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ABSTRACT

We study denoising of a third-order tensor when the ground-truth tensor is not
necessarily Tucker low-rank. Specifically, we observe

Y = X* +Z € R171><Z72><;DS7

where X is the ground-truth tensor, and Z is the noise tensor. We propose a
simple variant of the higher-order SVD (HOSVD) estimator, denoted X. We show

that, uniformly over any user-specified Tucker ranks (r1, 79, r3) for X, with high
probability,

3
X — X*|z = O(ﬁ;Q{’rngT’g + Zpkrk} + 5(27»1,7-2,7«3))-
k=1

Here, the bias term ., ,, ,,) corresponds to the best achievable approximation
error of X* over the class of tensors with Tucker ranks (71, 72, 73); x2 quantifies
the noise level; and the variance term x2{r;rors + 22:1 piTk + scales with the

effective number of free parameters in the estimator X. Our analysis achieves a
clean rank-adaptive bias—variance tradeoff: as we increase the ranks of estimator

X, the bias £(r1, 72, r3) decreases and the variance increases. As a byproduct
we also obtain a convenient bias-variance decomposition for the vanilla low-rank
SVD matrix estimators.

1 INTRODUCTION

Low-rank tensor models are a cornerstone of modern machine learning. They capture essential
structure in high-dimensional signals while offering substantial gains in computation and storage.
Applications include recommender systems (Koren et al.,2009), topic modeling (Blei et al., 2003),
community detection (Abbel} 2018} |Diakonikolas & Kane},2024)), and, more recently, latent variable
learning (Anandkumar et al., 2014} Sherman & Kolda, 2020; [Zhang & Kileel, 2023} |Diakonikolas
& Kane, [2024) and generative modeling (Hur et al., [2023; [Peng et al [2023)). The effectiveness
of these methods demonstrate that many real-world signals embedded in high-dimensional ambient
spaces can be well-approximated by low-rank structures.

The study of exactly low-rank estimation is well-developed, particularly in the matrix setting. A
large body of work has introduced efficient algorithms for tasks such as matrix completion and
denoising, including nuclear norm relaxation (Koltchinskii et al.,|2011), convex optimization (Can-
des & Recht, [2012), nonconvex methods (Chi et al.l [2019), and SVD guarantees with unbalanced
matrices (Cai & Zhang, [2018]).

Parallel efforts in low-rank tensor estimation are well-developed, including the study of higher-order
tensor singular value decompositions in the non-random setting (De Lathauwer et al.,|2000bjal)), sym-
metric tensor decomposition in non-random setting (Jin et al., [2024), and Riemannian optimization
methods for low-rank Tucker tensor completion (Kressner et al.| [2014). Nevertheless, the tensor
setting poses additional challenges: many fundamental problems are computationally intractable,
multiple inequivalent notions of rank (e.g. CP and Tucker) exist, and best low-rank approximations
need not be unique (e.g. Hillar & Lim| [2013). Most theoretical guarantees in tensor estimation (e.g.
Anandkumar et al., 2017;|Zhang & Xia, [2018; Han et al., [2022), like their matrix counterparts, rely
on the assumption that the underlying signal is exactly low-rank.
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In practice, however, signals are not exactly low-rank: their singular spectra typically decay grad-
ually rather than vanishing at a finite rank. This creates an interesting gap between theory and
practice, since existing analyses provide guarantees under idealized exact low-rankness and leave
open the question of how to analyze estimation error in more realistic settings.

We address this gap by designing and analyzing low-rank tensor estimation when the signal is not
low-rank. In such settings, estimation error is governed by a bias—variance tradeoff: truncating to a
smaller rank incurs approximation bias, while larger ranks inflate variance by amplifying noise. In
particular, we propose a simple variant of the higher-order singular value decomposition (HOSVD)
algorithm and provide the analysis of tensor estimation without assuming low-rankness. Our main
result (Theorem|[T)) establishes an explicit bias—variance decomposition of the estimation error:

* The bias term quantifies the approximation error incurred by truncating a spectrum.

* The variance term matches the optimal rate for exactly low-rank models.

The success of SVD and HOSVD has been well established by their decades of widespread use.
The objective of our manuscript is to provide mathematical justification for the information-efficient
bias-variance tradeoff achieved by these two classical algorithms, and to establish uniform perfor-
mance guarantees that hold for any user-specified ranks.

To achieve this clean bias-variance tradeoff, we utilize classical linear algebra results such as
Mirsky’s and Ky Fan’s theorems to develop non-trivial extensions of classical perturbation tools
to general tensors. As a convenient side result, we also recover a clean bias—variance characteri-
zation for matrices, thereby unifying the matrix and tensor perspectives. Finally, we validate our
theory with simulations that confirm the existence of tradeoffs across different regimes of spectral
decay and noise.

1.1 NOTATION

Matrices: For positive integers p,7, let OP*" = {V € RPX" : VTV = [}, the set of column-
orthonormal matrices. Let M € RP*9 and suppose the full singular value decomposition (SVD)
satisfies M = ULV T, Here s = rank(M), U € OP*°, V € 09%%, and ¥ € R*** is diagonal with
singular values o1 (M) > 09(M) > -+ > o4,(M) > 0. We write the smallest singular value of M
as Omin (M). The operator norm and Frobenius norm of M are defined as

p q 1/2
Il = onan), Ml = (DD M)
i=1j=1
For r < rank(M), the rank-r truncated SVD is M(,) = U(,,)E(T)V(I), where U,y € OP*" and
Viry € O7*" corresponds to the leading r left and right singular vectors respectively, and ¥,y =
diag{o1(M),...,0.(M)}. For brevity, we use SVD,.(M) to denote the leading r left singular

vectors, i.e.
SVD, (M) = Ugry-

For two matrices M; € RP*% and M, € RP2%92 their Kronecker product is M; ® My €
R(P1p2)x(q192)

Let U, U € OP*" be two singular subspaces. We write the principal angles between U and U as
O(U,U) = diag{arccos(a1 (U U)), ..., arccos(o (U U))}.

We use || sin ©(U, U) || and || sin ©(U, U)||p to measure the distance between the two singular sub-
spaces.

Tensors: For any tensor B € RP1*P2%P3 the Frobenius norm is
p1 D2 p3 1/2
_ 2 : 2: Z 2
”BHF - Bi17i2-,i3 :
i1=1149=1i5=1

The mode-1 matricization M (B) is the unfolding of B into a p; X pops matrix. The mode-2
and mode-3 matricization of B are defined similarly. The mode-1 product of B with a matrix
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M € R?%P1 js defined as

(B XIM .777’2723 Z M Z17 7’17i277;3)'

’Ll 1
We write the Tucker rank of B as (11, r2,73) if
rank(M;(B)) =r;, for j =1,2,3.

Random variables: For a random variable X € R, we denote the sub-Gaussian and sub-
Exponential norms as

| X |y, = inf{K >0:Eexp(X?/K?) <2} and [ Xy, =inf{K >0:Eexp(|X|/K) < 2}.
We write X ~ subGaussian(0, £?) if E(X) = 0 and || X |y, < k.

Universal constants: We use C',Cs, ... and ¢, ca, ... to denote positive constants whose values
may differ from place to place.

2 BIAS—VARIANCE TRADEOFF IN TENSOR ESTIMATION

We consider the noisy tensor model
Y = X* + Z € RP1*P2XPs, (1)

where X™ is an unknown signal and Z is a random perturbation. Even when X* has a full Tucker
rank (p1, p2,p3), it is common to approximate X * by a Tucker rank-(ry, 79, r3) estimator. This is
because (i) low-rank structure yields dramatic gains in computation and memory, see Remark [} and
(ii) the approximation bias can decay quickly when approximating X * by a Tucker low-rank tensor,
so balancing bias and variance may lead to a smaller estimation error. Given a target Tucker rank
(r1,72,73), we consider the following simple variant of the HOSVD algorithm (De Lathauwer et al.,
2000a)).

Algorithm 1 One-step HOSVD
INPUT: Tensor Y; target Tucker rank (71,72, 73).

for k=1,2,3do

U\ « SVD,, (M, (Y)) € QPsx7s.

end for

U sV, (Mi(v) - U @ US}) € orcms,

U SVDTQ(MQ(Y) U g U§0>}) € Qpzx72,

U SVDTS(Mg(Y) U g U§°>}) € Qpsxs,
OUTPUT: X « Y x; UNUMT 5, UNUDT x5 uSVUT.

Let Ty, ry,ry) denote the class of tensors in RP**P2*Ps with Tucker rank at most (r1,72,73), i.e.

Tirrars) = {A € RPVP2XPS - pank(My,(A)) < i, k=1,2,3}. )

For any tensor X* € RP1*P2XP3 let £, ., ..y denote the best Tucker rank-(ry, 72, 73) approxima-
tion error:

E(rirars) = inf |A— X*||g.
(r2,72,73) AGT(T] r2,73)

ii.d

Theorem 1. Suppose Y follows () with Z,,, 1, ., ~ subGaussian(0, x?). Let X be the output
ofAlgorzthmezth target Tucker rank (ry,ra, 7’3) Define rmax = maxy 1y and ppin = ming py.
Assume the singular gaps satisfy

{Jrk(Mk(X*)) 0Tk+1 Mk } > C’gap'li (\/p1p2p3rmax+zpkrmax) (3)



Under review as a conference paper at ICLR 2026

forall k = 1,2,3 and for a sufficiently large constant Cyap, > 0. Then, with probability at least
1 — C1p1p2ps exp(—Capmin),

X — X*|p < 03{\/'%2(22:1 PRk + T1T2rs) + f(rl,rz,rg.)} 4

Remark 1 (Assumptions in Theorem[I). In Theorem[I} we assume that the entries of the noise ten-
sor Z is i.i.d. sub-Gaussian. This is a commonly seen condition in the tensor literature (e.g. Zhang
& Xial 2018} |Han et al.}|2022).

The signal-to-noise ratio (SNR) condition (3) in Theorem [I]is also commonly seen in literature.
In fact, if the ground truth X* is exactly Tucker low-rank with Tucker rank (r1,712,73), then
Oy +1(My(X*)) = 0 and @) reduces to the SNR condition used in Zhang & Xid| (2018), when
T'max S @ bounded constant.

Remark 2 (Computational efficiency). Suppose Y € RP1*P2XPs qpd [et
Y(T1,7’277“3) =85 x1 U1 X2 Uz x3Us,

be a Tucker rank-(r1, r2,13) approximation of Y, where Uy, € RP=*"* satisfying UJUk = I, for
k=1,2,3 and S € R"*"2%"3 js the core tensor.

For dense multiplications with vy, € RP* along each mode k, computing Y X1 v1 X9 V2 X3 U3 COStS
O(p1p2ps) operations. In contrast, using the Tucker decomposition, we compute Yiri ra,rs) X101 X2
vy X3 V3 successively as
3
ty = U,:vk € R™ (cost =~ 2 Zpkrk), S' =8 x1t; € R™*"™ (cost = 2rrars),
k=1
s=1y8 €R™ (cost ~2ryr3), w=st3ER (cost ~r3).

