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Abstract

The growing focus on distributed data and
privacy has spurred the rise of Federated
Learning (FL). Empirical studies show that,
under equal resources, FL often underper-
forms centralized training, but the reasons
behind this gap remain theoretically un-
clear. This lack of understanding leaves
open whether FL is inherently inferior in
generalization and how the gap might be
closed. We address this by formulating FL
as a server-based SGD optimization prob-
lem over distributed data and analyzing the
generalization gap within the PAC-Bayesian
framework. Our analysis derives non-vacuous
bounds on this gap, showing that such a gap
necessarily exists under equal resources and
depends on training parameters. We further
prove that the gap can be fully eliminated
only by introducing new clients or adding
new data to existing clients, with the lat-
ter being more efficient. In contrast, allow-
ing FL to have advantages in other resources,
such as larger models or more communication
rounds, cannot close the gap. As a comple-
mentary analysis, we also confirm from a sta-
bility perspective that centralized FL holds
a generalization advantage over decentralized
FL, justifying our FL formulation choice. Ex-
tensive experiments across different model ar-
chitectures and datasets validate our theory.
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1 INTRODUCTION

Classical deep learning algorithms are typically per-
formed in centralized settings (He et al., 2016; Vaswani
et al., 2017), where deep neural networks are trained
with massive amounts of data on servers equipped
with strong computational power. This setup has been
proven effective in practice, including the training of
Large Language Models (LLMs) (Brown et al., 2020;
Black et al., 2022; Thoppilan et al., 2022), which have
recently received significant attention due to their im-
pressive performance on various tasks. However, an
inherent limitation of this approach is the imperative
centralization of training data (Chen et al., 2023). In
reality, the majority of data is generated and stored
in a distributed manner. If data containing sensi-
tive information is centralized, the privacy of partici-
pating parties will likely be compromised. The chal-
lenge of expanding data size while protecting data pri-
vacy has led to the emergence of a new type of learn-
ing methods that exploit training with distributed
data, among which Federated Learning (FL) (McMa-
han et al., 2017; Zhuang et al., 2021; Karimireddy
et al., 2021) is the most popular. In FL, training data
remains on local clients, and multiple clients collab-
orate with a central server to train a model without
sharing data (Li et al., 2021).

The introduction of FL effectively alleviates the pri-
vacy problem, but there is no perfect solution (Abdul-
Rahman et al., 2020). By comparing the two types
of training setups, many studies have found that un-
der equal training resources, the models trained in a
federated scenario do not perform as well as models
trained in a centralized scenario in test datasets or
downstream tasks (Elnakib et al., 2023; Zhao et al.,
2018), which drastically hinders the broad application
of FL. Notably, this conclusion has mainly been estab-
lished through empirical evidence, and the theoreti-
cal aspect has yet to be fully explored (Garst et al.,
2023; Mar’i et al., 2023). Previous theoretical studies
mainly study the generalization behavior of stochas-
tic optimization within a single training scenario (He
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et al., 2019; Zhao et al., 2024). The lack of theoretical
understanding has resulted in long-term arguments on
the existence of the performance gap (Drainakis et al.,
2023) and also prevented the identification of feasible
ways to close this gap.

In this paper, we revisit the fundamental question:
Given the same training resource (including
model, training data, total training compute,
etc), can federated learning catch up with or
surpass centralized learning in terms of gener-
alization performance? To advance the theoreti-
cal underpinnings, we model two types of learning as
server-based Stochastic Gradient Descent (SGD) (Bot-
tou, 1998; Sutskever et al., 2013) optimization prob-
lems on centralized and decentralized data, respec-
tively, and establish PAC-Bayesian (Probably Approx-
imately Correct Bayesian) bounds (McAllester, 1998,
1999) on the generalization error of the models. Since
the generalization bound is usually considered an es-
sential index of the generalization ability of the learn-
ing algorithm, the performance gap is formulated as
the distance between two generalization bounds. Our
analysis shows that such a gap necessarily exists un-
der equivalent training conditions and is affected by
training settings. Therefore, completely bridging this
gap requires FL to be provided with more training re-
sources. We prove that only incorporating new clients
or adding data to existing clients can fully close the
gap, while scaling model size or increasing communica-
tion rounds is not feasible. Furthermore, as a comple-
mentary analysis, we also provide a uniform stability
perspective (Hardt et al., 2016) to justify our formula-
tion of FL when quantifying the FL-to-centralized gap.
Finally, extensive experiments on two model architec-
tures (ResNet (He et al., 2016) and Vision Transformer
(Dosovitskiy et al., 2020)) and two datasets (CIFAR-
10 (Krizhevsky, 2009) and Mini-ImageNet (Vinyals
et al., 2016; Deng et al., 2009)) confirm that the empir-
ical results are closely aligned with our theory, showing
the practical applicability of our findings.

In summary, the key contributions of our paper are
shown below:

1. We theoretically characterize the generalization
gap between centralized and federated learning,
defining this gap as the distance between their
PAC-Bayesian generalization error bounds. As a
complementary analysis, we also adopt a stability
perspective, which suggests the correct modeling
of FL for a rigorous gap characterization.

2. We establish non-vacuous lower and upper bounds
on the generalization gap by proving the mono-
tonicity between the gap and the number of
clients. With these bounds, we discover that when

two training scenarios are provided with equiva-
lent training resources, the gap cannot be fully
closed even in the best case, and we also find the
influence of training settings on this gap.

3. We further explore whether the gap can be com-
pletely bridged if FL is given with training advan-
tages compared to centralized learning. Our study
shows interesting results that some common ap-
proaches in improving the performance, such as
scaling up model size or increasing communica-
tion rounds, cannot fully close this gap. Only in-
troducing clients with new data or adding data to
existing clients is possible. Among these two fea-
sible strategies, the latter one is found to be more
efficient in closing the gap.

4. Through extensive experiments on different model
architectures and datasets, the correctness of our
theoretical results is validated.

2 RELATED WORKS

2.1 Federated Learning

Federated learning (FL) is a class of distributed meth-
ods for collaborative model training without directly
sharing local data, thereby preserving privacy (Abdul-
Rahman et al., 2020; Li et al., 2021). The benchmark
approach is Federated Averaging (FedAvg) (McMa-
han et al., 2017), where a central server broadcasts
a global model, clients update it using local data, and
the server aggregates their updates. Beyond this cen-
tralized FL design, an alternative line of work adopts
decentralized communication, referred to as decentral-
ized FL (Yuan et al., 2024; Beltran et al., 2023). Here,
clients periodically average parameters or gradients
with their neighbors in a peer-to-peer network, avoid-
ing a central coordinator. This improves robustness
to single-point failures and can reduce communication
bottlenecks, but performance then depends heavily on
network topology and connectivity (Sun et al., 2024a).
In recent years, as people have become more concerned
about privacy and data security, many research works
related to FL have emerged (Zhuang et al., 2021; Zhao
et al., 2018; Tran et al., 2019). These studies gener-
ally hold the impression that centralized learning must
perform better than FL, and many of them focus on
proposing advanced FL algorithms to catch up with
the centralized baseline (Zhuang et al., 2021). How-
ever, the correctness of this impression has not been
fully explored from a theoretical aspect. Our work
fills this gap and identifies generic strategies that can
bridge the gap between the two training setups.
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2.2 Studies that Compare Federated
Learning with Centralized Learning

Since FL. was proposed, there have been studies fo-
cusing on the comparison between federated and cen-
tralized training. Some works aim to compare the
performance of the models trained in each training
scenario. These comparative evaluations report that
models trained in a centralized setup generally out-
perform models trained in a federated setup across a
variety of tasks and datasets, such as MNIST (Peng
et al., 2022; Mar’i et al., 2023), CIFAR-10 (Zhao et al.,
2018), and CICIDS2017 (Elnakib et al., 2023). Simi-
lar experimental results are also found in the federated
studies that adopt the centralized training results as
one of the baselines (Zhuang et al., 2021). In addition
to performance comparison, there are comparisons on
the convergence rate. Unlike the above studies, these
studies show that federated algorithms can attain the
same order or faster convergence rate than centralized
algorithms (Karimireddy et al., 2021). Furthermore,
a recent study by Drainakis et al. explores the differ-
ences between federated and centralized training from
the perspectives of energy cost and bandwidth cost
(Drainakis et al., 2023). However, these existing com-
parisons mainly fall into two categories. First, em-
pirical studies provide useful observations but do not
offer theoretical explanations for why the gap arises.
Second, some works attempted to analyze the gap
from the theoretical perspective, which they focused
on optimization efficiency rather than generalization
behavior. Consequently, the fundamental question
of whether a generalization gap necessarily exists be-
tween federated and centralized training remains the-
oretically unclear. In this work, we address this ques-
tion by providing a PAC-Bayesian characterization of
the generalization gap and deriving analytic conditions
under which the gap can be closed.

