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Abstract

Tensor data, or multi-dimensional arrays, is a data format popular in multiple
fields such as social network analysis, recommender systems, and brain imaging. It
is not uncommon to observe tensor data containing missing values, and tensor com-
pletion aims at estimating the missing values given the partially observed tensor.
Sufficient efforts have been spared on devising scalable tensor completion algorithms,
but few on quantifying the uncertainty of the estimator. In this paper, we nest the un-
certainty quantification (UQ) of tensor completion under a split conformal prediction
framework and establish the connection of the UQ problem to a problem of estimating
the missing propensity of each tensor entry. We model the data missingness of the
tensor with a tensor Ising model parameterized by a low-rank tensor parameter. We
propose to estimate the tensor parameter by maximum pseudo-likelihood estimation
(MPLE) with a Riemannian gradient descent algorithm. Extensive simulation stud-
ies have been conducted to justify the validity of the resulting conformal interval.
We apply our method to the regional total electron content (TEC) reconstruction
problem. Supplemental materials of the paper are available online.
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1 Introduction

Tensor, or multi-dimensional array, has become a popular data format in several applica-

tions such as collaborative filtering (Bi et al.|[2018)), financial time series modeling (Li &

2021)), hypergraph networks analysis (Ke et al|2019), neuroimaging study (Li et al.
2018)), and astrophysics imaging analysis (Sun, Manchester, Jin, Liu & Chen|2023). Ten-

sor gains this popularity due to its efficient representation of structural high-dimensional

data. For example, in collaborative filtering (Bi et al|2018), the rating data is naturally

embedded in a 3-way tensor with each entry being the rating by a user on a certain item

under a specific context. In neuroimaging analysis (Wei et al[2023), as another example,

each brain voxel in the 3-way tensor is identified by its coordinate in the 3-D Euclidean

space.

Tensor completion (Yuan & Zhang|2016| Xia et al.| 2021} (Cai, Li, Poor & Chen| 2022)

is a technique that provides an estimator of the tensor when missing values are present.
Typically, given only one tensor sample with missingness, tensor completion aims at find-

ing a low-rank tensor that best imputes the missing entries. Various optimization tech-

niques (Kressner et al|2014] [Yuan & Zhang 2016, Wang et al|2019, Lee & Wang| 2020,

(Cai, Li, Poor & Chen| 2022, Qi et al.|2023)) have been proposed for computationally effi-

cient tensor completion and the statistical error of tensor completion has also been carefully

investigated (Xia et al.|2021]).

However, given the progress above, very little work has been done on the uncertainty
quantification of tensor completion. Existing work on the uncertainty quantification of

matrix completion (Chen, Fan, Ma & Yan 2019) and tensor completion (Cai, Poor &
2022)) typically relies on asymptotic analysis of the estimator by a specific completion

algorithm and assumes that data is missing uniformly at random. In this paper, we aim
to devise a data-driven approach that does not rely on a specific choice of the completion

algorithm nor assume the data is missing uniformly at random, which is more adaptive to



real application scenarios.

Conformal prediction (Vovk et al|2005)) is a model-agnostic approach for uncertainty
quantification. Recently, Gui et al.| (2023) applies the idea of conformal prediction to matrix
completion under the assumption that data is missing independently. The method requires
one to estimate the missing propensity of each matrix entry and weigh them accordingly to
construct well-calibrated confidence regions. In this paper, we generalize this idea to tensor
completion. The generalization is non-trivial, as one cannot simply reshape the tensor back
to a matrix for the conformal prediction without significantly increasing the dimensionality
of the nuisance parameter. We keep the tensor structure and leverage low-rank tensor
representations for dimension reduction. Furthermore, we do not assume data is missing
independently but allow for locally dependent missingness. We capture such dependency of
missingness by a novel low-rank tensor Ising model, which could be of independent interest.
Finally, we propose a Riemannian gradient descent algorithm (Kressner et al.|2014) for
scalable computation, which is necessary since tensor data is typically high-dimensional.

The key insight of the method is that one puts a higher weight on the tensor entries with
a higher probability of missing. Such a weighted conformal prediction approach (Tibshirani
et al.|2019) is also seen in spatial conformal prediction (Mao et al.|2022) and localized con-
formal prediction (Guan 2023)), where higher weights are put on neighbors in the Euclidean
or feature space. However, our method is significantly different in that we estimate the
weights by using the entire tensor and determine the weights of all tensor entries altogether,
while other methods determine the weight of each data locally and thus can be slow under
the tensor setting.

The remainder of the paper is organized as follows. We outline the notations used in
the paper in Section . Section [2| describes the conformalized tensor completion (CTC)
method and the probabilistic model for the data missingness. Section [3]is dedicated to the

computational algorithm of the CTC. We validate the performance of our proposed CTC



using extensive simulations in Section |4|and a real data application to a geophysics dataset
in Section[5 Section [0 concludes. The supplemental material contains technical proofs and

additional details and results of the simulation and data application.

1.1 Notation

Throughout this paper, we use calligraphic boldface letters (e.g. A, B) for tensors with at
least three modes, boldface uppercase letters (e.g. X,Y) for matrices, boldface lowercase
letters (e.g. u,v) for vectors, and blackboard boldface letters (e.g. S, T) for sets. To index
a tensor/matrix/vector, we use square brackets with subscripts such as [Al;, i, [X]i;, [ul:,
and will ignore the square brackets when it is clear from the context. For a positive integer
n, we denote its index set {1,...,n} as [n]. For a K-mode tensor with size d; X - - - X df, we
use S to denote [di] X - -+ X [d], namely the indices of all tensor entries, and we often use
a single index such as i, j, s instead of a K-tuple to denote elements from S for notational
brevity.

For any tensors X,y € R4**dx  we use vec(X),vec(Y) to denote the correspond-
ing vectorized tensors, where all entries are aligned in such an order that the first in-
dex changes the fastest. We use (X,Y) to denote tensor inner product and basically
(X,Y) = vec(X)"vec()). Tensor Frobenius norm || X|r is defined as /(X,X) and
tensor max-norm || X||s is defined as max,es |X;|. For any tensor X € R%**4x and any
matrix U € R7*%_ the k-th mode tensor-matrix product, denoted as X x;, U, is a tensor

of size dy X -+ X dj_1 X J X dpyq X --- X dj, that satisfies:

dy

[ 0 Uliyin g = Y& i (UL

ir=1
More preliminaries on tensor notations and the related algebra will be covered in later
sections, and we refer our readers to |[Kolda & Bader| (2009) for more references on the

related tensor algebra. In this paper, when referring to a tensor that is a random variable,



we add a tilde over the top of the tensor, such as W, X , and use the raw version W, X to
denote concrete samples. We add an asterisk to the superscript, such as X*, B* to denote

the non-random, ground truth parameters.

2 Method

Suppose we have a K-mode random tensor X of size dy X -+ X di. Further, suppose
that one obtains a sample X for X with part of the entries in X missing. To encode the
missingness in X, we define the binary missingness tensor W € {—1,1}4**4x and set
W, = 1 when X, is observed and W, = —1 when X is missing. We assume that the
missingness WV is a sample of a random binary tensor W whose likelihood is p(+).

The tensor completion problem (Yuan & Zhang 2016| Xia et al.|2021} Cai, Li, Poor
& Chen|[2022)) deals with estimating the values in X where W, = —1, i.e., where data is
missing. Although the main framework of our paper does not rely on a specific choice of
the tensor completion algorithm, it is beneficial to provide one example here, which is also
the algorithm we will be using in our numerical experiments and data application.

Since one only has one sample X of X , estimating the missing values in X is impossible
without imposing additional parsimony over the estimator. Following the literature on
tensor completion (Kressner et al|2014, Xia et al.[2021} |Cai, Li & Xia|2022b), we assume
that the estimator has a low tensor rank and solve for the estimator by the following
constrained least-square problem:

> (X - A (1)

ssWs=1

N | —

min
A:rank(A)<r

where the notion of tensor rank will be introduced later. We denote the minimizer of as
X. The goal of the paper is to quantify the uncertainty for X by constructing a confidence
interval C (f ) around X to cover X with a pre-specified level of confidence. The framework,

called conformalized tensor completion, will be introduced next.



2.1 Conformalized Tensor Completion (CTC)

Conformal prediction (Vovk et al.|2005) is a model-agnostic, distribution-free approach
for predictive uncertainty quantification. To put in the context of the tensor completion
problem, we utilize specifically the split conformal prediction (Papadopoulos et al.[|2002)
approach for its simplicity and scalability to complex data structures such as tensor data.
We leave the discussion of full conformal prediction (Shafer & Vovk 2008) to future work.

Split conformal prediction starts by partitioning all observed entries in X', whose indices
are denoted as S5, randomly into a training set S;. and a calibration set S.,. One first
provides a tensor completion estimator X using the training set only, say by solving for
using entries in S;.. Then one calculates the non-conformity score over the calibration set
by a score function S(X,, X,) such as S(X,, X,) = |X,—X,|. To quantify the uncertainty of
AA?S* at any missing entry s* € S,,;ss, Where S,,;5s includes the indices of all missing entries,

the canonical conformal interval at (1 — «) confidence level is constructed as C_, ¢+ (.f ) =

{z € R|S(z, X,-) < G}, with § defined as:

1
5 E i | 2
q Q <|Scal| + 1 S XS,XS |Scal| _I_ 1 + ) ( )

where 6, is a point mass at z = a and Q,(+) extracts the (1007)"™ quantile of a distribution.
The validity of such a conformal interval C’l,ays*(XA ) relies on the assumption of data
exchangeability (Lei et al.|2018). To put it in the context of tensor completion, we re-label

Seat U{s*} as {s1,...,Sns1}, with n = |S.u| and s,,4+1 = s* and define event & as:
E = {Ws =1lifand only if s € S, US',S" C {s1,..., 8,41} and || = n} . 3)
The data exchangeability assumption is equivalent to saying that the probability:

‘

is equal for all & = 1,...,n 4+ 1, where Sy, = {s1,...,8,11} \ {sx}. Equivalently, this

P{Wsk:—landwszlforseSk




states that conditioning on observing data only from S;. and n out of n + 1 entries from
{s1,...,8ns1}, it is equally likely to observe any n entries from {sq, ..., $,4+1}. This assump-
tion will hold when data are missing independently with the same probability, a common
assumption made in the literature on matrix/tensor completion uncertainty quantifica-
tion (Chen, Fan, Ma & Yan| 2019, Cai, Poor & Chen 2022). However, this assumption
might not hold when the data missingness is dependent or when the missingness is inde-
pendent but with heterogeneous probabilities. Therefore, it is necessary to account for
more general data missing patterns when conducting uncertainty quantification.

