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ABSTRACT

Federated continual learning (FCL) is an emerging learning paradigm with the
potential to augment the scalability of federated learning by facilitating contin-
ual learning among multiple learners. However, FCL is beset by the significant
challenges of local overfitting and catastrophic forgetting. To address both simul-
taneously, we propose Variational Federated Continual Learning (VFCL), a novel
Bayesian neural network-based FCL framework that consists of two cores. First,
we propose variational inference with mixture prior that merges global and local
historical knowledge, which addresses local overfitting caused by the absence of
global knowledge and catastrophic forgetting caused by the absence of historical
knowledge simultaneously. Furthermore, to minimize the error in global knowl-
edge acquisition, we present an effective global posterior aggregation method.
Additionally, we provide a theoretical analysis on the upper bound of the general-
ization error of VFCL, which further helps to select the optimal hyperparameters.
Empirical evaluations are conducted on VFCL, which outperforms other state-of-
the-art methods on the widely used CIFAR100 and TinyImageNet datasets.

1 INTRODUCTION

Federated learning (FL) (McMahan et al.,|2017;Bonawitz et al.,2019;|Li et al., 2021} Kairouz et al.,
2021) is a distributed learning paradigm that allows multiple learners to learn jointly while preserv-
ing data privacy. Its utility is demonstrated by its application in diverse domains such as finance,
healthcare, and the Internet of Things. However, the typical FL paradigm is hindered by its static na-
ture, which impedes the acquisition of new knowledge in dynamic environments, thereby seriously
constraining the scalability of the model. Federated continual learning (FCL) (Yoon et al., 2021}
Dong et al., 2022)) was proposed to improve the ability of FL to maintain and expand knowledge
among multiple learners in a collaborative manner. In FCL, each client performs continual learning
(CL) on its own private task sequence while acquiring knowledge learned by other clients through
FL. The data distribution of each client tends to be non-independent and identically distributed
(non-i.i.d.) and changes over time. The client local training is prone to local overfitting (Zhang
et al., [2022) because of the non-i.i.d. nature of the data distribution and limited data. Moreover,
catastrophic forgetting (Kirkpatrick et al.,|2017) during CL can also undermine model performance,
leading to historical knowledge being forgotten. Addressing both local overfitting and catastrophic
forgetting is a challenging problem.

Several recent studies have attempted to address these challenges in FCL. Regularization-based
approaches (Yoon et al., 2021;|Dong et al., 2022) exploit global and historical knowledge to mitigate
catastrophic forgetting, but they neglect the client local overfitting problem. Knowledge distillation-
based approaches (Ma et al., [2022; [Usmanova et al) |2022) transfer knowledge from global and
historical models to training model to retain learned knowledge, but they neglect local overfitting
and lack explicit means of preventing overfitting. In addition, new network structures, such as
prototypical networks (Hendryx et al. 2021)), have been introduced to reduce communication and
computational overheads. However, the neglect of local overfitting in existing work leads to the
divergence of the client’s local model from the global model, which reduces the generalization
performance and convergence rate. Existing studies do not considered both local overfitting caused
by the absence of global knowledge, and catastrophic forgetting caused by the absence of historical
knowledge, which hinders them from addressing the challenges in FCL.

In this paper, we propose a novel Variational Federated Continual Learning (VFCL) framework
based on Bayesian neural networks (BNNss) to address local overfitting and catastrophic forgetting
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simultaneously. The VFCL framework consists of two cores, i.e., variational inference with mixture
prior and global posterior aggregation. In variational inference with mixture prior, we merge global
and local historical knowledge into a mixture prior that utilizes global knowledge to mitigate local
overfitting while using local historical knowledge to address catastrophic forgetting. We represent
global and local historical knowledge in the same knowledge space, balancing the two to better
address local overfitting and catastrophic forgetting simultaneously. A BNN estimates the poste-
rior distribution of parameters using only double the number of parameters, but learns an infinite
ensemble, which makes the BNN more robust but also difficult to solve. Thus, we introduce vari-
ational inference to train the BNN efficiently. Second, to minimize the error in global knowledge
acquisition, we introduce a novel aggregation method, which is proved to have minimal Shannon
information loss compared to the original distributions. Additionally, We provide a theoretical anal-
ysis on the generalization error upper bound of VFCL, which can give the guidance for selecting
optimal hyperparameters. The effectiveness of our VFCL is empirically evaluated on the CIFAR100
and TinyImageNet datasets. The evaluation results demonstrate that our VFCL outperforms other
state-of-the-art methods. The main contributions of this study are summarized as follows:

* To our best knowledge, we are among the first to present a BNN-based FCL framework for
addressing local overfitting and catastrophic forgetting simultaneously, which consists of a novel
variational inference with mixture prior and an effective global posterior aggregation.

» Furthermore, we provide a theoretical analysis on the upper bound of the generalization error of
our VFCL, which supports the design of our VFCL and the selection of hyperparameters.

» The extensive experiments are conducted by comparing VFCL with other methods on CIFAR100
and TinyImageNet and the results clearly demonstrate the superiority of our proposed VFCL.

2 RELATED WORK

2.1 FEDERATED CONTINUAL LEARNING

FCL (Yoon et al., 2021; [Dong et al.l |2022) is a distributed learning paradigm that allows mul-
tiple learners to collaborate while learning continuously on their own. However, it faces vari-
ous challenges, such as privacy, communication efficiency, heterogeneity and local overfitting in
FL (McMabhan et al., 2017), and catastrophic forgetting in CL (Li & Hoiem, 2017). To address
these issues, FedWelT (Yoon et al., [2021) distinguishes between generic and task-specific parame-
ters, uses parameter masks for selective knowledge migration, and applies regular terms to mitigate
catastrophic forgetting. GLFC (Dong et al.,[2022) uses weighted cross-entropy and distillation losses
to solve class imbalances and catastrophic forgetting. In addition, many other regularization-based
approaches(Zhang et al., |2023b} |[Luopan et al., 2023 (Chaudhary et al.| 2022} [Wang et al.l 2023} |Q1
et al.,|2022) also attempt to mitigate catastrophic forgetting. CFeD (Ma et al.,|2022)) uses knowledge
distillation on both the clients and server to transfer knowledge and mitigate catastrophic forgetting.
Other knowledge distillation-based approaches (Usmanova et al.| [2022; Zhang et al.| [2023a) also
focus on catastrophic forgetting. FedRecon (Hendryx et al., [2021)) uses a prototypical network to
transfer knowledge through category prototypes. However, existing studies have mainly focused on
solving catastrophic forgetting while neglecting the relationship between global and local historical
knowledge, which hinders the balanced treatment of local overfitting and catastrophic forgetting.

2.2 BAYESIAN NEURAL NETWORKS

In deep learning, Bayesian neural networks (MacKay}|1992) offer several advantages over traditional
feedforward neural networks. Specifically, BNNs provide a means of regularization using the prior,
and their structure naturally captures the uncertainty of weights (Blundell et al.l |2015). However,
performing exact Bayesian inferences on neural networks is infeasible owing to high computational
overhead. In practice, the posterior is approximated using methods such as Markov Chain Monte
Carlo (Gamerman & Lopes, [2006) and variational inference (Graves}, 201 1).