2.3 Generalization Bound for Stochastic
Gradient Descent Algorithms

Stochastic Gradient Descent (SGD) (Bottou, 1998;
Sutskever et al., 2013) is a foundational optimization
method in machine learning (Goodfellow et al., 2014;
McMahan et al., 2017). The generalization of stochas-
tic algorithms has been primarily studied through
two complementary frameworks: uniform stability and
PAC-Bayesian analysis. Uniform stability measures
how sensitive a learning algorithm is to the replace-
ment of training samples (Hardt et al., 2016). Specif-
ically, an e-uniformly stable algorithm is guaranteed
to have generalization error at most ¢, linking training
stability to its generalization ability. This perspective
is algorithm-dependent and well-suited for comparing
the generalization behaviors of different algorithms un-

der the same scenario (Sun et al., 2024b). The PAC-
Bayesian framework, in contrast, characterizes gen-
eralization through the divergence between the prior
and posterior distributions over hypotheses (He et al.,
2019; Mou et al., 2018; London, 2017). This divergence
describes the expected gap between training and test
error, providing a principled way to quantify general-
ization performance. Both frameworks have recently
been extended to FL settings. Stability-based analy-
ses study how communication protocols (Sun et al.,
2024a) and data heterogeneity affect generalization
(Zhu et al., 2024), while PAC-Bayesian studies inves-
tigate algorithm design for non-IID data (Zhao et al.,
2024) and the role of training parameters in general-
ization (Sefidgaran et al., 2024). However, most exist-
ing work analyzes generalization within a single train-
ing scenario, either centralized or federated, leaving
the generalization difference between the two regimes
insufficiently understood. In this work, we adopt a
combined perspective to study the gap between fed-
erated and centralized learning. The PAC-Bayesian
framework is used to rigorously characterize the gener-
alization gap and to analyze feasible ways to bridge it,
while stability analysis provides a complementary jus-
tification for modeling FL in a server-based setting. A
detailed comparison between our work and prior gen-
eralization studies is summarized in Appendix A.

3 PRELIMINARIES

3.1 Generalization Error

In machine learning, let the hypothesis class of a model
be denoted as © C R%. The primary goal of learning
algorithms is to identify a parameter vector § € ©
that minimizes the expected risk, expressed as R(6) =
EepF(6;€). Here, d represents the dimension of ©, F
is the loss function, and D is the unknown distribution
of the test data. When the parameter 6 is treated
as a random variable following a distribution @, the
expected risk with respect to Q can be written as

R(Q) = Eo@Ecn F(0;€). (1)

Since the true data distribution D is typically un-
known, based on the training data’s distribution 25,
the expected risk R is approximated by the empirical
risk R as

R(Q) = EonqE. 5 F(650), (2)

which is equivalent to the sample-average form
R(Q) = ﬁZCE@ngQF(G;C). The discrepancy

R(Q) — R(Q) between the expected risk R and the
empirical risk R defines the generalization error.



When Can Federated Learning Match Centralized Learning?

3.2 PAC-Bayesian Upper Bound for
Generalization Error

Within the PAC-Bayesian (Probably Approximately
Correct Bayesian) framework (McAllester, 1998,
1999), hypothesis functions learned by stochastic al-
gorithms are viewed as randomly sampled functions
from a hypothesis class. The generalization ability of
an algorithm is measured by the distance between the
posterior distribution of the output hypothesis () and
the prior distribution P, which is typically assumed to
be Gaussian or Uniform. This leads to a classic result
that provides a uniform bound on the expected risk
R(Q), presented as follows:

Lemma 1. [From (McAllester, 1998, 1999)] For any
positive real number § € (0,1), and for all distribu-
tions @, the following inequality holds with probability
at least 1 — § over a sample of size N:

R(Q) < R(Q) + \/ DIIP) + 1;%%3 o) +2
(3)

where D(Q||P) denotes the KL divergence between Q
and P, defined as:

D(QIIP) = Eog log<§§§Z§>. (1)

4 THEORETICAL ANALYSIS

In this section, we develop theoretical foundations for
the performance gap between federated and central-
ized settings and identify theoretically feasible ap-
proaches to close this gap. The main ingredient of
our theory is the expression of this gap in the view of
the PAC-Bayesian framework. We derive non-vacuous
bounds for this theoretical expression, showing that
the performance gap necessarily exists under equal
training resources and how this gap varies with the
parameters. Further analysis suggests that only the
strategy of introducing new clients or adding data to
existing clients is possible to close this gap fully. The
definition of the notations used in this analysis can be
found in Appendix B, and the full proof of the PAC-
Bayesian gap analysis is provided in Appendix C.

4.1 Problem Setup

We compare FL with centralized learning under equal
training conditions. Specifically, the same dataset
and model are used for both sides, and with equal
training compute, which we define following previous
scaling law studies (Kaplan et al., 2020; Muennighoff
et al., 2024) as the total number of samples processed
through training (dataset size times the number of

training rounds). We assume that they are equal so
that the comparison focuses on the effect of the learn-
ing paradigm itself rather than differences caused by
unequal optimization budgets. Within FL, we focus
on the classical server-client design and model the fed-
erated training by the FedAvg framework (McMahan
et al., 2017), rather than decentralized FL. This model-
ing choice is motivated by our complementary stability
analysis provided in Appendix D, which proves that
centralized FL holds stronger generalization guaran-
tees than decentralized FL. Hence, to precisely quan-
tify the gap between federated and centralized train-
ing, it suffices to be based on centralized FL. Con-
cretely, in such a federated scenario, there are n clients
and a central server that coordinates them. Each client
i € {1,...,n} possesses a local dataset D;, with the
average size denoted as m = = 3" | |D;|. Thus, the
total amount of data across all clients is nm. Assum-
ing FL iterates T' communication rounds, its formal
update in round j € {1,...,T} can be written as:

where 7 is the learning rate. The first line describes
the model aggregation on the central server, and the
second line shows local training of 6(j) on client 4.
Note that Eq.(5) summarizes the outcome of the ¢ local
SGD steps performed on each client during round j.
The gradients are evaluated at intermediate iterates
0;(j,7) for 7 = 0,...,t — 1, starting from 6,(j,0) =
6(5). Since local training is carried out with SGD, we
define the local batch size as Speq = kpeqgm, where
kreq denotes the batch-size ratio (i.e., % < kFeq <
1). In contrast, the centralized scenario works with a
dataset D = (J;_; D; of total size D = nm, and the
initial model weights are identical to those used in the
federated scenario, expressed as {6(0) = 6,;(0)|i € n}.
The centralized training of 6 is denoted as:

0(j +1) =00) — Vo EcepF(0(5);:¢),  (6)

and is iterated for % rounds to match the total training
compute. In each round, following SGD optimization,
the model 6 is trained using data from D for ¢ steps
with the batch size Scen = kcenD € {1,...,nm},
where kce, is the batch size ratio for centralized
SGD, satisfying —— < kcep < 1. Moreover, we
have kpeqgm < koenD due to more training data and
stronger computation allocated to centralized settings

in practice, leading to a generally larger batch size.
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4.2 PAC-Bayesian Generalization Gap

To derive the PAC-Bayesian view of the generalization
gap between FL and centralized learning, we first need
to establish the PAC-Bayesian upper bounds for the
generalization error of models trained in each scenario.
Similar to the previous studies (Stephan et al., 2017;
He et al., 2019), we make some assumptions on SGD
to help our proof.

Assumption 1. Considering that the stochastic gra-
dient §5(6) = Vg(tﬂ%(ﬁ(t)) is computed as the sum of
S independent gradients uniformly sampled from the
training dataset, we assume that the gradient noise is
Gaussian with covariance +C(0), so gs(0) can be ap-
proximated as

1
VS
where g(0) denotes the full gradient of the expected
loss. We further assume that C(6) remains approxi-
mately constant with respect to 6 and can be factorized
into C(0) ~ C = BB, where C € R*? is symmetric
and (semi) positive semi-definite.

9s(0) = g(0) + —=Ag(0), Ag(0) ~N(0,C(0)), (7)

We justify Assumption 1 by the central limit theo-
rem when the training data size is substantially larger
than the batch size. Since deep neural networks are
typically trained on large-scale datasets in real-world
applications, the Gaussian assumption about gradi-
ent noise is generally valid (Weinan, 2017; Stephan
et al., 2017). Also, the constant matrix C' can be
justified when the iterates of SGD are confined to a
small enough region around a local optimum of the
loss, where the noise covariance does not vary sig-
nificantly in that region. Recent empirical studies
have also observed that gradient noise may exhibit
heavy-tailed behavior in certain deep learning settings
(Zhang et al., 2020). In this work, we adopt the Gaus-
sian approximation that are more commonly adopted
in general SGD optimization and PAC-Bayesian anal-
yses to maintain analytical tractability.

Assumption 2. Assuming the loss function F(0) is
smooth, when the stationary distribution of the iter-
ates is confined to a local region mear a minimum 6%,
the loss gradient satisfies VF(0) ~ A(0 — 0*), where
A € R¥*4 js q constant (semi) positive-definite matriz
representing the local Jacobian of the gradient field.

Assumption 2 makes sense when SGD converges to a
low-variance quasi-stationary distribution near a deep
local minimum, where the gradient noise is small com-
pared to the average gradient. According to the fact
that the exit time of a stochastic process is typically
exponential in the height of the barriers between min-
ima (Stephan et al., 2017), local optima are very sta-
ble even in the presence of noise. Thus SGD follows a

relatively directed path toward the optimum. This as-
sumption is also supported by empirical evidence (see
p.1, Figures 1(a) and 1(b) and p.6, Figures 4(a) and
4(b) in (Li et al., 2018)). Moreover, this assumption
can be extended to general cases through translation
operations, which would not modify the geometry of
the objective and its associated generalization ability.

Based on the above assumptions and Lemma 1, we
derive a generalization bound for the models trained
by federated SGD optimization.

Theorem 2. For any positive real number ¢ € (0,1),
with probability at least 1—6 over a decentralized train-
ing dataset of total size nm across n clients, the fol-
lowing inequality holds for the distribution Qreq of the
output hypothesis learned by federated SGD:

R(Qrea) = R(Qrea) <
\/HF + ZkZlm tr(CA~1) — d + 2log(3) + 2log(nm) + 4 (8)

dnm — 2

where Hp = —log(det(Xped)), Lrea denotes the co-
variance matriz for the stationary distribution of FL,
C; is the covariance of the loss gradients and A; is
the Jacobian matrix around the minimum of the loss
Junction for local training on client i, C= % > Ci
A= 7112?:1 A;, d is the dimension of the model pa-
rameter 6 (parameter size), n is the learning rate and
tr(CA™1) is the trace of the product matriz CA™1.