We modify the canonical conformal prediction to accommodate more general data miss-
ing patterns by re-weighting each calibration entry using the weighted exchangeability

framework (Tibshirani et al.[[2019). The result is summarized in Proposition

Proposition 2.1. For any testing entry s* € Spss, let s* = Spp1 and S U {s*} =

{s1,. ., Snt1} and Sg = {s1,...,Sns1} \ {Sk}, then define pr(s*) as:
pr(s*) =P <WS =1 if and only if s € Sy, U Sk> , (4)

fork=1,....n+1. Let X be the output of any tensor completion method using entries

only from S, and define gy« as:

" —~ . \ . pi(s*
G = Quoa | D wils") 05z, &) Twn1(57) Oyoo |, where wi(s”) = —n—f1< ) Ry
i—1 c > iy bi(s*)

(5)

and construct the (1—«)-level conformal interval as Cl—a,s*(f) = {z € R|S(x, XAS*) < s+ },

then given the definition of &y in , we have:

P <xs* € C1_qs(X)

80) >1-—a. (6)

We provide the detailed proof in Appendix [A.1] Proposition [2.1] indicates that as long
as one can properly weight each calibration entry in proportion to py(s*) as defined in (4)),

one can obtain the conditional coverage guarantee in @ A similar result to Proposition



has been established for conformalized matrix completion (Gui et al.2023), where the data
is assumed to be missing independently. In our paper, we do not assume independent
missingness but provide a more general statement that requires one to weight each cali-
bration and testing entry by directly evaluating the likelihood of W under n + 1 different
missingness, where each time we set 1 out of n + 1 entries as missing. In Section [2.2] we
will formally introduce the likelihood of the binary tensor W that nests the independent

missingness as a special case.

2.2 Missing Propensity Model

The key to constructing the conformal interval with coverage guarantee is to properly weight
each calibration sample by pg(s*) in , which requires the knowledge of the likelihood of
W. In practice, one does not have access to such knowledge but needs to estimate the
likelihood of W, given a single sample W, and then plug in to get an estimator
Dr(s*). Previous works (Chen, Fan, Ma & Yan 2019, (Cai, Poor & Chen|2022, |Gui et al.
2023) assume that all matrix/tensor entries are missing independently, potentially with
heterogeneous probabilities. This assumption, however, is not general enough. For example,
for spatio-temporal tensors, data might be missing together if located close in space or time.

Accounting for the dependencies of binary random variables turns out to be even more
challenging in our context because all the binary random variables in W are embedded
in a tensor grid with ultra-high dimensionality. In this paper, we do not account for
arbitrary data missing patterns but focus on independent missingness and locally dependent
missingness. These two types of missingness are common for many data applications,
such as recommender systems (Bi et al.|[2018)), neuro-imaging (i et al.|[2017), and remote
sensing (Sun et al[[2022)). A more flexible dependency structure for missingness could be

modeled; however, for tractability, we limit our focus to these two settings via the lens of

the Ising model (Cipra/|[1987), which provides a way of modeling dependency among binary



random variables.

To start with, the Ising model prescribes a Boltzmann distribution for w: p(W) x
exp[—BH(W)], where 3 > 0 is the inverse temperature parameter and H (W) is the Hamil-
tonian of W, describing the “energy” of W. In our paper, we extend the richness of this

model by augmenting p(W) with an unknown tensor parameter B € R4 **dx guch that:

p(W|B) o exp{—H(W|B)} (7)
H(W|B) ———Zg B, B)WW, — Zh (8)

where i, 7 € [dq]x---Xx[dk], g(+,-) and h(-) being pre-specified functions with § incorporated,
and ¢ ~ 7 means that the two entries indexed by ¢ and j are “neighbors”. For brevity, we
often denote ¢g(B;,B;) as g;; and h(B;) as h; for any 7, j. We call and our missing
propensity model.

One can interpret the unknown parameter B as a 1-dimensional feature of each tensor
entry. Each neighboring pair of entries ¢ and j contribute to the Hamiltonian via their
“co-missingness” W,W] and the interaction of their features B;,B; through g¢(B;, B;).
The function g(-, -) describes the tendency of neighboring entries to be observed or missing
together. Every entry ¢ also contributes to the Hamiltonian via h(B;), where the function
h(-) describes the tendency of each entry to be observed or missing. Here we provide two

concrete examples of the model.

Ezxample 2.2 (Bernoulli Model). Suppose that g(-,-) = 0, and let h(z) = 0.5 -log f(x)/[1 —
f(x)], where f(+) is an inverse link function (e.g., sigmoid function). The missing propensity

model indicates that every s € [d;] X - -+ X [d]| is missing independently with:

— 1, p= f(Bs)
Ws - (9>

Ezample 2.3 (Ising Model). Suppose that h(-) = z/2, and let g(x,y) = xy. Under this



scenario, the conditional distribution of Ws, given all other entries in W as W,S, is:

exp [283 D jeN(s) W, B, + BS]

p<Ws = HB:Wfs) = ——
1+ exp [235 S senis WiBB; + Bs]

= f(leas)v (1())

where N'(s) = {j € [dy] x -+ x [dg]|s ~ j}, and f(x|o) = [1 +exp(—x/c)]~! is the sigmoid
function with scale parameter ¢. This model is similar to the Bernoulli model in @ but
has an entry-specific scale parameter o5 = (23 v Wij + 1)~! that depends on the

missingness and feature of the neighboring entries.

Our missing propensity model shares several similarities with the previous literature on
modeling the missingness of matrix/tensor data. Liang et al.| (2016]), Schnabel et al.| (2016,
Wang et al.|[(2018) model the missing probability via a logistic regression model with mode-
specific features, which is similar to our setup in Example [2.2] with B having low CP rank.
(Ma & Chen| 2019) models the missing probability via denoising the binary missingness
mask with a nuclear-norm penalty Davenport et al. (2014), which is similar to our low-
rank setting introduced later. Our model is distinct in the sense that it explicitly models
the local dependency of the missingness, as characterized by the neighboring structure and
the bivariate function g(-,-).

Given the missing propensity model in @ and , we can compute the py(s*) according

to (4)) and obtain the conformal weight wy(s*) as:

. exp | =23, x(en) 9(Bug B, )Ws, — 2h(By,)

ZE) S exp 2250, e, 9B Bu )W, = 20(B,) |

with s1,..., 8, € Sear, 8* = S,41, and VNVS =1 onlyif s € S}, US.q U{s*}. The dependency
of wi(s*) on s* makes it computationally inefficient to scale to all s* € S,,;ss since one
has to temporarily set Ws* = 1 to compute all the weights. To speed up the computation,
we approximate the weight in by plugging in VNVS = W, for all s, which removes
the dependency of wy on s*. Although this simplification means that one cannot obtain

the exact conformal weights, in Appendix we show that the error caused by this

10



approximation over the distribution of the non-conformity score in ({5 is negligible, and we
also show this empirically in Section [4]

With this approximation, the conformal weight wy, is now proportional to (1 — ps, )/Ps,
where p, = p(W, = 1|[W]y = [W]y,Vs' # s) is the full conditional probability of entry s

being observed given all other entries. Next, we will discuss the estimation of B given W.

3 Estimating Algorithm

In this section, we discuss the details of estimating B based on a single binary tensor sample
W drawn from the missing propensity model specified by and . More specifically,
we attempt to estimate B using W, , the binary tensor with W, = 1 if and only if s € S;,.

We describe the estimation framework in Section [3.1 and the algorithm in Section [3.2]

3.1 Low-rank MPLE Framework

Since we only have access to one sample W and the tensor parameter B is of the same
dimensionality as W, it is infeasible to obtain an estimator B without imposing additional
constraints over B. Similar to previous literature (Wang & Li|2020, Cai, Li & Xia 2022a),
we assume that the tensor B has low tensor rank.

In this paper, we assume that the tensor B has a low Tensor-Train (TT) rank (Oseledets
2011)). A low TT-rank tensor A can be represented by a series of 3-mode TT factor tensors

Fip € Rre—xdexre | — 1 K ry=rg = 1, where for every entry of \A, one has:
[A}il,...,i;( - [fl]:ill[f2]li21 e [:F-K]:iKn (12)

with the right-hand side being a series of matrix multiplications. We say r = (71, ...,7x_1)
is the TT-rank of A and compactly, we write A = [Fy,..., Fg] and rank"(A) = r. As
compared to the more commonly used Tucker rank (Kolda & Bader|2009), the Tensor-

Train rank ensures that the number of parameters representing a low-rank tensor scales

11



linearly with K, the number of modes, making the low TT-rank tensors more efficient for
representing high-order tensors.

