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Abstract

This paper studies consensus conditions for leaderless and leader-follower matrix-
weighted consensus networks under the presence of constant time-delays. Several
delayed consensus algorithms for networks of single- and double-integrators using
only the relative positions are considered. Conditions for the networks to asymp-
totically converge to a consensus or clustering configuration are derived based on
direct eigenvalue evaluation or the Lyapunov-Krasovkii theorem. Furthermore,
an application of these algorithms in bearing-based network localization is also
considered. The theoretical results are supported by numerical simulations.

1 Introduction

Recently, matrix-weighted consensus, a multi-dimensional extension of the well-known scalar-
weighted consensus algorithm [20], has received a considerable amount of research attention. A
matrix-weighted consensus system models diffusion dynamics in a multi-layer system with intra-
and cross-layer interactions between multiple subsystems (or agents). Several applications of matrix-
weighted consensus systems include multi-dimensional opinion dynamics models in [[1,33]], bearing-
based formation control [7,(37]], distributed localization of wireless sensor networks [3,4], and network
synchronization [31].

A matrix-weighted consensus network can be described by a graph with both positive definite and
positive semidefinite matrix weights. Associated with the graph, a corresponding Laplacian matrix,
whose the kernel (aka the nullspace) may contain further subspaces in addition to the consensus
space [2,/12l31], can be defined. Necessary and sufficient conditions for a matrix-weighted consensus
network to asymptotically achieve consensus or clustering were given in [29/30]]. Discrete-time and
randomized matrix-weighted consensus were studied in [14}|/16[28]]. The authors in [22] investigated
the continuous-time consensus protocol with switching matrix-weighted graphs. A consensus is
asymptotically achieved if the weighted integral network over some fixed time period always contains
a positive spanning tree, or equivalently, the kernel of the Laplacian matrix of the integrated network
contains only the consensus space [22[]. The works [15,/16]] examined the consensus problems
over matrix-weighted networks for double-integrator agents. Controllability of the matrix-weighted
consensus network was discussed in [21]. Recent studies on bipartite and multi-partite matrix-
weighted consensus have been proposed in [10,|17,32].

It practice, time delays are unavoidable if agents communicate their state variables via a wireless
network, especially when the agents are separated by significant distances. When restricted to linear
systems, time delay yields phase lags and alters both the transient and steady-state responses of
the system. If the magnitude of the time delay is sufficiently large, the whole system could be
destabilized. For this reason, it is essential to examine the stability conditions of matrix-weighted
consensus networks under different assumptions on the time delays. It is noteworthy that even
with delayed linear differential equations, the exact analysis via characteristic equations will lead to
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transcendental equations, of which solutions are often complicated [5,23]]. An alternative approach
for analysing the stability of time-delayed systems is based on Lyapunov-Krasovskii or Lyapunov-
Razumikhin theorems [11}|13]]. In the literature, a sufficient condition for reaching a consensus in
a scalar consensus network with a uniform time delay was given in [20]. Lyapunov-Razumikhin
type functional was used for finding sufficient conditions for consensus networks with heterogeneous
edge delays and switching interaction topology in [27]. The authors in [25]] studied the consensus
problem with uniform delay communication and provided consensus conditions by considering
some Lyapunov—Razumikhin functionals. The author in [24]] considered a consensus problem with
heterogeneous communication time delays and introduced a delayed weighted Laplacian for the
analysis. The consensus of double-integrator agents with time delay was studied in [34] based on
an approximated characteristic equation under the assumption that the delays are sufficiently small.
An exact analytic method for a second-order delayed scalar-consensus protocol was proposed in [6].
Stabilization control laws for double- and chain of integrators using delays were proposed in [|19],
and in the consensus problem over a scalar-weighted graph [26].

In this paper, we derive stability conditions of several delayed matrix-weighted consensus models
having either a leaderless or a leader-follower topology. A leader-follower network contains several
leader agents acting as stationary references during the dynamic process. First, we consider a
matrix-weighted consensus network where all the edges have the same constant time delay. For this
network, a necessary and sufficient stability condition related to the magnitude of the time delay
and the maximum eigenvalue of the matrix-weighted Laplacian is established. Second, we study the
matrix-weighted consensus with multiple heterogeneous constant time delays. A stability condition
is given in terms of the feasibility of a linear matrix inequality (LMI). Third, we consider a matrix-
weighted consensus network of double integrators, and show that the network can asymptotically
reach the kernel of the matrix-weighted Laplacian by using only the delayed relative positions. As
it is assumed that the kernel of the matrix-weighted Laplacian is not restricted to the consensus
space, the applicability of the considered models is beyond a consensus problem. In particular, an
application of the theoretical results in bearing-based network localization [36] is also discussed.

The rest of the paper is organized as follows. In Section [2] the theoretical background is provided
and three delayed matrix-weighted consensus models studied in this paper are presented. Sections
[3H3] give stability conditions and detailed analysis of each consensus model. An application in
bearing-based network localization is discussed in Section 6] and simulation results are provided in
Appendix [A.5]to support the analysis. Lastly, Section[7]concludes the paper.

