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Abstract

The design of novel protein structures remains a
challenge in protein engineering for applications
across biomedicine and chemistry. In this line
of work, a diffusion model over rigid bodies in
3D (referred to as frames) has shown success in
generating novel, functional protein backbones
that have not been observed in nature. However,
there exists no principled methodological frame-
work for diffusion on SE(3), the space of orienta-
tion preserving rigid motions in R?, that operates
on frames and confers the group invariance. We
address these shortcomings by developing theo-
retical foundations of SE(3) invariant diffusion
models on multiple frames followed by a novel
framework, FrameDiff, for learning the SE(3)
equivariant score over multiple frames. We apply
FrameDiff on monomer backbone generation and
find it can generate designable monomers up to
500 amino acids without relying on a pretrained
protein structure prediction network that has been
integral to previous methods. We find our samples
are capable of generalizing beyond any known
protein structure. Code: https://github.
com/jasonkyuyim/se3_diffusion

1. Introduction

The ability to engineer novel proteins holds promise in de-
veloping bio-therapeutics towards global health challenges
such as SARS-COV-2 (Arunachalam et al., 2021) and cancer
(Quijano-Rubio et al., 2020). Unfortunately, efforts to engi-
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neer proteins have required substantial domain knowledge
and laborious experimental testing. To this end, protein en-
gineering has benefited from advancements in deep learning
by automating knowledge acquisition from data and improv-
ing efficiency in designing proteins (Ding et al., 2022).

Generating a novel protein satisfying specified structural or
functional properties is the task of de novo protein design
(Huang et al., 2016). In this work, we focus on generat-
ing protein backbones. A protein backbone consists of [NV
residues, each with four heavy atoms rigidly connected via
covalent bonds, N — C,, — C — 0. Computationally designing
novel backbones is technically challenging due to the cou-
pling of structure and sequence: atoms that comprise protein
structure must adhere to physical and chemical constraints
while being “designable” in the sense that there exists a
sequence of amino acids which folds to that structure. We
approach this problem with diffusion generative modeling
which has shown promise in recent work (see Sec. 6).

A main technical challenge is to combine expressive geomet-
ric deep learning methods that operate on protein structures
with diffusion generative modeling. Because the N—C, —C
atoms for each residue may be described accurately as a
frame (Fig. 1A), many successful computational methods
for both protein structure prediction (Jumper et al., 2021)
and design (Watson et al., 2022) represent backbone struc-
tures by an element of the Lie group SE(3)". Moreover,
since the biochemical function of proteins is imparted by
the relative geometries of the atoms (and so is invariant to
rigid transformations) these methods typically utilize SE(3)
equivariant neural networks.! While De Bortoli et al. (2022);
Huang et al. (2022) have extended diffusion modeling to
Riemannian manifolds (such as SE(3)), these works do not
readily provide tractable training procedures or accommo-
date inclusion of geometric invariances.

Modeling SE(3)V poses theoretical challenges and current
deep learning methods have outpaced theoretical founda-
tions. Watson et al. (2022) demonstrated a diffusion model
(RFdiffusion) to generate novel protein-binders with high,
experimental-verified affinities, but relied on a heuristic de-
noising loss and required pretraining on protein structure

'SE(3)" is the manifold of N frames while SE(3) equivari-
ance refers to the equivariance on global rotations and translations.
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Figure 1. Method overview. (A) Backbone parameterization with frames. Each residue along the protein chain shares the same structure
of backbone atoms due to the fixed bonds between each atom. Performing the GramSchmidt operation on vectors v1, v2 results in rotation
matrix 7 that parameterizes the N C,  C placements with respect to the frame translation, z, set to the C,, coordinates. An additional
torsion angle, v, is required to determine the placement of the oxygen atom, O. (B) Inference is performed by sampling N frames
initialized from the reference distribution over rotations and translations. Then a time-reversed SE(3) diffusion is run from ¢t = Tk to

t = 0 at which point the ¢ angle is predicted. The final frames and v/ angles are used to construct the protein backbone atoms.

prediction. Our goal is to bridge this theory-practice gap
and develop a principled method without pretraining.

