be
easily verified that R(w;) < O(e™7* */40=)) when 1, = (¢ + 2)~® with a < 1. In addition, we
have tg = poly[n,d, (1 — 1)L, (1 — B2) "1, v~ Y, B,1log(1/p), R(wq)] when n; = (¢ + 2)~% with
a < 1, and we defer the derivation details to Appendix E.2. Regarding margin convergence, we will
give a set of detailed convergence rate results for different learning rate schedules in Corollary 3.7.

According to Theorem 3.5, the nature of Adam is vastly different from (stochastic) gradient
descent from the perspective of implicit bias: Adam maximizes the /..-margin, while existing
works have demonstrated that (stochastic) gradient descent maximizes the £»-margin [20, 30, 39].
Compared with existing works on the implicit bias of adaptive gradient methods [34, 44, 48], our
result demonstrates a novel type of implicit bias with accurate convergence rates, which can not
been covered in the previous results. Notably, [44] showed that, if a stability constant € is added,
i.e., (2.4) is replaced by w11 = w; — ntﬁ, then Adam will eventually be equivalent to gradient
descent and will converge to the maximum ¢3-margin solution. However, the analysis in [44] relies
on a positive e: their proof is based the fact that after a large number of iterations, the entries of
v will eventually be much smaller than €, and the update of Adam will be similar to gradient
descent with momentum. In our analysis, we are able to cover the setting where ¢ = 0, and our
result demonstrates that studying the setting without € is essential, as the implicit bias is completely
different. In Appendix B, we will demonstrate by experiments that our setting matches the practical
observations better.

Based on Theorem 3.5, we can immediately conclude the following simplified result by the
Stolz—Cesaro theorem (see Theorem E.8 in the appendix).

Corollary 3.6 Under the same conditions in Theorem 3.5, it holds that

. : <Wt7 Yi - Xi) .
lim min ~—————*" = max min({w,y; - X;).
tmooieln]  [[Willo Wl i€ln]
. . . . : . .
If there exists a unique maximum lo-margin solution w* = argmax||| . <1 Mile[y) (W, x;), then
we have lim;_, o ﬁ =w*
o0

We can also investigate the convergence rates of the /,,-margin with specific learning rates. The
results are summarized in the following Corollary.
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Corollary 3.7 Consider n; = (t + 2)~% with a € (0,1]. Denote by w;"* and w}tog the iterates

of Adam for { = leyp, and £ = Ly respectively. Suppose that 3y < [o and Adam starts with
initialization wo. Let B := maXc(y) ||Xi|l1. Then under Assumptions 3.1 and 3.2, there exists
to = to(n,d, 1, B2, v, B, p, wo) such that for all t > ty, the following results hold:

2
°Ifa<§,

(WP - x;) ‘

log =~ . d
. minwﬂ <o(-2).
i€l (| oo te/

i€t W lloo
o Ifa= %
i (WP X)) | < of &gt +logn +log R(wo) + [log(1/p)]*/
iefn] Wy [loo - £1/3 ’
i WX | ((d-logt 4 nd +nR(wo) + flog(1/p)]'/* )
i€nl w0 B t1/3
. If% <a<l,
g WDy xi) | o d+logn +log R(wo) + [log(1/p)] '
icln] Wy [loo - th-e ’
2(1—a) —a
nin (W), i - x;) A <of 4tnd +nR(wo) + [log(1/p)]! '
ilnl || w,®]loo - tie
e Ifa=1,
min (WP g xi) “ <o d +logn + log R(wo) + loglog(1/p)
ieln] Wy lloo - log t ’

min <Wi0gl’ Yi-Xi) | < O(d + nlogd+ nR(wq) + loglog(l/p)> '
i€l ||wi%®| 0 log t

Corollary 3.7 comprehensively presents the convergence rate of the £,,-margin for different learning
rates. It also indicates that the margin convergence rates for /ey, and /), are of the same order
of t. Notably, for a < 1, the normalized /,-margin converges in polynomial time. This clearly
distinguishes Adam from (stochastic) gradient descent with/without momentum, for which the
normalized ¢-margin converges at a speed O(loglogt/logt) [19, 39, 44]. For the scenario when
a = 0, i.e., the learning rate 7 is fixed as relatively small 7, we have | min;c/, % —q] <
O(d./n). We would also like to remark that, although Corollary 3.7 seemingly indicates that
n = (t+ 2)_2/ 3 is the learning rate schedule with the fastest convergence rate, it does not mean that
n = (t+ 2)*2/ 3 always converge faster than the other learning rate schedules in all learning tasks.
The bounds in Corollary 3.7 are derived under the worst cases, and in practice, we can frequently
observe that the margins all converge faster than the bounds in the corollary.
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4. Conclusion and Future Work

In this paper, we study the implicit bias of Adam under a challenging but insightful setting where the
"stability constant €" is negligible and set to zero. We demonstrate that Adam has an implicit bias
converging towards the maximum /,-margin solution, and such convergence occurs in polynomials
of time for a general class of learning rates. This result further helps to understand the distinctions
between Adam and (stochastic) gradient descent with/without momentum, whose iterates will
eventually converge to the maximum /9-margin solution with an O(loglogt/logt) convergence
rate. This finding aligns with the implicit bias of Adam observed in experiments, for both cases the
stability constant € is zero and 108, We predict that similar result can be extended to homogeneous
neural networks, and we believe that this is a good future work direction. Moreover, since this
paper focuses on full-batch Adam, another feasible future work is to investigate the implicit bias of
stochastic Adam based on our results.
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Appendix A. Additional Related Work

Theoretical analyses of Adam and its variants. There has been a line of works studying the
properties of Adam and its variants from different aspects. [36] pointed out that there exists simple
convex objective functions which Adam may fail to minimize, and proposed a new variant of Adam,
the AMSGrad algorithm, which enjoys convergence guarantees in convex optimization. [10, 17,
32, 50] established optimization guarantees of Adam and its variants in non-convex optimization.
[18, 28] implemented variance reduction techniques in Adam and proposed new variants of Adam
accordingly. [45, 49, 51, 52] studied the generalization performance of Adam and compared it with
GD under different learning tasks. [3—6, 26] tried to explain the performance of Adam by studying
the connections between Adam and sign gradient descent.

Implicit bias. Classic results [20, 39] demonstrated the iterates of GD will converge to the
maximum fo-margin solution in direction on linear logistic regression with linear separable datasets.
[30] extended this result under stochastic settings. [15] explored the implicit bias of a general
class of optimization methods, containing mirror descent and steepest descent. [22] proposed a
primal-dual analysis and derived a faster convergence rate with a larger learning rate compared
to [20, 39]. [46] explored the implicit bias of gradient descent at the edge of stability’ regime,
where the learning rate can be an arbitrarily large constant. [21, 29] showed that g-homogeneous
neural network trained by GD will converge to a KKT point of maximum ¢3-margin optimization
problem. [8] established an implicit bias type result for the Lion [9] algorithm in its continuous-time
form. There also exist numerous works studying the implicit bias for different problem setting,
including matrix factorization models [2, 14, 27, 35], squared loss models [1, 23, 37], weight
normalization and batch normalization [7, 47], deep linear neural networks [16, 19], two-layer neural
networks [11, 13, 25, 33, 41, 42].