Notations: In this paper, R, R™, R4, Rmxn respectively denote the sets of real numbers, positive real
numbers, d-dimensional vectors with real entries and m X n matrix with real entries. Let 04 and ©4
respectively denote the zero vector of dimension d and the zero matrix of dimension d x d. For a real
m x n matrix A, we use AT, rank(A), det(A), ker(A), and im(A) to denote the transposition, rank,
determinant, kernel space and image space of A, respectively. If A is symmetric positive definite
(positive semidefinite), we write A > 0 (resp., A > 0). Given a vector x € R?, the Euclidean norm

[ —d
= Zi:ﬁf?-

of x is denoted by ||x|

2 Preliminaries

2.1 Matrix-weighted networks

Consider an undirected, matrix-weighted graph G = (V, £, .A) with the vertex set V = {1,...,n},
the edge set £ C V x V of m = |£| edges, and the set of nonnegative definite matrix weights
A={A;; e R}, jcy with Aj; = A, > 0,Vi, j and d > 2. Each edge (i, j) € & captures the
interactions between two agents ¢ and j, and the existence of (i, j) implies the existence of (j, )
since the graph is undirected. If (7, j) € &, then A;; # 0; and if (¢, j) ¢ € ori = j, then A;; = O.
The neighbor set of a vertex ¢ € V is denoted as N; = {j € V| (i,5) € £}. Then, the degree matrix
of a vertex ¢ is defined as D; = Zje./\/i A

Now, we can define matrix-weighted- adjacency and degree matrices A = [A;;] € Rdnxdn apd
D = blkdiag(Dy,...,D,) € R¥*4" A matrix weighted Laplacian L = [L;;] € R has
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Figure 1: A matrix-weighted graph of four vertices and four edges and its matrix-weighted Laplacian.
Each red edge corresponds to a positive definite matrix weight and each black edge corresponds to a
positive semi-definite matrix weight.

block entries

—A;; ifi#j
I" _ J Y 1
* {2 :;‘Lzl liija if4 .7 ( )

Note that L is symmetric, positive semi-definite, and ker(L) O im(1,, ® I;). A matrix-weighted
graph and its corresponding matrix-weighted Laplacian is depicted in Fig.|l|as an example.

We order the edges in £ such that £ = {ey,..., e}, and adopt the notation A;; = Ay, Ve, =
(i,j, k=1,...,m). For each edge (i, j), we specify a vertex to be the starting vertex and the other
vertex as the end vertex. The incidence matrix H = [hy;] € R™*" is defined as follows

—1, if ¢ is the starting vertex of ey,
hii = < +1, ifiis the end vertex of ey, 2)
0, otherwise.

Then, L = H "blkdiag(A)H, where H = H ® I, and ‘®’ denotes the Kronecker product.

Suppose that the matrix-weighted Laplacian L has [ > d eigenvalues 0 with [ linearly independent
eigenvectors v1, ..., v;. This assumption allows the possibilities of achieving a consensus or and
clustering when the following consensus algorithm is performed on a matrix-weighted network of
single integrators

Xi(t) = Y Agj(x;(t) = xi(t), i=1,...,m. 3)

JEN;
where x; € R? is the state vector of agenti € V. Letx = [x/,...,x,]T € R, the matrix-
weighted consensus algorithm (3] can be rewritten in matrix form as
x(t) = —Lx(t), @)

and it has been shown that x(¢) = x = 2 3" | x;(0) € ker(L), as t — +oc [18l29]]. Throughout
the paper, the shorthand x;; (t) = x;(¢) — x;(¢) will be used.

From the assumption that zero is a semi-simple eigenvalue of multiplicity [ > d, and L is symmetric,
positive semi-definite, there exists an orthonormal matrix P = [p1, ..., pan] = [R, Q] € RInxd"
such that R = [py,...,pi] € R, Q = [p141,- -, Pan) € RX(dn=D)

1 ifi=],
mm_{Oiﬁ#j
and |p;|| = 1,Vi,j = 1,. .., dn so that the matrix-weighted Laplacian is diagonalizable as P ' LP =

(] 07 (dn— . = .
A, where A = O(dn—ll)xl ZX(I(—{ l)] = diag(A1,. .., Agn) (and A = diag(A\i41, ..., Aan), Te-

spectively) the diagonal matrix containing all eigenvalues (all positive eigenvalues) of L. Note that
R D im(1,, ® I;) since the kernel of a matrix-weighted Laplacian always contains the consensus

space. Also, Q"R = 04— 1)x1, Q' Q = Tan—i.

Consider a partition of the vertex set into two disjoint subsets V, and V, such that V, UV, = V),
Vo NV, = 0, [Vo| = na, Vo] = np, ne + np = n. The agents associated with the vertices in
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V, and V), are referred to as leaders and followers, respectively. By labeling the vertices such that
Vo =A{1,...,n4}, Vs = {n, + 1,...,n}, the matrix-weighted Laplacian is partitioned as

_ L. L],
L= [Lab - ] 5)

where L, = L] € Rdnaxdna, L;'—b € Rdnaxdny and L, = LJ € RdmvXdns et T/ denote the
matrix-weighted Laplacian corresponding to the subgraph induced by the vertices in V, and edges in
G. If n, = 0, we have a leaderless network while for n, > 1, we have a leader-follower network. We

prove the following lemma on the matrix-weighted Laplacian (3)).

Lemma 2.1. Let rank(L) = dn — I, rank(L') = dny — I, ng > land 1 > d + 1. If V€ € ker(L’),
[04,,., €] ¢ ker(L), then the matrix Ly, is symmetric positive definite.

Proof. Let B = blkdiag(L,;(1,, ® I;)) = blkdiag(By,...,B,,) € R™Xdm% we have L, =
L’ — B. Suppose that Ly, is not positive definite, then there exists £ = [¢],..., &, |7 € Ri™
such that § "Ly& = €T (L/ — B)S = 04, - From the assumption on L/, it follows that £ € ker(L’ ).
Furthermore, £ "'B¢ = Y"1, &/ B, = 0. Since each matrix weight in B, = Z;Lil[Lab]kj is

negative semidefinite, it follows that &;, € ker([Lab]kj), Vj =1,...,n4, or equivalently L;rb{f =
T

04n, . Then, we have L [Odg“} = [LLabé} = 04y, which shows that [0, ,&T]" € ker(L). This
b a

contradiction implies that L; must be positive definite. O

2.2 Problem formulation

This paper aims to give some conditions for stability and/or reaching a consensus when time delays
are present in (@) and its expanded versions. Particularly, the following matrix-weighted consensus
models with time delays will be studied.

Model 1 Matrix-weighted consensus of single-integrators with a uniform constant time-delay 7 > 0:

)= Aixit—7), (6)
JEN;
Vi € Vy, and X,(t) = 04, Vi € V,.