The contribution of this work is on the theory and methodol-
ogy of SE(3) diffusion models with applications to protein
backbone generation. First, we construct a diffusion process
on SE(3)Y. In Sec. 3, we characterize the distribution of
the Brownian motion on compact Lie groups (with a focus
on SO(3)) in a form amenable for denoising score matching
(DSM) training and define a forward process on SE(3)™
that allows for separation of translations and rotations. We
show that an SE(3) invariant process on SE(3)" can only
be made translation invariant by keeping the diffusion pro-
cess centered at the origin since no R? invariant probability
measure exists. Second, we implement our theory as a SE(3)
invariant diffusion model on SE(3)¥ for protein backbones.
We refer to our method as FrameDiff and describe it in
Sec. 4. Empirically, we find through experiments in Sec. 5
that FrameDiff can generate designable, diverse, and novel
protein monomers up to length 500. Compared to other
methods, FrameDiff achieves in-silico designability suc-
cess rates that are second only to RFdiffusion, a pretrained
model with 4-fold more parameters. Our contributions will
enable further advancements in SE(3) diffusion methodol-
ogy that underlies RFdiffusion and FrameDiff for proteins
as well as other domains such as robotics where SE(3) and
other Lie groups are used.

2. Preliminaries and Notation

Backbone parameterization. We adopt the backbone
frame parameterization used in AlphaFold2 (AF2) (Jumper
et al., 2021). Here, an N residue backbone is parame-
terized by a collection of N orientation preserving rigid
transformations, or frames, that map from fixed coordinates
N*,Cx,C*,0 € R? centered at C;, = (0,0,0) (Fig. 1A).
Each fixed coordinate assumes chemically idealized bond
angles and lengths measured experimentally (Engh & Hu-
ber, 2012). For each residue indexed by n, the backbone

main atom coordinates are given by
[N’I’L7C’I’L7<Ca>n] :Tn . [N*7C*acg]7 (1)

where T, is a member of the special Euclidean group SE(3),
the set of orientation preserving rigid transformations in
Euclidean space. Each T, may be decomposed into two
components T,, = (r,, z,) where r,, € SO(3)isa3 x 3
rotation matrix and z,, € R? represents a translation; for a
coordinate v € R3, T}, - v = r,,v + x,, denotes the action of
T, on v. Together, we collectively denote all N frames as
T = [T1,...,Tn] € SE(3)". With an additional torsion
angle 1, we may construct the backbone oxygen by rotating
O* around the bond between C,, and C. App. I.1 provides
additional details on this mapping and idealized coordinates.

Diffusion modeling on manifolds. To capture a distribu-
tion over backbones in SE(3)" we build on the Riemannian
score based generative modeling approach of De Bortoli
et al. (2022). We briefly review this approach. The goal of
Riemannian score based generative modeling is to sample
from a distribution X(©) ~ p, supported on a Riemannian
manifold M by reversing a stochastic process that trans-
forms data into noise. One first constructs an M-valued
forward process (X)),  that evolves from p, towards an
invariant density? pi,, () x e U(=) following

dX® = —IVU(XO)dt +dBY},  XO ~p, ()

where Bs\t,)l is the Brownian motion on M. The time-reversal

of this process is given by the following proposition.

Proposition 2.1 (Time-reversal, De Bortoli et al. (2022)).
Let Ty > 0 and y(t) given by &(0) L X(Te) and

dX0 = (LvU(XO) + Viegpr, (XO)}dt +dBY),

where py is the density of X1). Then under mild assump-

Zdensity w.r.t. the volume form on M.
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tions on M and py we have that <)?(t) 4 x(Te 1),

Diffusion modeling in Euclidean space is a special case of
Prop. 2.1. However, generative modeling using this reversal
beyond the Euclidean setting requires additional mathemati-
cal machinery, which we now review.