Thus, vector multiplication with Tucker factors reduce the computational cost from O(p1pap3) to
0(22:1 prTk+1r172r3). The storage requirements of Tucker decomposition also drop significantly.
Storing the full tensor Y requires O(p1p2ps) memory, while the Tucker representation requires only
22:1 DTk + r17ers scalar storage.

Therefore, both computation and storage of Tucker decomposition scale with O(Zzzl PrTE +
r17ror3), which is substantially smaller than the dense case when ry, < py.

Adaptivity in Theorem |1} For any user specified target Tucker rank (r1,72,73), the estimator X
satisfies (@). In other words, the result holds uniformly over all target Tucker ranks.

Bias-variance tradeoff. The error bound (@) exhibits a clear bias—variance decomposition for
Tucker rank-(r1,72,73) estimators. The bias term £, ,, r,) is the best achievable approximation
error of X* at the chosen ranks and decreases as the rj increase. Therefore, as the ranks grow,
variance increases while bias shrinks. Balancing these two leads to improved accuracy.

Proof techniques. For the bias, we leverage classical linear algebra tools, such as Mirsky’s and
Ky Fan’s theorems, to characterize the optimal approximation error appearing in (@). To handle the

variance of the estimator X, we adopt existing techniques from|Zhang & Xia (2018]).
Theorem 2. Let 1,792,713, D1, P2, p3 be arbitrary integers such that r; < min{p;, H#i pj} for all
i € {1,2,3}. Let T(y, 1y ry) be the class of Tucker low-rank tensor as in @) and for € > 0, let
3 — [ B € RP1XP2Xps . inf B— All= <
7—(7'1 77'277'3) { E : AE7-(1,,.111,,,.2.,,,3) || ||F — 5}
Consider the model Y = X*+7 € RP1*P2XP3 ywhere the entries of Z are i.i.d. subGaussian(0, x2).

For any ranks (r1,r2,73) and any 0 < & > k%p1paps, there exist a universal constant ¢ > 0 such
that

inf sup EH)? — X*Hi > C{K‘,Q(Zi:l PETE + 7’17“27“3) + 52} %)
¢

Tightness. Our upper bound in (@) attains the minimax-optimal rate (up to constants) over the
class of tensors with Tucker rank at most (1,72, 3). In particular, the lower bound in Theorem
matches this rate over the same model class, showing that no estimator can uniformly achieve a
strictly smaller error. Thus, our bound is sharp and the proposed procedure is minimax optimal.
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3 BIAS—VARIANCE TRADEOFF IN MATRIX ESTIMATION

‘We consider the model
Y =X*+ZcR™*", (6)

where X * is an unknown matrix with arbitrary rank, and Z is a perturbation (noise) matrix. Even
when rank(X ™) is not small, it is common to approximate X * by a rank-r estimator, because (i)
low-rank decomposition can dramatically increase the computational and memory efficiency, see
Remark [3] for more details; and (ii) the approximation bias can be small, so balancing the bias and
variance may lead to smaller estimation error. Let

min{m,n}

X' = 3 (X Xy =D (X uy
i=1

i=1
By the Eckart—Young—Mirsky theorem (Eckart & Young, |1936), X (*T) is the best rank-r approxima-
tion to X* in Frobenius norm in the sense that

[ X" = X0y lle < | X = W|r forany W € R™*" with rank(W) <.

Suppose we observe Y instead of X*, and write the SVD of Y as

min{m,n}

i=1 i=1
That is, Y(, is the rank-r truncation of the SVD of Y. We now provide an upper bound between
Y(;) and the unknown matrix X*.

Theorem 3. Under (6), let Y{, be defined as in (). Then
Yy = X lle < CWTIZI+ &), 8)

Adaptivity in Theorem (3| For any prescribed rank r, the rank-r truncated SVD estimator Y{,
satisfies the guarantee in eoremE} In other words, the theorem holds uniformly over all » > 1, so
it applies to the vanilla SVD at any user-specified target rank.

Constant in (8). Tracing the proof of Theorem [3| shows that one may take the explicit constant
C =2+ /2~ 3.414 in (§). We did not attempt to optimize this further.

Bias—variance tradeoff. Theorem [3] exhibits a clear bias—variance tradeoff for rank-r estimation.
The bias term {(,y = || X™ — X lr is the best possible rank-r approximation error of X* and

decreases as 7 increases. The standard deviation term, being order (1/7||Z
estimating additional singular components under noise and increases with r.

), captures the cost of

Remark 3. Suppose Y € R™*" and let Y,y = Uy Xy V(I) be a rank-r factorization (e.g. the
truncated SVD), where U,y € R™*", Vi,.y € R™™" satisfy U(:)U(T) = I, V(I)V(r) = I, and
Yy = diag(o1,...,0,) € R™". For a dense multiplication with v € R"™, computing Yv costs
O(mn) operations. In contrast, using the factorization we compute successively

t= V(I)v € R" (cost =2nr), s=Xt € R (cost =7), w=UyscR™ (cost =~ 2mr).
Hence Yiyv = Ugy X V(I)v can be computed in O(mr + m’) operations.

Beyond computational savings, the SVD factorization also reduces storage costs. Storing the full
matrix Y requires O(mn) memory, whereas storing the factors U,y € R™*", ¥,y € R"™", and

Viry € R™™" requires only O(mr + nr) scalars.

Therefore, both computation and storage using the truncated SVD are significantly smaller than in
the full matrix case, especially when r < min{m, n}.

In the following, we illustrate the application of Theorem 3]in three matrix estimation settings.
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Corollary 4. Suppose (6) holds and that the entries of Z are independent sub-Gaussian random
variables with

1Zijll¢, < &

Then with probability at least 1 — exp(—(m+n)), there exists a universal constant C' > 0 such that

Yy = X*|lp < C(I1XG) = X" [lr + 53/r(m + 1))

Proof of Corollary[d) From (2018) section 4.4.2, it follows that || Z|| < Ciky/m +n

with probability at least 1 — exp(—(m + n)) . The desired result follows immediately from Theo-
rem[3] O

Corollary 5. Suppose Z € R™*" is a sub-Gaussian random matrix in the sense that for any
v € R™ with ||v||2 = 1, and w € R™ with |w||2 = 1, it holds that

lv" Zwl||y, < k.

Then with probability at least 1 — exp(—(m +n)), there exists a universal constant C > 0 such that

1Yy = X™|[r < C(”X(*r) — X*|lp + £y/1(m +n)).

Proof of Corollary[3] By Lemma |1Z]] < Civ/m + n with probability at least 1 — exp(—(m +
n)). The desired result follows immediately from Theorem O

Corollary 6. Let Z1,...,Zn € R” be i.i.d. mean-zero sub-Gaussian random vectors with covari-
ance X.. Define the sample covariance matrix

1 N
_ T
Y=o 1;1 VAR

and let X* = E[Y] be the population covariance matrix. Suppose Zy, is sub-Gaussian in the sense
that

lu” Zi ||y, <k forallu e R, |[ulz = 1.

Then with probability at least 1 — 2 exp(—n), there exists a universal constant C' > 0 such that

* * * 2 n n
ol (1 -3+l 7]

Proof of Corollary[6] Let Z:=Y - X*. By Remark 4.7.3 of (2018)), with probability at

least 1 — exp(—cn) one has ||Z | < Cyx2 {\ /% + %} . Applying Theorem [3| with Z replaced by
Z yields the desired bound. O
Theorem 7. Let r,m,n be arbitrary integers such that r < min{m,n}. For & > 0, let MS be such
that

./\/lf = {B € R™*™ . there exits A such that rank(A) < rand ||B — Allr < §}

Consider the model Y = X* + Z € R™*" where the entries of Z are i.i.d. subGaussian(0, x?).
Suppose in addition that £ < (m — r)nk?. Then there exist a universal constant ¢ > 0 such that

inf sup ]EH)?—X*
X xreMs

|i, > 0{52(771 +n)r+ 52}.

The upper bound in (§) attains the minimax-optimal rate (up to constants) over the class of matrices
with rank at most 7. The lower bound in Theorem[7] matches this rate on the same model class.
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4 NUMERICAL EXPERIMENTS

In many applied settings, selecting the single best rank 7 is inherently difficult in finite samples
with unknown latent structure. Our analysis instead provides guarantees for singular-value de-
compositions in both the matrix (SVD) and tensor (HOSVD) regimes across a broad range of r.
Consequently, rather than hinging on a brittle rank-selection heuristic, we empirically demonstrate
that both truncated SVD and one-step HOSVD (Algorithm [T) are robust whenever ranks are cho-
sen neither too small (underfitting/bias) nor too large (overfitting/variance). This is consistent with
the bias—variance tradeoff formalized in Theorems |I| and El Moreover, in practice the choice of r,
is frequently driven by diverse aims other than merely minimizing mean-squared error, including
visualization, interpretability, or downstream decision tasks. This is reflected in widespread, long-
standing use across biology/genomics (Price et al.l 2006), economics (Filmer & Pritchett, |2001)),
and computer vision (Turk & Pentland, [1991).

We evaluate these predictions on (i) a real 3D brain-MRI dataset with controlled additive noise (IXI;
T1-weighted volumes (IXI,[2002)), and (ii) simulated data for both matrices and third—order tensors.

4.1 REAL DATA: 3D BRAIN MRI WITH CONTROLLED NOISE

We evaluate on five T1-weighted brain MRI volume drawn from the IXI dataset (IXI, |2002). The
selected volumes are third-order tensors of shape 256 x 256 x 150. To probe low-rank behavior in
a realistic preprocessing pipeline, all volume are prepared in two wavelet-smoothed variants using
standard orthonormal families—(a) Daubechies-6 (db6) and (b) Symlet-8 (sym8) (Daubechies,
1988;1992).

We implement separable 3D multilevel decompositions (wavedecn) with periodic boundary han-
dling, and apply subband-wise soft-thresholding via BayesShrink (Chang et al.l 2000; [Donoho &
Johnstone, [1994). The literature supports wavelet shrinkage as an effective denoising/smoothing
step for MR magnitude images (Nowakl [1999; Wood & Johnson, [1999).

Noise model and ranks. For our prepared volumes X* and each noise level A\ &
{0.2,0.3,0.4,0.5,0.6,0.7} we generate

. iid. 2 1 X[l
Y=X"+7 Zijk ~ N(0,5%), k=A—=—=,
! ( ) v/ P1P2P3
which keeps the per-entry SNR comparable across images and variants. We com-

pute one-step HOSVD reconstructions (Algorithm X at Tucker rank (r,r,7) for r €
{35, 50, 60, 65,70, 80,90, 95}.

Findings. Figure[T]shows representative mid-sagittal slices from the reconstructions of the wavelet-
smoothed variants of a selected volume. As intermediate ranks, the images sharpen and cortical
detail appears while background fluctuations remain suppressed. We provide selected quantitative
results in Section{f.T] which show that all variants exhibit this expected progression.

