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Abstract

Recently Chen and Poor initiated the study of
learning mixtures of linear dynamical systems.
While linear dynamical systems already have
wide-ranging applications in modeling time-series
data, using mixture models can lead to a better
fit or even a richer understanding of underlying
subpopulations represented in the data. In this
work we give a new approach to learning mix-
tures of linear dynamical systems that is based on
tensor decompositions. As a result, our algorithm
succeeds without strong separation conditions on
the components, and can be used to compete with
the Bayes optimal clustering of the trajectories.
Moreover our algorithm works in the challenging
partially-observed setting. Our starting point is
the simple but powerful observation that the clas-
sic Ho-Kalman algorithm is a relative of modern
tensor decomposition methods for learning latent
variable models. This gives us a playbook for
how to extend it to work with more complicated
generative models.

1. Introduction

In this work, we study the problem of learning mixtures of
linear dynamical systems from unlabelled trajectories. Each
system evolves according to the following rules:

Tir1 = Aixy + Bijug + wy,

ey

yr = Cizy + Diuy + 2,
Here the wu;’s are control inputs to the system, the
w,’s are the process noise and the z;’s are the obser-
vation noise. We observe the input-output sequence
(u1,v1), (u2,¥y2), -+ , (ur,yr) and the goal is to learn the
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underlying system parameters. When there is only one
system, this is a classic problem in control theory called sys-
tem identification (Astrém & Eykhoff, 1971; Ljung, 1998).
A long line of recent works have established finite sam-
ple guarantees, often times from a single long trajectory,
in increasingly more general settings (Hardt et al., 2018;
Faradonbeh et al., 2018; Hazan et al., 2018; Simchowitz
et al., 2018b; Oymak & Ozay, 2019; Tsiamis & Pappas,
2019; Sarkar et al., 2019; Simchowitz et al., 2019; Bakshi
etal., 2023).

But what about mixture models? Instead of one long trajec-
tory, we observe many short trajectories. The main compli-
cation is that they are unlabelled — we don’t know which
system generated which trajectories. This problem has many
potential applications. For example, the microbiome is a
community of microorganisms that live in a host. They play
a key role in human health and are affected by our environ-
ment in complex ways. In scientific studies, the composition
of the microbiome is monitored over extended periods of
time and researchers model its behavior using dynamical
systems to discover new biological insights (Gonze et al.,
2018). But when these dynamics are heterogenous across
a population, it is natural to use a mixture model instead.
More generally, there are wide-ranging applications of dy-
namical systems in biology and engineering and in many
of these settings using a mixture model can lead to a bet-
ter fit, or even a richer understanding of any underlying
subpopulations represented in the data.

However there is not much in the way of theoretical guaran-
tees. In an important recent work, Chen and Poor gave the
first efficient algorithms for learning mixtures of linear dy-
namical systems (Chen & Poor, 2022). This work received
an ICML 2022 Outstanding Paper award. They employed
a two-stage approach where they use coarse estimates to
cluster the trajectories and then, based on their clustering,
further refine their estimates. Essentially, they use the sta-
tionary covariances to find subspaces according to which
the trajectories from the systems are well-separated.

In this work, we give a new approach for learning mixtures
of linear dynamical systems that is based on tensor decom-
positions. Our algorithm (Theorem 7.1) achieves essentially
optimal guarantees in many respects:
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(1) Chen & Poor (2022) require a number of strong and
difficult to interpret technical conditions on the param-
eters. In contrast, we give an efficient algorithm for
clustering that succeeds whenever clustering is possi-
ble (Theorem 7.5). In particular, whenever the systems
have negligible statistical overlap as distributions, we
will be able to find a clustering that misclassifies only
a negligible fraction of the trajectories.

(2) A priori it could be possible to learn the parameters
of the mixture even when clustering is information-
theoretically impossible. There is still useful informa-
tion about the parameters that can be gleaned from the
moments of the distribution. Indeed our algorithm suc-
ceeds under a condition we call joint nondegeneracy
(Definition 3.4) which is a natural generalization of
(individual) observability and controllability, both of
which are standard assumptions in control theory and
known to be necessary (Bakshi et al., 2023). These
conditions hold even when the systems in the mix-
ture model are almost entirely overlapping as distri-
butions, rather than almost entirely disjoint and clus-
terable. Thus our algorithm brings results on learning
mixtures of linear dynamical systems, which have com-
plex time-varying behavior, in line with the strongest
known guarantees for learning Gaussian mixture mod-
els (Kalai et al., 2010; Belkin & Sinha, 2010; Moitra
& Valiant, 2010).

(3) Chen & Poor (2022) work in the fully-observed setting
—1ie.
Tir1 = Az + Bjug +wy

where we directly observe the sequence of inputs and
states of the system (u1, 1), (u2,22), -, (ur,xT).
In contrast, our algorithms work in the more challeng-
ing partially-observed setting where we only get indi-
rect measurements ¥; of the hidden state. Even with
just one system, this renders the maximum likelihood
estimator a nonconvex optimization problem rather
than a simpler linear regression problem. We also
show that our algorithm succeeds with optimally short
trajectories.

Finally, our algorithms are based on a surprisingly undis-
covered connection. The classic approach going back to the
1960’s for solving system identification is to estimate the
Markov parameters

[CB,CAB,--- ,CA*B]

and use the Ho-Kalman algorithm (HO & Kalmén, 1966).
It turns out, the Ho-Kalman algorithm sets up a general-
ized eigenvalue problem, which just so happens to be the
workhorse behind algorithms for low rank tensor decom-
positions. In recent years, tensor methods have become a

mainstay in theoretical machine learning, particularly for
learning mixture models (Mossel & Roch, 2005; Hsu &
Kakade, 2013; Anandkumar et al., 2014). We leverage this
connection along with modern tensor methods to teach the
classic Ho-Kalman algorithm new tricks, namely we de-
sign a generalization of Ho-Kalman that can handle mixture
models.