BNNSs have been successfully applied to address local overfitting in FL. For example, FedPA (Al-
Shedivat et al., |2020) employed a posterior estimation approach by averaging the local posterior
distributions to obtain the global posterior distribution. FedEP (Guo et al.l 2023)) introduced ex-
pectation propagation in FL, obtained the global posterior through iteratively probabilistic message-
passing between server and clients. In pFedGP (Achituve et al.,2021), a shared deep kernel function
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is learned across clients, and each client trains a personalized Gaussian process classifier using a lo-
cally trained BNN. Similarly, in pFedBayes (Zhang et al., |2022), each client locally trains a BNN
and uses the global posterior as a prior distribution to mitigate local overfitting.

Bayesian methods are also useful in CL, in which priors can be exploited to mitigate catastrophic
forgetting. For example, VCL (Nguyen et al., 2017)) partitions the posterior distribution across tasks
into the posterior distribution of the old task and the likelihood of the current task, thereby enabling
CL through recursive probability distribution computations. UCL (Ahn et al., 2019) evaluates the
parameter uncertainty using a BNN and performs uncertainty-based adaptive parameter regulariza-
tion. UCB (Ebrahimi et al.| [2019), however, controls the learning rate of parameters based on the
level of uncertainty captured by the BNN and constrains the variation of important parameters. Bui
et al.[(2018)) proposed a partitioned variational inference framework that can be applied to FL and
CL, but they do not consider the more challenging FCL problem. To the best of our knowledge, our
proposed VFCL framework is the first BNN-based FCL approach.

3 METHODOLOGY

In this section, we first provide the problem definition in Sec. 3.1} Then, our proposed Variational
Federated Continual Learning (VFCL) framework involves variational inference with mixture prior
and global posterior aggregation, which are described in Secs. [3.2]and [3.3] respectively.

3.1 PROBLEM SETTING

FCL is a distributed learning paradigm with C' clients. A central server may exist to coordinate

client training. Each client learns from its private task sequence D, = {Dqt}tT;l, where T, denotes

the number of tasks of client ¢. An arbitrary task D, = {(x.,, yét)};g:{ , contains S, pairs of

samples ., and the corresponding labels y. ;. Notably, the task sequences of different clients are
independent, meaning that the number and content of their tasks can vary. To preserve client privacy,
the raw data of D, ; cannot be exchanged between clients. Considering the overhead of data storage
and model retraining, the learner has access to data from the current task, and only a small amount
of memory can be used to store the exemplars of the previous tasks.

The goal of FCL is to enable all clients to achieve better performance for their own personalized
models by making use of the knowledge of other clients. In addition, clients should learn new tasks
while maintaining their performance on the old tasks. The objective function can be written as

C

i L.(D.;6.), 1
{erfl;?:l 2 ¢(De; 0.) €]

where L. and 0. refer to the loss function and parameters of client c. As discussed above, the core
challenge of FCL is how clients can better utilize global and historical knowledge for addressing
issues of local overfitting and catastrophic forgetting. Therefore, as illustrated in Fig. |1} we pro-
pose a novel VFCL method involving variational inference with mixture prior and global posterior
aggregation, whose details are given as follows.

3.2  VARIATIONAL INFERENCE WITH MIXTURE PRIOR

In VFCL, client c trains a local BNN by variational inference to learn D, which uses the approx-
imate distribution ¢(w,|0.) parameterized by .. to estimate the posterior distribution p(w.|D.) of
the model weight w,. This can be described as the following optimization problem

6 = axg min Dic[q(w|6.) [p(uwc[ D). @
Bayes by Backprop (Blundell et al., |2015)) can be introduced to solve this problem, which assumes
that ¢(w,|6.) has a Gaussian probability density function with parameters 8. = (p., p.), where
L. is the mean of the Gaussian distribution, and the standard deviation is parameterized as o, =
log(1 + exp(p.)) to ensure positivity. The model weight w, can be sampled by w. = p. + o - €,
where - denotes pointwise multiplication and € is a noise following standard normal distribution.
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Figure 1: Overview of VFCL. The objective function of client ¢ includes the Kull-
back-Leibler divergence of g(w,|6.) and the mixture prior p(w.) as well as the likelihood cost
—Eg(w.|0.)[l0g p(De t|w,)]. Our main idea is to combine the previous posterior and the global
posterior into a mixture prior p(w,) that solves both the catastrophic forgetting and overfitting en-
countered in FCL. In addition, we propose a global posterior aggregation method to obtain a more
accurate \(fi, &) from the most recent local posteriors {p(w.|D.)}<_;.

The objective function is defined as
L= DKL[Q(WC‘BC)HP(WC)] —]Eq(wc\gc)[logp(Dch)], (3)

KL-to-prior likelihood cost

which consists of two parts: the Kullback-Leibler divergence between the approximate distribution
q(w,|0.) and the prior p(w. ), and the likelihood cost —Eq (4, |9, ) [log p(De|w.)].

In FCL, client c performs CL on its local private task sequence D.. The client’s CL process can be
expressed perfectly as a recursive posterior update process using the following equation

p(wc|Dc) X p(Dc,t|wc)p(wc|Dc,1:t71)7 (4)
where the prior p(w|D.1:1—1) is the posterior distribution of the old task, and the likelihood
(D ¢Jw,) is for the task ¢ being learned. We consider N (fi., &) to be an approximate Gaus-
sian distribution of p(w,|D, 1.4—1) with parameters 0. = (fic, pe)-

Clients use global knowledge to overcome local overfitting. The global posterior can be considered
as a finite mixture (McLachlan et al.,|2019)) of the local posteriors, which can be written as

C
p(wl{De}) = ZWCP(WC|DC)7 &)
c=1

where Zil 7. = 1,7 > 0and p(w,|D.) is the most recent local posterior of client c. We consider
N (fz, &) to be an approximate Gaussian distribution of p(w|{D.}<_;) with parameters 8 = (fz, p).

To address catastrophic forgetting and local overfitting simultaneously, we combine the historical
knowledge N (fi., &) and global knowledge N (i, &) to formulate the mixture prior as

N N

plwe) = [[Bws) =[] M- Nwjling, a;) + (1 = M) - N(wl g, 5)], (6)

J J
where A (x|p, o) is the Gaussian density evaluated at x with mean p and variance o2, N denotes the
number of parameters, and Ay, is a hyperparameter. To conduct a more in-depth study of the mixture
prior to FCL, we expand the mixture prior for a single parameter w; as

N (wj — iy)* 1=\ (wj — fi1;)°
plwy) V275, exp { 252 b V276 ; exp { 262 }-

)

We note that (w; — fi;)? mitigates local overfitting by penalizing the inconsistency between the
local and global models, and using the uncertainty 5, as a weight. By contrast, (w; — fi;)* mitigates
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catastrophic forgetting by constraining the dissimilarity between the current and old models, and the
importance of the parameter is measured by the uncertainty &;.

