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Convergent Stochastic Training of Attention and Understanding LoRA
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Abstract
Transformers have revolutionized machine learn-
ing and deploying attention layers in the model
is increasingly standard across a myriad of ap-
plications. Further, for large models, it is com-
mon to implement Low Rank Adaptation (LoRA),
whereby a factorized parameterization of them
is trained, to achieve a surprisingly beneficial
accuracy-size trade-off. In this work, via a unified
framework we rigorously establish trainability of
such models under stochastic methods. We prove
that for any mild regularization, the empirical re-
gression loss on a attention layer and LoRA on a
shallow neural net, both induce Poincaré inequal-
ity for the corresponding Gibbs’s measure. Then
it follows via invoking recent results that a cer-
tain SDE, which mimics the SGD, minimizes the
corresponding losses. In both the cases, our first-
of-its-kind results of trainability on attention and
nets, do not rely on any assumptions on the data
or the size of the architecture.

1. Introduction
The remarkable empirical success of attention mechanisms
have fundamentally reshaped modern machine learning,
most prominently through the transformer architecture –
which is the backbone of Large Language Models (LLMs)
(Radford et al., 2018). By allowing models to dynamically
weight interactions between “tokens”/data fragments, atten-
tion layers enable modeling of complicated distributions.
Central to the attention mechanism are the query and key
matrices, WQ and WK which occur in the model as the
product WQWK and one such pair are trained in each “at-
tention head” of which there are many in each of the many
attention layers in any commonly used transformer. Despite
their central role in the practice of modern AI, our theoret-
ical understanding remains limited of how these matrices
evolve during successful training.

While modern attention mechanisms are now the standard,
1Anonymous Institution, Anonymous City, Anonymous Region,
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they originally emerged to address the bottleneck of fixed-
length representations in early sequence modeling. Early
sequence-to-sequence models were limited by fixed-length
representations. (Bahdanau et al., 2016) introduced atten-
tion to dynamically aggregate encoder states, allowing the
decoder to focus on relevant input positions. Building on
this, (Luong et al., 2015) proposed alternative attention vari-
ants, including global attention over all positions and local
attention over a subset.

These developments ultimately led to the transformer
architecture (Vaswani et al., 2017), which removes
recurrence entirely and instead models sequence in-
teractions purely through stacked self-attention layers,
where given an input X ∈ Rt×d each layer computes
RowSoftMaxβ (XWQW ⊺

KX⊺
√
d

)XWV , where WQ,WK

and WV are learned weight matrices where the Row-
SoftMax operator is defined as [RowSoftMaxβ(M)]ij ∶=

eβMij

∑
t
k=1 eβMik

.

The transformer architecture (Vaswani et al., 2017) has be-
come the dominant paradigm for sequence modeling, re-
placing recurrence with stacked self-attention and feed-
forward layers. Numerous variants have since been pro-
posed, namely Sparse Transformer (Child et al., 2019),
Longformer (Beltagy et al., 2020), Linformer (Wang et al.,
2020), Transformer-XL (Dai et al., 2019), ALBERT (Lan
et al., 2020), and Vision Transformer (Dosovitskiy et al.,
2021), among many others. A foundational reason explain-
ing these successes is given in works like (Yun et al., 2020)
that have show that transformers are universal approxima-
tors of sequence-to-sequence matrix functions.

The Rising Importance of Doing Regression on Trans-
formers The success of transformers has led to their
widespread adoption in scientific machine learning, where
many tasks can be naturally formulated as regression prob-
lems over high-dimensional discretizations of function
spaces. In particular, applications in fluid dynamics and
weather prediction — ranging from operator learning for
PDEs to data-driven forecasting — often reduce to learn-
ing mappings between input and output fields by doing
regression using a attention-based architecture, FourCast-
Net (Pathak et al., 2022), GraphCast (Lam et al., 2023),
Pangu-Weather (Bi et al., 2023), Poseidon (Herde et al.,
2024) and GenCFD (Molinaro et al., 2024). This perspec-
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Provable Stochastic Training for Attention and for LoRA

tive motivates studying attention not only as a representation
mechanism, but as a regression operator whose properties
govern generalization and efficiency in continuous domains.

Q1: With no assumptions on data or architecture, can a
attention layer be trained by a stochastic algorithm?

On the other hand, the rise of large-scale pretraining has
motivated parameter-efficient fine-tuning methods such as
Low-Rank Adaptation (LoRA), which constrains updates
to lie in low-dimensional subspaces while preserving the
pretrained backbone. More precisely, the idea is to freeze
the pre-trained weight matrix Wpre ∈ Rdout×din and only train
a small update. This update is represented as the product of
two small matrices, A and B. The modified weights W ′ are
parameterized as, W ′ =Wpre + α

r
BA where A ∈ Rr×din

and B ∈ Rdout×r are the trainable factors and α being a
scaling constant. By training only A and B, we significantly
reduce the number of parameters to update.

As showed in (Shuttleworth et al., 2025), LoRA works best
when applied to all weight matrices and small-to-medium
datasets, and its optimal learning rate is largely indepen-
dent of rank due to the 1

r
scaling. Overall, LoRA performs

similar to full-finetuning in the “low-regret regime” making
it a parameter-efficient alternative for post-training adap-
tation. However, the product BA introduces a specific
scaling problem : we can multiply A by a constant and
divide B by the same constant without changing the final
output. This redundancy makes the training landscape “flat”
in certain directions, which is seemingly a natural obstacle
for gradient based algorithms to succeed. And yet LoRA
has proven strikingly effective in practice, dramatically re-
ducing memory and computational overhead while retaining
performance. Thus we posit that the optimization dynamics
of neural models under LoRA have remained unclear from
a theoretical standpoint.

Q2: With no assumptions on data or width, can a
implementation of LoRA on a net be trained by a stochastic

algorithm?

In this work, firstly we make progress towards uncover-
ing hitherto unknown mathematical properties about the
attention map and thus uncover a first-of-its-kind provably
convergent training mechanism for the query and key matri-
ces. Secondly, this work also initiates a theoretical study of
training dynamics for standard neural networks under LoRA
parameterization — which evidently shares a mathematical
similarity of training a factorized weight parameterization
as while training the key and query matrices in the attention,
as introduced above.

Whether for training the key and query matrices of an at-
tention head or for training standard nets under LoRA, we
consider training through stochastic differential equations
(SDEs), capturing the continuous-time limit of stochastic

gradient methods commonly used in practice. In both cases
— for any number of parameters and for any data — we
prove convergence of a risk function for the models under a
SDE flow.

1.1. Summary of Results
In this work, we establish that for both attention and depth-2
neural networks under LoRA, a mildly regularized regres-
sion loss (say Ṽ ) is a Villani function (which will be pre-
cisely defined in the next section) — which in turn implies
that the corresponding Gibbs’ measure (∼ e−γṼ ) satisfies
the Poincare inequality. Then invoking recent results on
isoperimetry based Stochastic Differential Equation (SDE)
convergence (Shi et al., 2023) we can establish convergence
in both settings for the following continuous-time stochastic
gradient dynamics for the weights T , given by the SDE,

dTt = −∇Ṽ (Tt)dt +
√
sdBt , (1)

where Ṽ (T ) denotes the regularized loss function, s > 0
is a temperature parameter and (Bt)t≥0 is the Brownian
motion.1 We provide an informal restatement of our main
results below.
Theorem 1.1 (Informal Statement of Provable Learning for
Attention-Based Regression). Consider a single attention
layer with key and query matrices WK and WQ, being
trained using the ℓ2-loss function with either a logarithmi-
cally amplified 2−norm regularization or a super-quadratic
polynomial regularization. Then, for any arbitrarily low
regularization, for any data and size of architecture, the loss
function satisfies the Villani condition.

As a consequence, for any ε > 0, there exists an appropriate
step size s such that the SDE for T = (WQ,WK) con-
verges, in expectation, inO(log 1

ε
) to within ε of the global

minimum of the training loss.

The above informal restatement combines Theorem 3.1 with
the relevant part of Theorem 3.3.
Theorem 1.2 (Informal Statement of Provable Learning
for Depth-2 Neural Net Based Regression under LoRA).
Consider a depth-2 neural network with weight matrix W
factorized as UV , being trained using the ℓ2-loss function
with either a logarithmically amplified 2−norm regulariza-
tion or a super-quadratic polynomial regularization. Then,
for any arbitrarily low regularization, for any data and
size of architecture, the loss function satisfies the Villani
condition.

As a consequence, for any ε > 0, there exists an appropriate
step size s such that the SDE for T = (U ,V ) converges, in
expectation, in O(log 1

ε
) to within ε of the global minimum

of the training loss.

1The subscript t denotes continuous time.
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Provable Stochastic Training for Attention and for LoRA

The above informal restatement combines Theorem 3.2 with
the relevant part of Theorem 3.3.
Remark 1.3. As shown in (Kumar et al., 2025), Theo-
rems 1.1 and 1.2 can be extended to establish convergence
to the global minima of the population risk, defined as
ESn[VSn(T )], where VSn(T ) denotes the loss evaluated
on the dataset Sn = (xi, yi)ni=1, under the Langevin Monte
Carlo algorithm.

1.2. Literature Review
A theoretical analysis of transformers in the infinite-width
limit by deriving their Neural Network Gaussian Process
(NNGP) and Neural Tangent Kernel (NTK) equivalents was
provided in (Hron et al., 2020). They showed that self-
attention layers admit well-defined kernel limit and in this
regime, gradient descent training of a Transformer is equiv-
alent to kernel regression with the corresponding NTK.

A global convergence framework for transformers by analyz-
ing training dynamics in the mean-field limit was established
in (Gao et al., 2024). By treating model width and depth
as approaching infinity, the authors demonstrate that dis-
crete gradient descent converges to a Wasserstein gradient
flow on the distribution of parameters. Albeit the use of
an infinite-width limit it strictly requires the inclusion of a
weight decay parameter λ > 0, for the convergence proof to
work.

A formal proof that transformers can converge to the func-
tional behavior of near-optimal Reinforcement Learning
(RL) algorithms through the optimization of a log-likelihood
objective was given by (Lin et al., 2023). By viewing the
attention mechanism as an iterative optimizer, they demon-
strate that supervised pre-training on offline trajectories
allows the model to implement algorithms like LinUCB and
Thompson Sampling directly. However, these convergence
guarantees rely on non-standard architectures, most notably
the use of ReLU-based attention to facilitate exact linear al-
gebraic operations. Furthermore, the authors assume model
realizability, implying that the Transformer’s capacity must
be sufficient to encapsulate the expert’s decision-making
logic.

A multi-layer transformer trained on n-gram data, where
each token depends on the preceding n tokens, is ana-
lyzed in (Chen et al., 2024), and it is shown that gradient
flow converges to a model exhibiting induction head behav-
ior. Specifically, induction here refers to the phenomenon
whereby, if a token at position i matches a previous occur-
rence at position j, the model attends to the token following
position j to predict the next token at position i. Their re-
sults provide a rigorous characterization of how attention
layers, feed-forward networks, and normalization interact to
learn features from context. This work advances prior stud-
ies that focused on linear or single-layer models by handling

richer architectures and more realistic data distributions.

Fundamental algorithmic limits of Multi-Head Attention
(MHA) restricted to a discrete Boolean input distribution
X ∈ {±1}k×d was established in (Chen & Li, 2025). The-
orem 1.2 in (Chen & Li, 2025) establishes that, under a
non-degeneracy condition on the attention and projection
matrices and realizability assumption of the samples, there
exists an algorithm that for m−headed attention estimates
the parameters in (kd)O(m3

) time, using (kd)Θ(m) sam-
ples, and achieves predictions that are (kd)−Ω(m) close to
the true values in expectation. This result identifies the
number of heads m as the dominant factor in computational
scaling.