By a similar approach, the generalization bound for
centralized training under equal training resources can
also be proved as follows.

Corollary 3. For any positive real number § € (0,1),
with probability at least 1 — § over a centralized train-
ing dataset of total size D on server, the following in-
equality holds for the distribution Qcen of the output
hypothesis learned by centralized SGD:

R(QCcn) - R(QCcn) <

\/ Ho + 5 tr(CA~1) — d + 2log(}) + 2log(D) +4 (9)
4D — 2 ’

where Ho = —log(det(Zcen)), Lcen is the covari-
ance matriz for the stationary distribution of central-
ized training, C and A are the covariance and Jaco-
bian matrixz around the minima for training with the
centralized dataset.

Since the gradient covariance matrix C, the Jacobian
matrix A, and the constant matrix ¥ are from the sta-
tionary distribution of the SGD optimization, it is easy
to notice that the comparison of two bounds becomes
intractable without the knowledge of how these matri-
ces vary with changes in the training setup. Therefore,
we further present two assumptions and study a spe-
cial case of the generalization bound.
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Assumption 3. We assume that A and ¥ are sym-
metric matrices satisfying AY = S A.

Assumption 3 implies that the local geometry around
the global minimum and the stationary distribution
are homogeneous across all dimensions of the parame-
ter space. Similar assumptions were also used in previ-
ous papers (He et al., 2019; Jastrzkebski et al., 2017).

Assumption 4. Under the fair comparison condition
that the same training dataset is used for both train-
ing scenarios, we assume that the local data distri-
butions Dy, ..., D, across n clients of size m form a
heterogeneous partition of the global dataset D of size
D = nm. Hence, we have the following approzimate
relationships:

A A+ Ay, (C+ Ac), (10)

N 1
Ty
where v > 1, and A, Ac are deviation terms intro-
duced by data heterogeneity. These deviations are as-
sumed to be bounded in norm: ||Aa| <e€a, |[Ac| <
€c, where e, ec grow with the non-1ID degree.

Assumption 4 reflects the realistic cases where client
datasets are drawn from heterogeneous (non-1ID) dis-
tributions and could be justified by the central limit
theorem when the average data size m across clients
and the size of the global dataset D are both large
enough. While the centralized quantities A and C
characterize curvature and noise under the full dataset,
their decentralized counterparts A and C' may devi-
ate due to non-IID local sampling. The inclusion of
bounded deviation terms A4 and A¢, whose magni-
tudes reflect the degree of heterogeneity across clients,
and scaling variable v captures this variability while
retaining analytical traceability for us to quantify the
impact of non-IID distributions. Under the two new
assumptions, we can characterize the difference be-
tween decentralized and centralized generalization be-
havior and formally establish the theorem that follows.

Theorem 4. Under the above assumptions and when
training resources for federated and centralized learn-
ing are equal, the generalization gap between federated
and centralized SGD optimization has the following an-
alytic solution:

Tn _ Tn y -1
chd _ chn _ (271,"fkrped'm, 2nkcg,LD)t7(CA )+

4D — 2
dlog(™tkegmy | T (A1) 4+ log(det(Ag) 1)

4D — 2

(11)
where Ay = (CATTA4+ Ac(I+ A7 AL))ATL, Ay =
(I+C71AC) (I +AAAY), and G is the generalization
bound of a learning algorithm.

Theorem 4 shows the analytic solution of the general-
ization gap in the PAC-Bayesian framework.

4.3 Non-Vacuous Generalization Gap Bounds

In this subsection, we continue to explore this theoret-
ical expression to gain a deeper understanding of the
gap. As pointed out at the beginning of the paper, our
interest lies in these questions: 1) Does the generaliza-
tion gap always exist with equal training resources? 2)
How is this gap affected by the environmental variables
in the federated scenario? We answer these questions
using the following theorem.

Theorem 5. Under the above assumptions, and as-
suming equal training resources between federated and
centralized scenarios, the generalization gap between
federated and centralized SGD optimization satisfies
the following inequalities:

1 -1
dlog(3771) + T (f4Ga ) — 1e(Ca )

4D — 2

ntr(A;) )

27 Tk pegm

1D —2 < O(Gred — Goen) < D -2
(A5 ) 4 S 1 o0
4D —2 ’
(12)
for 3 <n < D, where Ay satisfies (A1), j = |(A1)ijl,
n represents the number of clients and D = nm is
the total data size across clients. Additionally, when
n = 2, for any constant v > 2, the generalization gap
satisfies the following inequality:

+

log(det(Az)™1)
@) (gFed - gCen) Z W

leg(Q’Y*l) 4+ T (n(tT(CA—1)+tr(Al)) . ntT(CA_l))

27l kpeam 4kcen D

4D —2 '
(13)
Remark 1. Theorem 5 establishes non-vacuous upper
and lower bounds for the generalization gap between
federated and centralized training. These bounds allow
us to analyze if the gap necessarily exists and how the
gap is affected by various parameters:

e Gap Existence: Since C and A are (semi)
positive-definite matrices, we can observe from
Egs.(12) and (13) that Greq — Goen > 0 requires

Tytr(CA—1
LA ) Hlog(det(Az))

= — Consid-
g(n7~1)

ering that deep learning typically involves over-
parameterized neural networks to perform well
(Kaplan et al., 2020; Hoffmann et al., 2022) and
federated scenarios often scale to a significant
number of devices (i.e., leads to large n and D),
this condition is readily satisfied in practice.

satisfying d >

e Number of clients n: As shown through the
proved monotonicity, the gap increases with n.
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o Model dimensionality d: Both lower bounds
scale with the term dlog(n7~1). Since v > 1 and
n > 2, the gap increases with d.

o Communication rounds T': The impact of T
appears in the form of a difference between two
trace terms, which makes its sign unclear in gen-
eral. In the special case where client data is i.i.d.
and both training scenarios use identical batch
size, the term can become positive, and the gap
grows linearly with T. However, this assumption
18 rarely satisfied in realistic federated setups.

e Non-IID degree: The gap is explicitly affected
by Ay and Ao, which quantify client heterogene-
ity. As the term tr(A1) increases with T, and the
term log(det(A2) 1) remains fized, the gap grows
with the non-IID level across clients.

e Total dataset size D: Both lower bounds are
inwversely proportional to D, so increasing D con-
sistently reduces the gap.

With the above analysis, we can further summarize the
below important insight:

o Under equivalent training resources, a generaliza-
tion gap necessarily exists for deep learning be-
tween federated and centralized settings. This gap
is small if the training in a federated scenario sat-
isfies a small number of clients, mild data hetero-
geneity, and a small model size. Additionally, this
gap is also mitigated if the total data size across
clients is sufficiently large.

4.4 Strategies for Fully Closing the Gap

The above theoretical results demonstrate that the gap
cannot be eliminated completely as long as training
resources are equal between the two scenarios. There-
fore, if we still look forward to federated training catch-
ing up with centralized training, the federated scenario
has to be allowed with an advantage in some training
resources. To understand how different resources influ-
ence the gap when federated learning is given progres-
sively stronger advantages, we analyze the asymptotic
behavior of the gap with respect to several key param-
eters. Generally, increasing the data size and model
size can result in an improvement in performance. For
example, researchers have concluded scaling laws indi-
cating that the performance of large language models
is related to these two parameters (Kaplan et al., 2020;
Hoffmann et al., 2022). Besides, previous federated
studies have also empirically shown that increasing the
number of communication rounds or the number of
clients also leads to improved performance (McMahan

et al., 2017; Zhuang et al., 2021). So, we study the re-
lated parameters n, m, d, and T in federated settings
and derive the following theorems.

Theorem 6. Under the above assumptions and as-
suming that the federated scenario is provided with an
advantage in training conditions, the following inequal-
ities hold for the generalization gap between federated
and centralized SGD optimization:

n]LH;O(gFed - gCen) = nh—>Holo

(o228, oLy oty - o) <o
(14)

"}ETIOC(gFed - gCen) - "’}gnoo

(O(W) + o(%) + o(%) - 0(1)) <.
(15)

Here, v > 1, Gpeq is the generalization bound for feder-
ated scenarios having an advantage, and GFed—QCEn <
0 implies that federated training catches up with or out-
perform centralized training.

Theorem 7. Under the above assumptions and as-
suming that the federated scenario is provided with an
advantage in training conditions, the following inequal-
ity hold for the generalization gap between federated
and centralized SGD optimization:

Zlgr(l)o(gFed - gCen) = 0. (16)

Besides, if the federated scenario contains a large num-

ber of clients satisfying n > { 2k€n§m for any v > 1,
we also have:
lim (g~Fed - gCen) = Q. (17)
d—o0

Remark 2. Theorems 6 and 7 show how the gap be-
tween federated and centralized training behaves as key
parameters approach infinity, representing a continu-
ally growing advantage of federated training in these
parameters. The condition in Theorem 7 basically
holds in practice, considering that realistic federated
scenarios generally scale to a sufficiently large number
of clients (Kairouz et al., 2021) (e.g., phones with user
data, edge sensors, etc.) According to Eqs.(14), (15),
(16) and (17), we find that simply increasing the num-
ber of communication rounds (T) or the model size (d)
cannot close the generalization gap unless more data is
introduced. The two feasible approaches to do so are:
(1) increasing the number of clients, or (2) increasing
the average data per client. Among these, the latter is
more efficient, as the gap decreases at a faster rate with
respect to m than with respect ton (i.e. O(m)

vs O(w». This suggests that, in reality, fo-

cusing on growing the local dataset in existing clients
would be a more efficient way to make FL catch up
with centralized training than introducing new clients.
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5 EMPIRICAL VALIDATION

5.1 Experiment Setup

To empirically validate our theoretical findings across
different scenarios, we conduct extensive experiments
on two representative model architectures, ResNet-
18 (He et al., 2016) and Vision Transformer (ViT)
(Dosovitskiy et al., 2020), which exemplify Convolu-
tional Neural Networks (CNNs) (LeCun et al., 1998)
and Transformers (Vaswani et al., 2017). For each
architecture, we built 10 models of varying sizes to
study the effect of model scale. We evaluate them on
two standard datasets: CIFAR-10 (Krizhevsky, 2009)
with 50,000 training and 10,000 validation images, and
Mini-ImageNet (Vinyals et al., 2016) with 60,000 im-
ages in 100 classes extracted from ImageNet (Deng
et al., 2009). Since Mini-ImageNet does not provide a
complete train/validation split, we randomly divide it
into 48,000 training and 12,000 validation images. The
full training sets are used for centralized training, while
for FL we partition them into n client datasets using
Dirichlet sampling (Hsu et al., 2019) with parameter
a = 0.1, where a smaller « yields more heterogeneous
splits. Detailed settings and server configuration are
provided in Appendix E for reproducibility. All exper-
iments were repeated with three random seeds (i.e., 0,
10, and 100), and the reported results correspond to
the average performance across these runs.