4.2 SYNTHETIC DATA: TENSORS

We generate third-order tensors X * € RP*P*P in the Tucker form
X*=Gx U xaUy x3Us, Uy, Up,Us € RP*P, U Uy = U) Uy = U3 Us = I,

where Uy, Us, Us are drawn independently with orthonormal columns. The core tensor G € RP*P*P
is defined entrywise by

Gijk = vijr BT, B =03,
where the signs 7, are independent with P(v;;, = —1) = 1/3,P(y;, = 1) = 2/3. We observe
Y = X* 4+ Z with i.i.d. Gaussian noise Z;;; ~ N (0, 1) entry-wise. The SNR is controlled by
scaling the signal such that

I X*|lr = AV 3, A € {10, 50}.
The estimator X is obtained via the one-step HOSVD (Algorithm at the Tucker rank (r, r,r).
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Figure 1: Mid-sagittal MRI slice of the reconstructed volume at selected ranks and noise levels A

for the db6 variant (left), and for the sym8 variant (right).

A r original db6 sym§8
50 0.1753 (0.0330) 0.1747 (0.0537)  0.1681 (0.0466)
04 65 0.1553 (0.0268)  0.1561 (0.0435)  0.1501 (0.0373)
"7 80 0.1490(0.0183)  0.1499 (0.0291)  0.1451 (0.0245)
95 0.1550(0.0102) 0.1558 (0.0159)  0.1525 (0.0128)
50 0.1797 (0.0322)  0.1793 (0.0521)  0.1728 (0.0451)
05 05 0.1655(0.0248) 0.1668 (0.0400)  0.1610 (0.0341)
80 0.1677(0.0154)  0.1691 (0.0244)  0.1647 (0.0201)
95 0.1840 (0.0073)  0.1847 (0.0116)  0.1819 (0.0089)
50 0.1851(0.0311) 0.1850 (0.0503)  0.1787 (0.0434)
06 65 0.1776 (0.0224)  0.1793 (0.0362)  0.1738 (0.0307)
80 0.1890(0.0124)  0.1904 (0.0200)  0.1866 (0.0162)
95 0.2150 (0.0049)  0.2154 (0.0085)  0.2132 (0.0062)

Table 1: Mean relative reconstruction errors (entries are Mean (SE) across volumes).

Dimensions and evaluated ranks. We vary p € {20, 50,75, 100} and for each p, we evaluate two
ranks r as outlined in Table 2

Each configuration (p, A, r) is repeated R = 50 times with freshly drawn (U;, Us, Us3) and noise.
Implementations use exact batched SVD on GPU via TensorLy (PyTorch backend)
[2019). We report the sample mean and standard error of the relative Frobenius error
5 IX — X*|e
RelErr(X; X*) = ~——F—,
X[l

summarized on the right panel of Table 2] We observe that the error consistently decreases as the
SNR parameter A increases. Overall, one-step HOSVD is robust across the tested sizes and ranks,
yielding accurate estimates on the synthetic tensors.

4.3 SYNTHETIC DATA: MATRICES

We examine the matrix analogue under a controlled SNR design that mirrors the tensor experiments.
For each configuration, we draw an m X n latent signal

X*=UxVT, UeR™" VeRY, U'U=VTV =1,
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where ¥ = diag(o1, . . ., 0, ) has exponentially decaying singular values, i.e. o; = 3¢ with 3 = 0.8.
We choose m and n as outlined in Table We observe Y = X* + Z, where Z;; ~ N(0,1) is i.i.d.
Gaussian noise entry-wise. The SNR is controlled by scaling the signal such that

I X*lr = Av/mn, A € {10,50}.

This design varies SNR via A while keeping the per—entry noise scale identical across sizes. Each
configuration (m, n, A, r) is repeated R = 50 times with independent draws of (U, V') and noise,
and we report the mean and standard error of RelErr. We use the truncated SVD estimator Y/, as
in Theorem 3] Results are shown in the left panel of Table 2] The truncated SVD is robust over a
wide range of selected ranks.

Table 2: Results for matrix (left) and tensor (right).

Matrix Tensor

A m n  r  Mean (SE) A P r Mean (SE)
100 15 10 0.1178(0.00125) 5o 10 0.1420(0.00350)
12 0.0906 (0.00164) 12 0.0977 (0.00208)
hso 25 10 0.1254(0.00044) so 10 0.1370(0.00347)
10 15 0.0868 (0.00077) 10 15 0.0459 (0.00102)
375 g0 10 0.1279(0.00045) 25 10 0.1367 (0.00348)
15 0.0927 (0.00076) 15 0.0427 (0.00113)
so0 g0 30 0.0698(0.00032) 100 30 0.0203 (0.00008)
40  0.0795 (0.00035) 40  0.0294 (0.00009)
100 15 10 0.0844 (0.00007) 20 10  0.1361 (0.00381)
12 0.0181 (0.00037) 12 0.0840 (0.00207)
250 25 10  0.1079 (0.00002) 50 10 0.1362 (0.00359)
50 15 0.0378 (0.00009) 50 15 0.0410 (0.00109)
375 g0 10 0.1068 (0.00002) 25 10 0.1368 (0.00374)
15 0.0349 (0.00008) 15 0.0412 (0.00098)
so0 o 30 0.0134(0.00008) oo 30 0.0039(0.00002)
40  0.0156 (0.00006) 40  0.0058 (0.00002)

5 DISCUSSION

This work provides a rank—adaptive analysis of HOSVD-based tensor denoising without assuming
exact low-rank. Our main theorem (Theorem [I) yields an explicit bias—variance decomposition

X — X*p < H\/Zizl PrTk + 717273 + §(ry ra,ra)

uniformly over all user—specified target Tucker ranks. The variance term scales with the effective
degrees of freedom of the Tucker model, while the bias term is the best achievable approximation
error at those ranks. Together with the matrix counterpart (Theorem [3)), the results unify classical
SVD intuition with the multilinear (tensor) setting and rigorously justify a practice common in
applications: choose ranks large enough to suppress bias but not so large as to amplify noise. Our
experiments on IXI brain MRI and controlled synthetic data corroborate this picture.

Future work. (i) Beyond i.i.d. noise and full observations. Extending the theory to heteroskedastic
or correlated perturbations (e.g. spatially correlated fields, Rician-like MRI noise) and to incomplete
observations (tensor completion, masked entries) is natural. We expect the variance term to inherit
problem-dependent effective dimensions (e.g. leverage scores or sampling densities), while the bias
term remains &, », r,). A key technical step is replacing isotropic concentration with mode-wise
covariance-aware bounds for My, (Z) and their projections. (ii) Higher orders and higher ranks.
The proof strategy appears to scale to dth-order tensors with the clean generalization

v * d d
1K = Xl S r /Sy e+ Ty 7+ €

under appropriately formulated spectral gaps for each unfolding. This would offer a unified
bias—variance law across orders and ranks, and would help explain the strong empirical performance
of HOSVD-style estimators in truly high-order settings.
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Supplementary Materials for ‘“Bias—variance Tradeoff in Tensor
Estimation”

Without loss of generality, if W ~ subGaussian(0, x2), we assume throughout, unless otherwise
specified in the appendix, that E[W?2] = k2.

A ADDITIONAL NUMERICAL RESULTS

Spectral gap assumption. TheoremT]requires a mode-wise spectral gap condition on the singular
values of M, (X*) as in (B). We empirically examine this assumption on the same 3D brain MRI
dataset as in Section 4.1| Specifically, we randomly draw 50 T1-weighted brain volumes from the
IXT dataset 2002). For each volume and each mode k& € {1,2,3}, we compute the singular
values of M, (X*) and record the gaps

Or (Mi(X*)) = 0t (MR(X?)), e =1,...,145.

Mode 1 (M1(X ")

—— Median over 50 volumes

Mode 2 (M2(X "))

—— Median over 50 volumes

Mode 3 (M3(X "))

—— Median over 50 volumes

Figure 2: Empirical median and interquartile range (Q1-Q3) of the mode-wise singular-value gaps
(log scale) over 50 T1-weighted IXI brain MRI volumes.

Figure 2] summarizes the distribution of these gaps across subjects. The empirical medians remain
strictly positive over all ranks and modes, and the inter-quartile bands indicate that this behavior is
stable across the 50 volumes. This provides concrete evidence that the spectral gap condition in (3)
is not merely a idealized technical assumption of the analysis, but is indeed observed in practice.

Bias—variance curve. To empirically quantify the contributions of bias and variance to the error
||IY— X*||p, we consider the synthetic tensor model of Sectionwith p = 100. For each candidate
Tucker rank r € {12,15,18,...,84,87}, we run 50 independent repetitions. The bias component is
obtained as the error || X — X*||r, where X denotes the output of Algorithm when applied directly
to the noiseless tensor X *. The variance component is obtained as

max{\ﬁ”/\/ll(X*) . {UQU) @D‘vs(l)}H > \ﬁHMz(X‘) : {Ul(l) %@Uéw}H: \ﬁH«Ms(X*) . {Ulm NU;I)}H, HX* X1 Ul(l) X2 Uéw X3 Uél)HF}-

The Figure [3]reports the resulting mean bias and variance curves as functions of the target rank.

13
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Figure 3: Mean bias and variance components of the error as functions of the target rank in the
synthetic experiment with p = 100. The left panel reporesent the curve with scaling paramter
A =10 and the right panel A = 50.

Figure [3] exhibits the expected bias—variance trade-off: as the target rank increases, the bias term
decreases while the variance term grows, leading to an intermediate rank that minimizes the overall
error.

Practical choice of target ranks. There are several well-known ways to select the target Tucker

ranks. To select the rank parameters in a data-driven way, we follow the discussion in (

et al. and adopt an adaptlve thresholding scheme. More premsely, we choose 7 so that

Mk( )) > 7, where 7 is a threshold. A simple choice is 7 = a||Y||F with a = 0.01; we retain

all singular values of M (Y") up to the largest index j satisfying o7 (M (Y)) > 7 and discard the
rest.

B LOWER BOUNDS

In this section we prove the complementary minimax lower bounds Theorem [7] and Theorem [2]
that match the estimation rates in Theorem [3] and Theorem [I] These results show that our upper
bounds are sharp (up to universal constants), and therefore establish the minimax optimality of our
estimation procedure.