1.2.1. REVIEW OF EXISTING ATTEMPTS AT PROVABLE
TRAINING OF LORA ON NEURAL NETWORKS —
WITH WEIGHT REGULARIZATION

LoRA was first introduced by (Hu et al., 2022) where it
was asserted that the weight updates for task-specific adap-
tation in attention based models reside in a manifold of low
intrinsic dimension (Aghajanyan et al., 2021). By reparame-
terizing the update matrix ∆W as the product of two low-
rank matrices A and B, (Hu et al., 2022) demonstrated that
optimization can converge to high-performance solutions
with significantly fewer trainable parameters. Crucially,
their initialization strategy — setting one matrix to zero —
ensures a stable starting point at the pre-trained state, effec-
tively bridging the gap between training efficiency and the
convergence stability typically observed in full fine-tuning.

A rigorous analysis of LoRA on neural networks in the
generic non-linear regime was given by (Kim et al., 2025),
establishing a formal dichotomy between global conver-
gence and parameter divergence. By characterizing the
optimization as governed by a global Restricted Strong Con-
vexity, they prove that the combination of zero-initialization
and weight decay induces an implicit bias toward a low-rank
global minimum. Crucially, they demonstrate that while the
non-linear landscape may harbor spurious local minima,
these points are spectrally isolated in high-rank regions and
do not intersect with the stable optimization trajectory.

In the Neural Tangent Kernel (NTK) framework LoRA
was analyzed by (Jang et al., 2024), where the neural net-
work’s optimization can be treated as a linearized system.
In this regime, the training dynamics are governed by a
quadratic objective subject to a low-rank structural con-
straint. Alongside a non-standard regularizer — derived
from the Rademacher complexity of the low-rank bottleneck
— the authors prove that the non-convex BA reparameteriza-
tion does not introduce spurious local minima. (Jang et al.,
2024) further demonstrates, if the rank is above a certain
threshold, gradient-based methods like stochastic gradient
descent (SGD) converge to a low-rank global minimizer.
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Provable Stochastic Training for Attention and for LoRA

Limitations of LoRA It was demonstrated by (Shuttleworth
et al., 2025) that the perceived equivalence between LoRA
and full fine-tuning is an “illusion” maintained by surface-
level metrics. Despite its parameter efficiency, LoRA can
lead to catastrophic forgetting, thereby degrading perfor-
mance in settings that require continual learning.

1.2.2. ORGANIZATION

Section 2 introduces the analytic framework, including the
underlying conditions, neural architecture, loss functions,
and the assumptions required for the subsequent sections.
Section 3 presents the main results of the paper, namely
Theorem 3.1, Theorem 3.2, and Theorem 3.3. The proof
of Theorem 3.1, along with the requisite auxiliary lemmas,
is provided in Section A, while the detailed proofs of these
lemmas are deferred to Section B. Section 4 presents ex-
perimental results on solving the 2D Darcy flow problem
using the regularized loss functions introduced in Section 2.
The proof of Theorem 3.2 is contained in Appendix C, with
the corresponding supporting lemmas established in Ap-
pendix D. Lastly, Appendix E presents the proof of Theo-
rem 3.3.

2. Mathematical Setup
In this section, we define the analytic conditions, architec-
tures, and loss functions, alongside the core assumptions
that underpin our subsequent analysis.

The Villani condition was introduced in (Villani, 2009) to
guarantee that, when a function satisfies this condition, the
associated Gibbs measure satisfies the Poincaré inequality.
We recall that a distribution π is said to satisfy the Poincaré
inequality for some constant CPI , if for all smooth func-
tions h ∶ Rd → R, Varπ(h) ≤ CPIEπ[∥∇h∥2]. (Shi et al.,
2023) leverage the Poincaré inequality induced by the Vil-
lani condition to establish convergence results for certain
stochastic differential equations (SDEs). We now proceed
to formally define the corresponding analytic conditions.
Definition 2.1 (Confining Condition). A function f ∶ Rn →
R is said to be confining if it satisfies the following con-
ditions, (1.) f ∈ C∞, (2.) lim∥x∥→+∞ f(x) = +∞, and

(3.) ∫
Rd
e−

2f(x)
s dx < ∞ ∀s > 0.

Definition 2.2 (Villani Condition). A confining function
f is said to satisfy the Villani condition if for all s > 0,
∥∇f(x)∥2

s
−∆f(x) → ∞ as ∥x∥ → ∞:

In recent works (Gopalani et al., 2024; Gopalani & Mukher-
jee, 2025), it was shown that the Villani condition holds
for depth-2 neural networks of arbitrary width and for
both squared and logistic losses. Building on this, (Ku-
mar et al., 2025) proved that Langevin Monte Carlo conse-
quently achieves population risk minimization. In contrast
to (Gopalani et al., 2024; Gopalani & Mukherjee, 2025;

Kumar et al., 2025), our results do not require any lower
bound on the regularization parameter.

Next we formally define the attention model and its regres-
sion loss that we choose to train.
Definition 2.3 (Attention Layer).

Rt×d ∋X ↦ Attention(X) (2)

∶= RowSoftMaxβ (
XWQW

⊺
KX⊺

√
d

)XWv ∈ Rt×d

where,WQ,WK ∈ Rd×r and WV ∈ Rd×d

and for any M ∈ Rt×t,

[RowSoftMaxβ(M)]ij =
eβMij

∑t
k=1 e

βMik

A notable application of this framework is the Vision Trans-
former (ViT) (Dosovitskiy et al., 2021). In ViT, the input im-
age is first divided into non-overlapping patches, commonly
of size 16 × 16 pixels. Each patch is flattened and projected
into a d-dimensional embedding, producing a sequence of t
token embeddings that serve as input to the attention layers
described above. This allows the model to capture long-
range dependencies across the image while leveraging the
same attention mechanism as in general Transformer ar-
chitectures. The row-wise softmax scaling parameter β is
typically set to 1.

We train the above model we consider two forms of
factor-regularized potentials/loss functions for it : a
non-polynomial/logarithmically amplified 2−norm regu-
larization and a polynomial regularization with exponent
2+ ϵ. The following definitions formalize the corresponding
regularized potentials used in our analysis.

Definition 2.4 (Mean Square Loss on a Attention Layer
with Non-Polynomial Factor-Regularization). We define
the potential VATT(T ) in the factor space RD for T =
(WQ,WK) and D = 2dr as,

ṼATT(T ) ∶= R̂A(T ) (3)

+ λ

2
(∥WQ∥2F + ∥WK∥2F ) log (1 + ∥WQ∥2F + ∥WK∥2F )

where R̂A(T ) ∶= 1
n ∑

n
i=1 ℓi(WQ,WK) and

ℓi(WQ,WK) ∶= 1
2
∥Yi −RowSoftMaxβ (XiWQW ⊺

KX⊺
i√

d
)XWv∥

2

F
corresponding to a choice of training data as,
{(Xi,Yi) ∈ Rt×d ×Rt×d ∣ i = 1, . . . , n}.

Definition 2.5 (Mean Square Loss on a Attention Layer
with Polynomial Factor-Regularization). We define the
potential Vϵ,ATT(T ) in the factor space RD for T =

4
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Provable Stochastic Training for Attention and for LoRA

(WQ,WK) and D = 2dr as,

Vϵ,ATT(T ) ∶= R̂A(T ) +
λ

2
(∥WQ∥2+ϵF + ∥WK∥2+ϵF ) (4)

where R̂A(T ) as given in Definition 2.4.

For the case of shallow neural networks, we assume a
training in a space of weight matrices with a rank bound
i.e we assume the trainable weight to be factorizable
as, W = UV ⊺, with U ∈ Rp×r and V ∈ Rd×r. This
factorization implements low-rank adaptation (LoRA)
approach for depth-2 nets — and we recall that this has
been previously studied in (Jang et al., 2024; Kim et al.,
2025) as a theoretical sandbox for the LoRA technique. As
in the attention-based setting, regularization of the factor
matrices is introduced to ensure well-behaved potentials
in the weight space. Similar to the attention training setup
above, we define two types of factor-regularized loss
functions as follows,

Definition 2.6 (Rank-Restricted Mean Square Loss on
Shallow Nets with Non-Polynomial Factor-Regulariza-
tion). We define the potential V (T ) in the factor space RD

for T = (U ,V ) and D = (p + d)r as,

V (T ) ∶= L(T ) (5)

+ λ

2
(∥U∥2F + ∥V ∥2F ) log (1 + ∥U∥2F + ∥V ∥2F )

where L(T ) ∶= 1
n ∑

n
i=1 ℓi(UV ⊺) and

ℓi(W ) ∶= 1
2
(yi − a⊺σ(Wxi))2.

Definition 2.7 (Rank-Restricted Mean Square Loss on
Shallow Nets with Polynomial Factor-Regularization).
We define the potential Vϵ(T ) in the factor space RD for
T = (U ,V ) and D = (p + d)r as,

Vϵ(T ) = L(T ) +
λ

2
(∥U∥2+ϵF + ∥V ∥2+ϵF ) (6)

where L(T ) ∶= 1
n ∑

n
i=1 ℓi(UV ⊺) and

ℓi(W ) ∶= 1
2
(yi − a⊺σ(Wxi))2.

To establish convergence results for the factorized, regu-
larized losses defined above, we impose a few standard
assumptions on the network and define certain properties of
the training data.

Definition 2.8 (Training Data Bounds). The training data is
bounded as follows:

1. For Attention : Each training example (Xi,Yi) ∈
Rt×d × Rt×d satisfies ∥Xi∥F ≤ Bx, ∥Yi∥F ≤ By, i =
1, . . . , n.

2. For Neural Network : Each training example (xi, yi) ∈
Rd ×R satisfies ∥xi∥2 ≤ Bx, ∣yi∣ ≤ By, i = 1, . . . , n.

Depending on the architecture, the bounds Bx and By are
interpreted according to the corresponding definitions given
above.
Definition 2.9 (Attention-Specific Bound). For regression
tasks on attention-based models, the weight matrix Wv is
also bounded as ∥Wv∥F ≤ Bw.
Assumption 2.10 (Activation Function Bounds). We assume
that σ′, σ′ and σ′′ are bounded by supt∈R ∣σ(t)∣ = Bσ < ∞,
supt∈R ∣σ′(t)∣ = Bσ′ < ∞ and supt∈R ∣σ′′(t)∣ = Bσ′′ < ∞,
respectively.

We can then characterize the global convergence of the
SDE (1), motivated by (Shi et al., 2023) in their analysis
of SGD on non-convex landscapes, for our regularized loss
function for depth-2 nets under LoRA constraints and for the
attention-based model. The SDE is modeled over T . The
corresponding invariant Gibbs measure µs(dT ) is defined
as

µs(dT ) ∶=
1

Zs
exp(−2

s
Ṽ (T ))dT , (7)

where Ṽ (T ) represents any of the factor-regularized poten-
tials defined above, s > 0 acts as the temperature parameter
(proportional to the learning rate), and Zs is the normaliza-
tion constant.

3. Main Results
Given the formal setup in the previous section, we first
state our key result showing that the regression loss
functions associated with the softmax-attention layer, de-
fined in Definitions 2.4 and 2.5, satisfy the Villani condition.

Theorem 3.1 (Attention-Based Regression Loss is a Villani
Function). Consider the regularized loss functions associ-
ated with the attention layer, ṼATT(T ) and Vϵ,ATT(T ), as
defined in Definitions 2.4 and 2.5, respectively. Then, for
any λ, ϵ > 0, both ṼATT(T ) and Vϵ,ATT(T ), evaluated on
the training data defined in Definition 2.8, satisfy the Villani
condition (Definition 2.2).

We next present our second key result, establishing that the
regression loss functions for a depth-2 neural network with
LoRA, as defined in Definitions 2.6 and 2.7, satisfy the
Villani condition.

