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Abstract

Current PAC-Bayes generalisation bounds are restricted to scalar metrics of perfor-
mance, such as the loss or error rate. However, one ideally wants more information-
rich certificates that control the entire distribution of possible outcomes, such
as the distribution of the test loss in regression, or the probabilities of different
mis-classifications. We provide the first PAC-Bayes bound capable of providing
such rich information by bounding the Kullback-Leibler divergence between the
empirical and true probabilities of a set of M error types, which can either be
discretized loss values for regression, or the elements of the confusion matrix (or a
partition thereof) for classification. We transform our bound into a differentiable
training objective. Our bound is especially useful in cases where the severity of
different mis-classifications may change over time; existing PAC-Bayes bounds
can only bound a particular pre-decided weighting of the error types. In contrast
our bound implicitly controls all uncountably many weightings simultaneously.

1 Introduction

Generalisation bounds are a core component of the theoretical understanding of machine learning
algorithms. For over two decades now, PAC-Bayesian theory has been at the core of studies on
generalisation abilities of machine learning algorithms. PAC-Bayes originated in the seminal work
of McAllester|[[1998],[1999] and was further developed by (Catoni| [2003, 2004} 2007]], among other
authors—we refer to the surveys|Gued;|[2019] and |Alquier|[2021] for an introduction to the field. The
outstanding empirical success of deep neural networks in the past decade calls for better theoretical
understanding of deep learning, and PAC-Bayes has emerged as one of the few frameworks that
can be used to derive meaningful (and non-vacuous) generalisation bounds for neural networks:
the pioneering work of |Dziugaite and Roy|[2017]] has been followed by a number of contributions,
including [Neyshabur et al.|[2018]],/Zhou et al.| [2019], |[Letarte et al.| [2019], [Pérez-Ortiz et al.| [2021],
Perez-Ortiz et al.|[2021] and |Biggs and Guedj| [[2022alb], to name but a few.

Much of the PAC-Bayes literature focuses on the case of binary classification, or of multiclass
classification where one only distinguishes whether each classification is correct or incorrect. This is
in stark contrast to the complexity of contemporary real-world learning problems, such as medical
diagnosis where the severity of Type I and Type II errors may be crucial and context-dependent.
This work aims to bridge this gap by deriving a generalisation bound that provides information-rich
measures of performance at test time by controlling the probabilities of errors of any finite number of
user-specified types. More precisely, we bound the KL-divergence between the empirical and true
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distributions over the different error types. From this single bound one can then derive bounds on
arbitrary linear combinations of these error probabilities, which will all hold simultaneously with the
same probability as the original bound. In addition, these bounds are guaranteed to be non-vacuous
(this follows since the KL-divergence blows up on the boundary of the simplex).

As a concrete example, if the severity of Type I and Type II errors of a medical test are context-
dependent, one would want to be able to bound arbitrary linear combinations of these error probabili-
ties. Existing bounds could only bound finitely many pre-specified weightings by employing a union
bound, which would also degrade the bound. In contrast, by constraining the KL-divergence between
the true and empirical error probabilities, our bound constrains all uncountably many weightings of
the error probabilities simultaneously.

The usual setting of PAC-Bayes bounds is that of binary classification, namely an input set X, output
set Y = {—1, 1}, hypothesis space H C J* and a sample S € (X x )™ drawn i.i.d. from a data-
generating distribution D. A number of PAC-Bayes bounds in this setting (e.g. Maurer| [2004]) have
been unified by a single general bound found in|Bégin et al.|[2016]. Briefly, Bégin et al.|[2016] prove
a bound on the discrepancy d(Rs(Q), Rp(Q)) between the error probability Rp () of a stochastic
classifier ) (a distribution over H which classifies by first drawing h ~ @ and then classifying
according to h) and its empirical counterpart Rg(Q) (the fraction of the sample ) misclassifies).
The bound holds with high probability for all () simultaneously. The bound in|Bégin et al.[[2016] is
binary in the sense that ) contains two elements, but a more subtle way to look at this is that only two
cases are distinguished—correct classification and incorrect classification. While it can be applied to
multiclassification provided one maintains the second binary characteristic by only distinguishing
correct and incorrect classifications. It is this heavy restriction that our result lifts, by considering the
new framework of error types.

A new framework of errors types We consider a user-specified partition of the space Y x Y
of prediction-truth label-pairs into a finite partition of error types £, ..., Ep;. Our bound then
simultaneously constrains the probability with which errors of each type occur. In multiclass
classification for example, one can choose the error types to be the set of all different possible
mis-classifications, in which case our bound will control the entire confusion matrix, bounding how
far the true confusion matrix (i.e. expected over the data-generating distribution) can diverge from the
empirical one (i.e. on the training set). From this one can then derive bounds on the probabilities
with which each mis-classification may be made, and arbitrary linear combinations of these error
probabilities, and all of these will hold simultaneously with the same probability as the original
bound. Our bound therefore paints a far richer picture of the performance of the final learned model
than can be provided by any existing PAC-Bayes bound.

Formally, we let Ujle E; be a user-specified disjoint partition of Y2 into a finite number of M

error types, where we say that a hypothesis h € H makes an error of type j on datapoint (z,y) if
(h(z),y) € E; (by convention, every pair (§,y) € V? is interpreted as a predicted value § followed
by a true value y, in that order). It should be stressed that not all of the E; need correspond to
mislabellings—indeed, some of the E; may distinguish different correct labellings.

>

Relation to previous results. Our framework of a finite number of user-specified “error types’
includes multiclass classification as a particular case, and it is in this field that one finds the work
most closely related to ours. Little is known of multiclass classification from a theoretical perspective
and, to the best of our knowledge, only a handful of relevant strategies or generalisation bounds can
be compared to the present paper.

The closest is the work of Morvant et al.| [2012], which establishes a PAC-Bayes bound on the spectral
norm of the difference between the true and empirical confusion matrices. Our bound differs from
theirs in two respects. First, they consider the confusion matrix, whereas ours applies to the more
general setting of a finite number of error types, which can be the set of all mis-classifications, or some
partition thereof. Second, they deal with the spectral norm, whereas we employ the KL-divergence.
Since the KL-divergence follows a simple formula, this means we can much more easily infer bounds
on the individual error probabilities, which would be very challenging for the spectral norm. The
follow-up work Koco and Capponi| [2013]] shows how a proxy of the spectral norm bound can be
used as a training objective that may deal with imbalanced classes. In the present work, we show how
our bound can be used as a differentiable training objective directly (without the need of a proxy) and



that it can more sensitively deal with imbalanced classes, or errors of different severity, by assigning
each error type a user-specified loss value.

Laviolette et al.|[2017] extend the celebrated C-bound in PAC-Bayes to ensembles, obtaining a bound
on the risk of the majority vote classifier in the case of multiclass classification. In this context, our
bound is able to distinguish different mis-classifications and control them, whereas they bound the
scalar risk which lumps all mis-classifications together. The C-bound has alternately been generalised
by [Lacasse et al.|[2006] (see also (Germain et al.| [2015]]) to simultaneously control three metrics,
namely the so-called expected disagreement, expected joint success and expected joint error of the
posterior. While they restricted themselves to the ternary case, some of their proof techniques share
similarities with ours. In cases where one has exactly three error types, for example the {—1,0,1}-
valued excess loss, the work of Wu and Seldin| [2022] is applicable; they construct so-called ‘split-k1’
inequalities (both classical and PAC-Bayesian) which deftly handle this specific scenario.

Pires et al.| [2013]] present a comprehensive analysis of convex surrogate losses in cost-sensitive
multiclass classification, providing conditions for consistency, bounding the excess loss of a predictor,
and extending the analysis to the “Simplex Coding” scheme. We are considering the generalisation gap
rather than the excess loss. |[Let et al.|[2019] study data-dependent bounds for multiclass classification.
Their analysis is restricted to SVMs however, whereas ours applies to arbitrary hypothesis spaces.

Outline. We fix notation in Section[2} Theorem|I]in Section [3]is our main result—a PAC-Bayes
bound on the KL-divergence between the true and empirical error distributions. For multiclass
classification with a fully refined partition this becomes a bound on the KL-divergence between the
true and empirical confusion matrices. Proposition [I] then bounds the individual error probabilities.
Our second main result, Theorem [2]in Section ] allows us to use bounds on linear combinations of
error probabilities as training objectives. We prove Theorem [I]in Section 5] via Proposition[d, which
bounds the distribution of errors via a general convex function d and may be of independent interest.
Section E] outlines positive empirical result{] from using our bound as a training objective for neural
networks and Section 7| gives perspectives for follow-up work..

2 Notation

For any set A, let M(A) be the set of probability measures on A. Let X and ) be arbitrary input
(e.g., feature) and output (e.g., label) sets respectively, and D € M(X x V) be a data-generating

distribution. For any sample S ~ D™ drawn i.i.d. from D, let D(S) € M(X x Y) denote the
empirical distribution D(S) := 137, s (zy)- We consider the setting where the user has
specified a partition {E1, ..., Ep} of Y2 into M error types.

