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Abstract

The Gromov-Wasserstein (GW) distance serves as a discrepancy measure between
metric measure spaces. Despite recent theoretical developments, its structural
properties, such as existence of optimal maps, remain largely unaccounted for.
In this work, we analyze the semi-discrete regime for the GW problem wherein
one measure is finitely supported. Notably, we derive a primitive condition which
guarantees the existence of optimal maps. This condition also enables us to derive
the asymptotic distribution of the empirical semi-discrete GW distance under
proper centering and scaling. As a complement to this asymptotic result, we also
derive expected empirical convergence rates. As is the case with the standard
Wasserstein distance, the rate we derive in the semi-discrete GW case, n~ /2, is
dimension-independent which is in stark contrast to the curse of dimensionality
rate obtained in general.

1 Introduction

The Gromov-Wasserstein (GW) distance, introduced by Mémoli in [35]], enables a comparison be-
tween abstract metric measure (mm) spaces and provides an alignment plan between them. Precisely,
for two mm spaces, (X, dx, 1o) and (Y, dy, u1), their (p, ¢)-GW distance is given by

1 /q
DP»Q(IU‘OMul) = ( inf //‘d&(ﬂj,x/) —dg}(y,y/”qdﬁ@ﬁ(l’,y,$,7y/)) ) (1)
wE(po, 1)
where IT(uo, pt11) denotes the set of all couplings of g, p11. The GW distances thus equals the least
amount of distance distortion one can achieve between the mm spaces when optimizing over all
possible alignments thereof (as modeled by couplings). Remarkably, D,, , defines a metric on the
quotient space of all mm spaces obtained by identifying isomorphic mm spaces (i.e., when the
underlying measures f, 11 are such that 1 = fypo for an isometry f : X — V). The ability of the
GW distance to meaningfully compare heterogeneous data has spurred its usage in many applications,
including generative modelling [5], graph matching [55], heterogeneous domain adaptation [43} 56],
spectral clustering [8], graph classification [48]], object matching [34}35] and shape analysis [19, 46].
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Despite these virtuous properties, there remains large gaps in our understanding of solutions to (T).
For instance, sufficient conditions for the existence of optimal couplings induced by a deterministic
map, dubbed Gromov-Monge maps, is still an open question (see Question 2.4 in [36]]). Another
important drawback of the GW distance is that it suffers from the curse of dimensionality in statistical
estimation [57]]. This work posits the semi-discrete setting for the GW problem as a natural class of
problems for which both of these issues can be addressed.

As a special instance of the general GW problem, the semi-discrete GW problem (SDGW) is obtained
when one of the marginals is discretely supported and the other is continuous. This setting falls
well within the scope of the GW problem due to the underlying heterogeneity and as it enables a
comparison of distributions supported on different spaces. To our knowledge, this paradigm has
not been explored in the context of the GW problem despite the interest in standard semi-discrete
optimal transport (SDOT). Indeed, the SDOT problem has seen use in diverse applications, ranging
from computer graphics [[12,[31] and generative modelling 2, [7, 27]] to fluid dynamics [13} 22]] and
cosmology [32]. This interest is due, in large part, to the strong structural and statistical properties
inherent to the semi-discrete setting. For instance, the structure of optimal maps for the SDOT
problem as well as its stability properties were studied in [3, 28]] whereas [15] proves a parametric
empirical convergence rate and limit distributions for the empirical SDOT cost (see the subsequent
literature review for details). Inspired by these results, the present paper studies the (2,2)-GW
problem for marginals supported in Euclidean spaces under the semi-discrete paradigm. Our main
contributions are to first establish existence of Gromov-Monge maps for the SDGW problem under
primitive conditions and, subsequently, to prove finite sample convergence rates and limit distributions
for the empirical distance.

Literature review. In contrast to the standard optimal transport (OT) problem [[L}, 152} 53], little
is known about the structure of solutions to the quadratic GW (QGW) problem, D3 2(po, pt1), with
(po, p11) € P(R%) x P(R41). Indeed, conditions guaranteeing the existence of optimal plans for the
QGW problem which are induced by a map are generally unknown. A first result in this direction is
Theorem 9.21 in [47] which proves the existence of optimal maps for absolutely continuous measures
which are rotationally invariant about their barycenter. Proposition 4.2.4 in [S1]] proves such a result
under the assumption of compact support, absolute continuity of p, that dy > d;, and that the
cross-correlation matrix of an optimal coupling ([ zyTdm(z,y)) is full rank along with an abstract
condition on the map. Under the same conditions, Theorem 5 in [[18]] shows that if the rank of the
cross-correlation matrix is at most d; — 2, an optimal map exists and, otherwise there exists an
optimal plan induced by a bi-map (viz. two-way map). To our knowledge, these are the only such
results currently available in the literature. Until quite recently, a dual representation for the QGW
distance was also unavailable. This issue was addressed in [57]], where a connection between the
QGW distance and an optimization problem involving a standard optimal transport problem with a
cost depending on the decision variables (3)). By leveraging this variational formulation, the authors of
that work were able to obtain the first sample complexity result for the empirical Gromov-Wasserstein
distance, proving dimension-dependent rates which suffer from the curse of dimensionality. This rate
is improved as to depend on the lesser of the two ambient dimensions in [26].

