When Representations Align:
Universality in Representation Learning Dynamics

Loek van Rossem ! Andrew M. Saxe ! 2

Abstract

Deep neural networks come in many sizes and
architectures. The choice of architecture, in con-
junction with the dataset and learning algorithm,
is commonly understood to affect the learned neu-
ral representations. Yet, recent results have shown
that different architectures learn representations
with striking qualitative similarities. Here we de-
rive an effective theory of representation learning
under the assumption that the encoding map from
input to hidden representation and the decoding
map from representation to output are arbitrary
smooth functions. This theory schematizes rep-
resentation learning dynamics in the regime of
complex, large architectures, where hidden rep-
resentations are not strongly constrained by the
parametrization. We show through experiments
that the effective theory describes aspects of rep-
resentation learning dynamics across a range of
deep networks with different activation functions
and architectures, and exhibits phenomena simi-
lar to the “rich” and “lazy” regime. While many
network behaviors depend quantitatively on archi-
tecture, our findings point to certain behaviors that
are widely conserved once models are sufficiently
flexible.

1. Introduction

One of the major challenges currently faced in the theory of
deep learning is the issue of scalability. Although exact so-
lutions to the learning dynamics have been found for some
simple networks (Saad & Solla, 1995; Saxe et al., 2014;
Mei et al., 2018; Arora et al., 2019; Saxe et al., 2022), under
these analyses, any small change to the network architecture

!Gatsby Computational Neuroscience Unit, University Col-
lege London *Sainsbury Wellcome Centre, University Col-
lege London. Correspondence to: Loek van Rossem
<loek.rossem.22 @ucl.ac.uk>.

Proceedings of the 41°% International Conference on Machine
Learning, Vienna, Austria. PMLR 235, 2024. Copyright 2024 by
the author(s).

requires one to significantly amend the analysis. A solution
to the learning dynamics of one architecture does not neces-
sarily transfer to another architecture, a rather inconvenient
fact considering the large range of different models avail-
able. Moreover, state of the art models have a complexity
far exceeding what can be reasonably solved analytically.

Studies have shown that although the exact representation
between different neural networks may differ, some impor-
tant aspects of the computational structure they learn are
universal (Maheswaranathan et al., 2019; McMahan et al.,
2021; Huang et al., 2021). Even for certain areas in the
brain, similarities in representational structure have been
found with deep neural networks trained on natural image
data (Yamins et al., 2014; Yamins & DiCarlo, 2016; Saxe
et al., 2021; Conwell et al., 2023; Bracci et al., 2023). The
data used in learning may play a larger role than the im-
plementation details of the model, a fact which has been
empirically demonstrated in vision transformers and convo-
lutional neural networks (Bouchacourt et al., 2021; Conwell
et al., 2023) and studied theoretically (Goldt et al., 2019).
Additionally, neural scaling laws describe a formal relation-
ship between model or dataset size and performance that
appears to hold without making direct reference to archi-
tecture (Kaplan et al., 2020; Hoffmann et al., 2022). More
recently, it has been found that an alternative architecture
performs roughly the same as the transformer, given a simi-
lar parameter count (Wang et al., 2022). These observations
together license universal theories: mathematical descrip-
tions of learning that sidestep certain implementation details
in order to model behavior common among architectures.

Although a universal theory by necessity cannot completely
capture all details of any particular architecture, it has dis-
tinct advantages. Derived results may apply to many differ-
ent learning systems. In particular, this could include highly
complicated machine learning models as well as the brain,
systems which are difficult to study theoretically otherwise.
Furthermore, such an abstract approach forces us to ignore
many details not essential to describing specific learning
behaviors. This may aid in deriving results, as it reduces the
mathematical complexity of the theory. It will also focus
our attention to only the most crucial concepts needed to un-
derstand learning dynamics, providing a better sense of how
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we should be thinking about these highly complex systems.

Here we propose an approach to modelling universal rep-
resentation learning, striving to provide conceptual expla-
nations for phenomena universally observed in learning
systems. We seek to summarize known results in deep learn-
ing within a single framework. Our main contributions are
as follows:

e In Section 2, we derive an effective theory for the
interaction between two datapoints with nearby rep-
resentations during training in the expressive regime,
where the neural network is large and complex enough
to not be strongly constrained by its parametrization.

¢ In Section 3, we demonstrate the existence of universal
behavior within representational learning dynamics by
showing that the derived theory describes the dynamics
of a range of deep networks with varying activation
functions and architectures.

* In Section 4, we look at the final representational struc-
ture predicted by the theory, and find two qualitatively
different regimes, one based on random initializations,
and one based on structure in the data. We run experi-
ments on deep neural networks trained on toy datasets,
and find similar representations as predicted by the
theory.

1.1. Related Work

Exact solutions in simple architectures. Considerable
progress has been made in the theoretical analysis of deep
linear neural networks, for example, the loss landscape is
well understood (Baldi & Hornik, 1989; Kawaguchi, 2016),
and exact solutions have been obtained for specific initial
conditions (Saxe et al., 2014; Lampinen & Ganguli, 2019;
Braun et al., 2022; Pesme & Flammarion, 2023). This is
in contrast to other architectures, for which only few exact
analyses of learning dynamics exists, see e.g. (Seung et al.,
1992; Saad & Solla, 1995; Mei et al., 2018; Saxe et al.,
2022). Although some of these results derived for linear
networks reflect behavior in more complex architectures,
there is no precise mathematical connection in the dynamics
of linear and nonlinear neural networks. In this work, we
will attempt to make this relationship more explicit.

The neural tangent kernel. A notable exception in terms
of universal solutions is that of the neural tangent kernel
literature (Lee et al., 2019; Jacot et al., 2018; Golikov et al.,
2022), which does provide exact solutions applicable to
a wide range of models. The limitation here is that the
neural tangent kernel solutions are only valid for infinitely
wide neural networks at a specific weight initialization scale
(Woodworth et al., 2020). In particular, the initialization

regime used is one of relatively high weights, where the
dataset does not impact the representation (Chizat et al.,
2019; Flesch et al., 2022). We seek a similar universal
theory, applicable to the feature learning regime, where the
dataset controls the representation.

Implicit biases in gradient descent. A large body of work
has investigated gradient descent as a source of generaliza-
tion performance in deep neural networks, as opposed to
explicit regularization and inductive biases in the architec-
ture (Neyshabur et al., 2015; Gunasekar et al., 2018; Chizat
& Bach, 2020; Soudry et al., 2018). This work is mainly
either empirical or focused on analyses for examples of
specific architectures. Here instead we consider a model-
ing approach, aiming to provide intuition into the universal
nature of implicit bias and observed similarities between
representational structures across architectures.