Riemannian gradients and Brownian motions. In the
above, VU (z) and V log p:(x) are Riemannian gradients
taking values in Tan, M, the tangent space of M at z,
and depend implicitly on the choice of an inner product on
Tan, M, denoted by (-, -)nm. Similarly, the Brownian mo-
tion relies on (-, -)na through the Laplace-Beltrami operator,
Am, which dictates its density through the Fokker-Planck
equation in the absence of drift; if 7 is the density of the
Bs\t,)l then O;m; = %AMM- We refer the reader to Lee
(2013) and Hsu (2002) for background on differential geom-
etry and stochastic analysis on manifolds.

Denoising score matching. The quantity V log p; is called
the Stein score and is unavailable in practice. It is approxi-
mated with a score network sy (¢, -) trained by minimizing a
denoising score matching (DSM) loss
L(0) =E[N[V logptjo(x(t) ‘X(O)) — sg(t, X(t))HQL
3)
where pyjg is the density of X given X, \; > 0 a
weight, and the expectation is taken over t ~ U([0, Tr]) and
(X0, X®). For an arbitrarily flexible network, the mini-
mizer 0* = argmin,L(0) satisfies sg>(t,-) = V log p;.

Lie groups are Riemannian manifolds with an additional
group structure, i.e. there exists an operator * : G x G — G
such that (G, x) is a group and x as well as its inverse are
smooth. We define the left action as L,(h) = g * h for
any ¢g,h € G and its differential is denoted by dLy(h) :
Tan,G — Tan, ,G. SO(3), SE(3) and R? are all Lie
groups. For any group GG, we denote g its Lie algebra. We
refer to Sola et al. (2018) for an introduction to Lie groups.

Additional notation. Superscripts with parentheses are
reserved for time, i.e. z(*). Uppercase is used to denotes ran-
dom variables, e.g. X ~ p, and lower case is used for
deterministic variables. Bold denotes concatenated ver-
sions of variables, e.g. X = (x1,...,2ZxN) Or processes

(X®)1200,)-

3. Diffusion models on SE(3)

Parameterizing flexible distributions over protein backbones,
leveraging the Riemannian diffusion method of Sec. 2 to
SE(3)%, requires several ingredients. First, in Sec. 3.1
we develop a forward diffusion process on SE(3), then
Sec. 3.2 derives DSM training on compact Lie groups, using
SO(3) as the motivating example. At this point, a diffusion
model on SE(3)" is defined. Next, because incorporating

invariances can improve data efficiency and generalization
(e.g. Elesedy & Zaidi, 2021) we desire SE(3) invariance
where the SE(3)" data distribution is invariant to global
rotations and translations. Sec. 3.3 will show this is not
possible without centering the process at the origin and
having a SO(3)-equivariant neural network.

3.1. Forward diffusion on SE(3)

In contrast to Euclidean space and compact manifolds, no
canonical forward diffusion on SE(3)"V exists, and we must
define one. This entails (a) choosing an inner product on
SE(3) to define a Brownian motion and (b) choosing a
reference measure for the forward diffusion.

We begin with the inner product, which we derive from the
canonical inner products for SO(3) and R? which we recall
below—see Carmo (1992). For u,v € s0(3) and z,y € R?

P
<U»U>so(3) = Tr(uww™)/2 and (z,y)rs = ?:1 TiYi,

In the next proposition, we show that, under an appropri-
ate choice of inner product, SE(3) can be identified with
SO(3) x R? from a Riemannian point of view, thereby
providing a Laplace-Beltrami operator and a well-defined

Brownian motion.

Proposition 3.1 (Metric on SE(3)). For any T €
SE(3) and (a,z),(a’,2%) € TanpSE(3) we define
<(a,x), (a0’$0)>SE(3) = <CL, a’0>SO(3) + <xa$0>R3- We have:

(a) for any f € CL(SE(3)) and T = (r,x) € SE(3),
va( ) [ (’I", .’17) wa(r,m)],
(3

(b) for any f € CL(SE(3)) and T = (r,x) € SE(3),
Agp3) f(T) = Asos) f(r,z) + Ars f(r, @),

(c) foranyt >0, Bé%(g) = [Bét())(g)7 ng] with indepen-

dent Bég@) and ng.