B.1 TENSOR LOWER BOUND

Proof of Theorem

Step 1. We follow a similar strategy as in the proof of Theoremﬂto show
inf sup > c(k*rirars + £2). 9)
X X*GT(gn r2,73)

Let
r =€/ (rars®) ).
Consider the set of tensors
B={B e RP*P2*Ps . || B, <K% By 1 =0ifi>r +rjorj>rgork >rs}.
In this step, we show that

Bc Tk

(r1,7m2,73)"

To see this, let B € B, and denote B’ to be the matrix such that
’ - {Bi,j,k if’iSTl andj <79 andkgrg,;
i, J.k T

(10)

0 otherwise.
Then B’ € 7-(7"1,?”277“3) and

|IB — B'||§ < rirors||Blloc = rirarss® < &2
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Therefore B C ’7'(5 )- S0
T1,72,73
inf  sup  E[|X - X*|5 >inf sup E||X - X3 (11)
X X*E'T(il,wme,) X X*eB

Step 1.1. Note that the tensors in B are having at most (1 + r])rers nonzero entries, the set of
matrices BB can be viewed as vectors in R?, with d = (ry + 7 )r2r3. Denote

V={VeR V| < &}.
Then =N 9 ~
inf sup EHX—X*HF = inf sup E||V — V2.
X Xx*eB V vey
Since by Lemma infg supy cy) E||V — V|2 > cyr2d, it follows that
inf sup IEH)? - X*Hi = inf sup BV — V| > car?d = cor2(r1 + 7, )rors.
X Xx*eB vV vev

Step 1.2. To show (), there are two cases. (a) Suppose &2 > rorgk?, thenr] = [£2/(rargr?)| > 1
and therefore

inf sup ]EH)A( - X*Hi > cok?(r1 + 174)Tor3 > corirors 4 c3€2.
~ X*€7—(§T1=T21T3>

(b) Suppose £2 < rorzk?. Then ) = 0

inf sup EH)?—X* i

X xreTt
(r1,m2,73)

C2
> cok’rirars > 5(527'17‘27“3 + &%),

where the first inequality follows from Step 1.1, the second inequality follows from £2 < rorsx2.
Step 2. Note that
3

. S 2
> inf sup EHX—X* P2 cak? E PrTk,  (12)
X X*€T(ry rg.m3) k=1

2

inf sup EH)?—X* -

X X*€T£
(r1,72,73)

where the second inequality follows from [Zhang & Xia| (2018)). The desired result directly follows

from (@) and (12). O

B.2 MATRIX LOWER BOUND

Proof. Without loss of generality, suppose that m < n and r < m/2. Therefore it suffices to show
that

2

inf sup E|[X - x*|5 > cl{m“'nr+§2}. (13)

X x+eMs

Let 7’ = |£2?/(nk?)]. Note that since £2 < (m — r)n«x?, it follows that
r +r<m.
Step 1. Consider the set of matrices
B={BeR™":|B|w < &% B;; =0ifi >r+1r'}
In this step, we show that
Bc M. (14)

To see this, let B € BB, and denote B’ to be the matrix such that the first 7 rows of B’ equals the first
r rows of B, and the rest of (m — r) rows of B’ are all 0. Then since B’ has at most 7 rows that are
nonzero, rank(B’) < r and

IB = B'l[f < 'nl|Blle = r'nk® < €.

15
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Therefore B C M&. So

inf sup EH)/(\'—X*‘
X XreMms

2 . > )
P Zlgf;?llé)g IEHX—X ||F (15)

Step 2. Note that matrices in 53 are having at most (r + ’)n nonzero entries, the set of matrices B
can be viewed as vectors in R?, with d = (r + ’)n. Denote
V={VeR) |V < r}.

Then =N 9 ~

inf sup E||X — X*HF =inf sup E|V — V%

X x+eB V vev
Since by Lemma info supycy E|[V — V|| > ear2d, it follows that
inf sup EH)?—X*H? > inf sup EH)?—X*H? = inf sup E|V=V|? > cord = cor?(r+r)n.
X X*EM?« X X*eB vV vey
Step 3. There are two cases. (a) Suppose 2 > nk?, then 7’ = |£2/(nk?)] > 1 and therefore

inf sup EH)? —X*|

2
P> cok?(r 4+ 1) > corn + c3€.
X xrems

(b) Suppose £2 < nx?. Thenr’ =0
inf sup EH)? - X*Hi > cor?rn > 6—2(/{27’71—}—{2), (16)
X x=emé 2

where the first inequality follows from Step 1 and Step 2, the second inequality follows from &2 <
nk?. O

B.3 TECHNICAL RESULTS

Lemma 8. Let k > 0 and d € Zt, and denote
V={V eRL ||V < Kk}

Consider the model Y ~ N (V,%1,) where V € V. Then there exists a universal constant c such
that

inf sup E[|V — V|2 > cx?d,

V vey

where infimum is taken over all the estimators V based on'Y .

Proof. This is a standard minimax lower bound for bounded normal means; see for example
OJ

(1990) and [Donoho et al| (T990).

C PROOF OF THEOREM [1]

Many of the proof techniques employed in this work build on ideas developed in the existing tensor
literature, including |Vannieuwenhoven et al.|(2012); [Zhang & Xia|(2018)); [Han et al.|(2022).

Proof of Theorem[I} For any orthogonal matrix U € OP*", we denote U, € QP *(P=7) to be the
orthogonal complement of U, and
Py=UU" and Py, =U Ul =1,—Pu.

For k € {1,2,3}, let U} € QPx*"* be the matrix whose columns corresponds to the top ry, singular
vectors of M (X™).
Throughout this proof, we assume the following good events hold:

sup (Z,A) < Cr\/rirors + p171 + para + pars; )
A€ERP1 Xp2 ><I737

”A”F§17A67—(T1W2:T3)
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IM1(Z) - Wy @ W3|| < Ck (\/271 + 8253) for non-random Wy € QP272 W3 € QP2*53; (18)
Hsin@(U,gO)7U,j)

‘ = Uz TU©| < 5 fork € {1,2,3}. (19)

max

Indeed in Lemma [T0} Lemma [T] and Corollary [T7} we show that (T7), (I8), and (I9) hold with
probability at least 1 — C exp(—cpmin )-

Note that

H)? _ X

- = HY X1 PUl(l) X9 PU2(1) X3 'PU§1) —

x|
F
<X*><7?1><Pl><731—X*H+HZ><791><7>1><Pl
_H 1 Py X2 Py X3 Py v 1 Py X2 Py Xs Py ||

=1 +1L,.

Step 1. For the term I, observe that

IQ = HZ X1 PU1(1) X9 'PUZ()U X3 PUél) -

= sup VA X1 PU(I) X9 PU(l) X3 PU(l)’ W>
W ERPLXP2XP3 || W |p<1 ! 2 3

= sup Z7 w X1 PU(I) X9 PU(I) X3 PU(1)>
W ERP1XP2XP3 || W |p<1 1 2 3

3 1/2
< sup (Z2,A) < Ck | r1irors + E DkTk ;
AcRP1 ><P2><P37 k=1

HAHF§17A€7—(7‘1 ,T2,73)

where the second equality follows from the duality of the Frobenius norm, and the last inequality
follows from (17)).

Step 2. For the term I;, we have that

Il = HX* X1 PUl(l) X9 PUz(l) XgP X*HF

uv
< et = 7 a7

+ HX* X1 PU1(1) X9 PU2§1) X3 (Ip3 — ’PU?EU)HF

e -0,

HMw

where the last inequahty follows from the observation that
HX* X1 PUI(I) Xo (Im — ,PUz(D)HF < HX* X9 (Im — 'PUZ(D)HF ||73U1(1) || < HX* X9 (Im — 'PUZ(U)HF
We only consider the case when k = 1, since the same arguments apply for k = 2, 3. We have that

HX* x1 (Ip, — PUl(l))HF

< || X %1 (I, —PU1<1>) X2 Pug + HX* x1 (Ip, —PU1<1>> X2 (Ip, — Puy) ‘F

<X %1 (I, = Pyw) %2 Pug +||X* X2 (Ipy, = Pug)||p

< || X* %1 (I, _PUl‘”) x2 Puz X3 Pus . + HX x1 (Ip, —PUl(n) x2 Py x3 (Ip, — Puy) ‘F
+ || X* %o (I, — Pug)|lp

< |[XT X1 (I, = Pyo) X2 Puy X3 PU; + || X* x5 (Ipy — Pug)||p + || X* %2 (Ipy — Puy) ||
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= HX* x1 (Ip, *’PUlu)) X2 Pus X3 Pus

F + 25(7‘1 ,T2,73)9

where the second follows from that [|1,, — P, || < 1, and the equality follows from Lemma

Step 3. We bound || X* x; (I, — P, m) x2 Pu; x3 Pygllr in this step. Consider the
1
different but relevant quantity

HX* X1 (Ipl 77)[]1(1)) X9 PU2(0) X3 ,P

Ui || g
= [ @ =Py - M (X - Py @ P00
= @ = Py) - M (X)W 0 U)W @ U

= [T =Py - Ma(x7) - (W @ U

Y
—
EN

= Pym) - Mi(X7) - Puzeu; - U ® Uéo))HF
||y = Pyw) - ML) - (g = Posevy) - (U @ US|
=11, — IIs,

where the first inequality follows from that (UQ(O) ® Uéo)) € OP2p3)x(rars) apd Lemma
Before analyzing the terms II; and I, we firstly note that

Uz o Up)" - (U 0 US) = (U TUS) @ (U5 TUSY),
omin (U3 TUé‘”) @ (U5 TUS) ) = owin (U3 TUS ) i (U5 TUSY)) (20)
2
L (o70) <1 uTep ] -

which hold due to the properties of the Kronecker product and Lemma 23]
For the term II;, we have that

I = [Ty, = Pyw) - Mu(X) - (U3 0 U3) - (U5 @ UR) T - (U8 0 03|

2
sin O (U}, U,§°>)‘

II]lIl ?

2 || = Pyg) - Ma(X7) - (U5 @ U5)

* 0 % 0
. O min(Us TUQ( ))Umin(US TU?E ))

= HX* X1 (Ip1 _PUil)) X9 PUz* X3 PU@T

) \/<1 _|sme(us, UQ(O))H2> (1 -

3| =
> 1 HX x1 (Ip, _PUl(l)) X2 PU§ X3 PUBT .

2
sin O (U3, Ug“’))H )

where the first inequality follows from Lemma [2T} and the second equality follows from (20), and
the last inequality follows from (T9).