To ensure the identifiability of TT factors Fi,...,Fk in , it is often required that
Fi,...,Fx_1 being left-orthogonal. A 3-mode tensor F € R%*42xds ig Jeft-orthogonal if
L(F) L(F) = 14,x4;, where L(-) : Rfxdzxds s R(d1d2)xds jg the so-called left-unfolding op-
erator. Finding the representation of a low T'T-rank tensor under the left orthogonality
constraint can be achieved by the TT-SVD algorithm (Oseledets |2011). For completeness,

we restate the TT-SVD algorithm in Algorithm [1| and denote it as SVDY(-).

Algorithm 1 Tensor-Train Singular Value Decomposition (TT-SVD)

Input: Tensor X € R4k tensor-train rank r = (ry,...,7x_1).
A X, rg,rg + 1.
for k=1,..., K —1do
A < reshape[A, (ry—1dk, dt1 - - - di)]- % reshape(-, ) from MATLAB
Conduct SVD on A and truncate at rank r,: A ~ USV ',
Fi. < reshape[U, (ry_1, dk, rr)]-
A~ SV,
end for
Fx < reshape(A, (rg_1,dk, 1)).
Output: Tensor-Train representation X = [F, ..., Fi] with rank™(X) <.

Given the assumption that the tensor B has low TT-rank r = (r1,...,7x_1), wWe can
re-formulate the MLE of B as the solution of a low-rank tensor learning problem:
B= argmin —logp(W = Ws, |B), (13)
Birank' (B)<r
where rank"(B) = (r{,..., ;) < r means that 7}, <7, forany k=1,..., K — 1.
However, the likelihood in ([13)) is incorrect since we did not account for the random
splitting of the training set and the calibration set, and it is also difficult to evaluate the
normalizing constant of the likelihood. To tackle these issues, we consider estimating B by
the maximum pseudo-likelihood estimator (MPLE), which is a common approach for the

estimation and inference of the Ising model (Ravikumar et al.|2010L |Barber & Drton|2015,

12



Bhattacharya & Mukherjee2018). Formally, for each entry i, define p;(1) as:

pi(B) = p (W, = LW, = W5, ], Vs # 1. B)

exp |25 e 9B By W, |, + 2h(B)

= ) (14)
L exp |22 e 9085 By) W, | + 2h(B)|
and we often write it directly as p;. The low-rank MPLE of B can now be written as:
B= argmin (W, |B) = — Z log gp; — Z log (1 — gpi) , (15)

B:ranktt(B)ST iZ[WStT]izl Z':[WS”]Z.:,1
where ¢ € (0,1) is the probability of selecting an observed entry into the training set. We

discuss the optimization algorithm for solving next.

3.2 Riemannian Gradient Descent (RGrad) Algorithm

To solve for (15]), a natural idea is to directly estimate the tensor-train factors 71, ..., Txk
for B one at a time, while keeping the others fixed, and iterate until convergence. Such
an alternating minimization algorithm has been applied to low-rank binary tensor de-
composition (Wang & Li 2020, Lee & Wang| [2020). However, alternating minimization
is computationally inefficient here as each step requires fitting a generalized linear model
(GLM) with high-dimensional covariates. Another candidate approach for estimating B
is the projected gradient descent (Chen, Raskutti & Yuan 2019)), where in each iteration
one updates B along the gradient direction first and then projects it back to the low-rank
tensor space with TT-SVD. This is also undesirable since the projection for a high-rank
tensor can be very slow.

In this paper, we propose an optimization technique called Riemannian gradient de-
scent (RGrad), motivated by the fact that rank-r tensor-train tensors lie on a smooth
manifold (Holtz et al.|2012), which we denote as M. As compared to the aforementioned
methods, RGrad is faster because each step updates B with a gradient along the tangent

space of B, avoiding fitting multiple high-dimensional GLMs. Also, the projection from the

13



tangent space back to the manifold M, is faster than the projected gradient descent since
the tensors in the tangent space are also low-rank. RGrad has been extensively applied to
tensor completion (Kressner et al.|[2014, [Steinlechner|2016| Cai, Li & Xiaj20228)), general-
ized tensor learning (Cai, Li & Xia 2022d) and tensor regression (Luo & Zhang||2022). The
current work, to the best of our knowledge, is the first to apply RGrad to the low TT-rank
binary tensor decomposition. We break down the procedures of RGrad into three steps.

Step I: Compute Vanilla Gradient. We first compute the vanilla gradient V{(W,, |B)

at the current iterative value B. Formally, the vanilla gradient tensor G satisfies:
=2 Z W, ]j + ViWs,.]i) 9.(Bi, B;) + 21/ (B;)V;, (16)
JEN (i)
where g,(-,-) = 9g(-,-)/0x and V; = (1 — p;)(1 — qps) ' (qPi — Lypws, 1,=13), With p; defined
in . Typically, we require the neighboring structure N (i) to be symmetric across all
entries ¢ and require function g(x,y) to be a bivariate polynomial of the form Zm 5 CapTYP,
which would then allow one to compute (|16) much faster with convolutions.

Step II: Tangent Space Projected Gradient Descent. Suppose that the current iterative

value B has a tensor-train representation B = [T, ..., Tx|. Then any tensor A within the
tangent space T at B has an explicit form:

K
A:ZCk;, Ck:[7_1’7‘“7776—17yk77;i+17""TK]7 (17)

k=1
with the constraint that L(Yy)"L(Tz) = O, xr, for all k < K, where O is a zero matrix,
and Cj, has the property that (C;,C;) = 0 for all i # j. In this step, one projects the vanilla
gradient G from step I onto T and obtains the projected gradient Pr(G). Thanks to the

orthogonality of different Cy, the projection problem can be solved via:

1
. —_ —c 2 tc = e ey —1y P gy , 18
yk:L(yk)TrII‘l(%):OTerk 2Hg kHF’ i k [7;’ 77€ 1 yk 77€+1 TK] ( )

14



for any k < K — 1 and Y is unconstrained if £ = K. Solution to ([18]) is:

L(yk) _ [Irk,ldk . L(77<;)L(77<;)T} (ng—l ® Idk)T g<k> (szﬂ)T [sz-i-l (szﬂ)w —1’
(19)
for k < K —1 and:

L(Vx) = (B ' ol,) ¢, (20)

where ® is the matrix Kronecker product. In and , G<*> is the k-mode separation
of tensor G, which basically reshapes G to a matrix of size (ngk dl) X (Hl>k dl). Any tensor
B has its k-mode separation as B<¥> = BSFB2k+1 where BSF, BZ**! are called the k-th
left part and (k+1)-th right part. Given that B = [T7,. .., Tk|, one can recursively compute
B=F as (B=F"1 @1, )L(T;) and B=*! as R(Tr41)(Ly,,, @ B=*12) following the convention
that B=0 = B=K+! = 1 where R(-) : R4xd2xds , Rdixd2ds jg the right-unfolding operator.

After computing Y with and (20)), one ends up with Co=I[Ti,.... Y, ..., Ti] and
thus the projected gradient Pr(G) =), é\k With this projected gradient, one updates B
via B < B — jP1(G), where 7 is a constant step size.

Step III: Retraction. As a property of low TT-rank tensors, the updated tensor B has its

TT-rank upper bounded by 2r. To enforce the rank constraint, the last step of RGrad is to
retract B back to the manifold M. We do so by applying TT-SVD to B: B = SVD?(BV),
and B’ will be the value used for the next iteration.

We summarize the RGrad algorithm in Algorithm [2 To provide an initial estimator of
B, we apply TT-SVD to a randomly perturbed version of the binary tensor Wk,,, which
works quite well empirically. We typically set = 0.1 and denote the output of Algorithm 2]
as RGrad(W,,,r). The algorithm terminates when ||B" — B||r falls below a prespecified
threshold. By assuming d, = O(d), r;, = O(r), Vk and max, |N(s)| = O(K), the computa-
tional complexity of RGrad is O(K (d*r? + dr®)) per iteration. See Steinlechner| (2016) for
more details on the computational complexity of RGrad. In Appendix we verify the

numerical convergence of Algorithm [2| making runtime comparisons with competing meth-

15



Algorithm 2 MPLE of Low-rank Ising Model with Riemannian Gradient Descent

Input: Binary tensor W, , tensor-train rank r = (ry,...,rx_1), step size 7, train-
calibration split probability gq.
Initialize: let £ "% N(0,0%) and B « SVD(Ws, + &) = [T, .., Ti] by Algorithm .
for=1,..., 1. do
Compute the vanilla gradient G using (16).
for k=1,..., K do
Compute Y. following if k < K and if k=K.
Ck < [’Ti, R 77_;;_1,yk,77€+1, - 7TK].
end for R
Pr(G) « Y1, G
B+ B —nPr(9).
B« SVD(B) = [T, ..., Tx] by Algorithm [1]
end for R R
Output: Maximum Pseudo-Likelihood Estimator (MPLE) B with rank"(B) < r.

ods and exploring an adaptive stepsize scheme. We summarize the conformalized tensor
completion (CTC) algorithm in Algorithm [3|

Remark 3.1 (Fast Entry-wise Quantile Computation). In the last step of Algorithm , we
compute the empirical (1 — «)-quantile of the weighted eCDF of the non-conformity score
of all calibration data. The for-loop looks slow, as one needs to evaluate the quantile for

each testing entry s* separately. However, g,« can be computed faster via:

+00, if we > «

Q1o (Sueo 725 Osinzy) Hwe <o

l—ws*

which only requires one to evaluate the quantile of a fixed weighted eCDF shared by all
testing entries, and can be computed efficiently with sorting-based approaches or quantile
sketching (Greenwald & Khanna/2001)) if the calibration set is large in size.