Theorem 3.2 (Depth-2 Neural Net Based Regression Loss
under LoRA is a Villani Function). Suppose that Assump-
tions 2.10 holds for the activation function σ. Consider the
loss functions Ṽ (T ) and Vϵ(T ) for a depth-2 neural net-
work with activation σ, as defined in Definitions 2.6 and 2.7,
respectively. Then, for any λ, ϵ > 0, both Ṽ (T ) and Vϵ(T ),
evaluated on the training data defined in Definition 2.8,
satisfy the Villani condition (Definition 2.2).

5
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By Theorems 3.1 and 3.2, all considered loss functions
with their associated neural architectures satisfy the Villani
condition. Consequently, we may invoke Theorem 1 of (Shi
et al., 2023) to obtain the following convergence result for
the SDE (1).

Theorem 3.3 (Convergence of SDE for Depth-2 Neural
Net Based Regression under LoRA and Attention-Based
Regression). Suppose that Assumption 2.10 holds for the
activation σ. Let L̃(k)(T ) denote any of the four regu-
larized potentials defined in Definition 2.4 (ṼATT), Defi-
nition 2.5 (Vϵ,ATT), Definition 2.6 (V ), and Definition 2.7
(Vϵ), where k ∈ {1,2,3,4} indexes the specific model and
regularization choice. Suppose the initial probability den-
sity is p0 ∈ L2((µ(k)s )−1) of the SDE (1) where µ

(k)
s is the

corresponding Gibbs measure (7). For each L̃(k)(T ) satis-
fying the Villani conditions, there exists a positive λ

(k)
s > 0

and a constant D(k)(s, p0) such that:

E[L̃(k)(Tt)] − L̃(k)⋆ ≤ ε(k)(s) +D(k)(s, p0)e−λ
(k)
s t, (8)

where L̃(k)⋆ = inf L̃(k)(T ) is the global minimum of the
respective loss, and ε(k)(s) = E

µ
(k)
s
[L̃(k)(T )] − L̃(k)⋆.

Then there exist constants A(k), S(k) > 0 such that
E
µ
(k)
s
[L̃(k)(T )] − L̃(k)⋆ ≤ A(k)s for all s ∈ (0, S(k)].

If we further choose the learning rate s such that
s ≤ min{ ϵ

2A(k) , S
(k)} , and the time t satisfies, t ≥

1

λ
(k)
s

log ( 2D
(k)
(s,p0)

ϵ
) , where D(k)(s, p0) = C(k)(s)⋅∥p0−

µ
(k)
s ∥L2((µ

(k)
s )−1) and C(k)(s) is a positive constant, then,

E[L̃(k)(Tt)] − L̃(k)⋆ ≤ ϵ. (9)

The proofs of the above are given in Section A.1, Ap-
pendix C and Appendix E, respectively.

We note that since λ and ϵ can be set to be arbitrarily small
positive numbers for the above convergence, it follows that
such a mild regularizer would have negligible effect at
small/finite weight values w.r.t unregularized loss and that
the regularization only appreciably affects the shape of the
loss at infinity.
Remark 3.4 (Necessity of Factor Regularization). We note
that the factorized loss function L(T ) = 1

n ∑
n
i=1 ℓi(UV ⊺),

where T = (U ,V ), exhibits a scaling invariance under
the transformation, gA(U ,V ) = (UA,V A−1), A ∈
Rr×r, det(A) ≠ 0, since,

L(UA,V A−1) = L(U ,V ).

So the potential L(T ) is constant along the non-compact
orbits generated by the general linear group.

As a consequence, the Gibbs’ measure µγ ∝ e−γL(T )

is non-normalizable. Specifically, for any fixed rank-r
matrix W0 ≠ 0, L(T ) is constant along the orbit O =
{(UA,V A−1) ∣ det(A) ≠ 0}, which extends infinitely
far from the origin. Hence, the partition function

Z = ∫
RD

e−γL(T )dT

diverges because it includes an integral of a non-zero con-
stant density over an infinite-volume set. Consequently, the
confining condition is violated, and the Poincaré Inequality
cannot hold for the unregularized factorized loss.

4. An Empirical Study of Regularized
Learning of Key and Query Matrices

Towards demonstrating an use of our regularized attention
losses, we study the two-dimensional Darcy Flow PDE —
which is popularly used as a benchmark in scientific-ML,

−∇ ⋅ (a(x)∇u(x)) = f(x), x ∈ (0,1)2, (10)

where a is a spatially varying permeability (diffusion) co-
efficient, u is the unknown pressure field and f is a source
function. The regression task is to learn a mapping a ↦ u
from discretised input fields to discretised solution fields.
Following the benchmark introduced by (Li et al., 2021),
fields are discretised on a uniform 64 × 64 grid (bilinear-
downsampled from the native 421 × 421 resolution). We
use Ntrain = 900 samples for training and Ntest = 124 held-
out samples for evaluation. Both input and output fields
are independently standardised using training-set mean and
standard deviation.

Model Architecture
We use a patch-based single-head attention regressor defined
as follows.

• (Tokenisation) Each 64 × 64 input field a is divided
into non-overlapping 4 × 4 patches pi, yielding t =
(64/4)2 = 256 patches/tokens.

• (Embedding) Patches are projected to a d-dimensional
representation via a two-stage convolutional encode:
xi = ConvEncoder(pi), and then a flattening layer. X
is then given by [x0,x1, ...,xt]⊺ ∈ Rt×d.

• (Positional encoding) Learnable 2-D positional bias P
for conv-token grid is added to the patch embeddings:
X̂ =X +P .

• (Single-head attention) Query, key, and value projec-
tions are

Q = X̂WQ, K = X̂WK , V = X̂WV ,

WQ,WK ∈ Rd×r, WV ∈ Rd×d.
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The attention map is computed with temperature fixed
to 1 (β = 1), A = RowSoftMaxβ(QK⊺

√
d
) ∈ Rt×t.

The representation Attention(X) = AV ∈ Rt×d is pro-
jected back to patch space by a two-layer net and the result-
ing patches are rearranged into the predicted 64 × 64 output
field û. All dimensions are set to r = d = 64.

Two-Phase Training Protocol
Phase 1 (full pretraining): All parameters, embedding
layers, projections WQ, WK , WV , and output MLP, are
jointly optimised with plain mean-squared error (MSE) for
500 epochs using Adam (Kingma & Ba, 2014) with learning
rate η = 10−3 and batch size 32. This phase yields the task-
optimal values for all weight matrices.

Phase 2 (ablation on ways of regularized training of
WQ and WK): The goal is to isolate the effect of norm
regularisation on the query and key matrices. Apart from
the key and the query weight all other parameters are set to
their Phase 1 values. Then WQ and WK are re-initialised
identically across all three runs to their initial values used
in Phase 1. Three objectives are then compared over 100
additional epochs,

1. Unregularised: (i.e., none in plots)

L0 = R̂∗(T ),

2. Log-amplified norm penalty: (i.e., log in plots)

Llog = R̂∗(T ) +
λ

2
S log(1 + S), λ > 0,

S = ∥WQ∥2F + ∥WK∥2F .

3. Super-quadratic norm penalty: (i.e., power in plots)

L2+ϵ = R̂∗(T ) +
λ

2
(∥WQ∥2+ϵF + ∥WK∥2+ϵF ) , λ, ϵ > 0,

where T = (WQ,WK) and R̂∗(T ) denotes the MSE loss
with embedding layers, WV and output MLP frozen at their
optimal values.

In all Phase 2 runs we use Adam with η = 10−3, batch size
32 (as in Phase-1), and hyper-parameters ϵ = 10−6, λ = 10−5
for log and λ = 10−4 for power.

Metrics
We track the following quantities per epoch and per run.

• Train/Test RMSE:
√
E[∥û − u∥2] in normalised tar-

get space.

• Test Relative L2 Error: εrel = ∥û−u∥2∥u∥2
, the standard

PDE-operator-learning benchmark metric.

• Q/K Norm2: S = ∥WQ∥2F + ∥WK∥2F .

• Generalisation gap: ∆ = Test MSE − Train MSE.

4.1. Results analysis
In the very small regularization regime (ϵ = 10−6 and
λ = 10−4 or 10−5), all methods, no regularization, “log” reg-
ularization, and “power” regularisation, exhibit nearly iden-
tical convergence behaviour in both normalised test/train
RMSE and test relative L2 error. As shown in Figure 1, all
configurations rapidly decay from their initial error and sta-
bilise at approximately the same performance level (0.78),
indicating that at this scale of regularization, there is no
meaningful difference in predictive accuracy.

Despite the similarity in error metrics, substantial differ-
ences emerge in the internal dynamics of the model. In
particular, the Frobenius norm (∣∣WQ∣∣2F + ∣∣WK ∣∣2F ) grows
steadily in the absence of regularization, reaching signifi-
cantly larger values over training. In contrast, both “log”
and “power” regularization effectively constrain this growth,
with power regularization enforcing the strongest suppres-
sion and log regularization yielding a slightly higher but
still stable norm plateau. Firstly, these results demonstrate
that even weak regularization of the kind studied here can
meaningfully alter the scaling of the attention mechanism
without impacting predictive performance.

In the generalization gap plot in Figure 1, all methods ini-
tially exhibit a rapid reduction in gap but the unregularized
model shows a gradual increase over time, suggesting mild
overfitting. Both log and power regularization mitigate this
effect, maintaining a consistently lower and more stable
gap throughout training, with power again providing the
strongest control. Secondly, this result indicates that despite
comparable test error improved generalization stability is
induced by the regularizers being studied.

Overall, these findings suggest that the regularization stud-
ied in the presented theory primarily influences model sta-
bility. In low-λ regimes, log regularisation provides a robust
default by stabilising the key and query weight norms with
minimal intervention, while power regularisation is prefer-
able when stronger suppression of attention weight growth
is desired.

5. Conclusion
This work establishes that the SDE, that mimics the SGD,
converges for both attention layers and depth-2 neural net-
works trained with LoRA, for arbitrary data and network
sizes, even under arbitrarily low regularization, and we fur-
ther provides non-asymptotic convergence rates.

A natural next question is whether the loss function on
the attention layer with it’s key-query-value matrices using
LoRA, satisfy the Villani conditions in the corresponding

7
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Figure 1. Per-epoch and per-run statistics for different loss functions

space of factor matrices. More generally, it remains open to
prove convergence guarantees for a full transformer layer in
which all three matrices per head (WQ, WK , WV ) and the
feedforward network weights are trained jointly, with one
or more of these components potentially using LoRA.

An interesting direction for future work is to extend our guar-
antees to more advanced sequence models such as FlashAt-
tention (Dao et al., 2022), Performers (Choromanski et al.,
2021b), Mamba (Gu & Dao, 2023). In contrast to vanilla
attention, which computes softmax attention, these methods
modify the computation in different ways. FlashAttention
(Dao et al., 2022) computes the same softmax attention
but using a memory-efficient tiled algorithm, which retains
the same mathematical structure as vanilla attention and
is thus likely amenable to a similar analysis. Performers
(Choromanski et al., 2021a) approximates the softmax ker-
nel exp(QK⊺) using positive random feature maps ϕ(Q)
and ϕ(K), resulting in an approximate attention computa-
tion of the form Attn(Q,K,V ) ≈ ϕ(Q)(ϕ(K)⊺V )

ϕ(Q)(ϕ(K)⊺1) , which
reduces the computational complexity. Mamba (Gu & Dao,
2023) replaces attention entirely with an input-dependent
state-space model (SSM), yielding a linear-time recurrence.
Extending convergence guarantees to these alternative atten-
tion mechanisms remains an open problem.