For the term II5, we have that

I = |[(Z, = Pyw) - MyX) - Uy = Pugev) - (U @ US|
= |t = Pye) - M) - W5 @ UL s 0 UNT - WS @ US|
< |1 = Py 1M (X - W5 @ U L || (05 @ UL 07 @ U7
= [|[M(X7) - (U3 @ Us3) Llp-
Note that

[M1(X7) - (U3 @U3) Lllg
=|IMi(X™)-[Us, @U; U;@Us; Uy @Uz ]llg

= VIMUX*) - U3, @ U2 + M (X?) - (U5 © U IR + IMa(X7) - (U, @ U3 )12
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< M(XT) - (U3 L @ Us)lp + IM(X7) - (Us @ U3 )[lp + Mo (X7) - (Us L @ U3 g
= X" %2 U3 x3 Usllp + [ X" x2Us x5 U3 [p + [ X" x2Us . x3 U3 [|p

<X" %2 U lp + X7 x3 U3 | [p + |1 X™ %2 Ug | [Ig

< 3E(r,ra,r5)

where the last inequality follows from Lemma[29] Therefore,

I12 < 36(7‘1 ,r2,T3)"

Combining II; and II5, we have

* 4 *
HX X1 (Im _PUfl)) X9 ’PU; X3 'PU; - S g HX X1 (I;D1 —PUl(l)) X9 PUz(o) X3 PU‘éO)

Step 4. We bound HX x1 (TIp, = Pyn) X2 Pyo) X3 P
1 2

v |, in this step. Note that

||X* X1 (Ipl - ’PUIU)) X2 'PUQ(U) X3 ,PU;’O)HF

=Py - MUX") - Py @ Pyo)lie = [Py - Mu(X7) - (U5 @ Us”)le

1 1
Uy Uy

It suffices to apply Lemma 23]to bound

1Py - Mi(X*) - (USY @ U g

uf!
Since Ul(i) corresponds to the SVD of M;(Y') - (U U(O)) let

A= MI(Y) . (U2(0) ® Ué(])) and B = Ml(X*) . (UQ(O) ® UgEO))
It follows from Lemma[23] that

HX* X1 (Ip1 _PUI(”) X9 PU2(O) X3 P

=[Py - MuX") - (U3 & U”)le
<Cy||B = B, ||lr + Coy/ril|A—B|. (21

0
us” [

Here
|A - Bl =||mi(z U(O)®U(O)H

= ||Ma(2) - W5 + U5 U0 @ UF|

A
<

(2)-
(2)-
1(Z) - (U3 U2*TU2(0)) ® U?SO H n HMl (UMU;L*U(O)) ® U?EO)H
(2)-

IA

Mi(2)-U3 & UL 103 TUR | + || Ma(2) - U3, 0 0| 1072087 22)
Note that
HMl (2)- U ®U§0>H 1UzTU?| = HM1 (2)-Us @ (UZUZT + U U U30>H

< HM ® (U202 TU) H + HM (USLUTf)U?fO)H

<|Mi(2)- U3 @ Uzl U5 TUL | + 1M1 (2) - Us © Us | 1T U5 |

<Cur(v/p1 ¥ 7273) + Csk(V/p1 + para)rmil?, (23)
where the last inequality follows from (T8) and the fact that ||U; TUQ(O) || < 1. In addition

|Mi(2) - Uz 0 U | 10001 < | Ma(2) - U3, @ (U305 + U3, 03Ul I07 2 U8”)

<[ M2 - U5, @ usTUl) | WU + || Ma(2) - U @ s 0T o) | 102 o)

<|Mi(2) - Uz, @ US| |U5TUSL UG USO | + |Ma(2) - Us @ Uz | 0S5 USOUS 2 US|
<Ck(v/p1 + pars)r m;)/(Q + Cr(VP1 + P3T2) - (24)
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Therefore (22)), (23) and (24) leads to
|A — B < Cak(y/D1 + /72T + /D2rarmil® + /Dararml?). (25)

In addition,

1B = By, |lr =My (X*) - US” @ U — {(My(X*) - UL @ USVY, e
<My (X*) - U @ USY — {My (X)), - USY @ US|
<M (XF) = (M (X)})USY @ U |

rank(Mq(X*))
<M (X)) = {M (X ) b, e = D A MXF) < €y

j=ri+1

(26)

Here { M, (X*)-UQ(O) ®U§O) }, indicate the best rank 71 estimate of the matrix M (X * )-UQ(O) ®U§O)
in the first equality, and so for any rank r; matrix @,

M (X*) - U @ U — {Ma(X*) - U @ UL e < Mo (XF) - U @ U — @|p;

the second inequality holds because {M;(X™)},, - UQ(O) ® Uéo) is at most rank 7, and the last
inequality follows from Lemma[29]

It follows from (21)), 23) and (26) that
HX* x1 (Ip, _PUfl)) Xo Py x3 P

pe v || < Csu(y/prrity/rirerz+/para+y/p373) + 058 (ry ra rs) -

Step 5. The conclusions of Step 3 and Step 4 lead to
HX* X1 (Ip, = Pym) %2 Puy <3 Pu;

- < Cok(y/prrity/rirer3+/para++/p373) 068 (ry ra,rs) -
This bound together with Step 1 and Step 2 leads to

H)? - X . < CrR(\/piry 4 /para + /p3rs + /r1m213) + Cr€(ry o rg) -
O
D PROOF OF THEOREM 3]
Proof of Theorem[3] By the triangle inequality,
1Yy = X" e < X0y = X Mle + 1Y) = X(nlle = &) + 1Yir) = X( [l 27)
Since rank(Y(,y — X(*T)) < 27, we have
Yoy = XollF =D 02 (Yy = X(o)- (28)
Write
Yoy = Xy = (X7 = X0) + 2+ (¥ = V),
It follows from Ky Fan’s Theorem (Lemma[28)) that,
2r 2r 2r
>0tV = X) < Za R PNADERNDIAUEERS]
i=1 i=1 i=1
Using the identity o (X™ — X{})) = 0r;(X™) and likewise for ", we obtain
2r 2r 2r
Yoy = X(olle < 4 [ D02 (X)) + 4| D 02(2) + 4| D o2, (Y). (29)
i=1 i=1 i=1
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To further simplify the third term, we apply Weyl’s inequality (Theorem [27) to obtain
or4i(Y) < 0rpi(X7) + 01(Z),

which gives
o7 (Y) < 2{07(X") +07(2)}.
Substituting this into (29)), we get

IN

1Y) = Xy lle

2r
Z% (X*) Zo )+ 4| 2D 02 (X*) + 2Vro1(2)
=1

IA

(1+v?2) ZUHZ X*)+ 2+ V2)Vr|Z|

3r
=(1+v2),| Y o2(X)+ @2+ V2Vr|z],

1=r+1

where the second inequality follows from the fact that for any & > 1, we have 0 (Z) < 01(Z) =
[ Z]|. Substituting the bound of [[¥{,.) — X{,)[|r into 7)), we obtain

min{m,n}

Yoy = X*lle < 2+ V2)y| Y. o2(X*)+ 2+ V2vr|Z].

1=r+1

E DEVIATION BOUNDS

Throughout this appendix we work with centered sub-Gaussian random variables with parameter
k2, and we assume (without loss of generality) that each such variable X satisfies EX? = k2. Any
other case can be handled with additional constants in the bounds.

Lemma 9 (Theorem 4.4.3 in|Vershynin| (2018)). Assume all the entries of Z € R™*"™ are indepen-
dent mean-zero sub-Gaussian random variables, i.e.

1Zijlly, = Sli];f]E(|Zij\‘1)1/‘I/q1/2 <k
qz

Then there exist some universal constant C > 0, such that

12]) < O (v + Vi)
with probability at least 1 — exp(—(m + n))).

Lemma 10. Suppose all the entries of Z € RPL*P2XPs gre independent mean-zero sub-Gaussian
random variables, i.e.
1Zijklly. = SI;I;]EUZMH")I/"/Q”Q < K.
a>

Then there exist some universal constants C, c > 0, such that

3 1/2
sup (Z,A) < Ck (rlrgrg + ZP}&%)

ACRPLXP2XP3 k=1
"A‘|F§17A€7?r1 ,72,73)

with probability at least 1 — exp(—c 22:1 DETk)-

Proof. This directly follows from Lemma E.5 in|Han et al.| (2022). O
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Lemma 11. Suppose all the entries of Z € RP1*P2XPs gre independent mean-zero sub-Gaussian
random variables, i.e. )
1Ziskllg. = Sl;lf]E(|Zijk|q)1/q/ql/ < K.
q>

Let Wy € QP2%52 and W3 € QP3*53 be non-random. Then there exists absolute positive constants
C4, Cy and c such that

P(HMI(Z) (W2 @ W3)|| > Cra(vp1 + 5283)> < Cyexp (—cp1),

Proof. Tt suffices to observe that W5 @ W3 € QP2P3*72"3 The desired result is a direct consequence
of Lemmal[I3] O

Lemma 12. Suppose all the entries of Z € RPL*P2XPs gre independent mean-zero sub-Gaussian
random variables, i.e.
1 1/2
1 Zijkllws = Sglil)]EﬂZijqu) /)¢ < k.
a>

Then there exists absolute positive constants Cy, Co and ¢ such that

V2 €RP2X72 ||V, <1
V3ERP3XT3 V3] <1

IP( sup [M1(2) (Vo V)| ZCW(\/pl-FTzTg + por2 +P37“3>

< Cyexp (—c(pr +p2 +p3)),

Proof. 1t follows from the assumption that (M1(2)), ; oy subGaussian(0, 2).

Step 1. For fixed V5 € RP2*"2 with ||V3|| < 1 and Vs € RP3*" with ||V3]| < 1, it follows that
V2@ Vs = [[Va [[V5]| < 1,
We upper bound || M1 (Z) - (Vo ® V3)|| for any fixed V5 and V3. Since,

M(Z) € RP<P2p3 (M(Z)), . "~ subGaussian(0, k%), and  |[Va @ Vs = ||Val| |[V3] = 1.
It follows from Lemma[I3]that

IP’( (IM1(Z) - (Vo ® V)| > ac) < 2exp (C(p1 + rors) — ca’k77).

i,J

Step 2. Let V,,, ., (€) denote an € net of the set
{A e RP2*™2 ;|| A|| < 1}

with respect to the operator norm || - ||. Similarly, let Let V,,, ., (¢) denote an € net of the set
{B eRP"™ - ||B|| < 1}
with respect to the operator norm || - ||. Denote the random quantity
P = sup [M1(2) (V2 @ V3)||.

Vo ERP2X72 ||V <1
V5ERP3XT3 || V3] <1

For any given Vy € RP2*"2 and V3 € RY with ||V5| < 1 and |[Va]| < 1,let V; € Np, r,(1/4) and
V3 € N, rs(1/4) be such that

IVa— V2| <1/4 and Vs —Vs|| < 1/4.
Then
[M(Z)Va @ V5| < |ML(Z) (Ve — Vo) @ Val| + [|ML(Z2)Va @ (Vs — Va)|| + | M1(2)Va @ Vs
Note that ||V — V| < 1/4. So

IMy(Z)(Va ~ o) © Vil = L IMuU(Z){4(Vs — Ta)} @ V] <

e\@
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Similarly
M1 (Z2)Va ® (Vs — V)| <

~ |

In addition,
M1 (2)Va ® V| < sup M (Z)V2 @ V3.
VZGNPQWQ(1/4)ab€Np3,rs(1/4)
So for any V5 and V3,

1
|IM1(Z)Ve @ V3| < §¢+ sup IM1(Z)Vs & V3.
Vo€Npy,ry (1/4),6EN g 1y (1/4)

Taking sup over all Vo € {4 € RP2*"2 : ||A]| < 1} and V5 € {B € RP3*"s : | B|| < 1}, it follows
that

1
vEgud sup 1M1 (2)Va © V4,
Vo €Ny ry (1/4),6EN 5,7y (1/4)

or simply
V<2 sup M1 (Z)V2 @ V3|
V2 €Ny g (1/4),6EN g rg (1/4)

Step 3. By Proposition 8 in Pajor| (1998), the cardinality of N, ., (€) is bounded (<)P2"2, and
Nps,rs (€) is bounded (£)P27s. Therefore

p(v > 20) <p( sup IMi(2)V2 8 Vil 2 )
VQGNP2,T2(1/4)7bENpg,T3(1/4)