Local elasticity. One motivating factor for the method
used here is the empirical phenomenon of local elasticity
(He & Su, 2020; Zhang et al., 2021), observed for non-linear
neural networks performing classification. A model is said
to exhibit local elasticity in the case that updating one fea-
ture vector does not significantly perturb feature vectors
dissimilar to it. This allows us to consider neural network
learning dynamics as a local process, suggesting that the lo-
cal interaction between representations may already provide
insight into the behavior of the entire dataset.

Physics inspired approaches. The approach to modelling
a two point interacting between datapoints taken here is
inspired by intuitions from physics surrounding interacting
particles. Physics-inspired particle approaches are promi-
nent in the deep learning theory (Seung et al., 1992; Rotskoff
& Vanden-Eijnden, 2018a;b; Baek et al., 2024), most no-
tably the application of mean field theory (Saul et al., 1996;
Poole et al., 2016; Xiao et al., 2018; Mei et al., 2018; 2019;
Pandey & Xu, 2019).

2. The Model

The approach we will be taking here is motivated by uni-
versal approximation theorems (Hornik et al., 1989; Barron,
1993; Cs4ji, 2001), which state that given enough parame-
ters, non-linear neural networks can learn to approximate
any arbitrary smooth function. We can thus consider the
process of training a neural network as an optimization of a
smooth function to fit the data. Constraints coming from the
architecture of the neural network may affect the dynamics
of the optimization process, but since here we are interested
in modelling these function dynamics without reference to
the details of the architecture, we will choose to ignore this.
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2.1. Function Dynamics

More explicitly, let us consider some unspecified deep neu-
ral network fp : X — Y, that is trained on a dataset
D = {(zi,y:)}Y,,Vo; € X,Vy; € Y. During training
its set of parameters 6 is optimized to reduce the mean
squared error loss function:

L(fo) = 5l o) il o, 1)

where (-)p is the average over the dataset D.

Since we are interested in studying the dynamics of the
representational space, we will split fy into two smooth
maps, an encoder map hy : X — H which assigns to each
input in X a representation in some intermediate layer H in
the neural network, and a decoder map y,;, :  — Y which
assigns a predicted output to each possible representation in
H. We may then write the loss in Equation (1) as:

L(hg,y0) = 3 lus(hof)) il @)

The dynamics on these maps follow from applying the gra-
dient descent update rule to the parameters ¢ and v defining
them:

Ap=-nVeL and AP =-nVyL, 3)

where 7 is the learning rate. For sufficiently small n we can
take the continuous time limit

% = —%V¢L and %zﬂ = —%VwL, 4
where 7 := % The problem with Equation (4) is that it
explicitly depends on the parametrization of the neural net-
work, whereas a universal approach requires ignoring such
implementation details. Ideally we would like to optimize
the loss L directly with respect to the maps hg and g, since
if the model has high expressivity, i.e. the architecture is
large and complex enough, perhaps it has enough freedom
to behave as an arbitrary smooth map. However, it is unclear
how this can be achieved mathematically'.

2.2. Two Point Interaction

In general, the modelling issue of parametrization dependent
dynamics does not appear to have a resolution. So let us
instead restrict ourselves to a simpler case, where the only
property we do know about the unspecified network, the
smoothness of the maps h and ¥, can be exploited. During
training the representations of different datapoints move

'One may be tempted to try replacing the right hand side of
Equation (4) with functional derivatives of L with respect to h¢
and y,,, however this will result in a term involving the gradient of
Yy, and the dynamics of this gradient explicitly depend on ).

around in the hidden space H, and may get near each other
and interact. Understanding such an interaction on its own
may already provide some insight into the representational
learning behavior of the model on the full dataset.

To model this two point interaction, let us consider a dataset
D = {(z1,v1), (x2, y2)}. If the representations h(z1) and
hg(x2) are close enough, then by smoothness it is reason-
able to a take a linear approximation of hy and y,, around
the mean of the two points:

To+ T 1
hg(x;) ~ h¢(%) + §Dh($i — Z)
To + X1 1 » O
yo(i) % yy(he(—5—)) + 5Dy (Dn(wi — 2i))

where Dy, and D, are the Jacobian matrices of hg and yy,
respectively.

Presumably, as gradient descent optimizes ¢ and ) in or-
der to reduce the loss, at the two point interaction this will
effectively optimize the linearization parameters Dy, D,
and § := yy(he(£2E2L)) in order to minimize the loss®.
Assuming expressivity, i.e. “enough freedom” in the archi-
tecture such that there are no additional constraints on the
dynamics, we can model the dynamics by applying gradient
descent directly to the linearization parameters, i.e.

d.__10L

dty_ Tg 6?]

d 1 OL

—D, = —— 6
dt h T 0Dy, ©
d 1 9L

Sp - _- 9

de Y 7, 0D,

where 1/75,1/7;, and 1/7, are effective learning rates.

Note that these dynamics are not necessarily equal to the
actual dynamics on the linearization parameters induced by
the model parameters ¢ and ). Equation (6) is the main
modelling assumption, and intended as an effective theory in
the regime of large complex architectures, where behavior
is unconstrained by their parametrization. The details of
how hg and y,, are parameterized determine the effective
learning rates 1/75,1/7), and 1/7,, but are otherwise not
present in the effective theory.

In fact, if one were to interpret the linearization parame-
ters as model weights, then the effective theory dynamics
are mathematically the same as that of a two layer linear
network with bias and differing learning rates for each of
the layers. However, we are not using a two layer linear
network to model the neural network here, instead we are

locally modeling a two point interaction.

*Potentially hg(22E%L) should also be considered as a lin-
earization parameter, but it will turn out to not play a role in the
following analysis.
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2.3. Reduction to a 3-dimensional System

To simplify the dynamics, we study solutions where the
representations of the two datapoints either move together
or apart but do not rotate. Strikingly, as derived in Ap-
pendix A.1, this results in a self-contained system of three
scalar variables:

d 1
&Hdh\l2=—allxz—xlll2w
d 1 1 ||dy|?
—ld 2:_ —ldh 2 7 _ 2
ol = = (NP + e = PG )
d _ 11 2 2 2
Sw == =5 Bw— [ldyl[? + llye — pa1®) ||
11 o (ldyl* + w)w
BT B v
@)
where
||dh|* =] Dp (22 — z1)]?
ldyl[* =Dy D (22 — 1)[|? ®)

w :=||dy||> = (DyDp(z2 — 1)) (y2 — v1).

We will find that this system still exhibits interesting behav-
ior worth studying. Figure 1 illustrates the relevant variables
of this system. The main quantity we care about here is the
representational distance ||dh||, as it may provide insight
into what kind of representational structures are learned.
The difference in predicted outputs ||dy|| is useful for mod-
elling loss curves. Finally, there is the additional variable
w, which controls the representational velocity. This can
be interpreted as an alignment as it only contains additional
information about the angle between the predicted outputs
and the target outputs.