Impact Statement
This paper presents work whose goal is to advance the the-
oretical underpinnings of the field of Machine Learning.
There are many potential societal consequences of our work,
none which we feel must be specifically highlighted here.
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A. Proof of Villani Conditions for Regression on Attention
Towards stating the proofs we note the following notations,
Definition A.1 (Defining Yi, Ŷi,Si and Ei). For a choice of training data as, {(Xi,Yi) ∈ Rt×d ×Rt×d ∣ i = 1, . . . , n} and
R̂A(T ) = 1

n ∑
n
i=1 ℓi(T ), the loss is ℓi(T ) = 1

2
∥Yi − Ŷi(T )∥2F . The output is defined as Ŷi(T ) ∶= Si(T )XiWv, where

Si(T ) ∶= RowSoftMaxβ(Mi) ∈ Rt×t and Mi = 1
√
d
XiWQW

⊺
KX⊺

i ∈ Rt×t. We also define the error as, Ei ∶= Ŷi(T )−Yi ∈
Rt×d

Lemma A.2. The norm of RowSoftMaxβ is bounded by ∥Si∥F ≤
√
t. The norm of the Jacobian and Hessian of RowSoftMaxβ

from Definition 2.3 are bounded by βBs′ and β2Bs′′ , respectively. That is

∥dS∥F ≤ Bs′β∥dM∥F , (11)

and

∥d2Si∥F ≤ β2Bs′′∥dMi∥2F (12)

where Bs′ = 2 and Bs′′ = 6t2 are finite constants, and β is the constant temperature parameter introduced from Definition 2.3.
2

Lemma A.3. The bound of gradient and laplacian of R̂A(T ) are given by

∥∇T R̂A(T )∥ =
√
∥∇WQ

R̂A(T )∥2F + ∥∇WK
R̂A(T )∥2F ≤ [(

√
tBxBw +By)BwBxβBs′

B2
x√
d
] ∥T ∥ (13)

and

∣∆T R̂A(T )∣ =∆WQ
R̂A(T ) +∆WK

R̂A(T ) ≤
B4

x

d
(((βBs′)BxBw)2 + (

√
tBxBw +By)BxBw(β2Bs′′)) ∥T ∥2. (14)

The above lemmas are proved in Section B.

A.1. Proof of Theorem 3.1 for Loss in Definition 2.4
Proof. We note that,

VATT (T ) = R̂A(T ) +R(T ) = R̂A(T ) +
λ

2
∥T ∥2 log(1 + ∥T ∥2), (15)

where the regularization is defined as R(T ) = λ
2
∥T ∥2 log(1 + ∥T ∥2).

We start with the gradient of the regularization term,

∇R(T ) = λT log(1 + ∥T ∥2) + λT ∥T ∥2
1 + ∥T ∥2 , (16)

so

∥∇R(T )∥ = λ∥T ∥(log(1 + ∥T ∥2) + ∥T ∥2
1 + ∥T ∥2 ) (17)

Using the expression of ∥∇R(T )∥ from above and the upperbound on ∥∇T R̂A(T )∥ from Lemma A.3, we have,

∥∇VATT (T )∥2 = ∥∇R̂A(T ) + ∇R(T )∥2 ≥ ∥∇R(T )∥2 − 2∥∇R(T )∥ sup ∥∇T R̂A(T )∥

≥ λ2∥T ∥2 (log(1 + ∥T ∥2) + ∥T ∥2
1 + ∥T ∥2 )

2

− 2λβ∥T ∥(log(1 + ∥T ∥2) + ∥T ∥2
1 + ∥T ∥2 ) ⋅ [(

√
tBxBw +By)BwBxBs′

B2
x√
d
] ∥T ∥ (18)

2For a matrix-valued function S(M), the first-order differential dS represents the linear principal part of the change in S given an
infinitesimal perturbation dM , defined via the Taylor expansion: S(M +dM) = S(M)+dS+O(∥dM∥2). Similarly, the second-order
differential d2S represents the quadratic variation, such that S(M + dM) = S(M) + dS + 1

2
d2S +O(∥dM∥3), encapsulating the

action of the Hessian tensor.

11
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Next we note that,

∆R(T ) =
D

∑
k=1

∂

∂Tk
(λTk [log(1 + ∥T ∥2) +

∥T ∥2
1 + ∥T ∥2 ])

=Dλ [log(1 + ∥T ∥2) + ∥T ∥2
1 + ∥T ∥2 ] +

D

∑
k=1

λTk [
2Tk

1 + ∥T ∥2 +
2Tk

(1 + ∥T ∥2)2 ]

=Dλ [log(1 + ∥T ∥2) + ∥T ∥2
1 + ∥T ∥2 ] +

2λ∥T ∥2
1 + ∥T ∥2 +

2λ∥T ∥2
(1 + ∥T ∥2)2 . (19)

Also recall the upper bound of∣∆T R̂A(T )∣

1

s
∥∇VATT ∥2 −∆VATT ≥

1

s
∥∇VATT ∥2 − ∣∆T R̂A∣ −∆R(T )

given Lemma A.3, substitute equation 18 and 19 into Villani condition, we have,

lim
∥T ∥→∞

(1
s
∥∇VATT ∥2 −∆VATT) ≥ lim

∥T ∥→∞

1

s
∥∇VATT ∥2 − ∣∆T R̂A∣ −∆R(T )

= lim
∥T ∥→∞

∥T ∥2
⎡⎢⎢⎢⎢⎣

λ2

s
(log(1 + ∥T ∥2) + ∥T ∥2

1 + ∥T ∥2 )
2

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
from equation 18 →+∞ at O(log ∥T ∥)2

− 2λβ

s
[(
√
tBxBw +By)BwBxBs′

B2
x√
d
](log(1 + ∥T ∥2) + ∥T ∥2

1 + ∥T ∥2 )
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

from equation 18 →+∞ at O(log ∥T ∥)

(20)

− β2B
4
x

d
((Bs′BxBw)2 + (

√
tBxBw +By)BxBwBs′′)

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
from equation 14 constant

−
Dλ [log(1 + ∥T ∥2) + ∥T ∥2

1+∥T ∥2
] + 2λ∥T ∥2

1+∥T ∥2
+ 2λ∥T ∥2

(1+∥T ∥2)2

∥T ∥2
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

from equation 19 →0

⎤⎥⎥⎥⎥⎦
.

So Villani condition is satisfied for all β and r(which is contained in D), this is because the leading term from the gradient of
regularization dominates, which is independent on β and r.

A.2. Proof of Theorem 3.1 for Loss in Definition 2.5

Proof. We note that,

VATT,ε(T ) = R̂A,ε(T ) +Rε(T ) = R̂A(T ) + [
λ

2
(∥WQ∥2+ϵF + ∥WK∥2+ϵF )] , (21)

where the regularization term is defined as Rε(T ) = [λ2 (∥WQ∥2+ϵF + ∥WK∥2+ϵF )]. Since we have,

∇Rε(T ) = ∇[
λ

2
(∥WQ∥2+ϵF + ∥WK∥2+ϵF )] = (∇WQ

[λ
2
(∥WQ∥2F )

2+ϵ
2 ] ,∇WK

[λ
2
(∥WK∥2F )

2+ϵ
2 ])

= λ

2
(2 + ϵ

2
(∥WQ∥2F )

ϵ
2 ⋅ ∇WQ

(∥WQ∥2F ),
2 + ϵ
2
(∥WK∥2F )

ϵ
2 ⋅ ∇WK

(∥WK∥2F ))

= λ

2
(2 + ϵ

2
∥WQ∥ϵF ⋅ (2WQ),

2 + ϵ
2
∥WK∥ϵF ⋅ (2WK))

= λ

2
((2 + ϵ)∥WQ∥ϵFWQ, (2 + ϵ)∥WK∥ϵFWK) (22)

so

∥∇Rε(T )∥2 = (
λ

2
)
2

(2 + ε)2 (∥WQ∥2+2εF + ∥WK∥2+2εF ) ≥ (λ
2
)
2

(2 + ε)22−ε∥T ∥2+2ε, (23)

12
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where we have used, (∥WQ∥
2
)
1+ε
+(∥WK∥

2
)
1+ε

2
≥ ( ∥WQ∥

2
+∥WK∥

2

2
)
1+ε

= 2−1−ε∥T ∥2+2ε by Jensen Inequality.

Since ∂
∂WQ,ij

∥WQ∥2+εF = (2 + ε)∥WQ∥εFWQ,ij from above, we have

∂2

∂W 2
Q,ij

∥WQ∥2+εF = (2 + ε)ε∥WQ∥ε−2F W 2
Q,ij + (2 + ε)∥WQ∥εF . (24)

By summing over all d × r elements of WQ:

∆WQ
∥WQ∥2+εF = (2 + ε)ε∥WQ∥ε−2F ⋅

⎛
⎝

d

∑
i=1

r

∑
j=1

W 2
Q,ij

⎞
⎠
+

d

∑
i=1

r

∑
j=1

[(2 + ε)∥WQ∥εF ]

= (2 + ε)∥WQ∥εF ⋅ ε + (2 + ε)∥WQ∥εF ⋅ dr = (2 + ε)(ε + dr)∥WQ∥εF . (25)

By symmetry, the Laplacian for WK ∈ Rd×r follows the exact same form: ∆WK
∥WK∥2+εF = (2 + ε)(ε + dr)∥WK∥εF We

have

∆Rε(T ) =
λ

2
(2 + ε) [(ε + dr)∥WQ∥εF + (ε + dr)∥WK∥εF ] ≤

λ

2
(2 + ε)(2ε +D)∥T ∥ε, (26)

where D = 2dr.

For the potential, together with the upper bound of ∥∇R̂A∥ from Lemma A.3 we have,

∥∇VATT,ϵ∥2 = ∥∇R̂A +∇Rϵ∥2 ≥ ∥∇Rϵ∥2 − 2∥∇Rϵ∥∥∇R̂A∥

≥ (λ
2
)
2

(2 + ϵ)22−ϵ∥T ∥2+2ϵ − 2(λ
2
(2 + ϵ)∥T ∥1+ϵ)([(

√
tBxBw +By)BwBxβBs′

B2
x√
d
] ∥T ∥)

= (λ
2
)
2

(2 + ϵ)22−ϵ∥T ∥2+2ϵ − λ(2 + ϵ) [(
√
tBxBw +By)BwBxβBs′

B2
x√
d
] ∥T ∥2+ϵ. (27)

The last inequality we have used ∥WQ∥2+2εF + ∥WK∥2+2εF ≤ (∥WQ∥2F + ∥WK∥2F )1+ε = ∥T ∥2+2ε.