2. Technical Overview

Recall, a linear dynamical system L follows the Markov
process described in Equation (1), where A, B,C, D are
matrices with dimensions n X n, n X p, m X nand m X p
respectively. The random variables w; and z; are typically
modeled as standard normal corresponding to process and
measurement noise. In the most general setting, {y, u }¢cpy
is the dataset from which we wish to infer the system pa-
rameters A, B, C, and D. Note that it is only possible to
recover the system parameters under an equivalence class
of similarity transforms. A standard recipe for this task is
the algorithm of Ho-Kalman which succeeds at recovering
A such that there exists a similarity transform U satisfying

HA —UAU! H = 0 with analogous guarantees for B, (:‘,
and D in infinite samples.

The crux of the Ho-Kalman algorithm is to first estimate
”Markov parameters” of the form C A’ B for varying values
of i € ZT. The Markov parameters are arranged in a
corresponding Hankel matrix and an Eigendecomposition
style procedure is applied to the Hankel matrix to recover
the system parameters (see Algorithm 3). The key is to
estimate Markov parameters which is difficult when the data
{ws, Ut}te[l] is drawn from a mixture of linear dynamical
systems defined next.

Definition 2.1 (Mixture of LDS’s). A mixture of linear dy-
namical systems is represented as M = w1 L1 + ... wg Ly,
where wy, ..., wy are positive real numbers summing to
1 and ,Cl((Al, Bl, Cl, Dl), ey ,Ck(Ak, Bk, Ck, Dk) are
each individual linear dynamical systems with the same
dimensions (i.e. the same m, n, p). The trajectories we ob-
serve are sampled according to the following process. First
an index ¢ € [k] is drawn according to the mixing weights
wi, ..., wy and then a trajectory of length [, denoted by
{(u1,y1), ... (ue,ye)} is drawn from the corresponding dy-
namical system L;.

We obtain as input, N trajectories, each denoted by
{(ul,y]),...,(u},yp)}, for j € [N]. Our goal is to learn
the parameters of the mixture, i.e. the individual linear
dynamical systems and their mixing weights, given polyno-
mially many samples from the mixture. In this setting, if
the trajectory length [ is large enough for the system param-
eters to be learned from a single trajectory then it would be
possible to learn each dynamical system L separately (Bak-
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shi et al., 2023). The question is whether we can learn the
Markov parameters when [ is small. Our general strategy
is as follows. For a particular Markov parameter C A’ B
we compute a carefully chosen 6-th order tensor that can
be estimated from the control inputs (u;’s) and observation
(y¢’s). In particular, for a fixed ¢, given NV trajectories, we
construct:

7
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‘We show that T; is an unbiased estimator of a tensor whose
components are the Markov parameters (see Lemma 5.4):

Ti~ Y w; (C3ALB)) ® (C;AIB)) @ (CjALB;) ()
jELk]

Brushing aside issues of sample complexity, we can assume
we have access to the tensor in Eqn (2). Ideally, we would
just like to read off the components of this tensor and obtain
the Markov parameters.

However, provably recovering the components requires this
tensor to be non-degenerate. To this end, we flatten the
tensor along its first and second, third and fourth, and fifth
and sixth modes to obtain a 3-rd order tensor, whose compo-
nents are the Markov paramters of the j-th LDS, flattened
to a vector. In particular, we have

Ti = Z 'U}j’l) (CJA;B]) XU (CJA;B]) KU (C]A;BJ) s
JE[R]

where v (C; A} B;) simply flattens the matrix C; A’ B;. The
crux of our analysis is to show that the Joint Non-degeneracy
condition (see Definition 3.4) implies that components of
the 3-rd order tensor are (robustly) linearly independent
(Lemma A .4).

Once we have established linear independence, we can
run Jennrich’s tensor decomposition algorithm (Algo-
rithm 4) on ’f’l to obtain the components w;v (C’j A; B j) ®
v (C;ALB;) ® v (C;A%Bj). Assuming we know the mix-
ing weights, we can just read off the first mode of this tensor,
and construct the Markov parameter matrix. Once we have
the Markov parameters, we can run (robust) Ho-Kalman
(Algorithm 3) to recover the A;, B;, C;’s.

However, in the setting where the mixing weights are un-
known, we cannot hope simply read off the Markov param-
eter matrix from the component above. Instead, we can
obtain the vectors v; = w;/3v (C’jAz-Bj), for all j € [k],
by simply reading the first mode and dividing out by the
Frobenius norm of the second and third mode. We set up
a regression problem where we solve for the coefficients

c1,...c as follows:
2

min 3

CoVyp — E wiCs AL B
€1,C2,...,Ck Z £ve I~

=0 j€lk] )

where we can estimate } -, clk] ijjA§- B; up to arbitrary
polynomial accuracy using the input samples. We show that
the solution to this regression problem results in c;’s that are
non-negative and ¢, ~ w?/ % for all £ € [k], which suffices
to learn the mixing weights (see Theorem 7.3 for details).
We describe our complete algorithm in Section 6 and the
analysis of each sub-routine in Section 7. Given space
constraints, we defer all technical proofs to the Appendix.

3. Formal Setup and Assumptions

Our input is a set of N length ¢ trajectories generated ac-
cording to a mixture M, as defined in Model 2.1. Our goal
is to learn the parameters of the mixture, i.e. the individual
linear dynamical systems and their mixing weights, given
polynomially many samples such trajectories.