Figure 1. Overview of the effective theory for the two point inter-
action. For two datapoints =1 and 2 self-contained dynamics are
defined on their representational difference ||dh/||, predicted output
difference ||dy||, and output alignment w.

3. Universal Dynamics

The dynamics in Equation (7) contain no direct reference to
the implementation details of the neural network, only two

effective learning rates 1/7, and 1/7,, which are unknown
quantities and may differ across neural networks. Imple-
mentation details have essentially been abstracted away into
these two constants. Given the right effective learning rates,
solutions to these dynamics should model the learning dy-
namics of neural networks regardless of the architecture.

3.1. Comparison of the Dynamics

In Figure 2 we compare the learning dynamics of a neural
network (20 layer, leaky ReLLU, 500 units per layer) trained
on a two point dataset to numerical solutions of the effective
theory, as well as variations of this network with different
architectures and nonlinearities. Despite only needing to
fit two constants, the theory matches all three curves quite
well for all networks. Note that this is not solely a result of
having two degrees of freedom (see Appendix C.1).

3.2. Varying Initial Weights

For small initial weights, the variables ||dh||, ||dy|| and w
start small®, so the right hand side of Equation (7) must be
small too. Therefore, the dynamics are initially stagnant
resulting in plateau-like behavior, whereas for large initial
weights we have immediate exponential decay, as derived
analytically in Appendix A.5. Such a transition from an
initial plateau to immediate decay is observed experimen-
tally, as can be seen in Figure 3 (top). Going to even larger
initial weights, the representations start off far apart, so the
linear approximation breaks down and the effective theory
no longer matches the network.

3.3. The Training Loss

In Appendix A.2, we derive an expression for the training
loss as a function of ||dy||? and w:

1 —+ ot
L =3llw(0) - B e |12
9)
1 1 9 9 (
+ 7w+ 5y = vl = lldgl ),

where the third effective time constant 1/7; shows up. The
first term in the expression is an exponential decay coming
from fitting the output mean. The second term depends on
||dy||? and w, which causes a plateau in the loss at small
weights, due to the jump discussed in Section 3.2. The
appearance of such a plateau at small weights is observed
for the true dynamics, as can be seen in Figure 3 (bottom).

3There is an assumption here about the architecture. In princi-
ple, small weights could mean anything if nothing is know about
how the smooth maps are parameterized, however, for typical
neural network architectures these variables are small.



When Representations Align: Universality in Representation Learning Dynamics

Default Convolution Skip connections Shallow Narrow Dropout
0.50 0.50 0.50
1.5 —————
0.25 10 0.25 ‘ 0.25
~ 0.5
0.00 \J\/—— 0.00 {ﬁ 0.00
0.0
0 2500 5000 0 2500 5000 0 2500 5000 0 2500 5000 0 2500 5000 0 2500 5000
Epochs Epochs Epochs Epochs Epochs Epochs
Linear RelU ELU Tanh Swish
- HthQ 1.0
HdUHZ 0.75
— ¥ 05 f lri..)()
0.25
Z .
== Theory 0.0/ 0.00
— Experiment 0 2500 5000 0 2500 5000 0 2500 5000 0 2500 5000 0 2500 5000
Epochs Epochs Epochs Epochs Epochs

Figure 2. Universal learning dynamics among different architectures. The representational distance ||dh/||?, prediction difference ||dy||?
and output alignment w during training on a two point dataset amongst architectures with varying connectivity (top) and nonlinearities
(bottom), matches the theory after fitting two constants. The architectures used are all variations of the default architecture and initialized

at small weights so as to be in the expressive feature learning regime. Details for all experiments can be found in Appendix B.

3.4. Larger Datasets
We have only considered the interaction of two points in 4
isolation. Real datasets consist of many points, which may — llan|?

[ldy|?

influence the behavior two interacting datapoints exhibit.
To investigate the validity of the theory in this setting, we
trained a model on the MNIST dataset, and tracked two dis-
tinguishable datapoints. The resulting dynamics (Figure 4)
still qualitatively resemble the theory.

Lower initial weights Higher initial weights

-_—
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0 100 200
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Figure 4. Learning dynamics of a randomly selected zero digit and
one digit in MNIST compared against the theory after fitting two

050 050 050 1.0 {5 constants. The deep neural network has 4 fully connected layers,
051 | 025 0251 0.5 100 units per layer, leaky ReLU activation and is initialized at
= .
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Figure 3. Dynamics of the 3-dimensional system (top) and training
loss (bottom) at varying initial weights. The default architecture
(20 fully connected layers, 500 units per layer, leaky ReLU) is
trained on two datapoints and compared to the effective theory, af-
ter fitting two effective learning rates for the 3-dimensional system
and one additional effective learning rate for the loss. Plateau-like
behavior in the representational distance and loss can be seen at
small initializations, but disappears at larger initial weights. At
very high initial weights, when the representational distance starts
off already large, the approximation breaks down as expected.

namics, what effect do these constraints have on the learned
representation? To investigate this, we compute the final
representational distance in the theory and compare it to
neural networks trained on a few toy datasets.

4.1. Lazy and Rich Learning Regimes

We derive the fixed points of Equation (7) in Appendix A.3,
using a reduction to a 2-dimensional system with depen-
dence on initial conditions. We find that there is only one
stable fixed point:

(10)

low?

1 1
||dh||2 = §Ahigh + ZAfQIigh + A
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Figure 5. Structured learning at small initial weights. The final representational distance of two point experiments with varying input and
target output distances compared against the theory (Equation (10)). Each dot represents a single trial, i.e. one training run. The effective
learning rates for each architecture have been fit by averaging over 50 trials at fixed input and target output distances.

where
ldrO)|* 7 [ldy(0)]?

Api — 2
(x| 70 T1dh(0 >|2>"” &

Alow = 1/ sz—ﬂflﬂ lly2 — 11ll,
(11)

hence we expect this to be the final representational distance.

When the initial weights are large, i.e.

[|dR(O)[1* [1dy(0)I[?
[|zg — 212" [|dh(0)[]?

> 1, (12)

the final representational distance converges to Apign, Which
depends on the input structure of the data and the random
initialization. In the case that they are small

[|dR(O)[1*  [1dy(0)]I?
|2 — 212" [|dA(0)[]?

<1, (13)
it converges to Aoy, Which depends on the input and output
structure of the data.

This separation between a random regime and a structured
regime closely resembles the phenomenon of the “rich” and
“lazy” learning that deep neural networks exhibit (Chizat
etal., 2019; Flesch et al., 2021; 2022; Atanasov et al., 2022).
In particular, a crucial factor determining the regime is the
initial weight scale (Woodworth et al., 2020).