Other choices of metric for SE(3) are possible, lead-
ing to different definitions of the exponential and Brow-
nian motion. Our choice has the advantage of simplic-
ity and allows to treat SO(3) and R? forward processes
independently (conditionally on T(®). For the invari-
ant density of T = (r,z), we choose piSn%(S) (T) x
USOB) (1) N(x;0,1d3). The associated forward process
(T®), o= (R®,X®), is given according to (2) and
Prop. 3.1 by

aT® = [0, - 1X®]dt 4 [aBY

(t)
SO(3)’ ,dBgs]. “)

3.2. Denoising score matching on SE(3)

As a consequence of Prop. 3.1 and the independence
of the rotational and translational components of the
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forward process, we have 1 logpjo(TVjT©) = Denoising score matching orR3. The proces$X V), ¢

[r vy log ptjo(R(‘)jR(O));r < log ptjo(x(t)jx(o) )Jand is an Ornstein—Uhlenbeck process, ¢ég (also called

we can compute these quantitieslependentlyover the VP-SDE (Song et al.,, 2021)) and converges geomet-
rotation and translation components. rically to N (0;Id). In addition, pjo(x(Vjx@) =

N (x(V;e ¥2x©@:(1 e !)Id3) and the corresponding

Denoising score matching or50(3). The forward process conditional score can be computed explicitly as

(RM), ¢ is simply the Brownian motion 080(3), and
Ptjo is de ned by the heat kernel, see Hsu (2002). We logpio(xVjx@)=(1 e !) e F2xO@ xW):
obtainpyjo analytically as a series as a special case of the )

decomposition of the heat kernel for compact Lie groups. . .
- . . ] 3.3.SE(3) invariance through centered SE(3)N

Proposition 3.2(Brownian motion on compact Lie groups)

Assume tha¥l is a compact Lie group, where foranyz N In this subsection, we show how one can construct a diffu-

. is the character associated with the irreducible unitary Sion process oveBE(3)" that is invariant to global transla-

representation of dimensiah. Then - : M! Ris an tions and rotations. Formally, we want to design a measure
eigenvector of and there exists: Osuchthat - = onSE(3)" such that for anilp 2 SE(3), and measurable

~ . In addition, we have for ant> Oandx©;x®M 2 A SEQ@); (A)= (fTo T; T 2 Ag), where for any
M, pjo(xWVjx@) =" ., de T2 ((x@) xO): T=(Ty; Tn),To T =(ToTy;:::;ToTn). Unfortu-

nately, there exists no probability measureS#(3)N which
Combining Prop. 3.2 and the explicit expression of irreds SE(3) invariant since there exists no probability measure

ducible characters f@O(3) provides an explicit expression on RN which is R? invariant. As a result, no output of
for the density transition kern@ (5%(3) :In App. E.1, we aSE(3)" -valued diffusion model can bBE(3) invariant.
showcase another application of our method by computin{'ow?verv we will showSE(3) invariance is achieved by
the heat kernel 08U(2). eeping the diffusion process always centered at the origin.

Proposition 3.3 (Brownian motion onSO(3)). For any  From SE(3) to SO(3) invariance. We show that we can

t> 0andr©;r 2 SO(3) we have thapjo(rVjr@) = construct an invarianneasure)BSNE(B)N by keeping the
IGSO3(rV;r©:t) given by IGSOs(rV;r@:t) = center of mass xed to zero, i.e. ,_; Xp = 0. Formally,
f( (r©>rM):1), where! (r) is the rotation angle in radi- this de nes a subgroup @BE(3)N denotedSE(3)) with

ans for anyr 2 SO(3)—its length in the axis—angle repre- €lementq(ri;x1);:::;(rn ; Xn )], which we refer to asen-
sentatioi— and tered SE(3). Note thatSE(3)) is still a Lie group and

p SO(3) is a subgroup oSE(3)} .

N e =2 sin(( “+1 =2)!
f(hit)y= 2 +1e (+1)t—2%: (5) N - _ N
Proposition 3.5(Disintegration of measures GE(3)" ).