We are interested in simple hypotheses h : X — Y and soft hypotheses H : X — M()). For
example, a neural network outputting scores (logits) in RY is converted to a simple or soft hypothesis,
respectively, by passing the scores through the argmax or softmax function, respectively. For any
A C Y, H(x)(A) can be interpreted as the probability according to H that the label of x is in A. We
will see in Section [ that soft hypotheses permit more flexible training procedures and a more fine-
grained analysis. Note that while soft hypotheses output distributions, they do so deterministically,
always returning the same distribution for the same input x, and so are distinct from the stochastic
classifiers introduced shortly.

For a simple hypothesis h : X — ) and j € [M], define the j-risk of h to be R},(h) :=
Piz.y)~p((h(x),y) € Ej;), namely the probability that i makes an error of type F; for a ran-
domly sampled (x,y) ~ D. For a soft hypothesis H : X — M()) define the j-risk of H to be
R,(H) =Py )~D,gor @) (4, y) € Ej), namely the probability that one would make an error of
type E; on a randomly sampled é]x, y) ~ D if one predicted by sampling ¢ from the distribution
H(z). From now until Section {4 it will not matter whether we are dealing with simple or soft
hypotheses. So, unless stated explicitly, we will refer to both simply as hypotheses, denote both by
lowercase h, and refer to the hypothesis class H, whether it is a subset of V¥ or /\/l(y)X

Our goal is to control the risk vector Rp(h) = (Rh(h),..., R¥(h)), since controlling this
vector controls all linear combinations of j-risks. Since this is unobervable, we will control it by

'Code available here: https://github. com/reubenadams/PAC-Bayes-Control
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bounding how far it diverges from its empirical counterpart Rs(h) := Rp g (h), which we term
the empirical risk vector. Note that Esp, Rg(h) = Rp(h), and that, for a simple hypothesis
h € Y*, Rs(h) is the vector of proportions of the sample on which h makes an error of type
Ejﬂ Since the F; partition Y2, Rp(h) and Rg(h) are elements of the M-dimensional simplex
A= {u € [0,1]™ : uy + -+ up = 1}. Thus we can choose our divergence measure to be
KI(Rs(h)||Rp(Q)). where for q, p € Ay we define kl(g(lp) := 33, ¢;In ;%_When M =2we
abbreviate kl((¢,1 — ¢)||(p, 1 — p)) to kl(g||p), which is then the conventional definition of k1(-||-)
found in the PAC-Bayes literature [as in|Seeger}, 2002, for example]. We define the risk and empirical
risk of Q as Rp(Q) := EpgRp(h) and Rg(Q) := Ep.goRs(h), respectively, and seek a bound
onkl(Rs(Q)||Rp(Q)). Note we still have Eg[Rs(Q)] = Rp(Q), this time using Fubini. Moreover,
for a sample S of size m, we have that Rg(Q) = K /m where K ~ Mult(m, M, Rp(Q)). Recall
that for m, M € N and r» € Ay, the multinomial distribution Mult(m, M, ) has probability mass

. . L m M kj m L !
function Mult(k; m, M, r) := (kl Ky e kM) Hj:1 r;’, where (kl kg o kM) = ﬁ for
k€ Sma = {(k1,... . kn) € N)' i k1 4 -+ + kas = m}, and zero otherwise. As a final piece
of notation, we let A7P := Ap 1(0,1)M and 8% := S, s NNM denote the vector elements of

Ay and Sy, ar, respectively, that have no zero components.

3 Main result

We now state our main result, which bounds the KL-divergence between the true and empirical
risk vectors Rp(Q) and Rg(Q), interpreted as probability distributions. As is conventional in the
PAC-Bayes literature, we refer to sample independent and dependent distributions on M (H) (i.e.
stochastic hypotheses) as priors (denoted P) and posteriors (denoted (Q) respectively, even if they are
not related by Bayes’ theorem.

Theorem 1. Let X and Y be arbitrary sets and Ujj\il E; be a disjoint partition of Y* into M error

types. Let D € M(X x Y) be a data-generating distribution and H be a simple (H C V%) or soft
(H C M(Y)?) hypothesis class. For any prior P € M(H), 6 € (0,1] and sample size m > M,
with probability at least 1 — & over the random draw S ~ D™, we have that simultaneously for all
posteriors Q € M(H), the divergence kI(Rs(Q)|Rp(Q)) is upper bounded by

1 &E(m, M)

- KL(Q||P) + In 5 ,  where (D

M—1
2

ZMA (M) (g)Z/QF (b)’l cO ((mM)M) .

z=0 z m 2

§(m, M) = /me!/(02m) ()

The fact that the logarithmic term is of order O(M In(mM /§)) means the bound is linear in M up to
logarithmic terms, while this may seem excessive, one should note that the quantity that our theorem
bounds also depends on M. Further, the bound has been successfully used in by |Biggs and Gued;j
[2023]] to improve on state of the art PAC-Bayes bounds.

To see how our bound compares to existing PAC-Bayes bounds for binary classification, take
Y={-1,1}, M =2,FE ={(-y,y) :y € Y}and E> = {(y,y) : y € Y}. The argument of the
logarithm then reduces to +e!/(12™) (2 + | /T%) < 1.25\/m when m is large. The corresponding
term in [Maurer| [2004] is 21/m, which is only larger because he relaxes the term for aesthetics.
Therefore our bound gracefully reduces to Maurer’s in the case of binary classification.

Suppose after a use of Theorem [1| we have a bound of the form kI(Rs(Q)||Rp(Q)) < B. We

can then derive bounds on the individual j-risks R%,(Q) or, more generally, on linear combinations
thereof. While one could obtain such bounds perhaps more directly with existing PAC-Bayes
bounds, the significance of our bound is that all such derived bounds hold with high probability
simultaneously. Existing PAC-Bayes bounds would require the use of a union bound in order to bound
multiple combinations simultaneously, whereas ours bounds all uncountably many combinations

simultaneously, as a package. As for the individual j-risks RJb(Q), the following proposition

*(Rs(h); = R (h) =P, op((h(@),y) € Bj) = =3, es LI(A(2),y) € Ej).
3We follow the usual convention that 0 ln % =0forz > 0and xln § = oo forz > 0.



then yields the bounds L; < RJ,(Q) < Uj, where L; := inf{p € [0,1] : KI(RL(Q)|lp) <
B} and U; := sup{p € [0,1] : kI(R%(Q)|lp) < B}. Moreover, since in the worst case we
have kl(Rs(Q)||Rp(Q)) = B, the proposition shows that the lower and upper bounds L; and
U; are the tightest possible, since if R{)(Q) ¢ [L;,U;] then kl(Rg(Q)HRJD(Q)) > B implying
ki(Rs(Q)||Rp(Q)) > B. For a more precise version of this argument and a proof of Proposition][l]
see Appendix [C.4]

Proposition 1. Ler q,p € Ay Then Kl(qjl|lp;) < kl(q||p) for all j € [M], with equality when

1-p; S B
p; = l—lq?j- qi. forall i # j.

More generally, suppose we can quantify how costly an error of each type is by means of a loss vector
£ € [0,00)M, where ¢; is the loss we attribute to an error of type E;. We may then be interested in

bounding the total risk R5(Q) := £ - Rp(Q). Then, given a bound kI(Rs(Q)||Rp(Q)) < B from
Theorem|[T] we can deduce

RE(Q) <sup{€-r:7r e Ay, KI(Rs(Q)||r) < B} =£-kl,'(Rs(Q)|B), 2)

where we define ki, ' (u|c) € Ay as follows. To see that it is indeed well-defined (at least when
uc A;[O ), see the discussion at the beginning of Appendix

Definition 1. For u € Ajy,c € [0,00) and £ € [0,00)M, define kI, ' (ulc) to be an element
v € Ay solving the constrained optimisation problem

Maximise: fo(v) :=£ - v, 3)
Subject to:  kl(u|lv) < c. 4)

This motivates the following training procedure: search for a posterior ) for which the bound
£-kl, ' (Rs(Q)|B) on the total risk R5 (@) is minimised. While this requires a particular choice of
loss vector £, we emphasise that at the end of training, Theorem [1]bounds kl(Rs(Q)| Rp(Q)) and
so can be used to bound any linear combination of the j-risks, not just the one given the loss vector £
chosen for training. It is this flexibility which is the main advantage of our bound; changes in the
severity of different error types over time do not require union bounds or retraining.

In the next section we provide a theorem for calculating kle_1 (u|c) and its derivatives so that the
training procedure can be executed.

4 Construction of a Differentiable Training Objective

We now state and prove Theorem which provides a speedy method for approximating kl;1 (ulc)
and its derivatives to arbitrary precision, provided ¢ > 0 and Vj u; > 0. The only approximation
step required is that of approximating the unique root of a continuous and strictly increasing scalar
function. Thus, provided the u; themselves are differentiable, Theorem E] combined with Theorem
[2 shows that the upper bound on the total risk can be used as a tractable and fully differentiable
training objective. See Appendix [A] for more details, including a pseudocode algorithm and an
implementation. Since the proof of Theorem [2]is rather long and technical, we defer it to Appendix
The requirement that the ¢; are not all equal only rules out trivial cases where R%(Q) is
independent of Rp(Q).

