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Abstract

The process of calibrating computer models of natural phenomena is essential for
applications in the physical sciences, where plenty of domain knowledge can be
embedded into simulations and then calibrated against real observations. Current
machine learning approaches, however, mostly rely on rerunning simulations
over a fixed set of designs available in the observed data, potentially neglecting
informative correlations across the design space and requiring a large amount of
simulations. Instead, we consider the calibration process from the perspective of
Bayesian adaptive experimental design and propose a data-efficient algorithm to
run maximally informative simulations within a batch-sequential process. At each
round, the algorithm jointly estimates the parameters of the posterior distribution
and optimal designs by maximising a variational lower bound of the expected
information gain. The simulator is modelled as a sample from a Gaussian process,
which allows us to correlate simulations and observed data with the unknown
calibration parameters. We show the benefits of our method when compared to
related approaches across synthetic and real-data problems.

1 Introduction

In many scientific and engineering disciplines, computer simulation models form an essential part
of the process of predicting and reasoning about complex phenomena, especially when real data
is scarce. These simulation models depend on the inputs set by the user, commonly referred to
as designs, and on a number of parameters representing unknown physical quantities, known as
calibration parameters. The problem of setting these parameters so as to closely match observations
of the real phenomenon is known as the calibration of computer models [1].

The seminal work by Kennedy and O’Hagan [1] introduces the Bayesian framework for calibration
of simulation models, using Gaussian processes [2] to account for the differences between the model
and reality, as well as for uncertainty in the calibration parameters. While the simulator is an essential
tool when obtaining real data is expensive or unfeasible, each run of a simulator may itself involve
significant computational resources, especially in applications such as climate science or complex
engineering systems. In this situation, it is imperative to run simulations at carefully chosen settings
of designs as well as of calibration inputs, using current knowledge to optimise resource use [3-5].

In this contribution, we bridge Bayesian calibration with adaptive experimental design [6] and use
information-theoretic criteria [7] to guide the selection of simulation settings so that they are most
informative about the true value of the calibration parameters. We refer to our approach as BACON
(Bayesian Adaptive Calibration and Optimal desigN). BACON allows computational resources to
be focused on simulations that provide the most value in terms of reducing epistemic uncertainty.
Importantly, in contrast to prior work, it optimises designs jointly with calibration inputs in order to
capture informative correlations across both spaces. Experimental results on synthetic experiments
and a robotic gripper design problem demonstrate the benefits of BACON compared to competitive
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baselines in terms of computational savings and the quality of the estimated posterior under similar
computational constraints.

2 Problem formulation

Let T : X ¥ Y represent a mapping of experimental designs X 2 X to the outcomes of a physical
process F(X) 2 Y R. We are given a set of observed outcomes Yg = [y1;:::;Yr]" and their
associated designs Xr := fx;gR.;  X. Observations are corrupted by noise as y; = F(Xj) + i,
where ; N(0; 2)is zero-mean Gaussian noise, for i 2 f1;:::; Rg. In addition, we have access
to the output of a computer model h : X ¥ R given a design input and simulation parameters.
Given an optimal setting for the calibration parameters * 2 , the simulator h(x; *), can be
used to approximate the outcomes of the real physical process f(X). However, * is unknown, and
evaluations of the simulator h are costly, though cheaper than executing real experiments evaluating
f. Our task is to optimally estimate ™ given the real data Y, outputs of the simulator h and a prior

distribution p( *), representing initial assumptions about *

More concretely, let s := [h(XRi; Ai)]iszl represent simulated outcomes for a set of designs Ry =
fkigiszl X and simulation parameters b s = fAigiszl . Given the cost of running simulations,
we will associate the simulator h with a latent function (usually referred to as emulator) drawn from
a Gaussian process (GP) prior and assume simulation outputs and real data follow a joint probability
distribution p(Yg; 9s; ).