Model 2 Matrix-weighted consensus of single-integrators with heterogeneous constant time-delays

Z xij (t = 7i5), )

where i € V,, 7;; > 0 is the time-delay associated with an edge (4, j) € &£, and x;(t) = 04, Vi € V,.

Model 3 Matrix-weighted consensus of double-integrators with two constant time-delays:

k%(t) = x(t), (8a)
“ 3T A (- T) —xi(t- ) —a Y Ay(xl(t— ) —xi(t— 1)),  (8b)
JEN; JEN;

where xf = [x’fi, .. ,x’ji]T € R% i €V, and xf(t) = 04, Vi € V,, k = 1,2. Here, x; =
[(x}) 7T, (x2)"]" and x1, x? are referred to as the position and the velocity of agent i, and a > 0 is a
control gain.

For each model, the initial condition is given as x(6) = x(0), V8 € [—7,0].

3 Matrix-weighted consensus of single-integrators with a uniform time-delay

In this section, we give condition on the time-delay to ensure the model (6) to asymptotically achieve
a consensus for leaderless and leader-follower matrix-weighted networks.
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3.1 Leaderless network
The following theorem provides necessary and sufficient consensus condition for a leaderless matrix-
weighted consensus network.

Theorem 3.1. Consider a leaderless n-agent network with V, = 0, and rank(L) = dn — 1, 1 > d.
Under the consensus algorithm (6), x(t) asymptotically converges to x* = RRx(0) € ker(L) if
and only if T < ﬁ where \gy, is the largest eigenvalue of L.

Proof. The proof of this theorem is given in Appendix O

Remark 3.2. Observe that if rank(L) = dn — d and the stability condition 7 < 57— holds, then

I =d, Zizl pPrp, = %(lnlz ® I,;) and the system asymptotically achieves a consensus. A
similar consensus condition was given in [[20] for scalar-weighted consensus networks but the proof
is different from that of Theorem [3.11

3.2 Leader-follower network

Next, we consider the leader-follower network under the consensus law (€). Let x, = [x{,...,x} ]T
andx;, = [x,) _q,...,%, ] respectively denote the stacked vectors of the leader and the follower

agents. The behaviors of the network is given in the following theorem.

Theorem 3.3. Consider a leader-follower n-agent network with ng > 1, rank(L) = dn — 1, 1 > d,
and Ly, is positive definite. Under the consensus algorithm (6), x;, asymprotically converges to

X; = L;lLabxa ifand only if T < 2>\z:mx’ where Ay max 1S the largest eigenvalue of Ly,

Proof. We can write the n-agent network in matrix form as follows

5] = [ ) 7).

As x4 (t) = x4(0), Vt > —7, we consider the variable transformation 8,(t) = x3(t) + Lb_lLabxa,
and derive the equation

8y(t) = —Lydy(t — 7). (10)

The proof that the delayed system is asymptotically stable if and only if 7 < 5 /\bﬂ — is similar to

the proof of Thm.[3.T]and will be omitted. O

Remark 3.4. It is remarked that if a consensus algorithm is performed in a leader-follower scalar-
weighted graph with non-collocated leaders, the followers will asymptotically converge to fixed
points inside the convex hull of the leaders’ position. In contrast, as shown in Thm. [3.3] for a
matrix-weighted consensus, the convergence points of follower agents may lie outside the convex hull
of the leaders’ positions. This property finds application in the bearing-based network localization
problem discussed in Section 6.

4 Matrix-weighted consensus of single integrators with heterogeneous delays

In this section, we study the matrix-weighted consensus algorithms with heterogeneous time delays
{7). We first study the problem for a leaderless matrix-weighted network and then consider the
problem for a leader-follower network.

4.1 Leaderless network

Due to symmetry, we have 7;; = 7;;, V(¢, j) € £. We can rewrite the dynamics (7) in the matrix form
as follows:

X(t) ==Y Lypx(t — ), (11)
k=1
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where r < |E, 7, = 7ij if e, = (4,5), for k = 1,...,7, and Ly, = [Ly;;] € R¥*" is a matrix
whose d x d blocks are defined by

—Ayj, J# b Tk = Tij,

Ly = Qdﬁ J # U Tk # Tij,

=2 Lkigs ] =
It is observed that Ly, is a part of the Laplacian matrix corresponding to an update with time delay
T, and L = 22:1 L. As in the previous section, RTLj, = 0;xnqg fork=1,...,r. It follows that
x* = RR " x(¢) is time-invariant.
Moreover, we have L, = PA,P T, where Aj, = ©, Oux(an—) and Aj, = QTLkQ €

O(dn—1)x! Ay

R(@n=Dx(dn=) Define §(t) = Q' x(t) € R, then the equation can be rewritten in the
following form [13]:

5(t) = — Z QTLkX(t — Tk) = — ZAké(t — Tk)
k=1 k=1
=—Ad(t)+ Zﬂk((s(t) —0(t — 7))
k=1
= —A8(t) + i]&k /t J(S)ds (12)
k=1 t=Tk

The stability of the system (12) is stated in the following theorem, whose proof can be found in
Appendix [A.3]

Theorem 4.1. Consider the leaderless matrix-weighted consensus network with time delays (12)),
where rank(L) = dn — 1, n, = 0 and | > d. Suppose that the time delays Ty, are sufficient small such
that the LMI holds, where T = 22:1 7:{'| Then, the origin is a globally uniformly asymptotically
equilibrium of (12) and x(t) — x* € ker(L) as t — +oc.