Theorem 2. Fix £ € [0,00)™ such that not all {; are equal, and define fo : Ay — [0,00) by
fe(v) == ijvil jv;. Foralla = (u,c) € A7 x(0,00), define v*(a) :=kl, ' (u|c) € Ay and let
p () € (—oo, —max; £;) be the unique solution to ¢ = ¢g(p), where ¢p : (—o0, —max; £;) = R
is given by ¢p(p1) 1= In(— Z;Vil uij@- )+ ZJM:I wj In(—(u + £;)), which is continuous and strictly
increasing. Then v*(@) = k1, ' (u|c) is given by

-1

= @ = (3w
v (u)j = W fOr] € [M], where ) (’LL) == ; W (5)
Further, defining f; : N30 x (0,00) — [0,00) by f; (@) := fo(v*(@)), we have that
Off -\ \wy- u;j Of¢ (- e/
a—uj(u) = \"(a) (1 +1n v*(ﬁ)j) and e (@) = =X\*(a). (6)



A final wrinkle in evaluating our bound is that while the empirical risk vector Rs(Q) = Ej,.qRs(h)
does not depend on the data-generating distribution D, the expectation over () may still be in-
tractable. This would be the default case when () is a Gaussian over the weights of a multi-
layer perceptron, for example. In such cases, we can estimate Rg(Q) via a Monte Carlo sample

RS(Q) = ﬁ ZnN:1 Rg(hy,) (where the h,, are drawn i.i.d. from @) and use the following two
results. Proposition 2 shows that the kl(R% (Q)||R%(Q)) can be simultaneously bounded, whence
Proposition can be used to obtain a bound on kl(Rs(Q)||Rp(Q)).

Proposition 2. Ler X ~ Multinomial(N, M, p). Then for any ¢ € (0, 1), with probability at least
n 2M

1 — & we have that for all j € [M] simultaneously k1 (% X;||p;) < ! -

Proof. Each bound holds separately with probability at least 1 — /M by Theorem 2.5 in|Langford
and Caruanal[2001]]. They then hold simultaneously by application of a union bound. O

Proposition 3. Suppose q,p,§ € A are such that Kl(q||p) < By and k1(4;|/q;) < B for all
j € [M]. For each j, define 4= inf{r € [0,1] : kI(g;||7) < Ba}. Then
M 1 .
Ki(gllp) < MBy =Y _(1—q;)ln;—2 + By max 2 — B, as B, — 0. %)
. J .
Jj=1 =J =J

— (jj

Proof. Deferred to[C.1] O

The fact that the bound on kI(g||p) — B; as B2 — 0 ensures that as we increase the size of our

Monte Carlo sample for estimating Rg(Q) the bound on kI(Rs(Q)||Rp(Q)) approaches that of
kI(Rs(Q)|| Rp(Q)), meaning in the limit we pay an arbitrarily small price in the bound for the
approximation.

5 Proof of the main bound

We split the proof of Theorem (1] into three parts. First, we prove Proposition 4] a bound on
d(Rs(Q), Rp(Q)) for an arbitrary convex function d, which may be of independent interest. Second,
we prove Corollary [I|by specialising Proposition 4| to the case d(-, -) = kI(-||-). Finally, we show that
the bound in Theorem [I]is a loosened version of the bound in Corollary [T}

Proposition 4. Let d : A3, — R be jointly convex. In the setting of Theorem

d(RS(Q)’RD(Q)) < % [KL(Q”P) +In W] ,  where 8

Zy(m, B) := sup,en,, [EkeSm,M Mult(k; m, M, r) exp (Bd (%, r))} i

This is a generalisation of the unifying PAC-Bayes bound given in Bégin et al.|[|2016]] where we replace
the scalar risk quantities Rs(Q) and Rp(Q) with their vector counterparts Rs(Q) and Rp(Q). To
see this, note that we can recover it by setting ) = {-1,1}, M = 2, F; = {(-y,y) : y € V}
and By = {(y,y) : y € Y}. Then, for any convex function d : [0,1]*> — R, apply Theorem
with the convex function d’ : A2, — R defined by d'((uy,us), (v1,v2)) := d(uy,v1) so that

Theorembounds d(Rs(Q), Rp(Q)) = d(R5(Q), RL(Q)) which equals d(Rs(Q), Rp(Q))
in the notation of Bégin et al. [2016]. Further, », g  Mult(k;m,2,7)exp (Bd’(£ r)) =

S o Bin(k;m, 1) exp (ﬁd (%, 7’1) ) , so that the supremum over 1 € [0, 1] of the right hand side

equals the supremum over r € A\, of the left hand side, which, when substituted into (8)), yields the
bound given in Bégin et al.|[2016].

To prove Proposition ] we require the following two lemmas. The first is the well-known change of
measure in equality (Csiszar, |1975] |Donsker and Varadhan |1975). The second is a generalisation
from Binomial to Multinomial distributions of a result found in Maurer| [2004]], the proof of which
we defer to Appendix



Lemma 1. For any set H, any P, Q € M(H) and any measurable function ¢ : H — R, hEng(h) <
KL(QIP) +1n E_exp(6(h).

Lemma 2. Let Xy,...,X,, be i.id Ay-valued random vectors with mean p and suppose
that f © ATY — Ris convex. If X1,..., X, areiid Mult(l, M, pn) random vectors, then
E[f(X1,.... Xm)] SE[f(X1,..., X))

The consequence of Lemmal2)is that the worst case (in terms of bounding d(Rs(Q), Rp(Q))) occurs
when R ;.3 (h) is a one-hot vector for all (z,y) € S and h € H, namely when % C M(Y)* only
contains hypotheses that, when labelling .S, put all their mass on elements g € ) that incur the same
error type’| In particular, this is the case for hypotheses that put all their mass on a single element of
Y, equivalent to the simpler case H C V¥ as discussed in Section Thus, Lemma shows that the
bound given in Proposition f] cannot be made tighter only by restricting to such hypotheses.

Proof. (of Proposition The case H C Y follows directly from the more general case by taking
H' = {n € M(Y)* : 3h € H suchthat Vo € X h'(z) = dp(y)}, Where b,y € M(Y) denotes a
point mass on h(z). For the general case H C M ())?, using Jensen’s inequality with the convex
function d(-, -) and Lemma|[l|with ¢(h) = Bd(Rs(h), Rp(h)), we see that for all Q € M(H)

Bi(Rs(Q). Ro(@) = 61 (B Rsh). B Ro(h)
< & S(Rs(n), Rp(h)

<KL(QIP) +1n B exp (5a(Rs(), Ro(0) )
= KL(QIP) + In(Zp(5))

where Zp(S) := Ej.pexp (Bd(Rs(h), Rp(h))). Note that Zp(S) is a non-negative random
variable, so that by Markov’s inequality < I]’J (Z p(S) < M) > 1—4. Thus, since In(-)
is strictly increasing, with probability at least 1 — § over S ~ D™, we have that simultaneously for
all@Q € M(H)

E Zp(9)

Bd(Rs(Q), Rp(Q)) < KL(Q|P) +In *~2"

5 ©))

To bound Es'wpm Zp(S'), let X; = Ry, 4,3 (h) € Ay fori € [m], where (z;,y;)" is the
1’th element of the dummy sample S’. Noting that each X; has mean Rp(h), define the random
vectors X! ~ Mult(1, M,Rp(h)) and Y := Y 1" X! ~ Mult(m, M, Rp(h)). Finally let f :
AT — R be defined by f(z1,...,2) :=exp (8d (= >/, ;, Rp(h))) , which is convex since
the average is linear, d is convex and the exponential is non-decreasing and convex. Then, by
swapping expectations (which is permitted by Fubini’s theorem since the argument is non-negative)
and applying Lemma[2} we have that Eg/pm Zp(S’) can be written as

EsnpnZp(S) = E  E exp (8d(R(h), Ro(h))

- fEP s'iEDm P (ﬂd(RS’ (h)»RD(h)))
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*More precisely, when Vh € H V(z,y) € S 3j € [M] such that h(z)[{g € Y : (§,y) € E;)}] = 1.



= E Y Mult(kim, M, Rp(h)) exp (8d(%, Rp(h)) )
kESm, m

< sup Z Mult(k;m,M,r)exp(ﬁd(%,r)) ,

"‘GAIM k'ESm M
which is the deﬁmtlon of Zy(m, B). Inequality (8) then follows by substituting this bound on
Es/pmZp(S’) into (9) and dividing by 3. U

We now specialise Proposition ] to the case d(-, -) = kI(+||-) to obtain Corollary [1]
Corollary 1. In the setting of Theoreml[l]

kl(RS(Q)RD(Q))grln[KL(Q|P)+lnn(mém}, where (10)
m! M kj’
nom M) =20 > T3 (11)

Proof. Applying Proposition 4] with d(-,-) = kl(-||-) and 3 = m gives that with probability at least
1 — 6 over S ~ D™, simultaneously for all posteriors Q € M(H),

H(Rs(Q)IRp(Q) < o1 [KL@IP) 410 4,

where Zyg(m,m) := sup,cp,, [Ypes ,, Mult(k;m, M, r)exp (mkl(£,7))]. Thus it suffices to
show that Zy, (m, m) < n(m, M).

To prove this, for each fixed r = (r1,...,7y) € Aplet J. = {j € [M] : r; = 0}. Then
Mult(k;m, M,r) = 0 for any k € SWM such that k; # O for some j € J,. For the other
k € S, m, namely those such that k; =0forall j € JT, the probability term can be written as

Mult(k;m, M, r) = HM k ' Hj = Qm' 71 g, 75> and (recalling the convention that
J J.

