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Abstract

Simultaneous feature selection and non-linear function estimation is challenging in modeling,
especially in high-dimensional settings where the number of variables exceeds the available
sample size. In this article, we investigate the problem of feature selection in neural net-
works. Although the group least absolute shrinkage and selection operator (LASSO) has
been utilized to select variables for learning with neural networks, it tends to select unim-
portant variables into the model to compensate for its over-shrinkage. To overcome this
limitation, we propose a framework of sparse-input neural networks using group concave
regularization for feature selection in both low-dimensional and high-dimensional settings.
The main idea is to apply a proper concave penalty to the lo norm of weights from all
outgoing connections of each input node, and thus obtain a neural net that only uses a
small subset of the original variables. In addition, we develop an effective algorithm based
on backward path-wise optimization to yield stable solution paths, in order to tackle the
challenge of complex optimization landscapes. We provide a rigorous theoretical analysis
of the proposed framework, establishing finite-sample guarantees for both variable selection
consistency and prediction accuracy. These results are supported by extensive simulation
studies and real data applications, which demonstrate the finite-sample performance of the
estimator in feature selection and prediction across continuous, binary, and time-to-event
outcomes.

1 Introduction

Over the past few decades, advancements in molecular, imaging, and other laboratory tests have led to a
growing interest in high-dimensional data analysis (HDDA) (Donoho et al.l 2000). This type of data involves
a large number of observed variables relative to the small sample size, which presents a considerable challenge
in building accurate and interpretable models. For example, in bioinformatics, hundreds of thousands of RNA
expressions, genome-wide association study (GWAS) data, and genomic data are used to understand disease
biology and the correlation with clinical outcomes, with only hundreds of patients involved (Visscher et al.|
2012 Hertz et al 2016; Kim & Halabi, 2016} Beltran et al. 2017; |[Sumiyoshi et al., [2024). To address
the curse of dimensionality, feature selection is a critical step in HDDA modeling. By identifying the most
relevant features that capture the relationship with clinical outcomes, feature selection enhances model
interpretability and improves generalization.
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There are various methods for feature selection, including filter methods (Koller & Sahami, 1996; Guyon &/
[Elisseeff] 2003} |Gu et al., |2012), wrapper methods (Kohavi & Johnl 1997 [Inza et al.| 2004} Tang et al.| 2014]),
and embedded methods (Tibshiranil (1996; |Zoul 2006; [Fan & Li, 2001; Zhang et all) [2010). Among them,
penalized regression methods have become very popular in HDDA since the introduction of the least absolute
shrinkage and selection operator (LASSO) (Tibshirani, [1996|). Penalized regression methods can perform
simultaneous parameter estimation and feature selection by shrinking some of the parameter coefficients
to exact zeros. While LASSO has been widely used to obtain sparse estimates in machine learning and
statistics, it tends to select unimportant variables to compensate for the over-shrinkage for relevant variables
2006). To address the bias and inconsistent feature selection of LASSO, several methods have been
proposed, including adaptive LASSO 2006)), the minimax concave penalty (MCP) (Zhang et al.,[2010)),

and the smoothly clipped absolute deviation (SCAD) (Fan & Li, 2001)).

However, most of these penalized methods assume linearity in the relationship between the variables and the
outcomes, while the actual functional form of the relationship may not be available in many applications.
Some additive non-parametric extensions have been proposed to resolve this problem (Lin & Zhang] [2006}
[Ravikumar et al., [2009; [Meier et al., 2009), but their models rely on sums of univariate or low-dimensional
functions and may not be able to capture the complex interactions between multiple covariates. [Yamada
propose the HSIC-LASSO approach that leverages kernel learning for feature selection while
uncovering non-linear feature interactions. However, it suffers from quadratic scaling in computational
complexity with respect to the number of observations.

Neural networks are powerful tools for modeling complex relationships in a wide range of applications, from
imaging (Krizhevsky et al., 2017; [He et al., 2016) and speech recognition (Graves et al., 2013; |Chan et al.
2016) to natural language processing (Young et al., 2018; Devlin et al.,2018) and financial forecasting (Fischer
& Krauss, [2018). Their state-of-the-art performance has been achieved through powerful computational
resources and the use of large sample sizes. Despite that, high-dimensional data can still lead to overfitting

and poor generalization performance for neural networks (Liu et all [2017).

Recently, novel approaches have been developed that use regularized neural networks for feature selection
or HDDA. A line of research focuses on utilizing the regularized neural networks, specifically employing the
group LASSO technique to promote sparsity among input nodes (Liu et al., [2017; [Scardapane et al.| |2017}
[Feng & Simonl 2017). These methods treat all outgoing connections from a single input neuron as a group
and apply the LASSO penalty to the I3 norm of weight vectors of each group. Other LASSO-regularized
neural networks in feature selection can be found in the work of |Li et al.|(2016) and [Lemhadri et al.| (2021)).
However, LASSO-regularized neural networks tend to over-shrink the weights of relevant variables, leading
to the inclusion of many false positives. The adaptive LASSO was employed to alleviate this problem
, yet their results are limited to continuous outcomes and assume that the conditional mean
function is exactly a neural network. The work in [Yamada et al.| (2020) bypassed the [; regularization by
introducing stochastic gates to the input layer of neural networks. They considered ly-like regularization
based on a continuous relaxation of the Bernoulli distribution. Their method, however, requires a cutoff
value for selecting variables with weak signals, and the stochastic gate is unable to completely exclude the
non-selected variables during model training and prediction stages.

Recent theoretical advancements have provided rigorous guarantees for sparse deep learning. For instance,
proposed a method justified under a Bayesian framework that can learn a sparse deep neu-
ral network with theoretical guarantees for posterior consistency and variable selection consistency. Their
approach first trains a dense network with a mixture Gaussian prior and then sparsifies its structure using
a Laplace approximation of marginal posterior inclusion probabilities. Building on a different theoretical
perspective, developed statistical guarantees for sparse deep learning from a high-dimensional
statistics perspective, providing oracle inequalities that guarantee near-optimal prediction accuracy for var-
ious types of network sparsity, including connection and node sparsity. Despite this progress, however,
theory that provides direct frequentist guarantees for variable selection consistency of penalized estimators,
a cornerstone of classical high-dimensional statistics, remains an important area for development in deep
learning.
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In this paper, we propose a novel framework for sparse-input neural networks using group concave regular-
ization to overcome the limitations of existing feature selection methods. Although folded concave penalties
like MCP and SCAD have been shown to perform well in both theoretical and numerical settings for feature
selection and prediction, they have not received the same level of attention as LASSO in the context of
machine learning. Our proposed framework aims to draw attention to the underutilized potential of concave
penalties for feature selection in neural networks by providing a comprehensive approach for simultaneous
feature selection and function estimation in both low- and high-dimensional settings.

The key contributions of this paper are as follows:

e A unified framework for simultaneous feature selection and prediction: We introduce structured
sparsity in neural networks by applying concave group penalties, treating all outgoing connections
from a single input neuron as a group. An ls-norm-based concave penalty shrinks entire groups of
weights to zero, resulting in a parsimonious neural network that selects only a small subset of input
variables.

e An effective optimization strategy for stable solution paths: We employ backward path-wise opti-
mization, a dense-to-sparse approach that traces the solutions of the regularized neural network.
This approach improves the stability of model selection and enhances the interpretability of the
solution path across the full range of regularization parameters.

e We provide a rigorous theoretical analysis of our estimator, establishing non-asymptotic bounds on
its prediction and estimation error and proving that it possesses the desirable oracle property under
standard high-dimensional conditions.

e Empirical validation across diverse data types: Through extensive simulations and real-data analysis,
we demonstrate that our method outperforms existing approaches in feature selection consistency
and prediction accuracy across continuous, binary, and time-to-event outcomes.

The rest of this article is organized as follows. In Section 2, we formulate the problem of feature selection for
a generic non-parametric model and introduce our proposed method. The implementation of the method,
including the composite gradient descent algorithm and the backward path-wise optimization, is presented
in Section 3. In Section 4, we establish the theoretical properties of our proposed estimator. In Section 5, we
conduct extensive simulation studies to demonstrate the performance of the proposed method. In Section
6, we apply the proposed method to real-world datasets. Lastly, in Section 7, we discuss the results and
their implications. The theoretical proofs, implementation details, and supplementary numerical results are
provided in the Appendix.

2 Method

2.1 Problem setup

Let X € R? be a d-dimensional random vector and Y be a response variable. We assume the conditional
distribution Py|x depends on a form of f(Xg) with a function f € F and a subset of variables S C {1,--- ,d}.
We are interested in identifying the true set S for important variables and estimating function f so that we
can predict Y based on selected variable Xg.

At the population level, we aim to minimize the loss

in Ex y/(f(Xs),Y
foin Exy (f(Xs),Y),

where £ is a loss function tailored to a specific problem. In practical settings, the distribution of (X,Y") is
often unknown, and instead only an independent and identically distributed (i.i.d.) random sample of size
n is available, consisting of pairs of observations (X;,Y;);_,. Additionally, if the number of variables d is
large, an exhaustive search over all possible subsets S becomes computationally infeasible. Furthermore, we
do not assume any specific form of the unknown function f and aim to approximate f nonparametrically
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using neural networks. Thus, our goal is to develop an efficient method that can simultaneously select a
variable subset S and approximate the solution f for any given class of functions using a sparse-input neural
network.

2.2 Proposed framework

We consider function estimators based on feedforward neural networks. Let JF,, be a class of feed forward
neural networks fy : R? s R with parameter w. The architecture of a multi-layer perceptron (MLP) can
be expressed as a composition of a series of functions

fw(x)=LpoooLp 1000---000LjoooLy(z),z €RY,

where o denotes function composition and o(x) is an activation function defined for each component of x.
Additionally,
Ll(x) :WZZL'-l-b“Z = 0,1,...,1),

where W; € R%+1%Xdi is a weight matrix, D is the number of hidden layers, d; is the width defined as
the number of neurons of the i-th layer with dy = d, and b; € R%+! is the bias vector in the i-th linear
transformation L;. Note that the vector w € RP is the column-vector concatenation of all parameters in

{W;,b;:i=0,1,...,D}. We define the empirical loss of f, as

La(w) = - S U(fulX0), Vo).
=1

Ideally, the sparse-input neural network fy should rely only on the important variables, meaning that
Wo,; =0 for j ¢ S, where Wy ; denotes the jth column vector of Wy. In order to minimize the empirical
loss L,,(w) while inducing sparsity in W, we propose to train the neural network by minimizing the following
group regularized empirical loss

d
W = argmin § Lo (w) + Y pa([Woyll2) + afwll3 o, (1)
weRP j=1
where || - ||2 denotes the Euclidean norm of a vector.

The objective function in Eq. comprises three components:

(1) L, (w) is the empirical loss function, such as the mean squared error loss for regression tasks, the
cross-entropy loss for classification tasks, and the negative log partial likelihood for proportional
hazards models. Further details can be found in Appendix [A]

(2) px is a concave penalty function parameterized by A > 0. To simultaneously select variables and
learn the neural network, we group the outgoing connections from each single input neuron that
corresponds to each variable. The concave penalty function py is designed to shrink the weight
vectors of specific groups to exact zeros, resulting in a neural network that utilizes only a small
subset of the original variables.

(3) The term «||w||3 is a ridge regularization that plays a critical role in ensuring both model stability
and the effectiveness of the feature selection mechanism. Note that the group penalty py acts only on
the input layer weights Wy. Without the ridge penalty (« = 0), a neural network could circumvent
this penalty by shrinking W while inflating weights in subsequent layers to compensate, leaving the
network output unchanged and rendering feature selection ineffective. The ridge penalty prevents
this compensatory behavior by regularizing the norms of all weights in the network (w), encouraging
smaller and well-balanced weights throughout the architecture. Moreover, in Section 4, the ridge
term is expressed as a norm constraint on the full parameter vector, which is essential for deriving
our statistical guarantees.
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It should be noted that when the number of hidden layers D = 0, the function fy reduces to a linear
function, and the optimization problem in Eq. becomes the framework of elastic net (Zou & Hastie,
2005), SCAD-Ly (Zeng & Xie| [2014), and Mnet (Huang et al.l |2016)), with the choice of py to be LASSO,
SCAD, and MCP, respectively.