A A A A, _AT[-AT]
* _Tl_lldn—l Odgn_i cee Ogn_i A4 Ay
M= . % : +7 | B <0. (13)
* * * 77_;_111dn—l Ogn_i Af_l Ar—l
* * * * —TflIdn_l A, A

4.2 Leader-follower network

Next, we consider the leader-follower network under the consensus algorithm (7). Similar to
the previous section, we can define d,(t) = x,(t) + L;lLabxa, where Ly, = >°;_; Layk and
L, = 22:1 Lypi. That is, each matrix Ly, contributes a part to the matrices L, and L. Then,

— Z Lkab(t — ’7') — Z Labkxa = — Z Lbkdb(t — T)
k=1 k=1 k=1

= —Ly0y(t) + Y L /
k=1

t
t—Tk

Sy (t)

8y (s)ds. (14)

We can now state a theorem on the delayed-system (14)), whose proof is similar to the proof of
Theorem 4.l and will be omitted.

Theorem 4.2. Suppose that the n-agent network has a leader follower structure, n, > 1, rank(L) =
dn — 1, | > d, and Ly, is positive definite. If the time delays Ty, are chosen such that the LMI
(T3 holds and T = Y., 7;, then 8, = Ogy, is globally unniformly asymptotically stable, and
x(t) — L;lLabxa ast — +oo.

'In each LMI, the asterisk “*’ indicates that the matrix is symmetric, so it is no need to specify the block
matrices below the diagonal.
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5 Matrix-weighted consensus of double-integrators without relative velocity
measurements using two time delays

5.1 Leaderless network

Consider a leaderless matrix-weighted network. We express the network (8) in the matrix form as

follows
X(t) o 5(1 (t) o ®dn Idn X1 (t) + ®dn @dn X1 (t — T1)
%2 (t) T 1O Oun x2 (t) -L aLL x! (t — Tg)
First, observe that (1T ® Id) 2(t) = —(1) @ Iy)Lx'(t — 71) + (1) @ I)Lx'(t — 1) = O4p,.
Hence, (1] ® I;)x%(t) = (1] ® I;)x%(0) = 04,,. This property will be used in proving the main
theorem of this subsection.
¢

Second, since x!(t — 1) = x'(¢) — / x?(s)ds and,
¢

—71

:=rq(t)

xH(t — 1) = x!(t) — mx?(t) + (T2X2(t) — (xMt) —x'(t - 7'2)))
= x!(t) — mx*(t) + (Tgx2(t) - /t_ xz(s)ds>,

=ra(t)

we can rewrite the system as

SCRS [RhrR | EO RS I Lo

Letz! = Q'x', 2> = Q"x% andz = [(z")7, (2%) | ". The differential equation governing the
z-system is

[ —Ig;gf‘x] 2+ [AQT(r%L)_ : arg(t))]
Odn— l

Oan—i
F(Tg)z+[Aft " )d}+ ok (na(t >—mez2<$>d5>]'

The eigenvalues of F(7y) € R2(dn—1)x2(dn—1) qatisfy the characteristic equation

dn
det(s?T g + amAs + (1 — a)A) = 0 — H (s + amis + (1 —a))\;) =0,
i1=dn—I+1
where \; > 0, ¢« = [+ 1,...,dn, are the positive eigenvalues of the matrix-weighted Laplacian

matrix L. Thus, for « < 1 and 75 > 0, F(72) is Hurwitz, and we can find a symmetric positive
definite matrix IT € R2(4n—)x2(dn=1) gatisfying the Lyapunov equation

IOF (72) + F(72) ' T = —7Iy(4,1), (16)
where 7 = 5 — 7.

Finally, we can state the following theorem whose proof can be found in Appendix
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Figure 2: Consider three networks (a), (b), (c) in the two-dimensional space. Two networks (G1, x)

and (G1,y) have ”i:ij 1= H;:gj 7, V(4,j) € € but are not related by a combination of translations
and scaling. Their corresponding matrix-weighted Laplacian has rank(L) = 4 < 2n — 3. In contrast,
the network (Go, z) (having one more edge (1, 3) satisfies rank(L) = 5 = 2n — 3; Three networks
(d), (e), () are considered in the three dimensional space, the matrix-weighted Laplacian of networks
(Gs,x’) and (Gs,y’) has rank(L) = 19 < 3n — 4, while network (G4, z') (have an additional edge
(1,8)) has rank(L) = 20 = 3n — 4.

Py,

Theorem 5.1. Consider the leaderless delayed second-order consensus model (), where rank(L) =
dn—1,n, =0, a <1, x2(0) =04,Vi=1,...,n, and 7 > 0. Suppose that there exist positive
definite matrices W € Rdn=0)x(dn=0) 7 c Rldn=U)x(dn=0) qnq IT € R2(dn=0x2(dn=1) sy ch that
the matrix

.

X Y Y BF(r2) [@an—t Al W
2A2
2m)= |* T2 Oy T a7
* * =W -k AW
* * * —-W
is negative definite, where
Ount Ogp_ Oun—
_ T dn—I dn—1 _ dn—l
X =TIF(13) + F(m) II+ {an_l TlQAZA} , Y =1I [ A ] . (18)

Then, x*(t) — ker(L), x2(t) — 0g,, as t — +oc.

Remark 5.2. The condition o < 1 is only sufficient for our analysis, which is based on (I6) to
held. Indeed, for certain choices of 71 and 75, & = 1 may still make the system achieve asymptotic
consensus.

5.2 Leader-follower network

We now consider the consensus algorithm (8) when the matrix-weighted graph has a leader-follower
structure. The leaders’ positions are time-invariant, thus x_ (t) = x.(0) := x}, x2(¢) = 04, Vt >
—7. The equations governs followers’ dynamics are given as follows
%, () = x3 (1), (192)
%7 (t) = —Lpxp(t — 71) — Lapx} + apxi (t — 72) + aLgpx.. (19b)

Using the variable transformation 8} (t) = x}(t) + L, 'Layx! and 07(t) = x2(t), we have the
equations with the transformed variables

3y (t) = 83(1), (20a)
02(t) = —Lydi (t — 1) 4+ aLydi (t — 73). (20b)
®dnb Idnb

Defining E(72) = —( , then E(7) is Hurwitz for « < 1 and 75 > 0. Thus,

1-— a)Lb —OéTngnb
there exists a symmetric positive definite matrix IT, satisfying the following equation