Appendix B. Experiments

In this section, we conduct numerical experiments to verify our theoretical conclusions. We set the
sample size n = 50, and dimension d = 50. Then the data set {(x;,y;)} are generated as follows:
1. x;, i € [n] are independently generated from N (0, I).

2. y;, i € [n] are independently generated from as +1 or —1 with equal probability.

Note that for data sets generated following the procedure above, Assumption 3.1 almost surely holds.
We can also apply standard convex optimization to calculate the maximum £,,-margin ~y. In order to
make a clearer comparison between Adam and GD, we generate 10 independent sets of data, and we
select the dataset with the most significant difference in the directions of the maximum /3-margin
solution and maximum ¢,-margin solution. We then run the experiments on this selected data set.
Throughout our experiments, for gradient descent with momentum, we set the momentum parameter
as f1 = 0.9, and for Adam, we set 51 = 0.9, B2 = 0.99. All these hyper-parameter setups are
common in practice. All optimization algorithms are initialized with standard Gaussian distribution,
and are run for 10 iterations.

We first run GD, GDM, Adam without the stability constant, and Adam with stability constant
¢ = 107® to train a linear model minimizing the logistic loss, and compare their normalized /-
margin and normalized />-margin. The results are given in Figure 1. We can see that the normalized
{~o-margins of Adam, both with and without €, converge to the maximum £.,-margin, whereas the
normalized ¢,-margins of GD and GDM do not. In contrast, the normalized ¢2-margins of GD and

11
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GDM converge to the maximum ¢3-margin, while the ¢2-margins of Adam, both with and without e,
do not. By comparing the curves of Adam with and without €, we find that they behave similarly
and their convergence remains highly stable. This justifies our theoretical setting where we ignore
the stability constant in Adam, and demonstrate that our maximum ¢,-margin implicit bias result
derived without e characterizes the practical behaviour of Adam more accurately compared with the
maximum ¢£s-margin result for Adam with € in [44].

We also run a set of experiments to demonstrate the polynomial time convergence rate of the
{~o-margin. We run experiments on Adam with learning rates 7, = ©(¢~*) fora € {0.3,0.5,0.7,1},
and report the log-log plots in Figure 2, where we perform the experiments for Adam with/without
the stability constant separately. In the log-log plot, we observe that after a certain number of
iterations, curves for a < 1 almost appear as straight lines, suggesting that the normalized ¢,,-margin
converges in polynomial time for ¢ < 1, while the curve for a = 1 exhibits logarithmic behavior,
indicating the normalized /,,-margin converges logarithmically in ¢ for ¢ = 1. Similarly to the
previous observations, there is still no significant distinction between Adam with and without e,
further demonstrating that our theoretical setting, which disregards e, is reasonable. We also note that
in Figure 2, the margin achieved by Adam with ; = ©(¢~°3) converges the fastest. However, as we
have commented in Section 3, different learning rate schedules may perform differently on different
data sets, and it is not necessarily true that n; = ©(¢~°3) is always the best learning rate schedule.

175 0.5

150
0.4

125

0.3

we. x|
I}

100

e cE .
Ew 075 —— Adam with e, g, =t Ew —— fdam with £, f, =722
- 0z
Adam wfo. £, g, =t / Adam wjo. £, n, =t~
050 GD with n: =0.1 { GD with n: =0.1
025 —— GDM with = 0.1 oL —— GDM with . =0.1
|| - ||=-maximum margin |+ ]|z-maximum margin
0.00 T T T T T T 0.0 T T T T T T
10t 107 10 10t 10 108 10t 10 10 10 10 10
iterations iterations
(a) normalized £,.-margin (b) normalized £5-margin

Figure 1: Normalized ¢.,-margins and ¢5-margins achieved by GD, GDM, and Adam with/without
the stability constant € during training. (a) gives the results of normalized /.,-margins,
while (b) shows the results of normalized ¢2-margins.

Appendix C. Proof Sketch for Theorem 3.5

In this section, we explain how we establish the convergence of the ¢,-margin of linear models
trained by Adam, and provide the sketch proof of Theorem 3.5. For simplicity, here we focus on the
case £ = lexp. The proof for £ = /.4 is almost the same.

We first introduce several notations. Define

Glw) = == 3" ((w. i),

12
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10t 10t

1

1wl

e, 31

£= £

EW 107! = Adam with n, =7 EY 107" { = Adam withn, =t
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Figure 2: Log-log plots of the normalized {o-margin gaps | min, e, (W, yi-X;) /[[Wt || oo — | versus
training iterations. (a) presents the results for Adam with the stability constant ¢, and (b)
presents the results for Adam without the stability constant e.

Then for £ € {leyp, l1og }, it is clear that G(w) > 0 for all w € R?. In the following, we will show
that G(w) plays a key role in the convergence and implicit bias analysis.

Step 1. Accurate characterizations of the first and second moments. Adam algorithm is defined
based on the first and second moments m; and v;, which are calculated as exponential moving
averages of the historical gradients and squared gradients respectively. A key challenge in studying
Adam is to accurately characterize each entry of m; and v; throughout training. We present the
following lemma.

Lemma C.1 Under the same condition in Theorem 3.5, there exists t| = t1(31, B2, B) such that

jmy[k] — (1= B1) - VR(wi)[K]| < emmG(wy),

VTR = /1= B85 [VR(wOI)|| < oG (we)

forallt >ty and k € [d], where ¢,, and ¢, are constants that only depend on [31, 2 and B.

Since 7, B and S5 all decrease to zero as ¢ increases, Lemma C.1 implies that after a sufficient

number of iterations, the entries of m; and v; will be close to the corresponding entries of VR (w)
and |[VR(w;)| respectively. Notably, the term G(w) also appears in the bounds. In fact, deriving
such bounds with the factor G(w) is essential to enable our implicit bias analysis: when the algorithm
converges, by definition, G(w;) will also decrease to zero, which implies that the bounds with the
factor G(wy) are strictly tighter than the bounds without G(w;). Lemma C.1 is one of our key
technical contributions.

Step 2. R(w;) starts to decrease after a fixed number of iterations. Based on Lemma C.1, we can
analyze the convergence of R(w). Specifically, we can show that, after a fixed number of iterations,
the training loss function will start to decrease. This result is summarized in the following lemma.

Lemma C.2 Under the same condition in Theorem 3.5, there exist t\ = t1(f1, B2, B) such that for
all t > t, it holds that

R(wis1) < R(wi) = my - (1= CuBi* = Cod- (07 +m1) ) - G,

13
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where C, Co only depend on 51, B2, B

Note that by definition, G(w) > 0 for all w € R?. Therefore, Lemma C.2 implies that R (w) starts
to decrease after a fixed number of iterations, and gives a bound on the decreasing speed. We remark
that the proof of Lemma C.2 is highly non-trivial. Although we have related m; and v; to the loss
gradient VR (w;) in Lemma C.1, the fact that w,; is updated according to the entry-wise ratio
my //vy still introduces challenges: under our problem setting, it is entirely possible that at a certain
iteration, a certain entry of VR (w;) will exactly equal zero. In this case, the results in Lemma C.1
can not directly lead to any conclusions about the ratio m;/,/v;. In our proof, we implement a
careful inequality that also takes the historical values of VR(w) into consideration.

