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Abstract—We develop sampling formulas for high-dimensional
functions in reproducing kernel Hilbert spaces, where we rely on
irregular samples that are taken at determining sequences of data
points. We place particular emphasis on sampling formulas for
tensor product kernels, where we show that determining irregular
samples in lower dimensions can be composed to obtain a tensor
of determining irregular samples in higher dimensions. This in
turn reduces the computational complexity of sampling formulas
for high-dimensional functions quite significantly.

I. INTRODUCTION

Reproducing kernel Hilbert spaces (RKHS) play an increa-
singly important role in mathematical data analysis. The
long history of reproducing kernels is dating back to the
seminal work [4] of Aronszajn (in 1950), followed by a wide
range of fundamental contributions from approximation the-
ory [16], [25], computational harmonic analysis [5], learning
theory [11], [19], support vector machines [21], numerical
analysis [18], probability, measure theory, and statistics [7].

More recently, kernel regression for high-dimensional data
fitting through dimensionality reduction has gained enormous
popularity in statistical data analysis [13], machine lear-
ning [12] and manifold learning [14]. Other relevant applica-
tions include particle-based fluid flow simulations, requiring
adaptive selections of sample points [2], [3], [6]. In that case,
the construction and analysis of sampling formulas in RKHS
are of vital importance to approximate multivariate functions.

Sampling theorems have a long history, too, dating back
to the celebrated work [20] of Shannon (in 1949). Shannon’s
sampling theorem represents band-limited signals on uniform
grids, i.e., from regular samples. For a comprehensive account
to the history of Shannon’s theorem, we refer to [22].

In this work, we analyse sampling formulas of the form

f =
∑
k∈N

f(xk)Lk, (1)

for functions f in Hilbert spaces HK generated by a repro-
ducing kernel K, sampled at irregular high-dimensional points
X = (xk)k∈N, and for specific sequences (Lk)k∈N in HK .

To be more precise, we introduce the notion of determining
sequences of sampling points X that are essentially linked
with the reproducing kernel K of the RKHS HK . This then
leads to a closed linear subspace HK,X of HK , in which all
functions f ∈ HK,X can be represented by a sampling formula
as in (1), and where (Lk)k∈N is a Riesz basis of HK,X . For a
general discussion on determining sets for functions, cf. [24].

Our approach is related to the work [17] by Nashed and
Walter, who explored sampling expressions in RKHS that are
closed subspaces of specific Sobolev spaces.

The outline of this paper is as follows. We first explain key
features on RKHS in Section II, before we recall only a few
standard results from Riesz theory for the finite-dimensional
case (in Section III). On these grounds, we develop sampling
formulas for positive definite kernels K (in Section IV), that
can be expressed through the solution of an infinite linear
equation system in the sequence space ℓ2. Finally, we extend
our results to tensor products of positive definite kernels (in
Section V). The latter is highly relevant for efficient tensor
product approximation in high-dimensional data analysis.

II. REPRODUCING KERNEL HILBERT SPACES

Kernels are popular tools for multivariate approximation.
To explain basic features of kernel-based approximation, we
introduce positive definite functions and their associated repro-
ducing kernel Hilbert spaces (cf. [9], [15], [23] for details).

Definition 1. We say that a continuous and symmetric function
K : Rd × Rd −→ R is a positive definite kernel on Rd,
K ∈ PD(Rd), if for any finite set of pairwise distinct points
X = {x1, . . . , xn} ⊂ Rd, n ∈ N, the matrix

AK,X = (K(xk, xj))1≤j,k≤n ∈ Rn×n

is symmetric and positive definite.

Positive definite kernels K ∈ PD(Rd) are often required to
be translation invariant, i.e., K is assumed to have the form

K(x, y) = Φ(x− y) for x, y ∈ Rd

for an even function Φ : Rd −→ R. Popular examples for
translation invariant kernels K ∈ PD(Rd) include the Gaus-
sian K(x, y) = Φ(x− y) = exp(−∥x− y∥22), and the inverse
multiquadric K(x, y) = Φ(x− y) = (1 + ∥x− y∥22)−1/2.

Now let us explain a few key features of kernel-based ap-
proximation. In the following discussion, it will be convenient
to let Kx : Rd −→ R, for x ∈ Rd, be defined as

Kx(y) := K(x, y) for x, y ∈ Rd.