In this setting, the Bayesian experimental design objective is to propose a sequence of simulations
which will maximise the expected information gain (EIG) about *:

EIGRs; Ps) := H(P( "iYR))  Epg. be:bs gy [HPC “iYRi 95))]
= Ep(ge | s:bs iy, [PRLP( “1YRI9)IIP( "iYR))] (1)
=1( %9s] yR;)bS; bs);

where H( ) represents the entropy of a probability distribution, Dy ( jj ) denotes the Kullback-Leibler
divergence, and I( *;¥g j Yr) is the mutual information between * and the simulator output ¥
given the real observations Y and the simulator inputs to be optimized. We note here that, in our
setting, the real observations Y are always fixed. Therefore, intuitively, the EIG above captures the

reduction in uncertainty that will be obtained when selecting ()bs; b s) averaged over all the possible
outcomes ¥g.

3 Related work

Our work consists of deriving a Bayesian adaptive experimental design (BAED) approach to the
problem of calibration. Therefore, in the following, we will briefly discuss current literature on these
two main research areas.

3.1 Adaptive experimental design

The problem of experimental design has a long history [8], spanning from classical fixed design
patterns to modern adaptive approaches [9]. Optimal experimental design consists of selecting
experiments which will maximise some form of criterion involving a measure of utility of the
experiment and its associated costs [10]. Under the Bayesian formulation, uncertainty in the outcomes
of the process is considered, and the optimality of a design is measured in terms of its expected utility
[11]. Information theory then allows us to quantify information gain as a utility function, which is
commonly applied in modern approaches to Bayesian experimental design [12].

The estimation of posterior distributions becomes a computational bottleneck for information-theoretic
Bayesian frameworks. Recent work has focused on addressing the difficulties in estimating the
expected information gain by means of, e.g., variational inference [13], density-ratio estimation
[14], importance sampling [15], and the learning of efficient policies to propose designs [16, 17].
These methods, however, usually assume that the simulator is known and inexpensive to evaluate.
In contrast, the simulations themselves are modelled as expensive experiments for us, and we apply



Gaussian process models as emulators to capture uncertainty over the black-box simulator. In addition,
traditional BAED approaches assume that the prior is trivial to sample from and evaluate densities of,
while in our case the starting prior§ jyg), which is likely non-trivial. We refer the reader to

the recent review on modern Bayesian methods for experimental design by Rainforti&} fal

further details on BAED.

3.2 Active learning for calibration

Experimental design approaches generally aim towards the selection of designs for physical ex-
periments, whereas we are concerned with the problem of running optimal simulated experiments
for model calibration in the presence of real data. When simulations are resource-intensive, a few
methods have been derived based on the Bayesian calibration framework proposed by Kennedy and
O'Hagan[1]. Busby and Feraill§19] present an algorithm to learn GP emulators for a simulator
which can then be combined with Bayesian inference algorithms, such as Markov chain Monte Carlo
[20], to provide a posterior distribution over parameters. In their approach, the optimised variables
are solely the calibration parameters, and the selection criterion is based on minimising the integrated
mean-square error of the GP predictions. Many other approaches can be applied to this setting by
modelling the simulator or its associated likelihood function as a GP, including Bayesian optimisation
[3, 21, 22] and methods for adaptive Bayesian quadratdBz 24]. Besides GPs, other algorithms
focusing on the selection of calibration parameters have been derived using ensembles of neural
networks P5] and deep reinforcement learningd. These frameworks, however, do not allow for

the selection of simulation design points, usually keeping them co-located with the real data.

Allowing for design point decisions to be included, Leatherman dtthpresented approaches for
combined simulation and physical experimental design following geometric and prediction-error-
based criteria, though using an of ine, non-sequential framework. More recently, Marmin and
Filippone[5] derived a deep Gaussian proce®d framework for Bayesian calibration problems and
discussed an application with experimental design among other examples. Their experimental design
approach to calibration was based on choosing simulations that maximally reduce the variational
posterior variance over the calibration parameters, as measured by the derivatives of the evidence
lower bound with respect to (w.r.t.) variance parameters. In contrast, we aim to directly maximise the
information gain w.r.t. the unknown calibration parameters.

4 Gaussian processes for Bayesian calibration

To estimate information gain, we need a probabilistic model which can correlate simulations with real
data and the unknown parameters Ideally, the model needs to allow for a computationally tractable
conditioning on the parameters and account for the discrepancy between real and simulated data.
Hence, we follow the Bayesian calibration approach in Kennedy and O'Hagan [1] and model:
FOO= h(G )+ ()5 x2X; p(); )

where" : X I R represents the error (or discrepancy) between simulations and real outcomes, and

2 R accounts for possible differences in scale. We place Gaussian process priors on the simulator
h GP (0; Q) and on the error functioh GP (0; k).