ILE(m) + E(n) ', = —7Iag,,, (21)

where 7 = 75 — 7. Similar to the proof of Theorem[5.1} the following theorem can be proved.
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Theorem 5.3. Consider the delayed second-order consensus model ) in a leader-follower network
with rank(L) = dn — 1, n, > 1, Ly, > 0, « < 1 and 71 > 0. Suppose that there exist positive definite

matrices Wy, € Rldn=0x(dns) 7, c Rdmxdno gng T, € R24meX2dns g ch thar the matrix

Xy Yy Y, 7'22E(T2)T [ednb Lb] T W,

271 2
:'b(7'2) _ * —Zb @dnb —Ta Lb V‘/b
=1 — 2
* * —%Wb —kTQQLng
* * * —W,

is negative definite, where

Oun Oun Oun
X, = HbE(Tg) + E(TQ)THb + (_)Z b leLbliZZLb:| , Y, =11, l: d b:| .
ny

Then, x}(t) — —L; 'LapyXa, and x2(t) — 0y, .

6 Bearing-based network localization under time delays

We consider a wireless sensor network of n nodes in the d > 2 dimensional space. Consider a global
coordinate system 93, and let the position of the i-th sensor in the network referred in 93 be denoted
as x; € R%.

The network is characterized by (G,x), where G is the interaction graph and x = [x ,..., x| €

R?", the stacked vector of the global positions of 7 nodes, is referred to as a realization. Each node
(or agent), located at x; € R<, can measure the bearing vector g —Xi which contains the

x;—X;|

directional information from node i to a neighboring node j € N;. The g‘iof)al p‘l)sition X; is unknown
to each agent i, so it needs to update an estimate X;(¢) € R? of x; and exchange this information
with its neighbors. The process of determining the positions of the network’s nodes is called network
localization. We assume that the information about the origin of the global coordinate system is
unavailable to each agent and each agent maintains a local coordinate systems ‘Y, whose axes are
aligned with 9%. This assumption is feasible since we can firstly conduct an orientation alignment
algorithm before performing the network localization process.

For each bearing vector g;;, there is a corresponding symmetric positive semidefinite matrix Pg,, =
L; — gijg; € R satisfying ker(Pyg, ;) = im(g;;) and Pg,, = Py =Pz . Observe that Py, is
an orthogonal projection onto ker(g;;). The bearing-based network localization algorithm [3536]

Xl(t) = - Z Pgij (&Z(t) - }A(J(t)% 1= 1a cee, N, (22)
JEN;

can be considered as a matrix-weighted consensus algorithm (3)). The network localization algorithm
([22) induces the bearing Laplacian L with the ij-th off-diagonal block matrix —Pyg, . It has been
shown that the necessary and sufficient condition for the network under the update law to be
determined up to a translation and a scaling is rank(L) = dn — d — 1 [37]. Thus, the bearing
Laplacian corresponds to | = d + 1, and all theoretical results in Sections [3H3]are applicable for the
bearing-based network localization problem with time delays.

7 Conclusions

In this paper, three leaderless and leader-follower matrix-weighted consensus models with constant
time-delays were studied. The stability of the considered models was analysed and several conditions
for the system to asymptotically converge to a point in the kernel of the matrix-weighted Laplacian
were provided. An application in bearing-based network localization with time-delays was also given.
Since the current work only focuses on constant time delay, for further studies, it will be interesting
to consider time-varying time-delays or adaptive algorithms for stabilizing the matrix-weighted
consensus network with time-delays.
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A Appendix / supplemental material

A.1 Time-delay systems and the Lyapunov-Krasovskii theorem

Consider the functional differential equation

X(t) = £(t,x¢),t > to, (23a)
x4, (0) = p(8), VO € [—7,0], (23b)
where x(t) € R", and the notation x; = x(t + ), V8 € [—7,0] is adopted. The function f :

R x C,, — R™ is continuous in both arguments and is locally Lipschitz in the second argument
Furthermore, it is assumed that f(¢,0,,) = 0,,, V¢ € R so that x = 0,, is a solution of the system.

?Cp,» = C[—7,0] denotes the Banach space of absolutely continuous vector functions ¢ : [—7,0] —
R™ with ¢ € L2(—7,0) (the space of square-integrable functions) equipped with the norm [|¢|c =

1
maXge[—r0] [|@(0)| + (fET H‘/’(S)szs) 2
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Lemma A.1 (Lyapunov-Krasovskii Theorem). [8|] Suppose that f maps Rx (bounded sets of Cy, ;)
into bounded sets of R", and there exist functions u,v,w : Rt — Rt which are continuous,
nondecreasing functions, u(s) > 0, v(s) > 0, w(s) > 0, Vs > 0, u(0) = v(0) = 0. If there exists a
continuous function V : R x C, X La(—h,0) — RY, such that

() u(llx]) < V({tx, %) < v(l[xelle),

(i) V(t,x0, %) < —w(|x]),

then, the solution x(t) = 0,, is uniformly asymptotically stable. If in addition,
(iii) limg_, oo u(s) = 400,
then the solution x(t) = 0, is globally uniformly asymptotically stable.

The following lemmas are useful for analysing the stability of time-delay systems. A short introduc-
tion to time-delay systems and the Lyapunov-Krasovskii method are given in Appendix [A.T]for quick
reference, while we refer the reader to [8]] for a tutorial on the topic.

Lemma A.2 (Jensen’s inequality). Denote

G- / " Fl(s)ds,

where a < b, f : [a,b] — [0,00), z(s) € R™. Then, for any positive definite matrix K € R"*",
there holds

b b
GTKGS/ f(9)d9/ f(s)x " (s)Kx(s)ds.

Lemma A.3 (Wirtinger’s Inequality). Let z(t) : (a,b) — R™ be absolutely continuous with z €
Ls(a,b) and z(a) = 0, or z(b) = 0,,. Then, for any positive definite matrix W € R"*"™, there
holds

b b
/ 2(&) T Wa)de < W= / #(€)TWis(€)de.