. . . Under mild assumptiofisfor everySE(3)-invariant mea-
Prop. 3.3 agrees with previous proposed expressions of thseUre onSE3)V, there exist an SO(3)-invariant prob-

:?W OLthf B;ro;vg;azn mottlon (tl:l/\llko]la?/;\é&sie\vy(:.lov, 1f9t70; ability measure onSE(3)) and  proportional to the
each et al., 2022) up to a two-fold deceleration of M€ ebesgue measure &% such that
This deceleration is crucial to the correct application of

Prop. 2.1 (see App. E.3 for details). d ([(ri;x); 50 (rn X)) = d (N; P iN:1 Xi)

; ; P
Accgrate values of_the Browman dens(B) can easily be d [(rix & iN:1 X)X o iN:1 xi)]):
obtained by truncating the series. Also, although exact sam-
pling is not available, accurate samples can be obtained . e . .
numerically inverting the cdf (Leach et al., 2022). Morefjil1 heeagaer\e/f;g||zﬁp()z%gg? 'S#}?Egﬂ?/gg:‘?fg;?ﬁgg n
over, this density allows computation of the conditional . . ' - . o
y P practice this means that in order to de n&&(3)-invariant

score réc.quwed by thesmloss. measure oiSE(3)N one needs only to de ne aBO(3)-
Proposition 3.4(Score orS0(3)). Fort> 0,r@;r® 2 jnvariant measure o8E(3)Y . This is the goal of the next

SO(3), we have paragraph.
0 © o). @f (! ®):1) Diffusion models onSE(3)y . A simple modi cation of the
r logpyo(r*™ jr™) = o logf r™™ gmi forward proces$4) yields a stochastic process BE(3)} .
S Indeed considefT (V) o onSE3)N given by
withr @) = r©> M 1 (1) =1 (rO1)) andlog the inverse o Loy (0 0 "
of the exponential 080(3); i.e. the matrix logarithm. dT™ =[0; ZPX™]dt +[dB g5 ;PdBan ] (6)
3See App. C.3 for details about the parameterizatioBO(3). “See App. G for a precise statement.
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where P 2 R 3V is the projection matrix remov- Equation(3.7) is still true if [r ( logpy;r « logp] is re-

ing the center of mas% Ezl Xn. Then(T®), o = placed with[s"; s*] with s" ands* SO(3)-equivariant neu-

(RM; X M), 4 is a stochastic process &E(3)) within-  ral networks, see Sec. 4.1.

variant measur®; (N (0;1d) N) U (SO(3)) N°. we

note that such .‘center of mass free‘ systems h_ave bee.n P@- Protein backbone diffusion model

posed for continuous normalizing ows and discrete time

diffusion models (Kohler et al., 2020; Xu et al., 2022). An We now describérameDi , a diffusion model for sam-

application of Props. 2.1 and 3.1 shows that the backwar@ling protein backbones by modeling frames based on the

proces{ T D)i20.7.1 = [ RW; X D)2 107, is given by centerecB_E(:ﬁ)N stochastic process in Sec. 3. In Sec. 4.1,
we describe our neural network to learn the score using

dR® =, logpr, «(T ®)dt +d B(St())(g)N : @) Lrg_me .and tor;ion p_redictions. Sec: 4.2 presen_t; a multi-

jective loss involving score matching and auxiliary pro-

dX® =PFIX®+r logpr, (T ®)gdt+PdBL), : tein structure losses. Additional details for training and
sampling are postponed to Apps. J.1 and J.2.

As in Sec. 3.2, we haveo((r®V;x®)j(r@;x©@y) =

Prjo(r Vjr©@)po(x(Vjx @), where these densities addi- 4.1. FramePred: score and torsion prediction

tionally factorizes along each of the residues. In App. J.1

we use the forward proceés) for training and the backward

process (7) for sampling in App. J.2.