For simplicity, throughout this paper, we will consider when
all of the noise distributions are isotropic Gaussians i.e.
Dy = N(0,1,),D, = N(0,1,),D,, = N(0,1,),D, =
N(0, I,,) although our results generalize to more general
noise distributions as long as they have sufficiently many
bounded moments. Throughout this paper, for a matrix A
we will use AT to denote its transpose and A to denote its
pseudo-inverse. We use || A to denote its operator norm
and || A|| r to denote its Frobenius norm.

3.1. Assumptions for Learnability

We begin with standard definitions of the observability and
controllability matrix of a single LDS.

Definition 3.1 (Observability Matrix). For an LDS
L(A, B,C, D) and an integer s, define the matrix O, 5 €
RSmX’H/ as

o[;,sz[cT ca)’ ...((JAs—lﬂT

A LDS is observable if for some s, the matrix O is full-
rank. Similarly, we need to ensure that the control input
is not degenerate, and only acts in a subspace that is not
spanned by A. This is made precise by considering the
controllability matrix:

Definition 3.2 (Controllability Matrix). For an LDS
L(A, B,C, D) and an integer s, define the matrix Q. s €
R’I'LXSP as

Qc.=[B AB A1 B]

A LDS is controllable if the controllability matrix is full-
rank. These two assumptions are necessary for the LDS
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to be learnable and in fact it is necessary to make a quanti-
tatively robust assumption of this form (see (Bakshi et al.,
2023)). In other words, we need a bound on the condition
number of the observability and controllability matrices.

In addition to the assumptions required to learn a single lin-
ear dynamical system, we will require addition assumptions
on the interaction of the LDS’s to obtain learning algorithms
for the mixture (as otherwise there could be degeneracies
such as two components being almost the same which would
make it information-theoretically impossible to learn).

3.1.1. JOINT NONDEGENERACY

We introduce a joint nondegeneracy condition that prevents
certain degeneracies arising from the interaction between
the components of the mixture e.g. if the components are
too close to each other.

Definition 3.3 (Markov Parameters). Given a linear dy-
namical system, £ (A, B,C, D), and an integer T > 1, the
Markov Parameter matrix Gz 7 € R™*(T+1P 5 defined
as the following block matrix:

Ger=[D CB CAB CAT-1B].

Definition 3.4 (Joint Non-degeneracy). For a mixture of
LDS M = wiLy + -+ 4+ wg Ly where each individual
LDS is given by £; = L(A;, B;, Ci, D;) (with the same
dimension parameters m, n, p), we say M is (v, s)-jointly
nondegenerate if for any real numbers c, . . ., ¢ with ¢ +
---+c2 =1, we have

le1Geys + -+ eGrslle = .

We now state precisely the entire set of assumptions about
the mixture M that we require.

Definition 3.5 (Well Behaved Mixture of LDS). We say
a mixture of LDS M = w1Lq + - - - + wi L}, where each
L; = L(A;, B;, C;, D;) is well-behaved if the following
assumptions hold

¢ Non-trivial Mixing Weights: for some w,;, > 0, we
have w; > Wy for all i € [k].

¢ Non-trivial Individual Controllers and Measure-
ments: for all i € [k], || B, |Ci|| > 1

¢ Individual Boundedness: for some parameter &,

[l [1Bill, I Call, [|1D:]} < & for alld € [].

¢ Individual Observability and Controllability: for
some integer s and parameter x, for all ¢ € [k] the
matrix O,  has full column rank, the matrix Q, s
has full row rank and

Urnax(OQS)/Urnin(Os) g R,
Umax(QQs)/Umin(Qs) < K.

» Joint Nondegeneracy: The mixture M is (7, s)
jointly nondegenerate for some parameter v > 0.

The assumptions on the individual components mirror those
in (Bakshi et al., 2023) where a more detailed discussion
and justification can be found.

4. Related Work

There is a long history of work on identifying/learning lin-
ear dynamical systems from measurements (Ding, 2013;
Zhang, 2011; Spinelli et al., 2005; Simchowitz et al., 2019;
2018a; Sarkar & Rakhlin, 2019; Faradonbeh et al., 2017;
Shah et al., 2012; Hardt et al., 2018; Hazan et al., 2018;
2017). See (Galrinho, 2016) for a more extensive list of
references. These works focus on learning a the parameters
of a linear dynamical system from a single long trajectory.
There has also been extensive empirical work on mixtures of
time series and trajectories which have been successfully ap-
plied in a variety of domains such as neuroscience, biology,
economics, automobile design and many others (Bulteel
et al., 2016; Mezer et al., 2009; Li, 2000; Kalliovirta et al.,
2016; Hallac et al., 2017).

Our setup can be viewed as a generalization of the more
classical problem of learning mixtures of linear regressions
which has been extensively studied theoretically (Chen et al.,
2013; Yi et al., 2013; Li & Liang, 2018; Chen et al., 2019;
Kwon et al., 2020; Diamandis et al., 2021). The fact that
we receive many short trajectories parallels meta-learning
framework in (Kong et al., 2020b;a). However, the sys-
tem dynamics in our setting (which are not present in stan-
dard mixed linear regression) make our problem signifi-
cantly more challenging. It also has connections to super-
resolution (Candes & Fernandez-Granda, 2014; Moitra,
2015; Chen & Moitra, 2021) where tensor methods have
also been employed (Huang & Kakade, 2015). Finally, our
model is similar to the well-studied switched linear dynami-
cal system model (see (Fox et al., 2008; Mudrik et al., 2022)
and references therein).

5. Moment Statistics of Linear Dynamical
Systems

We begin with some basic properties of a single linear dy-
namical system £ = L(A, B,C, D).