5.2 Empirical Evidence

5.2.1 Generalization Gap under Equal
Resources

We verify our non-vacuous bounds about the general-
ization gap by first constructing federated and central-
ized scenarios with equivalent training resources based
on our problem setup. According to Egs.(12) and (13),
we observe that the gap is affected by the number of
clients n, the model dimensionality d, and the data
heterogeneity across clients. Hence, we conduct three
sets of experiments to validate their respective impact.
Figure 1 shows that the testing accuracy of models
decreases with the number of clients. Since the cen-
tralized scenario can be considered as containing only
one client (which is the server), the impact of n on the
performance gap is justified. Next, the light blue area
in Figure 2 demonstrates that enlarging the model size
widens the gap for both ViT and ResNet architectures,
which aligns with our theory. Finally, we also observe
that the increasing non-I1ID level contributes to the
enlargement of the gap. Figure 3 illustrates the im-
pact of the non-IID degree, where a smaller a implies
stronger heterogeneity across clients. As the hetero-
geneity level increases (moving right along the x-axis),

Impact of n on Mini-Imagenet Impact of n on CIFAR-10

— Vit-OneBlock
ResNet-18 ResNet-18

\\

0 20 40 60 80 100 0 20 40 60 80 100
Number of Clients Number of Clients

— Vit-OneBlock

IS @ @
5 3 3

Test Accuracy

N
S

Figure 1: Impact of the client number n on gen-
eralization. (Left) Curves of Mini-ImageNet accu-
racy (%) to n. (Right) Curve of CIFAR-10 accuracy
(%). The centralized scenario is considered as n = 1.
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Figure 2: Impact of the model size d (measured
in M (millions parameters)) on generalization.
The gap between federated and centralized training is
demonstrated by the light-blue area.
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Figure 3: Impact of the non-IID degree on the
performance. Smaller « implies greater heterogene-
ity across clients (i.e., a decreases from left to right on
the x-axis).

the light-blue shaded area becomes larger, indicating
a wider performance gap between federated and cen-
tralized training. This observation is consistent with
our theoretical analysis, which predicts that stronger
data heterogeneity enlarges the gap.

5.2.2 Bridge Gap by Increasing Resources

To empirically investigate our theoretical insights
about the complete elimination of the performance
gap, we designed four sets of experiments for the four
parameters involved in Theorems 6 and 7. In each ex-
periment, centralized training of ViT is compared with
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Figure 4: Empirical evidence for strategies that
are feasible in closing the gap. (Left) By incorpo-
rating new clients (increasing n). (Right) By adding
data to existing clients (increasing m).

FL on Mini-ImageNet, where FL holds an advantage
in one kind of training resource. We start from the
setting where this training resource is equal and grad-
ually amplify the focused parameter in the federated
scenario to examine whether the performance gap can
be progressively closed.

The results in Figures 4, 5, and 6 validate our theo-
retical findings. Figure 4 corresponds to Theorem 6.
Specifically, the generalization performance of mod-
els trained in federated setups catches up with or sur-
passes that of centralized training by either incorpo-
rating new clients or adding data to existing clients.
Moreover, Figure 4 shows that the latter approach is
more efficient in closing the gap, as indicated by the
steeper improvement curve. For example, scaling up
the average data size by ten times (i.e., from m = 480
to m = 4800) results in a larger generalization im-
provement than scaling up the number of clients by
ten times (i.e., from n = 2 to n = 20) for the same
amount of increased data.

Figures 5 and 6 provide complementary evidence for
Theorem 7. In these experiments, we examine whether
giving federated learning an advantage in model size
(d) or communication rounds (7T") can eliminate the
gap. The results consistently show that simply in-
creasing d or T fails to close the gap with centralized
training. This observation holds under both a par-
tial dataset setting (4800 samples) and a full dataset
setting (48000 samples), further confirming that scal-
ing model size or communication rounds alone cannot
eliminate the performance gap.

6 CONCLUSION

This paper re-examines why models trained in FL of-
ten underperform compared to centralized ones, focus-
ing on the theoretical exploration of the generalization
gap and strategies to bridge it. By formulating the gap
as the distance between the PAC-Bayesian generaliza-

Bridge Gap by Scaling Model Size Bridge Gap by Increasing Communication Roun

=

14

N

12

-~ Centralized / 4800 Data =+ Centralized / 4800 Data
Federated 10 Federated

Test Accuracy
)

@

8

3

6

8 16 24 32 40 48 56 64 72 40 60 80 100
Model Size Number of Rounds

Figure 5: Additional evidence for strategies that
are unable to close the gap. The baseline cen-
tralized scenario contains 4800 data, aligned with the
settings in Figure 4. (Left) The strategy of scaling
model sizes (increasing d). (Right) The strategy of
increasing communication rounds (increasing 7).

Bridge Gap by Scaling Model Size Bridge Gap by Increasing Communication Rour

2
-~ Centralized / 48000 Data --- Centralized / 48000 Data
£ 250 Federated 250 Federated

17
8 16 24 32 40 48 56 64 72 40 60 80 100
Model Size Number of Rounds

Figure 6: Further evidence for strategies that
are unable to close the gap. The baseline central-
ized scenario holds the complete training set, which
contains 48000 data. (Left) The strategy of scaling
model sizes (increasing d). (Right) The strategy of
increasing communication rounds (increasing 7).

tion bounds of server-based FL and centralized learn-
ing, we derive non-vacuous bounds on this gap, show-
ing that it necessarily exists under equal training re-
sources and is shaped by training settings. We further
prove that the gap can only be closed by introducing
new clients or adding data to existing clients, with the
latter being more efficient, while common strategies
such as scaling model size or increasing communica-
tion rounds are ineffective. As a complementary anal-
ysis, we also provide a stability view, confirming that
centralized FL holds a generalization advantage over
decentralized FL and justifying our FL formulation for
a rigorous gap analysis. Finally, our empirical studies
across different architectures and datasets corroborate
the theory and highlight its practical relevance.
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A Comparison of Existing Works Analyzing Generalization in FL

This section presents the detailed related work comparison omitted from the main manuscript, highlighting how
our analysis differs from existing studies. As shown in Table 1, prior studies mainly focus on generalization
within a single training scenario, either federated or centralized, and many recent works adopt only the stabil-
ity perspective. While a few early efforts compare both training settings, they often rely solely on empirical
observations or lack rigorous theoretical guarantees. As a result, a combined theoretical treatment using both
the PAC-Bayesian theory and the stability tool for comparing federated and centralized training remains largely
unexplored. Our work addresses this gap by applying PAC-Bayesian analysis to rigorously quantify the general-
ization gap and derive theoretical insights on how it can be bridged, and employing stability analysis to support
our problem setup.

Table 1: Generalization Analysis Comparison between Our Paper and Related Works.

Theoretical Analysis Scenario Gap | Gap-bridging
Paper Analysis Framework Setup Study Insights
London (2017) v PAC-Bayes Centralized X X
Mou et al. (2018) v PAC-Bayes / Stability Centralized X X
He et al. (2019) v PAC-Bayes Centralized X X
Yuan et al. (2022) v Independent Analysis X v v
Peng et al. (2022) X X X v X
Mar’i et al. (2023) X X X v X
Zhao et al. (2024) v Pac-Bayes Federated X X
Sefidgaran et al. (2024) v Pac-Bayes Federated X v
Zhu et al. (2024) v Stability Federated X X
Sun et al. (2024b) v Stability Federated X X
Sun et al. (2024a) v Stability Federated v X
Ours v PAC-Bayes / Stability | Federated/Centralized | v/ v
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Number of clients in the network

Average number of local data across clients
Model parameters

Dimension of model parameters / Model Size
Loss function

Dataset

Data sample

Learning rate

Communication rounds

Indexes

Round Index (Stability) / Number of Local Epochs (PAC-Bayes)
Algorithm

Small constant

Constants related to assumptions

Number of participating clients in each round
Transition matrix of communication walk
Spectral contraction constant depending on P
Communication weight matrix for decentralized mixing in decentralized FL
Second largest eigenvalue

Node degree in network

Number of edges in network

Training perturbation term

Probability

Distribution of the output hypothesis

Prior distribution

Covariance matrix about gradient

Jacobian matrix of the gradient field

Batch ratio

Data size

Value depending on data heterogeneity
Generalization error bound

Expected risk and empirical risk

Stochastic gradient and full gradient

Stationary covariance matrices of federated and centralized SGD
Batch sizes in federated and centralized training
Deviation terms induced by data heterogeneity
Composite deviation terms in the gap analysis
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C Full Proofs for PAC-Bayesian Analysis on Generalization Gap

This section shows the full proof for our theoretical analysis shown in Section 4.