4.1 Bi- delity exact Gaussian process model

Since bothh and" are GPs, simulations and real outcomes can be jointly modelled as a single
Gaussian process. In fact, both the simul&t@nd the true functiofi can be seen as different levels

of delity of the same underlying process, withrepresenting a coarser versiornfofNamely, let

s 2 S := f0; 1g denote a delity parameter. The combined model is then given by:
h(x; ), s=0

h(x; )+ "(x); s=1:

such thaf (x) = f(x; ;1)andh®;") = f(®;";0), foranyx;® 2 X and” 2 . Asa result,

(x; ;)= ®3)

for arbitrary points in the joint spacgz°2 Z = X S , the following covariance function
parameterises the combined GP mddelGP (0; k):
k(z;29 = k (s;9R((x; )i (x% 9)+ sske(x;x9) (4)



wherek (s;89 :=(1+ s( 1)L+ sY 1)),z:=(x; ;s),andz:= (x% %s9. Therefore,
any set of real and simulated evaluations are joint normally distributed under a combined GP model.

4.2 Joint probabilistic model and predictions

LetZgr = Zr( ) :=1[(xi; ;1IR, represent the set of partially observed inputs for real data

Yr,and letg = [(Ri: ™ 0)I%, denote the current set of simulation inputs for the observagtans
Under the GP prior, the joint probability model*5; yr; ) can be decomposed as:
4

PWsiYri )= P@siVri IP( )= ?p(y‘sj?)p(ij?; )pfi )p( )df; (5)

wheref := f(Z( )) 2 RR*S andz( ):= fZgr( );Bsgcorresponds to the full set of inputs.
The GP prior then allows us to model real and simulated outcomes jointly as a Gaussian random
vectorf:

fi N (©OK(C); (6)
whereK () := k(Z( );Z( ) =] k(Z;ZO)]Z;ZOQZ( y denotes the prior covariance matrix. As-
suming a Gaussian noise model for the observatons (x; )+ "(x)+ ,with N (0; ?),
the marginal distribution over the observatigns= [y & ;yg]T is available in closed form as:

PWs;iyYrl )= NY;OK( )+ ) (1)
where y denotes the covariance matrix of the observation noisef i.¢li = 2 for anyz; with
si=1,and[ y]; =0 elsewheré.

Under the GP assumptions, we can make predictions gbsuh(®; ) at any pair oR; * 2 X

Conditioning on  and a datasé®, := X r;yg;%; P9 letZ,( ):= fZr( );B.gdenote
the set of inputs up to timeconditional on , andy, the corresponding outputs. We then have that:

P R D)= N (2 ) AE ) ®)
for2 := (®; "), where:
(2 )= ki )UK )+ y) ()]
ke(2:2% )= k(229 k(2 )T(Ke( )+ y,) k(2% ) (10)
Az )= k(@2 ); (11)

with k¢(2; ) := k(Zi( );2)andK( ):= k(Z¢( );Z¢( )). We next describe how to apply
this model to derive a Bayesian adaptive calibration algorithm.

5 Bayesian adaptive calibration and optimal design

In this section, we describe an approach to design experiments for calibration of computer models
that incorporates information gathered during the experiments iteratively. We refer to these types of
designs asdaptive Thus, we consider the sequential design of experiments setting, where at each
iterationt 2 N, we optimise:

EIG((®; ™) = I( :9j®; "D 1)
= H(p( th 1)) " Ep p(yie; "Dy 1)[H(p( #jy;k‘;/\; D¢ 1))]

p(_jg;%; "Dy 1)
b %D 1) 109 p( jDt 1)

12)

=E

given the datasdd; ; = fX R;yR;>bt 1 b, 1;¥; 10 of observations. Given that the expected
information gain is submodula§)], a sequential approach allows us to get close enough (usually a
factor of atleast 1=e[29]) to the optimal EIG over the whole experiment, while also allowing
algorithmic decisions to adapt to current estimategpfor jD+).

2In practice, we add a smailiggetterm to the diagonal of the noise covariance matrix for numerical stability.