0ln 2 = 0) the term exp(mkl(£, 7)) can be written as

M . kj k. k.
5 m o i J _ J _
exp mz Lln - = exp z kjln —mrj = H (mm) = H < >
Jj=1 JETr JETr JEJr
where the last equality is obtained by recalling that the £; sum to m. Substituting these two

expressions into the definition of Zy(m, m) and only summing over those k € \S,, s with non-zero
probability, we obtain

Z Mult(k;m, M, r)exp (mkl (£, 7)) = Z Mult(k; m, M, 7) exp (mkl (%, 7))
kE€Sm, M KES,, M:
Vi€ Jn k;=0
kES,, M- HJ€J kj 'jeJ mgeJ ( )

Viedr k =0

-y Hk.

k€S M JEIr
Vi€ p k;=0

ki
m!
= - Z H ki (because %I =1)

k€S, v J=1
Vi€ Ic-fO

m!
mm Z H k l’

kESm, v J=1
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which is n(m, M). Since this is independent of r, it also holds after taking the supremum over
r € Ay of the left hand side, showing that Zy (m, m) < n(m, M). O

The final step in obtaining Theorem|I]is to loosen the bound given in Corollary [I](which is intractable
when m is large) to the tractable form given in Theorem|[I] For this we require the following technical
lemma, the proof of which we defer to Appendix [C.3]

M M-2
Lemma 3. For integers M > 1 and m > M, 1 < zmzZm 2
8 = = EkeSiV?M l—[j_vil [k, = T(X)

Proof. (Of Theorem [I)) It suffices to show that for all m > M > 1 we have n(m, M) < &(m, M).
We achieve this by applying Stirling’s approximation /277 (”i)n <n! <V2mn (%)n etz (valid
for n > 1) to the factorials in n(m, M) and then using Lemma

Since Stirling’s approximation requires that all the k; are at least one, we partition the sum in
n(m, M) according to the number of coordinates of k at which k; = 0. Let z index the number of
such coordinates. Defining f : (37— Sm.m — R by f(k) = H‘jkzll kf’ /k;! and noting that f is
symmetric under permutations of its arguments, we then have

m! ml "~ (M
€Sm,m 2= kESi?M—z

K,
L L . k7
Stirling’s approximation can now be applied to each k € S;?M flk) < TIM

= o (9)

M ki em M 1 .. .
Hj:1 Nz COEE Hj:1 7\/@ An application of Lemma [3|now gives

M—=z M—z—2 M—z—2

m m

M—=z
1 e T2 m- 2 emmT 3
fk) < —— < — = :
keS%u_z keS%u_(?ﬂ)Mz 31;[1 VEj (277)1”2 F(Mz ) 2% F(]V[{Z)

Substituting this into equation (I2) and bounding m! using Stirling’s approximation, we have

M—z-2
n(m, M) < 7@”"16;/(12"” ZM_l (M) erm 2 = &(m, M), which completes the proof of

e z2=0 z M—2z
277 I(¥52)
the bound. As for the order of the bound, it is sufficient to bound In&(m, M) using the crude
approximations (]g) < MM, (2/m)*/? <1and (M — 2)/2) > 1.

O

6 Numerical experiments

We use binarised versions of MNIST, and HAM 10000 Tschandl| [2018]]. In both cases we partition
Y?into Ey = {(0,0),(1,1)}, E1 = {(0,1)} and E> = {(1,0)}, and take £ = (0,1, 3). Each
dataset is split into prior and certification sets. We take # to be two-layer MLPs. As is common in
the PAC-Bayes literature, we restrict P and @) to be isotropic and diagonal Gaussian distributions
over the parameter space, respectively. The means of P and () are set to the parameters of an MLP
trained on the prior set. The mean and variances of () and the variance of P are tuned via Theorem
to minimize the bound on the total risk R (Q). See Appendix |A|for pseudocode, Appendix
for full experimental details and https://github.com/reubenadams/PAC-Bayes-Control for
code. The results for MNIST can be seen in Figure|[I]

We estimate R () with a Monte Carlo and obtain a PAC-Bayes bound on RE(Q) by combining
Proposition(with d = 0.01 and N = 100000) and Proposition We obtain RE(Q) < 0.2640 for
MNIST and RIT)(Q) < 0.8379 for HAM 10000, where both bounds hold with probability at least
1 —0.05 —0.01 = 0.94. While these bounds are far from vacuous—the maximum possible value of
RE(Q) is 3 for our choice of £—one might wonder whether one can do better by bounding each error
probability individually using Maurer’s inequality Maurer| [2004]], and then unioning these bounds.
As with our Theorem[I] this would also constrain the entire distribution of error types since for any £,
one could then calculate the maximimum value of RE ((Q) that satisfies all of these constraints. Both


https://github.com/reubenadams/PAC-Bayes-Control

Dataset Volume Our Region Volume Maurer Region
MNIST 0.0025 (0.002498, 0.002504) | 0.0028 (0.002793, 0.002800)
HAMI10000 | 0.0012 (0.001207, 0.001211) | 0.0011 (0.001142, 0.001146)

Table 1: Point estimates and 95% confidence intervals for the volumes of the confidence regions
for Rp(Q) given by Theorem and a union over M individual Maurer bounds, respectively. Our
method is superior for MNIST and inferior for HAM100000.

Bound on Total Risk Empirical Error Probabilities Bound on kI(R_S(Q)||R_D(Q))
1 0.01
0.3
0.8 0.008

0.28 ’

0.6 0.006
0.26
{ 0.4 0.004
0.24
0.2 0.002
0.22
Epoch
. 0 0 P
0 20 40 60 80 100 0 20 40 60 80 100 0 20 40 60 80 100

() (b) (©

Figure 1: Experimental results for binarised MNIST. (a) The PAC-Bayes bound on the total risk
decreases when tuning the posterior via Theorem 2] (b) This is achieved by a shift in the empirical
error probabilities. (c) The bound on kI( Rs(Q)||Rp(Q)) is not substantially increased, meaning we
still retain good control of Rp(Q) after optimizing @ for this particular choice of £.

methods constrain the region of the simplex in which R (Q) can lie (with high probability), and a
reasonable metric by which to compare them is the volumes of these regions. This can be estimated
via a MC sample by uniformly sampling points 7 from A j; and counting how samples are legal
values of Rp(Q) according to each method. The 95% confidence intervals for the volumes of the
two regions are given in Table A more comprehensive table for synthetic values of Rg(Q) can be
found in Appendix [B]

7 Perspectives

We introduce the framework of error types, considering the vectors Rg(Q) and Rp(Q) of empirical
and true probabilities of errors of different types. We prove a PAC-Bayes bound (Theorem I]) on
kI(Rs(Q)||Rp(Q)) which controls the entire distribution of error probabilities, and hence can be
used to derive bounds on arbitrary linear combinations of the error probabilities, all of which hold
simultaneously with high probability; this cannot be achieved with any existing PAC-Bayes bound.

We construct a differential training objective based on our bound by introducing the the vectorised
kl inverse, providing a recipe for quickly computing its value and derivatives (Theorem [2). Our
framework is flexible enough to encompass multiclass classification or discretised regression, but
also structured output prediction, multi-task learning and learning-to-learn.

Another potential application of our work is to the excess risk, since under a misclassification loss
there are three different error types, corresponding to excess losses of {—1,0,1}.
[2023] adapted Theorems[I]and [2]to this setting, leading to an empirically tighter PAC-Bayes bound
for certain classification tasks.

We require i.i.d. data, which in practice is frequently not the case or is hard to verify. Further, the
number of error types M must be finite. In continuous scenarios it would be preferable to be able to
control the entire distribution of loss values without having to discretise into finitely many error types.
We leave this direction to future work.
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A Recipe for implementing Theorems [I]and 2]

We here outline more explicitly how Theorem I and Theorem [2] may be used to formulate a fully
differentiable objective by which a model may be trained.

First, if one wishes to make hard labels, namely H C Y& it will first be necessary to use a surrogate
class of soft hypotheses H' C M())? during training, before reverting to hard labels for example
by taking the mean label or the one with highest probability. Using soft hypotheses during training

is necessary to ensure that the empirical j-risks R%(Q) are differentiable with respect to the model
parameters. Since how one chooses to do this will depend on the specific use case, we restrict our
attention here to the case of soft hypotheses. Specifically, we consider a class of soft hypotheses
H = {hg : 0 € RN} C M(Y)* parameterised by the weights § € RY of some neural network

of a given architecture with N parameters in such a way that the Rg(hg) are differentiable in 6. A
concrete example would be multiclass classification using a fully connected neural network with

output being softmax probabilities on the classes so that the Ré(hg) are differentiable.

Second, it is necessary to restrict the prior and posterior P, Q) € M(H) to a parameterised subset
of M(#H) in which KL(Q||P) has a closed form which is differentiable in the parameterisation. A
simple choice for our case of a neural network with N parameters is P, Q € {N (w, diag(s)) : w €
RY, s € RY,}. For prior a P, . = N (v, diag(r)) and posterior Qs = N (w,diag(s)) we have
the closed form

1 [ (wn — vn)”
KL(Qw,sHPv,r):[Z(SHJFMJFIDZH)_N]’

2|\ Tn n
which is indeed differentiable in v, r, w and s. While @, s and P, ,. are technically distributions on
RP rather than #, the KL-divergence between the distributions they induce on H will be at most as
large as the expression above. Thus, substituting the expression above into the bounds we prove in
Section [3|can only increase the value of the bounds, meaning the enlarged bounds certainly still hold
with probability at least 1 — 4.