Then, according to the seminal work of Aronszajn [4], the
reproducing kernel Hilbert space (RKHS) HK associated with
K ∈ PD(Rd) is the closure

HK := span {Kx :x ∈ Rd}



with respect to the inner product (·, ·)K ≡ (·, ·)HK
satisfying

(Kx,Ky)K = K(x, y) for all x, y ∈ Rd,

whereby we have∥∥∥∥∥∥
n∑

j=1

cjKxj

∥∥∥∥∥∥
2

K

=

n∑
j,k=1

cjK(xj , xk)ck,= cTAK,Xc,

for all X = {x1, . . . , xn} ⊂ Rd and c = (c1, . . . , cn)
⊤ ∈ Rn.

Therefore, K ∈ PD(Rd) is the unique reproducing kernel
of HK , as characterized by the reproduction property

f(x) = (f,Kx)K for all f ∈ HK and all x ∈ Rd. (2)

In this work, we provide sampling formulas for functions
f ∈ HK . To this end, we fix a countable set of sampling
points X = (xk)k∈N in Rd, which yields the closed subset

HK,X := span {Kx :x ∈ X} ⊂ HK

of the RKHS HK . On given samples (f(xk))k∈N taken from
f ∈ HK,X , we wish to prove sampling formulas of the
form (1) with specific basis functions Lk ∈ HK,X , for k ∈ N.
We remark at this point that for the representation in (1) to
hold for any f ∈ HK,X , we require conditions on the sampling
points X = (xk)k∈N. We will detail on this later in Section IV.

III. RIESZ BASES, THEIR DUALS, AND RIESZ STABILITY

Before we prove sampling formulas for functions f ∈ HK,X

on infinite sets of sample points X = (xk)k∈N, let us first
discuss the case of finitely many samples. To this end, we first
recall a few standard results from Riesz theory, which we adapt
to reproducing kernel Hilbert spaces. This is partly for the
purpose of preparation, and partly for the sake of readability.

To introduce Riesz bases for finite-dimensional linear sub-
spaces of the RKHS HK , let us fix a finite set of pairwise
distinct sampling points X = {x1, . . . , xn}. This yields a
finite set RX := {Kxj

| 1 ≤ j ≤ n} of linearly independent
functions, whose span SX := span{Kxj

| 1 ≤ j ≤ n} is
a finite-dimensional linear subspace of HK . Recall that the
functions in RX are a Riesz basis of SX .

In fact, due to the Courant-Fischer theorem from linear
algebra, the Riesz stability estimate

λAK,X
∥c∥22 ≤

∥∥∥∥∥∥
n∑

j=1

cjK(·, xj)

∥∥∥∥∥∥
2

K

≤ ΛAK,X
∥c∥22

holds for all c = (c1, . . . , cn)
T ∈ Rn, and the Riesz constants

are given by the smallest eigenvalue λAK,X
and the largest

eigenvalue ΛAK,X
of the positive definite kernel matrix AK,X .

Now we introduce the (unique) dual Riesz basis R̃X of
RX , where it is straight forward to identify the Lagrange basis
of SX as dual to RX . We can explain this as follows: First
recall that the Lagrange basis LX = {ℓ1, . . . , ℓn} of SX can
be characterized by ℓj(xk) = δjk for 1 ≤ j, k ≤ n. Moreover,

the Lagrange basis functions in LX are uniquely determined
by the solution of the linear system

AK,X · ℓ(x) = RX(x) for x ∈ Rd, (3)

where

ℓ(x) = (ℓ1(x), . . . , ℓn(x))
T ∈ Rn

RX(x) = (Kx1(x), . . . ,Kxn(x))
T ∈ Rn.

Hence, the (unique) interpolant s ∈ SX to f on X has the
Lagrange representation

s(x) = ⟨fX , ℓ(x)⟩,

where we let fX = (f(x1), . . . , f(xn))
T ∈ Rn, and where

⟨·, ·⟩ denotes the inner product on the Euclidean space Rn.

We can summarize our discussion as follows.