In general, computing the full EIG objectiy#), or its sequential versiofl2), is intractable, as that
requires estimating the true posterior and its density conditioned on sampled data. Note that both

p( j$:®; "Dy 1) andp(y; j®; "Dy 1) depend on the posteript jD; 1), as:

el A pey; R "Dy 1)
XD = A
PEITA B )= =g ™ De )

p(y; 2 75De 1) = p(9i %Dy 1)p( D 1) (14)
where the conditional predictive densif§j ;®;”";D; 1) is Gaussian and available in closed form

(Eq. 8). &Iearly, in general, the true posterior is intractable, gafcejD;) = % and

p(D¢) = p(D:j )p( )d involves integration over the entire parameter spacehich can

be high dimensional and involve highly non-linear operationsgsuch as computing inverse covariances.
In addition, the marginal predictive densppg9j®; :D; 1) =  p(9; j®;™D: 1)d s also

usually intractable for the same reasons.

(13)

5.1 Variational EIG lower bound

Following Foster et al[13], we replace the EIG by a variational objective which does not require the
true posterior density over . This formulation allows us to jointly estimate an approximation to the

posterior and select optimal design poifitand simulation parametefs Applying the variational
lower bound by Barber and Agakov [30] to Eq, 12 yields the folqlé)wing alternative to the EIG:

a %"
p( Dt 1)

whereq(  j§;®; ") is any conditional probability density model. The gap is given by the expected
Kullback-Leibler (KL) divergence between the true and the variational posterior [13, Sec A.1]:

EIGi(®;") BIGi(®;"0) = Epgpeinp, Dk (P iDe 1:jja( j9)l  0:  (16)
Maximising the variational EIG lower bound w.r.t. the variational distributidghen provides us

with an approximation tp(  j§;®; ";D; 1). Therefore, we can simultaneously obtain maximally
informative designs and optimal variational posteriors by jointly optimising the EIG lower bound
w.r.t. the simulator inputs and the variational distribution as:

BIG (8 ") = By, jonp, o) 109 EIG(®:); (15)

2 q 2 argmax EIG(®; " g)= argmax Eog: p:np, pllogal il (17)
®2X ;"2 :02Q %2X ;"2 502Q
given a suitable variational familQ of conditional distributions. Note that, in this formulation, we
only need samples from the postenir jD; 1) to estimate the expectation above, which can be
approximated via Monte Carlo, without requiring densities other than that of the variational qaodel

5.2 Algorithm

Algorithm 1 summarises the method we propose, which we ridayesian Adaptive Calibration and
Optimal desigN(BACON). The algorithm starts with an initial datag® containing the real data

(and possibly previously available simulation data) and an estimate of the posterior given the initial
datap( jDg). Posterior estimates in BACON can be represented by samples obtained via Markov
chain Monte Carlo (MCMC) or variational inference over the GP model and the currently available
dataD;. Note that we only need samples from the previous posterior to estimate the expectation in
Eq. 17, with no need to directly evaluate its probability densities. Each iteration starts by optimising
the variational EIG lower bound using the objective in Eq. 17 to jointly select an optimal d&sign
simulation parameter; and variational posteriag. Given the new desighy, we run the simulation

with the chosen paramete?s, observing a new outcomk. The calibration posterign( ) and

the GP model are then updated with the new data, potentially including a re-estimation of the GP
hyper-parameters via, for example, maximum likelihood estimation. The process then repeats given
the updated GP and posterior for up to a given number of iteraliods the end, a nal posterior

pr( )= p( jyr:;¥+7) and a conditional density modet are obtained.

3We will at times writeq(  j9) to denoteg(  j§;%; ") to avoid notation clutter, as the dependence on the
inputs(®; ™) remains implicit through the conditioning gn



Algorithm 1 BACON

input Do := X Rr;YRO; f Real datg
in[?ut p20(f 1) = F_)r( C{DO) f MCMC or VI prior distributiorg
or t ;110 Tgdo
R; At;q 2 argmax, .. Ept O [loga( j¢MI fOptimiseE‘IGtg
o= hiee ™) f Run simulatiogy
Di = Dt 1[f ®¢; %0 fUpdate GP modegl
Fétfc )=p( Dt 1) f Update posterior via MCMC or \gj
end for
output pr( ) f Final posteriog

5.3 \Variational posteriors

Any conditional probability density mode( j¥) estimating probability densities over the parameter
space given an observatiof could suit our method. In the following, we describe two possible
parameterisations for this model. The rst facilitates marginalising latent inputs in GP regression
[31, 32], while the second better captures multi-modality in the posterior.