Fact 5.1 (Algebraic Identities for LDS’s). Let
L (A, B,C, D) be a Linear Dynamical System. Then, for
any t € N,

t
Yy = Z (CAi_lB'U/tfi + CAi_lwt,i)
i=1
+ CA'zy + Duy + 2 .
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Fact 5.2 (Cross-Covariance of Control and Observation).
For any t,k € N, and any 0 < j < k, given observations
y; and control inputs u; from a linear dynamical system
L(A,B,C, D) such that E [usu/ | = I and the u,’s are
independent, we have E [y4u/ | = D, if j = 0, and
E [yi+jui | = CAI1B, otherwise.

In light of the above, we make the following definition.

Definition 5.3 (System Parameters). For an LDS
L(A, B,C, D) and an integer j > 0, we define the matrix
Xej=Difj=0and Xz ; = CAI"'Bifj > 0.

Next, we show that the sixth moment tensor we consider,
restricted to a single LDS, is a indeed a tensor of the system
parameters.

Lemma 5.4 (Sixth-moment Statistics). Given a linear dy-
namical system L(A, B,C, D) and integers t, ki, ko, k3 >
0, letty =t+kq, to =t1 + ko and tz = to + k3. Then, we
have

E [Yes42 @ ity 42 @ Yrp11 @ Uty 41 @ Yr, ©
= X2k @ XL gy @ Xz ko
where X ; is defined in Definition 5.3.

We defer the proof to the Appendix.

Now consider a mixture of LDS M = w1 L1 + - + wiLg
where £, = L(A;, B;, C;, D;). Using Lemma 5.4, we have
an expression for the sixth moments of the mixture.

Corollary 5.5. For a mixture of LDS M = w1 L1+ -+ +
wr Ly andfor t, kl, kQ, ks >0, lett; =t+ki, to =t1+ko
and t3 = ty + k3. Then,

E [Yis+2 @ Utyr2 @ Yepp1 @ Ugy 11 @ Ypy, @ Uy

k
= ZwiXﬁi,ks ® Xﬁz‘,kz ® Xﬁhkl'

i=1

Proof. This follows directly from Lemma 5.4. O

6. Algorithm

In this section, we describe our algorithm for learning a
mixture of Linear Dynamical Systems. At a high level, our
algorithm uses multiple trajectories to obtain an estimate of
the tensor

Iy = Z WG, 2s ®Gpr,2: © G, 26 -
1€ k]

where

Gr.s=[Di CiBi CiA;B; CiAT'B] .

Algorithm 1 Learning a Mixture of LDS’s

Input: N sample trajectories of length [ from a mixture
of LDS M = Zie[k-] w; L (4;, B;, C;, D;) denoted
{(ui,... ,uf)}ie[N], parameter s € N for individual
observability and controllability and joint nondegeneracy,
Accuracy parameter 0 < € < 1 and allowable failure
probability 0 < § < 1.

Operation:

,yf)}i e[ the corresponding control inputs

1. Run Algorithm 2 on the input samples and let
{éz} be the matrices returned
i€[k]

2. For 0 < ki1 < 2s, compute estimate Ekl of
Epm [Yk,+1 ® uz] as

1 N
Rkl = NZkal_H ®U7i .

i=1
3. Construct estimate R M of R aq by stacking together
estimates Ry, R1,..., Ras_1

4. Solve for weights w1, . . . , Wy, that minimize

|@1Gy + -+ + W Gr — Bl

5. Set éz = éi/v@;
6. Set @; = w;"/* forall i € [k]

7. Run Algorithm 3 on G; for each i € [k] to recover

parameters {flz, Bh CA'Zy -Dz}
i€ [k]

Output: The set of estimates

{040 B G i}

parameter

Recall that G, 25 has blocks that are of the form X, . for
s’ < 2s and thus it follows from Corollary 5.5 that we can
construct a unbiased estimates of the individual blocks

T51752733 = wiX[,,i,s ® XL:»L,SQ ® Xﬁi,kl

1€[k]
of this tensor from the observations and control input. Piec-
ing together the individual blocks lets us construct an esti-
mate of IIx. Since we have access to multiple independent
trajectories, we can show that the variance is bounded and
we indeed have access to a tensor close to II 4.

We then run the classical Jennrich’s tensor decomposition
algorithm on the tensor II o4 to recover the factors G, os.
The key is that the joint nondegeneracy assumption im-
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plies that vectors obtained by flattening Gz, 25, ..., Gz, 25
are (robustly) linear independent. Therefore, Jennrich’s
algorithm indeed recovers the factors Gz, 25, ..., G, 25
These are exactly the Markov parameters of the individ-
ual components and we can then invoke a robust variant of
Ho-Kalman (Oymak & Ozay, 2019) to recover the corre-
sponding parameters.

Due to some minor technical complications from the un-
known mixing weights, it will also be useful to define

Ry = Z wiGr, 25
1€ k]

which we can also estimate empirically by estimating each
block

Ry, = Emlyr +1 @ ui] = Z wi Xz, s
i€ [Kk]

separately.

Required Trajectory Length: Our algorithm requires
trajectories of length ~ 6s where s is the observabil-
ity/controllability parameter. Note that trajectories of length
s are necessary as otherwise the parameters for even a sin-
gle system are not uniquely recoverable so our required
trajectory length is minimal up to this factor of 6.