Third, in all but the simplest cases ng(Qms) will not have a closed form, much less one that is
differentiable in w and s. A common solution to this is to use the so-called pathwise gradient
estimator. In our case, this corresponds to drawing € ~ N(0,1), where I is the N x N identity
matrix, and estimating

vw,sR{q(Qw,s) = V'uu,s Ee’~N(0,H)Rg‘(hw+e’®\/§):| ~ v‘w,ng’(thre@\/E)v

where h,, denotes the function expressed by the neural network with parameters w. For a proof that
this is an unbiased estimator, and for other methods for estimating the gradients of expectations, see
the survey [Mohamed et al.| [2020)].

Fourth, one must choose the prior. Designing priors which are optimal in some sense (i.e., minimising
the Kullback-Leibler term in the right-hand side of generalisation bounds) has been at the core of an
active line of work in the PAC-Bayesian literature. For the sake of simplicity, and since it is out of the
scope of our contributions, we assume here that the prior is given beforehand, although we stress that
practitioners should pay great attention to its tuning. For our purposes, it suffices to say that if one
is using a data-dependent prior then it is necessary to partition the sample into .S = Sprior U SBound>
where Spyior is used to train the prior and Sgoung i used to evaluate the bound. Since our bound holds
uniformly over posteriors ) € M(H), the entire sample S is free to be used to train the posterior
(. For a more in-depth discussion on the choice of prior, we refer to the following body of work:
Ambroladze et al.|[2000], Lever et al.|[2010} 2013|], [Parrado-Hernandez et al.| [2012], Dziugaite and
Roy|[2017,[2018]], Rivasplata et al. [2018]], |[Letarte et al.| [2019]], |Pérez-Ortiz et al.| [2021]], |Dziugaite
et al.| [2021]], Biggs and Gued;| [2022alb]].

Finally, given a confidence level 6 € (0, 1], one may use Algorithm [I|to obtain a posterior Qs
with minimal upper bound on the total risk. Note we take the pointwise logarithm of the variances
7 and s to obtain unbounded parameters on which to perform stochastic gradient descent or some
other minimisation algorithm. We use @ to denote vector concatenation. The algorithm can be
straightforwardly adapted to permit mini-batches by, for each epoch, sequentially repeating the steps
with S equal to each mini-batch.
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Input:

X,Y /* Arbitrary input and output spaces

Uj]\il E; =Y?/x A finite partition into error types

L e [O,OO)M /* A vector of losses, not all equal

S = Sprior U Sound € (X x V)™ /* A partitioned i.i.d. sample
N € N /* The number of model parameters

Py, v(Sprior) € RN, 7(Sprior) € R]>VO /* A (data-dependent) prior
Quwo,s0» Wo € RY, 59 € RY, /* An initial posterior

§€(0,1] /* A confidence level

A>0/* A learning rate

T /* The number of epochs to train for

Output:
Quw,s, W € RN, s e Rgo /* A trained posterior

Procedure:

Co < logsg /* Transform to unbounded scale parameters
P wo D (o /* Collect mean and scale parameters

fort < 1toT do

Draw € ~ N(0,1)

u<—R5(h
B«

w+e® exp(())

M-—1

U (ul,...,uM,B)

G < O3y (Mm+1) /* Initialise gradient matrix

F < 0p741 /* Initialise gradient vector

for j« 1to M +1do
F; + %(ﬁ) /* Gradients of total loss from Theorem
for i < 1to 2N do
| Gij e 5
end

end

H < GF /* Gradients of total loss w.r.t. parameters

p < p— AH /* Gradient step

end

w = (p1,...,PN)

s = (eXp(pN-‘rl)v s ’exp(p2N))

return w, s
Algorithm 1: Calculating a posterior with minimal bound on the total risk.

(p) /* Gradients of empirical risks and bound

B Additional Experimental Details

For MNIST we map labels {0, 1,2, 3,4} to 0 and {5,6,7,8,9} to 1. For HAM10000 we map the
cancerous or pre-cancerous labels {Melanoma,Basal Cell Carcinoma,Actinic Keratosis}
to 1 and the other labels to 0. In both cases we partition )2 into Ey = {(0,0), (1,1)}, By = {(0,1)}
and F» = {(1,0)}, and take £ = (0, 1, 3). For HAM10000, E'; and E» then refer to Type I and Type

II errors, respectively, and £ reflects the greater severity of false negatives.

Each dataset is split into prior and certification sets Spyjor and Sgoynd, respectively. For MNIST, we
use the conventional training set of size 60000 as the prior set, and the conventional test set of size
10000 as the certification set. For HAM 10000 we pool the conventional train, validation and test sets
together and then split 50-50 to obtain prior and certification sets each of size 5860. For HAM 10000
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we resize the images to (28, 28) and use just the first channel so that the data dimension is the same
for both datasets.

We take H to be two-layer MLPs with 784, 100 and 2 units in the input, hidden and output layers,
respectively. As is common in the PAC-Bayes literature, we restrict P to be an isotropic Gaussian
N (v, A\I) and Q to be a diagonal Gaussian N (w), diag(s)). Further, as in |Dziugaite and Roy|[2017]],
we restrict A to be of the form A\; = cexp(—j/b) for some j € N, taking ¢ = 0.1 and b = 100.
Since, at the end of training, we will then have one prior P; for each j € N, we can choose the j that
minimizes the PAC-Bayes bound provided we take a union over all of them, taking 0; = Wg—ig so that
> j 0; = 1 and all the bounds hold simultaneously with probability at least 1 — J. After applying

Algorithm[I] we round A to a discrete A, either up or down depending on which gives the smaller
bound.

For both datasets we set the prior mean v to be the parameters of an MLP trained on the prior
set. In both cases we use SGD with learning rate 0.01 to minimise the cross-entropy loss, using
a portion of the prior set as a validation set. For MNIST we train the MLP for 20 epochs to get
an error rate of 14%, for HAM10000 we train the MLP for 5 epochs to get an error rate of 22%.
We then apply Algorithm[I] By combining Proposition 2] (with § = 0.01 and N = 100000) and
Proposition We obtain Rs(Q) = (0.8879,0.0919, 0.0203) and RE,(Q) < 0.2640 for MNIST and

Rs(Q) = (0.7860,0.0146,0.1995) and R (Q) < 0.8379 for HAM10000, where both bounds hold
with probability at least 1 — 0.05 — 0.01 = 0.94.

The full results are shown in Figure[2] Figures [2a] 2c| and [2¢] are the same as Figures [Ta] [Tb| and
and are repeated here for easier comparison with the HAM10000 results. Figure [2b|shows that
Algorithm|I] has failed to reduce the bound on the total risk beyond the initialisation of ) to P, with
the small variation being explained by different MC samples being drawn from () during training
rather than () changing substantially. Indeed, Figure 2h|shows that ) does not appreciably move from
its initialisation at P—KL(Q|| P) remains below 0.1 whereas in the MNNIST experiment, which
has the same number of parameters, exceeds 30. It is therefore unsurprising that Figures 2d]and
show negligible change in the empirical error probabilities and the bound on kI( Rs(Q)||Rp(Q)).
respectively. The divergence in the results is likely due to the difference in sample size; the certification
set for the MNIST experiment contains 10000 samples, whereas for the HAM 10000 dataset there are
only 5000, which, all else equal, makes an increase in KL(Q|| P) twice as expensive.

Recall from Section @that while Rp(Q) can be effectively constrained to a sub-region of the simple
Ay using our Theorem|[I] this can also be achieved by unioning M Maurer bounds, one for each
error probability. Table[T|gave the 95% confidence intervals for the volumes of the confidence regions
in which R (Q) was likely to lie for experiments on MNIST and HAM 10000, but neither region
was uniformly smaller, making it unclear which method should be preferred.

Table 2] provides additional data by taking synthetic values for Rs(Q) and KL(Q||P), for different
values of m (the size of the certification set) and M (the number of error types). ‘Individual’ denotes
unioning individual Maurer bounds, ‘Ours’ is our method, ‘Intersection’ is the intersection of the
confidence regions given by the previous two methods (but loosened so that they now both hold
simultaneously with probability at least 0.95), and ‘Morv.” is the confidence region produced by
Morvant’s bound Morvant et al.|[2012]. The 95% confidence intervals for the volumes of all the
regions have been produced by Monte Carlo samples. We see that our confidence region is tighter
than the individual one in 4/9 cases (green), worse in 3/9 cases (red) and ties in 2/9 cases ( ).
Interestingly, union bounding the naive CR and our CR and intersecting often beats both of these
(bold). Morvant’s result is either not applicable or their confidence region is much larger than ours
and essentially takes up the entire simplex, hence the volume estimate of 1.000. The reason their
bound is sometimes inapplicable is because it requires every class to contain at least 8 instances,
where L is the number of labels—in the L = 5, M = 25, m = 100 case this would require each class
to contain at least 5 x 8 = 40 instances which is impossible with m = 100 samples.
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Figure 2: MNIST (first column) and HAM10000 (second column) experiments.