4.2. Rich Structure

The representation at small initial weights is of particular
interest, as it appears to be based on a structure found in
the dataset, rather than formed by the random weight ini-
tialization. Note that again the only unknown quantities

here are the two effective learning rates. By fitting these
to the learning trajectories at a fixed choice of input and
target output distances of the datapoints, we can extrapolate
to predictions about the final representational distance for
other distances, as shown in Figure 5.

4.3. Intuition

There is an intuition as to why smoothness constraints can
result in these two different representational regimes. At
large weights, representations are initially far apart, so the
flexibility of the network allows the decoder to individually
learn the correct output freely for each datapoint, without
need of adjusting the representational structure. The domi-
nating structure in the final representation is determined by
the structure already present at initialization.

At small weights, representations are nearby and thus, due
to smoothness constraints, they can no longer freely learn
outputs without influencing each other. To illustrate this,
consider the case where we have two datapoints with the
same target output but only one already has the correct
output prediction. There are two ways to learn the correct
output for the other datapoint: (1) the decoder map can
adjust at its representation and (2) the encoder map can
move the representation towards the representation of the
other datapoint, which due to continuity of the decoder map
will align its output to that of the other datapoint, which
already has the correct output. The second option therefore
causes an effect on representations, where they move closer
when their outputs agree. The opposite effect also holds:
when two datapoints have different target outputs but the
same representation, by continuity they cannot both have
the correct output prediction. Their representations must
move apart to fit the data.
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Figure 6. Representational structure in the XOR task. The XOR problem (left) consists of 4 datapoints with two input features and one
alternating output feature. The learned hidden representational pair-wise distances match the theory prediction at varying initial weight
scales for the default 20 layer network (middle), but not for a 2 layer network at small weights (right).

Therefore, we see that at small weights there is a structured
effect on the representation, dependent on the output data.
This may help explain why overparameterized deep neural
networks sometimes learn a representational structure, even
without regularization. With a large dataset the interactions
between datapoints may be numerous enough to dominate
the representational learning behavior. In this case, the
fastest way to learn the correct output is to learn a structured
representation, and gradient descent looks for the fastest
way to minimize the loss. At small weights, the fastest
way to learn may not be overfitting but instead structured
learning, where representations due to their closeness benefit
from each other.

4.4. XOR Task

To investigate the types of structures the theory is able to
predict, we first consider the example of the XOR task. Here
the aim is to learn a simple binary non-linear computation;
there are only four datapoints, with two possible outputs,
as illustrated in Figure 6 (left). The theory predicts that
at small initial weights, representations of datapoints with
the same target output will merge, as ||yo — y1]| is zero
for such pairs. At large initial weights no such merging
should occur. As can be seen in Figure 6 (middle), this
matches the learned representation of the large 20-layer
default network. However, the theory fails to anticipate the
merging of only one pair when the network is reduced to a
two layer architecture, stressing the importance of the high
model expressivity assumption (Figure 6 (right)).

4.5. Feature Collapse

Next we consider an example of feature collapse explored in
(Flesch et al., 2022). Here a network is trained on a dataset
consisting of images of Gaussian blobs with varying x and

y positions, as shown in Figure 7. The task contains two
contexts, one where the aim is to predict the x position of
the blobs mean, and one where the aim is to predict its y
position.

Context 1 Context 2

Feature 2
Output label

U

Feature 1

Feature 1

Figure 7. A toy dataset with two orthogonal features. The dataset
consists of 2#30%30 datapoints, each 5*5 pixel images of Gaussian
blobs, centered at varying x and y positions. A one hot encoded
context variable is added, specifying whether the goal is to learn
the feature 1 (x-position) or the feature 2 (y-position).

The theory’s prediction at small initial weights is that for
each context the representation will collapse along the fea-
ture direction which is irrelevant to the task, as the output
label does not change along this direction. At large initial
weights the representation will retain the input data structure,
i.e. one 2-d square for each context. These two structures
at different weight regimes were indeed observed for a two
layer ReLU network in (Flesch et al., 2022). Because the
prediction here is universal we reran the experiment for
a different architecture (5-layer tanh), and found similar
results, as shown in Figure 8.
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Figure 8. Representational structure in the orthogonal feature task.
A multidimensional scaling projection of the representational struc-
ture of a 5-layer, tanh, fully connected network with 100 hidden
units per layer, trained on the orthogonal feature dataset. At small
initial weights the task-irrelevant direction collapses in each con-
text, but remains at large initial weights.

4.6. MNIST

When dealing with more complex datasets we cannot al-
ways apply Equation (10) directly. This is because it only
predicts an interaction between two datapoints. Even simple
geometric constraints such as the triangle inequality are not
expected. Nevertheless, in Figure 9 we see that part of the
representational structure still resembles the theory when a
network is trained on the MNIST dataset. Here we applied a
simple method to reduce violations of the triangle inequality,
as detailed in Appendix B.4.
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Figure 9. Representational structure on the MNIST dataset at small
initial weights. Pairwise distances of the first 100 datapoints in
MNIST after averaging over 50 trials of a 4-layer, leaky-ReLU,
fully connected network trained on the full dataset (left) compared
to the theory after exponential weighing (right). The Pearson
correlation coefficient between the theory and experiment is 0.703
and when not factoring in the diagonal blocks it is 0.512.

5. Depth

In the theory we consider the representation dynamics at
“some intermediate layer H”. Deep neural networks have
many layers at which the representations can be observed.
This raises the question: how do the dynamics depend on
the depth of the chosen intermediate layer?

5.1. Predictivity of the effective theory

Let us begin by determining at which layers the effective
theory is still valid. For the linear approximation to be
accurate, we need the representations to start off near each
other. Suppose that at small initial weights the average
activational gain factor of each layer is some constant G < 1.
The initial representational distance as a function of the
depth n scales roughly as

ldR(0)[|* ~ G"[|z2 — 21| . (14)

This is a decreasing function, so we expect the theory to be
more accurate in the later layers of the network. Indeed, as
can be seen in Figure 10 (red) the effective theory models
the learning behavior more accurately at the later layers.
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Figure 10. Fit loss and fitted effective learning rates of the theory
as a function of the hidden layer depth. The default model (20
fully connected layers, 500 units per layer, leaky ReLU) is trained
on the two point dataset, and the considered hidden layer is varied.
The y-axis is not to scale. We can see that the theory is accurate
only in the second half of the network. In this regime the effective
learning rate of the encoder increases with depth, whereas the
effective learning rate of the decoder decreases.