Taking advantage of p(w..), we rewrite Eq. [3|to obtain the final objective function as follows
L.= DKL[Q(“’CW«:)”I;('LUC)] - Eq(wCIOC)[Ing(DCAU’C)]' 3)

As p(w,) is a complex mixture distribution, there is no closed-form solution to Eq. 8] Therefore,
we approximate the solution using Monte Carlo sampling with the following objective function
L.~ Z /\p(IOg Q(wc,k|9c) - IOgﬁ(wc,k)) - Ing(Dc,t‘wc,k)a &)
k=1
where n is the number of samplings, and A, is a hyperparameter that controls the effect of the prior.

To provide a clearer explanation, a graphical model of VFCL is pre-
sented in Fig. [2] which demonstrates the relationship between the priors @
and other components. The external plate denotes the repetitions of C'
clients, whereas the internal plate denotes the repetitions of the number e
of samples for task ¢ for client c. The gray nodes indicate observed vari-
ables, whereas the white nodes indicate latent variables. The client local e
discriminant model is p(y_. |, ;, 8. ), whereas the client hidden variable
0. inherits the knowledge of global posterior 6 and local previous poste-
rior 6. In VFCL, global and local historical knowledge are aggregated Figure 2:  Graphical
into a mixture prior to balances their contributions. model of VFCL.

3.3 GLOBAL POSTERIOR AGGREGATION

The local posterior distributions of the clients are aggregated to obtain a more comprehensive global
posterior distribution to mitigate local overfitting. A straightforward way to obtain the global poste-
rior distribution is to minimize Kullback-Leibler divergence between the approximate global poste-
rior g(w|@) and local mixture posterior ¢(w.|6.), which can be defined as
e}
6* = arg min Dxr, [q(w]0)] > meq(we|6.)]. (10)
o c=1
However, in FL, the data distributions are often non-i.i.d. across clients, which complicates the
mixture distribution, and the solution of Eq. @]becomes infeasible. Therefore, we introduce con-
flation (Hilll 2011)) to fuse multiple distributions to a aggregated distribution, which is with density
proportional to the product of the densities of input distribution. Conflation has the advantage of
minimal information loss and high computational efficiency, with more details provided in Ap-
pendix @ We use conflation to obtain ¢(w|@), and each parameter in 6 is computed as follows

ZC H;,j 1

c=1 g2 .

- c,j =2 __

= —et, G = (11)
Zc:l gf i Zc:l ?7‘

where fi. j, o7 ; are the mean and variance of parameter j on client c.

The differences between the proposed aggregation

method and FedAvg (McMahan et al,[2017) are shown "] - i 23121;
in Fig.. We cpnsider p(9|Dl) and p(0|D) as the.local 041 8N 8Dy + m(6IDy)
posterior distributions of clients 1 and 2, respectively. /// K \\\ FedAvg

The sum 71 p(0|D1) + mop(0|Ds) represents a mixture 03 14 \ Y - Ouss
of the local posterior distributions of the clients, where | ,'/“ ’
m = mg = 0.5. Ours and FedAvg denote the posterior v
distributions obtained using the two aggregation meth- 0.1
ods. The vertical dashed line denotes the highest proba-
bility in the distribution. By analyzing the shapes of the
curves, we observe that our method tends to reduce the ]
variance of the aggregated distribution, and the mean Figure 3: Comparison between our pro-
value of our method is closer to the location of highest Posed aggregation method and FedAvg.
probability of m1p(0|D1) + map(0|D2) than FedAvg. Our findings demonstrate that our method out-
performs FedAvg and provides a more accurate approximation of the global posterior distribution.
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4 THEORETICAL ANALYSIS

In this section, we provide a theoretical analysis on the upper bound of the generalization error of
VECL, which can further help to select the optimal hyperparameters. Particularly, we focus on the
generalization error of the posterior distribution acquired through variational inference of any task
on any client, therefore we omit the subscripts ¢ and ¢.

Definition of generalization error. Generalization error is defined in Eq. where the distance
between the likelihood p(D|w) and data distribution p(D) is denoted by d3,(, ), and is used as an
indicator of the error; d%(, ) is the Hellinger distance defined in Eq. as used in (Achituve et al.}
20215 Bai et al.,{2020). The optimal variational solution is ¢(w|6*), and ® represents the parameter
space. The following equation represents the expectation or mean value of the generalization error

/ @2, (p(D), p(Dlw))q(w]|6*)d6, (12)

Hellinger distance measures the distance between two probability distributions, with a value such
that 0 < d%[(, ) < 1. Notably, the Hellinger distance is a symmetric distance metric between two
probability distributions.

d%(P,Q) = flle Va2 (13)

Assumptions. 1. The BNNs for all clients share the same architecture and contain L hidden layers,
all network layers are of width M, and the number of parameters is N. 2. The activation function
¢(+) is 1-Lipschitz continuous. 3. Constants B exists such that ||0||., < B.

Remark. We define the variational error 7, approximation error ¢ and estimation error ¢ as

r= (N(L+1)log M + Nlog(I\/S/N))/S, (14)
— : _ 2

£= uenl?cfSB | fo — follz> (15)

e =+/rlogs?, (16)

where S is the number of samples contained in D, § > 1, and [ is the dimension of the input data.
We aim to approximate the ideal model fj using model fp, with fg- being the best approximation.

The optimization process for the local client is as follows
0" =arg i, { A Dxlg(w]0)|[p(w)] + /@ L(p(D),p(Dlw))q(w|0)d0},  (17)
where L is defined as

p(D)
L(p(D),p(D|w)) = log . (18)
(), p(Phw)) =log
Lemma 1. Suppose that assumptions 1-2 are true, then the following inequality holds
/ dz(pw),p(mw))q(w\e*)de
° (19)

<5l [ £0D).pDlw)a(w]6")a0 + Disla(ulo”) F(w)]) + C'<2

where C' is a positive constant.
Lemma 2. Suppose that assumptions 1-3 are true, then the following inequality holds

/@ L(p(D), p(Dlw))q(w|07)d6 + X, Dicr.[a(w|07) [B(w)] < S(C" A +C7'¢),  (20)

17 a . .
where C' ,C"  are any diverging sequences.

Theorem. Combining Lemmas 1 and 2, we obtain the following upper bound for the generalization
error

"

/ d% (p(D), p(D|w))g(w|0*)dO < C'e® + C"r + (’;—g, 20
'y

which is determined by the estimated error ¢, variational error 7, approximation error £, and hyper-

parameter \,. All of C',C" and C"" are constants. Here, ¢ is affected by the sampling variability
and stochastic nature of the data. r is determined by variational approximation of the true posterior
distribution, and £ measures the discrepancy between the approximate representation fg and the
ideal solution fg+. Therefore, we make the following observations

6
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¢ As the sample size S increases, both € and 7 decrease, and overall error decreases.
* As the model capacity (i.e., the number of parameters /V) increases, r increases and £ decreases.
* As the weight of the mixture prior A, increases, {/\, decreases, and overall error decreases.