M m Vol. Individual Vol. Ours Vol. Intersection Vol. Morv.
100 (0.1195, 0.1196) (0.1165, 0.1166) (0.1160, 0.1161) (1.0, 1.0)

22 300 (0.02920, 0.02926) (0.03071, 0.03078) (0.02893, 0.02900) (1.0, 1.0)
1000 | (5.635e-3, 5.664e-3) (6.475e-3, 6.507¢e-3) (5.706e-3, 5.735e-3) | (1.0,1.0)
100 (0.3190, 0.3192) (0.1757, 0.1758) (0.1582, 0.1584) N/A

52 300 (1.306e-3, 1.320e-3) (3.672e-4, 3.748e-4) (2.515e-4, 2.578e-4) | (1.0, 1.0)
1000 (0.000, 3.689¢-08) (1.0, 1.0)
100 (0.9990, 0.9990) (1.000, 1.000) (0.9995, 0.9995) N/A

102 | 300 (0.3534, 0.3536) (0.1688, 0.1689) (0.1306, 0.1307) N/A
1000 (0.000, 3.688¢-8) (1.0, 1.0)

Table 2: 95% confidence intervals for the volumes of the confidence regions for Rp(Q). We set
KL(Q||P) =0,d = 0.05, Rs(Q) = (1/M, ..., 1/M) and use 10 Monte Carlo samples.

C Proofs

C.1 Proof of Proposition 3]

Write kl(g||p) as

M
Y gm¥ +Zq, ln—. (13)
j=1

The result then follows by bounding the two sums by

M A

].—qu " ].—qJ
qulnfkalqjllqj 4;) In 1_qj§MBzfj;(1*‘Ij)1nl_gj (14)
and
qul qJ qu qJ <max quln—<B1maxq—J (15)
=J j=1 Pj ! gj

Putting these together we obtain the bound on k1(g||p). The limit follows because each 4= g; as
By — 0.

C.2 Proof of Lemmal[2l

Let Ep := {e1,...,en}, namely the set of M -dimensional basis vectors. We will denote a typical

element of E7} by n™) = (n1,...,m,). Forany (™ = (x,,...,x,,) € AT}, a straightforward
induction on m yields

> <ﬁwn> =1. (16)

n(m)EEz\T’/} =1

To see this, for m = 1 we have E}, = {(e1,),..., (e, )}, where we have been pedantic in using
1-tuples to maintain consistency with larger values of . Thus, for any (") = (z,) € AL/, the left
hand side of equation (T6) can be written as

M M
daiej=) (w1); =1
j=1 j=1



Now suppose that equation holds for any x(™) ¢ A and let xMtD) = (zq,..., @ 11) €
AT Then the left hand side of equation can be written as

S ({5 5 () e

n(m+) g+l \ i=1 ntmeEm j=1 \i=1

m M
Z <H T - 177) Z (wm+1 . ej) =1.

ntm cEm \i=1 j=1

We now show that any (™ = (z1,...,x,,) € A}, can be written as a convex combination of the
elements of E}; in the following way

™= 3 (ﬁwi-m>n<m>. (17)

Tl(m)eE;\/’} =1

We have already shown that the weights sum to one, and they are clearly elements of [0, 1], so the
right hand side of equation is indeed a convex combination of the elements of E7;. We now
show that equation holds, again by induction.

For m = 1 and any (V) = (x1,) € A}, the right hand side of equation can be written as
M

D (@1-ej)(es,) = (m1,) = .

j=1
For the inductive hypothesis, suppose equation holds for some arbitrary m > 1, and denote
elements of EX}H by (™ @ (e,) for some (™ ¢ E}; and e € E);, where @ denotes vector
concatenation. Then for any (™) = (™) g (®ma1,) = (®1,. .., Tme1) € A;\'}[H, the right
hand side of equation can be written as

m+1 M m
) (H T; 'm> =y Y (H ; -m) (@1 - €5)n™ & (e;,)

n(m+l)6E;\'4l+1 i=1 W(m’)EE'X} 7j=1 \i=1

M m
- Z Z (H T; 'Th) (T - ej)n(m)

ntmeEm j=1 \i=1

M m
DY (Hﬂvim> (Tm+1-€5)(ej,)

ntmegy j=1 \i=1

M m
= Z(m7n+1 : ej) Z (H T+ T”L) n(m)
j=1

n(m>eE1’C} =1
m M
@ Z <H x; - 771‘) Z(mm+1 -€j)(ej,)
n<m)€E}(; 1=1 Jj=1
=1- 2™ a1 (Xmy1,) =™,

where in the penultimate equality we have used the inductive hypothesis and (twice) the result of the
previous induction.

We can now prove the statement of the Lemma. Applying Jensen’s inequality to equation (I7)) with
the convex function f, we have that

f@1,...,xm)=f Z <H$Z '77i> n(m)

n(m) EET: =1

< % (Tlan)r(s).

nmeEy \i=1
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Let i = E[X] denote the mean of the i.i.d. random vectors X;. Then the above inequality implies

Ef(Xp o Xa)] < 3 (ﬁu . m> f (n™)

7]("”) EEK} =1

- ¥ (M=) s ()

ntmeEyp \i=1

=E[f(X1,..., X},)]-

m

C.3 Proof of Lemmal[3

The proof of Lemma [3]itself requires two technical helping lemmas which we now state and prove.

Lemma 4. For any integersn > 2 and p > —1,

/2 , L1 — g)p/2
k)P <n"r / A =oP dzx.
0 VT

M

Proof. The case of p = —1, namely

n—1

Z VEk(n — / Va(l—zx)
has already been demonstrated in Maurer| [2004]]. For p > —1, let
(1 —2)P/?

fp(x) = \/5

We will show that each f,(-) is monotonically decreasing on (0, 1). Indeed,

)

Ay Q=i e rlon) (ot
dx 223/2 223/2
where for the inequalities we have used the fact that p > —1 and = € (0, 1). We therefore see that
n-l (n — kP2 2—: n?/2(1 — Eyp/2
k=1 k=1 f\/;

b N~ 11— P2

1l w— 1

n - nl
Zn \/;
k=1 n

)

Il
S
ME
1
S
<=
7N\
3|
~—

k=1
n—1 fVL
<n'r Z fplx)dx
=17
1—1

Intuitively, the proof of the above lemma works by bounding the integral below by a Riemann sum.

O

In the following lemma we actually calculate this integral, yielding a more explicit bound on the sum
in Lemmal[d] We found it is easier to calculate a slightly more general integral, where the 1 in the

limit and the integrand is replaced by a positive constant a.
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Lemma 5. For any real number a > 0 and integer n > —1,

“ (a—a)"/? D(%£2) ay
7dx:\/7F - a 2 .
/0 N INCES)

Proof. Define

@ (g — g)"/2 oty o
L,(a) ::/0 (\/E)dx and  fu(a) = \/Trr( 2 )aT.

We proceed by induction, increasing n by 2 each time. This means we need two base cases. First, for
n = —1, we have

@ 1 1"
I_1(a)= ——————dx = |2arcsiny/— | =7=f_1(a),
1(@) /0 vala —x) { \/;}o f@)
since I'(§) = /7 and I'(1) = 1. Second, for n = 0,

@) = [ Jdo = V75 = 2va = fa)

since I‘(%) = @ Now, by the Leibniz integral rule, we have
d a@(a—x)n;2 n+2 [*(a—x)2 n+2
da "t? (a) /0 da  x v 2 /0 Vv v 2 (a)

Thus

I 1a(a) = ";2 {/Oaln(t)dt+ln(0)} - ”;2 /O L (t)dt,

since I,,(0) = 0.

Now, for the inductive step, suppose I,,(a) = f,(a) for some n > —1. Then, using the previous
calculation, we have

+2 [
Lita(a) = z Jn(t)dt

n-+ 2 @ ].—‘("-2"_2) nfl

= Nz t 2 dt

Il
5
3
+ [0
w

—
—~
3
I+
w

This completes the proof. O

We are now ready to prove Lemma [3] which, for ease of reference, we restate here. For integers
M>1landm > M,

1 EmT
Z M A < F(M)
keSiOM Hj:l V) 2
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Proof. (of Lemma[3) We proceed by induction on M. For M = 1, the set S, as contains a single
element, namely the one-dimensional vector k = (k1,) = (m, ). In this case, the left hand side is

1/4/m while the right hand side is v/7/(y/mI'(1/2)) = 1/y/m, since T'(1/2) = /7.

Now, as the inductive hypothesis, assume the inequality of Lemma [3|holds for some fixed M > 1
and all mm > M. Then for all m > M + 1, we have

1 m A 1

—
kES?nE)M+1 j=1 ki1=1 klesi(lkl,M Hj:l k;
m—M M M—2
1 =2 (m—k
< Z Jr T (n; ( )1 )= (by the inductive hypothesis)
k=1 Y™ 2
IS Vi
r(%) Vi

IN

(enlarging the sum domain)

M—2

T2 M1 (1—x)z
< ———m 2 / —dr (by Lemma
TSR RN ?
M M
T 2 M—1 1_‘(7)
= e (by Lemmal5)
L) D(45)
M+1 M-—-1
T 2 m” 2
T
as required. O

C.4 Proof of Proposition[i]

Proof. The case where g; = 1 or p; = 1 can be dealt with trivially by splitting into the three
following subcases

« g =p; =1 = Kl(gj|lp;) =Kl(q||p) =0
* qj =1,p; #1 = Kl(g;llp;) = kl(q|lp) = —log p;
« q; #1,p;, =1 = Kl(g;|p;) = Kl(q|p) = 0.