Step 3. Lower bound for un-normalized margin. The proof of the implicit bias towards maximum
{~-margin also relies on a tight analysis on the un-normalized margin min;e(y, (W, y; - x;) during
training. We have the following lemma providing a lower bound on the un-normalized margin.

Lemma C.3 Under the same condition in Theorem 3.5, if there exists to such that R(w;) < 10%2
forall t > ty, then it holds that

t—1
g(w
it ) 2 50 50— Sk 3ot -
T=to T=to T=to

forall t > ty, where C's, Cy only depend on (31, B2, B

Note that this lower bound contains a negative term —ng(zt ! 3/ >4 ZT to n?). Under

T= to

our (mild) assumptions on the learning rates, it is entirely possible that > >2 o 772/ 2, Yoo 1017 =
+o00 and thus the negative term in the lower bound may go to —oo. However, we can show that
limy_yo0 G(W¢)/R(w:) = 1 (in fact, for exponential loss, it is obvious that G(w;)/R(w;) = 1).
Therefore, after a fixed number of iterations, the positive term in the lower bound will dominate, and
Lemma C.3 gives a non-trivial bound. The strength of this lemma lies in its applicability to very
general learning rates {7;}§°.
Step 4. An upper bound of ||W;|| .

In Lemma C.3, we have obtained a lower bound of the un-normalized margin. However, to show
the convergence of the /,,-normalized margin, we also need to establish a tight upper bound of
||W¢||oo. We present this result in the following lemma, which is inspired by Lemma 4.2 in [48].

Lemma C.4 Suppose that the same conditions in Theorem 3.5 hold. There exist Cs5, Cg that only
depend on (1, B2, B, such that the following result hold if there exists to > log(1/p) such that

1
R(wy) < \/ﬁforallt > to, then ||Wi]|oo < ET 1, 1 + Co ZT 0 anorallt > tp.

Lemma C.4 gives an upper bound of ||w;||oo Which mainly depends on ZT t, M-~ Note that
Lemma C.3 also gives a lower bound of the un-normalized margin which mainly depends on
ZT to N7G(W7)/R(wr). These two lemmas will be combined to derive the convergence of the
normalized margin.

Step 5. Finalizing the proof. Finally, based on the lemmas established in the previous steps, we can
prove Theorem 3.5. We also need the following utility lemma provided by [52].

Lemma C.5 (Lemma A.2 in [52]) For Adam iterations defined in (2.2)-(2.4) with 31 < B2 and let

BT then mylk] < o /N[ for all k€ [d

o=

14
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We are now ready to prove Theorem 3.5 for the case £ = lexp,.
Proof [Proof of Theorem 3.5] By Lemma C.2, there exists to = to(d, 81, B2, 7y, B) such that

R(wip1) < R(we) — LG (wy) (C.1)

for all ¢ > t5. Note that for £ = ey, by definition we have G(w;) = % S exp(—(We, yi - X4)) =
R(w¢). Therefore, for all ¢ > ¢, (C.1) can be re-written as

t
Y=ty T

R(wit1) < (1 - %) R(wi) < R(wy) - e < R(wy,) e~ 2

-1
Although ey, is not Lipschitz continuous over R, we have R(w,) < R(wyq) - B S e by

Lemma C.5 and triangle inequality. Letting R = min{ =% log 2 W} and tg = to(n,d, B1, B2,7, B, p, Wo)

be the first time such that Zto_tl ny > QO‘B St 4 2log R(Wov) 2108 R0 and ty > —log p. By

such definition of ¢y, we can derive that for all t > tg,

top—1
v th=t0 nr vy Z‘,—O=t2 nr Y Zf—:to nr

R(wy) < R(wy,) e 2 e 2 <Rp-e =z

which proves the bound on R(w;). Since ty satisfies all the conditions in Lemmas C.3 and C.4, by
Lemmas C.3, C.4 and the fact that G(w,) = R(w) for exponential loss, we have

<Wt7yi'xi> 727’ to T — C3d(2‘r =to 777' +ZT =to 777) Cy
[Willoo S+ Co )

for all i € [n], where C3,Cy and Cg are constants solely depending on (1, f2 and B. Now by
definition, we have v > min;c,; (W, yi - X;) /|| W¢|| . Therefore, we have

/YCGZT 0 777+03d<z7— tOTIT +ZT tonT)+C4
ZT t0777+06200?77—

cof B +dy 2

= t—1 )
ZT:OTZT

where the second inequality follows by the assumption that 17, — 0. This finishes the proof. |

iefn]  [|Willoo

Appendix D. Proof in Appendix C
D.1. Preliminary Lemma

It can be figured out that only the product y;-X; is concerned in (2.1). Therefore, we define z; = y;-x;,
then (2.1) could be re-written as
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We also define Z = [z1,22, - - , zn] € R™*4 to denote our sample with ¢—th row is z , and we will
use Z € R™ 4 to denote the data sample instead of {(x;,y;)}", in the following paragraphs. Then
G(w) =157 —'((w,2;)),and weintroduce L' (w) = [—10'((w, 1)), =10/ ((w,22)),- -+, =10/ ((w,2z,))] T,
which means G(w) = ||L’(w)]|1. The following lemma reveals the relationship between the maxi-

mum margin v and VR (w;) by duality.
Lemma D.1 For data sample Z under Assumption 3.1 and maximum {~,-margin v as defined in
(3.1), then
< min ||Z7
v < min [|Z 7w,
where Ay, = {rlr e R",>"" | r; = 1,r; > 0} is the n dimensional simplex.

Remark D.2 Since Lg/((vv‘;’:)) € Ay, and VR(wy) = Z" L' (wy), we always have vG(wy) < ||[VR(w¢)|1

which is the essence for proving the convergence direction of gradient-based algorithms. This result
was also proposed in [15, 20, 22, 38, 40].

Proof [Proof of Lemma D.1] Firstly, we introduce a definition of indicator function ¢(-) as

() 0,if z € E;
L Z) =
b too,ifz ¢ B,

where F is any set. Let f(r) = ta, () and g(z) = ||z]|1, then we could derive that f*(r*) =
maXe[,) (€, 7*) is the dual function of f(r) and g*(2*) = ¢/2+| <1 is the dual function of g(z).
Then by Fenchel-Young inequality, we have

min |27 vl = min [£(r) +9(27r)] = max [ - *(Zw) - g"(~w)|

= max [ maxe; ZW_L||WHOO<1:| = max mine; TZw = ~.
weR? i€[n] [Wlloo<1i€[n]

D.2. Proof of Lemma C.5

We first introduce the proof of Lemma C.5 since it will be used for further proof of other lemmas.
Proof [Proof of Lemma C.5] By Cauchy-Schwartz inequality, we could derive an upper bound for
my[k| as

jmy[k]| = | B [k] + (1= B1) - VR(wWa)[k]| < Y B1(1 = B1) - [VR(wer) K]
7=0

—Z B3 (1= f2) ﬁg(( ﬂﬁl)-\vmwtf)[k]\
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< an/vik].