2.3 Concave regularization

There are several commonly used penalty functions that encourage sparsity in the solution, such as LASSO
(Tibshirani, [1996), SCAD (Fan & Li, |2001)), and MCP (Zhang et all [2010). When applied to the I3-
norm of the coefficients associated with each group of variables, these penalty functions give rise to group
regularization methods, including group LASSO (GLASSO) (Yuan & Lin, 2006), group SCAD (GSCAD)
(Guo et all 2015)), and group MCP (GMCP) (Huang et al., [2012)). Specifically, LASSO, SCAD, and MCP
are defined as follows.

« LASSO
o) = At
« SCAD
Alt| for [t| < A,
palt) = —tz‘jﬂz‘fijﬁlﬁ for A < |t| < a,
(Che) for [t| > aA
2 )

where a > 2 is fixed.

« MCP
z

oa(t) = sign(t))\/olt (1 - E>+ dz,

where a > 0 is fixed.

It has been demonstrated, both theoretically and numerically, that the folded concave regularization methods
of SCAD and MCP exhibit strong performance in terms of feature selection and prediction (Fan & Li, [2001}
Zhang et al.,2010). Unlike the convex penalty LASSO, which tends to over-regularize large terms and provide
inconsistent feature selection, concave regularization can reduce LASSO’s bias and improve model selection
accuracy. The rationale behind the concave penalty lies in the behavior of its derivatives. Specifically, SCAD
and MCP initially apply the same level of penalization as LASSO, but gradually reduce the penalization
rate until it drops to zero when t > aX. Given the benefits of the concave penalization, we propose using the
group concave regularization in our framework for simultaneous feature selection and function estimation.

3 Implementation

3.1 Composite gradient descent

The optimization in Eq. is not a convex optimization problem since both empirical loss function £, (w)
and the penalty function py can be non-convex. To obtain the stationary point, we use the composite gradient
descent algorithm (Nesterov) 2013). This algorithm is also incorporated in |[Feng & Simon| (2017)); Lemhadri
et al. (2021)) for sparse-input neural networks based on the LASSO regularization. The local convergence of
the composite gradient descent algorithm for nonconvex regularization was established in |Gong et al.| (2013)).

Denote L, o(w) = L, (W) + af|w||? as the smooth component of the objective function in Eq. (1). The
composition gradient iteration for epoch ¢ is given by

d

)1 -
W' = argmin | Slw =W 4y > oAl Wollz) ¢, (2)
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where Wt! = w! — VL, (W) is the gradient update only for the smooth component L,, ,(w') that can
be computed using the standard back-propagation algorithm. Here v > 0 is the step size for the update and
can be set as a fixed value or determined by employing the backtracking line search method, as described
in Nesterov| (2013)). Let A; represent the index set of Wy ; within w. We define A as the index set that
includes all weights in the input layer, given by A = {Uj‘l:1 A;}. By solving Eq. , we obtain the iteration
form wfj;l = vT/tAtl and

nggl = h(wztl;v, A), forj=1,---,d. (3)
Here, A€ refers to the complement of the set A, and the function h represents the thresholding operator,
which can be determined by the specific penalty py. By taking p) to be the LASSO, MCP, and SCAD

penalty, it can be verified that the GLASSO, GSCAD, and GMCP solutions for the iteration in Eq. have
the following form:

« GLASSO
harasso(2;7,A) = Sg(2,7A).
« GSCAD
Sg(zv'y/\)’ if [lzll2 < (v + DA,
hasoap (27, A) = § 725525 Sa(2, 223), if (v + DA < ||z]2 <,
z, if ||z|2 > aX.
« GMCP

a—y

—2-S.(z,7\), if||z]2 < aX
h z7,A) = B ’
amep (%7, ) {z, if ||z|l2 > aA,

where Sg(2; A) is the group soft-thresholding operator defined as

sz = (1- ||32)+Z

Therefore, we can efficiently implement the composite gradient descent by integrating an additional thresh-
olding operation into the input layer. This operation follows the gradient descent step using the smooth
component L, (w). The calculation for epoch t can be summarized as follows:

(1) Compute the gradient of the smooth component VL, ,(w') using back-propagation.

(2) Perform the gradient update for the smooth component to get an intermediate estimate:

Wit « wh — VL, o (wh).
(3) Apply the thresholding operator to obtain the updated weights wtt!:

t+1 < i1 t+1 <141, .
Wye & Wyo, Wy <—h(wA]_,%)\>, forj=1,...,d.

The final index set of the selected variables is § = {j : W4, # 0}. Note that we consider v as a scaling factor
in the thresholding operator. When v = 1 in Step (3), the solutions for GLASSO, GSCAD, and GMCP
align with the closed-form results established in [Wei & Zhul (2012]).

3.2 Backward path-wise optimization

We are interested in learning neural networks not only for a specific value of A, but also for a range of As
where the networks vary by the number of included variables. Specifically, we consider a range of A from
Amin, Where the networks include all or an excessively large number of variables, up to Ajqz, Where all
variables are excluded and |Wy| becomes a zero matrix. Since the objective function is not convex and has
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multiple local minima, the solution of Eq. (/1)) with random initialization may not vary continuously for
A € [Amin, Amaz], resulting in a highly unstable path of solutions that are regularized by A.

To address this issue, we consider a path-wise optimization strategy by varying the regularization parameter
along a path. The goal is to generate a stable solution path, which we define as a sequence of solutions where
small changes in the regularization parameter X result in correspondingly small changes in the model’s weights
and sparsity level, avoiding the large, erratic jumps often seen with random initializations for each A (see
Figure . It is important to clarify that the stability of the path is a product of this overall strategy, not a
property of the optimizer (e.g., Adam) used for any single value of A. In this approach, we use the solution
of a particular value of \ as a warm start for the next problem. Regularized linear regression methods
(Friedman et al., 2007; [2010; Breheny & Huang, 2011) typically adopt a forward path-wise optimization,
starting from a null model with all variables excluded at A, and working forward with decreasing As.
However, our numerical studies on sparse-input neural networks revealed that starting with a sparse solution
as the initial model does not lead to a smooth transition to a dense model. To address this challenge, we
implement a backward path-wise optimization approach, starting from a dense model at the minimum value
of Apin and solving toward sparse models up to A4, with all variables excluded from the network. This
dense-to-sparse warm start approach is also employed in (Lemhadri et al.| |2021)) using LASSO regularization.

To further illustrate the importance of using backward path-wise optimization in regularized neural networks,
we investigate variables selection and function estimation of a regression model Y = f(X) 4 €, where
f(X) =log(|X1|+0.1) + X1 X3 + X5 + exp(X3 + X4) with 4 informative and 16 nuisance variables, and each
X; and € follow the standard normal distribution. We present more details of the simulations in Section 5.
Figure [T]shows the solution paths of GSCAD, GMCP, and GLASSO based on different types of optimization.
In these plots, each line represents the path of the group weight norm for a single input variable; green lines
indicate the four true informative variables and gray dashed lines indicate the sixteen nuisance variables. It
is observed that non-pathwise optimization (top-left) leads to fluctuations or variations in the solution path,
whereas forward path-wise optimization tends to remain in the same sparse model (GMCP, top-middle) or
experience fluctuation solutions (GLASSO, top-right), until transitioning to a full model with a sufficiently
small A. In contrast, backward path-wise optimization (bottom panels) yields smoother solution paths for
informative and nuisance variables. Importantly, GLASSO (bottom-right) tends to over-shrink the weight
vectors of informative variables and include more variables in the model, while GSCAD (bottom-left) and
GMCP (bottom-middle) are designed to prevent over-shrinkage and offer a smooth transition from the full
to the null model.

In addition to providing stable and smooth solution paths, backward path-wise optimization is advantageous
computationally. In particular:

e The consecutive estimates of weights in the path are close, which reduces the number of gradient
descent iterations required for each A. Therefore, the bulk of the computational cost occurs at Ay, in,
and a lower number of iterations for the remaining As results in low computational costs.

o We observe that the excluded variables from previous solutions are rarely included in the following
solutions. By pruning the inputs of the neural network along the solution path, further reduction
in computation complexity can be achieved as the model becomes sparse. Since the computational
cost scales with the number of input features, this approach can significantly speed up computation,
particularly for high-dimensional data.

3.3 Tuning Parameter Selection

Two tuning parameters are required in our proposed framework: the group penalty coefficient A and the
ridge penalty coefficient . The former controls the number of selected variables and yields sparser models
for larger values of A, while the latter imposes a penalty on the size of the network weights to prevent
overfitting.
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Figure 1: Solution path of I, norm of the weight vector associated with each input node |[Wy; /2.
Each line shows the path for a single variable’s group weight norm; green lines correspond to the four true
informative variables and gray dashed lines to the sixteen nuisance variables. The bottom panels illustrate
the “smoother” solution paths generated by our backward pathwise strategy, where weight norms change
predictably without the erratic jumps seen in the non-pathwise (top left) and forward pathwise (top middle,
right) approaches. Note that the x-axis, log()\), differs between plots because the absolute scale of the
regularization parameter is not directly comparable across penalty types. The individual panel descriptions
are as follows: Top left: Non-pathwise optimization using GMCP. All the neural network weights are
initialized by drawing from N(0,0.1) for each A. Top middle: forward path-wise optimization using GMCP.
It starts from the null model and computes the solution with decreasing A\. Random initialization is used
before the selection of the first set of variables. Top right:forward path-wise optimization using GLASSO.
Bottom left: backward path-wise optimization using GSCAD. Bottom middle: backward path-wise
optimization using GMCP. Bottom right: backward path-wise optimization using GLASSO.
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In all numerical studies presented in this paper, we adopted a 20% holdout validation set from the training
data. The model was trained using the remaining data, and the optimal values for A and a were selected
from a fine grid of values based on their performance on the validation set.

Python code and examples for the proposed group concave regularized neural networks are available at
https://github.com/r08in/GCRNN.

4 Theoretical Properties

In this section, we establish the theoretical underpinnings of our proposed estimator, providing non-
asymptotic, finite-sample guarantees on its performance. Our primary goal is to show that, under standard
high-dimensional regularity conditions, our method achieves strong statistical properties in terms of both
prediction accuracy and variable selection consistency.

For the theoretical analysis, we constrain the norm of full vector w instead of using a ridge penalty. Our
problem formulation for training the sparse-input neural network becomes:

n d
R . 1
W € argmin g o D U(fw(X0), ) + > pa(lWoill2) (4)
wee i=1 j=1

where © = {w € R? : ||w||z < K} for a constant K > 0.

As is common in the literature for non-convex problems, our analysis focuses on the properties of a suitable
local minimizer, leaving the computationally challenging issue of finding a global minimum to future work.

4.1 Preliminaries and Notation

Suppose covariates X have support X C [—Xmm,XmaI]d and X contains some open set. We assume
the true data generating process depends on a function f* that uses only a subset of important variables
S C{l,...,d}. Let E denote the expectation with respect to the joint distribution of (X,Y"). Given n i.i.d.
observations, we denote the empirical expectation as E,.

Let the set of optimal neural networks that minimize the expected loss be denoted

EQ* = argminE[{(fw(X),Y)]. (5)

weo
Due to the symmetries inherent in neural network architectures (e.g., permutation of hidden nodes), the
optimal parameter vector is not unique. Following the framework of [Feng & Simon| (2017)), we assume
the parameters in £FQ* can be partitioned into a finite number of equivalence classes, denoted by @ > 1.
For any w* € EQ*, we assume that all weight groups tied to the irrelevant features S¢ are zero (i.e.,
0; = 0 for all j € S¢). For any parameter vector w, let the closest element in FQ* be defined as

W W)

w — w*[|]3. We define the excess loss of a neural network with parameters w as
E(w) = B[U(fuw(X),Y)] — min, E[f(fu(X),Y) (6)
= E[l(fw(X),Y) = t(furw (X), Y.