7. Analysis

In this section, we provide the analysis of the algorithms we
presented in Section 6. The main theorem we obtain is as
follows:

Theorem 7.1 (Learning a Mixture of LDS’s). Given 0 <
€,0 < 1, an integer s, and

N = pOly (ma n,p,s, kR, 1/wmina 1/77 1/€a 1/6)

observations {(yi, cee yé)}ie[N], and the corresponding

control inputs {(ui, ..., u})} of trajectory length

1€E[N]
¢ = 6(s+ 1), from a mixture of linear dynamical sys-
tem M = Zie[k] wi L (A;, B;, C;, D), satisfying the as-
sumptions in Section 3, Algorithm 1 outputs estimates
{Ai, Ei7 C’i, ﬁl} " such that with probability at least
i€

1 — 6, there is a permutation 7 on [k] such that for each
i € [k], there exists a similarity transform U; satisfying

max ( HATr(l) - Ul_lAZUZ

|

Further, Algorithm 1 runs in
pOly (m7 n,p,s, kK, 1/wmin> 1/7, 1/57 1/(5) time.

Cr(i) — CiUi

) )

J N
HBW(Z-) —-U, "B Dﬂ(i) —D; ,|wﬁ(i) — wl|) L e.

Algorithm 2 Learn Individual Markov Parameters

Input: N sample trajectories of length [ from a mixture
of LDS M = Y=,y wil (Ai, Bi, C;, D;), denoted by
{i,...v))}, ¢ (- the corresponding control inputs, de-
noted {(ui,..., ué)}ie[N]’ parameter s € IN for indi-
vidual observability and controllability and joint non-
degeneracy, accuracy parameter € and allowable failure
probability 4.

Operation:

1. For 0 < k1 < 25,0 < ko < 25,0 < ks < 2s,

(a) Compute empirical estimate fkl,k%;@ as fol-
lows:

N 1 . _
— X2 7
Ty ko ks = ~ E Yy +hatks+3 D Uy 4 hot3
1€[n]

Yy +hpt2 @ Ugy 42 O Yp, 41 © Uy

2. Construct estimate I m for 11\ by piecing together
the blocks T}, k, k. appropriately

3. Flatten pairs of dimensions of I M so that it is a
order-3 tensor with dimensions (2s + 1)mp x (2s +
)mp x (2s 4+ 1)mp

4. Run Jennrich’s algorithm (Algorithm 4) to obtain
the following decomposition

Oy=T 4 +Tk

5. For each ﬁ, compute the Frobenius norm of each
slice in its second and third dimensions to obtain a
vector 9; € R(Zstmp

6. Construct G; by rearranging the vector o; /||7;]|%/?

back into an m x (2s + 1)p matrix (undoing the
flattening operation)

Output: Matrices C:‘l, oo, G

We proceed by analyzing each sub-routine separately. In
particular, Algorithm 1 proceeds by first taking the input
samples and running Algorithm 2 to learn the individual
sets of Markov parameters up to some scaling by the mixing
weights. Formally,

Theorem 7.2 (Recovering the Markov Parameters). Given
e, 0 > 0and

N 2 pOIY(m7 n,p,s, kK, 1/wrnin7 1/75 1/57 1/5)

trajectories from a mixture of LDS’s, M =
Zie[k]wiE(Ai,Bi,Ci,Di), Algorithm 2 outputs a
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Algorithm 3 Parameter Recovery via Ho-Kalman (Oymak
& Ozay, 2019)

Input: Parameter s, Markov parameter matrix estimate G =
[X 0r s X 2s) . X
Operation. 1. Set D = X

2. Form the Hankel matrix H € R™s*P(s+1) from (&

as . . .
% b
. Xo X3 Xsyo
H= ) .
Xs Xerl XQS

3. H™ € R™*Ps « first ps columns of H

4. L € R™*Ps « rank n approximation of H~ ob-
tained via SVD

U,%,V =SVD(L)
O € Rmsxn ¢« [Ux1/2
7. Q € RV<Ps « n1/2y 7T

8. C « first m rows of O

9. B+ first p column of Q
10. HT € R™*XP$ + last ps column of H

1. A+ OTH+QT ) )
Output: A € R™*", B € R™*?,( € R™*", D € R™*P

set of matrices C~7'1, ég, . ék such that with probability
1 — 6, there is a permutation 7 on [k] such that

Gy — w;Gronsllr < &
forall i € [k]. Further, Algorithm 2 runs in poly(N) time.

Next, we argue about the mixing weights wn, . . .
puted in the regression step in Algorithm 1.

, Wy, com-

Theorem 7.3 (Recovering the Mixing Weights). Assume
that the matrices G; computed in Algorithm 1 satisfy Theo-
rem 7.2. Then, with 1 — § probability, the mixing weights
W1, ..., Wy computed in Algorithm 1 satisfy

|{57r(i) —w;

g £ pOIY(K’v m,n,s,p, 1/73 l/wmin)

foralli € [k].

Proof. Recall by Fact 5.2 and Definition 5.3 that E[R ] =
Raq. Also by the same argument as in the proof of
Lemma A.3, the empirical estimate concentrates with high
probability since the observations and control inputs are

jointly Gaussian with bounded covariance. Thus, with 1 — 4
probability, we have ||[Raq — R lF < e. Recalling the
definition of R4 and applying Theorem 7.2, we must have
that

e(k+1).

Now consider any other set of choices for w,(;. We must
have that

HZ 7r(z

On the other hand we can write

1Rpt — w]* Gyl r <

Grllr < 2(k+1)e.

k

2/3 ~ -~
S @i = Wgsy) G

i=1

F
k

S @i =y )wi P Gy

=1
k

—eY @
i=1

Now for any coefficients cy, . . .

2

F
(1) | .