T

A.2  Proof of Theorem 3.1
We rewrite the consensus system (6)) in the following matrix form

x(t) = —Lx(t — 7). (24)
Consider the variable transformation §(¢) = Q "x(t). By expressing L = PAPT, we have

8(t) = —A8(t — 7). (25)

AsRTx(t) = 0;, R"x(t), which shows that R "x(¢) = R"x(0) = 22:1 p; x(0) is time invariant.
The n-agent system (23] asymptotically converges to a point in ker(L) if and only if §(¢) — 0gy,—;,
as t — +o0, or all roots of the characteristic equation

det(sg, + Ae™ ™) =0 (26)

must have negative real parts. Equation (26) is equivalent to s + A\pe™ ™ = 0,Vk =1+ 1,...,dn.
Let s = 0 4 jw, where o, w € R, we have

0+ gw 4 Aee T — 5 4 g+ Ae 7 (cos(wT) — gsin(wT))

T

=0+ A\pe 77 cos(wT) + J(w — A\pe 77 sin(wT)).

Thus, the roots of (26) satisfy o = —Ape™ "7 cos(wT), w = Ape” "7 sin(wT).
(Necessity) If o < 0, Vw, it follows that cos(wT) = cos(Agwe 777 sin(Tw)) > 0, Vw. This implies

that [A\p7e™ 77 sin(tw)| < \p1e™ 77 < T VE=141,...,dn,or 7 < 727;:7 < B
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(Sufficiency) if 7 < g{—, because 02 + w? = Ae 277, it follows that |w| < Age™ 7, and

Tlw| < ”e;”. If o > 0, then 77" < 1. It follows that cos(tw) > cos(3) > 0, and 0 =
—Age” 77 cos(%) < 0. This contradiction implies that o < 0.

Therefore, we conclude that o < 0 if and only if 7 < ﬁ

Next, let the condition 7 < 55— be satisfied, and x(¢) = ®(t),Vt € [-7, 0], and ®(t) = x(0), the
Laplace transform of (23) gives
0
$X(5) — x(0) = —e""LX(s) — L / x(€)e="E+7) ge
0

X(s) = —(sIgp + e ""L) ! <x(0) +L /

-7

x(f)es<5+f>df)

Using the final value theorem [9]], we have

lim x(t) = lim 5(sTan + e TL)™! <x(0) - L /
s5—

t—-+o0 -7

0

X(ﬁ)es“”)d€>
0

— 21_1)% Pdiag <S+)\‘;_M> P’ (x(o) + L[T x(&)df)
0
=RR' <x(0) +L /

—T

x(&)d&) =RR"x(0), (27)
which completes the proof.
A.3 Proof of Theorem 4.1

Consider the functional V (t,8(t),d;) = Vi(8(t)) + Va(d;), where Vi = &(t)Td(t) and Vo =
Shen Jods ftt,s 8(h)Té(h)dh. The derivatives of V; and V5 along a trajectory of are given
by

k=1 ¢
r t
=—25(t)"AS(t) +26(t)" Y Ax / d(s)ds, (28)
k=1 t—Tk

and

< 8T (1) - ,; (/. 6<s>ds)T ([ deas) 9)

where 7 = "', 74, and in (Z9) we have used the Jensen’s inequality in Lemma Define the
(r+ 1)(dn — 1) vector

t t T
y(t) £ [6T(t),/ 0" (s)ds, ... ,/ 5T(s)ds] )
t—71 t—7p
from Egs. (28) and (29), one gets
V(8(1),8:) < (y(1)) "My(t), (30)
where M is given in (I3). From the assumption that Ml < 0, there exists v > 0 such that
V(a(1),0) < —v[8(1)[* (31

or the origin is a globally uniformly asymptotically stable equilibrium of the system (I2) (Appendix
A.1). Thus, x(¢t) — x* € ker(L), as t — +o0.

The matrix M is a summation of two matrices, the first one is positive definite when 7 are small,
and the second one can be made arbitrarily small by choosing 74 small. This implies that the LMI
(13) is feasible if 7, k = 1, ..., r, are sufficiently small.
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A.4 Proof of Theorem 5.1

Consider the following functionals

Vi(z(t)) = z ' Iz,

Va(z) =11 /t (s —t+711)(2%(s)) T AZAZ*(s)ds,

Va(z¢) = o’ / (s —t+7)(2%(s)) "AWAZ2(s)ds,

where Z, W € R(@»~Dx(dn=1) are positive definite matrices. Denoting 3" (¢ ft . s)ds, and
B%(t) = 7222(t) — (2 (t) — z' (t — 72)), and taking the time derivatives of V ,J=1,2, 3 we have
) © n— (S n—
Vi=z'1 (F(TQ)z+ [ i l} B(t) + [ " l} B(t )) (32a)
¢
Vo = 12(22(t)) " Z22(t) — 7y / (z%(s)) " 22%(s)ds, Z = AZA (32b)
t—T11

t
Vs = a7 (2% (1) "Wz (t) — o?7 / (z%(s))"Wz2(s)ds, W = AWA.  (32c)
t—T2

Based on Jensen’s inequality, the second term in V can be evaluated as follows

ﬁ/tt (2%(s)) " Zz%(s ds/tnde/ $)) " Zz%(s)ds
(] oo o

= (B'(1))"ZB" (1). (33)
Thus,
Vo < 72(22(t)) 227 (t) — (B1(t)) T ZB: (1) (34
Next, based on Wirtinger’s and Jensen’s inequalities, we have
2 4t t
T @OTWEensz [ @0 -2 6) W) - 2s)ds
t—To t—To

. ( / (22(1) - z2<s>>ds)T W ( / (22(t) - z2(s))ds>

>
_ ?12 (ng%) - /t i Z2(s)d8)TW <72z2(t) _ /t ;2 ZQ(S)ds>
— ()W), (35)