€ argmin.c po-

For our theoretical analysis, we partition the input layer’s weight matrix, Wy, column-wise according to
the true support set S, which contains the indices of the s = |S| important variables. This yields two sub-
matrices: Wy g, with columns corresponding to variables in S, and Wy s, with columns for the irrelevant
variables in S¢. We define Wypper as the vector of all parameters not subject to the group-concave penalty;
this includes the input layer’s bias vector (bg) and all subsequent weights and biases, which has dimension
dupper- This partitioning defines the oracle vector wg, which combines all parameters of the true model
structure (Wy g and Wypper) for a total dimension of d* = (s X di) + dupper, as well as the full vector w with
total dimension p = (d X d1)+dypper. With a slight abuse of notation, we denote the oracle parameter support
set of wg by Sparam, where |Sparam| = d*. This set is defined as the union of the index sets corresponding
to Wy, s and Wypper-
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4.2 Statistical Guarantees for Estimation and Prediction

We now present our first main result, which provides deterministic upper bounds on the estimation and pre-
diction performance of any local minimizer whose irrelevant weights lie within the active penalty region. To
establish these guarantees, we rely on a set of standard technical conditions widely used in high-dimensional
statistics. These assumptions ensure that the loss function is well-behaved around the true parameters, that
the model is identifiable, and that our nonconvex penalty can induce sparsity without introducing excessive
bias.

Condition 4.1 (Local Strong Convexity). Let the parameter vector w be ordered such that the irrelevant
weight groups Wy g are first. There is a constant A, > 0, which may depend on the network architecture,
s, and f*, but not on d, such that for all w* € EQ*,

LI (0 o 2 i | §]. ™

This condition guarantees that the loss function has sufficient curvature around the true solution with respect
to the relevant parameters. This ensures a well-defined minimum, enabling stable and consistent estimation.

Condition 4.2 (Compatibility Condition). For all € > 0, there is a x. > 0 that does not depend on d, such
that

X nf 3 €00 s =il 2 cand 37 [Wolla <530 1Was = Walla +[iwuamer —wif3hl
Jese J

where wg and Wypper are as defined in Section

This is a standard requirement for high-dimensional analysis that links parameter error to prediction error.
It ensures that a meaningful deviation from the true parameters results in a quantifiable increase in the
excess risk, which is crucial for model identifiability.

Condition 4.3 (Bounded Third Derivative). The third derivative of the expected loss function is bounded
uniformly over © by some constant G > 0 that does not depend on d:

93
Sup max |——————F—
weo J.iz.ds | Ow;, Ow,, Owj,

E[f(fw(X), V)] <G. (8)

This condition of bounded third derivative ensures the loss function is locally well-approximated by a
quadratic. This regularity is required for the Taylor series arguments that underpin our proofs.

Remark 4.1. Note that the bounded third-derivative condition is not strictly satisfied by non-smooth acti-
vations like ReLU (Nair & Hintonl, |2010), which, although computationally efficient, is non-differentiable at
the origin. Consequently, our theoretical guarantees apply most directly to the case of smooth activations,
such as Softplus (Glorot et al., |2011) or GeLU (Hendrycks € Gimpel, |20106). In Section 5, we discuss the
practical implementation using ReL U, where we observe empirical performance consistent with the theoretical
properties established for smooth activations.

Condition 4.4 (Properties of the Nonconvex Penalty Function). The penalty is a scalar function p) :
[0,00) > [0, 00) satisfies:

() pA(0) =

(ii) The function ¢t — py(¢) is non-decreasing.

) p
)
(iii) The function ¢ — p*( ) is non-increasing on (0,00). This implies that px(t) is concave on [0, 00).
(iv) The function t — px(t) is differentiable on (0, 00).

)

(v) The derivative satisfies lim; o+ p) (t) = .

10
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(vi) There exists a constant § > 0 such that 0\ is the smallest value for which the derivative p)(t) = 0
for all t > ).

(vii) The derivative t — p/\ () is a concave function on the interval [0, J\].

These properties formalize the requirements for a penalty function that can produce sparse and nearly
unbiased estimates. The key features are a sharp penalty at the origin to enforce sparsity and a vanishing
penalty for large coefficients to reduce estimation bias. Common penalties that satisfy these properties
include MCP and the SCAD.

Under these conditions, we are ready to state our main deterministic result, which provides explicit bounds
on the estimation error, excess risk, and sparsity recovery for local minimizers of the penalized objective.

Theorem 4.1. For any A > 0 and T > 1 let
[(En — E)(U(fw-o (2),y) — £(fw(),9))|

Tir = (@i, i) Hizy ¢ sup < v y W
we® AV ([[Wapper — Wappir|l + 35—, [[Wo i — Wi [[2)

< T\}.

Suppose Conditions hold. Let W be a local minimizer of equatwnl such that max;ese HWO ill2 < oA
Then over the set ’TA T for any tuning parameter X > AT\, such a local minimizer W exists and satisfies
(i) Estimation Error: ||Ws — wj|l2 < C3(\ + TAVI + s.
(ii) Excess Risk: (W) < (A +TX)>2(1 + s)C2.

(iii) Sparsity Recovery: [Wo.ll2 < Q4T (4s)Cq

jese A—2TX
where
C? = 12K (9)
€0 Xeo
€0 = hmzn ) (10)

FCWA(1+5V5) + V)P

The proof of Theorem is included in Section Note that the statement of Theorem is entirely
deterministic and the established bounds are expressed in terms of the tuning parameter A and the statistical
complexity term . By having A vanish at the same rate of \, the estimation error, excess risk and the norm of
irrelevant weights converges on the order of O (std?/QG) 0,(N\%s 5/2d3/2G) 0, (s 5/2d3/2G) respectively.

Remark 4.2. Theorem [[.]] establishes statistical consistency only for local minimizers whose irrelevant
weights lie within the active penalty region, i.e., max;cge ||WOJ||2 < §A. This requirement is not restrictive
in practice: by suitably choosing § or \, one can ezther enlarge the active penalty region or drive the irrelevant
weights toward zero, so that such a local minimizer may also coincide with a global minimizer. Moreover, it
is preferable for the irrelevant weights to fall in this region, as this is the mechanism for inducing sparsity.
In general, even if a global minimizer does not satisfy the condition, Theorem guarantees the existence
of a statistically consistent local minimizer that does.

The bounds in Theorem . 4.1 depend on the good-set event T/\ o+ and an abstract statistical complexity term

X. The following theorem, adapted from [Feng & Simon (2017)), provides a high-probability bound on Ts.r
for the common cases of regression and classification. This result quantifies the complexity, showing its
dependence on the problem dimensions d, the number of observations (n), and properties of the network.

Theorem 4.2 (Probabilistic Guarantee for Event 7'5\T) Consider the following two settings from |Feng &
Simon| (2017):

1. Regression setting: Let the loss {(-,-) be the squared-error loss, and the data be generated as
Y = f*(X) + ¢, where € is a sub-gaussian random variable with mean zero, independent of X.

11
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2. Classification setting: Let the loss £(-,-) be the logistic loss, and the data be generated asY € {0,1}
where P(Y = 1|X) = f*(X).

Suppose that the set of optimal neural networks EQ* is composed of () equivalence classes. For each setting,
there exists a constant co > 0 such that for

A = coMi(dy + K+/dupper)y/ 10% (\/logQ + Xmac log(nCQ)\/log(CQd)) , (11)

C1

we have for any T > 1,
1
PTX,Y(’TS\}T) > 1-0 ()

n

where ¢1 = 1/y/d1, ca = di + K\/dupper + Xmaz/c1, and My is a constant that bounds the gradient of the
loss with respect to the upper-layer parameters.

This result provides a concrete convergence rate for Theorem The statistical complexity A scales roughly
as y/log(d)/n, and setting the tuning parameter A < y/log(d)/n leads to the estimation error, excess risk

and the norm of irrelvant weights converges on the order of O,( log(d)/nde‘;’mG), Op(log(d)/ns5/2df/2G),

0, (y/1og(d)/ns® Qdi’/ @), respectively. These rates demonstrate that the estimator is statistically efficient
in high-dimensional, nonparametric settings.

4.3 Oracle Properties

Finally, we verify that our estimator possesses the oracle property, a gold standard for variable selection
methods. An oracle estimator is an idealized benchmark that knows the true support set S in advance and
is defined as the unpenalized minimizer of the empirical loss using only those true variables:

A : 1 S
Wg (= argmn {n Zz(fws(xz),}/z)} )
i=1

wWsEOg

where Og denotes the subspace of © restricted to the dimensions corresponding to the true model architec-
ture, Og = {w € © : supp(w) C Sparam}-

The following theorem shows that, under a minimum signal strength condition, our penalized estimator has
a stationary point identical to this ideal oracle estimator, when augmented with zeros for the irrelevant
weights. Establishing this result demonstrates that our penalty is capable of correctly distinguishing true
signals from noise, effectively mimicking the oracle’s perfect knowledge.

Theorem 4.3 (Existence of a Stationary Point with Oracle Properties). Suppose the conditions of Theorem
[41) hold. Assume further that the true nonzero weight groups satisfy the minimum signal strength condition

min [W5ll > 6A + CROA+TA)VI+s,
J

where \* denotes the statistical complexity of the oracle model, obtained by replacing the full parameter
dimension d with the oracle dimension d* in the expression for \ from Theorem|4.2.

Then, on the event T5. 1, if the reqularization parameter satisfies A > Cs+/log(d)/n for some sufficiently
large constant Cs, the augmented oracle estimator

wo = (W¢,0)

is a stationary point of the penalized program equation [} — This holds with probability at least 1 —
O(exp(—Clogd)) for some constant C > 0.

The proof of Theorem is included in The oracle property provides a strong guarantee of variable
selection consistency for our method. Specifically, it implies that when signals are sufficiently strong, the
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group concave penalty shrinks the coefficients of irrelevant variables exactly to zero, while leaving the coef-
ficients of relevant variables essentially unbiased, as if they were unpenalized in an oracle estimator. This
minimum signal condition is standard for such oracle results in high-dimensional theory; the required signal
strength scales with the order of 4/slog(d)/n and thus vanishes as the sample size n grows, making the
condition weaker for larger datasets. This result offers a rigorous theoretical justification for the method’s
ability to accurately recover the true sparse model.

5 Simulation Studies

We assess the performance of the proposed regularized neural networks in feature selection and prediction
through several simulation settings with various types of outcomes. In particular, we consider the concave
regularization GMCP and GSCAD for our proposed framework. We name the method of regularized neural
networks using GLASSO, GMCP, and GSCAD as GLASSONet, GMCPNet, and GSCADNet, respectively.
We compare the proposed group concave regularized estimator GMCPNet and GSCADNet with GLAS-
SONet, neural network (NN) without feature selection (A = 0), random (survival) forest (RF), and the STG
method proposed in [Yamada et al| (2020). These competitors were chosen to provide a comprehensive eval-
uation: GLASSONet serves as the most direct alternative using a standard convex penalty, NN highlights
the challenge of overfitting without sparsity, STG represents a recent state-of-the-art method with a different
sparsity mechanism, and RF provides a strong benchmark from the class of tree-based ensembles. We also
include the oracle version of NN and RF (Oracle-NN and Oracle-RF) as benchmarks, which are trained with
prior knowledge of the true relevant variables, serve as ideal benchmarks for the best achievable performance.

In our implementation, we replace the gradient update in Step (2) with Adam to improve computational
efficiency and achieve faster convergence in practice. Specifically, we set the scaling factor v = 1 in the
thresholding operator and used a base learning rate of LR, = 0.001 for Adam. For a fair comparison across
all neural network methods, we used a ReLU-activated multi-layer perceptron (MLP) with two hidden layers
of 10 and 5 units, respectively. As discussed in Section [£:2] ReLU does not strictly satisfy the bounded
third-derivative condition of Condition [£.3] since it is non-differentiable at the origin. We used ReLU in
our simulations due to its computational efficiency and strong empirical performance. The results obtained
with ReLU networks, presented in this section, closely align with the theoretical guarantees, as the non-
differentiable points have measure zero for continuous input distributions, and ReLU can be viewed as the
limit of smooth activations (e.g., Softplus) for which the condition formally holds.