Conditional Gaussian models. Assuming we can approximapé jD;) as a Gaussian, we can
construct a variational conditional density model as:

g ( RN = NC smo @D ) (18)
wherem and are given by parametric models, such as neural networks, with parameters
. To ensure () is positive-de nite, it can be parameterised by its Cholesky decomposition

()=L ()L ()T, whereL () is a lower-triangular matrix with positive diagonal entries.

Conditional normalising ows Normalising ows [33] apply the change-of-variable formula to
derive composable, invertible transformatiagys of a xed base distributionpg:

9w ( o) = g{") o) o Po (19)
The log-probability density of a point= g,, ( ) under this model can be calculated as:

X .
logpk ( ;W) = log po( o) log I(; 1) ;
j=1
()

where ;:= g,'( ), ; == gw W

(; 1),andJ{) is the Jacobian matrix of theh transformgs,’, for

radial and planar ows [33], autoregressive models [34—36] and models based on splines [37].

To derive a conditional density model (  j¥), conditional normalising ows map the original ow
parametersv via a neural network model : ¢ 7! w [38, 39]. The resulting variational conditional
density model is then given by:

loga ( igi%; ™) =log px (1 (93 7)) : (20)
5.4 Batch parallel evaluations

Often simulations can be run in parallel by spawning multiple processes in a single machine or over a
high-performance computing cluster. In this case, proposing batches with multiple simulation inputs
can be more effective than running single simulations in a sequence. Optimising the EIG w.r.t. a
batch of inputd := f®;; ",g&, , instead of single points, we obtain a batch version of Algorithm 1.

In this case, we are seeking a batch that maximises the mutual information between the parameters

and the resulting simulation outcomes, i.e.:
if vx. B
a Jthg=) oy

EIG{(B) = I( ;fyigilejB;Dt 1) Ep(f?igF=12 jB;Dt 1) log p( Dt 1)

We optimise this objective with variational models that accept multiple conditioning observations
a( j¥1;:::;9s). In practice, this simply amounts to replacing the single conditioning entries to the
models in Sec. 5.3 by the concatenated batch or a permutation-invariant deep set encoding [16, 40].



(a) MAP error (b) RMSE (c) Dk (ptijp ) (d) Posterior

Figure 1. Experimental results on synthetic data where the target pogieimunimodal. The

rst 3 plots show estimates for performance metrics as a function of the number of simulations run
(not including the initial data). Estimates were computed based on the posterior estimates for each
method available during their run, witandomusingp( ), D-optimal and BACON using MCMC
posteriors, and IMSPE using a Dirac delta (reverse KL unde ned, not shown) on the MAP estimate
as posterior estimates. Results are averaged over 10 trials, and shaded areas idditaidard
deviation. The rightmost plot shows the target posterior, with the truadicated by a star.

(a) MAP error (b) RMSE (¢) Dk (ptijp ) (d) Posterior

Figure 2: Experimental results on synthetic data where the target posterobimodal. See Fig. 1
for details, with the exception that the rightmost plot now shows the bimodal target posterior.

6 Experiments

In this section, we present experimental results on synthetic and real-data problems evaluating the
proposed variational Bayesian adaptive calibration framework against baselines. Further experimental
details can be found in Appendix A and in our code repository.

Performance metrics. We evaluated each method against a set of performance metrics, which
we now describe. The maximum-a-posteriori (MAP) error measures the distance between the
mode of the variational distribution and the true parameters To measure the quality of the
learnt model in predicting real outcomes, we also evaluated the root mean square error (RMSE)
between tlae expected GP predictions under the learnt variational distribution and real outcomes:

RMSE := Ni i iN=1 (Eq(h[ (X;3 5 ) Yyi)? wherey; = f(x;)+ ; areobservations of the
real process over a set of test poifitss gfL; X placed on a uniform grid over the design space.