We conclude with a brief survey of recent statistical developments for SDOT. From the statistical
lens, the empirical SDOT distance converges to its population counterpart in expectation at the rate
V/Nn~"2, where n is the number of samples when the cost is Euclidean [15]. This result contrasts the
dimension dependent rate, n ="/, of standard optimal transport with the Euclidean cost for probability
measures on P(Rd) [211154]. [15] equally establishes the asymptotic distribution of empirical SDOT
for general non-negative costs (upon centering by the population quantity and scaling by y/n) and
proves sufficient conditions for asymptotic normality. Their work also covers limit distributions for
the optimal potential under certain regularity conditions. This result is used in [42] to derive limit
distributions for the L? error (p > 1) of the empirical SDOT map and for linear functionals thereof.

2 Notation and preliminaries

For a nonempty subset S of a topological space S, £°°(.S) denotes the Banach space of bounded
real functions on S equipped with the supremum norm || - ||cc,s = supg | - |. The closure of S C S

is denoted gs. We denote by P(R9) the set of all probability measures on R?. For a measurable



map T : R — R¥ and € P(RY), Ty € P(R?) is the pushforward measure defined by
Tyu(A) = u(T~1(A)) for every Borel set A € RY. For p € P(R?), i = (Id —E,[X])sp is the
centered version of . For p > 1, M,(1) = [ || - ||Pdp is the p-th moment of . The support of /u is
denoted spt (). The weak convergence of probability measures is denoted by 2 and convergence in
distribution by 4 (in the sense of Hoffmann-Jgrgensen if necessary).

For matrices A, B € R%*41 (A B)p = Tr (ATB) is the Frobenius inner product, || - || is the
induced norm, and Br(r) = {||-||r < 7}. Foraset A C R?, conv(A) is the convex hull of A, lin(A)
is the linear hull of A, and, if A is compact, ||A||cc = sup,c4 ||z||. No = NU {0}. For an open set

U C R%, C9(U) denotes the set of smooth functions, f : U — R, for which max,, cd 10 f oo, <
M. We adopt the shorthand notation a VV b = max(a, b) and a A b = min(a, b).

2.1 Optimal transport

We now recall some standard results from optimal transport (OT) theory. Fix measurable sets
X CR% and Y C R%. For yg € P(X), 1 € P(Y) and a continuous cost function ¢ : X x Y ~ R
satisfying [ cduo @ py < oo and c(z,y) > a(z) + b(y) fora € L (ug), b € L' (u1),

OT.(po,pt1) :== min )/Cdﬂ': max {/wcduo—i-/wdm}, @)

mell(po,p1 eL (p1)

where ¢° : € X — infy (¢(x,-) — 1) is the c-conjugate of ¢ (cf. e.g. Theorem 5.10 and Remark
5.14 in [53]]). The first problem is dubbed the primal problem whereas the second is called the dual
problem and both admit solutions under these conditions. Moreover, solutions to the dual problem can
be assumed to be c-concave in the sense that ¢ (y) = ¢°(y) = infx (c(-, y) — ¢) for some function ¢.
If 9 is c-concave and solves the dual problem, we call (1), %) conjugate potentials for OT .(po, 1)
We say that conjugate potentials are unique up to constants if any two pairs of conjugate potentials
(%0, v§), (11, 95) are such that g = 11 + a and 9§ = 9§ — a for some a € R. A solution, 7, to the
primal problem is called an optimal plan for OT(uo, ;1) and, if 7 = (Id, T')¢ 10 for a measurable
map T : X — ), we call T' an optimal map.

In the semi-discrete setting, 119 € P(R%) is supported in X', an open ball centered at 0 with finite
radius, and z; € P(R% ) is supported on the points (y(*)¥., = ). In this case, the dual OT problem

() reads
N
_ : (i) - O
OTc(po, p1) = max {;_1 Zifi1 ({y }) +/1g.1§nN{C( y) Zz}dM0}~ 3)

We call a solution to (3)) an optimal vector for OT.(po, 1)

2.2 Gromov-Wasserstein distance

We focus on the (2, 2)-GW distance between probability measures, o € P(R%), uy € P(R%) with
finite fourth moments,

1/2
. 2
D(Mo,u1)=< win [ le =21~y = 1) dw@w(ay,xcy')) R

eI (10,11

which admits the following variational form (see Corollary 1 in [57]),
D(fio, fi1)* = D1 (fio, fi1) + Da(fio, fi1),
D1 pr) = [ o = o'ldyio © oo ’) + [ Ny o/ @ pa (9. 5') ~ A0Ma(10) Mol

Da(po, ) = min {32 A% +OTa(uo, ) },

AcR0xd1
()
where OT A (o, pt1) = OTe, (o, p1) for ca = (z,y) = —4[|z]]?||ly]|*> — 3227 Ay and we recall
that fi; = (Id —E,,, [X])su; for ¢ = 0, 1. Of note is that D4 is an explicit constant whereas D is a
minimization problem with objective function,

D (g 1 A € RTXN 5 32| A F + OT a0, 112)- (6)



Further, if 7* is optimal for (@), then A* = % [ xyTdn*(x,y) is optimal for (6) (see the proof of
Theorem 1 in [57]]). Our first result is to further characterize solutions of (6)),

Theorem 1 (On minimizers of (@)). If o € P(R%), g € P(R™) are compactly supported, then

1. ®(,.11) I8 locally Lipschitz continuous and coercive. If all optimal plans for OT a(po, f11)
admit the same cross-correlation matrix, | xyTdma(z,y), then D (1,101) 15 Fréchet differen-

tiable at A € R%*41 with (D(I)(;m,m))[A] (B) =64(A — 3 [zyTdra(z,y), B)p.

2. If A* minimizes (@), then 2A* = [ayTdr*(z,y) € Bp(y/Ma(po)Ma (1)) for some
optimal plan 7 for OT g« (o, t1). If to, p1 are centered, then 7 solves ({@).