in this section, we provide an overview of our score and
torsion prediction network; technical details are given in
App. 1.2. Our neural network to learn the score is based on
Invariance and equivariance on Lie groups.Finally, we  the structure module of AlphaFold2 (AF2) (Jumper et al.,
want the output of the backward process, i.e. the distributiorp021), which has previously be adopted for diffusion by
of (R(M; X ) given by(7) to beSO(3)-invariant so that  Anand & Achim (2022). Namely, it performs iterative up-
the associated measure 8E(3)N given by Prop. 3.5is dates to the frames over a seried.ofayers using a com-
SE(3)-invariant. To do so we use the following resuilt. bination ofspatialandsequencéased attention modules.
Proposition 3.6(G-invariance and SDEs)LetG be aLie  Leth- =[h?;:::;hN]2 RN P pe the node embeddings
group andH a subgroup of3. If (@) X©@  po for anH of the " -th layer whereh! is the embedding for residue
invariant distributionpy and (b)dX ® = b(t; X M)dt + z 2 RN N Pz are edge embeddings with™ being the

1=2dB (M for boundedH -equivariant coef cientband ~ embedding of the edge between residaesidm.

satisfyingb Ly =dLp(b)and d Ly() =dLn( );
and whereB (V) is a Brownian motion associated with a
left-invariant metric. Then for evety 0

Fig. 2 shows one single layer of our neural network. Spatial
attention is performed with Invariant Point Attention (IPA)
from AF2 which can attend to closer residues in coordinate
space while a Transformer (Vaswani et al., 2017) allows
for capturing interactions along the chain structure. We
(b) its scorer ) logpy (X (M) is H -equivariant. found including the Transformer greatly improved train-
ing and sample quality. As a result, the computational
The proof can be extended to non-bounded coef cients uneomplexity ofFrameDi is quadratic in backbone length.
der appropriate assumption on the growthbof\s a conse- Unlike AF2, we do not us&topGradient between rota-
guence of Prop. 3.6 we obtain the announced invariance. tion updates. The updates &€&(3)-invariant since IPA

Corollary 3.7. SupposéT© g, o hasSO(3) invariant 1S SE(3)-invariant. We utilize fully connected graph struc-
initial distribution po and evolves according to E¢6).  ture where each residue attends to every other node. Up-

Then for every 2 (0;T¢): r logpr, «(T ®) is SO(3) Qates to the node embeddings are propagated to_the edges
in EdgeUpdate where a standard message passing edge

Equi\;ariagt(,)a;d_ the (_jist[ibution ¢R ;X 1) implied by update is performedackboneUpdateis taken from AF2
g.(7)is SO(3)-invariant. (Algorithm 23), where a linear layer is used to predict trans-

The signi cance Corollary 3.7 is two-fold. First, because lation and rotation updates to each frame. Feature initializa-
the true score logpr. (T (V) is SO(3)-equivariant, the tion follows Trippe et al. (2023) where node embeddings
corollary shows that incorporating &0(3)-equivariance are |n|t|a!|zed Wlth. re5|due indices gnd timestep wh|.Ie edge
constraint into neural network approximations of the scoreembeddlngs a_ddmonally g_e_t relatl\_/e_ sequence distances.
[s": 5]; does not limit the ability of the model to describe Edge embeddings are additionally initialized through self-

any SO(3) invariant target. Second, it shows that any suchcf)ndltlonlng (_Chen et al., 2023) with a b'F‘”_ed pairwise
S . . . distance matrix between the modeCs predictions. All
approximationT (V) will be SO(3) invariant.

coordinates are represented in nanometers.

(@) the distributionp, of X (V) is H -invariant, and

5Py is the pushforward bf.
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Figure 2.Single layer offrameDi . Each layer takes in the current node embeddingedge embedding: , framesT -, and initial node
embeddingho. Rectangles indicate trainable neural networks. Node embeddings are rst updated using IPA with a skip connection.
Before Transformer, the initial node embeddings and post-IPA embeddings are concatenated. After transformer, we include a skip
connection with post-IPA embeddings. The updated node embeddingsare then used to update edge embeddings as well as

predict frame updateB- .1 . See App. .2 for in-depth architecture details.