Information gain. Lastly, we also evaluated two sample-based estimates of the KL divergence
[41]. Namely,Dg. (prjjpo) corresponds to the KL divergence between the nal MCMC posterior
(given all simulations and real data) and the initial one (given only the real data and an initial set
of randomised simulations) both estimated over the learnt GP model. The c8&lunm(prijjp )
indicates the KL divergence between the nal MCMC postefgrand the posteriop with full
knowledge of the simulator, which can be cheaply evaluated in this synthetic scenario. The average of
Dk. (prjjpo) is an indicator for the expected information géir) of an algorithm, given that it is the
expected relative entropy across the possible trajectories of observations. In cangrdstjjp )
indicates how far the estimates are from the best possible posterior obtainable with a model that is
given the available real data and (a potentially in nite amount of) simulations.

“4Code available athttps://github.com/csiro-funmil/bacon



Dke (PrJipo) " Dk (Priip ) # Dke (PrJipo) " Dk (pPriip ) #

BACON 1.00 0.06 0.76 0.13 BACON 0.40 0.03 0.45 0.06
IMSPE 0.89 0.11 1.05 0.19 IMSPE 0.19 0.04 0.70 0.07
D-optim. 0.42 0.11 1.09 0.15|| D-optim. 0.07 0.02 0.94 0.03
Random 0.62 0.07 1.18 0.13 Random 0.28 0.07 0.54 0.07
VBMC — 0.53 0.02 VBMC — 0.49 0.13

(a) Unimodal posterior (b) Bimodal posterior

Table 1: Results for 2+2D synthetic problem affer= 50 iterations (batch oB = 4). Here

Dk (prjipo) corresponds to the KL divergence between the nal posterior (estimated after each
algorithm's run with all the data it collected) and the starting one (higher is better), Bkiléprjjp )

is the KL between the nal posterior and the posterior with full knowledge of the simugatfiower

is better). All posteriors were sampled via MCMC using 4000 samples. Averages and standard
deviations were estimated from 10 independent runs.

6.1 Baselines

Our algorithmic baselines were chosen to illustrate the main approaches currently available in the
literature. All baselines are implemented as sequential methods, in the sense that their GP models are
updated with the latest batch of observations before proceeding to the next iteration.

Random search. This baseline samples simulation desigpns U (X) from a uniform distribution
over the design spacé and calibration parameters from the priar  p( ).

IMSPE with MAP estimates. The integrated mean squared prediction error (IMSRBE)driterion
chooses desigrxszand calibration; parameters by minimising the GP prediction error:

IMSPE,(2) := ZE[(f“(z) w1(z )?jf(2);Ddz = , 21(z Duf(@)dz: (22)

The posterior MAP estimate, 2 argmax p( jD: 1) is used as a point estimate for the true
The integral is approximated as a sum over a uniform grid of designs and samples from the calibration
prior,> making IMSPE equivalent to active learning Col][and also a form of A-optimalityZg].

D-optimal designs. We provide experimental results with an additional baseline following a D-
optimality criterion, a classic experimental design objective. Optimal candidate designs according
to this criterion are points of maximum uncertainty according to the ma#! [f we model the
simulator as the unknown variable of interest, this corresponds to selecting designs where we have
maximum entropy of the Gaussian predictive distribut¢fi®; *; D; 1). This approach, therefore,
simply attempts to collect an informative set of simulations according to the GP prior over the
simulatorh only, without considering the information in the real data. Running D-optimality gn
instead, would lead back to the EIG criterion we use.

Variational Bayesian Monte Carlo (VBMC). Acerbi[44] presents an adaptive Bayesian quadra-
ture method to learn posterior distributions over models with black-box likelihood functions. The
method estimates the posterr jyg;h) by modelling the log-jointogp(yg; jh) as a sample

from a Gaussian process. VBMC then learns a variational posterior approximation by maximising a
lower-con dence bound over the ELBO given by the GP estimates. Calibration parameter queries
" are obtained by optimising quadrature-based acquisition functions. Regarding design points,
simulations are always run on the set of real design p&{ptén the observed data, which is xed.

6.2 Synthetic experiments

For this experiment, we sampled a function GP (0;k) to use as our simulator and compared
different algorithms. Following a sparse GP approat$],[a function sampled from a GP can

5The original paper proposed analytic solutions to Eq. 22 tailored for speci ¢ kernels. However, we decided
to keep our codebase generic to work with different kernels, and therefore opted for a numerical approximation.