Theorem 2. For X = {x1, . . . , xn}, the unique dual Riesz
basis of RX = {Kxj |xj ∈ X} is given by the Lagrange
basis of SX , i.e., R̃X = LX . In particular,
(a) the orthonormality relation

(Kxj
, ℓk)K = δjk (4)

holds for all 1 ≤ j, k ≤ n.
(b) for any fX ∈ Rn, we have the stability estimate

Λ−1
AK,X

∥fX∥22 ≤

∥∥∥∥∥∥
n∑

j=1

f(xj)ℓj

∥∥∥∥∥∥
2

K

≤ λ−1
AK,X

∥fX∥22. (5)

(c) for any s ∈ SX , we have the stability estimate

λAK,X
∥s∥2K ≤ ∥sX∥22 ≤ ΛAK,X

∥s∥2K . (6)

Proof. The orthonormality relation in (4) follows immediately
from the reproduction property in (2), whereby

(Kxj , ℓk)K = ℓk(xj) = δjk for all 1 ≤ j, k ≤ n.

Due to the fundamental duality property from Riesz the-
ory [10], the Lagrange basis LX is the unique dual Riesz
basis of RX . Moreover, for any fX ∈ Rn, we have the
representation∥∥∥∥∥∥

n∑
j=1

f(xj)ℓj

∥∥∥∥∥∥
2

K

= ∥fX∥2
A−1

K,X

= fT
XA−1

K,XfX ,

and by the Courant-Fischer theorem, the Rayleigh estimates

λA−1
K,X

∥fX∥22 ≤ fT
XA−1

K,XfX ≤ ΛA−1
K,X

∥fX∥22

hold. This implies the stability estimate in (5), where

Λ−1
AK,X

= λA−1
K,X

and λ−1
AK,X

= ΛA−1
K,X

.

Letting f = s ∈ SX in (5), we finally get

Λ−1
AK,X

∥sX∥22 ≤ ∥s∥2K =

∥∥∥∥∥∥
n∑

j=1

s(xj)ℓj

∥∥∥∥∥∥
2

K

≤ λ−1
AK,X

∥sX∥22



for all s ∈ SX , so that the stability estimate in (6) holds.

Let us recall another important result from the Riesz duality
relation between RX = {Kxj |xj ∈ X} and R̃X = LX .

Corollary 3. For any f ∈ SX , we have the representations

f =

n∑
j=1

(f,Kxj
)K ℓj =

n∑
j=1

(f, ℓj)K Kxj
. (7)

We can also verify the representations in (7) more directly.
Indeed, for any f ∈ SX , we have the two representations

f =

n∑
j=1

f(xj)ℓj =

n∑
j=1

cjKxj
,

one with respect to the Lagrange basis LX , the other with
respect to the kernel basis RX . Now, on the one hand, we get

cj = ⟨ej , c⟩ = eTj A
−1
K,XfX = fT

XA−1
K,Xej = (f, ℓj)K (8)

from (3). On the other hand, we have (f,Kxj
)K = f(xj) by

the reproduction property (2) of K ∈ PD(Rd), for 1 ≤ j ≤ n.

IV. SAMPLING FORMULAS FOR RKHS

In this section, we develop sampling formulas of the
form (1) for infinite sets of sampling points X = (xn)n∈N.
To this end, we require determining sequences of sampling
points in X = (xn)n∈N, according to the following definition.

Definition 4. Let K ∈ PD(Rd) be a positive definite kernel.
Then, a countable sequence X = (xn)n∈N of pairwise distinct
sampling points in Rd said to be determining in the RKHS
HK , if the infinite kernel matrix

AK,X = (K(xj , xk))
∞
j,k=1 (9)

is bijective and bounded on ℓ2(N), AK,X ∈ L(ℓ2(N), ℓ2(N)).

We remark that the property for X = (xn)n∈N to be a
determining sequence in HK , according to Definition 4, is
equivalent for the sequence (Kxn

)n∈N to be a Riesz basis in
HK,X . We can reformulate this standard result from Riesz
theory as follows.

Lemma 5. For K ∈ PD(Rd), let X = (xn)n∈N be a
determining sequence in HK . Then, any f ∈ HK,X is
characterised by the representation

f =
∑
k∈N

ckKxk

for some coefficient vector c = (ck)k∈N ∈ ℓ2(N).

Proof. We follow along the lines of [10, Theorem 3.6.6]:
(Kxn

)n∈N is a Riesz basis of HK,X , since the corresponding
Gram matrix GK,X :=

(
(Kxj

,Kxk
)K
)
j,k∈N contains the

entries K(xj , xk) = (Kxj
,Kxk

)K , i.e., GK,X = AK,X .