A sensitivity analysis of the hyperparameter choices, such as network structure and learning rate, is provided
in Section [5.3] and additional implementation details can be found in Appendix [F]

5.1 Preliminary Simulation Study

In this section, we consider regression models of XOR-type and hierarchical signal structures for continuous
outcomes. We generate 500 i.i.d. random training samples according to the following models:

e XOR-type Signals: Y = X1 X5 + ¢,
e Hierarchical Signals: ¥ = X; + X1 X5 + €.

In both models, X; and X, represent the first two coordinates of the covariate vector X € R%, each taking
values in {£1} with equal probability, while € denotes a standard normal error term. The remaining coor-
dinates, X; for ¢ = 3,...,d, are uninformative variables. We conducted 20 simulations for varying d values
ranging from 20 to 500. For each simulation, the performance of the trained model in both prediction and
variable selection was evaluated on 500 independently generated random samples. For prediction accuracy,
we report the test R? scores. For variable selection, we report the false positive rate (FPR)—the percent-
snse
| = | A
(FNR)—the percentage of important but non-selected covariates, defined as FNR = w x 100%. Recall
that S represents the true index sets of important variables and S = {j: ||VAV0,j||2 # 0} denote the index
sets of selected variables. Simulation results are shown in Figure [2|

age of selected but unimportant covariates, defined as FPR = x 100%; and the false negative rate
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Our proposed methods, GMCPNet and GSCADNet, demonstrate clear advantages over other approaches,
achieving relatively high prediction scores with low FPR and FNR across both models. Importantly, neural
networks without feature selection tend to overfit as the number of noisy features increases, underscoring
the importance of effective feature selection. Additionally, GLASSONet exhibits a tendency to overselect
variables, resulting in a high FPR due to the bias introduced by the LASSO penalty.

0.6 | 10 STG 0.8 5TG
_— GLASSONet GLASSONet
0.4 4 0.8 GMCPNet 0.6 4 GMCPNet
—— GSCADNet " | — GscADNet
0.2 0.6
0.4 4
o \ £ <
YO — NN = B w
0.2 4
RSF 021
-0.2 4 STG
GLASSONet W 004 0.0 4
0.4 1 GMCPNet
—— GSCADNet o2 02
0 100 200 300 400 500 0 100 200 300 400 500 0 100 200 300 400 500
# of features # of features # of features
0.7 4 101 STG STG
e GLASSONet 0.04 GLASSONet
0.6 1 0.81 GMCPNet GMCPNet
051 NN —— GSCADNet 0.02 —— GSCADNet
RSF 081 )
0.4 4 o6
~ o [ B
= 03 GLASSONet | & 041 z 000
GMCPNet
0.2 4 |
—— GSCADNet 0.2 -0.02 §
0.1+
0.0 4 0.01 —~0.04 4
0.1+ —0.2 1
0 100 200 300 400 500 0 100 200 300 400 500 0 100 200 300 400 500
# of features # of features # of features

Figure 2: Top row: simulation results for the model of XOR-type signals. Bottom row: simulation
results for the model of hierarchical signals. The R? scores, false positive rate (FPR), and false negative rate
(FNR) are presented in the left, middle, and right columns, respectively. The central lines are the means,
while the shaded areas represent standard deviations.

5.2 High-Dimensional Simulations with Continuous, Binary, and Time-to-Event Outcomes

We evaluate our proposed methods under a more complex nonlinear pattern across various outcome types,
considering both low- and high-dimensional scenarios. The data are generated through the following function:

f(X) = 10g(|X1‘ —+ 01) —+ X1X2 —+ X2 + exp(X3 —+ X4),

where each component of the covariate vector X = (Xi,---,X4)T € R? are generated from independent
standard normal distribution. Here d > 4 and function f(X) is sparse that only the first four variables are
relevant to the outcome. We generate n i.i.d. random samples with continuous outcomes, binary outcomes,
and time-to-event outcomes in the following three examples, respectively.

Example 5.1. (Regression Model) The continuous response Y is generated from a standard regression
model with an additive error as follows

Y = f(X) +6,
where € follows a standard normal distribution.

Example 5.2. (Classification Model) The binary response Y € {0,1} is generated from a Bernoulli
distribution with the following conditional probability

1
PO =10 = e cro)
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Example 5.3. (Proportional Hazards Model) The survival time T follows the proportional hazards
model (PHM) with a hazard function

h(t|X) = ho(t) exp (f (X)), (12)

where ho(t) is the baseline hazard function. Thus, T = Hy' (—log(U)exp f(X)), where U is a uniform
random variable in [0,1], and Hy is the baseline cumulative hazard function defined as Hy(t) = fot ho(u)du.
We considered a Weibull hazard function for Hy, with the scale parameter = 2 and the shape parameter = 2.
A proportion C of the n samples is randomly selected to be censored. The censoring indicator is defined as
0; = 1 for observed events and §; = 0 for censored observations. The observed time for the ith individual is

Y; = T;l(0; = 1) + Cill(d; = 0),

where T; is the event time and C; is the censoring time. For censored individuals, C; is drawn from an
independent uniform distribution (0,T;), ensuring that censoring precedes the event. In our simulation
studies, we consider censoring proportions C =0, 0.2, and 0.4.

For each example, we consider the low and high dimensional settings in the following scenarios:

1. Low dimension (LD): d = 20 and n = 300 and 500.
2. High dimension (HD): d = 1000 and n = 500.

We perform 200 simulations for each scenario. Similar to Section [5.1] the performance of the trained model
is evaluated on independently generated n random samples. For prediction accuracy, we report the R? score,
classification accuracy, and C-index for the regression, classification, and survival models, respectively. In
addition to FPR and FNR, we also report the model size (MS), which is the average number of selected
covariates.

5.2.1 Results

Table [T] presents a summary of the feature selection performance of the four approaches: STG, GLASSONet,
GMCPNet, and GSCADNet, across all simulation scenarios. We exclude the results of the STG method for
Example 0.3 as it either selects all variables or none of them for the survival outcome. For both LD and HD
settings, GMCPNet and GSCADNet consistently outperform the STG and GLASSONet in terms of feature
selection. These models exhibit superior performance, achieving model sizes that closely matched the true
model, along with low FPR and FNR for most scenarios. While STG performs well in certain LD settings, it
tends to over select variables in HD scenarios with a large variability in the model size. On the other hand,
GLASSONet is prone to selecting more variables, leading to larger model sizes in both LD and HD settings,
which aligns with the inherent nature of the LASSO penalty.

Figure [3]displays the distribution of testing prediction scores for the regression, classification, and PHM with
a censoring rate of C = 0.2. The complete results of the PHM are presented in Appendix [C] GMCPNet and
GSCADNet demonstrate comparable performance in both LD and HD settings, achieving similar results to
the Oracle-NN and outperforming NN, RF, and even Oracle-RF in most scenarios. This strong empirical
evidence, in which our proposed estimators perform on par with the Oracle-NN possessing prior knowledge of
the true features, aligns with the oracle properties established in our theoretical analysis (Theorem. STG
performs similarly to Oracle-NN in the LD setting of the regression model, but its performance deteriorates
in the HD setting and other models. Conversely, while GLASSONet outperforms or is comparable to the
Oracle-RF method in the LD settings, it suffers from overfitting in the HD settings by including a large
number of false positives in the final model.

It is worth pointing out that the Oracle-NN outperforms the Oracle-RF in every scenario, indicating that
neural network-based methods can serve as a viable alternative to tree-based methods when the sample size
is sufficiently large relative to the number of predictors.

Overall, the simulation results demonstrate the superior performance of the concave penalty in terms of
feature selection and prediction. The proposed GMCPNet and GSCADNet methods exhibit remarkable
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capabilities in selecting important variables with low FPR and low FNR, while achieving accurate predictions
across various models. These methods show promise for tackling the challenges of feature selection and
prediction in high-dimensional data.

Table 1: Feature selection results of STG, GLASSONet, GMCPNet, and GSCADNet under
the regression, classification, and proportional hazards models. The false positive rate (FPR %),
false negative rate (FNR %), and model size (MS) with standard deviation (SD) in parentheses are displayed.

n =300, d = 20 n = 500, d = 20 n = 500, d = 1000
Model Method
FPR, FNR MS (SD) FPR,FNR MS (SD) FPR, FNR MS (SD)
STG 7.8, 5.4 5.0 (2.0) 7.2,2.1 5.1 (1.7) 1.6, 12.1 19.2 (28.0)
GLASSONet | 86.7, 4.4 17.7 (4.7) | 96.0, 0.6 19.3 (2.2) | 24.3,29.2 245.0 (98.7)
Regression
GMCPNet 2.2, 4.5 4.2 (1.0) 2.1, 4.2 4.2 (1.0) 0.0, 5.8 4.1 (0.9)
GSCADNet 2.4, 5.0 4.2 (1.1) 2.0, 3.2 4.2 (0.9) 0.0, 7.1 4.1 (1.0)
STG 25.3, 16.5 7.4 (6.9) 10.1, 11.0 5.2 (4.8) 3.8, 15.6 40.9 (183.4)
GLASSONet | 89.2, 1.0 18.2 (2.8) | 94.7,0.2 19.1 (2.0) 16.3, 21.5 165.4 (92.9)
Classification
GMCPNet 14.4, 3.9 6.2 (3.6) 9.3, 0.8 5.5 (2.6) 0.3, 16.2 6.5 (4.2)
GSCADNet 11.6, 5.8 5.6 (2.9) 7.0, 1.0 5.1 (1.9) 0.3, 16.8 6.8 (5.9)
Survival GLASSONet | 97.2,0.0 19.5 (1.0) | 99.2,0.0 19.9 (0.5) 18.2, 20.0 184.8 (56.2)
urviva,
=0 GMCPNet 1.6, 0.4 4.2 (0.6) 0.8, 0.0 4.1 (0.4) 0.0, 1.5 4.1 (0.5)
B GSCADNet 1.9, 0.2 4.3 (0.6) 1.2, 0.0 4.2 (0.5) 0.0, 1.6 4.1 (0.7)
Survival GLASSONet | 98.0, 0.1 19.7 (0.8) | 99.6, 0.0 19.9 (0.3) 16.8, 18.0 170.6 (49.0)
urviva,
€ =02) GMCPNet 1.9,0.4 4.3 (0.9) 1.7, 0.0 4.3 (1.0) 0.0, 2.6 4.2 (0.9)
o GSCADNet 1.8, 0.2 4.3 (0.9) 1.7, 0.1 4.3 (0.8) 0.0, 3.5 4.1 (0.7)
Survival GLASSONet | 95.0, 0.0 19.2 (1.7) | 98.8, 0.0 19.8 (0.5) 15.2, 19.9 154.6 (48.4)
urviva
€ = 04) GMCPNet 5.8, 8.1 4.6 (1.5) 1.2, 0.1 4.2 (0.5) 0.0, 4.2 4.1 (1.0)
o GSCADNet 4.8, 7.5 4.5 (1.3) 1.7, 0.0 4.3 (0.7) 0.0, 4.9 4.2 (1.0)

5.3 Hyperparameter Sensitivity Analysis

We evaluate the robustness of the proposed method by conducting a sensitivity analysis under a high-
dimensional regression setting (d = 1000,n = 500), as described in Example 1. The analysis examines the
effect of three key hyperparameters: the thresholding scaling factor (y), the learning rate (LR) used in the
Adam optimizer, and the network structure. Similar to previous examples, 200 simulations are performed,
and the average values of R, FPR, and FNR are reported for each configuration. Since GMCPNet exhibits
similar performance to GSCADNet, we focus on reporting the results for GSCADNet. The findings are
summarized in Figure [4] which highlights the sensitivity to each hyperparameter individually while keeping
the other parameters fixed. The fixed hyperparameter choices used in this study (y = 1, LR = 0.001, and
network structure [10, 5], i.e., two hidden layers with 10 and 5 nodes, respectively) are marked on the plots
for reference.