Based on these observations, we can develop our method by choosing appropriate /N to balance r
and ¢. In addition, more importantly, we theoretically show that the mixture prior can reduce the
upper bound of generalization error, which is beneficial to the model performance. Further, we also
experimentally verified the effectiveness of the mixture prior in Tab.[d Moreover, we found that a
large A\, while reducing catastrophic forgetting, also reduces the model’s adaptability to new tasks.
Therefore, an appropriate A, needs to be chosen to strike a balance between model stability and
adaptability to new tasks.

5 EXPERIMENTS

5.1 IMPLEMENTATION DETAILS

VFCL was evaluated on two benchmark datasets: CIFAR100 (Krizhevsky et al.l|2009) and TinyIm-
ageNet (Le & Yang,[2015). CIFAR100 comprises 100 categories with 60,000 images, and TinyIma-
geNet contains 200 categories with 110,000 images. To set up the incremental task, we adopted the
same strategy as in (Dong et al.,[2022) by dividing the dataset into 10 tasks. Each task contained an
equal number of categories, with no intersection between them. The number of clients for each task
was determined randomly. To simulate a non-i.i.d. scenario, clients were instructed to select 50% of
the classes in the current task, and the samples were then randomly selected from these classes. In
addition, no overlap was observed in the samples between individual clients.

Comparative experiments were conducted using the following prominent methods in the FCL
field: FedWelT (Yoon et al.| [2021), GLFC (Dong et al., [2022), CFeD (Ma et al., 2022}, and Fe-
dRecon (Hendryx et al.,2021). In addition, we set up ablation experiments for the prior, including
methods Ours w/o 8, Ours w/o 6, Ours w/o 8 + 6, and a compared method named Ours-FedAvg
that replaces global posterior aggregation with simple parameter averaging.

To ensure experimental fairness, models with the same number of parameters were used for the
different methods. ResNet-34 (He et al., 2016)) served as the backbone network for GLFC, CFeD
and FedRecon, whereas FedWelT and Our method used ResNet-18. In addition, the number of
Monte Carlo samplings n was set to 1 to ensure a fair computational overhead. All methods employ
the same multi-head classifier as that in (Castro et al., [2018)). Model training employed the SGD
optimizer with a learning rate of 0.01 for all methods. The number of global iterations (R) for each
task was set to 10, and the number of local iterations (E) was set to 5 for all methods. The exemplar
management strategy followed (Rebuffi et al.| 2017)), in which 20 representative samples are stored
for each category in the exemplar memory. The hyperparameters ), and )\, were set to 1 and 0.5.

5.2 EXPERIMENTAL RESULTS

Comparison experiments. The results of the comparative experiments are presented in Tabs.
and 2] where the best results are in bold and the second-best results are underlined. All comparison
experiments were run 3 times and averaged for final results. We observe that Ours outperformed
the other methods (Yoon et al.l 2021} Dong et al., 2022; [Ma et al., [2022; Hendryx et al., 2021) by
1.6%-8.2% in terms of average accuracy, which validates the effectiveness of Ours. In addition,
Ours performed best on all subsequent tasks beyond the first two warm-up tasks. Furthermore, the
performance of Ours decreased more slowly than other methods, which indicates that Ours addresses
the catastrophic forgetting more effectively.

Comparison of convergence rates. As shown in Fig. fa we compared the convergence rates of
the different methods. FedRecon could not be compared because it is a non-iterative method. The
figure shows the change in accuracy from Tasks 2 to 6, where each task contained 10 rounds of
global communication. Ours exhibited a faster convergence rate in new task learning, and the upper
bound reached by convergence was higher than those of the compared methods.

Comparison of catastrophic forgetting. As shown in Fig.[db] we compared the catastrophic forget-
ting of the different methods. The accuracy rate gradually increases during the task-learning stage.
However, the performance drops sharply once clients start learning the next task. Ours performs bet-
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Table 1: Comparison of different methods in terms of accuracy (%) on CIFAR100 with 10 tasks.

Task 1 2 3 4 5 6 7 8 9 10 Avg. A

FedWelT 733 60.0 535 48.8 44.1 42.1 412 39.0 363 349473 +17|]7.1
GLFC 77.6 642 56.6 52.1 47.0 457 458 439 405 399 (513 +19|{ 3.1
CFeD 745 64.8 57.0 53.0 49.5 464 448 415 404 38.8|51.1+1s|{3.3
FedRecon 76.7 61.8 523 47.7 442 399 375 35.6 335 325|462 +1s8|{ 82

OursFedAvg  77.0 63.6 577 54.5 504 49.1 485 46.5 43.0 423|533t | 1.1
Oursw/o @+ 6 74.1 61.7 532 493 44.6 43.6 41.0 39.5 362 36.0|47.9+07 |1 6.5
Ours w/o 8 73.8 603 54.1 512 47.8 454 44.0 422 403 39.4 499 +oo | 45
Ours w/o 0 735 574 49.6 469 43.0 412 395 37.9 357 34.7|46.0 <o || 8.4
Ours 76.3 64.5 60.0 558 522 50.0 49.9 47.5 443 438|544 .11| -

Table 2: Comparison of different methods in terms of accuracy (%) on TinylmageNet with 10 tasks.

Task 1 2 3 4 5 6 7 8 9 10 Avg. A

FedWelT 70.5 487 419 384 375 345 326 31.0 303 293395+ |56
GLFC 76.0 51.7 46.8 41.2 36.2 379 33.6 32.1 25.6 26.6|40.8 +20|4.3
CFeD 75.1 53.0 46.1 419 394 360 34.6 31.2 30.8 27.8|41.6+09 |{3.5
FedRecon 629 517 47.1 433 42.8 404 38.6 369 364 35.0|43.5+20 | 1.6

Ours-FedAvg 642 48.0 423 39.1 383 36.0 347 32.8 329 322|40.1 o5 5.0
Ours w/o 0 + 60 598 437 37.1 346 324 314 295 292 282 27.0(353 +11|{9.8
Ours w/o 6 624 469 40.1 37.2 36.1 34.1 323 309 304 29.7|38.0+13]| 7.1

Ours w/o 0 62.2 46.3 399 37.0 354 34.0 324 30.5 30.2 29.4|37.7 +os| |74
Ours 63.9 51.6 47.7 45.6 44.6 41.5 42.0 39.0 379 375|451 +1.:1| -

ter on the old task and remains stable as new tasks are added, indicating that Ours is more effective
in addressing catastrophic forgetting.

Comparison of global posterior aggregation. We conducted comparative experiments between
FedAvg and our aggregation method, the results are shown in Tabs. [I| and [2| where Ours-FedAvg
indicates the aggregation using parameters averaging. The experimental results show that the per-
formance of Ours-FedAvg was 1.1%—-5.0% lower than Ours on CIFAR100 and TinyImageNet, indi-
cating that our aggregation method is more suitable for the aggregation of posterior distributions.