Substituting this, along with the upper bound of ∣∆T R̂A∣ by Lemma A.3 and upper bound of ∆Rϵ(T ) from equation 26,
into the Villani limit expression for any given s > 0,

lim
∥T ∥→∞

(1
s
∥∇VATT,ε∥2 −∆VATT,ε) ≥ lim

∥T ∥→∞

1

s
∥∇VATT,ε∥2 − ∣∆T R̂A∣ −∆Rε(T )

≥ lim
∥T ∥→∞

⎡⎢⎢⎢⎢⎣

1

s

⎛
⎝
(λ
2
)
2

(2 + ϵ)22−ϵ∥T ∥2+2ϵ − λ(2 + ϵ) [(
√
tBxBw +By)BwBxβBs′

B2
x√
d
] ∥T ∥2+ϵ

⎞
⎠

− ((βBs′BxBw)2 + (
√
tBxBw +By)BxBwβ

2Bs′′)
B4

x

d
∥T ∥2 − λ

2
(2 + ϵ)(2ϵ +D)∥T ∥ϵ

⎤⎥⎥⎥⎥⎦

= lim
∥T ∥→∞

∥T ∥2
⎡⎢⎢⎢⎢⎣

1

s
(λ
2
)
2

(2 + ϵ)22−ϵ∥T ∥2ϵ

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
from equation 27 →+∞ at ∥T ∥2ϵ

−
λ(2 + ϵ) [(

√
tBxBw +By)BwBxβBs′

B2
x√
d
]

s
∥T ∥ϵ

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
from equation 27 →+∞ at ∥T ∥ϵ

− ((βBs′BxBw)2 + (
√
tBxBw +By)BxBwβ

2Bs′′)
B4

x

d
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

from equation 14 Constant

− λ
2
(2 + ϵ)(2ϵ +D)∥T ∥ϵ−2

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
from equation 26 →0

⎤⎥⎥⎥⎥⎦
. (28)

The leading order term O(∥T ∥2ϵ) dominates. Since ϵ > 0, regardless of the choices of dimensions d, t, key-query inner
dimension r, and Softmax temperature β. Consequently, the limit diverges to +∞, proving that the ϵ-regularized attention
loss unconditionally satisfies the Villani condition.
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B. Proofs of Intermediate Lemmas for Theorem 3.1
Proof of Lemma A.2. By the definition of the row-wise softmax function, each element Si,j,k (the element in the j-th row
and k-th column of Si) represents a valid probability. Therefore, all elements are positive, Si,j,k ∈ (0,1), and the sum of the
elements across any given row j is exactly 1:∑t

k=1 Si,j,k = 1. The squared Frobenius norm of the matrix Si is defined as the
sum of its squared entries:

∥Si∥2F =
t

∑
j=1

t

∑
k=1

S2
i,j,k ≤ (

t

∑
k=1

Si,j,k)
2

= 12 = 1,

so∥Si∥2F ≤ ∑
t
j=1 1 = t, which means the bound of S = RowSoftMaxβ(M) is given by ∥Si∥F ≤

√
t.

To determine the exact bounds for the Jacobian and Hessian of S = RowSoftMaxβ(M), we adapt the structural findings
from (Ormaniec et al., 2024).

As established in Appendix C.1, Lemma C.1 of (Ormaniec et al., 2024), since the row-wise softmax applies independently
to each row, the cross-row derivatives are strictly zero. This decoupling endows the full Jacobian matrix and the Hessian
tensor with a block-diagonal structure, allowing us to analyze them row by row.

Jacobian Bound For any single row i, the output probability is defined element-wise as Si,j = exp(βMi,j)

∑l exp(βMi,l)
. To compute

the derivative with respect to the input Mi,k we invoke Lemma B.1, Equation 19 of (Ormaniec et al., 2024) to obtain the
exact local Jacobian matrix,

∂Si,j

∂Mi,k
= ∂

∂(βMi,k)
( exp(βMi,j)
∑l exp(βMi,l)

) ⋅ ∂(βMi,k)
∂Mi,k

= Si,j(δj,k −Si,k) ⋅ β (29)

where δj,k is the Kronecker delta. Expressing this element-wise relationship in matrix form for the entire i-th row Si ∈ Rt,:

Ji =
∂Si

∂Mi
= β (diag(Si) −S⊺i Si) (30)

where Ji ∈ Rt×t is used to denote the Jacobian and Si is the i-th row of the attention probability matrix. Since Si,k ∈ (0,1)
and ∑k Si,k = 1, diag(Si) −S⊺i Si represents the exact covariance matrix of a categorical distribution. We have the bound

∥diag(Si) −S⊺i Si∥2 ≤ ∥diag(Si)∥2 + ∥S⊺i Si∥2 ≤max
k

Si,k +
t

∑
k=1

S2
i,k ≤ 2. (31)

In the above step, the first inequality applies the triangle inequality. The subsequent equality is exact for the spectral norm
(∥ ⋅ ∥2): the norm of the diagonal matrix equals its maximum entry, and the norm of the rank-1 positive semi-definite matrix
S⊺i Si equals its trace. The final strict inequality holds because Si is a probability vector which dictates that maxk Si,k < 1
and ∑t

k=1S
2
i,k < 1.

We denote dM and dS as the first-order matrix differentials, representing an arbitrary infinitesimal perturbation in the
input pre-activation matrix and the corresponding induced perturbation in the output probability matrix, respectively. For a
single row i, dMi and dSi represent their respective row vector differentials. Since the full Jacobian is block-diagonal,
the differential mapping from dM to dS operates independently on each row. For any individual row i, the Euclidean
norm (2-norm) of the differential vector satisfies ∥dSi∥2 ≤ 2β∥dMi∥2 based on the spectral norm bound derived above. By
definition, the squared Frobenius norm of a matrix is the sum of the squared 2-norms of its row vectors. Summing over all t
rows, we obtain:

∥dS∥2F =
t

∑
i=1

∥dSi∥22 ≤
t

∑
i=1

(2β)2∥dMi∥22 = 4β2
t

∑
i=1

∥dMi∥22 = 4β2∥dM∥2F (32)

Taking the square root of both sides directly yields the global bound for the differential:

∥dS∥F ≤ Bs′β∥dM∥F (33)

Therefore, the Jacobian norm is bounded by βBs′ , where the constant is explicitly evaluated as Bs′ = 2.

14
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Hessian Bound Differentiating the local Jacobian element ∂Si,j

∂Mi,k
= β(Si,jδj,k −Si,jSi,k) with respect to another input

Mi,l yields an additional factor of β via the chain rule.

∂2Si,j

∂Mi,k∂Mi,l
= β ( ∂Si,j

∂Mi,l
δj,k −

∂Si,j

∂Mi,l
Si,k −Si,j

∂Si,k

∂Mi,l
)

= β2 ((Si,jδj,l −Si,jSi,l)δj,k − (Si,jδj,l −Si,jSi,l)Si,k −Si,j(Si,kδk,l −Si,kSi,l))
= β2Si,j (δj,kδj,l −Si,lδj,k − δj,lSi,k +Si,lSi,k −Si,kδk,l +Si,kSi,l)
= β2Si,j (2Si,kSi,l + δj,kδj,l − δk,lSi,k − δj,kSi,l − δj,lSi,k) (34)

This scalar element-wise formulation is the direct expansion of the matrix-level second derivative derived in Lemma C.1
of (Ormaniec et al., 2024). This expression exclusively comprises attention probability values Si,⋅ ∈ (0,1) and Kronecker
deltas δ ∈ {0,1}. By the triangle inequality, the absolute value of each individual entry in this local 3D Hessian tensor
Hi ∈ Rt×t×t, defined as the local 3D Hessian tensorHi ∈ Rt×t×t as the collection of all second-order partial derivatives of
the i-th row of the output S with respect to the i-th row of the input M . For i ∈ {1,2, . . . , t}, its element at index (j, k, l) is
defined as:

(Hi)j,k,l ∶=
∂2Si,j

∂Mi,k∂Mi,l
for j, k, l ∈ {1, . . . , t},

which is strictly bounded as,

∣ ∂2Si,j

∂Mi,k∂Mi,l
∣ < β2 ⋅ 1 ⋅ (2 ⋅ 1 ⋅ 1 + 1 + 1 + 1 + 1) = 6β2 (35)

For a single row i, the squared Frobenius norm of its local Hessian tensorHi is the sum of its t3 squared entries. We bound
this local tensor norm as,

∥Hi∥2F =
t

∑
j,k,l=1

( ∂2Si,j

∂Mi,k∂Mi,l
)
2

≤
t

∑
j,k,l=1

(6β2)2 = t3(36β4) Ô⇒ ∥Hi∥F ≤ 6β2t1.5 (36)

For mapping S = RowSoftMaxβ(M), the complete global 6th-order Hessian tensor Hfull ∈ Rt×t×t×t×t×t is defined as the
derivative of any output entry matrix Si,j with respect to any two input entries Mp,k and Mq,l:

(Hfull)i,j,p,k,q,l ∶=
∂2Si,j

∂Mp,k∂Mq,l
for i, j, p, k, q, l ∈ {1, . . . , t}. (37)

As discussed in Appendix C.1, Lemma C.1 of (Ormaniec et al., 2024), the full Hessian tensor for the entire matrix-to-matrix
mapping is block-diagonal, all cross-row second derivatives evaluate to zero. We have

∂2Si,j

∂Mp,k∂Mq,l
=
⎧⎪⎪⎨⎪⎪⎩

(Hi)j,k,l if i = p = q,
0 otherwise.

(38)

This simplifies its total squared Frobenius norm being simply the sum of the squared norms of the t independent row blocks.
Thus, the global Hessian norm ∥Hfull∥F ,satisfies,

∥Hfull∥2F =
t

∑
i=1

t

∑
j=1

t

∑
p=1

t

∑
k=1

t

∑
q=1

t

∑
l=1

( ∂2Si,j

∂Mp,k∂Mq,l
)
2

=
t

∑
i=1

t

∑
j,k,l=1

( ∂2Si,j

∂Mi,k∂Mi,l
)
2

=
t

∑
i=1

∥Hi∥2F ≤
t

∑
i=1

(36β4t3) = 36β4t4. (39)

Taking the square root of both sides, the global Hessian norm is bounded by 6β2t2. Therefore, the bound can be denoted as
β2Bs′′ , that is

∥d2Si∥F ≤ β2Bs′′∥dMi∥2F , (40)

where the constant is explicitly evaluated as Bs′′ = 6t2.
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Proof of Lemma A.3. We begin by bounding the norm of the gradient ∇T R̂A, where T = (WQ,WK). Recall from
Definitions 2.4 and 2.5 thatR̂A ∶= 1

n ∑
n
i=1 ℓi(T ). Taking gradients and applying the triangle inequality yields ∥∇T R̂A∥ ≤

1
n ∑

n
i=1 ∥∇T ℓi(T )∥. Thus, it suffices to bound ∥∇T ℓi(T )∥, where ∥∇T ℓi(T )∥2 = ∥∇WQ

ℓi∥2F + ∥∇WK
ℓi∥2F .

From Definition A.1, recall that Mi = 1
√
d
XiWQW

⊺
KX⊺

i . In equation (54), we will show that the parameter gradients
∇WQ

ℓi and ∇WK
ℓi can be expressed in terms of the intermediate gradient ∇Miℓi as

∇WQ
ℓi =

1√
d
X⊺

i (∇Miℓi)XiWK ,

∇WK
ℓi =

1√
d
X⊺

i (∇Miℓi)XiWQ.

Therefore, it suffices to bound ∥∇Miℓi∥F . Next, we will express the intermediate gradient in terms of the upstream gradient

(∇Siℓi) in equation (48), ∇Miℓi = ( ∂Si

∂Mi
)
⊺

∇Siℓi, where Si is defined in Definition A.1. In equation (44) we will show

that the upstream gradient admits the form ∇Siℓi = EiW
⊺
v X

⊺
i , where Ei = Ŷi −Yi is the error matrix.

Thus, we proceed in four steps, (Step 1) Bounding the Error Matrix (i.e. bounding ∥Ei∥F ), which in turn allows us to
(Step 2) Bounding the Upstream Gradient (i.e. control ∥∇Siℓi∥F ), then (Step 3) Bounding the Intermediate Gradient
(i.e. ∥∇Miℓi∥F ) and finally (Step 4) Bounding the Parameter Gradients.

● Bounding the Error Matrix: First using the triangle inequality and the Softmax output bound ∥Si∥F ≤
√
t to bound

Ei = Ŷi −Yi to obtain ∥Ei∥F ≤
√
tBxBw +By (see Equation 41).

Recalling Ei = Ŷi(T ) −Yi we have,

∥Ei∥F ≤ ∥Ŷi∥F + ∥Yi∥F ≤ ∥Si∥F ∥Xi∥F ∥Wv∥F +By ≤
√
tBxBw +By, (41)

where we have used the bound of ∥Si∥F proved in Lemma A.2. Recall the other constants used in the RHS come from
definitions 2.3, 2.8 and 2.9.
● Bounding the Upstream Gradient: Based on the explicit expression for the loss gradient with respect to the output
probability matrix, ∇Siℓi = EiW

⊺
v X

⊺
i , we apply sub-multiplicativity to bound the upstream gradient: ∥∇Siℓi∥F ≤

(
√
tBxBw +By)BwBx (see Equation 45).