For ~, the results show that v = 1 and v = 0.1 yield similar performance across all metrics, achieving
relatively high R? while maintaining low FPR and FNR. In contrast, smaller values of v (0.001,0.01) tend
to under-select relevant features, as indicated by higher FNR and consequently lower R? scores. For LR,
values of 0.001, 0.01, and 0.1 exhibit stable performance with competitive R?, low FPR, and low FNR.
Smaller LR values (0.0001) lead to slower convergence, resulting in lower R? and higher FNR, while larger
LR values (0.1) slightly improve R? and reduce FNR but also increase FPR. For network structures, more
complex architectures such as [10, 10, 5] and [20, 10, 5] provide modest improvements in R?, though they also
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Figure 3: Top row: R? score of the proposed methods for the regression model outlined in Example
Middle row: Accuracy of the proposed methods for the classification model outlined in Example
Bottom row: C-Index of the proposed methods for the survival model outlined in Example The dashed

lines represent the median score of the Oracle-NN, used as a benchmark for comparison.
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result in increased computational costs and potentially a higher risk of overfitting. In summary, although
we fixed these parameters in our implementation with LR= 0.001, v = 1, and network structure [10, 5]), our
analysis reveals that selection accuracy and prediction performance remain stable for v between 0.1 and 1,
LR between 0.001 and 0.1, and Network structures ranging from [10,5] to more complex architectures like
[20,10,5]. These findings suggest that our method is robust to a reasonable range of hyperparameter choices,
demonstrating consistent performance across different configurations.

—
0.8 —e— R? 1 b J g .,,-’——l’—’—"—_'
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Figure 4: Sensitivity analysis of GSCADNet to hyperparameters: Left: v, the scaling factor for the thresh-
olding operator. Middle: Learning rate (LR) in the Adam optimizer. Right: Network structure. The
network structure [l1, 1, ..., l;] represents the number of nodes in each hidden layer. The fixed choices used
in our numerical study (y = 1, LR = 0.001, and network structure [10,5]) are marked on the plots with
an“x” symbol for each metric (R%, FPR, and FNR).

6 Real Data Example

In this section, we apply our proposed framework to two real-world datasets to demonstrate its practical
utility. The primary goal of these examples is to compare the behavior of different sparse neural network
penalties and benchmark our method against strong, standard machine learning approaches, rather than
to achieve absolute state-of-the-art performance on these specific tasks. To this end, the CALGB-90401
dataset is used to illustrate the framework’s novel application to high-dimensional, time-to-event data, while
the MNIST dataset is intentionally subsetted to create a high-dimensional (p > n) problem that serves as a
visualizable case study for feature selection.

6.1 Survival Analysis on CALGB-90401 dataset

We utilize the data from the CALGB-90401 study, a double-blinded phase III clinical trial that compares
docetaxel and prednisone with or without bevacizumab in men with metastatic castration-resistant prostate
cancer (mCRPC) to illustrate the performance of our proposed method Kelly et al.| (2012). The CALGB-
90401 GWAS data consists of 498,801 single-nucleotide polymorphisms (SNPs) that are processed from blood
samples from patients. We assume a dominant model for SNPs and thus each of the SNPs is considered as
a binary variable. Since our interest is studying the DNA damage repair genes, we only consider 625 SNPs
based on an updated literature search (Mateo et al. 2015; [Wyatt et al., | 2016; Mosquera et al.;|2013; Robinson
et al., |2015; |Abida et all |2019; [De Laere et al.| [2017; |Sumiyoshi et al. |2024). We also include the eight
clinical variables that have been identified as prognostic markers of overall survival in patients with mCRPC
(Halabi et al) [2014)): opioid analgesic use (PAIN), ECOG performance status, albumin (ALB), disease
site (defined as lymph node only, bone metastases with no visceral involvement, or any visceral metastases),
LDH greater than the upper limit of normal (LDH.High), hemoglobin (HGB), PSA, and alkaline phosphatase
(ALKPHOS). The final dataset contains d = 635 variables, n = 631 patients and a censoring rate C' = 6.8%.

We consider the PHM in the form of Eq. for our proposed methods to identify clinical variables or
SNPs that can predict the primary outcome of overall survival in these patients. To evaluate the feature
selection and prediction performance of the methods, we randomly split the dataset 100 times into training
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sets (n=526) and testing sets (n=105) using a 5:1 allocation ratio. We apply the methods to each of the
training sets and calculate the time-dependent area under the receiver operating characteristic curve (tAUC)
on the corresponding testing sets. The tAUC assesses the discriminative ability of the predicted model and
is computed using the Uno method 2007). The results of the 100 random splits are presented in
Figure|p| Our proposed method, GSCADNet, outperforms the others in survival prediction (left panel). It is
worth noting that the NN method, which lacks feature selection, tends to overfit in high-dimensional data and
performs poorly. Although these three regularized methods of sparse-input neural networks perform similarly
in survival prediction, GLASSONet has a tendency to over-select variables and the proposed GMCPNet and
GSCADNet select a relatively smaller set of variables without compromising prediction performance (middle
panel). The right panel of Figure demonstrates that GSCADNet successfully selects most of the key clinical
variables and detects some of the important SNPs in predicting overall survival.
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Figure 5: Left: Boxplots of tAUC from testing set over 100 random splits. Middle: the number of selected
variables for GLASSONet, GMCPNet, and GSCADNet. Right: Variables selected by GSCADNet with

selection proportion> 10% over 100 random splits.

6.2 Classification on High-Dimensional MNIST

We aim to visualize variable selection in a high-dimensional binary classification setting using the MNIST
dataset. The MNIST dataset is a well-known benchmark dataset in computer vision, consisting of grayscale
images of handwritten digits from 0 to 9. In this study, we focus on distinguishing digits 7 and 8, which share
structural similarities that make the classification task nontrivial. While other digit pairs may also exhibit
visual similarity, this choice provides a meaningful evaluation of feature selection methods in identifying
relevant pixels for classification. We evaluate our proposed methods GMCPNet and GSCADNet, along
with existing methods GLASSONet, STG, NN, and RF, based on their feature selection and classification
accuracy.

The MNIST dataset consists of grayscale images with 28x28 pixels, resulting in 784 variables. To create
a high-dimensional, low-sample setting, we construct a training dataset by selecting 250 images of 7s and
8s each, yielding d = 784 features and n = 500 samples. Importantly, the class labels depend primarily
on the central pixels, meaning an effective feature selection method should correctly identify and focus on
these relevant regions. To ensure the feature space is not inherently sparse, we introduce i.i.d. standard
Gaussian noise to the images. The trained models are evaluated on the testing dataset with 2002 images.
We repeated the process of random sampling and model fitting 100 times, and the feature (pixel) selection
and classification results are shown in Figure [fj We observe that GLASSONet, GMCPNet, GSCADNet
all achieve median accuracies greater than 91%, outperforming the other methods. While the heatmaps of
feature selection show that GLASSONet, GMCPNet, GSCADNet consistently select relevant pixels in high
frequencies, GLASSONet tends to over select variables and GMCPNet and GSCADNet choose irrelevant
pixels in much lower frequencies (indicated by dark red colors).
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Figure 6: Comparing feature selection and classification performance by STG, GLASSONet,
GMCPNet, and GSCADNet. Top left: the image that takes the average of all images in the training
set and shows relevant pixels in grayscale. Bottom right: testing accuracy for the classification of 7s and
8s in a high-dimensional, low-sample MNIST setting with training dataset size d = 784 and n = 500. Other
panels: heatmaps depicting the selection frequencies of each pixel across 100 repetitions for each method.
Lighter colors indicate higher selection frequencies, with white highest and darker colors lowest.
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7 Discussion

In this paper, we have proposed a novel framework that utilizes group concave regularization for feature se-
lection and function estimation in complex modeling, specifically designed for sparse-input neural networks.
Unlike the convex penalty LASSO, the concave regularization methods such as MCP and SCAD gradu-
ally reduce the penalization rate for large terms, preventing over-shrinkage and improving model selection
accuracy. Our optimization algorithm, based on the composite gradient descent, is simple to implement,
requiring only an additional thresholding operation after the regular gradient descent step on the smooth
component. Furthermore, we incorporate backward path-wise optimization to efficiently navigate the opti-
mization landscape across a fine grid of tuning parameters, generating a smooth solution path from dense
to sparse models. This path-wise optimization approach improves stability and computational efficiency,
potentially enhancing the applicability of our framework for sparse-input neural networks.

Among numerous feature selection methods, penalized regression has been extensively utilized. However,
many of these methods rely on the assumption and application of linear theory, which may not capture
the complex relationships between covariates and the outcome of interest. In biomedical research, for in-
stance, researchers often normalize data and employ penalized techniques under a linear model for feature
selection. However, relying solely on data transformation risks overlooking intricate biological relationships
and fails to address the dynamic nature of on-treatment biomarkers. Moreover, advancements in molecular
and imaging technologies have introduced challenges in understanding the non-linear relationships between
high-dimensional biomarkers and clinical outcomes. Novel approaches are urgently needed to tackle these
complexities, leading to an improved understanding of non-linear relationships and optimizing patient treat-
ment and care.

The runtime of our proposed method over a solution path of As (with a fixed ) can be comparable to or even
shorter than training a single model with a fixed A, such as the NN method without feature selection (A = 0).
To illustrate this, we examine the algorithm complexity of the NN method, which can be approximated as
O(ndT), where T denotes the number of epochs for learning the neural network. In contrast, training
our proposed method over a solution path of m As has a complexity of O(ndT"m), where d represents the
averaged number of inputs along the solution path with dimension pruning, and 7" is the number of epochs
for each A in the path. In our simulation with the HD scenario (d = 1000), we set T' = 5000, 7" = 200, and
m = 50. Assuming the number of inputs decreases equally along the solution path from the full model to
the null model, we have d = d/2 = 500. Thus, ndT = ndI’m indicates that solving for an entire path of our
proposed method requires a similar computation as training a single model. In real applications, especially
in high-dimensional scenarios, the dimensionality usually drops quickly along the solution path. Therefore,
d can be much smaller than d/2, and thus solving for a whole solution path can be more computationally
efficient. It is worth pointing out that we set 7" to be small for the first parameter A\, as well in the HD
setting, to avoid overfitting of an initial dense model.

A central contribution of this work is the rigorous theoretical foundation we establish for the proposed
framework. Our analysis provides non-asymptotic, finite-sample guarantees for any suitable local minimizer.
In particular, we derive explicit bounds on both estimation error and prediction error (excess risk), showing
that the method achieves statistical consistency even in high-dimensional settings. Furthermore, we prove a
key oracle property: under regular conditions, the ideal oracle estimator, which is the solution attainable if
the true relevant variables were known, is a stationary point of our penalized objective function. Although
the non-convexity of neural networks precludes guarantees of convergence to a global minimum, our results
demonstrate that the framework is properly formulated to yield statistically reliable estimates and recover
the true sparse model. This is further supported by our empirical studies, which indicate that the algorithm
tends to converge to solutions consistent with the predicted theoretical performance and often comparable
to the Oracle-NN benchmark.

One limitation of the proposed method arises in ultra-high dimensional scenarios where the number of
variables reaches hundreds of millions. Directly applying the proposed sparse-input neural networks in such
cases can lead to an exceedingly complex optimization landscape, making it computationally infeasible. A
potential solution is to employ a pre-screening step to reduce dimensionality before applying the proposed
approach (Fan & Lvj [2010).
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Another limitation of the proposed group-regularized method is its focus on individual feature selection. This
limitation becomes particularly relevant when dealing with covariates exhibiting grouping structures, such
as a group of indicator variables representing a multilevel categorical covariate, or scientifically meaningful
groups based on prior knowledge. A potential future research direction could involve redefining the groups
within the proposed framework. This could be achieved by considering all outgoing connections from a group
of input neurons as a single group, enabling group selection and accommodating the presence of grouping
structures.