Thus, V5 < 74(z2(t))T Wz2(t) — 7T72(ﬁQ(t))TVVﬁQ(t). Choosing the Lyapunov functional
V(a(t),2:) = Vi(a(t)) + Va(ze) + Vs(z), and let p = [2(t) 7, (AB' ()", (AB*(1)) 7], we

can compute

X Y Y
* =7 Ogy_y

V<n@)’ ;
* *x =W

n(t) + (22 (t)) T AWAZ(1), (36)

=E1(72)
where X, Y are defined as in (I8). Since
AZ*(t) = [@gn—1 A]F(2)z(t) — A*B(t) — aA>B(t)
= [[®dn—1 A]F(r2) —A? —aA?|n, (37
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we have the following equation (z2(¢)) T AW Az2(t) =

Oun—1 Ogn— (OF. (OF
)T G0 KW Fim) Rl | ] ere SR
n . A2WA? aAZWA? (38)
* * a?A2WA?Z

=B (72)

Thus, if the LMI E; + 74E5 < 0 is feasible, the z-system is globally uniformly asymptotically stable.
By Schur’s complement, this condition is equivalent to

Z(1) < 0. (39)

Thus, V(z;,2;) < —c||z|? for some ¢ > 0, or equivalently, z = 0 is globally uniformly asymp-
totically stable (Appendix |A.1)) and x*(¢) —ker(L), k = 1,2, if the LMI (39) is satisfied. Since
x2(0) = 04, Vi = 1,...,n, due to the observation at the beginning of the Subsection we

K3

conclude that x?(t) — 04, Vi =1,...,n.

Finally, we consider the feasibility of the LMI (39). As F(72) is affinely dependent on 7o, let IT be a
solution of the Lyapunov equation (I6), then IT does not have any term that is affine dependent on 75,
i.e., IT = O(1). Let 7 be selected such that 71 = O(73),

F(7o) "I + IIF (1) = —71og, o + O(72).

Choose R = 7, '14,, W = 7, ?I4,, by Schur complement, the LMI Z(73) < 0 gives the approxi-
mated evaluation
IF(r3) + F(r2) "I+ O(7%) < 0

which is satisfied for small positive 75.

A.5 Simulation results

A.5.1 Matrix-weighted consensus models with time delays

In this subsection, we consider a matrix-weighted network of 10 agents in R3 with the interaction
graph as depicted in Fig. a). The edge weights are selected so that rank(L) = 3n — 3 = 27. We
will below simulate the network of 10 agents under different assumptions of the time-delays.

8
Vil

(@) (b)

Figure 3: (a) The topological graph G of the 10-agent matrix-weighted consensus network; (b) the
graph G and the true positions x; of 10-sensor network in Subsection 6.2.

The network has a uniform time-delay: We consider the consensus network with a uniform
constant delay. The maximum eigenvalue of the matrix-weighted Laplacian is calculated to be
10.9235, and thus, the upper bound of the delay is 7,ax ~ 0.1438 (seconds). For 7 = 0.1 < Tyjax,
Fig. [fb) shows that the n-agent system asymptotically consents on a common vector. However, for
7 = 0.25 > Tyax, simulation result in Fig. EKC) shows that the consensus system becomes unstable.

The network has heterogeneous time delays: Next, let the matrix-weighted network has
heterogeneous edge time delays as given in Table[I} In Simulation 1, the time delays are 7, = 0.05,
7o = 0.10, 73 = 0.15. The system asymptotically achieves a consensus. As shown in Figs. [5(a),
heterogeneous delays cause significant fluctuations on the process of reaching an agreement.
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Figure 4: The simulations results with (a) 7, = 0.1 and (b) 79 = 0.25 are given.

Figure 5: The simulation results of the matrix-weighted consensus model (7)) with multiple delays.
The system asymptotically achieves consensus for 71 = 0.05, 7o = 0.1 and 73 = 0.15 but being
unstable for 7, = 0.05, 79 = 0.1 and 73 = 0.2.

Table 1: Simulation parameters of the matrix-weighted consensus model (7).
€1,...,€3 €4,...,€9 €10,-.-,€15
Simulation 1 | 74 = 0.05 | 75 = 0.10 73 = 0.15
Simulation2 | 74 = 0.05 | 75 = 0.10 73 = 0.20

For Simulation 2, the time delays are changed to 71 = 0.05, 72 = 0.10, 73 = 0.20. In this case, the
system becomes unstable as shown in Fig. [5|c).

Consensus of double integrators without velocity measurements: We consider the same matrix
weighted graphs and conduct simulations for different values of the time delays 71, 75 and the control
gain k to demonstrate the continuous dependencies of the MWC algorithm (8)) with regard to the
design parameters.

We first fix the time delays 73 = 0.05, 7o = 0.25 and vary the control gain k from 1.1 to 0.2. It can
be seen that if £ = 1.1 (exceeding 1) and £ = 0.2 (being too small so that the LMI does not hold),
the system becomes unstable (see Figs. Eka)— (f)). For £k = 0.3, 0.5, 0.85, 1, the agents
asymptotically achieve a consensus. It can be observed from Figs. [6{b){6{e) that when £ is smaller,
the interaction between agents becomes weaker and thus, more fluctuations are exhibited during the
process of reaching a consensus.

Second, we fix k£ = 0.85, 4 = 0.05 (sec), and vary 7. Simulation results corresponding to
79 = 0.25, 0.6, and 0.66 are shown in Figs. |§kc), (g), (h), respectively. Clearly, after 7o exceeds the
limit (about 0.658 (sec)), the network becomes unstable.

Third, we fix k£ = 0.85, 7o = 0.25 (sec), and vary 7;. Simulation results are depicted in Figs. |§| (a),
(c), ()—(1), corresponding to 7, = 0, 0.05, 0.1, 0.2, 0.22, respectively. As 7, gradually reaches to
To, the network tends to be less stable, and when 75 = 0.22 (sec), the network becomes unstable.
Thus, simulation results are consistent with the analysis.