Comparison of communication and computation overheads. We compared the models used
by the different methods listed in Tab. [3] where the number of floating point operations (FLOPs)
were obtained for inputs of size (1,3,224,224). Because both FedWelT and Ours double the model
parameters, ResNet-18 was used as the backbone network architecture, whereas GLFC, CFeD and
FedRecon used ResNet-34. There are only minor differences in the number of parameters between
the different models; therefore, the communication overheads are similar. However, the number of
FLOPs for forward propagation in ResNet-34 is twice as high as ResNet-18 (Ours), which means
that the clients require more computational resources.

Table 3: Comparison of different models in terms of computation complexity, including number of
parameters (Params) and floating point operations (FLOPs).

ResNet-18  ResNet-34  ResNet-18 (FedWelT) ResNet-18 (Ours)
Params 11.69M 21.8M 23.37TM 23.37M
FLOPs 3.64G 7.36G 3.71G 3.74G

Ablation studies on the mixture prior. We investigated the contribution of the prior by conductlng
ablation studies. The results are listed in Tabs. I 1]and 2 l where Ours w/o 6 indicates that 6 is not
considered as a prior, i.e., Ay = 0, Ours w/o 0 indicates that 6 is not taken as a prior, i.e., A\ = 1,
and Ours w/o 6 + 6 indicates that the mixture prior is disabled, i.e., Ap = 0. The results show that
removing the prior causes a performance degradation of 4.5%—9.8%, which demonstrates that the
prior has a positive effect on performance.
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Figure 4: Comparison of convergence rates and forgetting rates on CIFAR100.
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Figure 5: Results on CIFAR100 with different number of incremental tasks.

Analytical experiments on the number of tasks. We conducted comparative experiments by vary-
ing the number of tasks to further evaluate the efficacy of Ours, with results as presented in Fig.[5]
The curves show that Ours achieved superior performance on average compared with the other
methods. In addition, the slope of the Ours curve decreased less with an increasing number of tasks

than was the case for the other methods, indicating that Ours exhibits less catastrophic forgetting of
previously learned tasks.

Analytical experiments on )\,. ), controls the level Table 4: Accuracy (%) and Forgetting

of the prior constraint, and we investigated the perfor- (%) comparisons with different \,,.
mance changes under different values of A,. The results

are shown in Tab. E where forgetting is calculated in the Ap  Accuracy Forgetting
same manner as in (Yoon et al.,[2021). A larger \,, causes le-4 47.1 43.6

the model to forget less about old knowledge, but at the le-2 50.7 36.0
same time, a large \,, also prevents the model from learn- 1 53.8 28.6

ing new knowledge. Thus, the setting of A, must be a le2 44.7 26.7
trade-off between adapting to new knowledge and avoid- le4 41.2 23.2

ing forgetting old knowledge.

6 CONCLUSION

In this paper, we proposed a new Bayesian neural network-based FCL method named VFCL. Specif-
ically, we propose variational inference with mixture prior to address overfitting and catastrophic
forgetting. Then, a novel global posterior aggregation method is presented to reduce errors in pos-
terior distribution aggregation. Additionally, we provide theoretical analysis and experimental com-
parisons on our VFCL method. Particularly, we show the upper bound of the generalization error

of VFCL, and extensive experimental comparisons demonstrate the effectiveness of our proposed
method for FCL task.
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A  EXPERIMENTAL DETAILS
A.1 DATASET

[a,b,c] denotes the data shard contains classes a, b and c.

Label
Dey 1 D, 2 D, 3
Dot foa ™ sl 189l
D i T T { Do Deya
Index D,
10,1,2,3,4,5,6,7.8] [0,1,2] [3.4,5] [6,7,8] Co2) [3,4,5]
(1) Original Dataset (2) Split Tasks (3) Client Task Sequences

Figure 6: Construction flow of client private task sequences. First, the original dataset is split into
several tasks that contain no overlapping classes. Second, the split tasks are randomly selected as the
client’s task and and the classes of tasks included are also randomly selected. Private task sequences
from different clients may have similar (i.e., overlapping classes), unrelated, or interfering tasks.

The datasets CIFAR100 and TinyImageNet used in this paper are first split into a training set and a
test set. Then the training set is partitioned in the manner of Fig.[6] and each client has a different
sequence of tasks, their number of tasks, and the content of the tasks (i.e., the classes contained)
are different. Such a dataset partitioning method is designed to simulate a real FCL scenario as
much as possible, where each client learns on its own private sequence of tasks, and the local data
distributions of the clients are non-i.i.d., the tasks between clients may be similar, unrelated, or
interfering. Clients utilize the knowledge of other clients in the learning process to improve the
performance of the local model while preventing interference from the knowledge of other clients.
For the test set, each client is tested only on the classes it has learned, due to the fact that the tasks
are personalized on each client.

A.2 NETWORK ARCHITECTURE

0
Head 1| 1 .
2 Head 11—
' H 2
Backbone 3 Backbone
Head 2|— H
5 3
Head 2| 4
5
Head 3 —
Model of Client c¢; Model of Client c»

Figure 7: Client model architecture. The client’s local model consists of two parts: the backbone
network and the multi-head classifier. Backbone can adopt models like ResNet or DenseNet that
have already been designed. The classifiers are dynamically constructed based on the tasks, where
each head is a linear layer.

The architecture of the client local model is shown in Fig. It is worth noting that the client
model of VFCL is personalized, which is reflected in 2 aspects: (1) the weights of the backbone are
personalized (2) the architecture and weights of the classifier are personalized. VFCL requires the
backbone to be the same architecture across clients for knowledge exchange (i.e., global knowledge
as a prior), however, the weights of the backbone are personalized to cope with the non-i.i.d. data
of clients. In addition, since each client’s task sequence is different, the multi-head classifier for

13
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each client is also different, including the architecture and weights. The reasons for not sharing
the knowledge of the classifier include: (1) it is heavily dependent on the client’s local task, and is
dynamically constructed based on the local task, and (2) the parameters of this part are very few and
can be learned quickly at the client.

A.3 METRICS

In the experiment, we followed (Yoon et al., [2021)) to adopt accuracy and forgetting for evaluation.
The accuracy after learning the ¢-th task is defined as follows:

t
1
A=< ; Qi (22)

where a; ; denotes the accuracy of the i-th task after learning the ¢-th task. Incremental learning
contains two evaluation metrics, task-IL and class-IL (Masana et al., 2022). Task-IL has access to
the task-ID of the test sample during evaluation, and task-IL only needs to make predictions in the
classes contained in the task to which the sample belongs. However, class-IL is unable to obtain the
task-id, and needs to make predictions in all classes that have been learned. Generally, class-IL is
more challenging than task-IL. In real FCL scenarios, the task-id of a sample can hardly be obtained,
so we adopt class-IL to compute a; ;.