Recalling Ŷi(T ) = Si(T )XiWv , for the loss ℓi(T ) = 1
2
∥Yi − Ŷi(T )∥2F = 1

2
Tr(E⊺i Ei), take the differential

dℓi =
1

2
Tr((dEi)⊺Ei +E⊺i dEi) = Tr(E⊺i dEi). (42)

Since the target Yi is a constant, the is simply dEi = dŶi. Recalling Ŷi(T ) = Si(T )XiWv, Xi and Wv are treated as
constants with respect to the pre-activations, we have dŶi = (dSi)XiWv. So the differential of the loss ℓi with respect to
Si is given by:

dℓi = Tr(E⊺i dŶi) = Tr(E⊺i (dSi)XiWv). (43)

Using the cyclic property of the trace, we can rearrange this as dℓi = Tr(XiWvE
⊺
i dSi) = Tr((EiW

⊺
v X

⊺
i )⊺ dSi). By

identifying this with the standard Frobenius inner product dℓi = Tr((∇Siℓi)⊺ dSi), we extract the exact gradient,

∇Siℓi = EiW
⊺
v X

⊺
i . (44)

So we have,

∥∇Siℓi∥F = ∥EiW
⊺
v X

⊺
i ∥F ≤ ∥Ei∥F ∥Wv∥F ∥Xi∥F ≤ (

√
tBxBw +By)BwBx. (45)

● Bounding the Intermediate Gradient: Utilizing the exact chain rule∇Miℓi = ( ∂Si

∂Mi
)⊺∇Siℓi and substituting the Softmax

Jacobian bound ∥( ∂Si

∂Mi
)∥F ≤ βBs′ , we obtain the intermediate gradient bound: ∥∇Miℓi∥F ≤ (

√
tBxBw +By)BwBxβBs′

(see Equation 49). Recall that the local Jacobian ( ∂Si

∂Mi
) ∈ Rt×t and its bound are defined in Lemma A.2.
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Since the loss differential can be equivalently expressed in terms of either Mi or Si

dℓi = ⟨∇Miℓi,dMi⟩ = ⟨∇Siℓi,dSi⟩, (46)

express this in trace form, we have

Tr ((∇Miℓi)⊺dMi) = Tr ((∇Siℓi)⊺dSi) = Tr((∇Siℓi)⊺(
∂Si

∂Mi
)dMi) = Tr(((

∂Si

∂Mi
)⊺∇Siℓi)⊺dMi) , (47)

we can extract

∇Miℓi = (
∂Si

∂Mi
)⊺∇Siℓi. (48)

Take Frobenius norm of both sides and apply the Cauchy-Schwarz inequality, we have

∥∇Miℓi∥F ≤ (
√
tBxBw +By)BwBxβBs′ . (49)

● Bounding the Parameter Gradients: By extracting the gradient with respect to the query and key weight matrices,
WQ and WK , we obtain the bound of ∥∇WQ

ℓi∥F and ∥∇WK
ℓi∥F using the bound of ∥∇Miℓi∥F , then we substitute the

intermediate bound to achieve the final bound ∥∇T ℓi∥2 = ∥∇WQ
ℓi∥2F + ∥∇WK

ℓi∥2F , and hence the gradient squared bound
(see Equation 58).

Next we fix Wk to analyze the partial derivative with respect to WQ. To see that first consider the change in Mi due to
variation in WQ,

dWQ
Mi =

1√
d
Xi(dWQ)W ⊺

KX⊺
i , (50)

Since,

dℓi = ⟨∇Miℓi,dWQ
Mi⟩ = Tr((∇Miℓi)⊺dWQ

Mi) = Tr((∇Miℓi)⊺
1√
d
Xi(dWQ)W ⊺

KX⊺
i ), (51)

apply the cyclic property of trace, we have

dℓi =
1√
d

Tr (W ⊺
KX⊺

i (∇Miℓi)⊺Xi(dWQ)) . (52)

Compare this with the differential directly expressed in terms of the gradient with respect to WQ as

dℓi = ⟨∇WQ
ℓi,dWQ⟩ = Tr ((∇WQ

ℓi)⊺dWQ) , (53)

we have(∇WQ
ℓi)⊺ = 1

√
d
W ⊺

KX⊺
i (∇Miℓi)⊺Xi, or

∇WQ
ℓi =

1√
d
X⊺

i (∇Miℓi)XiWK . (54)

By taking Frobenius norm of both sides and applying the Cauchy-Schwarz inequality, we have:

∥∇WQ
ℓi∥F ≤

1√
d
∥X⊺

i ∥F ⋅ ∥∇Miℓi∥F ⋅ ∥Xi∥F ⋅ ∥WK∥F = ∥∇Miℓi∥F
B2

x√
d
∥WK∥F . (55)

Finally, substituting the upper bound ∥∇Miℓi∥F derived from equation 49, we have:

∥∇WQ
ℓi∥F ≤ (

√
tBxBw +By)BwBxβBs′

B2
x√
d
∥WK∥F . (56)
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By symmetry,

∥∇WK
ℓi∥F ≤ (

√
tBxBw +By)BwBxβBs′

B2
x√
d
∥WQ∥F . (57)

Combining equations 56 and 57, we have,

∥∇T ℓi∥2 = ∥∇WQ
ℓi∥2F + ∥∇WK

ℓi∥2F ≤ [(
√
tBxBw +By)BwBxβBs′

B2
x√
d
]
2

(∥WK∥2F + ∥WQ∥2F ) (58)

= [(
√
tBxBw +By)BwBxβBs′

B2
x√
d
]
2

∥T ∥2. (59)

So for ∥∇T R̂A∥, we have,

∥∇T R̂A∥ ≤
1

n

n

∑
i=1

∥∇T ℓi(T )∥ ≤ ((
√
tBxBw +By)BwBxβBs′

B2
x√
d
)∥T ∥. (60)

Thus we have proven equation 13 and next we prove equation 14.

● Bounding the Laplacian of the Loss For the second-order variations, we expand the Laplacian using the chain rule. By
substituting both the Jacobian bound (βBs′) and the Softmax Hessian bound (β2Bs′′) from Lemma A.2 into ∣∆WQ

ℓi∣ and
∣∆WK

ℓi∣, we obtain the Laplacian bound.

Recalling, ℓi(T ) = 1
2
∥Yi − Ŷi(T )∥2F = 1

2
Tr(E⊺i Ei), firstly we observe that,

∂ℓi
∂WQjk

= 1

2
∑
a,b

2Ei,ab ⋅
∂Ei,ab

∂WQjk

= ∑
a,b

Ei,ab ⋅
∂(Ŷi,ab −Yi,ab)

∂WQjk

, (61)

where WQjk is the (j, k)−th element of the matrix WQ, which is a scalar.

Note that Yi,ab is a constant and hence,

∂2ℓi

∂WQ
2
jk

= ∑
a,b

⎛
⎝
⎡⎢⎢⎢⎣
∂Ei,ab

∂WQjk

⎤⎥⎥⎥⎦
⋅ ∂Ŷi,ab

∂WQjk

+Ei,ab ⋅
⎡⎢⎢⎢⎢⎣

∂2Ŷi,ab

∂WQ
2
jk

⎤⎥⎥⎥⎥⎦

⎞
⎠

= ∑
a,b

⎛
⎝

∂Ŷi,ab

∂WQjk

⎞
⎠

2

+∑
a,b

⎛
⎝
Ei,ab ⋅

∂2Ŷi,ab

∂WQ
2
jk

⎞
⎠
=
XXXXXXXXXXX

∂Ŷi

∂WQjk

XXXXXXXXXXX

2

F

+ Tr
⎛
⎝
E⊺i

∂2Ŷi

∂WQ
2
jk

⎞
⎠
. (62)

Towards analyzing the second term in the RHS above, consider the following derivative of Si = RowSoftMax(Mi).

∂Si,ab

∂WQjk

= ∑
c,d

⎛
⎝
∂Si,ab

∂Mi,cd
⋅ ∂Mi,cd

∂WQjk

⎞
⎠
=∶ ∇Softmax

⎡⎢⎢⎢⎣
∂Mi

∂WQjk

⎤⎥⎥⎥⎦
. (63)

We have denoted the RHS to be ∇Softmax [ ∂Mi

∂WQjk
]. This means the perturbation of the underlying weight WQjk induces

a directional change in the intermediate pre-activation matrix Mi. By passing this direction through the Jacobian tensor of
the Softmax operator and performing a tensor contraction, we compute the exact resulting variation in the output probability
matrix Si.
To compute the second derivative ∂2Si

∂WQ
2
jk

, we differentiate the above result with respect to WQjk again to get,

∂2Si,ab

∂WQ
2
jk

= ∑
c,d

∑
e,f

⎛
⎝

∂2Si,ab

∂Mi,cd∂Mi,ef
⋅ ∂Mi,cd

∂WQjk

⋅ ∂Mi,ef

∂WQjk

⎞
⎠
+∑

c,d

⎛
⎝
∂Si,ab

∂Mi,cd
⋅ ∂

2Mi,cd

∂WQ
2
jk

⎞
⎠
. (64)

As before, we denote the RHS in tensor notation as “∇2Softmax [ ∂Mi

∂WQjk
, ∂Mi

∂WQjk
] + ∇Softmax [ ∂2Mi

∂WQ
2
jk

]”— the first term

represents the second-order sensitivity of the Softmax operator (a 6th-order Hessian tensor) acting simultaneously as a
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bilinear map on two identical first-order directional perturbations and the second term represents the first-order sensitivity
(Jacobian tensor) acting on the second-order perturbation of the intermediate matrix Mi. Recalling Ŷi(T ) = Si(T )XiWv ,
and using the above notation we have

∂2Ŷi

∂WQ
2
jk

= ∂2Ŝi

∂WQ
2
jk

XiWv =
∂

∂WQjk

∂Si

∂WQjk

XiWv =
∂

∂WQjk

⎛
⎝
∇Softmax

⎡⎢⎢⎢⎣
∂Mi

∂WQjk

⎤⎥⎥⎥⎦
⎞
⎠
XiWv

=
⎛
⎝
∇2Softmax

⎡⎢⎢⎢⎣
∂Mi

∂WQjk

,
∂Mi

∂WQjk

⎤⎥⎥⎥⎦
+ ∇Softmax

⎡⎢⎢⎢⎢⎣

∂2Mi

∂WQ
2
jk

⎤⎥⎥⎥⎥⎦

⎞
⎠
XiWv. (65)

Note that Mi = 1
√
d
XiWQW

⊺
KX⊺

i is linear in WQ, so ∂2Mi

∂WQ
2
jk

≡ 0. From equation 64, using equation 50 and the Hessian

bound from Lemma A.2, we have

∑
j,k

XXXXXXXXXXXX

∂2Si

∂WQ
2
jk

XXXXXXXXXXXXF
≤ ∑

j,k

∥∇2Softmax(Mi)∥F ⋅
XXXXXXXXXXX

∂Mi

∂WQjk

XXXXXXXXXXXF
⋅
XXXXXXXXXXX

∂Mi

∂WQjk

XXXXXXXXXXXF
≤ β2Bs′′∑

j,k

XXXXXXXXXXX

∂Mi

∂WQjk

XXXXXXXXXXX

2

F

≤ β2Bs′′
B4

x

d
∥WK∥2F .