Furthermore, our study is limited by its focus on a standard MLP architecture. This choice was intentional,
as it provides a clear setting to illustrate the properties of the proposed feature selection framework without
the confounding influence of complex architectural priors. We recognize, however, that this choice may not
yield state-of-the-art predictive performance on tasks where specialized architectures, such as convolutional
neural networks for image data, are more effective. A natural direction for future research is to integrate our
group concave regularization approach with such architectures, potentially achieving models that combine
strong predictive accuracy with the feature-level interpretability offered by our framework.

In conclusion, our study demonstrates the advantages of employing group concave regularization for sparse-
input neural networks. Our theoretical results establish finite-sample guarantees, demonstrating statistical
consistency and oracle-like performance of the method under regular conditions. The findings highlight its
effectiveness in consistently selecting relevant variables and accurately modeling complex non-linear rela-
tionships between covariates and outcomes across both low- and high-dimensional settings. The proposed
approach holds promising potential to enhance modeling strategies and find wide-ranging applications, par-
ticularly in diseases characterized by non-linear biomarkers, such as oncology and infectious diseases.
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A Empirical Loss Function

The empirical loss functions £, (w) for regression, classification, and survival models in Examples 5.3
are defined as follows:

e Mean squared error loss for regression tasks. This loss function measures the average squared
difference between the true values Y; and the predictions fi (X;):

Ln(w) =

S|

Z(Yi — fw(Xi))%.

o Cross-entropy loss for classification tasks. It is widely used in classification problems and quantifies
the dissimilarity between the true labels Y; and the predicted probabilities Y; of class 1. The predicted
probability Y; is obtained by applying the sigmoid function to fw (X;):

La(w) = —= 3" [Vilog(¥:) + (1 - ¥;) log(1 - ¥7)]

i=1

e Negative log partial likelihood for proportional hazards models. It is derived from survival analysis
and aims to maximize the likelihood of observing events while considering censoring information. It
incorporates the event indicator d;, which is 1 if the event of interest occurs at time Y; and 0 if the
observation is right-censored. The negative log partial likelihood is defined as:

Lalw) =~ Z i fu(X:) — 6 log ZR exp(fu(X;))
1= JER;
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Here, R, = {j : Y; > Y;} represents the risk set just before time Y;. The negative log partial
likelihood is specifically used in the proportional hazards model.

B Proofs

B.1 Proofs of Theorem [4.1]

Lemma B.1 (Quadratic lower bound). Suppose Conditions and hold. For some constant
R > 0, suppose w € © satisfies

lws —w*™ ||y <R and (13)
ST 1IWoille < | Wupper = Wil 112 + 53 [[Wo,; — W™, | . (14)
JES® JES

Then we have E(w) > ||[wg — w*™W)||3/C2 where

1 R?
C2=—v
€0 Xeo

hmin
O T 2G(E (1 5yE) + V) e

(15)

Proof. We begin by defining the [, distance between the relevant parameters of w and the closest optimal
parameters w*(W) as D(w) = ||wg — WZ«(W)HQ. The objective is to establish a quadratic lower bound for the
excess loss £(w) in terms of D(w).

Since the gradient of the expected loss vanishes at the optimum, a third-order Taylor expansion of the excess
loss around w*™) yields:

E(w) = %(W — WO TV far(X), Y ) g (W = W) oy, (17)

where ry, is the Lagrange remainder term.

From Condition the quadratic term is lower-bounded by:

(W= w )T V2R fw(X),Y)] oo (W = W) > By, D (w). (18)
From Condition the remainder term is bounded as:

G *(wW
ITWISEIIW—W( 13 (19)

The subsequent step is to bound the I;-norm ||w —w*(™)||; in terms of D(w). We decompose the norm into
components corresponding to the irrelevant weights (5¢) and the relevant parameters (wg):

llw — w*™)||, = z Wil + llws — wi™ Iy (20)

jese

*#(w)

noting that Wy * = 0 for all j € 5°. The two terms of this decomposition are bounded separately.

The first term, corresponding to the irrelevant weights, is bounded using the Cauchy-Schwarz inequality,
[|[Woll1 < +V/di|[Wo,jl||2, which leads to:

> Wl < Vdi Y [[Woll2

jese jese
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Under assumed in the lemma, the sum of the ls norms is bounded, yielding:

ST IWoille < Ve [ [[Wapper — Wil 12 +5 > [[Wo; — Wil ||,

jES*® jES
< Vax ([ Wapper = Wil |12 + 55 [Wo.s = W5 |2
< Vdi(1+5v/5)D(w)

The second term, for the relevant parameters, is bounded similarly. Let d* be the dimension of wg. By
Cauchy-Schwarz:
[lws = w™ Il < Var|iws —wi™ |2 = Vd* D(w)

Summing the bounds for these two components provides an upper bound for the total [; norm:

I — Wy < /A (1 + 5y5)D(w) + VE D(w)
= (\/071(1 +5V/5) + \/CT*) D(w)

Substituting this into the remainder inequality equation [19] gives:
G 3 4
rwl < 7 (V&1 +5v3) + V&) D (w) (21)

By combining the lower bound on the quadratic term with the upper bound for the magnitude of the
remainder , we establish the following lower bound for the excess risk:

EW) 2 LhinD*(w) — S (Vi (14 5v5) + V) DY(w)

Now we use Condition and apply Auxiliary Lemma [Stiadler et al| (2010), as it is of the form h(z) >
A2%22 — 023 with 2 = D(w). Therefore, applying the lemma yields the desired result:

DO =

£(w) > D*(w)/C§

where
1 R?
C2=—vV and
€0 Xeo
hmin

€0 =

FG(VAL(1+5y/5) + Vd)s
O

Lemma B.2 (Lower Bound for a Class of Nonconvex Penalties). Let the penalty function py(t) satisfy
Condition . Then for any t € [0,)\], the penalty satisfies the lower bound:

1
pAlt) = 5t

Proof. By Condition [{.4}(iii), the function g(t) = px(t)/t is non-increasing. Thus, for any ¢t € (0,0],
g(t) > g(dA), which implies px(t)/t > pr(6X)/0A. The proof reduces to showing py(dA\)/dA > A/2.

By Conditions [£.4}(v), (vi), and (vii), the derivative p}(u) is a concave function on [0,dA] with p)
and p) (0A) = 0. A concave function’s graph lies above its secant line. The secant line connecting (0
(0X,0) is L(u) = A(1 —u/dA). Therefore, p) (u) > L(u) for u € [0, dA].

(0) =
JA) and
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Integrating both sides from 0 to §\ gives:

PN SA 1
pr(6N) = / oA\ (u) du > / L(u) du = 5)\5)\
0 0

Dividing by 6 yields px(dA)/dA > A/2, which completes the proof. O

Now we are ready to prove Theorem [£.1] We first suppose the existence of a local minimizer W that satisfies
max;ege |[Wo Jill2 < 0X; we will establish this fact at the end of the proof. Then the proof proceeds in three
main steps. First, we establish a basic inequality derived from the optimality of W. Second, we use this
inequality to Verify that the compatibility condition holds. Finally, by combining the basic inequality with
the quadratic lower bound from Lemma [B.I] we derive the final bounds on estimation error, excess risk, and

sparsity.

For simplicity, we denote w*(W) = w*,

*

Step 1: Basic Inequality. By definition of W as a minimizer and using Condition (1) (pA(0) = 0):

n

fzz (i) +Zm [Wol2) 12 () + 3 (W3,

i=1 JES

2):

3

Rearranging and using the definition of excess loss gives:

d

EW) + > pallWoill2) < (B — E)(bw- — La) + Y _ pa([W5
=1 jes

|2)-

Over the event 7}\7T, let A(W, W*) = |[Wupper — W,pre,r”Q + 2?21 ||VAV0,j — WS,;‘HQ-

The proof now proceeds by considering two cases based on the magnitude of A(w, w*).

Case 1: A(Ww,w*) < A

In this scenario, the total estimation error A(W, w*) is already bounded by the statistical complexity term
A. The conclusions of the theorem are thus met, as the claimed upper bounds are of order A or A (or higher),
which will be larger than the assumed error for any non-trivial choice of regularization.

To be more explicit, the individual bounds are satisfied as follows:

(1)

(if)

Estimation Error: The quantity to be bounded is |[Wg — w§[|2. By definition, |[Ws — wg|[2 <
A(W, w*) < . The theorem’s bound of C2(A+TX\)y/1 + s is of order A or \, and thus the inequality
holds.

Excess Risk: We start from the basic inequality derived from the optimality of w:

+ 3 oa(IWoslla) < (B = E)(lwr = £a) + 3 (oa(IWil12) = pa(1Wos112) )

jES* JjES

We bound the terms on the right-hand side. First, the stochastic error term is bounded by the
definition of the event 75 ;-

(Ep —E)(lw+ — L) < TAAV A).
In this case, since A < X, this term is bounded by TA2.

Next, because the penalty function p is Lipschitz with constant A (from Conditions [{.4}(iii,v)), the
second term is bounded by:

> (Wi ll2) = pa(Woll2)) < A" Wi, = Wl < AA.
jeS JjeS
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Again, since A < X, this term is bounded by A\.

Combining these bounds and noting that the penalty on the inactive set S¢ is non-negative, we can
drop it to get: ~ ~ ~ R
E(W) < TN+ A\ = (TA+ M)A\

This derived upper bound is of order A2 or AX. This is consistent with and smaller than the final
bound of (A + TA)?(1 + s)C3 stated in the theorem, which is derived from the more critical second
case. Thus, the conclusion for the excess risk holds.

(iii) Sparsity Recovery: The quantity to be bounded is 3 |[Wo.;||2. By definition, this is also less

- jese -
than or equal to A(W,w*) < A. The theorem’s bound is of order A or A, so this condition is also
satisfied.

Case 2: A(W,w*) > \.

We now focus on the more challenging case where the estimation error is large. We start again from the
basic inequality:

EW) + Y palIWoll2) < TAA, w*) + D (pa(IWi ll2) = pa([Wo5l2))-
jEeS* JjES

By Lemma since maxjege ||[Woj|la < ), we have px(|[Wo ;]l2) > %)\”WO’J‘HQ for j € S°. Additionally,
from Conditions (iii,v), the penalty is Lipschitz with constant A, i.e., |pa(t1) — pa(t2)| < Alt1 — t2|. This
gives:

~ 1 X Y ~ * X Y X *
E(W) + 5A > IWolla < T [[Wupper = Wipperll2 + > [[Woilla | + A +TX) D [[Wo, — Wi 2.
jES*® jeSe jeSs

Grouping terms yields:

~ 1 3 X OIS * 3 X *
£)+ (A= T3) 5 IWala < THsgper = Woperlls (4 T X [Wo = Wil (2)
jese jES

Step 2: Verifying the Compatibility Condition. We choose A such that A > 4TX. This ensures
%)\ —TA>2TAN—TA=TX>0. From equation

. TX A+ TA .
Z [IWoillz < 77— [Wupper = Wepperll2 + 777 Z [[Wo,; — Wg 2.
= IN—TA SA-TA

The first coefficient is < 1 and the second is < 5. Thus, Condition [[3]is satisfied. In addition, by assumption
we have
[Ws —willa < [[Wll2 + [[w]l2 < 2K.

Therefore, the conditions of Lemma [B.I] are satisfied. Applying the lemma yields

. [Ws —wg|3
E(W) > —=—=2
Cs

Step 3: Deriving the Final Bound and Proving Existence. Let D(W) = ||Wg — w{||2. From

equation [22| and Cauchy-Schwarz:

E(W) + (;)\ - TS\) D 1IWollz < (A +TAVI+ sD(W).

jese
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Applying Young’s inequality to the right-hand side gives < %()\ +TXN)32(1+ s)C2 + DQ(CV?2. Substituting the

lower bound for £(W):
. 1 < - 1 12 50 1 .
E(W) + (52— TX }:H“MMQS§Q+Ju)u+sx5+§awy
jES*®
Multiplying by 2 and rearranging yields the main result:

E(W) + (A =2TX) Y [[Wolla < (A+TH?(L +5)C.
jese

This holds for any local minimizer satisfying our initial assumption. To show such a minimizer exists, we
must confirm that the parameter § of the penalty function can be chosen to be consistent with this result.
From the derived bound, we have:

A+ TXN2(1 + 5)C?
A — 2T\ ’

W2 <
max [[Wo ;|2 <

We require this upper bound to be less than or equal to dA:

A+ TN2(1 + s)

2
; & < 6.
A— 2T\

Let A = ¢T'\ for a constant ¢ > 4. After substitution and canceling TX on both sides, the condition becomes:

3 2 2 2 2
TA(c+1)*(1+ s)C§ < 56T —> (c+1)*(1 4 s)Cq <6
c—2 c(c—2)

Since the left-hand side is a finite constant that depends on the problem parameters (but not on n or d),
we can always choose a penalty function with a parameter § large enough to satisfy this condition. This
confirms that a local minimizer W satisfying our initial assumption exists for a suitable choice of penalty.