<oy ey sup P(||M1<Z>v2 ® Vil = t)
Vo€Npy,rg (1/4),0EN pg 1y (1/4)
<2exp (C(pl + ror3 + pore + psr3) — Ct2/€_2) .
Here C' and C}5 are positive constants. The desired result follows by noting

Y= sup H./\/ll(Z) (V2®V3)H.
V2E€RP2X72, || V2]|<1
V3ERP3XT3 || V3]|<1

O

Lemma 13. Suppose Z € R"*™, with Z;; i subGaussian(0, k?). Let A € RP*" and B €
R™*4 be non-random matrices. Then for any t > 0

ct?
P(|AZB|| > 1) < Cy exp <C(p+ q) — ) . (30)
K2 [|A]* || B

Proof.
Step 1. Let u € R™ and v € R™ be non-random. Then thatu" Zv = 37" | 7" | u; Z;jv;. Since

Z,j areii.d. sub-Gaussian with parameter 2, it follows that u' Z v is sub-Gaussian with parameter
x2||u||3]|v]|3. Consequently by Hoeffding’s inequality,

P(’uTZv’ >t)<2ex (—Ct2>
&2 ully [[vllz

Step 2. Let a € RP and b € R? be non-random vectors such that ||a||2, [|b]]2 < 1. By Step 1, it
follows that

T ct? ct?
P(’a AZBb‘ >t)§2exp BT RTR T Er—T < 2exp o |-
K2 || Aally [ BO]|; w2 [|AIT (1Bl

Step 3. Let \V,,(¢) be an e-net of the unit ball in RP. It follows that for any a € R? with ||al]s = 1,
there exists a € N, (€) such that
la —alj2 <e.
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Similarly let V;(¢) be an e-net of the unit ball in RY.

Denote the random quantity

Y =|AZB| = sup laT AZBb|.
a€RP bERY [lafl2=]|b]l2=1

For any given a € R? and b € R, let @ € N, (1/4) and b € N, (1/4) be such that
la—alla <1/4 and [[b—Dbllz <1/4.
Then
la" AZBb| < |(a—a)" AZBb| + |a  AZB(b—b)| + |a' AZBb|.

Note that [|a — al| < 1. So

~ 1 -
|(a —a)" AZBb| = JH4la - a)"YAZBb| < %
Similarly
la"AZB(b—b)| < %.
In addition,
|ZiTAZBb\ < sup |aTAZBb|.

a€N,(1/4),beEN,(1/4)
So for any a and b,
1
laT AZBb| < =9 + sup la”T AZBb|.
27 aeN,(1/4)bEN,(1/4)
Taking sup over all unit vectors a € RP and b € RY, it follows that
1 T
< =+ sup |a' AZ Bb],
27 LN, (1/4),bEN,(1/4)

or simply
P <2 sup la" AZBb|.
a€EN,L(1/4),bEN(1/4)
Step 4. By Vershynin| (2018), the cardinality of \,,(¢) is bounded by (%)”, and the cardinality of
N, (€) is bounded by (£ )?. Therefore

P(y > 2t) = ]P( sup la" AZBb| > t> <CRP o1 sup P(la" AZBb| > t)
a€N,(1/4),bEN, (1/4) a€N,(1/4),bEN, (1/4)
ct?
<205"C% exp <—22> 5
2 || A[I” [1B]]
where ¢, C' are positive constants. The desired result follows by noting ¢ = ||AZ B]|. O

Lemma 14. Suppose Z € R™™, with Z;; ES subGaussian(0, x2). Let A € R™*P and B €
R™*4 be non-random matrices. Then for any t > 0

12 t
P(||ATZ"ZB —nk?ATB|| > t) < Cy exp | C(p + ¢) — min , ,
(I 1> nkd |B]? |A)?T &2 1B A
(31)

where C and C are positive constants.
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Proof. For any non-random u, v € R™ , it follows that

w' ZTZv—nrfuTv =Y (u'Z)(w"Z;) - B{(u"Z;)(v" Z;)},
j=1
where Z; is the j-th row of Z. Note that (u' Z;) is sub-Gaussian with parameter 2| ul|3, and
(v"Z;) is sub-Gaussian with parameter x2||v||3. Since Z have i.i.d. entries, it follows that

{(u"Z;)(v" Z;)}7_, arei.id. sub-exponential with parameter *||ul|3]|v]3. So

t? t
P(|uTZTZU—7m2uTU| Zt> §2exp<—cmin{ ) })
netfull3[lvl13" K2 [[ull2]vll2

Step 1. Let \V,,(¢) be the e-net of the unit ball in R?. It follows that for any a € R? with |jal|z = 1,
there exists a € N, (¢) such that

la —alls <e.
Similarly let V, (€) be the e-net of the unit ball in RY.
Denote the random quantity

Y= ||ATZ"ZB —nk*ATB| = sup la"(ATZ"ZB —nk®AT B)b|.
a€RP bERY ||al|2=]|b]l2=1

For any given a € RP and b € R, leta € N, (1/4) and b € N, (1/4) be such that
la—al, <1/4 and |b—bl, <1/4.
Then
la"(ATZTZB —nk?ATB)b| < |(a—a) (AT ZTZB — nk®>AT B)b|
+a"(ATZ2TZB —nk?ATB)(b—b)| +[a (AT ZTZB — nk*AT B)b.

Note that [|a — @2 < §. So

1
(a—a)"(ATZ"ZB — nk*ATB)b| = J{4a— a) N ATZTZB —nk*?ATB)b| < %.
Similarly
@ (ATZTZB — nk?ATB)(b—b)| < %
In addition,
@ (ATZTZB — nk? AT B)b| < sup laT(ATZT ZB — n® AT B)b).
€N, (1/4),beEN,(1/4)
So for any a and b,
1
la"(ATZ"ZB —nk?AT B)b| < §¢ + sup la" (AT Z"ZB —nk?A" B)b|.

a€N,(1/4),bEN(1/4)
Taking sup over all unit vectors a € RP and b € RY, it follows that
1
Y < —ih+ sup la"(ATZ"ZB —nk?AT B)b|,
27 GeN,(1/4),bEN, (1/4)

or simply
P <2 sup la"(ATZ"ZB — nk?AT B)b|.
a€NL(1/4),bEN(1/4)

Step 2. By |Vershynin| (2018)), the cardinality of \,,(¢) is bounded by (%)p , and the cardinality of
N, (€) is bounded by (<), for a positive constant C'. Therefore

P(¢y > 2t) :IP( sup la"(ATZTZB — nk?>AT B)b| > t>
aEN,(1/4),bEN,(1/4)
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<CRP a1 sup P(la"(ATZ"ZB — ns*>AT B)b| > t)
Q€N (1/4),bEN, (1/4)
=CoP (L1 sup P(|(Aa) " ZT Z(Bb) — nk?(Aa) " (Bb)| > t)

a€NpL(1/4),bEN,(1/4)

t2 t
<20,PCy% exp (—cmin{ , }),
nit||Aall3|| Bb||3 12| Aall2|| BY|2

where C5 is a positive constant. The desired result follows from the observation that ||Aallz <
[Allllalla < [ All, and || Bblls < || BIl|[bll2 < || B H
S

Lemma 15. Suppose Z € R™*" is a sub-Gaussian random matrix in the sense that for any u
R™, v € R™, it holds that .
lu” Zvlly, < kllull2]|v]l2.

Then with probability at least 1 — exp(—c(m + n)), it holds that

t2
P12 > 8 < Cyexp (Clm ) - 5 )

where ¢, C' and C are positive constants.

Proof. By assumption,

- 2 2
&2 ully vl

2
P(’uTZv| >t)§2exp< Ct)

The rest of the proof is similar and simpler than Lemma|T3|and is omitted.

E.1 SVD FOR UNBALANCED MATRICES

Lemma 16. Suppose
Y=X+7ZecR"™,
where X is a non-random matrix of arbitrary rank, and Z is a random matrix whose entries are

i.i.d. sub-Gaussian random variables with mean zero and the sub-Gaussian norm || Z; ||y, = £ <
oo. For any r < min{n, m}, write the full SVD of X as

VT

Xy

:| =X, +X,.
Here U, € Oy, ,, V; € O, correspond to the leading r left and right singular vectors of X.

Suppose that
{0:(X) = 0r41(X)}? > Cuapr®{V/mn +m}

where Cgap, > 0 is a sufficient large constant. Then with probability at least 1 — Cy exp(—Can), it
holds that

Hsin@ (17,,,1/,,)

2 mr? Kinm
‘ < Cs 5 T Z(

(0r(X) = 0r1(X))?  (0n(X) = 0r41(X))
where Cy,C5, C3 > 0 are absolute constants only depending on Cgap,.
Proof. Note that by assumption, we have
E[Z"Z) = nk*L,, EY'Y]=V.22V." + V.22V +nk’l,, E[V,'YTYV,] =32+ nk’l,.
Define the diagonal weighting matrix

M = diag ((Uf +nk?) V2 (02 + er)_l/Q) e R™".

Then it holds that
YVM=(X,+X,+2)V;M = (X, + Z2)V,. M,
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MTE[VYTYV,] M=MTE [vj (X, +2)" (X, +2) vT} M=1,.
Step 1. For o,.(Y'V;), observe that
o2 (YV,) =07 ({Xr + Z}V,) = 02 ({Xo + ZYV, MM ™) > 02({ X, + Z}V, M)o2,(M™1)
=07 ({X; + 2}V, M) {07(X) + nw?}
=0, (M "V, {X, + Z} {X, + Z}V,M){o2(X) + nr?} (32)
where the inequality follows from Lemma [20}
Consider the term o, (M " V,"{X, + Z} "{X, + Z}V,.M). Note that
MV (X, +2) (X, +2)V,M — I,
MV (X, +2) (X, +2)V,M —E [MTVTT (X, +2) (X, +2) VTM}
=MV X X, V,M -E[M"V, XX, V,M] + M"V,) X ZV, M
=0
+ MWV, ZTX,V,M + MTV,TZTZV,M —E MV, 2" 2V, M]
+E[M'V, X 2ZV,.M] + E MV, ZTX,V, M|

=0 =0
=MV, X[ ZV,M + MV, ZTX,V,M + M'V,) (27 Z — nk’L,) ;M. (33)

Since,
o2(X) 2 2 1

X, V,M|?* = k) <, d V,M||> = | M| = ———,

| I =, max SI(X) + = an VoM™ = || M]] 2(X) T
it follows by Lemma|[I3]that

2 X 2
]P’(HMTVTTX:ZVTMH Zx) < 2 exp (C’rcx2 W) . (34)
K

Similarly, Lemma[T4]implies that

P([|MTV,T (272 = niL) Vi M| = )

2 2)2 2 2
< 2exp (Cr—cmin {x2 (GT(X) K ) , T o, (X) +nr }) ; (35)

nk K2

2 X 2
< 2exp (C’r — cwmin {a:z, x}) ,
K

F(X)4ns?}? o of(X)+nk?
Kkin K2

where the last inequality follows from the fact that lo

(33), (34), and (33), we have
2 2
P(|MTV,I (X, + 2)T (X, + Z)Ve,M — 1| > z) < 6exp <C’r - cm min{xQ,x}> .
K

. Thus, combining

(36)

Here we apply a union bound to the three terms in (33) with thresholds z/3 each. The same tail
bound as in (34) holds for M " V," Z T X,.V,. M by symmetry, and (35) controls the centered quadratic
term M "V,' (ZT Z —nk?I,,)V, M. All absolute constants are absorbed into C, c. This implies that

P(a,, (MTVX, + 2} {X, + Z}V, M) > 1 - :v)

2 X 2
>1—6exp <Cr - cwmin {9627 96}) ) (37
K
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(37) and (32) together imply that
2 X 2
]P’(of(YVT) > {02(X) +nk*}(1 - x)) >1—6exp <C’r - cw min {z?, x}) .