(66)

So

∣∆WQ
ℓi∣ ≤ (βBs′BxBw)2 [

B2
x√
d
]
2

∥WK∥2F + (
√
tBxBw +By)BxBwβ

2Bs′′
B4

x

d
∥WK∥2F . (67)

By symmetry,

∣∆WK
ℓi∣ ≤ (βBs′BxBw)2 [

B2
x√
d
]
2

∥WQ∥2F + (
√
tBxBw +By)BxBwβ

2Bs′′
B4

x

d
∥WQ∥2F . (68)

We have,

∥∆T R̂A∥ ≤ ∥
1

n

n

∑
i=1

∆T ℓi(T )∥ ≤ ∥∆T ℓi(T )∥ ≤
B4

x

d
((βBs′BxBw)2 + (

√
tBxBw +By)BxBwβ

2Bs′′) ∥T ∥2. (69)

C. Proof of Villani Conditions for Regression on Shallow Nets Under LoRA Constraints
This appendix provides the formal proof of Theorem 3.2, which establishes that the factor-regularized loss landscapes of
shallow neural networks under LoRA constraints satisfy the Villani condition. By isolating the upper bound of the neural
network’s data fitting term, we can demonstrate how the factor regularization dominates as the parameters grow to infinity.
Lemma C.1. The corrected potential Vϵ(T ) satisfies the confining condition for all λ > 0.
Lemma C.2. For the i-th sample, the input is xi ∈ Rd. Define hi ∶= V ⊺xi ∈ Rr, si ∶= Uhi ∈ Rp, and

zi(U ,V ) ∶= a⊺σ(si) =
p

∑
j=1

ajσ(si,j),

where σ acts component-wise. Defining gi ∶= a⊙ σ′(si) ∈ Rp, it follows that the gradients of zi with respect to U ∈ Rp×r

and V ∈ Rd×r are ∇Uzi = gih⊺i and ∇V zi = xi(U⊺gi)⊺, that is

∇Uzi = [a⊙ σ′(UV ⊺xi)](V ⊺xi)⊺ and ∇V zi = xi[a⊙ σ′(UV ⊺xi)]⊺U . (70)

Lemma C.3. The bound of ℓ′(zi) = (zi − yi) is supi∈{1,...,n} ∣zi − yi∣ = B0 = ∥a∥2
√
pBσ +By < ∞.

Lemma C.4. The upper bound of ∥∇T zi∥ is given by

∥∇T zi∥ ≤ Bσ′Bx∥a∥2∥T ∥ ∀i = 1,2, . . . , n, (71)

and hence the upper bound of ∥∇TL∥ is given by

∥∇TL∥ ≤ B0Bσ′Bx∥a∥2∥T ∥. (72)
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Lemma C.5. The upper bound of ∣∆T zi∣ is given by

∣∆T zi∣ ≤ Bσ′′∥a∥1B2
x∥T ∥2 ∀i = 1,2, . . . , n, (73)

and hence the upper bound of the absolute Laplacian ∣∆TL∣ is given by

∣∆TL∣ = ∣
1

n

n

∑
i=1

(∥∇T zi∥2 + (zi − yi)∆T zi)∣ ≤ ((Bσ′Bx∥a∥2)2 +B0Bσ′′∥a∥1B2
x)∥T ∥2. (74)

The above lemmas are proved in Appendix D.

C.1. Proof of Theorem 3.2 for Loss in Definition 2.6

Proof. We analyze the potential defined in Definition 2.6:

Ṽ (T ) = L(T ) + λ

2
∥T ∥2 log (1 + ∥T ∥2) , (75)

where ∥T ∥ refers to the 2-norm of T read as a vector.

Let the regularization term be R(T ) = λ
2
∥T ∥2 log(1 + ∥T ∥2).

● Analysis of the Gradient Term: The gradient of the regularization term is:

∇R(T ) = λT log(1 + ∥T ∥2) + λT ∥T ∥2
1 + ∥T ∥2 . (76)

Taking the norm and lower-bounding it, we get:

∥∇R(T )∥ ≥ λ∥T ∥ log(1 + ∥T ∥2). (77)

By the gradient bound in Lemma C.4 (Equation 72), we have:

∥∇Ṽ (T )∥2 = (∥∇R(T )∥ + ∥∇L(T )∥)2

≥ ∥∇R(T )∥2 − 2∥∇R(T )∥∥∇L(T )∥
≥ (∥∇R(T )∥)2 − 2 (∥∇R(T )∥) sup (∥∇L(T )∥)

= λ2∥T ∥2 log(1 + ∥T ∥2)2 − 2B0Bσ′Bx∥a∥2∥T ∥2λ(log(1 + ∥T ∥2) +
∥T ∥2

1 + ∥T ∥2 ) . (78)

● Analysis of the Laplacian Term: To compute the Laplacian of the regularization term, we take the divergence of ∇R(T ):

∆R(T ) =
D

∑
k=1

∂

∂Tk
(λTk [log(1 + ∥T ∥2) +

∥T ∥2
1 + ∥T ∥2 ]) . (79)

Applying the product rule yields:

∆R(T ) =Dλ [log(1 + ∥T ∥2) + ∥T ∥2
1 + ∥T ∥2 ] +

D

∑
k=1

λTk [
2Tk

1 + ∥T ∥2 +
2Tk

(1 + ∥T ∥2)2 ]

=Dλ [log(1 + ∥T ∥2) + ∥T ∥2
1 + ∥T ∥2 ] +

2λ∥T ∥2
1 + ∥T ∥2 +

2λ∥T ∥2
(1 + ∥T ∥2)2 . (80)

Observe that as ∥T ∥ → ∞, ∆R(T ) = O(log ∥T ∥2). Applying Lemma C.5 (Equation 109), the Laplacian of the data term is
bounded by a quadratic. Therefore, the total Laplacian is bounded by:

∆Ṽ (T ) ≤ ((Bσ′Bx∥a∥2)2 +B0Bσ′′∥a∥1B2
x)∥T ∥2 +∆R(T ). (81)
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● Verifying the Villani Condition: Substituting Equations 78 and 81 into the Villani limit expression for a given s > 0:

lim
∥T ∥→∞

(1
s
∥∇Ṽ (T )∥2 −∆Ṽ (T )) ≥ lim

∥T ∥→∞

⎡⎢⎢⎢⎢⎣

1

s

⎛
⎝
λ2∥T ∥2 log(1 + ∥T ∥2)2

− 2B0Bσ′Bx∥a∥2λ∥T ∥2 (log(1 + ∥T ∥2) +
∥T ∥2

1 + ∥T ∥2 )
⎞
⎠

−
⎛
⎝
((Bσ′Bx∥a∥2)2 +B0Bσ′′∥a∥1B2

x)∥T ∥2 +∆R(T )
⎞
⎠

⎤⎥⎥⎥⎥⎦

= lim
∥T ∥→∞

∥T ∥2
⎡⎢⎢⎢⎢⎣

λ2

s
(log(1 + ∥T ∥2))2

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
Eq. 78→+∞ (Dominant)

− 2λB0Bσ′Bx∥a∥2
s

(log(1 + ∥T ∥2) + ∥T ∥2
1 + ∥T ∥2 )

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
Eq. 78→+∞ (slower)

− ((Bσ′Bx∥a∥2)2 +B0Bσ′′∥a∥1B2
x)

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
Eq. 81 Constant

− ∆R(T )
∥T ∥2
´¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¶
Eq. 80→0

⎤⎥⎥⎥⎥⎦
. (82)

The limit does diverge to +∞:

lim
∥T ∥→∞

(1
s
∥∇Ṽ (T )∥2 −∆Ṽ (T )) = ∞. (83)

This demonstrates that the Villani condition is satisfied for all λ > 0 and s > 0.

C.2. Proof of Theorem 3.2 for Loss in Definition 2.7

Proof. We recall from Definition 2.7 that,

Vϵ(T ) = L(T ) +
λ

2
(∥U∥2+ϵF + ∥V ∥2+ϵF ).

By Lemma C.1 we know that Vϵ is a confining function. Now, to show that Vϵ(T ) is Villani, we have to verify if the
following is satisfied:

∥∇Vϵ(T )∥2
s

−∆Vϵ(T ) → ∞ as ∥T ∥ → ∞. (84)

● Analysis of the Gradient Term: Let’s analyze the asymptotic behavior of the quantity L(T ) + λ
2
(∥U∥2+ϵF + ∥V ∥2+ϵF ).

The gradient of the data term is,

∇L(T ) = 1

n

n

∑
i=1

ℓ′i(zi)∇T (a⊺σ(UV ⊺xi)), (85)

where ℓ′(zi) = zi − yi. The total gradient norm squared is ∥∇T zi∥2 = ∥∇Uzi∥2F + ∥∇V zi∥2F .

Since we have

∇[λ
2
(∥U∥2+ϵF + ∥V ∥2+ϵF )] = (∇U [

λ

2
(∥U∥2F )

2+ϵ
2 ] ,∇V [

λ

2
(∥V ∥2F )

2+ϵ
2 ])

= λ

2
(2 + ϵ

2
(∥U∥2F )

ϵ
2 ⋅ ∇U(∥U∥2F ),

2 + ϵ
2
(∥V ∥2F )

ϵ
2 ⋅ ∇V (∥V ∥2F ))

= λ

2
(2 + ϵ

2
∥U∥ϵF ⋅ (2U),

2 + ϵ
2
∥V ∥ϵF ⋅ (2V ))

= λ

2
((2 + ϵ)∥U∥ϵFU , (2 + ϵ)∥V ∥ϵFV )

, (86)
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we get,

∥∇Rε(T )∥2 = (
λ

2
)
2

(2 + ε)2 (∥U∥2+2εF + ∥V ∥2+2εF ) ≥ (λ
2
)
2

(2 + ε)22−ε∥T ∥2+2ε, (87)

where we have used (∥U∥
2
)
1+ε
+(∥V ∥2)1+ε

2
≥ ( ∥U∥

2
+∥V ∥2

2
)
1+ε

= 2−1−ε∥T ∥2+2ε by Jensen’s Inequality.

Hence, substituting the gradient bound from Lemma C.4 (Equation 72), the gradient of the total potential ∇Vϵ = ∇L + λT
satisfies:

∥∇Vϵ∥2 = ∥∇L∥2 + ∥∇[
λ

2
(∥U∥2+ϵF + ∥V ∥2+ϵF )]∥

2

+ λ⟨ 1
n

n

∑
i=1

(zi − yi)∇T zi, ((2 + ϵ)∥U∥ϵFU , (2 + ϵ)∥V ∥ϵFV )⟩

≥ (λ
2
)
2

(2 + ϵ)2 (∥U∥2+2ϵF + ∥V ∥2+2ϵF )

− λ⟨ 1
n

n

∑
i=1

(yi − zi)∇T zi, ((2 + ϵ)∥U∥ϵFU , (2 + ϵ)∥V ∥ϵFV )⟩

≥ (λ
2
)
2

(2 + ϵ)22−ε∥T ∥2+2ε − λ(2 + ε)B0Bσ′Bx∥a∥2∥T ∥2+ε. (88)

In the last inequality, we used ∥U∥2+2εF + ∥V ∥2+2εF ≤ (∥U∥2F + ∥V ∥2F )1+ε = ∥T ∥2+2ε.

● Analysis of the Laplacian Term: Since ∂
∂Uij
∥U∥2+εF = (2 + ε)∥U∥εFUij from the analysis above, we have

∂2

∂U2
ij

∥U∥2+εF = (2 + ε)ε∥U∥ε−2F U2
ij + (2 + ε)∥U∥εF . (89)

So,

∆U∥U∥2+εF = (2 + ε)∥U∥εF ⋅ ε + (2 + ε)∥U∥εF ⋅ pr = (2 + ε)(ε + pr)∥U∥εF . (90)

By symmetry,

∆V ∥V ∥2+εF = (2 + ε)(ε + dr)∥V ∥εF . (91)

Thus, we have:

∆Rε(T ) =
λ

2
[∆U∥U∥2+εF +∆V ∥V ∥2+εF ] =

λ

2
(2 + ε) [(ε + pr)∥U∥εF + (ε + dr)∥V ∥εF ]

≤ λ

2
(2 + ε) [(ε + pr)∥T ∥ε + (ε + dr)∥T ∥ε]

= λ

2
(2 + ε) (2ε +D) ∥T ∥ε, (92)

where D = (p + d)r is the total parameter dimension.