When Assumptions 1 and 2 hold, we can introduce some necessary lemmas for our proof.

Lemma 8. Under the above assumptions, if learning rate n and batch size S = kpeqm are fized, we can derive
the following analytic solution for the output parameter Opeq(T) of federated SGD:

Ope 0 TAt [0 / —~TA(t—t )Bd
r d Z kFed W( ) (18)

where A; is the Jacobian matriz and B; is the covariance matriz for local training on client i, respectively.

Besides, we have A =13 A; and B= 13" B,.
i=1 i=1

Proof. From the result of the Ornstein-Uhlenbeck process (Uhlenbeck and Ornstein, 1930), the analytical solution
for the local SGD training on client ¢ in the first round j = 1 is expressed as follows:

t
0:(1) = 6;(0)e it + 1 / e~ A=) Baw (1), (19)
kream Jo

where W (') is a white noise and follows A (0, ). Then based on the update rule of FedAvg defined in Eq. (5),
the analytic solution for local training on client 4 in the round j = 2 should be:

6:(2) = % j \/ kFed / OB () 20)

Substituting Eq.(19) into Eq.(20), we have

91-(2):12( S \/;/ ") BidW (t )) ~Aut

+ ./ / —Ai=) Baw (t) (21)
kFed
_ 6 —2At / —A(t t )BdW / —A;(t— t B dW( )
\/ kFed \/ kFed

In the same way, we formulate the analytic solution in the round j = 3 as follows:

1 ¢ 72At / / A(t—t")
— )Bd
’I’Lg kFed W( )
[N —A;(t—t") —Ait / / —A;(t—t')
+ B, dW (t B;dW (t
kFed / kFed ( )
1
—2At —Ait 4 A(t—t") —A;t
— )B
nz:: \/kFed / Wit Ze
/ Z/ —A(tt)—AthW / / —A(tt)Bdw() (22)
kFPd kFPd

—oe s [ ([ a0 ) s [ A0 ()

kpeam

/ —A;(t—t' )B dW( )

V kFed

— 73At / / 7A(t t') BdW [0 / —A;(t—t )B dW( )
kFed 2 kFed
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Similarly, the analytic solution after T rounds of federated training can be derived as the following equation:

Opea(T Z 0;i(

1 n t ,
_ e~ TAt | e~ A=) BAW (¢ \/T / e~ M= Baw (¢
\/E/1 —T)t #)+ kFedng )
~TAt \/7/ At— ) Baw (¢’ \/7/ —Al- D Bdw (t')
kFed 1— T)t kFed

—TAt / —A(t t )BdW( )
\/ kFed 1-T)t
1— e—TAt _
— 91 0 —TAt _ B
( )e * \/ kFed A
_ aoe—TAt + n TQA- e_TAt)B
kpeam
—TAt —TAt t
= T, —— ) BAW (¢
kFed / ( )

which completes the proof.

O

Lemma 9. Under the Assumption 2, the stationary distribution of the Ornstein-Uhlenbeck process for the fed-

erated SGD,
1 _
q(OFea) = M exp {_29}‘edZFid9} )

has the following property,
T?y

Fed™

TAEFed + EFedTA =

where M is the normalizer and X peq is the covariance matriz of the stationary distribution.

Proof. From Eq.(24), we know that
Yred = Eong[0Fedbopy)-

Then, according to Eq.(23), we can derive the following equation:

TAZFed + EFedT’A’Z1 =

t
/ TAe—TA(t—t’)C—«e—TA(t—t’)dt/
Fed™

T277 ¢

e—TA(t—t/)C—«e—TA(t—t’)dt/TA
kpeam

_ T ! i(e—TA(t—t’)C_«e—TA(t—t’))
kpedm oo dt’
T

- "~
kFedm

which completes the proof.

C.1 Proof of Theorem 2

Next, we start to prove Theorem 2.

(24)

(25)

(26)

Proof. Following the classical Pac-Bayesian framework, we suppose the prior distribution over the parameter
space 0 is P, and the distribution of the learned hypothesis from the federated SGD algorithm is Q). Then
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according to Eq.(24), the densities of the stationary distribution @ and the prior distribution P are respectively
q(0) and p(f) in terms of the parameter § and can be expressed as the following equations:

1 1
)= —— ——pte it 9}7
)= s exp{ ST
) ) (28)
)= ——e —=0716 ;.
p(6) /27 det(I) Xp{ 2 }
Thus we have
27 det (]
log <q(9)> = log _v2mdet(l) exp {19TIQ _ 19T2Fid9}
p(o) 2w det(EFed) 2 2 } (29)

1 1 1
= -1 B — Z(0719 — T L )
9 08 (det(EFed)> + 5 (6710 — 0725,6)

Here, we can calculate the KL divergence between the distribution @) and P by applying Eq.(4) in Lemma 1:

DQIP) = Eone (102 25

= /eeelog <ZEZ;) q(0)do
_ /969 B log (W) G mz;;de)} 4(0)do

0TS peqa(0)d

1 1
:—log + =

1 1
_ 0T10q(0)d0 — =
2 (N/det(EFed)> 2 /eee a(®) 2 Jrisi

1 1 1 1 _
= 9 log () + §E0NN(072Fed)9T19 - §E9NN(0>2ped)9TEFid9

1/ det(EF@d)

1 1 1
=—log| —m——— | + =tr(XFeq — I).
2 g( det@mn) e = 1)

Since we have proved from Lemma 9 that TAY peg + L redTA = T2

z C, we have
Fed™M

2
AN ped A 4 Sped = 1G4

_ _ T _
tr(AD peg A" + Speq) = tr(——— CA™Y).
kpeam

For the left-hand side, we can change it to the following equation:

LHS = tr(AY peg A" + S pea)
= tr(/_lZFed/_l_l) + tr(Xped)
= tr(AA" S peq) + tr(Speq) (32)
=t1(Zped) + tr(Xpeq)
= 2tr(XFed)-
Therefore,
T A7 Tn

1 _
tr(EFed) = Etr(ch ) = 2kF dmtr(CA_l). (33)

On the other side, we can simply calculate that tr(I) = d, because I € R?*4 where d is the dimension of the
parameter #. Then we can have

1 1 1
D(QFedl|P) = —3 log(det(Xpea)) + §tr(EFed) - 5“([)
™ _ i - %d.

(34)

1
= ——log(det(X e
5 los( et(Xr d>)+4kFedm



Xuanyu Chen', Shuai Wang?, Nan Yangl*, Dong Yuan'”

By inserting the Eq.(34) into Eq.(3), we can drive the following inequality for the global training sample set of
size nm:

—tr(CA~1) — d+ 2log(}) + 2log(nm) + 4 (35)

b

R(QFed) — R(QFed) <

dnm — 2

\/ —log(det(Srpeq)) + o7

which has completed the proof. O

C.2 Proof of Corollary 3

By a similar approach, we can prove the generalization bound for centralized SGD. We start by proving the
required lemmas.

Lemma 10. Under all assumptions of Lemma 8, if learning rate n and batch size S = kcen D are fized, we can
derive the following analytic solution for the output parameter of centralized SGD trained on the same amount

of training data:
boun() = 00044 L [ [ bt g ), (30)

where A is the Jacobian matrix and B is the covariance matriz for training on the centralized dataset of size D.

Proof. Based on Eq.(6) and the result of the Ornstein-Uhlenbeck process (Uhlenbeck and Ornstein, 1930), we
can simply derive the following analytic solution for the baseline centralized SGD:

Ocen(T) = 0(0)e™ 4t + 1/kcen / —w A=) Baw (1)), (37)

Thus completing the proof. O

Lemma 11. When Assumption 2 holds, the Ornstein-Uhlenbeck process’s stationary distribution for the baseline
centralized SGD,

1
q(HC'en) = Mexp {_291-252”0} y (38)
has the following property,
T T T2n
—AYcen + Xoen—A=———C. 39
n ¢ t 2o n n2kcenD (39)

Proof. Based on Eq.(38), we know that
2Cen = EGNQ[ecengéen]- (40)

Then, by combining Eq.(36) and Eq.(40), we can derive the following equation:

T T T2 tor , ,
=AY en + Veen—A = ——1 / = Ae~ RAE—) G TAG—) gy
n n n2kcenD J_oo M

Tn ! T A(t—t") T A(t—t") 1 L
—_— R A Cemw AT g — A
+ n2kcenD /,006 ¢ n

(41)
:m/ qp(e e )
which completes the proof. O

Based on the above lemmas, the proof of Corollary 3 is shown below.
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Proof. Since we have proved from Lemma 11 that %AZCM + ECen%A = %C we have
Tn
A¥cen +Y0enA = ———
Cen + 2c nkcen D
ASon A~ 4 S = —L1 a1
Cen Cen nkCenD
-1 Tn
tr(AXcenA™ + Zcen) = tr(kiCA ) (42)
Cen
Tn
2tr(Xcen) = tr(———=CA™
(Soen) = tr(2CA™)
Tn -1
tr(Xcen) = —————tr(CA™).
t(Been) = 5o pt )

Like the proof of Theorem 2, by substituting the Eq.(42) into Eq.(30), we can compute the KL divergence
between the distribution of the output hypothesis and the prior distribution as below:

1 1 1
D(Qcenl|P) = ) log(det(XZcen)) + itr(ECen) - itr(I)
43)
1 Tn — 1 (
=——1 by — A7) — =d.
5 og(det(Zeen)) + 4nkCBnDtr(C ) 2d

According to Lemma 1, then we can derive the following inequality to bound the generalization error of the
baseline centralized SGD:

R(QCen) - R(QC@n)

3 \/—log(det(Ecen)) st tr(CA~1) — d + 2log(}) + 2log(D) + 4 (44)
- 4D — 2 '

The proof has been completed. O

C.3 Proof of Theorem 4

Under the new Assumptions 3 and 4, we can characterize the difference between federated and centralized
generalization behavior and formally establish Theorem 4 that follows.