Our model also outputs a prediction of theangle for each  errors in the last steps of generation. Let fN;C,C ;g
residue, which positions the backbone oxygen atom wittbe the collection of backbone atoms. The rstloss is a direct
respect to the predicted frame. Putting it all together, o uMSE on the backbone (bb) positions,
neural network with weights predicts the denoised frame p p

. _ 1N © A0 2.
and torsion angle, Lbb = 2y n=1 a2 Kan' & k<

(F©@; ") = FramePred(T®;t; ); $O = (RO;RO):  Next, de ned) = ka® K k as the true atomic distance

between atoma; b2  for residuen andm. The predicted
Score parameterization.We relate thérameDi predic- ~ pairwise atomic distance & = kal” &Y k. Similar
tion to a score prediction via 1 10g pijo(T® j TO)= in spirit to the distogram loss in AF2, the second loss is a
f(s"(; TW),; 855 TMY)gN., where the predicted local neighborhood loss on pairwise atomic distances,
score is computed separately for the rotation and translation PN P

- 1 nm . nm m 2.

of each residues’ (; T), =1 _( logpijo(RYIRD) L2p pZ mmsl o b2 1fdyy < o6gkdyy  dop k2
n _ N . .
ands*(t TM)q = 1, ) logpyo(X R ): 220 nm= ape My < 06g) N

wherelfd' < 0:6gis a indicator variable to only penal-
ize atoms that within 0.6nm (i.€A). We apply auxiliary
Learning the translation and rotation score amounts to miflosses only whet is sampled near @ (< Tg=4 in our
imizing the DSM loss given i13). Following Song et al. experiments) during which the ne-grained characteristics
(2021), we choose the weighting schedule for the rotatioemerge. The full training loss can be written,

component as | = 1=E[kr Iogptjo(RQ)jR(O))kéo(3)];
with this choice, the expected loss of the trivial prediction
RO = R(M js equal tol for everyt:

4.2. Training losses

L = Lgsm*+ W 1ft< TEg(Lp, + Lop);

wherew > 0is a weight on these additional losses. We nd
For translations, we usg’ = (1 e !)=e ¥2so(3)sim- a including a high weightw = 0:25in our experiments)

pli es as leads to improved sample quality with fewer steric clashes
p and chain breaks. Training follows standard diffusion train-
om = & N | kX O 2 O2. ing over the empirical data distributigr. A full algorithm

(Alg. 3) is provided in the appendix.
We nd this choice is bene cial to avoid loss instabilities Centering of training examples. Each training example
near lowt (see Karras et al. for more discussion) wherex () is centered at zero in accordance with Eq. (6). From a
atomic accuracy is crucial for sample quality. There ispractical perspective, this centering leads to lower variance
also the physical interpretation of directly predicting @e  |oss estimates than without centering. In particular, variabil-
coordinates. OUBE(3) DSM loss isLgsm = Lysm + Lism: ity in the center of mass of (V) would lead to corresponding
Auxiliary losses. In early experiments, we found that variabili'gy in FralmeDi S fr_am_e predictions asa resyI'F of
FrameDi with Lgsm generated backbones with plausi-the archltecture§_E_(3) equivariance. _By centering training
ble coarse-grained topologies, but unrealistic ne-grained?X@mples, we eliminate this variability and thereby reduce
characteristics, such as chain breaks or steric clashes. T8¢ variance ot gg, and of gradient estimates.
discourage these physical violations, we use two additional
losses to learn torsion angleand directly penalize atomic



SE(3) diffusion model with application to protein backbone generation

Algorithm 1 FrameDi sampling of protein backbones
Require: ;N; Tg;Nsgteps; ;
1. =(1

20312 backbones taken from the Protein Data Bank (PDB)
(Berman et al., 2000). Our model comprises 17.4 million
parameters and was trained for one week on two A100
Nvidia GPUs. See App. J.1 for data and training details.