Remark 3.2 (Rank Selection). The implementation of the CTC algorithm requires a proper
choice of the tensor-train rank r for the low-rank Ising model. Typically, in low-rank tensor
learning literature (Wang & Li 2020} Cai, Li & Xia}[2022a), either the Akaike Information
Criterion (AIC) (Akaike|1973)) or the Bayesian Information Criterion (BIC) (Schwarz|[1978)

is used for the rank selection. Unfortunately, they are not applicable here since we can only

16



Algorithm 3 Conformalized Tensor Completion (CTC)

Input: Data tensor X, tensor-train rank r, train-calibration split probability ¢ € (0, 1),
target mis-coverage a € (0, 1), arbitrary tensor completion algorithm .A.
S« {s€[dy] x -+ x [dg]|Xs # NaN}. % indices of entries that are observed
W+ 2 x 1{568} — 1.
Randomly partition S independently into S;. U S, with probability ¢ and 1 — gq.
X — A(As,,). % [Xs,,] = Xs if s € Sy, and NaN otherwise
B «+ RGrad(Ws,, , r). % RGrad(-,-) is Algorithm
for s € S.,; US® do

~ o~ ~ -1
Bo e {1+ exp |25 W, Lia(B,, B)) — 20(By)] |
Wy (1 —]55)]58_1.

end for

for s* € S° do % See Remark
Re-normalize wy, s € S,y and wg+ s.t. ZseSwl Wy + wex = 1.
Gy — Q14 (zsegml Ws B0, )+ Wsr o

end for

Output: (1— «)-level conformal interval C’l,a’s*(.f) — {z e R|S(z, Xy) < G}, Vs* € S°.

compute the pseudo-likelihood. According to previous literature on the model selection of
Markov Random Fields (Ji & Seymour{|1996, |Csiszar & Talatal2006, [Matsuda et al.[2021)),
one can replace the likelihood in AIC/BIC with pseudo-likelihood and obtain the Pseudo-
AIC (P-AIC) and Pseudo-BIC (P-BIC), which are still consistent under some regularity
conditions. The P-AIC and P-BIC are defined as:

K-1
P-AIC(r') = 20(Ws, |B) + 2 {Z [diri_yry, — ()] + dKr'K_l} . (21)

k=1

1

P-BIC(r') = 20(Ws, |B) + {Z [diry_qry, — ()] + dKr’K_l} log (H dk> . (22)

k=1 k=1

Among all candidate ranks, we select the rank with the smallest P-AIC or P-BIC. In
Section of the supplemental material, we provide empirical evidence on the consistency

of P-AIC and the inconsistency of P-BIC.

Remark 3.3 (Estimation and Coverage Error Bound). In Section of the supplemental
material, we derive theoretically the non-asymptotic bound for || B—B*||p under the special

case where g(z,y) = 0 (i.e. the Bernoulli model) and with the same assumption we further

17



derive the coverage probability lower bound of the CTC algorithm in Section [A.4] It is a
remarkable result that the estimating error, as well as the shortfall of the coverage from
the target coverage, increases with (r*d/d*)'/?, where r*,d, d* are [, 7%, > di, [ 1}, di for
B*, respectively. If one assumes that dy, = O(d),r, = O(r), Vk, then the estimation error

(K=1)/2_ Higher r/d indicates that the data missing

and coverage shortfall scales with (r/d)
pattern is more complex and thus the uncertainty quantification is harder. However, we
do not have the results when g(z,y) # 0 given theoretical challenges, we show empirically

in Section 4| that this tendency also holds for the Ising model.

4 Simulation Experiments

In this section, we validate the effectiveness of the proposed conformalized tensor comple-
tion algorithm via numerical simulations. We consider an order-3 cubical tensor of size
d x d x d and summarize our simulation settings below. Additional details about the simu-
lation setups and results are included in Section [C] of the supplemental material. Our code

is available on |GitHubl

4.1 Simulation Setup

We simulate the d x d x d true tensor parameter B* via the Gaussian tensor block model
(TBM) (Wang & Zeng [2019)), where B* = C x; U; x5 Uy x3 Uz + & with C € R™"*"
being a core tensor with i.i.d. entries from a Gaussian mixture model: 0.5 - N'(1,0.5) +
0.5-N(—1,0.5), and Uy, Uy, Uz € {0, 1}%*" with only a single 1 in each row and the noise
tensor & XN (0,0.2). We choose this model for generating B* to ensure that B* has
a checkerboard structure, as shown in Figure [I, and note that the noiseless part of B* is
also of low tensor-train rank. We re-scale the simulated B* such that |[|[B*||,c = 2. We
enforce each column of Uy, Uy, Us to have 1s in consecutive rows so that the simulated B*

demonstrates a noisy “checker box” structure, as illustrated in Figure [I|(a).
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Given the simulated B*, we then simulate the binary data missingness tensor W from
the Ising model. Throughout this section, we suppose that two tensor entries ¢ and j are
neighbors, i.e., ¢ ~ 7, if and only if their indices differ by 1 in just one mode. Consequently,
for 3-way tensors, each non-boundary entry has six neighbors. We simulate W from the
missing propensity model specified by and with a block-Gibbs sampler and generate
samples from a Monte Carlo Markov Chain (MCMC). The MCMC has 4 x 10* iterations
with the first 10* samples burnt in, and we take one sample every other 10? iterations to
end up with n = 30 samples. In Figure (b), we visualize one simulated W.

Lastly, the data tensor X is generated from an additive noise model: X = X* 4+ &,
which is similar to B*, with X* having a Tucker rank (3,3,3). The noiseless tensor X*
also possesses a “checker box” structure and is contaminated by the noise tensor £, whose
distribution depends on the specific simulation setting described later. We re-scale X* to
have || X*||.c = 2 and define the signal-to-noise ratio (SNR) of X as ||X*||s/||€||- and
re-scale € such that SNR= 2. The data tensor X is then masked by W, as plotted in

Figure [|(c).

(a) Ground Truth B* (b) Simulated Missingness w (c) Simulated Data Tensor & (d) Fitted B by RGrad

Figure 1: Visualizations of key tensors in the simulation setup. (a) Ising model parameter
tensor B* with d = 40,7 = 3. (b) Simulated binary tensor W with g(z,y) = zy/15, h(x) =

x/2. (c) Simulated data tensor X masked by W with ry = 3, SNR = 2.0 and & having
i.i.d. M(0,1) entries. (d) Estimated parameter B from RGrad based on a 70% training set.

4.2 Conformal Prediction Validation

To validate the efficacy of the proposed conformalized tensor completion (CTC) algorithm,

we consider the simulation setting with d € {40, 60, 80,100}, » € {3,5,7,9}, g(z,y) €
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{0, zy/15}. The noise tensor € is simulated based on two different uncertainty regimes: 1)
constant noise: [£]; N (0,1); 2) adversarial noise: [£]; follows independent Gaussian
distribution N'(0, 02), with o, = [2exp(B?)/[1+exp(B:)]~!. The adversarial noise simulates
cases where the missing entries have higher uncertainty than the observed entries.

For each simulation scenario, we apply the correctly specified CTC algorithm with P-
AIC selected rank and call it RGrad. As a benchmark, we also consider two other versions
of conformal inference: 1) unweighted: the unweighted conformal prediction; 2) oracle:
the weighted conformal prediction with the true tensor parameter B*. We conduct a
simulation over n = 30 repetitions, and for each repetition, we randomly split the observed
entries into a training and a calibration set with ¢ = 0.7 and evaluate the constructed
conformal intervals on the missing entries, denoted as S,,;ss. For the tensor completion
algorithm, we choose low Tucker rank tensor completion coupled with Riemannian gradient
descent (Wang, Chen & Wei|2023). We use the absolute residual S(y,y) = |y—y| as the non-
conformity score. To evaluate the conformal intervals, we define the average mis-coverage

metric as:

100 1
Average Mis—coverage % = @ Z T — m Z l{xgeafs(f)} ) (23)
r€Q miss ’

5E€Smiss
with Q = {0.80,0.81,...,0.98,0.99}. We plot the average mis-coverage with r = 3 in
Figure 2 We also plot the results with » = 9 in Section of the supplemental material.
According to the results, we find that with constant entry-wise uncertainty, even the
unweighted conformal intervals perform decently, but still have more mis-coverage than the
oracle case. Using our CTC algorithm significantly shrinks the mis-coverage and matches
the performance of the oracle case. Under the adversarial noise regime, we observed sig-
nificant mis-coverage (> 10%) of the unweighted conformal prediction, and using the CTC
algorithm provides conformal intervals with < 1% of mis-coverage, indicating that our

method helps in constructing well-calibrated confidence intervals.
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Figure 2: The average mis-coverage of three conformal prediction methods with d &
{40,60, 80,100}, r = 3 under the Bernoulli and Ising model. Two uncertainty regimes:
constant noise (const) and adversarial noise (adv) are considered. Results are based on 30
repetitions, error bars show the 2.5%,97.5% quantiles, and the thicker lines show the range
of 25% to 75% quantiles. The y-axis is plotted in logl0-scale.

The mis-coverage is even worse for the unweighted conformal prediction when missing-
ness is locally dependent based on the Ising model, and the CTC algorithm still provides
conformal intervals at the target coverage. In Figure of Section of the supplemental
material, we further show that the mis-coverage of the unweighted conformal prediction is
mainly under-coverage, as it cannot account for the increase of uncertainty in the testing
set under adversarial noise.