5.2. Effective Learning Rates

How do we expect the effective learning rates to change
at different hidden layers? The standard gradient descent
update contains a sum over the parameters, so it makes
changes to a map proportional to the number of parameters
it contains. As we consider later hidden layers, the number
of parameters in the encoder map increases, whereas the
number of parameters in the decoder map decreases. This
should result in the effective learning rate for the encoder
increasing with the depth and the effective learning rate for
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the decoder decreasing with the depth. We can see that in
Figure 10 this relationship holds for the later layers of the
network, where the theory is accurate, although at earlier
layers the effective learning rate for the decoder seems to
increase. Notably, these results suggest that representational
dynamics in the later layers behave in a similar manner, up
to a rescaling of effective learning rates.

6. Conclusion

We have introduced an effective theory for the universal
part of the learning dynamics common amongst different
neural network architectures, and shown it already exhibits
structured representational learning, in particular at small
initial weights. The aim here is not so much to point to this
specific theory as an accurate universal model, rather it is
to suggest that some of the essentials required for represen-
tation learning may already be contained within gradient
descent, as opposed to solely coming from inductive biases
contained in the choice of architecture. Therefore, perhaps
a more universal perspective to learning dynamics is possi-
ble. Additionally, the effective theory underlines the initial
weight scale as a crucial factor for the formation of the final
representational structure.

A significant limitation to this specific approach for mod-
elling universality is that there is no clear path to extending
it to larger datasets. More work is needed to find a satisfying
resolution to dealing with more complex data. Additionally,
many architectures do have inductive biases that affect the
learned representation, and the theory here does not take
those into account. The representational effect modelled
here likely interacts with these inductive biases, causing
potentially interesting effects on the representation that are
worth exploring.
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A. Details on the Theoretical Analysis

Here we provide computational details to the derivation of the effective theory, along with some additional results on the
behavior the theory exhibits.

A.1. Reduction to a 3-dimensional System

We begin by modelling our neural network as being represented by a smooth encoder map h : X — H assigning
representations to the inputs and a smooth decoder map y : H — Y assigning outputs to the representations. To model the
two point interaction we restrict to a two datapoint dataset D = {(x1, y1), (22, y2)} and take a linear approximation around
their representational and output mean:

(o) = h(ZEEL) + 2 Du (e — o)
y(z;) = y(h(x2 ;xl ) + %Dy(h(xi) = h(z~;)) o
= Y20 + 3D, (Daes — 7))
The mean squared loss in this approximation has the form:
L= (w2 E0) + 5D, (DaGes = 2-0) il ). (16)

Motivated by the assumption of high model expressivity, we apply gradient decent optimization directly with respect to Dy,

D, and §j := y(h(%21%1)), resulting in the dynamics:

d _ 1 0L

d 1 oL
Th 3Dh
11,1

= —E§<(§DJDth(%‘ —z)(wi —a-i) " + Dy (7 —yi)(wi —2-3)"))p (17)

11
= =250y (DyDulwz = 1) = (92 = y1)) (@2 —21)"

d 1 0L

a? =7 b,
=~ 5GPy DA~ ) (Dars = 2-0) + (7= w)(Dalai ~ 7)o

11

= —Ei( yDi(2 — 1) = (y2 — 1)) (D (w2 — 21))

where we used the matrix differentiation identities % =ab', % =(C+C")Xaa'.
The ¢ dynamics are decoupled and can be solved directly:
_ Y2t
y(t) = =

Y2+ Y1, -t
B 22 1)6 7, (18)

+ (y(0)
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the solution of which takes the form of exponential decay towards the target output mean.
Define dh := Dy (22 — x1),dy := Dy Dy (22 — 1), w := ||dy||?> — dy " (y2 — y1). To simplify the dynamics, we restrict to

solutions where the representations only move towards each other or away from each other, i.e.

d
—dh x dh. 1
T x 19)

‘We find that the derivatives

d d
—||dn||?> = 2dhT —dh
dtll I T
= thTDh({EQ — :Cl)

(Ildyl* = dy ™ (y2 = y1))||z2 — 21]|?

1
=

1
= ——|lzz — 21w
Th

d d
@del\2 =2dy" —dy

dt
= 2dy" (Dy Dy (2 — 21) + Dy%dh)
= 2dy" (Dy Dy (w2 — 1) + MDydh)
||dhl[? (20)
=2dy" (D, Dy, (x2 — 1) + ;WDydh)
= 20y (= 5y = (g2 = ) (@) = =l |
2
= 0P + -l =l )
%’w = (2dy — (y2 — yl))T%dy
= 2y = (32 = 10) T (~ 5 @y = (o2 = g IIdhIF = -5 =l P )
= - L2001l + e =l AP = 2o — L2
form a self-contained 3 dimensional system:
Sanl? = = o — P
%dell2 = —w(jyldhl2 + %sz — | ”jZHi) 21)
0=~ G0 = 112 + e — PP~ ke — 0

Because this system is self-contained and consists of only 3 scalar variables, it can easily be solved numerically given initial
conditions and values for the effective learning rates 1 /7, and 1/7,,.
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A.2. Expression for the Loss Curve

The loss can be expressed in terms of variables in the 3-dimensional system:
1,1 )
L=y + 5Dy Dn(zi —2i) = 4ill%)p
1, _ _ 1
= 517 = will* + (DyDalai — 2-3)) " (7 — wi) + g lldy[|*)p

1 1
= (17 =l + 17 = w2l = (dy) " (y2 — 1) + = ||dy||*)

1, _ 1
= (g = + 115 — w2l + 0 = S ldyl)

1 Yo+ yi, —L Y2 — Y1, Yo+, —L Y2 — Y1, 1 2
= - 0) — &—/——=— Ty —_ 0) — &—/——= g — — —||d
4(||(y( ) 5 Je T+ 5 I1* +11(»(0) 5 )e 5 I +w 2|| yl|%)

1 Yo+ Y1, —t 1
= 1@I0) = LTI w5 (v — vl = lldyl).

A.3. Final Representational Distance

The system in Equation (21) cannot be solved analytically in the general case, however, we can still gain some analytical
insights. For instance, we can determine the final representational distance, which may provide insight into the kinds of
representational structures formed. To find this, we exploit the following relationship in the dynamics:

O 7l G O SRS W VP o)
t [|an]? 2k T e P

Integrating both sides, we can write ||dy||? as a function of ||dh||?

1 Iy 7 [[4h(O)]?
L ——— dh4+(— dhl?, 2
W= 2 s =t M U@ ~ 7, T — a2 ) 1) ey

reducing the dynamics to a 2-dimensional system:

d 2 _ 1 2
g 11" = =l = [P

2

d 1 T 1 1 4 1 w
—w=—=(= ~  _J|dh|I® + = — 21ldhIIZ += = ldh]|? = _ 2_=
dtw 2( Ty2||$2—$1||2” H +Ty|‘y2 yl” H || +7—yH || w+7—h|‘x2 171” ||dh||2 (25)

1y (0)] ﬂLWMWF) 1 . 1
* T —||lzy — 1|[Pw — —||dh][*)).
<WMWP s =l ) Gyl = anllPe = —1lanl)

This system explicitly contains the initial conditions, making it less intuitive to work with. However, it is useful for finding
fixed points, as any fixed point of this system must also be one in the original system. To determine what the fixed points
are, we set the derivatives to zero.