The last inequality is from

(k] =) B5(1— B2) - VR(wy_7)[k]?,

7=0
and
B =p1) _ (1=B1)*~ (B B(-5)°
Z 3(1—B2) = 1— 5o 2(52> _(1—52)(52—%)_&.
This finishes the proof. n

D.3. Proof of Lemma C.1

Proof [Proof of Lemma C.1] Let o = % be defined in Lemma C.5. For my k], it could
1

be rewritten as
t
= B{(1—B1)- VR(w;-)[K]
7=0

= (1- ™) VR(w) K + (1= )T - (VR(we)[K] - TR(wi)[K]).

7=0

Therefore the difference between my[k] and (1 — 3¢ - VR (wy)[k] can be bounded as

S (1= 887 - (VR(wi-o) k] — VR(wi)[K])

my[k] — (1 - B - VR(wt)[k]‘ — ‘
=0

=[S B0 (5 S [ (wirm) — £ ((wi,2))] -zi[k])\
7=0 =1

U((wt,2;)) ! ‘ZZ[MD
<(1- Bl)BiﬁI(i zn: }f’(<wt,zi>)’) (eaBz:/:ﬁt,T, _ 1)
=0 i=1

< (1= pB1)Beant - G(wi) = cmmy - G(We).

<> (- ﬁl)ﬁf(% > |€/(<Wt7zi>)“£,(<wt_7"zi>) -
=0 i=1

The second inequality holds since |z; k]| < ||z;||1 < B, and for both £ € {{eyxp, 10 }, We have

/ .
W | < e wiradl g < i lllslh g < 0BSTmo g,

"((wi, 2i)) B
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by Lemma C.5 and Lemma E.5. The last inequality holds since 3% _ A7 (e®BXr=1m- —1) < cory
by our Assumption 3.4. Similarly for v;[k], we also have

ik — (1— g5 vmwt)[kﬁ\

t

= | 300 8285 - (VR(wi—r) K] — VR(wi)]2)
7=0
= |05 (g 3 [ e ) (Wi, 2)) — (w50 (w1, )] -zimzm)\
=0 ij=1
'f L\ : C(Wir, 2))0 (Wi—r, 7))
< l—ﬁQﬁT—Z U((we,23)) | |0 ((We,25)) 7 7 — 1{|z;[k]||z; [k
S5 (i 32 el e[ SEER 2 e <l

<300 B3 85 (g D0 1w ma) [0 (fwi, )] ) (28 Srrma e 1)
7=0

ij=1
< 3(1 = B2)B%camy - G(wi)® = cime - G(wi)”.

Similarly, the second inequality holds since |z;[k]||z;[k]| < ||zi]1]z;]1 < B2, and for both ¢ €
{geXpa glog}, we have

(Wi, 2i) W' ((Wir, 25))
(Wi, 2i)) 0 (Wi, 25))

< (el(w,:—w,sfr,zi)l — 1) + (el(wt—w,sff,zj)l — 1) + <e|(wt—wt,f,zi+zj>\ — 1)
< <e\\vvﬁvvt_T\\oo||m||1 _ 1) n (e||Wtht_f||oo||zg-||1 _ 1) 4 <€Hwt,wt_T||oo||zi+sz1 _ 1)
S 3(620132:/:1 MNe_rt __ 1)

_1‘

by Lemma C.5 and Lemma F.6. The last inequality holds since Zizo B3 (eQO‘B PO, 1) <

comy by our Assumption 3.4. Now, it remains to show the upper bound for |/ vy[k] — /1 — Bé“ .
!VR(wt) (k] } Notice that both v¢[k] and (1 — B5T1) - VR (wy)[k]? are positive and for two positive
numbers a and b, |a? — b%| = |a — b||a + b] > |a — b|?, therefore we finally conclude that,

[VAVlR] = /1= 857 [VR(w) k]| < co/ - G(we).

This finishes the proof. n

D.4. Proof of Lemma C.2

Before we prove Lemma C.2, we first introduce and prove Lemma D.3, which will be used for
proving Lemma C.2.

18
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Lemma D.3 Under the same condition in Theorem 3.5, there exists t1 = t1(51, B2, ), such that

when t > t1, we have
t+1
1 HVR Wt

\/1—52(\/1 gLt

‘<V7€ W), > _ HVR wi)

Vil + 3enni) - G(wi), (D)

where c,, and c, are both constants which only depend on (31, B2 and B.
Proof [Proof of Lemma D.3] By Lemma C.1, we could re-write my[k] and /v[k] as
mylk] = (1 - iH) - VR(We) k] + cmne - G(Wy) - €4m ks

and

VVilk] =14/1— 5“ . }VR(Wt)[kH + o/ - G(We) - €0 > 0,

inner-product (VR (w;), \7‘—%) for each iteration as

<VR(wt)

) =R, +ZVR wli - (S - T

vilk]  IVR(w)[K]
()

Vi

Moreover, we let

my [l{?] (Wt

- VR (wq)[k]
&k = VR(W)[k] - ( vii IVR( wt)[kH>

_ <(1 7Y VRWOIK] + et - G(We) - ermp vn(wt)[k]>
1)

)
J1— B [ VR (wy) [VR(

]
K|+ o/ - Glwi) - et wollk
and consider to separate &y into two complementary parts. The first part is & x 14, ,, where
A = {\/1 — it ’VR(wt)[k:H > 2¢y/N; - G(Wy) - |et7v7k|}. While another part is & xLag .
where Af; = {\/1 — gt |VR(w) k]| < 2coy/Tc - G(wy) - ]em,k|}. By such separation, we

have
d

> &rla,,

k=1

d

> Serllag,

k=1

d
th,kﬂAt,k +&rlag, | < +

k=1

()] =

We calculate it part by part. For the first part | Zizl Serla, |

1— 6t+1 _ m’ . ’V'R,(Wt)[k‘]l?) + (Cmnt + Cv\/%) : g(wt) : ‘VR(Wt)[kHz

d
|
<

2 (V1= 85 [VR(w0) ]|+ co/ - Gwe) - €tk ) - [VR(wi) K]
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Ed: ‘1 =gt =1 - 3“’ | VR(wo) K] + (cmm +cv\/%) - G(wi) - |[VR(wi) ]|
1= 85 [ VR(wy)l