To provide a full landscape on how the conformal intervals based on our CTC algorithm
perform under different tensor rank r and tensor dimension d of the underlying parameter
B*, we visualize in Figure |3| the empirical coverage of 90% and 95% conformal intervals
under different missingness and uncertainty regimes by r/d, i.e. the rank-over-dimension
of the tensor B*, based on our RGrad method. Generally speaking, the higher r/d is, the
more difficult it is to estimate the missing propensity of the tensor data and thus the worse
the coverage of the conformal intervals, which echoes our theoretical result in Section
of the supplemental material. Therefore, we conclude that our proposed method would

provide well-calibrated conformal intervals when the underlying missingness model has a

low tensor rank relative to the tensor size (i.e., r << d).
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Figure 3: RGrad empirical coverage of the 90% and 95% conformal intervals under the
Bernoulli and Ising model with two noise regimes. x-axis is the r/d of the tensor parameter
B*. Results are based on n = 30 repetitions, and error bars are +1.96 standard deviations.

In Section of the supplemental material, we also compare our RGrad approach with
other binary tensor decomposition approaches, such as CP and Tucker decomposition,
for estimating the missing propensity and conducting conformal prediction. We find our
method performs consistently well under all kinds of dependency and uncertainty regimes.
In Section of the supplemental material, we further explore other choices of the non-
conformity score, including two-sided and normalized scores, and verify the performance of

conformal prediction under these settings.

5 Data Application to TEC Reconstruction

Our proposed method can account for the locally dependent data missingness, which is
a common data missing pattern for spatial data; therefore, we apply our method to a
spatio-temporal tensor completion problem in this section as an application. Specifically,
we consider the total electron content (TEC) reconstruction problem over the territory of
the USA and Canada. The TEC data have severe missing data problems since they can
be measured only if the corresponding spatial location has a ground-based receiver. An

accurate prediction of the TEC can foretell the impact of space weather on the positioning,
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navigation, and timing (PNT) service (Wang et al|2021, Younas et al.|2022). Existing

literature (Pan et al.| 2021 Sun et al.|[2022, [Wang, Zou, Sun & Chen|2023) focuses on

imputation and prediction of the global and regional TEC and lacks data-driven approaches
for quantifying the uncertainty of the imputation, and we aim at filling in this gap.

In Figure[d[a), we plot the TEC distribution over the USA and Canada from the VISTA

TEC database (Sun, Chen, Zou, Ren, Chang, Wang & Coster|2023). The VISTA TEC is

a pre-imputed version of the Madrigal TEC (MIT Haystack Observatory|2012)), which has

> 80% of the data missing globally. We use the VISTA TEC as the ground truth and the
Madrigal TEC data missingness to mask out entries in the VISTA TEC to simulate data

missingness close to what scientists observe in practice.

(a) VISTA TEC (b) VISTA TEC with Missingness (c) Estimated B
g o = Moo —

i i o b i 1 . |
120°wW 90°W 180° 150°W 120°wW 90°wW 180° 150°W 120°wW

23°N "

180° 150°W

0 5 10 15 20 25 30 0 5 10 15 20 25 30 -20 -15 -1.0 =05 0.0 0.5 1.0 15 2.0

Figure 4: (a) The VISTA TEC at 00:02:30 UT, September 1, 2017. (b) The VISTA TEC in
(a) with data missingness from the Madrigal TEC. (c) Fitted B based on the Ising model.

To set up the experiment, we use the first 20 days of data in September 2017, and
each day consists of a tensor of size 50 x 115 x 96. We use the first 5 days as a validation
set to search for the best g(-,-) function for the Ising model. For each day, we fit the
CTC algorithm with a simple tensor completion algorithm based on with a Tucker
rank at (3,3, 3) and pick the tensor-train rank r = (r,r) by P-AIC. Based on Figure 3| we
know that the Ising model exhibits under-coverage as r/d increases over 0.15; therefore,
we select the rank r from 2 < r < 7 only. For each day, we consider the Ising model with
g(z,y) = bry/4, h(z) = x/2, the Bernoulli model with g(x,y) = 0,h(z) = x/2, and the
unweighted conformal prediction for comparison. In Table [I|, we report the results on the

average mis-coverage % and the empirical coverage of 90% and 95% CI.
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method | mis-coverage % | 90% CI coverage % | 95% CI coverage %
unweighted 42.1(6.49) 46.3(6.58) 52.3(7.23)
Bernoulli 23.1(5.34) 64.6(5.97) 76.8(5.03)
Ising 6.01(2.45) 90.0(6.06) 94.2(3.74)

Table 1: Mis-coverage % and empirical coverage of CI at 90% and 95% level for the un-
weighted conformal prediction and weighted conformal prediction with Bernoulli and Ising
model for data during Sept 6 to Sept 20, 2017.

Unweighted Conformal Prediction Bernoulli Model
30{ —— prediction o —— prediction

coverage probability AT coverage probability
25 high missingness range - | H

20

Predicted TEC Value

25 30 10 25 30

0.95 [ | | | | I
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15 20 5 15 20
Ground Truth TEC Value Ground Truth TEC Value
Missing Probability by TEC Bin Ising Model
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Ground Truth TEC Value Ground Truth TEC Value

Figure 5: All except the lower-left panels show the average 95% conformal intervals and
the empirical coverage for 20 different bins of TEC values on Sept 6, 2017. Each bin spans
1.5 TEC units. The lower-left panel shows the missing probability of different bins. A bin
is termed “high missingness” if > 10% of the data is missing.

In Figure [5 we visualize the average 95% CI and its empirical coverage for 20 different
bins of TEC values on Sept 6, 2017. It is shown that the data missingness is not uniform
across different bins of TEC values, and different bins have different distributions of the
imputation errors (see how the prediction deviates from the truth), making the unweighted
conformal prediction less favorable, especially when data missingness is high. These empir-

ical results reveal that by accounting for the heterogeneity and the spatial dependency of

data missingness, one can construct well-calibrated confidence intervals using our method.
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6 Conclusion

In this paper, we propose a data-driven approach for quantifying the uncertainty of tensor
completion. Our method consists of two major steps. We first estimate the missing propen-
sity of each tensor entry using a parameterized Ising model with a low tensor-train rank
parameter, and then plug in the missing propensity estimator to weight each tensor entry,
and then construct the confidence region with split conformal prediction. We implement
the estimation of missing propensity with a computationally efficient Riemannian gradient
descent algorithm and validate the resulting conformal intervals with extensive simulation
studies and an application to regional TEC reconstruction. We focus on tensor-train rank
in our implementation, but our method can be easily extended to other tensor ranks as
long as the low-rank tensors lie on a smooth manifold.

There are two limitations of our method. Firstly, we do not have a systematic approach
to determine the best specification of the Ising model, e.g., the hyperparameters for the
function g(z,y) and h(x). We recommend using a joint gradient descent approach, where
one uses RGrad for B and gradient descent for the hyperparameters. Alternatively, one
can also try grid search on a held-out validation set.

Secondly, our Ising model can only account for locally dependent missingness, but not
arbitrary missingness. In our simulation experiment, we consider adversarial noise, which
is somewhat similar to the missing not-at-random (MNAR) scenario where the uncertainty
of the entry is related to the missing propensity. Our model can be extended to handle
more flexible missingness, such as those in Tabouy et al.| (2020), [Sportisse et al.| (2020).

We leave these topics to future research.
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SUPPLEMENTARY MATERIAL

This supplemental material contains three sections. Section [A] contains the proofs for

proposition [2.1] and additional theoretical results for the estimation error and coverage

guarantee for the Bernoulli model. Section [B| describes the technical lemmas used in Sec-

tion [A]l Section [C] contains additional details and results of the simulation experiments. All

figures, tables, and equations in the supplemental material are numbered with a prefix “S”,

which distinguishes them from the main paper numbering.
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A Proofs of Theorems and Propositions

Throughout this section, for any tensor B € R®**4x e use d, d* to denote > xdi and
1, dx, respectively. For any tensor-train rank r = (71,...,7x_1), we use 7* to denote [ [, 7.
Weusec,c,C, Cy, C4, . .. to denote positive absolute constants and ck, s, Ck, Ck 0, Ck 1, - - -
to denote positive constants that only relate to K. For two sequences {a,, }>2; and {b,}5°,

we use a, < b, to represent lim,_,, a,/b, = C > 0, with C' being finite.

A.1 Proof of Proposition

Proof. Given any testing entry s* € S,,;ss, we relabel all elements in S.,;U{s*} as {s1, ..., Spi1}-

Now recall the definition of & as:
E = {WS =1 for s € Sy USear, Sear U {s*} = {s1,...,Sns1} and WS =1 o.w.} ,

namely one observes data only at S, and n out of n + 1 entries from {sy,...,Sp41}
Let V denote the non-conformity score of the testing entry, then the weighted exchange-

ability framework in (Tibshirani et al.|(2019) states that one can treat V' as a weighted draw

50] |
.

where S, = {s1,...,Sn1} \ {sx}, for k =1,... ,n+1. Multiplying both the numerator and

from {S(X,,, X,,), ... ,S(X, .5(\5”“)}, with weight being:

—

P {Wsk :—1,WS:1 for s € S,

80:| - n+1 — —~
> P {Wsl =—1,W,=1forse§
I=1

PV =58X,,X,)

the denominator by P(&) leads to the weight in the form of py/ 1% pr, with py, defined
as . The coverage guarantee in @ is then a direct result of Theorem 2 of [Tibshirani

et al.| (2019). O
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A.2 Approximation Error of Conformal Weights

In this subsection, we estimate the additional errors introduced by the approximation we
made when computing the conformal weight in . Basically, to eliminate the dependency

of wi(s*) on the specific s* € S,,;55, we modify as:

exp _225- s g(BSk’BS]')WSj_Zh(BSk)
P L 2% e | SNCEY

n+1 n
S S exp [—2 S cnvion 9(Be B )Wy, — 2h(BSi)}

i.e. setting WSnH = —1 instead of 1. We summarize the result in the proposition below.