For ¢; # 1 and p; # 1 define the distributions ¢, p € Ay by G; = p; = 0 and

~ qi

o ~ pi
qi 1—q —

d N —
an e —

for i # j. Then
i - 1—-95)q
> gilog— =) (1_Qj)Qi10ggl_ j;
it Di it Dj)Pi
- gi | -~ 1—gj
=(1-¢;)) dilog = + G;log —
i#i pi L=p

i~ 1—gq;
= (1-g¢;)KI(g]|p) + (1 = ¢;)log T—
J

1_ .
> (1-q;)log { 4

pj
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The final inequality holds since k1(g||p) > 0. Further, note that we have equality if and only if § = p,
which, by their definitions, translates to
1—p;
= 1 Lq;
—q;

% to both sides, we obtain
J

Pi

for all ¢ # j. If we now add g; log

” "
Ki(gllp) > (1= g5)log 3% + g;log - % = Kl(g; ;).
J J

1
L—=p
with the same condition for equality. O

The following proposition makes more precise the argument found at the beginning of Section 4]
for how Proposition [[]can be used to derive the tightest possible lower and upper bounds on each
R5(Q)-
Proposition 5. Suppose that q,p € Ay are such that K1(q||p) < B, where q is known and p is
unknown. Then, in the absence of any further information, the tightest bound that can be obtained on
each p; is

pj <K~ '(g5, B).

Proof. Suppose p; > kl™'(g;, B). Then, by definition of kI™', we have that kl(g;||p;) > B.
By Proposition |1} this would then imply kl(g||p) > B, contradicting our assumption. Therefore
pj < kIt (gj, B). Now, with the information we have, we cannot rule out that
1—p;
= 1 Lq;
—q;

for all i # j and thus, by Proposition |1} that k1(g;|p;) = kl(q||p). Further, we cannot rule out that
kl(g||p) = B. Thus, it is possible that kl(g;||p;) = B, in which case p; = kI~ (g;, B). We therefore
see that kI~ ! (¢;, B) is the tightest possible upper bound on p;, for each j € [M]. O

DPi

C.5 Proof of Theorem

Before proving the proposition, we first argue that kl[1 (ulc) given by Definition |1|is well-defined.
First, note that A,, := {v € Ay : kl(u|lv) < ¢} is compact (boundedness is clear and it is closed
because it is the preimage of the closed set [0, ¢] under the continuous map v — kl(u|v)) and so the
continuous function fg achieves its supremum on A,,. Further, note that A,, is a convex subset of
Ay (because the map v — kl(u||v) is convex) and fp is linear, so the supremum of f; over A, is
achieved and is located on the boundary of A,,. This means we can replace the inequality constraint
kl(u||v) < cin Definition 1| with the equality constraint kl(u|v) = c. Finally, if u € A7, then A,
is a strictly convex subset of A, (because the map v — kl(u||v) is then strictly convex) and so the
supremum of fg occurs at a unique point on the boundary of A,,. In other words, if u € Az\>/[0 then

kI, ' (ulc) is defined uniquely.

We now prove Theorem 2] While our proof technique is somewhat analogous to the technique used
in|Clerico et al.|[2022] to obtain derivatives of the one-dimensional kl-inverse, our theorem directly
yields derivatives on the total risk by (implicitly) employing the envelope theorem (see for example
Takayama and Akiral [1985).

Proof Outline: We first derive the expression given for v* (@) = kl, ' (u|c) given on line (5) of the
theorem using the method of Lagrange multipliers. Since we are working on the simplex, we make
things easier for ourselves by first making the substitution ¢; = In v; to make the v; > 0 constraints
unnecessary. The method of Lagrange multipliers yields both the maximum and the minimum (recall
that klz1 (u|c) is defined as the location of a maximum) for the two values of the Lagrange multiplier
. We show that exactly one of these values lies in the interval 1 € (—oo0, — max; ¢;) and that this
one corresponds to the maximum. This shows that the value ;* Theorem 2] instructs us to find indeed
yields v* (@) = kl, ! (u|c). Finally, we derive the partial derivatives of kl, ' (u|c) with respect the i;
to obtain the second part of the theorem, namely line (6) by employing the envelope theorem.
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Proof. (of Theorem We start by deriving the implicit expression for v* () = kl, *(u|c) given in
the proposition by solving a transformed version of the optimisation problem given by Definition
[T]using the method of Lagrange multipliers. We obtain two solutions to the Lagrangian equations,
which must correspond to the maximum and minimum total risk over the set A,, := {v € Ay :
kl(ullv) < c} because, as argued in the main text (see the discussion after Definition [I)), A, is
compact and so the linear total risk fy(v) attains its maximum and minimum on A,,.

By definition of v*(@) = kl, ' (u|c), we know that kl(v*(@)||u) < c. Since, by assumption,
uj > 0 for all j, we see that v*(@); > 0 for all j, otherwise we would have kl(v*(@)||u) = o, a
contradiction. Thus v*(@) € A7, and we are permitted to instead optimise over the unbounded
variable t € RM, where t; := Inwv;. With this transformation, the constraint v € Ajs can be
replaced simply by > j el = 1 and the optimisation problem becomes

M
Maximise: F(t) := Zﬁjetf
j=1
Subject to:  g(t;u, c) := kl(ulle?) —c =0,
M
h(t):=) € —1=0,
j=1

where e! € RM is defined by (e?); := e'i. Note that F(t) = fe(et). Following the terminology
of mathematical economics, we call the t; the optimisation variables, and the u; (namely the u;
and c) the choice variables. The vector £ is considered fixed—we neither want to optimise over
it nor differentiate with respect to it—which is why we occasionally suppress it from the notation
henceforth.

For each @, let v*(@) and t*(@) be the solutions to the original and transformed optimisation
problems respectively. Since the map v = e? is one-to-one, it is clear that since v* () exists uniquely,

so does t*(@), and that they are related by v* (@) = et (%), We therefore have the identity
fe(v™(w)) = F(t*(a)).
Recalling that f; (@) := fe(v*(@)), we see that
Vafe(a) = Val(t" (). (18)
the derivatives of fo(kl, ' (u|c)) with respect to w and c are given by V4 F'(t*(@)).

Using the method of Lagrange multipliers, there exist real numbers \* = \*(@) and p* = p*(a)
such that (¢*, \*, *) is a stationary point (with respect to ¢, A and 1) of the Lagrangian function

L, p;a) = F(t) + Ag(t; @) + ph(t).

Let F(-) and he(-) denote the gradient vectors of F' and h respectively, and let g;( - ;@) and g4 (¢; - )
denote the gradient vectors of g with respect to £ only and & only, respectively. Simple calculation
yields

v (99, - 99 ., .\ _
gt(t,u)—<8t1(t,u),...,at (t,u))- u and
a(t;a) = 99 (t;a _99 (t;a) | = (1—15 + logu 11—ty + loguy 71)
Ga\l; aﬂl 3 ’”"8'ELM+1 ) 1 gUL, -y M ZUM, .

19)

Then, taking the partial derivatives of £ with respect to A, 1 and the t;, we have that (£, A\, u) =
(t*(w), \*(u), u*(w)) solves the simultaneous equations

Fy(t) + Age(t; w) + phe(t) =0, (20)
g(t;w) =0, and
h(t) =0,

where the last two equations recover the constraints. Substituting the gradients F}, g; and hy, the first
equation reduces to
Loet — \u+ pet =0,
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which implies that for all j € [M]

oli — Auj

. 21
e 21)

Substituting this into the constraints g = h = 0 yields the following simultaneous equations in A and
I

M
IR
c = kl(ul|e?) Zujlog ) ;ujlog )\J and AZM-I-K

Substituting the second into the first and rearranging the second, this is equivalent to solving

-1

M M M
Uk U4
:E i1 l; E d A= E J . 22
T (W J)k_luwk) o Tt .

J=1

It has already been established in the discussion after Definition [I|that f,(v) attains its maximum
on the set A, := {v € Ay : Kl(u||v) < c}. Therefore F(t) also attains its maximum on R and
one of the solutions to these simultaneous equations corresponds to this maximum. We first show
that there is a single solution to the first equation in the set (—oo, — max; ¢;), referred to as p* (@) in
the proposition. Second, we show that any other solution corresponds to a smaller total risk, so that
(@) corresponds to the maximum total risk and yields v* (@) = kl, ' (u|c) when p* () and the
associated \*(w) are substituted into Equation 21]

For the first step, note that since the e’s are probabilities, we see from Equation [21] that either
p =+ £; > 0 for all j (in the case that A > 0), or 4 + ¢; < 0 for all j (in the case that A < 0).
Thus any solutions p to the first equation must be in (—oo, —max; ¢;) or (—min; ¢;,00). If
i € (—oo, —max; £;) then the first equation can be written as ¢ = ¢ (u), with ¢, as deﬁned in the
statement of the proposition. We now show that ¢, is strictly increasing in p, and that ¢¢(u) — 0 as
p — —oo and ¢g(p) — 0o as p — —max; ¢;, so that ¢ = ¢ (u) does indeed have a single solution
in the set (—oo, — max; £;). Straightforward differentiation and algebra shows that

M . Mo, M w
/ J ! !
=3 (z —<u+ej>z)
(e )Zk 1 M+zk k=1 fi+ b k=1 (1 +Ly)?
Mo ou; \? M
(Zj:l A+t ) Z] 1 (u+e; )2

Zk 1 ;,LJrek

Jensen’s inequality demonstrates that the numerator is strictly negative, where strictness is due to
the assumption that the £; are not all equal. Further, since the denominator is strictly negative (since
we are dealing with the case where 11 € (—oco0, —max; £;)), we see that ¢, is strictly increasing for
i € (—0o0, — max; éj)E] Turning to the limits, we first show that ¢p(p) — co as p — — max; ¢;.