By Lemma C.5 (Equation 109), we have:

∣∆TL∣ ≤ ((Bσ′Bx∥a∥2)2 +B0Bσ′′∥a∥1B2
x)∥T ∥2. (93)
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Substituting Equation 88, Equation 92, and the data Laplacian bound into the Villani limit:

lim
∥T ∥→∞

(1
s
∥∇Vϵ∥2 −∆Vϵ) ≥ lim

∥T ∥→∞

⎡⎢⎢⎢⎢⎣

1

s
((λ

2
)
2

(2 + ϵ)22−ϵ∥T ∥2+2ϵ − λ(2 + ϵ)B0Bσ′Bx∥a∥22−ϵ/2∥T ∥2+ϵ)

− (((Bσ′Bx∥a∥2)2 +B0Bσ′′∥a∥1B2
x)∥T ∥2 +

λ

2
(2 + ϵ)(2ϵ +D)∥T ∥ϵ)

⎤⎥⎥⎥⎥⎦

= lim
∥T ∥→∞

∥T ∥2
⎡⎢⎢⎢⎢⎣

1

s
(λ
2
)
2

(2 + ϵ)22−ϵ∥T ∥2ϵ

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
Eq. 88→+∞

− λ
s
(2 + ϵ)B0Bσ′Bx∥a∥22−ϵ/2∥T ∥ϵ

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
Eq. 88→+∞ (slower)

− ((Bσ′Bx∥a∥2)2 +B0Bσ′′∥a∥1B2
x)

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
Eq. 109 Constant

− λ
2
(2 + ϵ)(2ϵ +D)∥T ∥ϵ−2

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
Eq. 92→0

⎤⎥⎥⎥⎥⎦
(94)

= +∞. (95)

Since the quantity tends to positive infinity, the Villani condition is satisfied for all λ > 0 and ε > 0. This completes the
verification that the potential (Definition 2.7) induces the isoperimetric properties necessary for the Poincaré Inequality to
hold.

D. Proofs of Intermediate Lemmas for Theorem 3.2
Proof of Lemma C.1. The Mean Square loss is non-negative, ℓi(W ) ≥ 0, thus L(T ) ≥ 0. The potential is bounded below
by the factor regularization term:

Vϵ(T ) ≥
λ

2
∥T ∥2. (96)

Since λ > 0, the quadratic growth of λ
2
∥T ∥2 ensures lim∥T ∥→∞ Vϵ(T ) = +∞. This guarantees integrability of e−βVϵ and

normalizability of µβ .

Proof of Lemma C.2. Since dsi = dU hi, we have dzi = (a⊙ σ′(si))⊺ dsi = g⊺i (dU hi). This can be expressed in a form
of inner product

g⊺i (dU hi) = tr (hig
⊺
i dU) = ⟨gih⊺i ,dU⟩,

so
∇Uzi = gih⊺i

Consider the derivative acting on V :dsi = U dhi = U(dV )⊺xi, similarly

dzi = g⊺i U(dV )⊺xi = tr((xi(U⊺gi)⊺)⊺ dV ) = ⟨xi(U⊺gi)⊺,dV ⟩,

so
∇V zi = xi (U⊺gi)

⊺
.

So the partial gradients w.r.t. the factors are:

∇Uzi = [a⊙ σ′(UV ⊺xi)](V ⊺xi)⊺

∇V zi = xi[a⊙ σ′(UV ⊺xi)]⊺U

Proof of Lemma C.3. Apply Cauchy-Schwarz, ∣zi∣ ≤ ∥a∥2
√
pBσ , recall σ(si) ∈ Rp. Since ∣yi∣ ≤ By . we have

∣zi − yi∣ ≤ B0 = ∥a∥2
√
pBσ +By.
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Proof of Lemma C.4. By Lemma C.2, ∥∇Uzi∥F = ∥gih⊺i ∥F = ∥gi∥2∥hi∥2, where ∥gi∥2 ≤ Bσ′∥a∥2, ∥hi∥2 = ∥V ⊺xi∥2 ≤
∥V ⊺∥2∥xi∥2 = ∥V ∥2∥xi∥2 ≤ ∥V ∥FBx. We have

∥∇Uzi∥F ≤ (Bσ′∥a∥2) (Bx∥V ∥F ) = Bσ′Bx∥a∥2∥V ∥F . (97)

Similarly,

∥∇V zi∥F ≤ Bx∥U∥F (Bσ′∥a∥2) = Bσ′Bx∥a∥2∥U∥F . (98)

Since, dzi = ⟨∇T zi, dT ⟩, combine 97 and 98 together to get

∥∇T zi∥2 = ∥∇Uzi∥2F + ∥∇V zi∥2F ≤ (Bσ′Bx∥a∥2)2(∥U∥2F + ∥V ∥2F ), (99)

we have ∥∇T zi∥ ≤ Bσ′Bx∥a∥2∥T ∥ for ∀i = 1,2, . . . n. By Lemma C.3, we have,

∥∇TL∥ = ∥
1

n

n

∑
i=1

(zi − yi)∇T zi∥ ≤
1

n

n

∑
i=1

∣zi − yi∣ ∥∇Tzi∥ ≤
1

n

n

∑
i=1

B0Bσ′Bx∥a∥2∥T ∥ =
1

n
⋅ n ⋅B0Bσ′Bx∥a∥2∥T ∥ (100)

Proof of Lemma C.5. We evaluate the data term Laplacian as follows:

∆L(T ) = 1

n

n

∑
i=1

(ℓ′′i (zi)∥∇T zi∥2 + ℓ′i(zi)∆T zi) =
1

n

n

∑
i=1

(∥∇T zi∥2 + (zi − yi)∆T zi) . (101)

Recall, h = V ⊺x ∈ Rr, s = Uh ∈ Rp, and z = a⊺σ(s).

For ∆Tzi = ∑p
j=1∑

r
k=1

∂2zi

∂U2
jk

+∑d
ℓ=1∑r

k=1
∂2zi

∂V 2
ℓk

, we can analyze term by term.

Since, sj = ∑k′ Ujk′hk′ , we have ∂sj

∂Ujk
= hk, so ∂zi

∂Ujk
= ajσ′(sj) ∂sj

∂Ujk
= ajσ′(sj)hk,

and hence, ∂2zi

∂U2
jk

= ajσ′′(sj) ( ∂sj

∂Ujk
)
2
= ajσ′′(sj)h2

k.

So,

∆Uzi =
p

∑
j=1

r

∑
k=1

ajσ
′′(sj)h2

k = (
r

∑
k=1

h2
k)
⎛
⎝

p

∑
j=1

ajσ
′′(sj)

⎞
⎠
= ∥h∥22

p

∑
j=1

ajσ
′′(sj). (102)

Similarly, for hk′ = ∑d
ℓ′=1Vℓ′k′xℓ′ , we can express s with

sj =
r

∑
k′=1

Ujk′hk′ =
r

∑
k′=1

Ujk′ (
d

∑
ℓ′=1

Vℓ′k′xℓ′) ,

so ∂sj

∂Vℓk
= Ujkxℓ, hence ∂zi

∂Vℓk
= ∑p

j=1 ajσ
′(sj) ∂sj

∂Vℓk
= ∑p

j=1 ajσ
′(sj)Ujkxℓand ∂2zi

∂V 2
ℓk

= ∑p
j=1 aj [σ′′(sj)

∂sj

∂Vℓk
]Ujkxℓ.

So

∆V z =
d

∑
ℓ=1

r

∑
k=1

∂2z

∂V 2
ℓk

=
d

∑
ℓ=1

r

∑
k=1

⎛
⎝

p

∑
j=1

ajσ
′′(sj)U2

jkx
2
ℓ

⎞
⎠
=

p

∑
j=1

ajσ
′′(sj)(

d

∑
ℓ=1

x2
ℓ)(

r

∑
k=1

U2
jk) , (103)

where Uj = ∑r
k=1U

2
jk.

So ∆Tzi =∆Uzi +∆V zi = ∥h∥22∑
p
j=1 ajσ

′′(sj) + ∥x∥22∑
p
j=1 ajσ

′′(sj)∥Uj∥22.
Determine the bound,

∣∆Uzi∣ =
RRRRRRRRRRR
∥h∥22∑

j

ajσ
′′(sj)

RRRRRRRRRRR
≤ ∥h∥22∑

j

∣aj ∣ ∣σ′′(sj)∣ ≤ ∥h∥22∥a∥1Bσ′′ . (104)
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Since ∥h∥2 = ∥V ⊺x∥2 ≤ ∥V ∥2∥x∥2 ≤ ∥V ∥FBx, We have

∣∆Uz∣ ≤ Bσ′′∥a∥1B2
x∥V ∥2F . (105)

Similarly,

∣∆V z∣ =
RRRRRRRRRRR
∥x∥22∑

j

ajσ
′′(sj)∥Uj∥22

RRRRRRRRRRR
≤ ∥x∥22∑

j

∣aj ∣∣σ′′(sj)∣∥Uj∥22 ≤ B2
xBσ′′∑

j

∣aj ∣∥Uj∥22

≤ ∥a∥1∑
j

∥Uj∥22 = ∥a∥1∥U∥2F . (106)

Combine equation 105 and 106, we have,

∣∆T z∣ ≤ Bσ′′∥a∥1B2
x (∥U∥2F + ∥V ∥2F ) = Bσ′′∥a∥1B2

x∥T ∥2. (107)

So for (zi − yi)∆T zi, By Lemma C.3:

∣(z − y)∆Tz∣ ≤ ∣z − y∣ ∣∆Tz∣ ≤ B0Bσ′′∥a∥1B2
x∥T ∥2. (108)

Combine equation 99 and 108,

∆TL =
1

n

n

∑
i=1

(∥∇T zi∥2 + (zi − yi)∆Tzi) ≤ ((Bσ′Bx∥a∥2)2 +B0Bσ′′∥a∥1B2
x)∥T ∥2. (109)

E. Proofs of SDE convergence
Proof of Theorem 3.3. Let L̃(k)(T ) denote any of the four regularized potentials defined in Definition 2.4 (ṼATT), Def-
inition 2.5 (Vϵ,ATT), Definition 2.6 (V ), and Definition 2.7 (Vϵ), where k ∈ {1,2,3,4} indexes the specific model and
regularization choice.

For any k ∈ {1,2,3,4}, perform the following decomposition of the excess risk:

E[L̃(k)(Tt)] − L̃(k)⋆ = (E[L̃(k)(X(k)s (∞))] − L̃(k)⋆)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

ε(k)(s)

+(E[L̃(k)(Tt)] −E[L̃(k)(X(k)s (∞))])
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

≤D(k)(s,p0)e−λ
(k)
s t

(110)

By Proposition 5 of (Shi et al., 2023),

ε(k)(s) ≤ A(k)s (111)

and Proposition 4 of (Shi et al., 2023),

E[L̃(k)(Tt)] −E[L̃(k)(X(k)s (∞))] ≤ C(k)(s)∥p0 − µ(k)s ∥L2((µ
(k)
s )−1)e

−λ(k)s t, (112)

where p0 ∈ L2((µ(k)s )−1) is the initial probability density of the SDE (1) .

Since s ≤min{ ϵ
2A(k) , S

(k)} , and the time horizon t ≥ 1

λ
(k)
s

log ( 2D
(k)
(s,p0)

ϵ
) , by Corollary 6 of (Shi et al., 2023) we have

E[L̃(k)(Tt)] − L̃(k)⋆ ≤ ϵ. (113)
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