Proposition A.1. Let $1,...,8, € Seat, Sni1 = S* € Spuss, and let F*(-) be the CDF of

the distribution:
Zwi(s*) . 68()(5“‘,?%) =+ wnJrl(S*) . 6+OO’
i=1

with w;(s*) defined in (L1). Similarly, let F(-) be the CDF of the distribution:

Zwi . 55()(31-7232-) + Wn+1 * 5+ooa

i=1
with w; defined in (S.1)). LetNo = {i € [n]]s; € N(sn+1)}, and y(B) = minjen, g(Bs,, Bs,,)-
Then we have the following universal bound over |F*(z) — F(z)]|:

sup |[F*(z) — F(x)| < 3-max {1,e"® — 1} . Z wi(s¥). (S.2)

z€R keNo

Proof. Define a;, as exp |—2 Zsje/\f(sk) 9(Bs,, Bs, )W, — 2h(Bsk)] , and define a;, similar to

ax but replace Wsj with W,,. Then we have wy, = a/ ), a; and wi(s*) = ax/ ), a;. By
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definition, a; = a; if and only if i ¢ Ny. Then we have for any [ =1,...,n+ 1:
&l aj

ZjENO a; + Zj¢NO aj ZjeNo a; + ngéNo a;

(C~Ll — (ll> . ZjéNo Q; + (CNLZ - al) . ZjENo a; +ap - ZjENo (aj — dj)

<ZjeNo aj+ e, aj) (ZjeNo a5+ D jen, aj)

|ar — |a; — aj

+w - -
]%) D jemo G5+ 2 jgn, 4

|wi (%) — wi| =

<2 —
D jen i+ D g, 4

=2-wi(s") - (1 —exp [—4- Lyenyy - 9(Bs,, Bs,.)])

+ wy - Z wj(s*) . (1 — €Xp [_4 ’ g(BSj7BSn+1)])

J€No

< max {1, 647(3)_1} 12 wi(s™) - Luengy +wi - Z w;(s™)| - (S.3)

j€No

Then for any x € R, we have:
@)= Flo)l=| Y (wils") —w)

Z jwi(s™) — wil

i S(Xs,; X, )<

IN

< Z max {1, 647(3)_1} 2 wi(sT) - Tgiengy + wi - Z wj(S*)
i:S( X, X, )< J€No
< max {1, 647(3)_1} 2 Z wi(s*) + Z wi | - Z w;(s")
i€Ng i:S(Xsi,XAsi)SCC J€No
<3- max{l,e‘”(B) — 1} . Z wi(s").
keNg

]

Proposition provides a universal upper bound over the empirical CDF of the dis-
tribution of non-conformity scores under the exact and approximated weights. The upper
bound showed that the deviation is determined by the sum of the weights at all entries

that are neighbors of s*. Typically, we specify the neighbors of each tensor entry as all

37



entries whose indices differ on only one dimension. So for an order-3 tensor, each entry has
at most 6 neighbors, but the size of the calibration set is much larger, leading to generally
a very small deviation of the empirical CDFs. The bound in can be further refined
given specific B, but we leave this general conclusion here to show the minimal impact of

the approximation step.

A.3 Bernoulli Model Estimation Error Bound

In this subsection, we derive the error bound of the MPLE estimator B under the assump-
tion that g(x,y) = 0, i.e., all entries of W, are observed independently with probability
q(exp[—2h(B2)] + 1)7!. Evidently, under this assumption, the MPLE is identical to MLE
since the pseudo-likelihood is also the true Bernoulli likelihood. Our main result is in

Theorem [A.06] To establish the theoretical result, we make several additional assumptions:

Assumption A.2. h(:) : R — R is a non-decreasing, non-constant twice continuously

differentiable function with A”(-) > 0.

Assumption A.3. The MPLE estimator BB and the true tensor parameter B* have bounded

max-norm: ||B]|e, [|B*||s < €.

We define f(z) = exp[2h(z)]/(1 + exp[2h(z)]) and the following two constants:

_ oup PH@)|, e = inf mind [L@) @ _af'@ [ af@) ]’
ozg—‘x|§13§|2h()|a Ve = inf Hf(f”)] f(x)71—qf(x)+{1—qf(x)}}'

To see what these two constants represent, recall that the negative log-likelihood for W,
given B can be written as the sum of each entry’s negative log-likelihood ¢;([Ws,,]:|B),

which is defined as:

[Wstr]i + 1

(s 118) = | (P

Jowass) + (Y togtt — a8

It is not difficult to verify that ae upper bounds |0¢;(-|B)/0B;| and 7¢ lower bounds

0?(;(-|B)/0B? for all i as long as max, |B,| < £. By excluding the trivial case where h(-) is a
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constant function, a is strictly positive. If for all [z| < &, we have 1—(1—q) f(z)— f?(z) > 0,
then we can verify that v > 0 for common choices of h(-), such as the logit model
h(x) = x/2 or the probit model h(z) = 27 'log[®(x)/(1 — ®(x))]. For the remainder
of the appendix, we will assume generally that v, > 0, which is simply saying that the
function ¢;(-|B) is 7e-strongly convex.

Finally, it is useful to define the tensor spectral norm and the tensor nuclear norm here:

Definition A.4. For a tensor A € R¥* 4K its spectral norm, denoted as |All,, is
defined as:

HAHU = Sup <A,U10"'OUK>, Ug GSdk_17Vk7

where o denotes vector outer product and S*~! is a unit sphere in R%.

Definition A.5. For a tensor C € R%**dx_its nuclear norm [|C||, is defined as:

Ic||. :inf{Z)\T

With the aforementioned assumptions and notations, we have the following non-asymptotic

€= ZANH O---O0oUg, U € Sd’“l’Vk}.

bound on ||B — B*||y:

Theorem A.6. Assume that g(z,y) = 0 and assumption and hold, and further
assume that B reaches the global minimum of the negative log-likelihood {(Ws,,|B) and the

entry-wise negative log-likelihood is vye-strongly convex with e > 0, then:

1 = . Qg r*d -
_ < iy > 1 — — .
P (\@HB B < 2CK717§\/ = ) >1—exp (—CidlogK) , (S.4)

where Cy, Ck 1 are some positive constants.

-~

Proof. Using Taylor expansion upon ¢(Ws, |B) at B = B* yields:

-~

~ 1 ~ . —~
(W, |B) = (W5, |BY) + <V€(W§tr|B*), B - B*> + ;vec(B — B') TH(B)vec(B - B'),
(S.5)
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where B is a convex combination of B and B*. Since, by assumption, B reaches the global
minimum of (W, |B), or £(B) in short, we have ¢(B) < {(B*), and thus the sum of the
last two terms in are no greater than zero.

For the first term, let G* = V/(B*) and G* satisfies:

qf (B:)[1 — f(B2)]
1—qf(B)

G7]s = —[1— f(B)]- 21" (%) - Ty, 1o=1) + 20 () - L, Jo=—1}, (S-6)

and it is easy to verify that E[[G*|;] = 0 and ||G*||oc < a¢. By Lemma we can lower

bound the first term as:
(VeWs,1B),B-B") > ~||g"|,|B - B'].. (8.7)

By Lemma , we have ranktt(lg—B*) < 2r, and then by Lemma , we have ||B\—B* | <

V@) (2rg_y) - B — B*||p. Therefore, to lower bound the RHS of (S.7)), we only need
to upper bound the spectral norm of G*. Since entry-wisely, G* is mean-zero and bounded

by a¢ (therefore the sub-Gaussian norm is ), we can apply Lemma and get:

. 2
P <||g*||g < \/8042 {dlog5K+log ﬂ) >1-—0. (S.8)

By setting § = exp (—C’IJ log K ), with C' be some absolute constant, we can simplify (|S.8|)
as:

P (IG"lls < CaeVd) = 1 - exp (~Crdlog K) (8.9)

with Cx = /8 (loghK + C; log K +1).

Combining these results, we can lower bound the RHS of (S.7) by:
~G7 1B = B|l. > ~CicraeVdr+||B — B*r, (5.10)

with probability at least 1 — exp (—Cidlog K ), where Cg 1 = 2E-1/20..

For the quadratic form in (S.5)), we have:
1 R 5 R R
5vec(B — B')'H(B)vec(B - B') > %HB — B2 > 0. (S.11)
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Combining (S.10|) and (S.11)), we obtain:

1 5 Qe r*d -
P —|B—B* F§2CK,1_ — zl—exp —CldlogK N
(8- Bl <2002 ( )
which completes the proof. O]

Remark A.7. Under the scenario where d; < -+ < dxg < O(d) and 1 < ---rg_1 < O(1),

the result in (S.4) can be reduced to:

r

1~ i e K-1 -
p <ﬁ\|B—B e <225 (3) ) > 1—exp (—~Cidlog K) .

So the estimating error can scale with r/d, where a lower r/d generally poses an easier

binary tensor decomposition problem with lower root mean-squared error.

Deriving an error bound similar to Theorem is quite infeasible for the Ising model.

There are two major theoretical challenges:

1. showing the concentration inequality of the spectral norm of the gradient tensor G at
the true parameter B*. It is easier to derive it under the assumption that all entries

are independent (Lemma [B.4)), but much harder to do so under local dependency.

2. proving the strong convexity of the negative pseudo-likelihood near the true value
B*. Again, when the missingness is completely independent, this is feasible, as we
have proved in (S.11)). However, there is no such guarantee under the locally depen-
dent missingness since each entry’s missingness depends on the parameters within its

neighborhood.