Proof. Based on Assumption 3, we can re-formulate Eq.(25) in Lemma 9 to

T277 _

TAZFed + ZFedTA = C
kpeam
- %y
2T Y peqgA = ¢ (45)
kpeam
Ty  ~i1
S ped = CAL.
Fed = Sk peam
By substituting Eq.(45) into Eq.(35), we have
—CA-Y) + T"mtr(éﬁfl) —d+2log(3) + 2log(nm) + 4

R(Qrea) — R(Qreq) < \/ tog(detla

- \/— log((%:lm)ddet(@flfl)) LT dmtr(CA 1) —d +2log(3) + 2log(nm) + 4
- dnm — 2

dnm — 2

<\/dlog(2k“dm) log(det(CA-1)) + m r(CA-1) — d+ 2log(}) + 2log(nm) + 4

dnm —

2
dlog(%”dm) log(det(CA~Y)) + 2k —tr(CA~Y) — d+ 2log(%) + 2log(nm) + 4

4nm -2
(46)
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Similarly, according to Assumption 3, we can re-formulate Eq.(39) to

T T T2
~AY Seen—A = ——1
n Cen + 2iCen n n2kCenDC
n
2 cenA = 47
Cen nkCenD ( )
Tn ~1
Yoen=———=CA"".
Cen = GkenDC
By inserting Eq.(47) into Eq.(44) and re-arranging the equation, we have
. log(det(nic’Afl)) + 57 L tr(CA~Y) — d+ 2log(3) + 2log(D) + 4
(QC’en) - (QC@n) S Znk D 2 k 0
4D -2
dlog(m) log(det(CA—1)) + W r(CA=1) —d+2log(3) + 2log(D) + 4
- 4D — 2
_ dlog(2tkeenl) —log(det(CA™)) + gplptr(CA™Y) — d 4 2log(5) + 2log(D) + 4
- 4D — 2
(48)
For Eqgs.(46) and (48), we define
dlog (M) — log (det (CA™1)) + 2k:2mtr (CA™Y) —d+2log () + 2log (nm) + 4
gFed = 4 ;
nm — 2 (49)
dlog (%) — log (det (CAfl)) % (C’A ) —d+2log (%) +2log (D) + 4
gCen - 4D — 9 .

The difference between Greq and Geeyn, which is considered as the gap in the generalization performance, can be
derived with the following form:

dlog(zk“dm) log(det(CA~1Y)) + —tr(CA™1) —d+2 log(%) + 2log(nm) + 4

2k
Gred — GCen = 4nm — -
dlog(m) — log(det(CA™)) + 5 lptr(CA™Y) — d + 2log(§) + 2log(D) + 4
4D —2 '
When Assumption 4 hold, we have:
- 1
CA™ = —(C+Ao)(A+Aa)"!
nl (51)
~—(C Ac)(A™H 4+ A7 A AT,
Hence,
- 1
tr(CA™Y) = tr(—(C+ Ac)(A+A4)7
- 1 1 1 -1 -1 -1 -1
ftr(H(CA + CATTAQAT + A (AT + A7 ALA7Y) (52)

Ay

_ niw(tr(cfrl) +tr(A));
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—log(det(CA™Y)) = log(det( (C +Ac)(A+A4)7Y)

log(det( ~CA” "I+ 0 A) I+ A4ATY))

Az
1 . (53)
= —log(— det(CA™ Ay))
log( 5 det(CA™ Dy det(Ay))
= vdlog( ) —log(det(CA™Y)) + log(det(Ag)™1).
Substituting Eqs.(52) and (53) into Eq.(50) derives:
dlog(ZEeam) — og(det(CA™Y)) + g-L—tr(CA™) — d + 2log(}) + 2log(nm) + 4
gFed - gCen = 4 wed
4nm 2
dlog(m) —log(det(CA~1Y)) + W r(CA™Y) — d+2log(3) + 2log(D) + 4
4D — 2
dlog(w) log(det(CA~Y)) + m(tr(CA D+ tr(Ay))
4D — 2 (54)
N log(det(Az) 1) — d + 2log(3) + 2log(nm) + 4
4D — 2
dlog(2tkeenl) —log(det(CA™)) + gplptr(CA™Y) — d 4 2log(5) + 2log(D) + 4
- 4D —2
_ dlog(* TR 4 (g — g )tr(CATY) + g tr(A) + log(det(Ag) )
4D — 2 ’
The proof has been completed.
O

C.4 Proof of Theorem 5

We begin to bound the established form of the generalization gap. This section shows the proof of Theorem 5.

Proof. At the beginning, we construct the following helper function:

nY Lk peam Tn Tn Tn

2nYkpegm

f(n) =dlog( Str(CA™Y) + tr(A1) + log(det(Ap)™1).  (55)

kcenD 2n7kpeam - 2nkcen

Let Speq = kpeam and Scen = kcenD. By the fact that n > 2, we further derive

_ Y SFeq Tn Tn . Tn .
f (n) o dlog( SCen ) 2TL'YSFed B 2nSCen )tr(CA ) + mtr(AI) + log(det(Az) ) (56)
Y"1 SFed Tn Tn —1 Tn X —1
< _ -1
< dtog(" ) (T (CAT) + (A +log(det(82) )
where A; satisfies (Al)iﬂ- = |(A1);,5]. Then, we define
B Y1 Sped Tn Tn —1 Tn X —1
g(n) n dlog( SC'en ) + (ZNVSFed B QnSCen )tr(CA ) + 2’}/-"_1751:’541tr(Al) N log(det(AQ) ) (57)
The derivative of g(n) is
—1)d T
g (==Y 1 (0" Sped — VScen)tr(CA™Y). (58)

n + 2n7+1SFedSCen
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Since v > 1, we know that ¢’(n) > 0 requires 17" 1Speq — ¥Scen > 0, this implies:

1" Sped > VSCen

SCen

Sred (59)
n’mt >y

nz

where the third inequality adopts the fact that Scen > Speq- Since the constant v satisfies v > 1, we can prove
g'(n) > 0 when n > »-y/4. Then, we construct another helper function and the derivative of this new helper
function as follows:

n 7t >y

T 1 Jog(x) (60)

From Eq.(60), since 1 — L —log(z) < 0, it is clear that A'(z) < 0. Thus, we have h(z) < h(l) = e and
-y < e. According to Eq.(55), the analytic solution of O (Greq — Gcen) is monotonically increasing with n
when n > e. Because of n € ZT, substituting n = 3 and n = D into Eq.(56) will derive the following inequalities
for3<n<D:

dlog(Fpkegm) 4 7 (Z3CAD — malCA )Y | Taeal 4 log(det(Az) ™)

2%x3Vkpeam 6kcenD 27 kpogm

W n(tr(CA™! cA™? T (61)

g < dlog( 2 krgm) 7 (YHCAD _ aGHEA D)) 4 a4 log(det(A2) )

( Fed — Cen)f 4D — 92 .

By again applying the condition F « <1, we can get a tighter lower bound as below:
_ r(CA™! r(CA™! Ttr(A _
O Grs o dlog(37") + T (gjgngMjL - ng,gm;) + B log(det(Ag) 1) (62)
Fed — YCen) Z .

4D — 2

However, the lower bound of n is actually n = 2. To find the bound of O(Greq — Gcen) covering the entire range
{2 <n < Djn € Z}, we solve:

Since +=/y < 2 for any 7 > 2, we know that when v > 2 is satisfied, the following inequality holds for the case
of n =2:

dlog(21) + T (n(tr(CA—l),m(Al)) _ ntr(C’A_Dl)> + log(det(As)~1)

27 F  kpogm Adkcen
0) (gFed - gC’en) Z e AD — 2 ° ) (64)
which is derived by substituting n = 2 into the lower bound of Eq.(61). The proof has been completed. O

C.5 Proof of Theorems 6 and 7

Finally, we study which kind of training advantage is possible to close this gap from a theoretical view. We first
focus on the validity of n and m and show the following proof for Theorem 6.

Proof. We define Gpeq for the generalization bound of federated scenarios having an advantage in training
resources and start with the case of n tends to infinity. The generalization performance gap Greq — Goen for this
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case is formulated as the below form:

dlog(%“dm) log(det(CA™Y)) + % —tr(CA™Y) — d+ 2log(3) + 2log(nm) + 4

gFed - gCen =

4nm 2
dlog(m) log(det(CA~1Y)) + 2nkj;7D r(CA™Y) — d+2log(3) + 2log(D) + 4
4D — 2
dlog(w) log(det(CA~Y)) + m(tr(CA D+ tr(Ay))
4nm — 2
N log(det(As)™!) — d + 2log(5) + 2log(nm) + 4 (65)
dnm — 2
dmg&@&Lq—hg@mucA*U) + s tr(CA™Y) — d + 2log(3) + 2log(D) + 4
4D — 2
dlog(%'”%f]edm) + 2m£§edm (tr(CA™Y) +tr(Aq)) + log(det(Az) 1) — d + 21og(nm)
dnm — 2
dlog(znkC”‘D) + anc L —tr(CA™!) — d+ 2log(D)
4D —2 ’

According to the definition of PAC-Bayesian bound in Lemma 1, we have Gge,, > 0. Considering increasing n
leads to nm > D, Eq.(65) turns to

dlog (2 kFedm) + 5 (tr(CA™Y) + tr(A1)) + log(det(As) ™) — d 4 2log(nm)

2nVkpegm

g~Fed - gCen - dnm — 2

dlog(ancgnD) + 2nkc Dtr(CA ) d+ 210g(D)
4D —2 ’

where n > n. Then, we derive the limit of Gred — Goen when n approaches infinity as follows:

dlog(2nkeeam) I (12(CA™Y) + tr(Ay)) + log(det(A2) ™) — d + 2log(nm)

) ~ o kpeam
nh—{%o (gFed - gCen) - nh_)ngo( dnm — 2
- dlog(%kce" )+ zﬁchantr(CA_l) —d+ 2log(D))
4D — 2
(1 (d 4 ) log(n) ! !
_nh_{I;c (O( " )+O<n7+1)+o(g)_0(1) <0.