A.5.2 Bearing-based network localization with time delays

Below, we give simulations of the bearing-based network localization laws with time delays to
reinforce our analysis. Specifically, in all simulations in this subsection, a 10-agent network will be
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Figure 6: The simulation results of the matrix-weighted consensus model (8) with different values of

T1, T2 and k.

considered. The graph G and the true position of the nodes are given as follows. It can be checked
that the bearing Laplacian satisfies rank(L) = 26.

Bearing-based network localization with uniform constant time delays: Consider the
bearing-based network localization (6) with a constant time delay. The simulation results are
depicted in Figs. Eka)—(b) for 7 = 0.1, and Figs.c)—(d). For 7 = 0.1, the estimate X asymptotically
converges to an x*, which differs from the correct position x by a translation and a scaling. For

7 = 0.2, after 20 seconds of simulation, it can be observed that X tends to grow unbounded

(instability).

Bearing-based network localization with heterogeneous time-delays: Next, we simulate the
network localization algorithm (7)) with parameters given in Table@ For 73 = 0.2 (sec), it is
observed from Figures|[8|a)—(b) that X converges to a configuration x*, and the sum of squared

bearing errors ) ; ;e

[
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asymptotically converges to zero. Thus, x* is a configuration
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Figure 7: The simulation results (trajectories of X; and bearing error) of the network localization
update law @ with 7 = 0.1 (sec) ((a)—(b)), and 7 = 0.2 (sec) ((¢c)—(d)).

satisfying all the sensed bearing vectors. As 73 changes from 0.2 (sec) to 0.3 (sec), the network
becomes unstable, as shown in Figs. Ekc)—(d).

Table 2: Simulation parameters of the network localization algorithm (7).
€1,...,€3 €4,...,€9 €10,-.-5€15
Simulation 1 | 7 = 0.1 > = 0.2 73 = 0.30
Simulation2 | 71 = 0.1 > = 0.2 73 = 0.35

(a) (b) (© (d

Figure 8: The simulation results (trajectories of X; and bearing error) of the network localization
update law (]E) with (a) & (b) 7y = 0.1, 70 = 0.2, 73 = 0.3 (sec) and (¢) & (d) 7y = 0.1, o = 0.2,
73 = 0.35 (sec).

Bearing-based network localization of double-integrators with two constant time delays:
Finally, we conduct simulations of the network localization algorithms for double-integrator agents
with two time-delays. The results are depicted as in Fig.[9] We can observe that

17027 = 08T k= w
—Zgper 19ii — 9iill* B — T
— 2

() (b) (©) (d)

Figure 9: The simulation results (trajectories of X; and bearing error) of the network localization
update law (7) with (a) & (b) 71 = 0.05, 75 = 0.25, 73 = 0.7 (sec) and (¢) & (d) 7, = 0.05, 70 =
0.87, 73 = 0.7 (sec).
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NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: The paper is the first one studying effects of time-delay in matrix-weighted
consensus networks. Our analytical tool is control theory for linear systems and the
Lyapunov-Krasovskii theorem. Application of the considered consensus algorithms in
network localization is also discussed and supported by simulations.

. Limitations

Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes] .

Justification: The analysis is restricted to constant time-delay, which is the fundamental
case for studies any delayed system. A sentence in the conclusion has been stated to address
this case.

. Theory Assumptions and Proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer:

Justification: All mathematical proofs are provided for leaderless networks. The proofs for
leader-follower networks are similar and thus, have been omitted in the submission.

. Experimental Result Reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main
experimental results of the paper to the extent that it affects the main claims and/or
conclusions of the paper (regardless of whether the code and data are provided or not)?

Answer:

Justification: the paper does not contain any experiment. The results are theoretical and only
numerical simulations are provided.

. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient
instructions to faithfully reproduce the main experimental results, as described in
supplemental material?

Answer:

Justification: The paper does not produce any data. Simulation codes are available and can
be shared after the paper is published.

. Experimental Setting/Details

Question: Does the paper specify all the training and test details (e.g., data splits,
hyperparameters, how they were chosen, type of optimizer, etc.) necessary to understand
the results?

Answer:

Justification: The paper does not include tuning of hyperparameters.

7. Experiment Statistical Significance
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10.

11.

12.

13.

Question: Does the paper report error bars suitably and correctly defined or other
appropriate information about the statistical significance of the experiments?

Answer:

Justification: The paper does not contain any experiment, so no information about the
statistical significance of the experiments is needed.

. Experiments Compute Resources

Question: For each experiment, does the paper provide sufficient information on the
computer resources (type of compute workers, memory, time of execution) needed to
reproduce the experiments?

Answer:

Justification: the result in the paper is theoretical and no experiments are reported.
Simulations are given to illustrate the theoretical results, and thus, does not require any
special hardware/computer.

. Code Of Ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines]?

Answer: [Yes]

Justification: We claim that the research conducted in the paper conform, in every respect,
with NeurIPS Code of Ethics.

Broader Impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer:

Justification: this research mainly concerns on matrix-weighted consensus algorithm - a
generalized model of the consensus algorithm. Currently, no negative potential negative
societal impacts of the algorithm have been known.

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer:

Justification: The paper mainly focuses on theory. Simulation results are given to support
the theoretical analysis.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in the
paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer:

Justification: The authors of the paper possess rights on any algorithms and numerical
simulations reported in this submission.

New Assets

Question: Are new assets introduced in the paper well documented and is the
documentation provided alongside the assets?
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14.

15.

Answer:

Justification: The paper does provided descriptions of all theoretical results and numerical
simulations of the paper (in the main body of the paper and in the appendix/supplementary
files).

Crowdsourcing and Research with Human Subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer:

Justification: There is no experiments and research with human subjects reported in this
paper.

Institutional Review Board (IRB) Approvals or Equivalent for Research with Human
Subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer:

Justification: The studies of matrix-weighted consensus have not known to cause any
potential risks.
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