1 ‘772~(X)—‘7£+1(X)

6 o2(X)+nk? ° we have

g <U$(YVT) > o2(X) +nK® — o7 (X) _6U%+1(X)>

1 () =02 (X)” oK) 02 (X) s
36K2 o2(X)+nk? 62 -G8

Setting © =

>1—6exp (C’r—cmin{

Step 2. We upper bound the term o2, (). Note that

ory1(Y) = ranff%iél)gr Y =B < [|[Y =Y -V, V,T|| = omax(Y V).

Moreover,

YV =|V]YTYV| = |V (X, + X1+ 2)T (X, + X1+ Z)VL |
=V (XL +2)T (XL +2)Vo
<|WVIZTzvi |+ |VIZTX V|| + VX2V + VXXV
=|vizTzv | +2||V/ZTX. V. |+ |V X[ X, VL. (39)

I Iz Is

2
Omax

For the term I3, we have

Iy =0} (X1V1) = 0f (UL V] VL) = 0f(21) = 071 (X). (40)
For I5, note that
X Vo] = |ULSL)? = 02,,(X),  and IVi)? = 1.
it follows from Lemma [13] that
2
cC1x
IP’(I > ) <9 Cym — — ) 41
22 a) <2em (O ) “

For Iy, note that by Lemma and the fac that VI vV, =1,,_,, we have

nkd’ K2

2
P( V27 2Ve = ni L || = t) < 2exp (sz —co min{ t t }) ,
(42)

= P(Il > nr?(1+ t)) <2 exp (C’gm — conmin {t2, t}) .

Combining the calculations in this step, with & = ko41(X)4/ lem in @), and with ¢t =

0'3.(X)—(T§+1

) in (@2), it follows that

6nkK2
2(X)—o2 (X 2
P<03+1(Y)Znﬁ2+ar( ) 60'r+1( )+I<JO'T+1(X) %m _|_O-£+1(X)>
1
2(X) — 02, (X)) 02(X) 02 (X
<2 exp <C2m—02 min{ (UT( )36:‘;;1( )) ,UT( )6/:;“( )}>+Qexp(_03m).

(43)
Step 3. Recall we define

M = diag ((O’% +nx?)7V2 (0% + nnz)*l/Q) e R™".
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We have
[Pyv,YVi| = Pyv.uY VL]

= |[orvean) (v (v vian) T v Ty v |
< [ vean) (vvan T vean) 7| [TV Y TY v |

, o (44)

where the first equality follows from the fact that YV, and Y'V,. M have the same column spaces
(since M is invertible), the last inequality follows from Lemma [T8] and for the last equality we
use that the singular values of Y'V,. M are in nonincreasing order so that its smallest singular value
equals . (YV,. M).

o YVM) IMTVIYTYV || =0 (YV, M) |MTV,IY TY VL

min

By (36), we have for every z > 0
2 X 2
]P’(HMTVTT(XT—&-Z)T(Xr—i-Z)VTM—IrH > m) < 6exp<C’r - cgr();—nﬁmin{x%x}) .
K
Taking x = % gives

2 2
IP’(HMTVTT(XT +2)(Xr + Z2)V,M - I|| < %) >1-— 6€Xp<C’r CUT()Z)%

(45)
In particular, on this event all eigenvalues of M "V, (X, + Z) " (X, + Z)V,.M are at least 1/2, so
o2(Y'V, M) > 1/2 with the same probability bound. Consider||M TV, Y TY V| ||. Since V' X | =
0, X,V =0and XIXT = 0, it follows that
MVIY YV =MV, (X, + X, +2) (X, + X, +2)V,
=M'"V'X'Z2vi+ MV ZT X, V, + MV, ZT ZV,
=MV X Zvi + MV, ZTX Vi + MTV,) 2T 2V, — MTV,T (nK?I,) V1,

=0

Since,

2 2 1 2 2
X VoM < 1 VoM = s and [ X0V = XL = 02, (),

#(X) +

it follows from Lemma [I3]that
2

Cm_w>,

(om-%
(

2 2 2 2
Cm_wor(XH%) SQGXP<Cm_<m>_

P(IMTV,TXTZV0| 2 2) <2 exp

P(IMTV,T 27X,V 2 @) <2 exp

k2 o2 (X) K2
(46)
Similarly, Lemma[T4]implies that
P(|MTV,T (277 —nitLa) Vo| = @)
2 X 2 2(X 2
SQCXP <CmCmin{:c2 O—T( TL)K;:TLH , L UT(ﬁg_FnH })a (47)

2 2(x p
< 2exp (C’m—cmin{xz, xW}) ,
K K
where the last inequality uses W > 1. Thus, combining @4), @3), @6) and @7) with
xr = m/%m,wehave

2 X 2
P(||PYV,.YVJ_|2 > 360 mf<a2) < 6exp (CT — CW) + 4exp(—Cm) (48)
& K
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0'2 nnz
+2eXp(C'm— cmin{zcc m, %m T(Xﬁ);r}> .
Step 4. Define the event
o} (X) — 071 (X)

6 b

o3(X) -0 (X [2C
02 (V) < nk? + +(X) 6r+1( )+;-;UT+1(X) —m + 02,1 (X);

&= {af(YVT) > 0% (X) +nk* —

8C
H'PYVTYVJ_HQ < 7 m/<52}.
It follows from (38), @3) and @3] that by the union bound,

1 (2(X) 02 (%)’ o2) _U’E“(X)D v

P(&°) <6 Cr — cmi
(&9 < eXp( T cmln{%ﬁ2 72(X) + ni? ) 652

+ 2 exp (C’m —c min{ (OE(X) _ U’%H(X))Q, or(X) - UEH(X) }) +2 eXp(*C'm)

36kin 6 K2
(50)
2 X 2
+ 6exp (C’r - cW) + 4exp(—Cm) &)
2 2
+ 2exp <Cmcmin{20m, mmW}) . (52)
c c K

In what follows, we show that under the SNR assumption

(@(X) - a,«+1(X)>2 > Cyaphk® (\/T% + m)
with sufficient large absolute constant Cy,;, > 0, we have
P(£°) < Cexp (~Cm),
where C' > 0 is an absolute constant, appropriately scaled to absorb the other constants.

We illustrate how to bound ([@9), as the rest of the terms can be bounded in a similar and simpler
way. Note that

1 (UE(X)—Ungl(X))Z > (Of(X)—03+1(X))2 min{ ! ! }

36k2 o2(X) + nk? - T2K2 02(X) nk?
2 2
@By (X) (00— o2, (3)
- 72 k%202(X) ’ T2nk* '

2 2

2

We have
(07 (X) — 071 (X)) _ (0:(X) + 0741(X))” (0,(X) = 0741(X)) o (0/(X) = 0r11(X))

72 k202(X) 72 k202(X) - 72 K?

(02(X) =02, (X0)° | (0:(X) —0,01(X))" |

T2kK4n - T2k4n
So )
1 (07(X) = 07,1(X)) S 2C

36K2 02(X) + nk? =

In addition,

6r2 - 72 K20%(X) T e
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So @9) < Cexp (—Cm) , for some absolute constant C' > 0.

Step 5. Under the event £, by Lemma [24] we have that
GOVIPY VL _ oYV )me?
< Cr
(e200V,) =02, (V)" T (a(Y V) — 02, (V)

2 2
(crf(X) +nk? — 707‘()()_2”1()()) mr2

2
| <

sin® (XZ, Vr>

<Cy

o2 _o2 2
L)

2 o2
(Uz(X) —|—7’l:‘€2 _ o, (X) 67v+1(X)) m,‘ﬁ',Q

(=) (0303) 2,1 (3)) ~ o2 (X))

2 2
(0’2(X) + ’I’LHQ _ U,.(X)fg,.+1(X)) mKQ

(1 1)2(02(X) — 02, (X))

2 _o2
7%()() _1_7,“4/2 _ o, (X) 6r+1(X)) mKZQ

2

(03 (X) = 0741 (X))
Here, the third inequality follows from the fact that 22 /(2? — y?)? is a decreasing function of x
and an increasing function of y when x > y > 0, together with the fact that the event £ holds.

< C

< Cho (U

)

2
The fifth inequality follows from the fact that, under the assumption (UT (X) = o1 (X )) >
Cgapt®(v/nm + m) with Cyap > 0 being large enough,

(020%) — 02,,(x))
36

2 (0:(X) ~ 001 (X))
36

- (UT(X) + a,,H(X))
Cgapmh?

>02(X) 6

> Cmk?02(X) > Cmk*ol,,(X).

Therefore, with probability at least 1 — C'exp(—C'm),

2 2
o3(X) +nk? — 707‘()()_0”“()()) mr2

. > 2 6
o (7o) < om0y
(02(X) +nk?) me? o2(X)mr? nmekt
SO o, (X)) ) o, (X)) T X) - o2, (X))

mlﬁ]z H4ﬂm

S C(4 { + } )
(0r(X) = 0r41(X))?  (04(X) = 02 (X))
where the third inequality follows from the observation that
2X) o2 (X) g 1

(02(X) =071 (X))2 (00(X) + 0741(X)? (04(X) = 0741(X))? ~ (04(X) = 0r41(X))?
and last display follows from

P2(X) = 02,1(X) = (0,(X) + 071 (X)) (0(X) = 0041 (X)) > (0,(X) = 001 (X))

Corollary 17. Suppose the conditions of Theorem|l| hold, in particular the condition in Equation
for each mode-k unfolding M,(X*) with target rank ry. Let U ,EO) be the matrix of top ry left

singular vectors of the mode-k unfolding Y*) := My, (Y). Then for each k € {1,2,3}, with
probability at least 1 — C1 exp(—Capy,),

[sine (U, U3 .