- (67)
Similarly, the limit of Gpeq — Goen, when m approaches infinity is established below:

) N ~ dlog(2 k““‘m) + 2n“/Z;:] — (tr(CA™Y) 4+ tr(Aq)) + log(det(Ag) ™) — d + 2log(nm)
lim (gFed - gCen) = lim ( <
m— o0 m— 00 4nm -2

dlog(Z”kCe” )+

2nkc L ptr(CA™ 1Y —d+2log(D)

4D — 2
o (d + 2)log(m) 1 1,
_mlgnoo <O(m )+O(m2)+0(m) 0O(1) | <0,
(68)
which completes the proof.
O

Next, we shift our focus to study 7" and d. The proof of Theorem 7 is demonstrated below.

Proof. Similar to the proof of Theorem 6, we study the case when T tends to positive infinity. Here, we represent
the number of iterations for the centralized scenario as T¢ep. Increasing the number of communication rounds
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T in the federated scenario results in T' > Tep,. Thus, the performance gap Gred — Goen denoted in Eq.(65) can
be expressed as follows:

dlog(2geam) 4 oI (tx(CA™Y) + tr(Ay)) + log(det(Az) ™) — d + 2log(nm)

5 N _ kpeam
GFed — Gcen Anm — 2 (69)
_ dlog(Peeal) 4 el tr(CA™) — d + 2log(D)
4D —2 ‘

It is easy to recognize that the value of Greq — Goen depends on the first term in the right of Eq.(69) when
T tends to infinity. To understand how this term changes as T increases, we need to compare the impact of

dlog (gmk“dm> and 5—1— (tr(C A1) + tr(A;)), which is expressed as follows:

Tn 2nYkpegm

dlog (42n7§1€7€dm>
lim T
T—oo —— 1 — (tr(CA~L) + tr(Ay))

2nYkpeqgm
v (2552)
= lim a il (70)

Taoo%(L(tr(CAfl)thr(Aﬂ))

2nYkpegm

4 .
(tr(CA=Y) +tr(Ay)) '

= lim
T—oo 2nYkpegm

From Eq.(70), we know that

. 2Nk pegm Tn 1 B
TIEI;O (dlog < T ) + STy — (tr(CA™) + tr(Ay)) | = 0. (71)

Hence, we have
Jim (Grea = Goen) = o0 (72)

Then, we consider the case when d tends to positive infinity. Like above, we denote the model size in the
centralized scenario as dgern. Since we attempt to increase the model size d in the federated scenario, we have
d > dgen. With this condition, we reformulate Eq.(65) with the following form:

dlog(Znlkpeamy 4 1 __(tr(CA™Y) 4 tr(A1)) + log(det(Ag) 1) — d + 2log(nm)

5 N _ Tn 2nVYkpegm
gFed gCen dnm — 2 (73)
_ deen log(22genl) 4t tr(CA™Y) — dgen + 2log(D)
4D — 2 ’
When the number of clients is large enough to satisfy n > /5 k?’jm, we have
n’ > _The
2kFpeam
2n7kpe
2ntkpeam
! (74)
tog( U REA™) - Jog(e)
og(——— og(e
g i g
QndFEdm
— ) —1>0.
og( Ty )

Therefore,
dli>nc30 (gFed - gCen)
(o0 ™

= lim

d—00 dnm — 2

The proof has been completed with Egs.(72) and (75). O
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D Complementary Study: Stability and Generalization Superiority between
Centralized and Decentralized FL

The gap analysis shown in the main manuscript introduces uniform stability as a complementary theoretical tool.
Uniform stability is a standard technique for analyzing the generalization behavior of stochastic optimization
algorithms, defined as follows:

Definition 1. (Uniform Stability (Sun et al., 2024b)) Consider a dataset D consisting of local datasets
across all clients. Let D be a neighboring dataset that differs from D in at most one data point within some
client’s local dataset D;. A learning algorithm A is said to be e-uniformly stable if

sup 2 ~ Dy, E[f(A(D),2) ~ f(A(D), )] <, (76)

where f(-,2) is the loss evaluated at sample z, and the expectation is taken over the randomness of A.

Lemma 12. ((Elisseeff et al., 2005; Hardt et al., 2016)) If a stochastic learning algorithm A is e-uniformly
stable, then its generalization error satisfies eg < €.

The above definition and lemma show that bounding the stability € of training algorithms directly provides a
bound on the generalization error. In this section, we follow the above concept to establish which of the two
prevalent FL paradigms (i.e., centralized and decentralized FL) has the advantage in terms of generalization per-
formance, and use the results to support our problem setup in comparing the generalization between centralized
and federated training. To derive the results, we introduce three new assumptions below:

Let G,L > 0 and | - || denote the Euclidean form.
Assumption 5. For all 9,9 € O and any data z ~ D;, the loss f(+; z) is L-smooth:

1(0:2) ~ J(B:2) < (0F(F:2),0 )+ Z 10— 0] (77)

Assumption 6. For all 0,0 € © and any data z ~ D;, the loss f(52) is G-Lipschitz continuous:
1£(0;2) = f(6;2)] <G 10— (78)
Assumption 7. For all 0 € O, clients i € {1,...,n}, and any data z ~ D;, the stochastic gradient is bounded:

IV fi(0; 2)]| < B. (79)

These assumptions are standard in prior uniform stability analyses (Hardt et al., 2016; Sun et al., 2024a; Wang
et al., 2022) and enable us to establish the following stability bounds for FL. Noticeably, decentralized FL
typically requires full client participation in each round (Yuan et al., 2024), whereas centralized FL can naturally
support both partial and full participation. To enable a consistent comparison, we employ the random walk
view of decentralized communication (Ayache and El Rouayheb, 2019; Sun et al., 2022), which provides a
standard mathematical tool to represent partial client participation. This modeling choice is purely for analytical
consistency and does not change the practical interpretation of decentralized FL. It allows us to align the
participation assumptions across paradigms and then extend the analysis to the more common full-participation
decentralized FL setting.

Theorem 13. (Stability and Generalization of Decentralized FL) Let the learning rate be constant ny = n
and define p =1+ nL. Consider a decentralized FL process on a network of n clients with the mazimum degree
deg, . and the number of edges E. For the case with partial client participation, let the number of clients
participating in each communication round be K € {1,...,n}. Then, under the above assumptions, the expected
stability and generalization for this training can be formulated as:

L= (a(P)p) , pT-1 20— (1= 2g)")

ElIS0"52) S < 068 | mer S e e |

(80)

where P is the transition matriz of the communication walk, cp is a contraction constant depending on P, and
X2(P) is the second largest eigenvalue of P. While for the classical decentralized FL with full client participation,
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the expected stability and generalization are bounded by:

T T
E[[f(w”s2) ~ f(@752)|] < 0GB | p7* 11_((Aj2(?§§)//”3) 22 (1)

where W € R™*™ s the communication weight matriz employed for decentralized mixing across all n clients and
Ao (W) is the second largest eigenvalue of W.

Proof. To prove this theorem, we couple two executions of decentralized FL on training datasets that differ in
exactly one example and start with the form of partial client participation. The two runs produce parameter
sequences {0'}7_, and {#*}7_,. We define the deviation between them by A, := ||#* — §*||. At iteration ¢, let the
two coupled runs visit clients i; and 7, and let the corresponding local samples be z;, and z;,. We consider the
following two cases.

Firstly, if the same sample is selected for both training, we have Case A:

Appr = |08 =0 = (Y f;,(0% 2:,) — V £, (6% 2,)) |

< (0" = 0" + nl|V £, (0% 22,) = Vi, (0% 20,)| (82)
Otherwise, we have Case B:
Apyr = [|6" = 6" —n(V i, (6% 21,) = V 5,05 23) |
< ||6* - étH + ||V fi, (W' 2,) — Vf;t 0" 2, | +77||Vfit(ét§zit) Vf; ( s27,) || (83)

< (L+nL) A +n B,
where we define 8; = ||V f;, (0% 2,) — V£, (6% z;,)||- Combining the two cases yields
Atp1 < (L+nL)A¢ +n By (84)
Extending this into the recursion of T steps further produces

T-1
Ap < Z ( H 1 +775L)> 0t Bt- (85)

s=t+1

According to Assumption 7, the following statement holds depending on the circumstance if the same client ¢ is
selected for both training:

267 it 7& %t7
8 <K 2B, iy =iy =1, (86)
0, otherwise.