From the ||dh||?> dynamics we immediately find that w is zero at the fixed points:
d 2

and from the w dynamics we find three potential values for ||dh||?:

d
—w=0
a”
no 1 o (g2 7 [|dh(0)]? . 2
:¢0MMI( _T a1 + [[ya — ya 21l -
7y 72 — 1] 1dR(O)IE ~ 7, Tlzz — a2 @7)

1 1
= [[dh]> = 0 or |4hI[* = 5 Awgn & 1/ {42 + 42,
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where
1dh ) _ 7y [|dy(0)]|” 2
Ahigh:( 5~ = |[z2 — 21|
To— T dh(0)|]?
2~ 1P 7 14 (0)] o8
T
Atow = ([ ZlJzg — 21| - |ly2 — w1ll.
Th
The fixed point at ||dh|[* = L Apgn — %Aﬁigh + A2 is negative and is thus not a valid solution. The dynamics will never
be able to reach it as ||dh||? cannot go below zero.
The fixed point at [|dh||* =  Anign + /1 ARgn + Ab,, has Jacobian
; 0 —2llwe — 2P .
a i%m(2‘4120w + %(Ahigh + \/ Al211gh + 4A120w)2) _%(%Ahigh + \/ A}2ligh + 4A120w) ’

The trace

1.1
7= = — (G Anien + /Al + 445,) (30)

Y

is negative and the determinant

11 1
D= ZT—yQ(QAﬁ,W + §(Ahigh + \/m)2) ©1)

is positive. This fixed point is therefore always stable.

The fixed point at ||dh||> = 0 has Jacobian

0 —L|ag — zq]|?
o llw2 — 2| 1 32)

J = 2
l;@mmgmwwn4;/myu% (52 g — Lz — P i)

This Jacobian cannot be directly evaluated at w = 0, ||dh||?> = 0 because of the undetermined term manne - By replacing
W with the direction of approach g we can solve for eigenvectors

0 —L{lwg — 22 [a]_A[a] (33)
S Gllee =il 25 = v = wall®) (5 Awin — o llaa —za|28) | [ b '
to find
Ty 2lzo—ax1[|?

with one positive and one negative eigenvalue

1 Ahigh + \/ Al21igh + 4Al%)w
Ay = — . (35)

Ty 2

There is always one direction along which perturbations increase, so this fixed point is not stable. In the limit of infinite time
we expect the final representational distance to go to the only stable fixed point:

1 1
RO = 5 Awgn + ) 1 A + A (36)
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A 4. Solution for Identical Outputs

In the case that the target outputs of the two datapoints are identical, i.e. y; = y2, an exact solution can be found. In this
case we have by definition w = ||dy||?, reducing the system to:

d 1
3 /14nlI” = ~ e - z1|[|dyl®
(37)
d 1 1 |ldyl®
—ld 2 = —|ld 20 dh 2 - _ 2
101 = gl Nhl? + ez =l )
Using Equation (24) we can write self-contained ||dh||> dynamics:
d 1 1
g7 dhl* = =—IldhI[" + — Anignl|dR][?, (38)
Ty Ty
which is a Bernoulli equation and has solution
Api
|dh(t)|[* = . (39)
__“migh — Ahigl
(o — De™ e
Plugging this in Equation (24) gives us the ||dy||? solution:
A2 (1_ Ahigh )e—Ahight
deHQ _ Tl high [1dh(0)[I? (40)
= — o2 An _ :
Ty [lwe — 21| (1 + (W — 1)e—Anat)2
A.5. Lazy Learning Dynamics
At large weights w = ||dy||?, so increasing the weights scales the initial values as
[|dn||* = GI|dhl|*
[ldyl[* — G*|ldyl|*. (41)
w — G*w
Under the variable change
[[d][*" = Gl\dh||*
d 2/ — G2 d 2
gl = G2l )
w = G*w
=Gt
the dynamics change to
d ol 1 9
qulldhll™ = = —llza — 2 "o’
d / 1 | ||dy]|?’
—||dy||* = —w'(=||dh||* + —||za — z1]||?
I = =0 A+ =m0 @)
d L, 2 | 2 2 o 11 o (Jdyl* +w)uw’
—w' =——=(3w —||d G - dh||* — —= - _
G = g 00— Il G2l =l Pl -Gl P

Taking the large initial weight limit G — oo, these dynamics reduce to the dynamics for identical outputs. We can thus
expect a similar solution for large initial weights, as the one derived in Appendix A.4, i.e. smooth exponential decay. The
training loss will therefore also exponentially decay to zero without a plateau at large initial weights, which is similar what
is observed in different neural networks.
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A.6. Random Feature Learning

A characteristic of the lazy learning regime is that it learns random features, as opposed to the more consistent structured
features learned at small initialization. We can explicitly demonstrate the vanishing of randomness in the representation at
small initial weights, by assuming the initial weights are Gaussian distributed, such that % ~ N(G,G?), % ~
N (G, G?), where G is some overall gain factor at initialization. The exact scaling of these distributions with the initial gain
is not important here, this is merely done for illustrative purposes. We can write

1
P(Hdh(oo)||2 < h) = P(iAhigh + Al211gh + Alow )

= P Al21igh + 4A120W < 2h — Ahigh)
= (Ahlgh + 4A10W (2h — Ahigh)2 and 2h — Ahigh > 0)’
= P(4 low < 4h? — 4hAhigh and 2h — Ahigh > O)

= P(Ahlghh < h2 A120w and Ahigh < 2h)

(44)

< h?, we have h2 — A2

for positive h. Since —AZ2 2

low

Anigh < 2h is automatically satisfied. Thus,

< 2h?, s0 in the event that Ayghh < h* — A?

low?

the equality

P(||dh(c0)||> < h) = P(Apgnh < h® — AZ). (45)
The distribution on Ahigh is Gaussian:

1dn(O)[1* IIdy(0)||2)
|zo —aa[[* [[dR(0)[]?

Apigh = |2 — l’l\|2(|

46
~ N(Jfez = 21]PG — [fez — 21| PG, 2 — 2] ['G2 + [fez — 2 ]|'G?) (#0)
= N(O, 2||$2 — !E1||4G2)

such that
AR
P(||dh(c0)||? < h) = ®(——r——), 47)
V2||zg — 21 |]2G
giving us a final representational distribution:
A2
d h low
f(h) = *‘I’(—h)
dh V2[ey — 1| PG
A2 A2
1 + low h low
o( . ) (48)
V2 —331|\2G V2||z2 — 2| PG
14 A e s )2

z(f\lwz x1]12G

NG 1'1|\2G

We can see that as we take the limit of small initial weights G — 0, the distribution converges, removing any randomness in
the final structure.