, Ck, We have

el +---
vk

where we used the joint nondegeneracy assumption. Thus,

+ lexl)

le1Gryos + -+ ckGeyosllp =

k

> -w

i=1

ywnls S ) — W)

k
> —€ |w2/3—1'5

Wl/3
2 /-Y mm
VEk

Combining this with the previous inequality gives the de-
sired bound. O

7)) Gr(i)

F

—e) max(|jw}’® — @5))).
1

és a corollary to the above two theorems, the estimates
G; computed in Algorithm 1 are actually good estimates
for the true individual Markov parameters G, 25s. Now,
running a stable variant of Ho-Kalman (Oymak & Ozay,
2019) on the individual block Henkel matrices suffices to
obtain estimates AZ, Bz, OZ, D Formally,

Theorem 7.4 (Stable Ho-Kalman, (Oymak & Ozay, 2019)).
For observability and controllability matrices that are rank
n, the Ho-Kalman algorithm applied to G produces esti-
mates A B, and C such that there exists similarity trans-
form T € R™ ™ such that

max{||C — CT|r,[|B —~ T7'B|r} <5y/n|G G|
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and
n||G - G||H||
o2 (H)

min

IA =T AT | <

|o-2], <vale-¢
where in the above
G =[D,CB,CAB,...,CA**71D]

and H is the Hankel matrix constructed with the true pa-
rameters G.

Putting together the above theorems, we can prove our main
result.

Proof of Theorem 7.1. The proof follows from simply com-
bining the theorems above (rescaling € appropriately by a
polynomial in the other parameters). Note that for each
i € [k], the Hankel matrix H; with the true parameters,
constructed in the Ho-Kalman algorithm satisfies || H;|| <
Omaz(Or;.5)0maz(Qr;.s) < poly(k,s). We also have
O—min(H;) > Omin (Oﬁi,s)amin(gﬁi,s) 2 1/POIY("€)
(see Claim A.1 and Claim A.2). Thus, we can indeed apply
Theorem 7.4. It is clear that the running time is a fixed
polynomial in the number of samples IV, once

N 2 p01y (manapv 5, K, 1/wmin7 1/€a 1/’77 1/6) .

O

We are also able to show that our parameter learning algo-
rithm actually allows us to do nearly Bayes-optimal clus-
tering in the fully observed case i.e. when C; = I for all
i€k

Theorem 7.5 (Bayes-Optimal Clustering). Let M =
w1 Ly + -+ + wip Ly be a mixture of LDS where each
L; = L(A;, Bi, Ci, D;) with C; = I and assume that the
mixture M satisfies the assumptions in Section 3. Then
given

N = poly (m,n,p, S, R, ]-/wminv 1/77 1/5)

sample trajectories from this mixture, there is an algo-
rithm that runs in poly(N) time and has the follow-
ing guarantees with probability 1 — §. There is a fixed
permutation w on |k] such that given any trajectory
(U1, ..y up, Y1, y) with L < O(s) and |Jugl], ||yl <

'We believe that our clustering result naturally generalizes to
the partially observed setting as long as assume that all of the
L; = L(A;, Bs, Ci, D;) are written in their balanced realization
(see (Oymak & Ozay, 2019) for a formal definition) which is just a
canonical choice of the similarity transformation Uj; that is allowed
toacton A;, B;,C;

poly(m,n,p, s, k, 1/wmin, 1/7,1/6) it computes a poste-
rior distribution (p1, ..., px) on [k] (withp1 +---+pr. = 1)
such that (px(1), - - -, P (k)) is 6-close in TV distance to the
posterior distribution on L1, . . ., Lk from which the trajec-
tory (Ui, ..., up,y1,---,y) was drawn.

Remark 7.6. Note that the condition that |ju;]|, ||y:|| <
poly(m,n,p, s, &, 1/wmin, 1/7,1/d) is satisfied with ex-
ponentially small failure probability for a random trajectory
from any of the components since | < O(s). The trajecto-
ries used in the learning algorithm have length O(s) so in
particular, we can nearly-optimally cluster those.
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A. Appendix

Here we include proofs of the intermediate results that were omitted in the main body. We begin with the following two
claims from (Bakshi et al., 2023) that give us bounds on the singular values of O, 5, Qr, s, A°.

Claim A.1 (Claim 5.15 in (Bakshi et al., 2023)). Consider a well-behaved mixture of LDS (Definition 3.5) M =
w1 Ly + - -+ + wi Ly, where each £; = L(A;, B;, C;, D;). Then for all 4, 01min (O, s) < v/sk and omin(Qz,.s) < V/Sk.
Claim A.2 (Claim 5.16 in (Bakshi et al., 2023)). Consider a well-behaved mixture of LDS (Definition 3.5) M =
w1y + -+ + wp Ly where each £; = L(A;, B;, C;, D;). Then for any integer ¢ > 0,

Al p < (Vk)'/*.

A.1. Proof of Fact 5.2

Proof. Invoking the algebraic identity from Fact 5.1, consider the case where j # 0.

t+j
E [yirjul ] =E KZ (CA™ ' Bugyj—i + CA 'wyy ) + CA™ g + Dugyjy + Zt+j> U:]
i=1
j—1 t4j
= ZCA"’_lBIE [utﬂ-,iu:] +CA'"'BE [utuﬂ + Z CA"'BE [utﬂ»,iu;—]
i=1 i=j+1
@-(1) “@.(2) @)

t+j
+ D CA™E [weyj—u| | + CAME [wou/ ] + DE [urysul ] +E [2045u] |
i=1

.(3)

=CA'B
where the last inequality follows from observing that by independence of w;’s, w;’s , z;’s and xg, the terms (4).(1), (4).(2)
and (4).(3) are 0. Similarly, when 5 = 0, the only non-zero term is E [Dutu;r } = D and the claim follows. O]
A.2. Proof of Lemma 5.4