Theoremshows that all minimizers of (6] are contained in Br (/M2 (o) Ma(p1)) and, given such
a minimizer, a solution to (@) can be obtained. Although point 1 appears to directly imply point 2,
since a global minimizer of a differentiable coercive function must be a critical point, we stress that if
OT a(po, 1) admits multiple optimal plans, ®(,,, .,y may fail to be differentiable at A. Thus, the
proof of Theorem|[I] (Appendix [A.T) uses the Clarke subdifferential [10] to formalize this approach.

The assumption that all optimal plans for OT 4 (10, ¢t1) admit the same cross-correlation matrix
appears non-trivial to verify in general. For instance, a classical result guaranteeing uniqueness
of optimal plans and existence of optimal maps (Theorem 10.28 in [33]) requires that V ,¢(z, -) is
injective. As Vca(z,y) = —8z||y||?> — 32Ay, this condition can fail even in anodyne situations
(e.g. 0 € int(spt(up)) and there exists ¥,y € spt(u1) N ker(A)). The failure of this condition
constitutes a roadblock to proving the existence of optimal maps for @), called Gromov-Monge
maps. In what follows, we demonstrate that, in the semi-discrete case, a simple condition guarantees
uniqueness of optimal plans and existence of optimal maps for OT 4 (o, t1)-

3 Structural properties

In the sequel, we restrict our attention to the semi-discrete Gromov-Wasserstein (SDGW) problem
wherein pi9 € P(R%) is supported in X, an open ball centered at 0 with finite radius, and y; €
P(R%) is supported on the points (y¥)¥., = V. In light of Theorem in the absence of a precise
characterization of the minimizers of ®,, ,,) in (6), a condition ensuring uniqueness of optimal
couplings for OT 4 (po, 1) will prove useful in analyzing the SDGW problem. To this end, we
consider the following assumption.

Assumption 1. py € P(X) is absolutely continuous with respect to the Lebesgue measure and, for
everyi # jwithi,j € {1,...,N} andt € R, we have that

o ((cAc,y@) - cA<-7y<j>>)_1 (t)) =0, for A € Riox1, %)

Assumption [T]involves standard conditions on 1 as to guarantee uniqueness of optimal couplings
and existence of optimal maps for OT . with ¢(z,y) = h(z — y) for h strictly convex (see Theorem
1.2 in [23]). Condition ([7) is related to ) and is seen to hold under the following primitive condition.

Proposition 1 (Necessary and sufficient condition on ). Ler ug € P(X) be absolutely continuous
with respect to the Lebesgue measure. Assumption [I)is satisfied if and only if Y is such that
y(l)lf y) ¢ ker(A) for every i # j € {1,...,N} with ly @ = ||yD|. In particular, if
ly @ # |y || for every i # 5, Assumption|l|holds for any A € Rdo*d1,

The proof of Proposition [I] follows essentially from the structure of the cost function, see Ap-
pendix Of note is that Proposition[I] provides a necessary and sufficient condition for Assump-
tionto hold at every A € R% > simultaneously. This condition is crucial in our study of limit
distributions for the empirical SDGW distance to guarantee e.g. uniqueness up to constants of optimal
potentials for OT 4 (po, ¢1) uniformly in A.

Under Assumption |1} solutions of OT 4 (10, 1+1) admit the following characterization.

Proposition 2 (On solutions of OT o (uo, t11)). Fix A € R%>% and let 24 be an optimal vector for
OT a(po, p1)- Under Assumption the optimal plan is unique and is induced by the map

Ta:zeX—yLa@®) ywhere Ia(z) € argming << v (cA(x,y(i)) - zZA> , (8)
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which is uniquely defined io-almost everywhere.

The proof of Proposition 2]is standard, see Appendix [A.3|for details. The following result is a direct
consequence of Theorem|I]and Proposition 2]

Theorem 2 (Existence of Gromov-Monge maps). Let A* minimize ® (., ). If Assumptionholds
at A*, then there exists an optimal plan for the SDGW problem which is induced by the map T p+

given in (8). Furthermore, A* = %vazl fLag " adpo(z) (y(i))T, where Lag,a+« ; = {x € X :
i € argmin, ;< (car (z,y®) — 2 )}

The sets Lag defined in (2) are known as Laguerre cells. Proposition|[I] provides a simple condition for
verifying Assumption [l|at A* along with a condition guaranteeing that it holds at every A € Ro*d1,
To our knowledge, this is the first result providing simple, explicit conditions which guarantee the
existence of Gromov-Monge maps for {@). Indeed, as mentioned previously, other results require
symmetry of the marginals or a priori knowledge of the rank of the cross-correlation matrix of an
optimal plan for (@); such conditions are restrictive, but may hold beyond the semi-discrete setting.

Remark 1 (Structure of solutions). If Assumption|I|holds at every A € R%*% then a minimizer
A* of ® (. uy) must be such that AZ(,) € lin(Y) fori = 1,..., N. This observation can be used to
reduce the dimensionality of the problem defining Do if dim(lin(})) < dy. In the limiting case that
the points (y™) N | are colinear, the resulting problem is dy dimensional for instance. Furthermore,
this endows us with an a priori upper bound on the rank of the cross-correlation matrix for wa+
solving OT a« (o, p1); such conditions are broadly useful in the structural study of the GW problem
as evidenced by Proposition 4.2.5 in [51]] and Theorem 5 in [18] described in the literature review.