B. Experimental Details

Here we provide additional details and methods used in the experiments. For all experiments we used the open-source
library PyTorch. We chose stochastic gradient descent as an optimizer, as it was used for the theory derivation. The hidden
layer H considered for all models is always the layer exactly halfway through the network.

B.1. Two Point Experiments

Dataset. The dataset used here is composed of two datapoints with 1-dimensional inputs and outputs. The inputs are —1
and —1 + dx, the outputs are 0.6 and 0.6 + dy respectively, where dx has been set to 0.5 and dy set to 1.

18



When Representations Align: Universality in Representation Learning Dynamics

Table 1. Hyperparameters of the different architectures used in 2 point experiments.

EXPERIMENT NONLINEARITY INIT GAIN LEARNING RATE EPOCHS UNITS HIDDEN LAYERS
DEFAULT LEAKY RELU 1.0 0.005 6000 500 20
CONVOLUTION LEAKY RELU 0.95 0.002 6000 500 10
SKIP CONNECTIONS LEAKY RELU 0.1 0.01 6000 500 20
SHALLOW LEAKY RELU 0.35 0.01 6000 500 2
NARROW LEAKY RELU 1.05 0.005 6000 50 20
DROPOUT LEAKY RELU 1.0 0.005 6000 500 10
LINEAR NONE 0.85 0.00125 6000 500 20
RELU RELU 1.0 0.005 6000 500 20
ELU ELU 0.95 0.00045 6000 500 20
TANH TANH 0.85 0.00125 6000 500 20
SWISH SWISH 1.7 0.0025 6000 500 20
LOW INITIAL WEIGHTS LEAKY RELU 0.9 0.015 6000 500 20
INTERMEDIATE INITIAL WEIGHTS LEAKY RELU 1.1 0.0025 6000 500 20
HIGH INITIAL WEIGHTS LEAKY RELU 1.3 0.00075 6000 500 20
VERY HIGH INITIAL WEIGHTS LEAKY RELU 1.4 0.00025 6000 500 20

Architectures. The architectures used are all variants of deep neural networks where each layer has the same hidden
dimension, all layers fully connected unless specified otherwise. All models are initialized using the Xavier normal
initialization with gain parameter chosen to display rich learning behavior. Each layer has biases and these are initialized at
zero. Learning rates are chosen to produce smooth loss curves while still converging within the 6000 epochs. The different
hyperparameters can be found in Table 1. For the convolution architecture the connections between hidden layers are
replaced with convolution layers, each with 20 channels and kernel size 11. The skip connection architecture has a skip
connection on each layer jumping over the next two layers. For the dropout network a dropout probability of 0.1 was used
on all units.

Fitting Procedure. To determine the values of 1 /7, and 1/, we optimize the squared fit loss:

/ nE)® = (0 )t + /
epochs

epochs

(ldy @O = 11dy(®)|[freory) *dt + / ) (w(t) = w(t)meory)*dt,  (49)
epochs

where [|dh(t)][§corys [18Y(1)|[Geory a0d w(#)ineory are the numerical solutions to Equation (7) for the choice of 1/7;, and 1/7,,.

Additionally, for the loss curves, the parameter 1/7; was fit in the same manner.

Final Representational Distance. For the comparison of the final representational distance to the theory the same
hyperparameter settings were used. First, for each architecture, effective learning rates were fit and averaged over 50 trials at
fixed input and output distances dz = 0.5, dy = 1. Next, we ran 5*5 trials for each architecture with varying input distance
dz between 0.5 and 1.5, and varying output distance dy between 0 and 1, comparing them to the theory prediction from the
averaged effective learning rates. Trials which did not converge were discarded.

B.2. XOR Task
Dataset. The dataset used has 4 datapoints, 2 input dimensions and 1 output dimension. Explicitly, the 4 datapoints are

{z:(0,0),y:0},{z:(1,0),y:1},{z:(0,1),y:1}and {x: (1,1),y : 0}.

Architecture. The architecture used is the same as the default architecture in the two point experiments. The hyperparame-
ters used can be found in Table 2 (top). For the theory prediction, the effective learning rates from the two point experiments
fitted on the default architecture were used, as it also has 20 layers, 500 units and leaky ReL.U.

B.3. Feature Collapse Experiment

Dataset. The dataset is similar to one used in (Flesch et al., 2022), but with an increased number datapoints, as this is

required to preserve the topology of the representation due to the added depth in the architecture. The 2*30%30 datapoints
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Table 2. Hyperparameters used in the experiments on the different toy datasets.

EXPERIMENT NONLINEARITY  INIT GAIN LEARNING RATE EPOCHS UNITS HIDDEN LAYERS
XOR LOW WEIGHTS LEAKY RELU 0.7 0.015 1000 500 20
XOR INTERMEDIATE WEIGHTS LEAKY RELU 1.25 0.002 1000 500 20
XOR HIGH WEIGHTS LEAKY RELU 2.0 0.000000003 1000 500 20
XOR 2 LAYERS LEAKY RELU 0.0015 0.03 40000 500 1
BLOBS VERY LOW WEIGHTS TANH 0.275 0.05 2000 100 4
BLOBS LOW WEIGHTS TANH 0.5 0.015 1500 100 4
BLOBS HIGH WEIGHTS TANH 2.0 0.0015 750 100 4
MINST TRAJECTORIES LEAKY RELU 0.5 0.003 200 200 4
MINST STRUCTURE LEAKY RELU 0.5 0.005 200 200 4

are 5*5 pixel images of Gaussian blobs, with varying x and y position of the mean. The Gaussian variance is kept constant.
Two additional input dimensions are added for a one-hot encoding of the context variable, resulting in 27 dimensional input
data. The output data has a single dimension and is identical the x position for the half of the dataset in the first context, and
the y position for the second half.

Architecture. The architecture used is a 5 layer fully connected deep neural network with tanh nonlinearity. Hyperparam-
eters can be found in Table 2 (middle).

B.4. Experiment on MNIST

Dataset. The full training set of MNIST handwritten digit classification was used during training. The representational
structure was plotted for the first 100 digits, sorted by digit. For the learning dynamics, a zero digit and a one digit were
selected at random. The digits zero and one were chosen since they look fairly distinct, compared to e.g. three and eight.
Trajectories look slightly worse for more similar digits, but still roughly share a similar shape to the effective theory.