Dk (Pripo) " Dk (Priip ) #
BACON 0.37 0.09 0.07 0.06
IMSPE 0.22 0.11 0.45 0.21
D-optimal 0.21 0.08 0.23 0.10
Random 0.32 0.09 0.20 0.14
VBMC - 5.48 1.66
Table 2: Results on the location nding problem affe= 30 iterations withB =4, R = 20 “real”
data points and an initial set of 20 simulations. Estimates were averaged over 10 independent runs.

be approximated aS(z)  k(z;Zw )K MluM , Whereuyy N (0m; wm) is a sample from an
M -dimensional Gaussiad,y := fzig", X f 0;1g, for a givenM . As the number of

pointsM ! 1 | if the pseudo-inputZy form a dense set, the approximdﬁeshould converge

in distribution to a sample from the Gaussian prod8#%0; k). In our case, to samplgy , we
sample designs from a uniform distribution over the design space, calibration parameters from the
prior, and delities from a Bernoulli distribution with parameter se0t6. We also setty := 0

and v = Ky = Kk(Zm ;Zm ). We repeatedly run a loop @f iterations for each algorithm, with
different random seeds.

We run each algorithm foF := 50 iterations using a batch & := 4 designs per iteration. Each

of the methods using GP approximations for the simulator are initialised with 20 observations and
R =5 real data points. To con gure VBMC, we allow it to run an equivalent maximum amount of
objective function evaluations. The design space is set as the 2-dimensional uXit:bd® ; 17

and the “true” parameters are sampled from a standard normalgdrioy := N ( ;0;1) also over

a 2D space, totalling a 4-dimensional problem space.

Results are presented in Fig. 1 and 2. Fig. 1 shows a case where the GP-sampled simulator led to a
unimodal target posterior. In this case, we see that BACON is able to achieve fast convergence in
terms of MAP estimates and KL divergence towards the target posterior, while IMSPE dominates in
terms of simulator approximation error as measured by the RMSE. As the posterior is unimodal and
guite concentrated around the true parameter, it is natural that a method relying on MAP estimates,
such as RMSE, would perform well. In contrast, when the posterior is multimodal, as shown in
the bimodal case in Fig. 2, MAP estimates are not necessarily reliable any more, as they might get
stuck on a non-informative mode, leading to biased estimates for IMSPE and a signi cant drop in
performance. Lastly, note that D-optimal and random designs can also lead to RMSE approaching
the lowest (as determined by the noise level with= 0:5) in some circumstances. However, these
approaches do not directly provide posterior approximations and may fail in more complex scenarios.

In terms of nal posterior estimates, Table 1 shows that VBMC estimates reach the closest to the
full-knowledge target posterigr in the unimodal case, while BACON is able to surpass the other
GP-emulation approaches in terms of information gain. For the bimodal case, however, we see
that BACON gains an advantage over VBMC. Recall that VBMC relies on a variational mixture
of Gaussian distributions, while BACON applies conditional normalising ows for its posterior
approximations, which lead to increased exibility. In addition, despite the slightly worse performance
than VBMC, BACON also provides a GP model that can be used as an emulator for the simulator
(and to approximate the real process), while VBMC's focus is on approximating the log-likelihood.

6.3 Finding the location of hidden sources

We consider the problem of nding the location of 2 hidden sources in a 2D environment following
the setting in Foster et dlL6]. We are provided witlR = 20 initial measurements and an initial

set of S = 20 randomised simulations without knowledge of the true parameters which the data
was generated with. Sources are sampled from a standard normal, the design space is limited to
the unit box, and noise is sampled with = 0:5. Our results are presented in Table 2, showing a
similar tendency in higher information gain for our method, and a very low KL var.tNote that a
higher information gain indicates a more informative posterior, whose entropy will be much lower
relative to the starting distribution, compared to the other methods. In addition, theigdediich a
GP-based posterior should converge to in the limit of in nite data, is not known by the methods, only
po. Therefore, besides obtaining maximally informative data, we have shown that BACON is also
ef cient in approximating posteriors over black-box simulators, while also learning a GP emulator.
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