The forgetting after learning the ¢-th task is defined as follows:
Fy=—— max 1(aj_j — Qi) (23)
which represents the average performance degradation of all old tasks.

B OVERALL PIPELINE OF THE VFCL FRAMEWORK

The complete pipeline of VFCL comprises two parts: the server and client sides. On the server
side, for each continual learning task ¢, the server first performs client selection and then performs
R global communications. In each global communication, the client trains the local BNN inde-
pendently, and the server aggregates all updated BNN model parameters using Eq.[TT} The client
initializes with the latest global model and constructs 6 and 6, as a mixture prior according to Eq. @
The client then performs E rounds of local iterations using stochastic gradient descent. The client
first samples the parameter posterior distribution to obtain the model parameters in each batch, and
calculates the loss according to Eq.[9] and then updates the parameters of the approximate posterior
distribution ¢(w|@). In the last global iteration of each task, the client’s local posterior distribution
is retained as part of the prior when the new task is learned.

C FURTHER EXPLANATION OF THE MIXTURE PRIOR

In this section, Eq.[/|is further explained, and the relationship between the mixture prior and pre-
existing methods is discussed from the perspectives of FL and CL.

From the perspective of FL, the mixture prior and FedProx (Sahu et al., 2018)) share the same idea,
and both are used to alleviate local overfitting by penalizing the discrepancy between the local and
global models. The difference lies in the coefficient &;, which represents the uncertainty of the
parameters. When the uncertainty of the parameter is low, it can be assumed that the parameter is
deterministic in the global posterior distribution and has a high probability of being equally applica-
ble locally; therefore, it is assigned a higher penalty weight. Conversely, parameters are considered
uncertain in the global posterior distribution; therefore, smaller penalty weights are adopted.

From the perspective of CL, a similar idea was introduced in EWC (Kirkpatrick et al.| [2017) and
SI (Zenke et al., 2017) to mitigate catastrophic forgetting by protecting parameters that are important
for previous tasks. The difference lies in the importance measure, for which EWC uses the Fisher
information matrix, and SI uses the task-related information accumulated on the synapses. However,
the mixture prior uses the uncertainty &;. Parameters with low uncertainty can vary only within a
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Algorithm 1 VFCL

ServerExecutes({0.}< ,):
define a synchronized task sequence containing 7" tasks
fortaskt =1,2,...,7T do
select clients with task ¢
for roundr =1,2,.., Rdo
for each client c in parallel do
0. + ClientUpdate(8, ¢, t,r)
0 «+ Aggregation according to Eq.
return {6.}¢ ,

ClientUpdate(8, c, t,r):

construct the mixture prior according to Eq.[6]

for local epoche = 1,2, ..., E do
e~N(0,I)
o = log(1 + exp(p))
w=pu+o-€
calculate loss L. by Eq.[9]
6.+ 0.—nVL,

if r = R then
0.« 0,

return 6.

small range and are considered more important. Changes in these parameters can cause a sharp drop
in the performance of previous tasks, therefore, their changes need to be penalized, and vice versa.

D PROOF OF LEMMAS
Detailed proof of the upper bound of the generalization error of VFCL is provided in this section.

D.1 PROOF OF LEMMA 1

Before proving Lemma 1, we first introduce Eq. 24] from (Boucheron et al.| [2013)), where ¢ and p
are probability distributions and h is any measurable function with e” € L;(q).

log / "M q(dn) = sup [ / h(n)p(dn) —DKL[pIIQ]] (24)
Next, we define (p(D), p(D|w)) as
1(p(D), p(D|w)) = exp {/\lpﬁ(p(D),p(Dlw)) + Sdi; (p(D), p(D|w)) } 25)

We set h(n)) = logn(p(D), p(D|w)). ¢ = p(w), and p = q(w|0*), and Eq. 24 will be transformed
into the following equation

log /@ 0(p(D), p(D}w))F(w)do >

(26)
/@ [Al,, L (D). p(DIw)) + Sd3 (p(D). p(D}w)) | a(aw|0*)d — Dice [a(aw|0") [(ww)].
Then, we obtain Eq.[27]from Eq. [26]
[ & (p(D).p(Dlw))a(w]6)d6 <
(C]
s[5 [ £0®).pDw)gwio o @)

+ D [q(w]67)[|p(w)] + log o n(p(D),p(D\w))ﬁ(w)dG} :
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From Theorem 3.1 of (Pati et al.,[2018)), we obtain
o~ ! 62
/@ 1(p(D), p(Dlw))p(w)do < e 5= (28)
By combining Eq.[28]and Eq.[27] we obtain Lemma 1 as
| i (oD (D)) a(wie")do
171
<{7
— S,

(29)
L £ (D). p(Dlw))atuw]6*)d0 + Difa(wl6") [7(w)]] +C'e>

D.2 PROOF OF LEMMA 2

The Kullback-Leibler divergence between two Gaussian distributions N (j14, 04) and N (s, o) is

1 2 2 4 (g — )2
Dic W ) LN ()] = 5 [ (%) + =t o] o

Assuming that 1, and o, are variables, when Eq. [30] obtains the minimum value, the partial deriva-
tives of Eq.[30] with respect to 1, and oy, are 0, i.e.,

ODKLIN (ftas 0a) [N (15, 08)] o — pa

-0, 31
Em p (31)
ODKLIN (pta, o) IN (s, 00)] 1 03 + (fta — p)* 0
=— - JaT W T 32)
doy o o
Egs. [33]and [34] can be deduced from Eqs. [31]and [32]as
Hb = fla, (33)
o = 04 + (pa — m)*. (34)

For any £ > 0, the Kullback—Leibler divergence between any two mixture densities is bounded as
K K K - K
D 7] < i Al
KL [ Z TGk | Z Trgi] < Z i log 7 + Z 7k DL gk gx] (35)
k=1 k=1 k=1 k=1
Next, we define p(w) as

N
p(w) =HP\k'N(ﬁj’5]2')+(1—/\k)'N(ﬂjaff?)] (36)

For convenience, in the subsequent proof, we define ¢(w|0*) as
N

q(w]07) = T [\e - N3, 032) + (1= M) - N (5, 032). (37)

J

To prove Lemma 2, we construct o*? as Eq. which is based on Assumption 3. Because Eq.
can be arbitrarily small, o*? < B2 can easily be satisfied.
*2 N

= T Y S ;=B 3y
85(2BM )L+ Dlog 3IM [(s + 1+ z3—1)" + @pare—1 + @or17)
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With Eqs. [36|and [37]into Eq. [35] we obtain

Dictlalwl6")[w)] < Aulog (32 + (1= M) log (%)

+ Ak Dn N (15,05 ) [V (g, )] + (1 = M) Diw N (115, 05 ) IV (1, 67)