2\/ Tmax .

| <

31



Under review as a conference paper at ICLR 2026

Proof. Apply Lemmall6to Y*) = M,.(Y) € RP+*P-* with signal X*) = M,,(X*) and noise
Z®) = My(Z), where p_y = Hﬁék pj. Use rank r = 7y and identify n := pj (rows) and
m := p_ (columns). The lemma (applied to left singular vectors, or equivalently to the transpose)
gives

. . pek?  K'ppp-
Hsm@(U,gO),U,,C)H2 < C’{ kAi + Aki k},

where Ay = 0, (Mp(X*)) — 07, 41(Mi(X*)) is the mode-k spectral gap.
By the assumption (3)) in Theorem 1] (applied to mode k),

3
Az > C'g;apﬁ2 V Pk P-k T"max + "max Zp]

Jj=1

Choosing Cgay, sufficiently large makes the right-hand side above at most 1/(4r . ), hence

. (0) 774 1
HSln@(Uk ,Uk)H S m
The probability bound 1 — Cy exp(—Capy;) matches the row dimension in the matrix lemma. [

F MATRIX PERTURBATION BOUNDS

Lemma 18. Suppose that A € R"*". Then
[AATA) ] < 071 (A).
Proof. If 0,.(A) = 0, then the desired result trivially follows. So suppose rank(A) = r. Therefore
AT Ais invertible. Let the SVD of A satisfies A = Us% 4V, then
|AATA) | = |UaZaVA (VaSAV) Y| = |UASZT VA || = o (A) = 01 (A).

min T

Lemma 19. Suppose A € R™*" and B € R™** are any two matrices. Then
0j(AB) < 0;(A)0max(B).

Proof. Let \j(M) denote the j — th eigenvalues of M in the absolute value order. Then
O'](AB) = AJ(ABBTAT) and O'j(A) = \/Aj(AAT). (53)
(B)I,, it follows that

ABBTAT < A(6?, (B)I,)AT =02, (B)AAT.

max

Since BBT <2,
By the monotonicity of eigenvalues under the positive definite matrices, it follows that

N (ABBTAT) < o2 (B)\;(AAT). (54)
The desired result follows from (33). O
Lemma 20. Suppose A € R"™*"™ and B € R™*" are any two matrices. Then

0j(AB) > 0;(A)0min(B).

Proof. Suppose oin(B) = 0. Then the desired result immediately follows. Therefore it suffices to
assume o, (B) > 0 and B is invertible. It suffices to observe that
0j(A) = 0;(ABB™") < 0j(AB)0wmax(B™") = 0;(AB)o i, (B),

where the inequality follows from Lemma [I9]
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Lemma 21. For any real matrices A € R"*™ and B € R™*™, it holds that
[AB||p > omin(B)[|Allr.

Proof of Lemma[21] Since B is a square matrix, it follows that

Amin(BB") = 02,.(B),

min

where Apin(+) denotes the minimum eigenvalue. Note that

BB > Muin(BB")I,,.

Therefore
ABBTAT = A{\uin(BBMI,,}AT,
and so
tr(ABBTA") > tr(A{A\min(BBT)I,,}JAT).

Then

|AB||2 = tr(ABBTA") > tr(A{\uin(BB I }AT) = Auin(BB ) tr(AAT) = 02 (B)||Al|3.
O

Lemma 22. Let A € RP*? and U € Q9%". Then

JAUU " ||p = || AU ||
Proof. Observe that
JAUU (|3 = tr(AUU TUUTAT) = tr(AUU T AT) = ||AU 3.

O

Lemma 23. Suppose B,Z € R™"*™. Forall 1 < R < min{n,m}, write the full SVD of A as

PN S~ [T VI
A=B+Z=U2VT:[U(R)UL][ (R) s ] (R)
N

T
VJ_

9

where U (R) € On R, ‘7( R) € O, R correspond to the leading R left and right singular vectors; and

Ui €0y pn—r Vi € Oy pm—g correspond to their orthonormal complement. We have

min{n,m}

> 3B +2min {VR|Z|,|1Z|r}

j=R+1

=3By ~ Bl + 2min {VE|Z|. | Z]x }

i)
=)}
e
=
A
w

—

where B(g) denote the rank-R truncated SVD of B, this is, if B = USVT then B =
Uty () Vi

Proof. Without loss of generality, assume n < m. For A € R"*™, let 3(A) € R™ ™ denote
the non-negative diagonal matrices whose diagonal entries are the non-increasingly ordered singular
values of A. Forall1 < R < n, let B( R) denote the truncated SVD of B with rank R, and we have
by the Eckart—Young—Mirsky theorem

|Br) — B =

For a matrix A € R™*™, let 3(A) € R™*™ be a non-negative (rectangular) diagonal matrix whose
diagonal entries are the non-increasingly ordered singular values of A.
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‘We have that

R R L M et

F

where the first equality follows from rank(B(g)) = R, and the fifth inequality follows from Theo-

rem[26| To upper bound \/ Zf‘:l 0]24(73[1 B), we first consider Zle UZ(PIL A). Note that

J
n
Po A= 3 oj(A)ii]
U, J 7530
j=R+1

where ; and U are the left and right singular vectors associated with the jth largest singular value
0;(A). Note that 0;(A) = 0;(B) = 0 for j > n. It follows that

R 2R
> o2 (Py A) = | Y. 0HA) =|/(ors1(A),...,02r(A)T
Jj=1 j=R+1

<||(@r+1(4) = orr1(B) ..., 02r(4) — 62(B) || + [|(0rs1(B), .., o2r(B)) |

<min {VE|Z|, |1 Zll¢ } + (55)

where the first inequality follows from the triangle inequality, and second inequality follows from
Weyl’s inequality (Weyl, 1912), i.e. |0;(A) — 0;(B)| < ||[A — B| forall 1 < j < n, as well as the
fact that

[(0r+1(A) = 0r41(B), ..., 02r(A) = o2r(B)) || < [5(4) = B(B)llp < |1 2],
where the last inequality follows from Theorem [26] It then follows from (53)),
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<min {VE|Z. 2| } +

<2 min {\/EHZH, HZHF} +

where the first two inequalities follow from the same arguments as in (33). Consequently,

[Po. 8|, <3, X o2B)+2min {VRIZ|.|Zllr} -

j=R+1

O

Lemma 24 (Proposition 1 of Cai & Zhang| (2018)). Suppose Y € R™ " V = [V, V.] € O,
where XA/T € O, 0, ‘A/L € Oy, correspond to the first r and last (n — r) right singular vectors of
Y respectively. Let V = [V, V] € Oy, ,, be any orthogonal matrix with V,. € Oy, ., Vi € Oy p—p.
Given that cg(Y'V,.) > 0,41(Y"), we have

o (Y Vo) [Py, Y Vi |
o2 (YV;) — Uerl(Y)

where P 4 is the projection operator onto the column space of A.

Isin©(V,., V)| < A, (56)

Lemma 25 (Properties of the sin© distances ).
The following properties hold for the sin © distances.

1. (Equivalent Expressions) Suppose V, Ve Oyp,r. If Vi is an orthogonal extension of V,
namely [V V1| € Oy, we have the following equivalent forms for || sin®(V, V)| and

|sin©(V, V)|
Ism©(V, V)| = /1= 02, (VIV) = [VTV],
Isin©(V, V)|e = /7 — [[VIV|2 = [VTVL||g.

2. (Triangle Inequality) For all V1, V3, Vs € O g,
[sin ©(V2, V)| < [[sin ©(V1, V2)| 4 || sin ©(V1, V3)]],
[sin©(V2, V)[|p < [|sin©(V1, Va)lr + [|sin ©(V1, V3) g

F»

3. (Equivalence with Other Metrics)
Isin©(V, V)| < V2||sin©(V, V)|,
Isin®©(V,V)lr < V2|[sin®(V, V)|,
[sinOV, V)| < [VVT —vVT| <2||sin0(V, V)],
IVVT —VVT|r = V2| sin®O(V, V)|r.
Theorem 26 (Mirsky’s singular value inequality in [Mirsky| (1960)). For any matrices A, B €
R™*" Jet A = ViX(AYW," and B = VX (B)W, be the full SVDs of A and B, respectively.

Note that 3(A), X(B) € R™*"™ are non-negative (rectangular) diagonal matrices whose diagonal
entries are the non-increasingly ordered singular values of A and B, respectively. Then

1%(4) = 2(B)|| < [[A - B (57)

for any unitarily invariant norm || - || on R™*™.
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Theorem 27 (Weyl’s Inequality for Singular Values ). Let A, B € R™*" and denote their singu-
lar values (in nonincreasing order) by {o;(A)} and {o;(B)} respectively. In addition denote the
singular values of A+ B as {o;(A+ B)}. Then for all indices i, j satisfying i+j —1 < min{m, n},

Oirj—1(A+ B) < 0i(A) + 0;(B).

Lemma 28 (Ky Fan-type Inequality for Sums of Matrices). Let A, B € R™*™ and denote their
singular values (in nonincreasing order) by {o;(A)} and {o;(B)} respectively. In addition denote
the singular values of A+ B as {o;(A + B)}. Then for any 1 < k < min{m,n}, it holds that

k k k
Zag(A +B) < Zag(A) + Zgg(B).

Proof. For a symmetric matrix M € R"*", by Ky Fan’s maximum principle (see e.g. II.1.13 in
Bhatia| (2013)), forany 1 < k < n,

k
> Ai(M)= sup tr(PTMP).
i—1 PeQnxk
Therefore
k k
Y i A)=> N(ATA)= sup =(PTATAP)= sup |AP|f,
=1 = PeQnxk PeQnxk
and so
(A)= sup [AP[p.
Pe@nxk
Then

k
2(A+B) = A+ B)U|r < AU BU
;01( +B) = max [(A+B)Ulr < max [|AU]lr + max [|BU]r

k k
= Zag(A)+ Zaf (B).

O

Let T, ry,r,) denote the class of tensor in RP**P2*P3 with tucker ranks at most (11,72, 73). More
precisely
Tiryrars) = {A € RPVP2XPS - rank(My,(A)) < ri k= 1,2,3}.

Lemma 29. Let X* € RP1*P2xPs_ For k € {1, 2, 3}, suppose the k-th matricization of X* satisfies

* * * E* O * * T
Mp(X™) = [U¢ Ui L] {Ok EZJ Vi Vil

where U; € Oy, . corresponds to the the top ry singular vectors of My(X*). Then for k €
{1,2,3}, it holds that

rank (M (X*))
= ST BM(X) < €y

Jj=ri+1

[ X X, UI:L”F = ||X* Xk (Ip, _PU;)

where
inf [|A — X*||g.

r1,72,73)

Sramars) = 4 op
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Proof. By symmetry, it suffices to consider k = 1. Note that
HX* Xk (ka - ,PU;:) ‘F = ||X* Xk PU}«L*

F = X <% Ug g -
In addition

| X* %1 (I, — Puy)

e

rank(M (X*))
:HU1*¢U1*I'(Ul*LETJ_VfT)HF: Z oFH (M (X¥)).

j=ri+1

Note that by the properties of SVD, for any W € RP**P2Ps gych that rank(W) < rq, it holds that

rank(Mq(X*))
> o M(XF)) < My (XF) = W

j=ri+1

For any A € Ty, r,.r,), it holds that rank(M; (A)) < r1. Therefore for any A € T, .,

Tg)’

rank (M (X*))
> M) < [Mi(X) = Allr.

j=ri+1

Taking the inf over all A € 7, 1, r,), it follows that

rank(M(X*))

S HMUXF) < €y

j=rit1

37
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