4 Statistical properties

Throughout, we let X1,..., X, and Y7,...,Y,, be independent and identically distributed samples
from po and 4 respectively. We let fig,, = 23" | dx, and i1, = 13" | &y, denote the
corresponding empirical measures. In what follows, we consider both the sample complexity of the
empirical SDGW distance D(jig », f11,,) as well as its asymptotic distribution under proper centering
and scaling. Our analysis uses the variational formula (3) along with the dual form for semi-discrete
OT (@). Overall, our proof technique is similar to that used to treat the standard SDOT cost [13].
However, we stress that the need for uniformity over costs ca substantially complicates the analysis
and requires developing new techniques.

4.1 Sample complexity

To derive the expected rate of convergence of D(fig n, fi1,r,) to D(p0, t1), we show that the associated
potential vectors and their c 4-conjugates lie in suitable classes of functions. As such, let M =

X oo Vlloe = 31/ Ma(v9) M2 (1) for any vy € P(X), 11 € P(Y) and define

Gox = {1 €X 1132211\[{0‘4(%2/“)) - Zz} : A€ Bp(M),z e RY, |zl < K},
Gix ={f:Y=>R:|floy <K}.

We show in Proposition ahead that a dual vector to OT 4 (v, v1) can always be identified with an el-
ement of Gy g for a choice of K that is independent of (v, 1) € P(X) xP(Y) and A € Bp(M) (a
straightforward modification of that argument shows that K = 8||X || ||2V||%, + 64M || X || oo || V0o
suffices). Evidently, its c4-conjugate lies in Gy x when A € Bpr(M). In what follows, we iden-
tify vy € P(X) and v, € P(Y) with elements of £°°(Gy, ) and £>°(G1 k) respectively by setting
f g:dv; = v;(g;) forevery g; € G; ik and i = 0, 1. We now establish the expected rate of convergence
of fi; p to p; in £°(G; i) (4 =0,1).

Lemma 1. The classes Gy ik and G1 k are, respectively, jiy-, j11-Donsker. Moreover,

N N + dopd, R N
E (20,0 — tollocgoxc ] Sk.v,.x V—, @dE [lA1n — m1lloo,gr ] Sk o



The proof of Lemma [I] follows similar lines to the proof of Theorem 2.6 in [15] with the added
complexity that the costs depend on A varying in Br(M). The crux of the argument is that these
function classes are indexed by parameters varying in compact subsets of RV+d0d1 for Gy - or RV
for Gy, k and hence are simple enough as to admit finite bracketing entropy and uniform entropy
respectively (cf. e.g. [50]) whilst containing all relevant optimal potentials. The derived rates are
similar to that obtained in [[15] for SOT with the addition of the factor dyd; to account for the varying
costs, see Appendix [A.4]for full details. With this, we obtain the first sample complexity results for
the SDGW problem.

Theorem 3. Let R = diam(X') V diam()}), then
E [ID(tt0, 1) = D(fo,ns fir,0)*]] Srex,y (234 + VN +dody + \/ﬁ) n="2,
E[|D(po, 1) = D(fi0,ns fi1,n)|] Sre.xy D(pos 1)~ <2R4 + VN +dodys + \F> n=2

The proof of Theorem [3] (Appendlx E]) leverages the variational form of the SDGW problem
(5) along with the existence of a minimizer of ®(,, ,,) in Bp(M) for any choice of (vo,v1) €
P(X) x P(Y) (see Theorem|1). With this, the question of sample complexity for empirical SDGW
reduces to that of empirical OT uniformly over the collection of costs (ca) acp, (a) Which can be
addressed using Lemma Of note is that D(19, 1) > 0 in the semi-discrete case.

4.2 Limit distribution theory

We now derive the asymptotic distribution of the empirical SDGW distance. Our approach is based
on the extended functional delta method. This approach requires deriving a first order expansion of
the SDGW distance as a function of its marginals and proving that the relevant empirical processes
converge in a suitable space.

Precisely, we treat D as a functional on the set
B ={vo®@uv1:1v9 € P(X),spt(vo) Cspt(uo),v1 € P(Y)},

which we treat as a subset of the space (> (F), where Fy? = {fo @© f1: fo € Fo.x, f1 € Gi1.x}»
for Fo x = C%O(X) + Ho,x U {0},

Hox = {x € X min {cA(a: g y@) zi} cAeBp(M),2 e RV ||z]| < K, € € X} .

Here, for any vo ® v; € Pand fo & f1 € Foo, vo @ vi(fo @ f1) = volfo) + v1(f1) = [ fodvo +
J fidvy. Note that 7 : {(v9,11) € P(X) x P(Y) : spt(vg) C spt(po)} — vo @ 11 € Pis
one-to-one (see Proposition [6]in Appendix [B), hence any functional on the latter set can be identified
with a functional on 3; for convenience, we denote both functionals with the same symbol.

In what follows it will be convenient to work with the following extensions of the optimal vector and
its c 4 -conjugate which we call extended potentials.

Definition 1 (Extended potentials). Let X° = 2X and Y° be an open ball centered at 0 with radius
7> 2|Vl Let (vo,v1) € P(X°) x P(V°) be such that vy is distributed on N points (y™)N
For A € R%*4 [et 24 be an optimal vector for OT a(vg,v1). Then, the extended potentials for
OT a(vo,v1) are given by

A . o : (3) A
rEX { iy }
¥ S = 121;11\] CA(xay ) Zi ’

vty ey inf {ea(w,y) — ()}

These potentials are defined on X'° and )°, as if v € P(R?) is such that spt(v) C B(r) forr > 0,
then |E,[X]|| < E, ||X|| < |Ispt(¥)||oe < 7, s0 B(r) — E,[X] C 2B(r). Consequently, the
extended potentials (o, 14) are well-defined on spt(7) x spt(#;) for any vy ® vy € B.