B.2 Proof of Theorem

The proof of this theorem is a direct adaptation of the proof of Theorem 2 in Feng & Simon| (2017)). It relies
on empirical process theory to bound the stochastic error term.

The core logic follows their use of entropy bounds for neural network function classes (Lemma 2 in their
work) and a peeling argument (Lemma 4 in their work). The primary modification for our setting involves
adapting their bounds from the sparse group LASSO penalty to the group LASSO penalty used here. This
corresponds to setting their parameter « = 1 in the relevant constants (¢; and cg), which leads to the
formula for A presented in the theorem statement. We refer the interested reader to the original paper for
the complete technical details.

B.3 Proof of Theorem [4.3]

This section provides a complete proof of Theorem which establishes that the oracle estimator is a
stationary point of the penalized problem. The proof follows the Primal-Dual-Witness (PDW) method,
adapted for the non-convex setting of sparse neural networks.

B.4 Foundational Lemmas

First, we establish a crucial lemma that provides a tighter estimation error bound for the oracle estimator
and shows that it lies in the interior of the feasible set © with high probability. This allows us to use the
simpler zero-gradient condition for optimality.
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Lemma B.3 (Oracle and Restricted Estimator Properties and Equivalence). Suppose the conditions of
Theorem are met. Let an oracle estimator va and a restricted penalized estimator Wg be defined as any
solution to their respective programs:

ws€Og

1 n
VAV? € argmin {n Zé(fws(Xz)vn)}
i=1

n

Ws € argmin{ — 3 £(fue (X.,2) + 3 pa([Woyl2)

n
Ws€Os i=1 jES

where Og is the parameter space restricted to the active set S. Then, with probability at least 1 — O(1/n):

(a) Estimation Error: The estimators satisfy the following bounds:

(i) |W§ — w2 < CETAVI+s
(ii) [[Ws —wlla < CFA+TA)V1+s

(b) Equivalence of Solutions: Suppose in addition that the minimum signal strength condition in
Theorem [{.3 holds. Then the set of global minimizers for the oracle program and the restricted
penalized program are identical.

Proof. The properties hold on the high-probability event 75. 1.

Part (a): Estimation Error Bounds

(i) Oracle Estimator Bound: By definition of W%, we have the basic inequality for its excess risk
E(WY) < (E,, — E)({y= — £y0). On the event 75« 7 this is bounded by:

g(w@) < TS‘* HWO - W;ktpperHQ + Z HW((]D,j - VVE‘;,j”2

upper
JjES

We apply the Cauchy-Schwarz inequality to the sum of norms. Letting the vector of norms be v = (|| -
l2,-- -]l - |l2) and a vector of ones be 1, we have v -1 < ||v]|2]|1]|2. This gives:

||W’L(?pp€7‘ - WprerHQ + Z ||W((JOJ - WS,jHQ <v1l+ s\/HW't(?pper - W:pperH% + Z HW[()Q,g - WS,]H%
JjES jeSs

The term under the square root is precisely WS — w2 Letting D(WO) = ||[WE — w2, we have £(W?) <
TXNVT+ sD(W?). Applying Young’s inequality and the quadratic lower bound £(W?) > D(w©)?/C2 yields
the stated bound.

(ii) Restricted Estimator Bound: The restricted penalized program is an instance of the general frame-
work in (1) with a reduced feature set. Therefore, the conclusion of Theorem 1.2(i) applies directly, yielding
the stated bound.

Part (b): Equivalence of Solutions

We prove that the solution sets are identical by showing that the solutions must have equal loss and penalty
values on the high-probability event.

Step 1: Establish Equality of the Penalty Term

We show that for any solutions w§ and Wg, their total penalty values are identical. This requires proving
that all their active weight norms exceed the threshold d\.
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For the restricted estimator wg: By the minimum signal strength condition in Theorem for each j € 5,

W5 ll2 > 6A 4+ CEA + TA*)VI+s.
From Part (a)(ii), the restricted estimator satisfies

IWs = w2 < CFA+TA )WV +s.
Since the error of a single group is bounded by the total error,

[Wo,; — Wi illz < CEA+TA)V1+s.
Substituting into the signal condition gives
WG il > A+ [Wo; — W o

By the reverse triangle inequality,

Wollz > [[W5 ;]

2__va&j__VVSJH2>>5A-

For the oracle estimator w§ : From Part (a)(i), the oracle estimator satisfies
WS — wills < CRTAVI+s,
which is strictly smaller than the bound for Wg since A > 0. Hence, for each j € 5,
Wil > 6A + CEA + TA )T+ s > oA+ W, — Wi ]l
Applying the reverse triangle inequality again yields
W ll2 > .

Since all active component norms for both estimators exceed d), they lie in the region where the penalty
function py(t) is constant. This proves the equality of their total penalty values:

Y naIWE5ll2) = D oa(Woill2).

JjES JjES

Step 2: Establish Equality of the Loss Term and Conclude Equivalence

By the definition of Wg as a global minimizer of the penalized objective, its value must be less than or equal
to that of any other point, including w§:

Lo(Ws)+ Y oalWoll2) € La(WE) + > pa(IWE;12)
Jjes jES

Since we have just shown the penalty terms are equal, leaving:

Ly, (V~VS) < En(Wg)

Furthermore, by the definition of the oracle estimator Wg as a global minimizer of the loss, we know that

L,(W§) < L,(Ws). The only way both inequalities can hold is if the loss values are equal:
Ln(WS) = En(wg)

We have now shown that any restricted solution wg achieves the global minimum value of the oracle loss.
Therefore, any restricted solution is also an oracle solution. Since their loss and penalty values are identical,
their penalized objective values are also identical. As wg is a global minimizer of the penalized program,

Ww¢ must also be one. Therefore, any oracle solution is also a restricted solution.

Since both directions of inclusion hold, the sets of global minimizers for the two programs are identical. [
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Next we establish two crucial lemmas about the properties of the gradient components.

Lemma B.4 (Boundedness and Lipschitz continuity of the gradient). Under Condition (bounded third
derivative) and with the compact parameter space © = {w € RP : ||wl||s < K}, the following hold for any
fized (x,y) and any indices j, k:

(a) Boundedness: The function gw ;i(z,y) = [VWOJE(f},\,(:s),y)]]C is bounded on ©. That is, there
exists B > 0 such that
|9w,jx(x,y)| < B for allw € ©.

(b) Lipschitz continuity: The map W — gw jx(x,y) is Lipschitz on ©. There exists Ly > 0 such that
for all w,w' € ©,

9w ik (2, 9) = gw gk (@, 9)| < Lgllw — w'[[2.

Proof. Preliminaries. Let

G(w) := Vyl(fw(z),y) € R? and H(w) := Vo l(fw(z),y) € RP*P.
Condition [4.3] states that the third derivatives of £ o f,, with respect to w are uniformly bounded on ©. In
particular, the Hessian H(w) is continuously differentiable on © and hence continuous. Moreover, bounded
third derivatives imply that H(-) is Lipschitz on ©; i.e. there exists M < oo such that for all w,v € O,

[H(w) = HW)llop < Mllw —v2,

where || - [|op denotes the operator norm. The compactness of © then ensures sup, cg ||[H(¥)||op < 00.
Part (a) — Boundedness. The coordinate function gw ;x(x,y) is a component of the vector-valued
function G(w). From the preliminaries, G(w) is continuous on ©. Since O is compact, the Extreme Value
Theorem implies that each coordinate of G is bounded on ©. Therefore there exists B > 0 such that

|9w.j,k(z,y)| < B for all w € ©, proving part (a).

Part (b) — Lipschitz continuity. Fix w,w’ € ©. Using the fundamental theorem of calculus (integral
form) for vector-valued functions,

1
G(w)—-GWw) = / H(wW +t(w—w)) (w—w)dt
0
Taking the (j, k)-coordinate and absolute values gives

1
wiae9) = gusalo)] < || [ H@ oo = w)) dt] v - wa
0 o

Because H(-) is continuous on the compact set O, its operator norm attains a finite supremum on 6. Define

Ly, := sup [HW)|lop < 0.
veo

Then

1 1
H/ H(w + tiw — ') dt g/ |H(W' + tw — w'))llop dt < L,
0 op 0

and hence
Gw .1 (2 Y) = gwr 6 (2, 9)| < Lyllw — w'[[2.

This proves that gw ;i (2, y) is Lipschitz on © with constant L,, completing the proof of part (b) and of the
lemma. [
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Lemma B.5 (Gradient concentration over a fixed support). Let {(X;,Y;)}1, be i.i.d. observations and the
function class Fg be the set of scalar components of the gradients, restricted to the oracle parameter subspace
Os ={w € 0 : supp(w) C Sparam }-

Fg = {gw’j_,k(x,y) = [Vw, fw(@), Yk : weBs, j=1,...,d, k=1,.. .,dl}.

Assume there exist B, L > 0 and a compact set © C RP in a ball of radius K such that:

1. (Uniform boundedness) for all g € Fs, |g(z,y)| < B a.s.
2. (Uniform Lipschitz) for all j, k, (2,y), [[Vw, £(fw(®), )]k — [Vwo L fw (%), y)]k] < Llw — w'[|2.

3. (Uniform variance bound) sup,¢ r, Var[g(X,Y)] < 0.

Then there exist absolute constants Cy,Co,C3 > 0 such that for

d* +log(d - dy)
Age =\ ———,
n
the following holds:

IP( sup |(P, —E)g| < C; B)\Gc> > 1-Cyexp (— Cynrge).
9g€Fs

Proof. The proof proceeds in three steps.

Step 1 (Covering). We cover the set of functions Fg. These functions are generated by parameter vectors
w from the set ©g. While the vectors in ©g are elements of RP, they are constrained to a fixed d*-dimensional
subspace defined by the support Sparam. The geometric complexity of this set is therefore equivalent to that
of a d*-dimensional ball of radius K. The covering number for this set is given by:

3K\
Neosl- < (2
By the Lipschitz mapping property, the metric entropy H (e, Fg, L2(P)) is bounded by:
H(e, Fg,La(P)) <log(d-dy) +1logN(¢/L,0Og,| - |l2)

3KL
<log(d-dy)+d"log (6) )

Step 2 (Symmetrization and Dudley’s Bound). We use Dudley’s entropy integral to bound the
Rademacher complexity:

B
ER,(Fs) < \fﬁ/o vV H(u,Fs, La(P)) du.

Using our entropy bound, the integral is bounded by:

B
Viog(d - dy) + d*log(3K L/u) du < C'B+/d* +log(d - dy).
0

This yields the expectation bound:

B
E P, —-E S —+/d* +1log(d-di) = Bhge.
[ sup [(Bn —Bgl| £ = VT +Tog{d @) = BAco

Step 3 (Concentration to High Probability). We use Bousquet’s inequality, which states that for any
t > 0, with probability at least 1 — e~ ¢,

202t 2Bt
sup |(P, —E)g| < E + —,
gEFs n 3n
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where F,, is the expectation bound from Step 2. We choose t = cn)%c for a suitable constant ¢ > 0. The
terms on the right-hand side become:

202t 2Bt
E, < Blge, 4/ JT S ovelae, Y < BeAe-

For n large enough, the /\%C term is dominated by the Agc terms. Thus, there exist constants C1,Cy, C3 > 0
such that:
]P’( sup |(P, —E)g| <C: B )\Gc) > 1 — Cyexp(—Csn)\de),
gEFs

which completes the proof. O

B.5 Main Proof

Proof of Theorem[].3 We verify that the augmented oracle estimator wO = (Wg 0) is a stationary point
of the penalized program equation {4| by checking the Karush-Kuhn-Tucker (KKT) conditions with high
probability.