5t+1
e ﬁ<w><>

The first inequality is derived by triangle inequality and |e; ,, x|, |€,v,k| < 1. The second inequality

holds since /1 — 85!+ [VR(we)[k]| + con/Tt - G(Wi) - €0k > 54/1 — BT+ | VR (wy)[K]| when
14,, = 1. And the last inequality is simply due to an arithmetic result that

t41
‘ t+1 /1 §+1’ ‘ /1 §+1’ _i_ﬁt—&-l < /1 1+5t+1 /Bt+1 <28,

, we use the property /vi[k] > /1 — B2 - !VR(wt)[k:H to

Then for another part ‘ Ziﬂ Eerlac,
derive an upper bound as ’

d
|VR(w)[K]| + cmne - G(wi)
< S vroma - (S R+ )

Vil + emie) - RW1). (D3)

d 4ey
_\/1—52(\/1 ﬂt—i-

The first inequality is derived by triangle inequality and |e; ,, | < 1. The second inequality holds

since |[VR(wy)[k]| < \/%m G(wy) when 14; = 1. Combining the results of (D.2),(D.3)

and Lemma F.2, we finally prove finish the proof. |

Now, we are ready to prove Lemma C.2.
Proof [Proof of Lemma C.2] We upper bound R(w,1) for ¢ > t; by second-order Taylor expansion
as

R(Wir1) = R(wy) + <VR(Wt), Wil — Wt> + %(WtJrl - Wt)Tv2R(Wt + ((Wis1 — W) (Wi — we)

— R(wy) — <VR(wt), m;:;) v ;(m:/nvitfv?n(wt + (Wit — wy)) (nt:/n%)
<) =11y 12 ) RO
o grt s wn) 0+ 5 st )
< R(wi) - m<1 -4 1_++) Glw) + O G(w)
2 V=)0 85
+ n?(aQBzeaBm + %) - G(wy).
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The first inequality is from Lemma D.3, and for the vector \‘}‘vit

(%)TV2R(W)<%> < igﬁ"«w,zi))’ :/H%H;HZZ}E < a?B?-G(w)

by Lemma F.2 and Lemma C.5, and g(wt + (W1 — wy ) < max {g W), (wt+1)} from
convexity of G(w). The last inequality is from % < e®Bm < @B by Lemma F.5 and
vG(wi) < [[VR(wy)|l1 by Lemma D.1. [ |

D.5. Proof of Lemma C.3
Proof [Proof of Lemma C.3] By Lemma C.2 and Lemma F.2 , we have

G(wi)
R(wt)

3 g W
R(Wir1) < R(wy) - (1 — M- + (Cwntﬁi/z + nf Cod + 77?0261> : J >

< R(w¢) - exp (—vm g(( tt)) + CiymBY + Cod - (nt% + n?))
t0+1
g o 2 el - ) 2T
T=to ) T=to
(D.4)

for all t > to. By Lemma F.4, we can derive that (w;,z;) > 0 forall i € [n] and ¢t > ¢o. Then
we have ¢~ MiMie(m (We2i) < 10&2 maXen £((We, 2:)) < logQR(Wt) by Lemma F.3. Plugging this
result into (D.4) and taking log on both sides, we finish the proof for Lemma C.3. |

D.6. Proof of Lemma C.4

Before we prove Lemma C.4, we first present and prove Lemma D.4 which will be used for proving
Lemma C.4.

Lemma D.4 For Adam iterations defined in (2.2)-(2.4) with 81 < B9, for any to € N4, t > tg, and

all k < [d,
-1
|Wt[k;] - Wig [kH < ( Z 7’7’)'
T=to
(1 n Bo — B v, BT n Ty (B2 — B1)(1 = B1) § 7 1[351 ST e B
1-p Etf=1to ks 15 r=to EtT_zlto Nr
(D.5)

Proof [Proof of Lemma D.4] If we consider implementing the Cauchy-Schwartz inequality on the
sum of the iterations, we can get,

t—1

S m. (k] ’

T=to Vr [k]

Wi lk] — wi, [k]| =

21
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t—1 T—to
| & A (T a3 B (1 ) - TR ]|
T=to VVT [k] 7/'=0
t—1 " T—1t0 %
< T T—to+1 o 2
= |:T:t0 v [k] ( 1 My, — 1[k 2+ Z Bl (1= B1) - VR(wWr—r)[K] >:|
t—1 T—to 1
2777_( T— t0+1+ Z’Bl 1—51>>:|
T=to
t—1 T—to L4 1
_ N Tft0+1 1 Vr—r/ [k] - 62V777’71[k‘] 2 2
_{ . (VT[k] 1 Z " | 1— v, [K] ) Z”T '
T=to T=to
<?>
(D.6)
The inequality is by Cauchy-Schwartz inequality and the second equality is from
(1 - ﬁ?) : VR(WT—T/)UC]2 = Vi [k] - ﬁQVT—T’—l[k]a
and
t—1 T—to t—1 t—1
Zm( Y | (1—61)) = Zm( AR i tO“) => -
T=tg 7'=0 T=tg T=to

For the first part () defined in (D.6), we could re-arrange it as,

2 : 777' ’T to-l—l] to—l[k]Q
vk
T=tg

o (k] = BafB] vy 1[k] + (B

— B2) ST BT v, K]

" thom(l e (1= Bo)v- 1K)
nT i Ba(1 - Br) 1 B
t ( 1a2_ 17_ I82 )Vt0_1[k]+ 1—,8272;0777
(1_61 — T—lVT T’[k]
* 1—52 ;;07,2:1 - [k]
1— B — (1—B1)(B1 — f2) = = T—]_VT r[k‘]
§1322n7+ 1*52 TZ?;); 7 [K]
t—1 t—1 t—1 7—tg
. ﬁ2_ﬂl - (1_/81 T—lvT T’[k]
_th:on7+ 1 —f3 ;m 1—52 TE;OT,Z:I 7 [K]
t—1 By — By T—to
=> n+ 12_5212 (1—1—/31 257_1“7 )
T=to T= to
t—1 6 _ﬁ t— T—1o T—1o v ]
=> n+ 12_&12 (5{ DrI-B)Y BT (1B 257_1 t >
T=to T=to /=1 7'=1
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— Bs— Bi « =
— B T—to - T —1 /
=S 1_&;0 (7 + -0 PR (REn =)
t—1 By — B t T—to
B —to . 7'—1
<o ;Om(ﬁl (1 ﬁl);ﬁl bg(vT )
— By — Bi (B2 — B1)(1 — — =
_ - T—to —1 o ,
= thom + 1- 5, tho N6 + 1— B, tho TZ 51 [IOg VT[ ]) log(v,_; [k])}
t—1 t—1
_ 62 — 61 T—to
- Tz:;o Nr + 1 62 7;) NP1
. 1— t—1 1_ 7— to T—to
L (B 51_)( Ay ( > e —log(v,[k Z 1 Z BT " og(ve—p [k])>
1= 52 T=to ﬂl T=to T'=
t—1 t—1
Tr=r—7' B2 — b1 T—to
77;)177-_'_1_62 7;ton‘rl
(52_51)(1_51) — 1- I_to T—7*—1
+ 1— 5, (Z;()ml—ﬁllog vk thonT Z;o B log(v+[K])
:Z +ﬁ2—§1z e BT
T=tg T=to
(o pls 0 S LA " —
t—1
_ B2 — B r—to
- tho Nr + 1— ,82 tho NP
. 1— t—1 1— 7- to t—r—1
%jﬁkﬂ”ZQh - 3 i )mmwwm>
T=to
Plugging (D.7) into (D.6), then we derive the result of (D.5). |