Proof. First, for simplicity consider the case where k1 = k3 = k3 = 0. Then,

E [Yt+2 @ Upyo ® Y1 @ U1 @ Yp @ Ug) = E [Dupyo ® Upgo @ D @ Upp1 @ Duy @ uy

_ (pE [ut_,_gu;_Q]) ® <DE [ut+1u;_1]) ® (D]E gl ]> 5)

where the second equality follows from w2, w1 and u; being independent random variables. Next, consider the case
where k3 = 0 and ko, k1 > 0. Observe, Y4k, +ko+2 ® Uttk, +ky+2 has only one non-zero term in expectation. Therefore,
we can split the sum as follows:

E [Yt-ky+hot2 @ Utk +ho+2 @ Yty +hat1 @ Uthy +1 @ Yephy @ Ut

=E[D (Witkythat2 @ Ut by +kz+2) @ Yttkythot1 @ Utihy+1) @ (Yeny @ ug)]
(6)
=D (E [Uttky +hp 2 @ Ut+k1+k2+2]> @ E [(Ytrky +hot1 @ Utiky+1) @ Yok, @ ut)]

©).(1)

where the second equality follows from observing that w4, +x,+2 is independent of all the terms appearing in the expansion
of Y¢+ky+ko+1 and Y1k, , and the random variables w4 gy 4 ko2 and Upy i, -
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Now, we focus on simplifying term (6).(1). Let {; = CAtzq + Duy + 2;. Observe that E [wy @ uy] = E [CAtzg @ us] =
E [z @ uy] = 0, for all ¢, ¢/, and E [ug, @ ug, @ ug, @ ug,] = 0 forall t1 > to > t3 > t4. Further, any permutation of
t1,t2,ts and t4 is also 0. Plugging in the definition from Fact 5.1, we have

E |:yt+k1+k2+1 @ Uttky+1 @ Yetky O Ut

t+ki+ko+1 ' -
" < 2 (AT Busri i ai b CA™ i) + Ct+k1+k2+1> ® Uttky+1
i=1
t+k1
® (Z (CA™ ' Buyipy—i + CA ™ wyg gy ) + Ct+k1> ® g
i=1
t+ki+ko+1 ‘
=k < Z (CAZlBUt+k1+k2+1—i)> & Upgkey +1
i=k>
t+k1 4 . (7)
¢ (Z (CA™ ' Bugyp, i + CA"_lwt+lc1i)> ® uy
i=1
4k
=E| (CA* ™ Buyip, 1) @ uppp, 11| QF (Z (CA™ ' Bugyp,—i + CAZI'LUtJrlﬂi)) ® uy
i=1
- ™-(2)
t+ki+ko+1 A
+E ( > (CAHB“Hkﬁszi)) ® Utk 41 @ Yoy hy O U
i=ko+1
-(3)
where the second equality follows from observing that E [witk,ky+1—i @ Utk +1 @ Wek,—j @ ug] = 0 for all i €

[1,t + k1 + ko + 1] and j € [1,¢ + k1]. Similarly, E [tk thst1 @ Utk +1 @ Yetk, @ ue] = 0. Further, for all
1€ [Lky — 1], E [ttgkythot1—i @ Utk +1 ® Y ® ug] = 0. The third equality follows from observing that w; g, +1 is
independent of y; ® u,. Next, observe

(7).(1) = CA*~1B, ®)

since E [tt4k;+1 ® Utpk,+1] = I. Using a similar argument, we observe that all the terms in (7).(2) are zero in expectation
apart from the one corresponding to C A*1 ! B. Therefore,

(7).(2) = CAM~1B. 9)
Next, recall that E [u;] = 0 for all ¢, and since sy, +1 is independent of all uy where ' <t + ky + 1,
).(3) = 0. (10)

Similarly, when k1 = 0, (7).(1) = D and when ko = 0, (7).(2) = D.

Therefore, combining equations (8),(9) and (10), and plugging them back into equation (6), we have

E [Yttkythot2 @ Utghy +hot2 D Yot by thotl @ Uity 11 @ Yoy D U] = D @ Xp g, @ X gy (11)

It remains to consider the case where k3 > 0. We can now simply repeat the above argument and observe that instead of pick-
ing up the term Dy i, 41y + k512 from the expansion of Y; 1k, 1 k,+ks+2, We now pick up the term C A* =L Buy g 4 po1pa -
This concludes the proof.

A.3. Proof of Theorem 7.2

We first show that the empirical 6-th moment tensor is close to the true tensor in Frobenius norm.
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Lemma A.3 (Empirical Concentration of the 6-th Moment). Given €,6 > 0 and N > Ny length 6s trajectories from a
mixture of linear dynamical systems M = Zie[k] wiL(A;, B;, Ci, Dy), if

N(] 2 pOIY(mvnvpv S, R, 1/wmin7 1/77 1/57 1/5)7

with probability at least 1 — 0 Algorithm 2 outputs a tensor ﬁM such that
o <
F
where 1l \q = Zie[k] wiG£¢,2s X G»Cm%' (%9 Gﬁi,gs.

Proof. Note that the joint distribution of (ul,...,u},yi, ... y}) is Gaussian. Furthermore, the covariance of this Gaussian
has entries bounded by poly(m, n, p, s, ). Thus, by standard concentration inequalities, the empirical sixth moment tensor
concentrates around its mean with high probability. Since 14, il M are obtained by taking a linear transformation of the
sixth moment tensor and the coefficients of this transformation are also bounded by poly(m, n, p, s, k), we are done.

O

Next, we show that running Jennrich’s algorithm on an appropriate flattening of the tensor ﬁM recovers an estimate of the
Markov parameters of each individual component of the mixture.