Proving these facts requires a significant amount of extra research, and we leave this for

future theoretical works.
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A.4 Bernoulli Model Conformal Inference Coverage Guarantee

In this subsection, we utilize the theoretical result in Theorem and derive the coverage
probability lower bound of the CTC algorithm under the Bernoulli model. The result will
reveal how the estimating error of B* propagates into the mis-coverage rate. To begin with,
we state an essential lemma, which is a trivial extension of Theorem 3.2 of |Gui et al.| (2023)

under the conformalized matrix completion context:

Lemma A.8 (Theorem 3.2 of |Gui et al.| (2023)). Let X be the output of any tensor
completion algorithm, and B be the output of the RGrad algorithm and both .f, B are based
on Sy only, then given that g(x,y) = 0, we have:
1
B [m > Lixeor..ay| 21— a—ElA) (8-12)
miss SGSmiss

where 61_(%5(2\?) is the conformal interval for testing entry s at (1 — «) level by the CTC

algorithm and A is defined as:

1

S$EScqiU{s*}

expl-2n(B)] __ exp[-2h(B)
Zsesmzu{s*} eXP[_2h(l§s)] Zsegmlu{s*}exp[—Qh(B:)] : (S.13)

We neglect the proof here since the generalization from matrix to tensor setting is
trivial, as one can matricize the tensor into a matrix, and the result holds automatically.

By Lemma A.1 in Gui et al|(2023)), one can further upper bound A by:

A < lexp[=2h(B)] = exp[=2h(B)][l. (5.14)

D sc8,0 ©XP[—20(B;)]

where the h(-) is applied to tensors element-wisely and || - ||; is the element-wise tensor ¢;

norm. The quantity A is trivially bounded by 1 as it is the total-variation (TV) distance
between two CDF's of discrete random variables. With this lemma, we now formally state

our main result:

Theorem A.9. Assume that the same assumptions hold as Theorem[A.6 and further denote

le = infjy<¢ exp[—2h(z)], u¢ = supy, < exp[—2h(z)]. The (1 — a)-level conformal interval
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él_a,s(/l?) satisfies:

1 20}(165 T*CZ
E liyvoa  op|>l—a—- —22 %
P I SR e T i

SES'miss

(1 — q)d*le

— exp[—Cidlog K] — exp [— 5

} , (S.15)

for any 0 < ¢ < 1, where q is the train-calibration split probability in the CTC algorithm

and ce = ugog [ (7el?).

Proof. Given Lemma the coverage guarantee can be derived if one can characterize an

upper bound for E[A]. To upper bound A, we start from (S.14]) and bound the numerator

on the RHS of (S.14) as:

| exp[—2h(B)] — exp[—2h(B*)][l1 < sup |exp[—2h(x)] - 21 (z)| - | B — B[

|z|<¢

< ueag - |B = BY||y < ueae - Vd||B — B|lp.  (S.16)

Then we can apply the result of Theorem to further bound with high probability.

For the denominator of the RHS of , we can lower bound it first as n.qle, and for
Neal, Since each tensor entry can become a calibration point independently with probability
exp[—2h(B;s)](1 — ¢), where 0 < g < 1 is the train-calibration set split probability, we can

then apply the Chernoff bound and obtain:

P (e < (1 — ¢)(1 — q)|| exp[—2h(B*)][|1) < exp {—C (-9l exg[_%(lg*)]”l} . (S.17)

for any 0 < ¢ < 1. By denoting the event {n.u > (1 —¢)(1 — q)| exp[—2h(B*)]||1} as &

and the event in (S.4)) as £ and noticing that || exp[—2h(B*)]||1 > d*l¢, then we have:

2CK ueey  [red - (1 —q)d*le
PlAL ’ . . >1-— — log K| — -
( ST-at-g g Ve )=t eradie Rl mer [FEE T

where the probability is the lower bound of the probability of the event & N &;. With this
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tail bound on A, one can upper bound E[A] as:

2CKk (1% r*d - (1 —q)d*le
E[A] < : . . —Chidlog K - S.18
A=aga—g e Ve oG Riter T R
and thereby completes the proof. O

Remark A.10. Under the scenario where d; < -+ < dg < O(d) and 1y < -+ rg_1 < O(r),
the coverage shortfall in (S.15)), i.e. the difference between the lower bound in (S.15) and

(1 — «), can be simplified into:

oot () e e e [0 - ),

where cg g, Cf . are positive constants that only relate to K and §. The first term is of
polynomial order with respect to r/d while the other two terms are of exponential order
with respect to d, therefore the first term is the dominating term and the under-coverage

of the conformal intervals scale primarily with r/d.

B Technical Lemmas

All technical lemmas listed in this section are cited from existing works. Therefore, we

omit the proof here and refer our readers to the corresponding papers cited.

Lemma B.1 (Lemma 1 of Wang & Li| (2020)). For two tensors A, B € RU**dx thejr

inner product (A, B) can be bounded as:
(A, B)| < [l Al-IIB]l-,

where || - ||o, || - ||+ are the tensor spectral norm and the tensor nuclear norm, respectively.

Lemma B.2 (Lemma 24 of Cai, Li & Xia (20228)). Let A, B € R4W*>4K pe two low

tensor-train rank tensors with rank"(A) = ry, rank"(B) < ry, respectively. Then one has:

rank”(A + B) < r; +rs.
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Lemma B.3 (Lemma 25 of Cai, Li & Xia| (2022b)). Let A € R¥>**dx pe g Jow tensor-train
rank tensor with rank™(A) = r = (r1,...,7x_1) and has a left-orthogonal representation
A=[Ti,...,Tk], then:

Il < i - | Alls.

Lemma B.4 (Theorem 1 of Tomioka & Suzuki (2014)). For a random tensor A &€
R <xdi qyith mean-zero and independent sub-Gaussian entries with sub-Gaussian norm

o, its spectral norm satisfies:

; 2
A, < \/802 {dlog!ﬁK—l—log S]’

with probability at least 1 — .

C Appendix for Simulation

C.1 Details of Simulation Setup

We summarize the data-generating model of all essential tensors involved in the simulation

experiment in Table [S.1]

C.2 Results on the Missing Propensity Estimation Error

We examine here the effectiveness of the RGrad algorithm for recovering the tensor param-
eter B* from a single observation W. We consider d € {40,60, 80,100} and r € {3,5,7,9}
when simulating B*. For simulating W using the Ising model, we fix h(z) = /2 and con-
sider either g(x,y) € {0,zy/15}, where we term the case with g = 0 as the (independent)
Bernoulli model and the case with g(z,y) = zy/15 as the (product) Ising model. We split
the training and calibration set randomly based on a 70% — 30% ratio.

Under each combination of the choices of (d,r, g), we generate n = 30 repetitions from

a single chain of MCMC and fit RGrad to each repetition with the correctly specified
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Tensor Generating Model Additional Details
C "% 0.5 N(=1,0.5) + 0.5 - N(1,0.5)
1 10 0 - 0 0] "
B* B*:CX1U1X2U2><3U3 0 01 1 --- 0 0
C € R™™*7 U, € R%x7 Ui = : Do o :
0 00 0 - 1 1
and each row of U; has [d;/r;] ones.
simulate by block-Gibbs MCMC,
W p(W) x exp [-H(W|B*)] where in each proposal we first sample
based on (7)) and I = {(41,...,9K)| D ik is odd} then If.
Each block is a Bernoulli model.
X X=X"+E& X is then masked by W.
. X* =C* x1 Uj x, Ul x3 Us v TTe Tk T bid.
X C* e R3><13><31[J»f2 c fRdiiB s C 7U17U27U3 ~ N(07 1)
£ €], independent N(0,02) 5. = 1 constant.noise‘
0.5[1 + exp(—BZ)] adversarial noise

Table S.1: Details of the tensors generated in the simulation experiment.

g(-,-) and a working rank " € {2,3,...,15}. In Table , we present the average rank

selected by the P-AIC and P-BIC under the Bernoulli and Ising models with various (d, r)

combinations.
Bernoulli Model (g(z,y) = 0)
P-AIC P-BIC
rank | d=40 d=60 d=80 d=100|d=40 d=60 d=80 d=100
r= 3.0 3.0 3.0 3.0 2.0 2.0 3.0 3.0
r= 5.0 5.0 5.0 5.0 2.0 2.1(0.3) 4.0 5.0
r=716204) 7.0 7.0 7.0 2.0 2.0 20 2.3(0.4)
r=91 6.0(0.8) 8.8(0.4) 9.0 9.0 2.0 2.0 2.0 2.0
Ising Model (g(x,y) = zy/15)
P-AIC P-BIC
rank | d =40 d=60 d=8)0 d=100|d=40 d=60 d=80 d=100
r=313.4(2.0) 3.0 3.0 3.0 2.0 3.0 3.0 3.0
r=5|77(4.1) 5.0 5.0 5.0 2.0 4.0 5.0 5.0
r=7113902) 7.0 7.0 7.0 20  21(0.2) 4.0(0.2) 4.7(0.4)
r=29|13.9(0.2) 9.0 9.0 9.0 2.0 2.0 2.0 3.9(0.3)

Table S.2: Model selection result of the Bernoulli model and Ising model. Each number is

the mean rank selected by P-AIC/P-BIC with n = 30 repetitions followed by its standard

deviations, if non-zero. Boldface is the cases where the true rank is within 1.96 standard

deviations of the average rank.
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Based on these numerical results, we find that the consistency of P-AIC and P-BIC
depends on r/d, or the “low-rankness” B*. For tensors with high d and low r, both P-AIC
and P-BIC are consistent, and the inconsistency emerges as r/d becomes larger. Generally
speaking, P-AIC is more robust than P-BIC and is consistent across most of the simulation
scenarios except for two cases with small tensor sizes. We therefore suggest using P-AIC
for rank selection.