We now determine the left hand limit. Define J = {j € [M] : {; = maxy {;}, noting that
this is a strict subset of [M] since by assumption the ¢; are not all equal. We then have that for

>Incidentally, this argument also shows that there is at most one solution to the first equation in (22)) in the
range (— min; £;, 00). There indeed exists a unique solution, which corresponds to the minimum total risk, but
we do not prove this.
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The first term in the numerator is a positive constant, independent of p. The second term in the
numerator tends to a finite positive limit as ;¢ T — max; ¢;. Since [M] \ J is non-empty, the power
in the denominator is positive and the term in the outer brackets is positive and tends to zero as
p T —max; £;. Thus e?¢(") — 00 as y T — max; £; and, by the continuity of the logarithm, ¢ (1)
as u T —max; ¢;.

k

We now determine lim,,_, o, ¢¢ () by sandwiching ¢(p) between two functions that both tend to
zero as u — —oo. First, since ¢; > 0 for all 7, for u € (—oo0, — max; £;) we have

M M
log | — J >log|—-) 2 —log( u; log(

g ; T | 2l ; . g(— Z jlog(—
and so

M ‘.
de(p) > — Zu] log(— Zuj log /Hrﬁ Zuj log (1 + J) —0 as pu— —oo.

j=1
Similarly,

Z u;j log (n+¢5) Zu] log(—p) = log(—p),
and so
Moo Mo,
J _ J _
ode(p) < log M;M‘FQ = log ;1_’_[2 —0 as pu— —oo.

This completes the first step, namely showing that there does indeed exist a unique solution p* (@) in
the set (—1, 00) to the first equation in line (22).

We now turn to the second step, namely showing that this solution corresponds to the maximum total
risk. Given a value of the Lagrange multiplier j, substitution into Equation [21] gives

uj
€' (1) = =
Zk 1 ;H—Zk
and therefore total risk
ZMl Ujlj
R(p) = =32

Zk 1 ,u.ikfk
To prove that the solution p* (@) € (—oo, — max; £;) is the solution to the first equation in line
that maximises R, it suffices to show that R(u) — Z] L ujl; as |p| — oo and R'(p) > 0 for all
p € (—oo, —max; £;) U (—min; £;,00), so that

inf R(p) > sup R(p).

nE(—00,— max; £;) pE(—miny £;,00)

26



This suffices as we have already proved that ;" (@) is the only solution in (—oo, — max; ¢;) to the
first equation in line (22), and that no solutions exists in the set [— max; ¢;, — min; ¢,].

The limit can be easily evaluated by first rewriting R(x) and then taking the limit as |u| — oo as
follows

144
R(p) = —; = Zuj
D k=1 11’% Zk 1 Uk j=1
To show that R’ ( ) >0,letl ) denote the j’th smallest component of £ (breaking ties arbitrarily),
so that é - < K (M)» and use the quotient rule to see that

M —ujil; M u —u
R()20 < (S ) (S i) - (555 %) (S oty -

(Zlﬁil ui%)z B
M M ‘ ‘
- ;,; (u&ﬁ(ﬁfjwk) (uigk - uizj) >0
o
- JF’C%:M] (“JFZZSZL(?L tw) (u +1€<k> - u+1£<j))
k<j
¢
+M§M1 “+Zj;uk/‘(]jff ) (u +1€<k> - u+1£<j>> =0,
k>j

where in the final line we have dropped the summands where k£ = j since they equal zero as the terms
in the bracket cancel. This final inequality holds since the first sum can be bounded below by the
negative of the second sum as follows

Z u]ukﬁu ( 1 _ 1 )
(L) +Llwy) \u+Lay pu+Ly

J,k€[M]
k<j
ujukf(k) ( 1 1 > . _
> — (since £y < £ for k < j)
j,,%:M] (4 L)+ L) \n+ Ly p+Lg) =70 /
k<j
= - swapping dummy variables j, k).
j.kez[M] Gt Gt 00) \i Gy v by ) STepPmEdommy g
k>j

We now turn to finding the partial derivatives of F'(t*(w)) with respect the %;, which in turn will
allow us to find the partial derivatives of klz1 (ulc). Let V4 denote the gradient operator with respect
to @. Then the quantity we are after is Vg F(t*(@)) € RM*1, the j’th component of which is

M+1

(VaF( @), = 3 G (@) 5 (@) = Al (@) 52 () €
Thus the full gradient vector is
VaF(t*(w)) = Fe(t"(a))Vat* (a), (23)
where Vgt*(@) is the M x (M + 1) matrix given by
oty

(Vat"(@)),, = 55 (@)

Finding an expression for this matrix is difficult. Fortunately we can avoid needing to by using a trick
from mathematical economics referred to as the envelope theorem, as we now show.
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First, note that since, for all @, the constraints g = h = 0 are satisfied by t*(@), we have the identities
g(t*(w),u) =0 and h(t"(a)) =0.
Differentiating these identities with respect to u; then yields

- g’; (@) + ga, (8°(@), @) =0 and  hy(t"(@)) - g; (@) = 0,

g¢(t"(u), )
As before, we can write these M + 1 pairs of equations as the following pair of matrix equations

gt (w),a)Vat’ (@) + ga(t*(@),u) =0 and he(t*(w))Vat*(a) = 0.
Multiplying these identities by A\*(@) and p* (@) respectively, and combining with equation (23),
yields

VaF(t (@) = (Fu(t (@) + A @)gu(t" (@), ) + i @)he( (@) ) Vat* (@)
+ A (w)ga(t™(a),w)
=\ (@)ga(t"(a), v),

where the final equality comes from noting that the terms in the large bracket vanish due to equation
(20). Recalling the expression for g4 (¢; @) given by Equation[19]and that v* () = exp(t*(u)) we
obtain

VaF(t* (@) = A*(ﬂ)(l —t (@) +logur,...,1 —t* (@) + loguas, f1)

. Uy Uny
=X(u)(l+log——. ..., 1+log——,—1
@ 1+ 1o o)

Finally, recalling Equivalence (18), namely Vg f; (@) = VaF(t*(u)), we see that the above
expression gives the derivatives %(ﬁ) and 88% ) stated in the proposition, thus completing the
J

proof. O
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NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: Our Theorem [I]is a PAC-Bayes bound of the form we claim to prove in the
abstract. Further, Proposition[2]is a recipe for the differentiable training objective we claim
to derive in the abstract.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]
Justification: We discuss these in Section [71

3. Theory Assumptions and Proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]

Justification: The proof of our main result Theorem [I]is found in Section[5] Proposition|I]is
proved in Appendix [C.4} Our second main result, Theorem 2]is proved in Appendix [C.5]
Proposition2]is proved directly after its statement. Proposition [3]is proved in Appendix |C.1]
Proposition 4] is proved in Section 5] Lemma [T] does not require proof as it is the classic
change of measure inequality (Csiszar, [1975| [Donsker and Varadhanl [1975)). Lemma@]is
proved in Appendix [C.2} Finally, Corollary [I|and Lemma [3|are proved directly after their
statement.

4. Experimental Result Reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification: Appendix [A|is devoted to a detailed explanation of how to implement our
training regime, and Appendix [B| gives the details of the specific experiments we run.

5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [Yes]
Justification: URL is provided.
6. Experimental Setting/Details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]
Justification: This is outlined in Appendix [B}
7. Experiment Statistical Significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes]

Justification: The paper concerns bounds, meaning the results themselves are confidence
regions.
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10.

11.

12.

13.

14.

15.

. Experiments Compute Resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer:

Justification: The compute resources required are not stated as they are negligible.

. Code Of Ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines]?

Answer: [Yes]
Justification: There are no data-related concerns or societal impact concerns.
Broader Impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [Yes]

Justification: The introduction describes a class of concrete real-world problems for which
our method may have positive impact.

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification: The paper poses no such risks.
Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [NA]
Justification: The paper uses only the MNIST dataset.
New Assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]
Justification: The paper does not release new assets.
Crowdsourcing and Research with Human Subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: None required.

Institutional Review Board (IRB) Approvals or Equivalent for Research with Human
Subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justification: None required.

30


https://neurips.cc/public/EthicsGuidelines

	Introduction
	Notation
	Main result
	Construction of a Differentiable Training Objective
	Proof of the main bound
	Numerical experiments
	Perspectives
	Recipe for implementing Theorems 1 and 2
	Additional Experimental Details
	Proofs
	Proof of Proposition 3
	Proof of Lemma 2
	Proof of Lemma 3
	Proof of Proposition 1
	Proof of Theorem 2