Now we are ready to prove Lemma C.4.
Proof [Proof of Lemma C.4] Considering the last two terms on the RHS of (D.7), for the second
term, we can upper-bound it as,

By— B~ rts . he(Ba— 1)
1— B2 27771 §(1—51)(1—52)’

T=to

since 7; is decreasing. Let C5 = c? in statement of Lemma D.4. Then for the third term, by
Lemma C.1 and our condition R(w;) < L we have

= 5o’
vilk] < VR(wy)[K]* + iy - G(we)? < (B2 + Csmo) - R(wy)? < 1

23
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for all k& € [d], which implies that log(v;[k]) < O for all ¢ > to. On the other hand,

log(v[K]) > log(B4(1 — B2) VR(wo)[K]2) > tlog Bz + log(1 — B2) + log p,

and

1_Tt0 t—7—1 Tto t—r—1 T—to

e ———— Z e B8] 12> UT( Z BT ‘1> > 1 B

Combining these results, we can upper-bound the third term as,

t—1 Ttotfl
(Br= 00— 2 <n71<— -3 >log<vT[J)

1- BQ T=tg

—1
Bo— B~ e
<7 521 > 0B (— 7log Bz — log(1 — Ba) — log p)
T=to

77t0(52 —51)
T (1= B1)(1 = pa)

Plugging these results into (D.5) with Bernoulli inequality, we have,

[(to 1) (- log ) — log(1 — ) - logp}

t—1
o (B2 — B1) 1
(wi[k]| < [wi, [K]] +th0777+ 20— B ) [(toJr : _ﬁl)(—logﬁz) —log(1 — f2) —log p + 1]
to—1 1
< ;;0777 +a Z N+ 17”_0 gf)(lﬁ_l)&) [(to + Bl)(—log&) —log(1 — f2) — log p + 1}
to—1 to—1
< ZWT+aZWT+06noto< ZnTJrCGZnT,
T=to T=to

where C and Cj are constants only depending on 1, 2 and B. The second inequality is from
triangle inequality of |wy,[k]| and Lemma C.5. The third inequality is from our condition #;, >
— log p and the last inequality is because 7); is decreasing. Since the preceding result holds for all
k € [d], it also holds for ||w||co, which finishes the proof. [

Appendix E. Complete Proof for Theorem 3.5 and Calculation Details for
Corollary 3.7

E.1. Complete Proof for Theorem 3.5

Proof [Proof of Theorem 3.5] For C, C5 defined in Lemma C.2, it’s trivial that when ¢ is large
t/2 .. . 2

2 < < 5o (i) < min {%gw, 6coa ) We use
to = to(d, p1, B2,7, B) to denote the first time that all the preceding inequalities hold after t; =
t1(B1, B2, B) in Assumption 3.4. Plugging all aforementioned inequality conditions into Lemma C.2,
we can derive that for all ¢ > 9,

we have the following inequalities hold:(i).3;

R(wWir1) < R(wy) — —G(wy). (E.1)
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Therefore we prove that R(w1) < R(wy) for all ¢ > t5. For further proof, we separately consider
£ = lexp and £ = .
When { = leyp, by definition we have G(w;) = R(w;). Therefore, for all ¢ > ¢5, (E.1) can be
re-written as
vy, nr
R(wir) < (1= 750) - R(w) S R(w) e 3 <R(w) e 2

Although £y, is not Lipschitz continuous over R, we have

to—1
R(wi,) < R(wo) - exp Zuxm Iwe, = Walloe) < R(wo) - exp (B> )
7=0

by Lemma C.5 and triangle inequality. Letting Ro = min{ =2 log 2 \/TT} and ty = to(n,d, 51, B2,7, B, t1, Wo)
be the first time be the first time such that ‘0 tl Ny > 20‘3 St by, 4 2los R(WOW) 21060 and

to > —log p. By such definition of ¢(, we can derive that for allt > to,

t 1
Y Zf’_:tO nr ol Z.,—O to nr vy zf—:to nr

R(wy) < R(wy,) e~ 2 e 2 <Rp-e 2

Since iy satisfies all the requirements in Lemma C.3 and Lemma C.4, we can finally derive that

min
icln] || Wtlloo

<Wt’yi 'Xi> ‘ ’706 Zto 0 r +03d<27' to 777' + ZT =to 777') +C4
- > tonT+CGZTOnT

3
<0 Zio 01777' JFdZT ton‘r
= t 1 )
ZT:O TIT

since the decay learning rate 77; — 0 by Assumption 3.3, and C5, Cy and Cg are constants solely
depending on 1, 52 and B.

When ¢ = 1,4, by taking a telescoping sum on the result of (E.1), we obtain Zizm nrG(wy) <
2R (wy,) for any t > to. Since {10 is 1-Lipschitz continuous, we can derive that R(wy,) <

R(wo)+aB Y"1, Letting Rg = min{ %62, \/TT}and to = to(n,d, B1, B2,7, B, t1, wo)

be the first time such that 30 ti ny > AR(Wo)tiaB Zy

= YRo
that

and ty > — log p, then we can conclude

2R 2R 2B 2 'n. R
min G(w;) < t(ow?) S (wo) © toa i 2r=0 <
TE[t2,t0] 5 ZT i T v 27— 1 17 2

Let 7' = argmin,cp, ;) G(W7), then we obtain that (z;, w,/) > 0 for all 7 € [n] by Lemma F.4.
Moreover, by Lemma F.3 and the monotonicity of R(w;) derived in (E.1), we can conclude that
R(wy) < R(wy) < 2G(w,) < Rp forall t > ty. Similarly, the inequality R(w;) < Ry also
implies (z;, wy) > 0 for all t > ¢y by Lemma F.4, and correspondingly R(w;) < 2G(w;) by
Lemma F.3. Then for all ¢ > ¢(, we can re-write (E.1) as

R(wi) € R(wi-1) = Lo - G(w) < (1= T22) - R(wi)
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YNt—1 Y t—1 t—1

- 2
< R(Wto) .o 4 L=t nr < RO Le 4=t 777-‘

<R(Wi—1) - e~
By this result and Lemma F.7, we have

. —12321 N
gi:vvtézl—W21—”Ro e; 1 i (E.2)
t

Since tg satisfies all the requirements in Lemma C.3 and Lemma C.4, we can combine Lemma C.3,
Lemma C.4 and (E.2) and finally derive that

min
i€ln]  [|[Willoo

IS o
<wt,yi-x,~> ‘ 70627 =0 777+C3d(2'r =to 777 +ET to 777’) +O4+ZT to 777' T
B ZT t077'r+0627 0777
1 217 7'
cof o+ L2+ Y e F
B S o ’

since the decay learning rate ; — 0 by Assumption 3.3, and C3, Cy and Cp are constants solely
depending on 3, 82 and B. |

E.2. Calculation Details for Corollary 3.7

In this section, we use the notation C'y, Co, C3, . . . to denote constants solely depending on 31, 32, v
and B. While it may seem an abuse of notation as these symbols could be different from Section C
or denote distinct constants across different formulas, we assert that their exact values are immaterial
for our analysis. Therefore, we opt for this shorthand notation for the sake of brevity and clarity,
without concern for the precise numerical values of these constants in each instance.