)=Nsteps
. # Sample from invariant density

N
:TT Py ® We analyzed our samples in terms of designability (if a

cfort=Tg;Te ;Te 25117 do matching sequence can be found), diversity, and novelty.
T©;_=FramePred(T®;t; ) Comparison to prior protein backbone diffusion models is
challenging due to differences in training and evaluation

10:
11:

for (R{; XMy = 70,7 do

# Translation tangent Gaussian
ZX N (0;1d3)

Y= P Xt s 1+ Pz
# Remove center of mass

2
3
4
5
6 (s, iS5, )ahoy =1 1o logpyo(T® jTO)
7
8
9

among them. We compared ourselves with published results
from two promising protein backbone diffusion models for
protein design: Chroma (Ingraham et al., 2022) and RFd-
iffusion (Watson et al., 2022). We include comparison in
App. J.5 to FoldingDiff (Wu et al., 2022) which has publicly
available code. We refer to Sec. 6 for details on these and

12: WYX= PWX
A " other diffusion methods.

13: # Rotation tangent Gaussian

14: Z, TN Lw©(0;1d) _ ) ] ]

15: # EuIer—Ma"ruyama step on tangent space 5.1. Monomeric protein generation and evaluation

16: Wy = sy + g Zy We assesbrameDi 's performance in unconditional gen-
17: rﬁt ) = exp f(WLWNg eration ofmonomerigrotein backbones. In this section, we
18: end for " detail our inference and evaluation procedure.

19: end for

Designability. A generated backbone is meaningful only

if there exists an amino acid sequence which folds to that
structure. We follow Trippe et al. (2023) and assess back-
bone designability witlself-consistencgvaluation: a xed-
backbone sequence design algorithm proposes sequences,

Alg. 1 provides our sampling procedure. Following De Bor—t_hese seéquences are Input _to a structure prediction algo-
rithm, and self-consistency is assessed as the best agree-

toli et al. (2022), we use an Euler—Maruyama discretization

of Eq. (7) WithNeps Steps implemented as a geodesic ran_ment between the sampled and predicted backbones (see

dom walk. Each step involves sampls andZ! from Fig. 5). In this work, we us@roteinMPNN at temperature

. R . 0.1 to generat®s.q sequences foESMFold (Lin et al.,
Gaussian distributions de ned in the tangent spac@SkS} 2023) to predict structures. We quantify self-consistency

andR{", respectively. For translations, this is simply the through both TM-scores€TM, higher is better) an€ -
usual Gaussian distribution &®*; Z¥ N (0;1ds): For  RMSD (scRMSD lower is better). Chroma reports using
rotations, we sample the coef cients of orthonormal ba-scTM> 0:5 as the designable criterion. However, it was
sis vectors of the Lie algebrso(3) and rotate them into  ghownscRMSD: 2A provides a more stringent Iter, par-
the tangent space to generaty TN . (0;1d) as ijcylarly for long (e.g. 600 amino acid) backbones on which
zi = RY T 3 e;where "N (0;1) ande;;eye;  0:75SCTM can be attained for very structurally different
are orthonormal basis vectors (see App. C.2 for details). backbones (Watson et al., 2022).

Because we found that the backbones commonly destativersity. We quantify the diversity of backbones sampled
lized in the nal steps of Samp”ng, we truncate Samp"ng by FrameDi thrOUgh the number of distinct structural clus-
trajectories early, at a time> 0: Following Watson et al. ters. In particular, for a collection of backbone samples we
(2022), we explore generating from the reverse process withse MaxCluster (Herbert & Sternberg, 2008) to hierarchi-
noise downscaled by a factor2 [0; 1]: For simplicity of ex- cally cluster backbones with a 0.5 TM-score threshold. We
position, we so far have assumed that the forward diffusiofeport diversity as the proportion of unique clusters: (num-
involves a Brownian motion without a diffusion coef cient; ber of clusters) / (number of samples).

in practice we set g = 1 and consider different diffusion Novelty. We assess the ability 6fameDi  to generalize
coef cients for the rotation and translation (see App. 1.3). beyond the training set and produce novel backbones by
comparing the similarity to known structures in the PDB. We
use FoldSeek (van Kempen et al., 2023) to search for similar

) _structures and report the highest TM-scores of samples to
We evaluatd-rameDi on monomer backbone generatlon.any chain in PDB, which we refer to asibTM.

We trainedrrameDi with L = 4 layers on a lItered set of

20: Return: FramePred(T(); : )

4.3. Sampling

5. Experiments
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