The extended potentials satisfy many of the useful properties exhibited by standard optimal potentials.
Among other results, we estabish that ) is a proper extension of z“, proofs can be found in

Appendix



Proposition 3 (Properties of extended potentials). Fix vy € P(X°), 11 € P(Y°) with spt(v1) =
(NN, and A € Bp(M). Let z* be an optimal vector for OT a(vo, 1) and (p®, ™) be

i=1
extended potentials. Then,

1. 2 and 1 are concave and Lipschitz continuous with a shared Lipschitz constant which is
independent of A, vy, V1.

2. let Aj = {x e Xx°: argming <, < v (ca (a:,y(i)) —2) ={j}} forj =1,....N. If As-
sumption |I| holds at A, then (A;) §V21 partitions X° up to a measure zero set and ¢ is
differentiable at x € A; with

VoA (z) = —8z[ly|> — 324yY), D2pA(x) = —81d|jyV|%

3. Fori=1,...,N, ¢4 (g(i)) = 2\, Further, 2, 0?4 can be chosen such that || 2| oo V
A |oo.x0 V |02 ]| 0o ye < Cnr,xo yo, where Cap xo yo depends only on M, X°,)°.

4. If Assumption|l|holds at A, spt(vy) has negligible boundary, and int(spt(vy)) is connected,
then the pair (o™, 1?) is unique up to additive constants on int(spt(vg)) x spt(vy).
With Proposition [3]in hand, we show stability of the SDGW distance in the sense of Hadamard.

Definition 2 (Hadamard directional derivative [41] 44])). Let ©, & be normed spaces and fix a
non-empty set © C . For 0 € O, the tangent cone to © at 0 is given by

To(0) = {he@ :h = lim ant;e,forsomeﬁn €0,0, —>9,tn¢0}.

n—oo n

Amap f : © — € is Hadamard directionally differentiable at 6 € © if there exists a map f :
To(0) — E satisfying

gl
n—00 tn o fg(h),

forany h € To(0), t,, 1 0, and h,, — h in ®© with 0 + t,h,, € ©.

In our application, D is a functional on 8 C ¢ (.7—';‘?). It is readily seen that 33 is convex as a

subset of (>°(F ), s0 po @ p1 + t(vo @ v1 — pio ® p1) € P for t € [0,1] and Tp(po @ p1) =
0> ]_-EB
[t (v @1 — po @ 1) : o @ vy €B,t >0} ) [41]]. Given this expression, if fo ® f1 €

.7:;'?, then for any n € Ty (o ® p1) and o € R, an(fo & f1) = lim, 00 t;l(uom ® Vin — fo ®
1) (a(fo @ f1)) for some ¢, > 0, v, ® 11, € P such that n extends uniquely to 04.7:;?. Such
extensions are used in the following results.

Theorem 4 (Stability of SDGW). Assume that §¥ = y) —E, [X] (i = 1,..., N) is such that
IO\ # |59 for i # j, fio satisfies Assumption |l| spt(fio) has a negligible boundary, and
int (spt(fio)) is connected. Then, the map vy ® vy € P — D(i, 1)? is Hadamard directionally
differentiable at o ® pq with derivative

0 € Talo @ ) =0 (fo ® fr) + inf {1 (Lo(e) @ Liw) },

argminBF(M) (¢(ﬂ0,ﬁ1))

where fi = 2 [ || - —a|[*dyi(x) — AMa() [ || - B, [X)I2 for i = 0,1, (9, 4) is any pair of
extended potentials for OT a (g, fi1) with A € Bp(M), and

Lo(@") 2 € X = o0 (@ — By [X]) — B [V (X)) e,
Ll(w()) Ly € y = 'l/)()(y - E/Ll [X]) - SE(X,Y)NTI'(.) [”X”ZY]Tya
where T 4 is the unique optimal plan for OT (fig, fi1).

The proof of Theorem [ relies on a connection between Hadamard directional differentiability and
Gateaux directional differentiability (on 3 — 1o ® pq) for Lipschitz continuous maps Proposition [7]in
Appendix Using the decomposition D (g, 71)? = Dy (¥, 1) + Do(#, 711), it suffices to separately
prove Hadamard directional differentiability of each summand at ;19 ® 1. The Hadamard directional



derivative of D (7, i71) is relatively straightforward to derive, whereas that of Do (7, 71 ) requires a
more careful analysis.

Pending differentiability of vy ® v1 € P — OT (%, 71) € £°(Br(M)), the chain rule for
Hadamard directionally differentiable maps along with a known result establishing Hadamard dif-
ferentiability of infimum-type functionals [6] prove differentiability of D (7, 1) given its vari-
ational form (5). A major obstacle to proving differentiability of OT.)(%, ;) is that the cen-
tered perturbations of ;1 may not be supported on Y — E,,, [X]. To account for this, we write

t—1 (OT(.)(ﬂoi,ﬂLt) — OT(.)(ﬂo,ﬂl)), for Wit = i + t(l/i — ,u,;) (G=0,1),1y®v €*Pas

t=H (OT (o, fire) — OT (1 (fioe, (Id —Ep, [ X))
+ 71 (0T () (fio,e, (1A =By, [X])zp1.4) — OT (1 (fio, 1)) »

and analyze each term separately. Complete details are included in Appendix

Of note is that Theorem [ requires the optimal potentials to be unique up to additive constants for
every A € Br(M), which can be guaranteed by appealing to Proposition|l|and Proposition

Given Theorem 4] the subsequent limit distribution result follows by applying the extended func-
tional delta method [17, 20,41} 145] once Donskerness of the class o g has been established (see
Appendix [A.9]for a complete proof).