For given n, = (t +2)~¢ with a € (0,1], recall the definition of t3 in Appendix E.I to be the

first time such that (i). Bt/ 2 (11) 7 < min { %G CQ 2505 d} We can derive that

272 1 1
2log6 + 2log Cy (3602(1 >a7 (602d>a :ng%
log 1 72 g

We consider the following four cases,
o If { = leyp and @ € (0,1), recall in Appendix E.1, the definition for g when ¢ = e, is the

first time such that Zto_ti Ny > 2aB Zt2 7 210gR(w03_210g Ro and ty > — log p, by simple

tgzmax{—

approximation from integral of ¢~ o , We can derlve that,
1 1
tg < Cld% + C’g[log TL]E + C’g[log 'R,(W())]E + Cy log(l/p).

Similarly, we can also derive

to—1
Z ne < Citg " < ng —|— Czlogn + Cylog R(wo) + Cs[log(1/p)]~
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2(1—a)
20a)

3
When a > %, > ey, M7 is bounded by some constant, Zt;:lo nr = O(t'~%) and
therefore we conclude that,

(Wi, 24) d +logn +log R(wyo) + [log(1/p)]"
ti f}/ S O tl—a .

min
i€l |l

When a = 2, similarly we have S *to 777 = O(logt) and Zt;:lo nr = O(t'/3), then we conclude
that

min
ieln] [wy™ oo

(WP z;) <0 d-logt 4 logn + log R(wyq) + [log(1/p)]'/3
= t1/3 ’

When a < 2, similarly we have S —to 777 = Ot~ ) and S/ n, = O(t'~%). Under this
sub-case, we could always find a new t’ > to such that besides the preceding condition for ¢y, we

also have d - t/l Baf2 o max{d log n,log R(wo), [log(1 — p)]*~?}. Letting this new ¢{, to
be the ¢¢ in our statement of Corollary 3.7, then we conclude that,

« 84 20-a) .
in (WP z;) ’y‘ SO<d~tl 2 +d o +logn+logR(wo) + [log(1/p)]! >§O< d >

] [|wy™ [l tl—a ta/2

If ¢ = lexp and a = 1, then by the definition of ¢y and integral of t—1, we obtain that,
logty < C1logd+ Calogn + Cslog R(wo) + Caloglog(1/p).

Similarly, we can also derive

to—1
Z nr < Cilogd+ Caylogn 4+ Cslog R(wo) + Cyloglog(1/p).
7=0

Since -1 7, = O(logt) and 3"} —to 777 is bounded, we obtain that,

(Wi hozi) ‘ < O<d+10gn+logR(wO) +log10g(1/p)>

min
icn] || Wy |0 logt
¢ —1Xn n
If £ = {5 and a € (0, 1), firstly we upper bound the last term > . _, n,e * == " as
N1 ~(t +1)17a o (TJrl)l_a
Z nre 12 =to 17’ < ef(lifa) Z 71 6_7 i(i—a) < ée4(1za)'
a <
T=to T=1o (T + 2) v

Therefore, Zi:to nre * [P fo " is always bounded by a constant. The only difference between
l1og and Ly is how to determine the value of Z. For /), the formula for ¢ is the first time such

4R 4aB 21
that Zto 1 (WO)J’_’YC/;Q() >0 N

and t > log(1/p). Similar to the preceding process, we
could derlve that

to < C’lnﬁd% + anﬁ[R(WQ)]ﬁ + C3log(1/p).
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and

to—1

S < Cind™ =™ + ConR(wo) + Cyllog(1/p)]~
7=0

When a > %, > to 777 is bounded by some constant, ZT onr = O(t'™*) and @ <1,
therefore we conclude that

1 2(1—a)
LWt ) ‘§O<d+n @

(wo) + [1og<1/p>11“> |

tl—a

When a =
that

, similarly we have 7% to T]T = O(logt) and Y1} o7 = O(t'/3), then we conclude

OO\[\?

t1/3

w B ‘ < O(d-logt+nd+nR(wo) + [log(l/p)]l/?’)'

When a < %, similarly we have ZT_t 777 = O(t'"%') and S b ne = O(t'=%). Under this
setting, we could always find a new to > to such that besides the preceding condition for ¢g, we

also have d - ), ~ Ba/2 max{nd ,nlog R(wo), [log(1 — p)]'~*}. Letting this new t{, to be
the tg in our statement of Corollary 3.7, then we conclude that,

log . 3a 2(1;11) 1—a
min <th , %i) _7' <0 2 " (wo) + [log(1/p)] <0 d2 _
i€ln] || wy|oo e te/

If ¢ = {1y and a = 1, firstly we upper bound the last term Zizto Nre EER N " as

t—1 00

Z ¢ o < (to+1) Z (74 1)1+7/4 = 42

T=to T=to

which implies Y% _ o nre TE,

of t—1, we obtain that

" is also a constant. Then by the definition of o and integral

logty < Cinlogd + CanR(wo) + Csloglog(1/p).

and similarly

to—1
Z < Cinlogd + CanR(wy) + Csloglog(1/p).
7=0

3
Since >4 7, = O(logt) and 3"/} _i, 17 is bounded, we obtain that

w B ‘<O<d+nlogd+n7€(wo)+10glog(1/p)>
o logt
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Appendix F. Technical Lemmas

F.1. Lemma for Assumption 3.4

Lemma F.1 Assumption 3.4 holds for both small fixed learning rate ny = n < 12;16 , and decay
learning rate n, = (t 4+ 2)~* with a € (0, 1].

Proof [Proof of Lemma F.1] Firstly, we prove it for learning rate g, = n < 12;8 , which is a small
fixed constant, then we have,

t . t ‘ o (cnm)*
Z/BT (ecl DoTr Mt 1) = Zﬁ‘r (661177 - ]‘) = Z/BT Z 1]:/'
=0

7—0 = =0 k=1
< - T (01777)k o = (0177) - T _k
DD Do D Db Sl iy
=0 k=1 k=1 =0
1 cin \* 2¢
<52 (105) Sy
k=1
The penultimate inequality holds because > 2% 877% < [ f7rFdr = = 1Ogl(€é)}k+l < (1_23“1.
Therefore, we prove that Assumption 3.4 holds for ¢ € N when n, = n < 12;15 . Next, we consider
the case where decay learning rate 7; = ﬁ with a € (0, 1), and similarly, we have,
T T
1 T+1 1 ,
=3 < / . S—,
TZ:I T ;Zl t—7+2)~ ), (t—1+2)°
1
— tH 1) (- 11—a)
—(t+ D' = =T +1)
I e e R (e b el (ol D e o O
1-a (t+1)+(t—7+1)0
2 T