Architecture. The architecture used is a fully connected, leaky ReLLU network, with only 4 hidden layers instead of the
usual 20 to allow for faster convergence in the feature learning regime. The hyperparameters used for both the learning
dynamics and representational structure experiments can be found in Table 2 (bottom). Initial weight parameters were
chosen to display rich learning behaviour, while still converging within reasonable time.

Representational Structure For comparing the final representational structure to the theory prediction, the model was
trained 50 times at varying random seeds. The resulting representational distances between the first 100 digits in the dataset
were averaged. The Pearson correlation coefficient is computed between the vector of all pairwise final representational
distances and their respective theory predictions from Equation (10).

Exponential Weighing Applying Equation (10) directly makes little sense, as a prediction for pairwise representational
distances does not necessarily directly translate into a prediction for the full dataset representation. Even when assuming
pairwise distances in the full dataset behave independently, the two datapoint prediction may end up breaking the triangle
inequality, i.e. it may predict that representations of datapoints A and B are close, as well as B and C, but still predict A and
C to be far away. Thus, we must apply a preprocessing step to take the geometry into account.

One somewhat arbitrary choice of still making predictions is by using exponential weighing, i.e. adjust the representational

distance predictions based on nearby datapoints

i oo 2 - i (OO 2 "
Hdhi,j(oomgred - Z(;Hdhl,k( Mlibeory o = l1dh1,5( )”‘““"‘yHdhk,l(OO)HtQheory- (50)
k,l

In this case the large distance between A and C would cause the predicted distance between A and B, and B and C to be large
too. Thus, the method reduces issues with the triangle inequality. Although simplistic and without theoretical guarantees,
the method is easy to vectorize and can thus be used on a large part of the dataset.
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C. Supplemental Figures
C.1. Alternative Dynamics

When comparing the effective theory’s dynamics to that of the neural networks, the two effective learning rates need to be
fit. Given the simplicity of the learning dynamics, one may wonder if fitting these two parameters will lead to spurious
conclusions about the accuracy of the effective theory as a model, since a system with enough freedom may be able to fit
any simple dynamics.

To demonstrate that the specific form of Equation (7) is important to be able to fit the dynamics well, consider four slightly
altered versions of this system, where we added a factor two, a square, removed a minus sign, and remove a term respectively.
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When fitting these altered dynamics to the default architecture using the same procedure as before, we find that the squared
fit loss (Equation (49)) increases from 0.92 to 15.35, 16.61, 2.99 and 5.64 respectively.
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Figure 11. Comparisons of the effective theory (Equation (7)) and four alternative dynamics (Equation (51)) to the training dynamics of
the default architecture (20 fully connected layers, 500 units per layer, leaky ReLU) on two datapoints. Trajectories of the alternatives are
not as good of a fit compared to the effective theory.

C.2. Loss Curves for Varying Architectures

Just as with the dynamics of the 3-dimensional system, we can fit the loss expression from the theory Equation (9) to the
training loss, amongst varying architectures, as is shown in Figure 12. Using the already fitted dynamics of the 3-dimensional
system, this requires the fitting of one more unknown parameter, namely 1/7;.

C.3. Very Low Weight Limit in the Orthogonal Feature Task

One could argue that for the orthogonal feature task at low initial weights the representation should collapse to a single line,
not two disjoint lines. This is because for every point in each context there is a respective point with the same output in the
other context, meaning their output difference is zero. Therefore, by Equation (10) their representational distance should
also end up at zero. Yet, we still find two separate lines in the representation. This is because the difference in inputs here is
much larger than for points along the irrelevant feature, so their representational distance will take longer to go to zero in the
small weight limit. Indeed, if we initialize even smaller, we find that the representation collapses to a single line, as can be
seen in Figure 13.

C.4. Validation of the Linear Approximation

One may wonder to what extend the linear approximation taken in Equation (5) actually holds during training. For the
effective theory to accurately model interactions, we would like the first order term to dominate for pairs of nearby datapoints.
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Figure 12. Training loss amongst different architectures. Training loss on the two point experiment compared to the prediction from the
effective theory. The first two effective learning rates fitted in the 3-dimensional system were re-used and the final one was fitted using the
same procedure.
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Figure 13. Representational structure in the orthogonal feature task at very low initial weights. A multidimensional scaling projection of
the representational structure of a 4-layer, tanh, fully connected network with 100 hidden units per layer, trained on the orthogonal feature
dataset. At very small initial weights the representational structure collapses to a single line.

One way of validating the linear approximation is to compare the first order Taylor term to higher terms. We see in Figure 14
that it holds up reasonably well for close enough pairs of datapoints.

C.5. Adam Optimizer

The dynamics in Equation (7) were derived on the assumption that the neural network is trained using gradient descent.
In practice, other optimization schemes are used to train networks, such as Adam. It is a priori not clear that the derived
results translate to different optimizers. Indeed, as can be seen in Figure 15 the effective theory does not fit the dynamics of
a neural network trained using Adam very well.

However, the intuitions discussed in Section 4.3 do not explicitly depend on some details of the optimization scheme, such
as changes to the learning rate during training. Therefore, we may still expect a similar effect on the final representational
structure. As can be seen in Figure 16, Figure 17 and Figure 18 the representational predictions still hold up well.
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Figure 14. The ratio between the first order term and the second order term in the Taylor expansions of A (left) and y (right) respectively
for pairs of datapoints in MNIST during training. We randomly selected 1000 pairs of datapoints, and then grouped them into 10 bins
based on their representational distance. These results are shown after training the MNIST architecture from Table 2 for 30 epochs. We
can see a trend for both maps where the linear term dominates for nearby datapoints but gets worse the further they are away. This trend is
not present at initialization but does appear very quickly, becoming visible even at a single epoch.
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Figure 15. Learning dynamics of the default architecture (20 layers, 500 units, leaky ReLLU) trained on two data points using with Adam,
compared against the theory after fitting two constants. The fit is not very good, especially in the earlier part of the dynamics.
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Figure 16. Representational structure in the XOR task, with Adam used as an optimizer. The learned hidden representational pair-wise
distances match the theory prediction at varying initial weight scales for the default 20 layer network (left), but not for a 2 layer network
at small weights (right).
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Figure 17. Representational structure in the orthogonal feature task, with Adam used as an optimizer. A multidimensional scaling
projection of the representational structure of a 5-layer, tanh, fully connected network with 100 hidden units per layer, trained on the
orthogonal feature dataset. At small initial weights the task-irrelevant direction collapses in each context, but remains at large initial
weights.
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Figure 18. Representational structure on the MNIST dataset at small initial weights, with Adam used as an optimizer. Pairwise distances
of the first 100 datapoints in MNIST after averaging over 50 trials of a 4-layer, leaky-ReLU, fully connected network trained on the full
dataset (left) compared to the theory after exponential weighing (right).
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