Theorem 5 (Semi-discrete GW limit distribution). In the setting of Theoreml) for any K > 0, there
exists a tight [1o-Brownian bridge process G, in £>°(Fy, i), and a tight 111 -Brownian bridge process
G, in (G k) for which

Vvn (D(ﬂO,mﬂl,n)z - D(/‘Oaﬂl)z)
4 Gy (fo) + Gy (F1) + inf {G#O (Lo(go('))) + G, (Ll(w('))>} .

argminBF(M) P(fig.a1)

In the absence of conditions guaranteeing the uniqueness of minimizers to ® 5.y, the derived limit
distribution involves an inf over Gaussian processes and hence may fail to be normal. Remark that
the power of 2 in the empirical semi-discrete GW distance can be shed by applying the standard delta

method with the function +/(-).

5 Conclusion

In this paper, we have provided a primitive condition which guarantees the existence of Gromov-
Monge maps for the SDGW problem. To our knowledge, this is the first result that does not
require high level conditions such as symmetry of the marginals or knowledge of the rank of the
cross-correlation matrix of an optimal coupling. This condition also enabled us to establish the limit
distribution of the empirical SDGW problem, where it is used to guarantee uniqueness of the extended
potentials up to constants. To complement this asymptotic result, we also derivethe finite-sample
performance of the empirical SDGW estimator, showing that it converges to its population-level
counterpart in expectation at a parametric rate. This result is in stark contrast to the dimension-
dependent rate obtained in the continuous regime [26},157].
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A Proof of main results

A.1 Proof of Theorem

To simplify the proof of Theorem|[I] we separately prove each statement as its own lemma.

Lemma 2. @, . is Fréchet differentiable at A € R%*% with derivative (D®,,, ,.,)) (Al (B) =

64(A — % [ zyTdra(z,y), B)F provided all optimal couplings for OT a(uo, p1) admit the same
cross-correlation matrix § [ xyTdr(z,y).

Proof. Tt is easy to see that || - ||% is Fréchet differentiable at A with derivative 2(A, -) . For any
H € R%*d1_ e have that

OT avm(po, 1) — OT a(o, 1) < /CA+Hd7TA _/CAdTrA = —32/$THyd7TA(JC73/), ©)
for any choice of optimal plan 74 for OT 4 (10, t1). Similarly,
OTa+m(po, 1) — OT (o, 1) = *32/ITHyd7TA+H(I7y), (10)

for any choice of optimal coupling 7 a4 gy for OT a4 g1 (120, pt1). Now, consider an arbitrary sequence
H,, converging to 0. Note that

sup |catm, (z,y) —ca(z,y)|= sup [322TH,y| <32 sup || sup ||[[|[HxlF — 0,
w€spt(po) w€Espt(po) spt(po)  spt(p1)
y€spt(p1) y€spt(p1)

hence caypm, — ca uniformly on spt(gg) X spt(u). It follows from Theorem 5.20 in [53] that,
for any subsequence n’ of n there exists a further subsequence n”” along which ma4p,, — 7
for some optimal coupling 7 for OT 4 (uo, p11). Thus [zyTdratm,, (x,y) — [ayTdn(z,y) =
J xyTdra(z,y) by assumption. As the limit is the same regardless of the choice of subsequence,
conclude that [ zyTdrmaym(z,y) — [zyTdra(z,y) as H — 0, thus

IH|| =" 0T a4-m (1o, 1) —OTA(uo,ul)+32/93THyd7rA($,y)’
<32 “/xdeWA+H(x,y) - /xdewA(Ly) — 0,
F
which proves the claim. O

Lemma 3. &, ., is locally Lipschitz continuous and coercive.
Proof. Fix a compact set K C R%*41_ Forany A, A’ € K, it follows from (9) and (T0) that,
OT i 1) — OT alpa, ) < 32 [ 47(A' = A)ydna(i,)

<32|A" - Al

)

F

/ zyTdra(z,y)

OT ar(pto; 1) — OT a(po, 1) > —32|A" — Al

i

/ xyTdmra(z,y)

F
that is,

10T a4 (10, 12) — OT a(pt0, 11)| < 32/ A~ Al (H / wyTdra (2, y)

N rseateo], )

Observe that, for any coupling = € (uo, 1), || [ zyTdn(z,y)||, < [lz|lylldr(z,y) <
v/ M (o) Ma (1) by Jensen’s inequality and the Cauchy-Schwarz inequality. Conclude that

|OT ar (10, 1) — OT Ao, p11)| < 32v/ Ma(puo) Ma(p1)||A” — A .
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# = 1A% = ([AllF + AR Al = 1A | < 2supg |- | 7]l A — AF.

To show coercivity, observe that, for any A € R%*%1 and & € (g, j11),

/*4||$||2Hy||2 — 3207 Aydma(z,y) > —4/Ma(po) Ma(p1) — 32/ Ma(p10) Mo (1) | Al 2
Hence 32||Al|r + % — oo as ||Al|p — oo proving coercivity. O

Lemma 4. Let w € (o, j11) be arbitrary, then [ xyTdn(x,y) € Br(y/Ma(po)Ma(p)).

Proof. By Jensen’s inequality,

|[ayTdr(z,9)||, < [layTllpdn(e,y) = [llzlllylldr(z,y).
This final term is bounded above by \/f llz)2dm(z,y) [yl|?dr(z,y) = /Ma(po)Ma(p1) by
the Cauchy-Schwarz inequality.