Lemma A.4 (Markov Parameters via Tensor Decomposition). Given €,0 > 0 and N > Ny length 6s trajectories from a
mixture of linear dynamical systems M = Zie[k] wiL(A;, B;, Ci, Dy), if

N(] > pOIY(mvnvpv S, K, 1/wmin7 1/77 1/57 1/5)7

with probability at least 1 — 6, Jennrich’s algorithm (Algorithm 4) outputs tensors fl, fg, . ,ﬁ; such that there is some
permutation  on [k] such that for all i € [k],

where v(Gr, 25) denotes flattening the matrix Gz, o5 into a mp(2s + 1)-dimensional vector.

o~

Ty — wi - v(Ge,25) @ 0(Gry26) @ (G, 25)

\ <e,
F

Proof. Let K be the matrix whose columns are v(G, 25). By the joint nondegeneracy assumption, o (K) > . On the
other hand, we know that
1K p < poly(k,m,p,n, s, k)

so we can apply Theorem A.5 and Lemma A.3 (with € rescaled appropriately by a polynomial in the other parameters) to
get the desired bound. O

Now we can complete the proof of Theorem 7.2.

Proof of Theorem 7.2. Lemma A .4 implies that
19; = wi - (G, 26 IV(Ge, s < €

This also implies that
15i] = willo(Ge; 25 ]°] < e

Also note that we must have
1 < [Ju(Ge, 2)l| < poly(k,m,n,p,s, k).

Thus
80/ — w!*0(Ge, 20l < £ - poly(k, m,m, p, 5, ).

We now get the desired bound by simply rescaling the setting of € in Lemma A.4 by a polynomial in the other parameters. [
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Algorithm 4 Jennrich’s Algorithm

Input: Tensor T” € R™*™*™ where
T"=T+E

for some rank-r tensor 1" and error &/
Operation:

1. Choose unit vectors a, b € R™ uniformly at random

2. Let T(@ T®) be n x n matrices defined as
j}gfl) = Til,j, .a
70 — 7y

LY A IS
3. Let Tr(a), Tr(h) be obtained by taking the top 7 principal components of 7(®), T'®) respectively.

, . (a) ((b)\ 1 ONEON
4. Compute the eigendecompositions of U = 1"/ (T")" and V = ((TT VT )
5. Letuy,...,ur,v1,...,v, be the eigenvectors computed in the previous step.
6. Permute the v; so that for each pair (u;, v;), the corresponding eigenvalues are (approximately) reciprocals.

7. Solve the following for the vectors w;

T
arg min||7T" — Zul ® v; @ w;l|2
i=1

Output: the rank-1 components {u; ® v; ® w; }1_;

A.4. Jennrich’s Algorithm

Jennrich’s Algorithm is an algorithm for decomposing a tensor, say 7' = >"'_, (z; ® y; ® z;), into its rank-1 components
that works when the fibers of the rank 1 components i.e. 1, ..., x, are linearly independent (and similar for ¥4, ..., y, and
Zlyeeey 2’7-).

Moitra (Moitra, 2018) gives a complete analysis of JENNRICH’S ALGORITHM. The result that we need is that as the error E
goes to 0 at an inverse-polynomial rate, JENNRICH’S ALGORITHM recovers the individual rank-1 components to within any
desired inverse-polynomial accuracy.

Theorem A.5 (Moitra, 2018)). Let

T=2 oz ®y ©z)

i=1
where the x;,y;, z; are unit vectors and 01 > ... 2 o, > 0. Assume that the smallest singular value of the matrix with
columns given by x1, . .., x, is at least c and similar for the y; and z;. Then for any constant d, there exists a polynomial P
such that if
01
1Bl € 555~
1
P(na c %)
then with 1 — ~— probability, there is a permutation T such that the outputs of JENNRICH’S ALGORITHM satisfy

(10n)4

d
orC
o7y (Tr(s) @ Yn(i) @ 2r(s)) — Ui @ v; @ will2 < 01 ( ) )

foralll <i<r.

Remark A.6. Note that the extra factors of o in the theorem above are simply to deal with the scaling of the tensor 7.
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Learning a Mixture of LDS’s

A.5. Bayes Optimal Clustering

In this section, we prove that our parameter learning algorithm actually allows us to do nearly Bayes-optimal clustering in
the fully observed case i.e. when C; = I for all i € [k]

Proof of Theorem 7.5. We apply Theorem 7.1 with ¢ set as a sufficiently small inverse polynomial in the other parameters.
Because C; = I, we can eliminate the similarity transformations U; and also without loss of generality the permutation 7 on
[k] is the identity so we have

ma (45 = Al |1B: = Bil, s = il 101 = Dl i — 4]} < <

Now fix a choice of i € [k] Define P; to be the probability that (ug, .. UL YLy - yl) is sampled from the LDS
L(A;, B, C“ D;) and let 73 be the probability that it is sampled from the LDS C = E(AZ, Bl, C’,, D; ;). We can explicitly
compute P; from A,, Bl, CZ, D; using regression. Now we will bound the ratio P;/ P; and prove that it is close to 1. We
can write P; as an integral over all possibilities for z1, ..., 2;. Now the likelihood of (w1, ...u;,y1,. .., Y1, 1,...,27) is
simply

-1
1
Cexp <— (ZH%H Aizy — Byug||® +ZHyt Cixy — Dut||2+Z||ut||2>>

t=1 t=1 t=1

where C' is an appropriate normalizing constant obtained from the standard normal. The formula is the same for P; except
with A;, B;, C;, D, replaced with A;, B;, C;, D;. As long as

Hx1H7 sy Hxl” pOIY(m n,p, s, kK, 1/wmlna 1/73 1/5)

then the ratio between the two likelihoods is in the interval [1 — v/, 1 + /] as long as € was chosen sufficiently small
initially. However, the above happens with exponentially small failure probability for both £; and £; so we actually have

E

1-2e< = <142z,

Combining the above over all ¢ € [k] immediately implies the desired statement about the posterior distribution. O
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