Then, by taking expectations in (85) and using Assumption 5, we establish

T-1 / T-1
E[A7] < E[Z ( H (1 +775L)> Nt 5t]

t=0 s=t+1
Z ( H (I+nsL )mE[ﬁt] (87)
—0 -
T-1 Tj1 ) )
< ( H (1+ TIsL)> 20 B(Pr(ic # i) + Pr(iy = iy = ).
t=0 \s=t+1

Let p, v be the initial distributions of the two coupled communication walks, and let P be the transition kernel
of the communication process. Considering that each walk is determined by the selected training client in the
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last round, it thus follows a Markovian chain (Wang et al., 2022). Standard mixing estimates give

Pr(is # zt) < ||N7Dt - VPtHTV

1
= Pt v,
n.o_ . (88)
< 5”:“’7D —vP ”oo
< gwﬂg,
where || - ||7y denotes the total variation. For the collision probability Pr(i; = i; = i), using the stationary
distribution 7 (i) = deg;/(2E) and the upper bound Y, 7(i)? < max; (i) < deg,,../(2F), we have
. ~ . de max
Pr(iy =14, =1) < QgE . (89)
Substituting (88) and (89) into (87) gives the single-walk estimate
T—1 / T—1 n deg
E[Ar] < 2B 1 L —cpAh 4 —2mary 90
<265 ( T 00400 mGomt + 5 )

By the Assumption 6,
B[If (07;2) - £ (67:2) || < G167 - 7]
T-1 / T-1 (91)
<GBY. < ITa +nsL)> mnephy 4 “mer)

s=t+1

Next, we attempt to generalize the above result to k parallel communication walks. Considering that each work
adopts the same initial learning rate and learning rate decay (i.e., V; : nl = ns,7{ = n:), we have

E[If (07;2) - £ (87:2) |]

<GE||jo" - 57|

K K ~
=GE ng =
L J:1
S
=GE ||l >_(67 =]l
| =t (92)
K
G ~
=B 11267 = o)l
j=1
G K T-1 T-1 ) ~
= (H (1+mL)> 2 B(Pr(il # i) + Pri =it =1))
j=1t=0 \s=t+1
GT—l T-1 . L
<% IT a+ nsL)> 2 B(Pr(3; < it #4) + Pr(3; it =i =1)).
t=0 s=t+1

Based on Egs.(88) and (89) and by applying a union bound, we find
K

N n n
Pr(3j: i #14]) < Z 5073)\3 =K- 5079)\;7 (93)

and

K
Pr(3i:id =i =i)<1— 1,% 94
I‘(j.lt ] z)_ 5E . (94)
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Plugging Eqgs.(93) an

S(T1I e K (95)
< %B Z ( H (1 +775L)> nt(KnC'pAtQ —|—2(1 — (1 _ ngglax) ))

Let ns =n, and p = 1+ nL. We can simplify the above equation into

T-1
E(If (67:2) - £ (07:2) I] <GB8 ; (1+9L) " " (nepy + %(1 —(1- Ole§$)K)). (96)

This further simplifies into the following closed form:

T de K
) 1= (\2/p) pT =1 2(1— (1 — deBaa) )
E||f (67:2) — 1 (6%:2) || <nGB -1 , i 97
[\f( ) f( ,Z)\]_U ner " =05 - — | o
by the fact that
T—1 _—
pT_l_t)\t — pT—l (&)t _ T-1, M
t=0 2 i p 1— ()\2/p) )
(98)
-1 T-1 ST
pT=1-t =t :
t=0 s=0 P

This completes the proof for decentralized FL with partial client participation.

We next extend this to establish the stability and generalization of decentralized FL with full client participation.
In this setting, every client is activated in each round, and the communication step is represented not by a
random walk with transition kernel P, but by a deterministic mixing through the communication weight matrix
W e R™™ ™. As a result, the divergence term ||uP? — vP?|| in the partial-participation proof is replaced by the
spectral contraction of W, which decays at rate Ao(W)* with Ao(W) being the second-largest eigenvalue of W.
Moreover, since all clients participate, the collision probability no longer needs to be bounded by degree-based
arguments; instead, the effect of a single-sample perturbation is deterministically diluted by the factor 1/n across
all clients. Following the same recursion as before, we obtain the stability bound
T, iT. r-11=(e(W)/p)"  pf -1 2

B[|072) - 107sa)] < o | ORI L 22 (99)
where 1— X2 (W) denotes the spectral gap of the communication graph. This completes the proof for decentralized
FL with full client participation. With Eqgs.(97) and (99), the full proof for this theorem is completed. O

Corollary 14. (Stability and Generalization of Centralized FL) Let the learning rate be constant ny = n
and define p = 1+nL. Consider a centralized FL process on a network of n clients and let the number of clients
participating in each communication round be K € {1,...,n}. Then, under the above assumptions, the expected
stability and generalization for this training can be formulated as:

p" =1
p—1

E[|f(w";2) ~ (@7;2)|] < noBZ 22 (100

Proof. The proof follows directly from the decentralized FL analysis. In decentralized FL with full participation,
the stability bound contains a term involving Ay(W) due to the spectral gap of the network topology. In
centralized FL, however, aggregation is performed by the server and corresponds to IID sampling of clients each
round, so there is no network mixing effect and the spectral term vanishes. The second term, which captures the
effect of a single-sample perturbation, remains 2/n because under partial participation each client is selected with
probability K /n while its contribution is weighted by 1/K, so the two factors cancel and the expected influence
of any client is 1/n. Substituting these into the recursive bound of Eq.(84) and applying the assumptions then
gives

T qT p -1

. _ . <
E[I£07:2) — 10732 | < noB" =
which is exactly Eq.(100), completing the proof. O

2
- = 101
:, (101)
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Remark 3. The bounds derived in Theorem 13 reveal how the stability of decentralized FL depends jointly on
the client participation size K and the network connectivity. In the partial-participation case, the first term in
Eq.(80) grows with the contraction constant cp and the spectral factor Ao(P), indicating that poor connectivity
and slower mizing enlarge the bound. The second term is inversely proportional to K, so increasing the number
of participating clients per round improves stability by reducing the perturbation contribution. In the case of full
participation (i.e., in the classical form of decentralized FL), Fq.(99) shows that the network eigenvalue Ao (W)
still affects generalization, but the generalization performance is better than in the partial participation case due
to the smaller diluted factor of 1/n. Comparing these with Corollary 14, we see that centralized FL holds a strictly
tighter bound under equal conditions. This is because the central server aggregates globally, which corresponds
to setting the spectral term to zero (no dependency on Ay or cp), and the perturbation term always scales as
2/n regardless of K. Notably, this superiority holds for both participation regimes: centralized FL with either
partial or full participation yields a smaller generalization bound than decentralized FL under the same setup.
Therefore, centralized FL is guaranteed to generalize at least as well as decentralized FL, justifying our problem
setup choice on centralized FL as the canonical representative of FL when analyzing the precise gap against
centralized learning. We also provide an empirical sanity check in Section F.1 to support this claim.
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E Detailed Experiment Setup

In this section, we present the details of our experiment setup through two tables. Table 2 details the experiment
system, covering the specific settings for model architecture, dataset, federated scenario, and training. Table 3
outlines the running environment, including the configuration of the executed codes and the test server.

Table 2: Experiment System Settings.

System

Value

Model Architecture
Dataset

Range on Communication Rounds
Range on Number of Clients

Data Distribution on Clients
Decentralized Network Connectivity
ViT Model Size Options (Millions)

ResNet Model Size Options (Millions)
Local Training Epochs

Batch Size
Base Learning Rate

Vision Transformer (ViT) (Dosovitskiy et al., 2020)

ResNet (He et al., 2016)

Mini-ImageNet (Vinyals et al., 2016)

CIFAR-10 (Krizhevsky, 2009)
25 <T <100
2<n <100
Non-IID (a = 0.1 (default))
0.5 (default)
{7.91,15.00, 22.08, 29.17, 36.26,
43.35,50.44, 57.52,64.61,71.70}
{4.91,11.18,17.45, 23.72, 29.99,
36.26,42.54,48.81,55.08,61.35}
t=2
256
1.5e-4

Table 3: Running Environment Settings.

Config

Details

Server GPU Count
Server GPU Type

Server CPU Type

Programming Language

CUDA
Framework

8

RTX A5000 (24GB)
AMD EPYC 7513 32-core

Python
11.3
PyTorch
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F Additional Experiments

F.1 Generalization Comparison between Centralized and Decentralized FL

To further substantiate our stability-based analysis in Appendix D, we present an additional experiment compar-
ing centralized FL with decentralized FL under equal training resources (i.e., same model size, identical training
data, and equal training compute). The results are reported in Table 4. Several clear observations emerge.
First, centralized FL consistently outperforms decentralized FL across both model architectures (Tiny-ViT and
ResNet-18) and datasets (CIFAR-10 and Mini-ImageNet). This empirically confirms our stability-based conclu-
sion that centralized FL enjoys a generalization advantage over decentralized FL. Furthermore, since centralized
FL already represents the best generalization performance achievable under the federated setting, our PAC-
Bayesian findings, such as the insight that the gap can be eliminated only by introducing new clients or adding
new data, naturally extend to decentralized FL as well, where the gap to centralized training is even larger.

Second, within the decentralized FL results, we observe a strong dependence on network connectivity. A denser
peer-to-peer network initialized using the Erdds-Rényi model (Erdés and Rényi, 1959) with 0.5 connectivity
produces substantially higher accuracy than a sparse ring topology, confirming our results in Theorem 13 that
the stability and generalization of decentralized FL are shaped by the communication graph structure. In other
words, better-connected networks facilitate more effective information mixing and reduce the degradation caused
by data heterogeneity, while sparse networks amplify instability and yield poorer generalization.

Table 4: Top-1 accuracy (%) on CIFAR-10 and Mini-ImageNet. Models are trained by different learning
paradigms with equal training resources. The table reports the mean of three trials with random seeds.

CIFAR-10 (%) Mini-ImageNet (%)

Method Tiny-ViT ResNet-18 Tiny-ViT ResNet-18
Centralized Learning 55.97 66.85 29.51 37.63
Centralized FL 38.81 46.31 22.28 22.34
Decentralized FL (ER graph with 0.5 connectivity) 32.02 37.35 14.86 15.30

Decentralized FL (Ring graph) 28.93 30.07 12.96 14.43