The result of Lemma 5 is our starting point for the develop-
ment of sampling formulas in the RKHS HK,X . To this end,

we will show that the sampling functions Lk ∈ HK,X in (1)
are those from the dual Riesz basis of (Kxn)n∈N.

The following result shows that there is a one-to-one relation
between the elements in HK,X (viewed as equivalence classes
of Cauchy sequences) and the pointwise representation of
functions f in span{Kx |x ∈ X} with coefficients in ℓ2(N).

Lemma 6. For K ∈ PD(Rd), let X = (xn)n∈N be a deter-
mining sequence in HK . Moreover, for c = (ck)k∈N ∈ ℓ2(N),
let f : Rd −→ R be defined as

f(x) =
∑
k∈N

ckKxk
(x) for x ∈ Rd.

Then, there is one unique f̃ ∈ HK,X satisfying

(f̃ ,Kx)K = f(x) for all x ∈ Rd.

Proof. Let f̃ ∈ HK,X be defined as

f̃ :=
∑
k∈N

ckKxk
.

Moreover, for n ∈ N, let f̃n be the n-th partial sum of f̃ , i.e.,

f̃n =

n∑
k=1

ckKxk
∈ HK,X .

Then, we obtain

(f̃ ,Kx)K

= lim
n→∞

(f̃n,Kx)K = lim
n→∞

(
n∑

k=1

ckKxk
,Kx

)
K

= lim
n→∞

n∑
k=1

ck(Kxk
,Kx)K = lim

n→∞

n∑
k=1

ckKxk
(x)

= f(x)

by the reproduction property Kxk
(x) = (Kxk

,Kx)K .

Now we are in a position, where we can formulate one sam-
pling formula in HK,X . To this end, we use the invertibility
of the infinite kernel matrix AK,X in (9). Note that for any

f =
∑
k∈N

ckKxk
∈ HK,X ,

the function values of fX = (f(xn))n∈N at the sampling
points X = (xn)n∈N determine f uniquely, since we have
fX = (f(xn))n∈N = AK,Xc, whereby c = A−1

K,XfX , like in
the finite dimensional case (8).

Theorem 7. For K ∈ PD(Rd), let X = (xn)n∈N be a
determining sequence in HK . Then, any f ∈ HK,X can be
expressed by the sampling formula

f =
∑
k∈N

f(xk)Lk, (10)

where

Lk =
∑
n∈N

(A−1
K,Xek)nKxn

∈ HK,X for k ∈ N,



and where ek is the k-th unit vector in ℓ2(N).

Proof. We can express f ∈ HK,X pointwise by

f(x) =
∑
k∈N

ckKxk
(x) = ⟨c,RX(x)⟩ℓ2 ,

for specific coefficients c = (ck)k∈N ∈ ℓ2, and where we let

RX(x) := (Kxn
(x))n∈N ∈ ℓ2,

cf. (3). Therefore, we have

f(x) = ⟨A−1
K,XfX , RX(x)⟩ℓ2 = ⟨fX , A−1

K,XRX(x)⟩ℓ2 ,

since A−1
K,X is self-adjoint. Now we let L(x) := A−1

K,XRX(x),
and so

Lk(x) = ⟨L(x), ek⟩ℓ2 = ⟨RX(x), A−1
K,Xek⟩ℓ2 .

By Lemma 5, we have Lk ∈ HK,X for all k ∈ N.
Finally, (Kxj

)j∈N and (Lk)k∈N are biorthogonal by

(Lk,Kxj )K = Lk(xj) = ⟨L(xj), ek⟩ℓ2
= ⟨A−1

K,XRX(xj), ek⟩ℓ2 = ⟨ej , ek⟩ℓ2
= δjk.

Corollary 8. For K ∈ PD(Rd), let X = (xn)n∈N be a
determining sequence in HK . Then, (Kxj )j∈N and (Lk)k∈N
are dual Riesz bases in HK,X .

Proof. The functions (Kxj
)j∈N are a Riesz basis, since the

Gram matrix GK,X :=
(
(Kxj

,Kxk
)K
)
j,k∈N is bounded and

invertible on ℓ2(N). By straight forward calculations we get

f =
∑
k∈N

(f, Lk)KKxk
=
∑
k∈N

(f,Kxk
)KLk,

and, moreover, ((Lj , Lk)K)j,k∈N = A−1
K,X , i.e., (Lk)k∈N is

the dual Riesz basis of (Kxj
)j∈N in HK,X .