(a) Primal feasibility: w© € © is satisfied by construction.

(b) Stationarity on the active set (S): First, we establish that ¢ is an interior point of its program.
Assuming the true parameters are not on the boundary of the feasible set (i.e., |[w§||2 < K/2), the
interior point property follows from the triangle inequality and the estimation error bound in Lemma

B3(a) () .
WS 2 < [IWhll2 + WS — w2 < 5+ TAVT+5C3.

For a sufficiently large sample size n, the second term is bounded by K/2, ensuring that | Wg |2 < K.
As an interior-point solution, its unpenalized loss gradient must be zero: [Vﬁn(\?vo)} s=0.

Furthermore, Lemma [B.3|(b) establishes the equivalence of the oracle and the restricted penalized
programs. This means Wy is also a global minimizer of the restricted penalized program and must
satisfy its KKT conditions. The stationarity condition for any j € S is Vw, ,Ln(W°) 4+ 2z; = 0,
where z; is a vector in the subgradient of the penalty. Since the loss gradient is zero, the penalty
subgradient z; must also be zero. Therefore, the stationarity condition for the full penalized program
equation [4 is satisfied for all weights in the active set S.

(c) Strict dual feasibility on the inactive set (S¢): For any j € S° we must show that
IVwo, Ln(WC)|l2 < A. We decompose the gradient into its stochastic and deterministic parts:

VL,(WC) = (VL,(WO) = VL(W?)) + (VL(WP) — VL(W")).

(I) Stochastic Error (IT) Bias

Bounding (I): Stochastic Error. The conditions required to apply Lemma uniform bound-
edness, uniform Lipschitz continuity, and a uniform variance bound—follow directly from Lemma
[B:4] Consequently, Lemma applies and guarantees that, with high probability, the stochastic
error is uniformly controlled:

max [ Vw,,, (Lo — L)(%F)||l2 < V/di sup |(Pn — E)g| < v/diCidae,
jeSe 9€Fs
for some constant Cy, where the statistical rate Ag¢ is of order O(y/log(d)/n).

Bounding (II): Bias. The population gradient is Lipschitz continuous (Lemma [B.4)), so
IVL(W®) — VL(w*)|s < L||W® — w*||2. Since both w® and w* are zero on the inactive set
S¢, this distance simplifies to |[W§ — w|l2. Using the sharp estimation error bound for the oracle
estimator from Lemma a)(i), we can bound the bias:

IVL(W®) = VLW )| < L-CETA*VI+s.
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Crucially, the rate of the restricted complexity term A\* depends on the oracle dimension d* (which
scales with s), not the ambient feature dimension d.

Combining the Bounds and Concluding the Proof. By combining these results, the total
gradient norm for any inactive feature j € S¢ is bounded by the sum of the two parts:

IVwo, Lan(W) |2 < VdiCidge +LCITAN VI +s.

Stochastic Error Bias

In the high-dimensional setting where d > s, the stochastic error term dominates because its rate
Agc scales with /log d, while the bias term’s rate A\* scales with the much smaller oracle dimension
Vlogd*. The entire gradient norm is therefore bounded by an expression of order Op(+/log(d)/n).
As established in Lemma the gradient concentration holds on an event with probability at least
1—0(exp(—C'logd)) for some constant C' > 0. Thus, by selecting a tuning parameter A that satisfies
A > C5+/log(d)/n for a large enough constant Cs, we ensure that with high probability, the gradient
norm is smaller than the penalty threshold:

IVwo , La(WE)l2 < A.
This establishes strict dual feasibility for all j € S¢, completing the proof.

Since all KKT conditions are satisfied with high probability, the augmented oracle estimator w® is a sta-

tionary point of the penalized program. O

C Complete Results for Survival Model

Figure[7]shows that larger variations in C-index are associated with larger censoring rates overall. GMCPNet
and GSCADNet achieve comparable results to Oracle-NN while surpassing all other methods, including
Oracle-RSF.

D Simulation with Correlated Variables

The simulation study in Section 5 focuses on independent covariates. However, in real-world applications,
particularly in high-dimensional settings, the presence of correlations among covariates is common and
presents a challenge for feature selection. In this section, we assess the effectiveness of the proposed method
using simulated data that incorporates correlated variables.

To be more specific, we extend the high-dimensional scenario described in Section 5 by generating a correlated
covariate vector, denoted as X ~ N(0,X). The correlation structure is defined using a power decay pattern,
where X;; = 0.5/"=3!. This modification allows us to examine the performance of our method in the presence
of correlation among the covariates. Comparing the results of feature selection for independent covariates in
Table [I] to the outcomes presented in Table [2] it becomes evident that STG and GLSSONet exhibit larger
variations in selected model sizes, along with FNR and FPR in the regression model. This behavior can
be attributed to the presence of correlated features. In contrast, the proposed GMCPNet and GSCADNet
methods effectively identify relevant variables while maintaining relatively low false positive and negative
rates across all models. Furthermore, Figure [§] demonstrates that both GMCPNet and GSCADNet perform
comparably to the Oracle-NN method in the regression and survival models, while outperforming other non-
oracle approaches in the classification model. These findings indicate that the proposed methods exhibit
robustness against correlations among covariates in terms of feature selection and model prediction.

E Understanding the Impact of LASSO Bias on Feature Selection

Our numerical study demonstrates that GLASSONet tends to select many noisy variables due to the bias
introduced by the LASSO penalty. In contrast, the group-concave regularization used in our proposed
framework (e.g., GMCPNet and CSCADNet) reduces this bias and improves feature selection accuracy.
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Figure 7:

C-Index of the proposed methods for the survival model outlined in Example [5.3}

The dashed line represents the median C-Index of the Oracle-NN, used as a benchmark for comparison.
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Table 2: Feature selection results of STG, GLASSONet, GMCPNet, and GSCADNet using
correlated features in high-dimensional scenario (n = 500,d = 1000). The False positive rate (FPR
%), False negative rate (FNR %), and model size (MS) with standard deviation (SD) in parentheses are

displayed.

Regression Classification Survival (C =0.2)
Method
FPR, FNR  MS (SD) FPR, FNR  MS (SD) FPR, FNR  MS (SD)
STG 8.4, 16.6 86.8(132.6) | 1.5,21.0 18.6(121.1) | -, - ()
GLASSONet 28.8, 26.6 290.0(144.6) 19.3, 224 195.7(116.4) 16.0, 1.9 163.1(51.4)
GMCPNet 0.1, 13.4 4.0(1.4) 0.2,13.9 5.5(4.5) 0.0, 0.0 4.1(0.4)
GSCADNet | 0.1, 13.2 4.0(1.2) 0.1, 11.8 4.8(2.9) 0.0, 0.0 4.1(0.6)
10 0.85 09
&= ] = oL L L
e ol L % %; % T ;TT
0g
06 ’L |7—| 075 T T ’_'|_‘ ’L T T
T L ; l ; T
. l u ¥ oss ° 06
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Figure 8: Prediction scores of the proposed methods for the regression, classification, and
survival models (C = 0.2) using correlated features in high-dimensional scenario (n = 500,d =
1000). The dashed lines represent the median score of the Oracle-NN, used as a benchmark for comparison.
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To further investigate the impact of LASSO’s bias on feature selection, we propose a modified version of
GLASSONet, applying a relaxed LASSO approach and terming it relaxed-GLASSONet.

The relaxed-GLASSONet method follows a two-stage procedure: for each group LASSO parameter A\, we
first select features using GLASSONet. Then, we refit a standard neural network with only the selected
features by setting A = 0, thereby reducing bias during model fitting. The final model is selected based on
its predictive performance on a validation set. Our goal is to explore whether the relaxed-GLASSONet can
mitigate the feature overselection observed in the LASSO-regularized approach by removing the bias, and
ultimately enhance prediction performance.

We apply the relaxed-GLASSONet method to synthetic data generated from the XOR-type signal regression
model, repeating the simulation described in Section 5.1 We compare relaxed-GLASSONet with GLAS-
SONet, as well as our proposed GMCPNet and GSCADNet methods, with results presented in Figure [9]
Our results indicate that relaxed-GLASSONet selects significantly fewer false positives across varying feature
counts, thereby improving prediction accuracy. Importantly, relaxed-GLASSONet performs comparably to
GMCPNet and GLASSONet in low-dimensional settings, but its performance declines as dimensionality
increases. These findings confirm that the LASSO penalty tends to over-select features to compensate for
its inherent bias. This overselection can be mitigated by reducing bias through model refitting with only the
selected features, leading to more accurate feature selection.

0.6
104 GLASSONet 0.8 GLASSONet
GMCPNet GMCPNet
051 —— GSCADNet —— GSCADNet
——-‘—-\//\\/\/""- B
s v o 0.8 Relaxed-GLASSONet 0.6 Relaxed-GLASSONet
0.4
0.6 0.4
~ a o
x 03 z &
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Figure 9: Simulation results of relaxed-GLASSONet for XOR-Type signal model. The R? scores,
false positive rate (FPR), and false negative rate (FNR) are presented in the left, middle, and right panels,
respectively. The central lines are the means while the shaded areas represent standard deviations.

F Implementation Details

F.1 Simulation studies

To ensure a fair comparison among all the neural-net-based methods, we adopted a ReLLU-activated Multi-
Layer Perceptron (MLP) with two hidden layers consisting of 10 and 5 units, respectively. The network
weights were initialized by sampling from a Gaussian distribution with mean 0 and standard deviation 0.1,
while the bias terms were set to 0 following the Xavier initialization technique (Glorot & Bengio, [2010). The
optimization of the neural networks was performed using the Adam optimizer with a base learning rate (LR)
of 0.001.

For all the methods falling within the framework of Equation (1) in the paper, we selected the optimal values
of A and « from a two-dimensional grid, with A and « ranging over 50 and 10 evenly spaced values on a
logarithmic scale, respectively. The selection was based on their performance on the validation set, which
consisted of 20% of the training set. The parameter search ranges are displayed in Table |3 We set A = 0
for NN and Oracle-NN to deactivate feature selection. For GLASSONet, GMCPNet, and GSCADNet, the
number of epochs at \,,;, was set to 2000 for the LD and 200 for the HD scenarios. For all other values of
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A, the number of epochs was set to 200 for both LD and HD settings. The number of epochs for NN was
consistently fixed at 5000.

We employed RF with 1000 decision trees for the model fitting process. We implemented the STG method
as described inYamada et al.| (2020) that the LR and regularization parameter A were optimized via Optuna
with 500 trials, using 10% of the training set as a validation set. The number of epochs was 2000 for each
trial.

Table 3: List of the search range for the tuning parameters used in our simulation.

Param ]Sj)arCh range -

A [le-3, 0.5] [le-2, 0.5]

a [le-3, 0.1] | [le-2, 0.1]
R (STG) [le-4,0.1] | [le-4, 0.1]

X\ (STG) [1e-3, 10] | [le-2, 100]

A (LASSONet) | [5e-4, 2e-3] | [5e-4, 2e-3]

F.2 Real Data Example

In the analysis of real data examples, the implementation details remain the same as the HD scenario in the
simulation studies, with the following modifications:

e For the survival analysis on the CALGB-90401 dataset, we utilized the MLP with two hidden layers,
each consisting of 10 nodes. In hyperparameter tuning, we explored 100 values of A ranging from
0.01 to 0.1 for GMCPNet and GSCADNet. Additionally, we increase the number of candidates for
a to 50.

o In the classification task on the MNIST dataset, we adjust the search range of « to [1e-3, 0.1].

The data from CALGB 90401 is available from the NCTN Data Archive at https://nctn-data-archive.
nci.nih.gov/. The MNIST dataset was downloaded using the built-in torchvision.datasets. MNIST interface
in PyTorch, which automatically retrieves the original dataset from Yann LeCun’s repository.
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