N —2 %2 * ~\2
Ak 7; o; "+ (5 — 1)
j=1 J J
N -2 %2 * ~ \2
1= A Z o)+ (uj — 1)
+ 5 Z[log(a—é)—k J (7% —1].
j=1 J J
Combining Egs. [33] [34] and 39] we can derive
*2 * ~ \2
o; (lf; fi;) T (40)
95
67 =037+ (4] — iy)* < 0}* + B> < 2B°, (41)
*2 * — \2
o:"+ pp— .
Vi (lj’; IU’J) 1= 0, (42)
95
= ot (- ) < o 4 B < 28 @)
Then we have
- Ak 1— X 2B? N 2B2
* < (25 = log —. 44
Dicufa(w|0")[5w)] < (5 + ") Nlog =7 = —log = (44)
Combining Eq.[38|and Eq.[#4]yields the following inequality
Dxwlg(w]07)||p(w)] <
N S N (45)
N(L+ 1)log(2BM) + 5 log log(3IM) + N log (41 N3 log(2B?)).
Therefore, we obtain .
Dxr[g(w|67)[p(w)] < C Sr. (46)

For an arbitrary sample (x, ), we can reformulate £ (p(D), p(D|w)) as

L(p(D),p(D|w)) = (Ily — fo()[I5 — lly — fol@)|3) /207
= (lly = fo(@) + fo(z) — fo(@)3 — |y — fo()|[3) /207 47
= (Ilfo(@) — fo(@)[I5 +2(y — fo(z), fo(x) — fo(x)))/207.

Then we denote
Ry = / I fo(@) — fo(a)|Za(w]67)d6, 48)
e
Ry = /@ (v~ fol@), folx) — folx))a(w]6")de. (49)

For R4, since

I fo(x) — fo(2)3 < S|l fo — foll2 < S(Ilfo — fo-lI% + | fo- — follZ), (50)
Then we can obtain
Ri < S(r+ | fo- — foll%)- (51)

For Ry, since y — fo(x) = € ~ N(0,02), then

Ro =" [ (fol@) = fol@)a(w]6*)d8 ~ (0. cs02) ©Y
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where ¢y = || [g (fo(z) — fo(x))q(w|0*)dO||3 < Ry due to Cauchy-Schwarz inequality, then
Rz < CRRy, (53)
where C’}% is a positive constant or any diverging sequence.
By combining Egs. and[53] we obtain
[ (D). p(D1w)g(1w]6")d6 = Ry /202 + Ro/o?
e

’ 54
< Ch+ VSC + | for — follZ)/202  OP
< CpS(r + | fo- — foll %),

where C’; is a positive constant or any diverging sequence.
Finally, we can obtain the following upper bound
|| £ (). p0pw)atwiodo < ¢S+ 6) (55)

By combining Eq.[46and Eq.[55] we obtain Lemma 2 as

/@ L (p(D), p(D|w))q(w|0*)d6 + A, D [q(w]6%)|[F(w)] < S(C”Npr +C€). (56)

E DETAILED EXPLANATION OF GLOBAL POSTERIOR AGGREGATION

To simplify notation, we denote the local posterior distribution of client ¢ by p.. The goal of global
aggregation is to find a distribution T'(p1, ..., pc), which is able to integrate the posterior distribu-
tions of all clients. The most straightforward method for combining probability distributions is the
weighted average, as follows

C
T(plv ~'~7pC) = Zﬂ—cpcv (57)
c=1

where 7. > 0 and chzl m. = 1. However, weighted average does not guarantee that the input
and output distributions are of the same type, e.g., if p1, ..., pc are unimodal Gaussian distributions
and T'(p1, ..., pc) is generally a multimodal distribution. The distribution integrated by weighted
average cannot be expressed in terms of the parameters of the input distribution, which prevents it
from being applied to BNNSs.

Another approach is to define a distribution g5 of the same type as the p., by minimizing the follow-
ing equation
C
DKL [QS H Z chc] 5 (58)
c=1

we obtain an approximate distribution ¢ of T'(p1, ..., pc’). However, 25:1 Tepe is usually a com-
plex multimode distribution, which makes it infeasible to solve Eq.[58] Although we can approx-
imate the solution of Eq. [58 by Monte Carlo sampling, the huge computational overhead and the
need for a training dataset make it infeasible in practice.

To address the problem of local posterior distributions aggregation across multiple clients, we intro-
duce conflation (Hill, 2011). We denote the conflation of p1, ..., pc by Q(p1, ..., pc). According to
Theorem 3.3 in (Hill,[2011), Q(p1, ..., pc) is with density proportional to the product of the densities
for each distribution, as follows

o= e fe()da
R AT

where f. is the probability density function of p.. The distribution of each parameter in the BNN
of our method is assumed to be Gaussian, so the aggregation of the parameter distributions is the
product of the Gaussian distributions, as in Eq.[TT]

(59)

Finally, we summarize the reasons why we use the conflation @ = Q(p1, ..., pc) as follows:
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¢ () of Gaussian distributions are always Gaussian.
¢ () has minimal Shannon information loss with the combined information from py, ...
* () has a closed-form solution, which is computationally efficient.

yPC-

F ADDITIONAL EXPERIMENTAL RESULTS

F.1 DIFFERENT BENCHMARK DATASETS

To further validate the effectiveness of VFCL, we conducted experiments on the two benchmarks
proposed by (Yoon et al., [2021), including Overlapped-CIFAR100 and NonlIID-50. For the fairness
of the experiment, we follow the same experimental setting as in (Yoon et al.| 2021)), the backbone
of FedWelT is set to ResNet-18, and the backbone of other methods are set as in Tab. 3] The number
of clients is set as 5, and each task has 20 rounds of global communication. The difference is
that (Yoon et al.}2021) is evaluated with task-IL, while we adopt class-IL, which is more applicable
to real scenarios and more challenging, as detailed in Sec.[A.3] The results are shown in Tabs. ]
and [6] respectively. The best results are in bold and the second-best results are underlined. We
observe that Ours outperformed the other methods (Yoon et al., 2021; |Dong et al., [2022; Ma et al.,
2022; |Hendryx et al.l 2021) by 1.3%—15.3% in terms of average accuracy.

Table 5: Comparison of different methods in terms of accuracy (%) on Overlapped-CIFAR100 with

10 tasks.
Task 1 2 3 4 5 6 7 8 9 10 Avg. A
FedWelT 684 50.6 42.0 38.4 34.0 33.7 32.8 31.6 282 31.8|39.1 +15{9.1
GLFC 72.9 55.6 4777 44.8 38.0 36.3 322 350 29.3 31.2 (423 +12|{59
CFeD 69.3 574 52.1 46.0 43.0 404 364 35.6 33.7 33.6|44.8 +12|3.4
FedRecon 719 59.2 40.3 34.8 31.8 31.8 28.6 27.9 31.3 30.7|38.8 +13| 9.4
Ours 74.7 60.0 53.0 50.0 45.2 429 41.0 409 374 373|482 +13| -

Table 6: Comparison of different methods in terms of accuracy (%) on NonlID-50 with 10 tasks.