We now prove point 2, concluding the proof of Theorem T}

Proof of Theorem(l] 2. By Rademacher’s theorem, ®,,, ) is differentiable on a set A of full measure
and, by Theorem 8.1 in [9]], the Clarke subdifferential of <I>( tio,p1) At A € R%*d1 cap be defined as
OP (19,1)(A) = conv ({limasa, —a(DP (0 1)) 4,] }) Where Q is any subset of A for which A\Q
is negligible and it is presupposed that the limit converges. From Lemma (D®(110,111)) 1A, can be

identified with 64 (A,, — § [ @yTdra, (x,y)) where 74, is any optimal plan for OT 4, (10, 111) (by
assumption all such cross-correlation matrices are identical). As A,, — A, it follows from the proof

of Lemmathat TA, 2 T A up to a subsequence, where 7 4 is some optimal plan for OT 4 (pg, f41).
It follows that 0P, ,.,)(A) = 64A — 32conv ({fxdeﬂA(x, y):3ma, = WA}) such that
0P (uo,u1)(A) =D ((I)(uo m))[ for A € A. If A € A, the previous convex hull is simply a subset

of all cross-correlation matrices for some optimal plan for OT 4 juo, 1). By Proposition 2.3.2 in
(110, if A is a local minimizer for ®(,,, ,,,), then 0 € d®(,,, ,.,)(A); in any case there must exist an

optimal plan 7 4 for OT 4(uo, p11) satisfying 2A = [ ayTdnr 4(x,y) € Br(\/Ma(po) M2 (1)) by
Lemmafd] As the global minimum is known to be attained, at least one local minimizer is globally
optimal.

Now, assume that pg, 1 are centered. It is straightforward to see that if A* solves (6)), then the
associated optimal plan 7+ satisfies

D1 (tt0, 1) + Dalpi0, p11) = /|||x—x’||2 ly — o/ |12] dras ® was (25,2, 4),

such that 4 is optimal for (@) (see Section 5.3 in [57] for details). O

A.2  Proof of Proposition

It suffices to show that c4(-,4")) — ca(-, 7)) is nonconstant on any set of positive (Lebesgue)
measure. To this end, for any € X and i # j, observe that

. (cal@,y) = cale,y?) = =82 (2 - yP)2) - 324059 — y).

As such, if ||y @) # [y ], ca(z,y) — ca(x,y)) is constant on at most a set of measure zero,
as its gradient Vanishes on at most one point. If ||[y®|| = [y, ca(-,y?) # ca(-,y"¥) on X if
and only if y — y) ¢ ker(A). O

A.3 Proof of Proposition

We first address uniqueness of the optimal plan. For any z € RV, let ¢, : = €
minj<;<n {ca(z,y?) —z}. If 2 € X is such that ¢.(z) + ¢S(y@) = ca(z,y?)
¢:(2)+¢5(y") = calw,y?) forsome i # j, then ca(z,yV)) —ca(z,y) = ¢<(y) — o< (y ™).
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By Assumption|[T] the previous equality occurs on a p-negligible set. It follows from Theorem 5.30
in [53] that the optimal plan for OT 4 (uo, £1) is unique and induced by a map.

We now derive the expression for the optimal map. Let {(y(?)) = zAfori=1,...,N. By @) and
strong duality,

[ a0+ )~ cate)imatey) = 0.

As ¢,a(x) + ((y) < ca(z,y) for (x,y) € X x Y by definition, it follows that ¢, a (z) + ((y) =
ca(z,y) ma almost surely. As w4 isinducedby amap Ta : X = Y, ¢d,a(x) = ca(x,Ta(x)) —
((Ta(z)) po almost everywhere. However, ¢.a(z) = minj<;<y {ca(z,y@) — ((y?)}, so the
prior equality can only occur if T4 (z) = y(La(@); by Assumption I,a(x) is a singleton for p
almost every x € X. ]

A.4 Proof of Lemmal[l]

Forany A, A’ € Bp(M) and z, 2’ € RN with ||2]|o0 V [|2']|ec < K,

; <i>7.}7-{, (z‘>7<}< _ 39 T(A — ANV _ (s S
lgglN{cfx(%y) Zip = min ear(r,y) - zip) < max [ —322T(A = ANy — (2 — 2))|

<C(lz =l + A = A'[p),
for C =1V 32||X oo ||V ]|oo. Let T = {(2, A) € RY x Bp(M) : ||2||oc < K} and identify it with

a subset of RNVTdod1 via 7 : (2, A) € T+ (2, A0y1,..., Apya)- Let ||[7(z, A)|l-r = [|z]lo +
(A1, -+, Ayay)|l- By Theorem 2.7.11 in [50], Ny1(2C€, Go k., L* (1)) < N (e, 7T, || - ||-1)-

We now upper bound the covering number of 77". Observe that 77 C B.r(K + M), the closed
ball in RN+dods of radius K + M with respect to || - ||,r. The following argument is standard
(cf. e.g. Lemma 4.14 in [33]). Let S. be an e-net for B,7(K + M) with respect to || - ||
By definition, Ues, ( + 5§B-r(1)) C (K + M + §) B-r(1) and, as the sets on the left hand

side are disjoint, |S.| (£)" T vol (B,r(1)) < (K + M + &) % vol (B, (1)) ie. S| <

N—+dod N+dod
(M n 1) " It follows that N (e, 7T, || - |l,7) < (Mﬂ{egmm +1) "

We now provide an envelope for the class Gy k. Forany j € {1,..., N},

i _ 241,002 @ — .
min {=8llal[y | + 322l | Allplly | - = |

< mi (i>_,}<_ 211,312 @ — 5.
< min {ea@.y®) =z} < =8al?yD1P + 3202l Al eyl -

Letting, |mini<i<n {ca(z,y?) — 2z }| < 8|z|?| V|2, + 32M ||V ||so||lz]| + K = F(x) such that
F(z) serves as an envelope for Gy x .