Q=

By this result, we can similarly obtain that for ¢ > <$)

(1-6)2(1—a)
: T(,C1 0 . R e d T - 2c1m k1
S ) syt =SS (i) g
=0 7=0 =0 k=1
A 2017 Fl o 21 Fl o=
<28 ;(ua)mm) ]d_kzl<(1a)(t+1)a> P
1 = 2¢1 k
= l—ﬁ;<(1—ﬂ)(l—a)(t+1)“>
461 1 801

: (1_5)2(1_a) (t—|—1)‘1 1_ﬁ)2(1_a) M-
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1

Therefore, we prove that Assumption 3.4 holds for t > (%) * when n; =

T=p)2(1=a) . Finally

(t+2)

we consider the case where the decay learning rate 1y = H% and similarly, we have > 7, . =
+1 1 . .
P +2 < J{ == dr’ =log(1 + =L7). By this result, we obtain that

' T(.c1>. ., / ! T T [e1]
R Y (CI= i
t fcl] - k
=27 Z( N ED)

k
Because [c; | and ([Ckﬂ) are both absolute constant, it suffices to show that 3° _ 37 (ﬁ <5

forallt > t; and k > 1 where t1, co are both constants. Actually, we could split the summation of 7
into two parts as

L£) ¢ X
ZﬁT( =) :gﬁT(tZH)k* %}HBTQ:H) -
=13
For the first part, we have
L5 15]
ZIBT(t—T+1> = (f)kiBT ' (1_2;]{)‘19“1

=0
t

For the second part, we could find a constant ¢; = ¢;(c;, ) such that tlerl+2 < (%) * forall >t
since 5 > 1. Then for all ¢ > t;, we can derive that
g T T k L d k Lok+1

_ < p2 < B2t <
B(t—r—i—l) <p ), rh<p =
r=|f]+1 =[%]+1

The last inequality is by our condition ¢ > ¢; and & < [¢;]. Combining these two results and
plugging it into (F.1), we finally get

i fen] e 1
T(pCL Y i 4 Ty rl _ < . [Cl-‘ ) 2 (Cl—‘~ o4
> 87 (e 1 1) < fer] pnax < f A gyt +1) -5

7=0
[e1] 2l e ]!
< 2fal kellan] ( k (L= B)ferlit © L)

for all ¢ > 1, which completes the proof. |
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F.2. Properties for Logistic and Exponential Loss Function

LemmaF2 For { € {lexp, liog} and any z € R, {"(z) < |l/(z)] < U(z). For any z > 0,
liog(2) < 2|84 (2)].

Proof [Proof of Lemma F.2] For ¢ = Bexp, [Cexp (2)] = Loxp (2 ) = lexp(2) = €77, For £ = l04, we

exp
and ¢/

/ _
calculate the derivatives as ¢ Og( z) = og (7

1+ z (z) = (1+ Z)2 Notice that

lim glog( ) = zLu—’I&—loo ‘E{og(zﬂ =0,

z—r+00
and
1 1
iog(z) = _1 T e < _2—|—62 ez - = {/og( ) (wlog( )‘)
Therefore we derive that £, (z) < €], (2)] < liog(2). [

[ ()] 145 (2)] 1 Liog (2)
Lemma E3 Forany z > 0, 51 z(z) E;{i( ) > 5 and &ixi(z) > log 2.

Proof [Proof of Lemma F.3] For z > 0, it holds that

2 2
I
2e# T 14 ¢€*

The second result holds because 1°g(( )) log(if 2 S isan decreasing function for e™* and e™% €

(0, 1] for z > 0. [ |

log(2) < Lexp(2) = = 2|00g(2)-

Lemma F4 For { € {{lexp, liog )}, either G(w) < 5= or R(w) < 1052 (w,z;) > 0 forall

i€ [n].
Proof [Proof of Lemma F4] If G(w) < 5=, we have |[¢/((w,z;))| < nG(w) < . Then by
monotonicity of |[¢'(-)| we have (w,z;) > 0. Similarly if R(w) < 1°g2 , we also have /((w, z;)) <

nR(w) < log 2. Then by monotonicity of £(-) we have (w, z;) > O [

Lemma F.5 For( € {{cxp, biog} and any z1, 22 € R, we have

¢'(z1)
— 1 <eln=l _q F2
Proof [Proof of Lemma F.5] For £ = e,

U

Eexp( ) _ — ez2—21 _ 1‘ < elZQ—Zl‘ _ 1

Uoxp(22) B

the inequality is from |e$ —1| < el —1. For £ = f0g,

z22 __ p*1 22 __ p*1
e e e e S 6‘22_21| 1

Elog ‘ 1+ e

E{Og 1+ e

e*1
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Lemma F.6 For( € {lcyp, liog} and any 21, 22, 23, 24 € R, we have

E/(Zl)f’(&g) |z1— _ o —
S VARGCYEE B I A |z3—za| _ |z1423—22—24| _ '
)0z | = (¢ 1)+ (e 1)+ (e ) ®)
Proof [Proof of Lemma F.6] For £ = {cp,

E/exp(zl)aexp(ZS) _ 1' _ 622+24—21—Z3 _ 1‘ < (e\z1+z3—zg—Z4\ _ 1)

o (22) liep (24) -

the inequality is from |e? — 1| < el?l — 1. For £ = £,

Clog (7110 (23) 1| = (1+e*)(1+e*) 1 = €72 4 e 4 P — eFl — 3 — M1t
log@log(za) | [T e @ ren) |~ e +omtents
e?2 — e*1 e¥4 _ e*3 622+Z4 _ €Z1+23
< +
- el e%3 e?1+23

< (e\zl—@l _ 1) + <e|23—24| _ 1) + <e|21+23—22—2’4| _ 1)

Lemma F.7 For { = (o, and any w € RY we have

Proof [Proof of Lemma F.7] Let r; = f1o4((W, z;)) = log(1 + e~ ("#)) and f(z) = 1 — e, then
| ((w,z;))| = 16_<w’zi> = <=1 — f(2). Therefore for any given R(w), finding min G(w;)

log oW o
equals to the following optimization problem,

n

1 n
min — g f(ri) st E ri =nR(w), r; > 0foralli € [n]
n
i=1 =1

Since f(z) is an increasing function and the increasing rate would be slow as z increase since
1"(2) < 0, we can easily derive that the aforementioned optimization problem will take the minimum
atr; = nR(w) for some i € [n] and r; = 0 for all j # i. Therefore, we can derive that,

G(wy) _ 1 —e "RW nR(w)
Row) = nRw) =1 2

by Taylor’s expansion. |
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F.3. Auxiliary Results

The following result is the classic Stolz—Cesaro theorem.

Theorem E.8 (Stolz—Cesaro theorem) Let {ay, }n>1, {bn}n>1 be two sequences of real numbers.
Assume that {by, }n>1 is a strictly monotone and divergent sequence (i.e. strictly increasing and
approaching +oo, or strictly decreasing and approaching —oo) and the following limit exists:

I an41 — Gn I

Then it holds that
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