Task 1 2 3 4 5 6 7 8 9 10] Ag | A
FedWelT 71.0 59.3 54.5 48.9 41.3 43.7 37.6 41.9 39.8 41.0 | 479 05| 1.3
GLFC  69.7 41.7 49.7 355 264 30.6 33.1 350 36.6 34.5[393<i2| 9.9
CFeD 747 39.6 375 37.4 351 34.8 339 359 36.0 36.8|402+12| 9.0
FedRecon 62.6 40.8 387 29.4 258 27.9 262 29.6 28.9 29.4 (339415153
Ours 69.6 51.6 59.3 464 38.8 45.0 42.8 465 460 46.1492-07| -

F.2 ANALYTICAL EXPERIMENTS ON )\

Ak is designed to control the balance between historical and global knowledge, as shown in Eq. [
We have conducted analytical experiments on )\, to compare the accuracy and forgetting rate of
different A\j. The results are shown in Tab. |7} According to the results, we found that both historical
and global knowledge play important roles in the model performance, and the lack of either is
detrimental to the model performance. In addition, we found that as \j, increases, 1 — \j, decreases,
i.e., the weight of historical knowledge decreases, which causes an increase in forgetting.

Table 7: Accuracy and forgetting comparisons with different \.

Ak 1 — A  Accuracy (%) Forgetting (%)
0 1 49.3 32.2
0.25 0.75 514 347
05 05 53.8 28.6
0.75 0.25 51.6 354
1 0 45.5 40.5
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F.3 ANALYTICAL EXPERIMENTS ON 1z

n in Eq. [0] denotes the number of Monte Carlo samplings, and we set n = 1 in the comparison
experiments to achieve fairness in terms of computational overhead. In practice, it is a worthwhile
trade-off for better model performance by adding some computational overhead. Therefore, we
conducted further analytical experiments for different n. We compared the model accuracy and
training time for n from 1 to 10, and the results are shown in Fig. [8] It can be seen that when 7 is
between 1 and 4, the accuracy rises as n increases, whereas when n is greater than 4, larger n does
not provide more performance gains. The training time overhead is linearly correlated with n, and
larger n results in more computational overhead. Based on the results of the analytical experiments,
we recommend setting n to a small number (less than 4).
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Figure 8: Comparison of different number of Monte Carlo samplings, where the time cost is the
training time of a single batch which size is (32,3,224,224).

F.4 COMPARISON OF COMPUTATIONAL EFFICIENCY

We compared the time cost of training and testing of different models, as shown in Tab. [§] It can
be seen that when n = 1, the training and testing time of ResNet-18 (Ours) is similar to that of
ResNet-34 and ResNet-18 (FedWelT), which shows that there is no drawback of our method in
terms of time cost. When n increases, the training time of ResNet-18 (Ours) increases linearly with
n, while the testing time remains the same. This is because we use the mean of the learned parameter
distributions as the sampling parameter in the test, and do not perform Monte Carlo sampling.

Table 8: Comparison of different models in terms of training and testing time, where the time is
obtained by testing a single batch with size (32,3,224,224).

Method Setting | Training (s) Testing (s)
ResNet-18 - 0.029+0001  0.019+0.001
ResNet-34 - 0.043 0001 0.02640.001
ResNet-18 (FedWelT) - 0.046+0002  0.025+0.001
ResNet-18 (Ours) n=1 0.045+0001  0.026+0.001
ResNet-18 (Ours) n =2 0.112x0001  0.027 0002

F.5 DIFFERENT BACKBONE
To further validate the effectiveness of our VFCL, we conducted experiments on datasets CIFAR100

and TinyImageNet using DenseNet (Huang et al., 2017)) as the backbone. The other settings of the
experiment are the same as the experiments in the main text. For experimental fairness, we try
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to make sure that the number of parameters of the backbone is the same for different methods,
therefore, we use DenseNet-121 in FedWelT and Ours and DenseNet-169 in GLFC, CFeD and
FedRecon. Comparisons of the number of parameters and computational overhead of the models
are shown in Tab.

Table 9: Comparison of different models in terms of computation complexity, including number of
parameters (Params) and floating point operations (FLOPs).

DenseNet-121  DenseNet-169 DenseNet-121 (FedWelT) DenseNet-121 (Ours)
Params 7.98M 14.15M 15.88M 15.88M
FLOPs 5.76G 6.84G 5.82G 5.82G

The results of the comparative experiments are presented in Tabs. [I0]and where the best results
are in bold and the second-best results are underlined. We observe that Ours outperformed the other
methods by 2.0%—-11.1% in terms of average accuracy, which validates the effectiveness of Ours.

Table 10: Comparison of different methods in terms of accuracy (%) on CIFAR100 with 10 tasks.

Task 1 2 3 4 5 6 7 8 9 10 [Avg. | A
FedWelT 81.2 68.3 60.9 54.7 50.6 50.2 492 459 434 41.5]54.6 | 2.0
GLFC 80.5 654 60.0 51.3 403 419 46.1 45.1 388 39.0|50.8 | 5.8
CFeD 804 649 56.1 53.6 483 48.0 459 419 424 412|523 | |43
FedRecon 823 622 512 41.7 445 37.6 352 359 308 33.7|455 | |11.1
Ours 76.2 652 622 57.1 555 549 51.1 503 479 45.2 | 56.6 -

Table 11: Comparison of different methods in terms of accuracy (%) on TinylmageNet with 10
tasks.

Task 1 2 3 4 5 6 7 8 9 10 [Ag] A
FedWeIT 80.3 61.8 569 534 525 503 489 458 445 44.0] 53.8 | 2.1
GLEC 81.6 59.5 569 550 54.0 50.0 44.5 449 44.8 434|535 |24
CFeD 80.3 634 59.1 53.6 51.9 487 50.7 46.0 42.0 39.7|53.5 | 2.4
FedRecon 72.1 582 53.0 50.6 50.0 47.9 459 43.8 42.0 41.450.5 |54
Ours 746 615 59.2 564 549 51.8 54.3 494 483 48.6 | 559 | -

F.6 COMPARISONS OF CONVERGENCE RATES AND FORGETTING RATES

Comparisons of convergence rates are shown in Figs. [9] and [0} FedRecon could not be compared
because it is a non-iterative method. The figure shows the change in accuracy from Tasks 1 to 10,
where each task contained 10 rounds of global communication. It can be seen that Ours exhibits
faster convergence rates as well as higher platform accuracy, and this advantage becomes more
significant as the number of CL tasks increases.

Comparisons of forgetting rates are shown in Figs.[TT|and[I2] which compare the change in accuracy
over the duration of CL for Tasks 1, 2 and 3, respectively. It can be seen that the accuracy of Ours
on the learned task can remain stable in CL and is higher than the other compared methods, which
validates the effectiveness of Ours in mitigating catastrophic forgetting.
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Figure 11: Comparison of forgetting rates on CIFAR100.
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Figure 12: Comparison of forgetting rates on TinylmageNet.
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