By Theorem A.2. in [49],
\/ﬁE [”ﬂO,n - /-LOHOC,QO,K}

1
g ||F||L2(;L0)/O \/1+1OgN[](€HF||L2(,U«o)agO,KaLz(MODdG’

HFHLZ(M )

3C(K+ M) 2
§2C(K+M)/ \/1+(N+dod1)log (61{6<1}+1>d6,
0

<N F |l p2(ug) + 2C(K + M)\/N + dod,C’,

forC' = [° \/ log (21{c<1} + 1)de < oo, where the first inequality holds up to a universal constant.

Consequently, /7 [E||f0,n — ttollco,go 1] Sk,v,x (N + dody)"/? proving the claim. Finiteness of
the first integral in the display implies ug-Donskerness of Go g by Theorem 3.1 in [37].
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Next, let f, g € G1 k. Then, for any v € P (),

N N
17 = 0l = 3 (56 = 96 (D) < max (F60) — 9u™) Do vl(y®)),

: 1<i<N
1=1

—9lle2wy < llzp — 2glloo, Where zp = (f (y(l)) i (y(N))) satisfies || 25|00 <
K and z, is defined analogously. Thus, N (e, Gy k,L*(v)) < N(&,{]| - lo < K} | - lloo) <

(L) +1) N as before and, from Equation 2 in [49],

1

VIE [l — mllocg ] SE [ sup (/14 1og N(eK.Gu i, L2(v))de,
0 veP(Y)

g/ \/1—|—N10g(2]l{5<1}+1>de,
0 € -

<K ++VNC',

such that /0 [E|| i1 — p1loc,g1 x| Sk N /2. Again, finiteness of the above integral implies that
G1, ki is py1-Donsker (see Theorem 2.5.2 in [50]). O

A.5 Proof of Theorem

Assume without loss of generality that pg, i1 are centered. By equations (26)-(28) in the proof of
Theorem 3 in [57],

E [|D(f0,n: fi1,n)* — D10, 11)?|] < 2R*n™"? + E[|Da(fion, fir,n) — Da(po, 11)l] ,
up to universal constants. By the variational formulation of the SDGW problem (3)) and Theorem [T}

ID2(f10,n, ft1,n) — Da(po, p1)| < sup  |OT a(fto,n, f1,n) — OT a(po, p11)] -
A€Br (M)

For any A € Bp(M), let 24, 24" be optimal vectors for OT a(p0, 1) and OT A (fo,n, f11,n)
respectively with || 22| V [|z47| < K. Let pA(y¥) = 24, A (yD) = ;4” fori =1,...,N.
Then,

OT Ao, fi1n) — OT a0, 1) < / (G2)A d(jio p — o) + / B — 1),
OT A(fioms fitm) — OT a(ji0s 1) = / ($™)°A d(fio.p — 10) + / WA — 11).

As 92, it € Gy e and (¥ A)°A, (V714 € Go,xc, [0T A(fio.n, fi1,n) — OTa(po, )] < [lfz0.n —
#ollso,Go.re + 11,0 — #11]|00,6, .« - Conclude from Lemma |I|that

E HD(ﬂo,m fi1n)? — D(Mo,ul)QH SKxY (234 + VN +dody + \/ﬁ) n=Y2.

The claimed result follows from the inequality |z — y| < y~1|2? — y?| for 2 > 0,y > 0; noting that
D(0, 1) nullifies if and only if 1o and g1 can be related by an isometric map. |

A.6 Proof of Proposition 3]

For 1, concavity follows from the fact that ¢ and 1 are pointwise infima of concave functions (cf.
e.g. Theorem 5.5 in [39]]). As for Lipschitz continuity, if z, 2’ € X’° and

ca (x y( )) —ca (x’,y(i)> ’ .

Further, [ca (x,57)) — ca («/,50)| < 41112 [J2]2 = lo/]2] + 32Y° | M|z — o/
el = 12"12] = Tl = 2/ (]l + lla"]) < 2] ing Li
with a constant which is independent of A, 1, ;. A similar argument applies to ¢»*. The maximum
of the two Lipschitz constants serves as a shared Lipschitz constant.

A A
— <
lo7(@) — ()] < max

, and
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As for 2, it follows from Rademacher’s theorem and (1) (cf. e.g. Theorem 9.60 in [40]) that
©# is differentiable a.e. on X°. On the other hand, ¢ is differentiable at z € X’° if and only

conv ({Vaca(z,§?) : i € argmin, ;< v (ca(z, ) — 22) }) is a singleton by Danskin’s theo-
rem (see Proposition B.25 in [4]] and Theorem 25.1 in [39], observing that c4 (-, g(i)) is concave).

As Vyca(z,7D) = —=8z||5 P> — 324759, Vyca(z,59) = Vioca(z,59)) for at most one x if
(7) . .
5@ # |59 for i 7£ j (namely z = 4Am) and at no points z if ||z | = ||z7)|

for i # jas 7 — 519 & ker(A) by Proposmon As such, (A; )] , must partition X’° up to a

negligible set and VoA = V,ca(z,79)) on A;. It is easy to see that A; is an open set such that
D?pA can be computed classically on Aj.

To prove 3, by optimality of 24, 4 (z) + 24 = ca(x,7*) 74 almost surely for any optimal

coupling 4 for OT 4 (v, 1) as in the proof of Proposition Thus, there exists (9 € X° for
which 2 (2(") 4+ 24 = ca (2, §?) fori = 1,..., N. Hence,

$A0) = inf {eale.y®) - pA (@)} = 22,
and this