V. SAMPLING FORMULAS FOR TENSOR PRODUCT RKHS
Now we extend the sampling formula (10) of Theorem 7

to tensor products of RKHS (TP-RKHS), where we rely on
previous findings on tensor products of frames [8] and on
tensor product kernels [1].

Let us first give a definition for products of Hilbert spaces.

Definition 9. The Hilbert tensor product of two real Hilbert
spaces H1,H2 is the unique (up to isomorphisms) Hilbert
space H := H1

⊗
H2 for which there exists a bilinear

mapping φ : H1 ×H2 −→ H satisfying

(φ(f1, f2), φ(g1, g2))H = (f1, g1)H1 · (f2, g2)H2 , (11)

for all (f1, f2), (g1, g2) ∈ H1 ×H2.

In the special case of two reproducing kernel Hilbert
spaces HK1 and HK2 from kernels K1 ∈ PD(Rd1) and
K2 ∈ PD(Rd2), their Hilbert tensor product HK1

⊗
HK2

is
given by the RKHS generated by K : Rd1+d2 −→ R, where

K(x,y) = K1(x1, x2) ·K2(y1, y2) (12)

for x = (x1, y1) and y = (x2, y2) ∈ Rd1+d2 .

A quick way to see that HK1

⊗
HK2

must necessarily be
generated by the tensor product kernel K in (12), is to let
φ(f, g)(x) := f(x)g(x) (in Definition 9), whereby

(K(·,x),K(·,y))K
= K(x,y) = K1(x1, x2) ·K2(y1, y2)

= (K1(·, x1),K1(·, x2))K1
· (K2(·, y1),K2(·, y2))K2

.

Therefore, (11) holds for all basis elements K(·,x) of the
RKHS HK , and so it can be extended to all elements in HK .

As recently proven in [1], the tensor product K between two
positive definite kernels K1 ∈ PD(Rd1) and K2 ∈ PD(Rd2),
as in (12), is positive definite, i.e., K ∈ PD(Rd1+d2).

Moreover, for Hilbert tensor products H = H1

⊗
H2, their

Riesz bases are given by the tensor products between the Riesz
bases of the Hilbert spaces H1 and H2, which is due to [8].

Lemma 10. Let H1,H2 be Hilbert spaces. If (f1,j)j∈N is a
Riesz basis for H1, and (f2,k)k∈N is a Riesz basis for H2, then
(φ(f1,j , f2,k))(j,k)∈N×N is a Riesz basis for H1

⊗
H2.

Now we can extend our results to tensor products of RKHS.

Theorem 11. For K1 ∈ PD(Rd1), let X = (xn)n∈N be a
determining sequence in HK1 , and for K2 ∈ PD(Rd2), let
Y = (ym)m∈N be a determining sequence in HK2

. Then, the
tensor product kernel

K(x,y) := K1(x1, y1) ·K2(x2, y2) for x,y ∈ Rd1+d2

is positive definite on Rd1+d2 , i.e., K ∈ PD(Rd1+d2) and
X × Y is a determining sequence in HK . Moreover,

(K1(·, xj) ·K2(·, yk))j,k∈N2 and (L1,j · L2,k)j,k∈N2

are dual Riesz bases in HK,X×Y .

Proof. The positive definiteness of K is proven in [1], and the
Hilbert product space of the native spaces of K1 and K2 yields
the native space of K. Since X and Y are determining for HK1

and HK2
, respectively, we can consider their dual Riesz bases

as stated in Corollary 8. Then, we can compute Riesz bases
for HK,X×Y by the Hilbert tensor product of the Riesz bases
for HK1,X and HK2,Y . By letting φ(f, g)(x) = f(x)g(x) in
Definition 9, we obtain the stated result.

VI. CONCLUSION AND FUTURE WORK

We have introduced determining sequences of irregular
samples to obtain sampling formulas for high-dimensional
functions from reproducing kernel Hilbert spaces (RKHS). Our
construction relies on standard tools from sampling theory,
where, in particular, we combine approximation methods with
basic results from Riesz theory. We have extended our results
to sampling formulas for tensor RKHS, where we rely on our
recent results on tensor product kernels [1]. This provides a
concept for efficient representations of multivariate functions
in high dimensions. Yet, it remains to elaborate suitable
characterisations for the construction of determining samples.
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