We then evaluate the fitted B with relative squared error (RSE) defined as: ||l§ —
B*||p/||B*||r. The results, as plotted in Figure[S.1] exhibit a tendency that as r/d becomes
larger, so does the RSE, which echoes the results of the model selection. Additionally, the
estimation error is lower for the Ising model, as compared to the Bernoulli model, given
the same r and d. We interpret this result as the Ising model estimator can leverage the
additional information from neighbors to infer the missing propensity of each tensor entry.
In Figure [I[(d) of the main paper, we plot the estimator for B* shown in [Ifa) by RGrad
based on a randomly chosen 70% training set, and it is clear that BB reconstructs B* very

well.

C.3 Results on Conformal Prediction Validation

As a companion result of Figure [2| we plot the empirical coverage and half of the average
confidence interval width of three conformal prediction methods under different simulation
scenarios in Figure [S.2] The mis-coverage of the unweighted conformal prediction comes
from under-coverage and is associated with shorter confidence intervals. The reason why
unweighted conformal prediction has under-coverage is that under the adversarial noise
setting, entries with higher missing propensity also have higher uncertainty, and using a
uniform weight underestimates the uncertainty of a missing entry. As one can tell from Fig-
ure [5.2] our CTC algorithm matches the oracle case quite well and provides well-calibrated

confidence intervals.
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Figure S.1: Relative square error of the MPLE B under the Bernoulli (left) and Ising model
(right). The results are based on n = 30 repetitions with the working rank of each sample
determined by P-AIC, and each model is fitted by a randomly chosen 70% training set.
Error bars show the 2.5% and 97.5% quantiles.
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Figure S.2: Empirical coverage and average confidence interval half-width of the three
conformal prediction methods across the Bernoulli and Ising model with constant (const)
or adversarial (adv) noise. Results are based on n = 30 repetitions, and error bars are
£1.96 standard deviations.

Apart from these results, we also compared other binary tensor decomposition methods

for estimating the missing propensity and conducting the weighted conformal prediction
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with our method. We mainly consider two competing methods other than the unweighted
and oracle conformal prediction: 1) GCP: binary tensor decomposition with generalized
CP-decomposition (Wang & Li 2020, [Hong et al.2020); 2) Tucker: binary tensor decom-
position with generalized Tucker-decomposition (Lee & Wang| 2020, Cai, Li & Xia/[20224).
Different from our approach, these two methods assume independence among all the binary
entries and thus they are misspecified under the Ising model. We conduct GCP with gra-
dient descent following Hong et al.| (2020) and Tucker with Riemannian gradient descent
following (Cai, Li & Xia2022a) and select the corresponding ranks using the BIC crite-
rion, as suggested by the literature. We consider r = 3,d € {40,60} and list the average
mis-coverage % under the constant and adversarial noise regimes as well as the RSE of the
estimated B in Table [S.3]

Our finding from Table is that our method consistently provides well-calibrated
confidence intervals close to the oracle case and performs, on average, better than the
GCP and Tucker method. Our mis-coverage % is statistically significantly better (p-value
< 0.005) than the Tucker method under the adversarial noise regimes across different tensor
dimensions and missingness generating models. The GCP method, surprisingly, provides
confidence intervals close to our method but has significantly larger RSE for the estimator
B. We found that CP-decomposition tends to underestimate the weights of the calibration
data; therefore, it has more testing data points with infinitely wide confidence intervals,

making it less favorable.

C.4 Results with Misspecified Tensor Completion Model

In this section, we demonstrate the property of our CTC algorithm under a misspecified
tensor completion model. We fixate on the scenario where B* has rank r = 3, and g(z,y) €
{0,zy/15}. We make a claim in Proposition that our conformal inference has valid

coverage under any arbitrary choice of the tensor completion algorithm that generated X.
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(d, Model) | Method | const. mis-coverage % | adv. mis-coverage % RSE
unweighted 0.463(0.244) 11.1(0.389) /
oracle 0.381(0.205) 0.409(0.232) /
(40, Bern) GCP 0.373(0.183) 1.66(0.965) 0.522(0.069)
Tucker 0.380(0.219) 0.841(0.431) 0.295(0.008)
RGrad 0.377(0.235) 0.773(0.404) 0.345(0.010)
unweighted 0.401(0.165) 11.0(0.241) /
oracle 0.202(0.082) 0.207(0.105) /
(60, Bern) | GCP 0.203(0.092) 0.380(0.298) 0.281(0.036)
Tucker 0.199(0.079) 0.842(0.231) 0.244(0.005)
RGrad 0.200(0.078) 0.821(0.226) 0.271(0.004)
unweighted 1.19(0.298) 17.3(0.528) 7
oracle 0.568(0.278) 0.666(0.331) /
(40, Ising) | GCP 0.870(0.597) 1.24(0.840) 1.81(0.621)
Tucker 0.504(0.241) 1.80(0.653) 0.444(0.010)
RGrad 0.713(0.377) 1.13(1.21) 0.341(0.304)
unweighted 1.35(0.243) 17.2(0.310) /
oracle 0.302(0.136) 0.370(0.242) /
(60, Ising) | GCP 0.349(0.181) 0.638(0.506) 1.59(1.16)
Tucker 0.329(0.216) 2.03(0.368) 0.404(0.007)
RGrad 0.356(0.154) 0.580(0.339) 0.224(0.003)

Table S.3: Method comparisons of different conformal prediction methods with » = 3.
The results include the average mis-coverage % defined in under the constant (const.)
and adversarial (adv.) noise regimes as well as the relatively squared error (RSE) of the

estimator B.

To exhibit the impact of model misspecification on the conformal inference, we generate

the data tensor following X = X* + £, with X* having a Tucker rank at (5,5,5) and €

following either constant or adversarial noise (see Section [4.2| for detailed definition). Then

we run a tensor completion algorithm with a working rank of (k, k, k), k € [1,15], and we

compute the average coverage and confidence interval width for the 90% CI, where the CI

is generated with our CTC algorithm with BB estimated using RGrad. We report the results

under tensor dimension d € {40, 60, 80,100} in Figure [S.3|

In line with our expectations, we observe that the coverage probability remains well-

calibrated at 90% across all simulation scenarios, regardless of the tensor completion rank.

An exception is when missingness is correlated g(z,y) = zy/15 and when the tensor di-

mension is low at d = 40, which is not surprising given that the estimation error for B is
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Figure S.3: CTC 90% confidence interval coverage and width against different tensor com-
pletion model ranks, under different tensor dimensions d, additive noise distribution (adv.
= adversarial, const. = constant) and missingness correlations (as specified by g(-,-)).
Results based on 30 repetitions, and B has a fixed rank of r = 3 and B estimated by

Algorithm

higher. Also, we notice that the CI width is optimal under the correct rank (k = 5), and
becomes slightly worse when one overspecifies the model and significantly worse when one
underspecifies the model. The conclusion is that our CTC algorithm has well-calibrated
coverage probability and will have sub-optimal CI width when one misspecifies the tensor
completion model. Given that the tensor completion model can properly select the rank
using model selection criteria like AIC/BIC, we consider this a minor issue for our CTC

algorithm.



C.5 Results on Other Non-conformity Scores

In this section, we expand the experiments conducted in Section by considering other
choices of the non-conformity scores. We primarily consider two additional types of scores.
Firstly, the two-sided non-conformity score, which is basically S(X, .fs) = X, — X,. For

any s* € Syuss, similar to (5]), we define gy, and Gy, as:

—~ g * * * 8*
Gera = Qu-ayz | D_wils") 05, 2, +Wnia(s) - Gsoo |, where wy(s") = %»
P o > icy pils¥)

n *
e r = Q140)/2 (Z wi(s*) - Og(x,, 2,,) T Wnia(s”) - 5+oo> , where wy(s") = %—8)7
p— o > ity pi(s*)
and construct the (1—a«)-level conformal interval as Cl—a,s*(»f) = {x € R|Gs; < S(x, XAS*) <
G}

The second type of score is the normalized non-conformity score, which is defined as
S(X;, é/t'\s) = | X — i'\s|/ﬂ5, where u, is a prior estimate of the uncertainty at s. The u;
can be based on the uncertainty quantification of tensor completion estimators. Typically
for matrix/tensor completion work with uncertainty quantification (Chen, Fan, Ma & Yan
2019, |Farias et al.| 2022, Gui et al. 2023 Ma & Xia [2024)), all entries are assumed to be
missing independently with the same probability, which makes it harder to directly utilize
the asymptotic normality of the estimator for quantifying 7, under our context. In this
section, we use the entrywise confidence interval for tensor completion with low Tucker
rank, which is also the completion algorithm we use, from Ma & Xial (2024)) (see Corollary
1). For each @, it is proportional to ||Pr(Z,)||r, where T is the tangent space of X and Z,
is a binary tensor with all but one entry being 0, and entry s being 1. This is essentially a
misspecified model since our data are not missing uniformly at random. The (1 — «)-level

conformal interval is constructed via C’l_ms*(f) = {z € R| ‘Xs* ~ A,

S é\s* . as*}, where
s+ is defined similarly as , with the non-conformity score being the normalized score.

We re-run the experiment in Section and summarize the average mis-coverage%,
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as defined in , in Table . From Table , we saw generally no significant gain in
using either score. Given that the prior uncertainty estimates @, are under a misspecified
model, we even see some worse coverage when using the normalized score. In Figure [S.4]
we also plotted the average width of the 90% confidence interval under un-normalized,
normalized, and two-sided non-conformity scores. The impact of misspecifying the prior
uncertainty estimate is making the confidence interval wider. Overall, our results suggest

that the miscoverage is mild under any of these non-conformity score definitions, which

also showcases the robustness of our approach.

. RGrad RGrad
Model d Unweighted Oracle RGrad Normalized Two.sided
Constant Noise

d=40 0.46 (0.24) 0.38 (0.21) 0.38 (0.23) 0.44 (0.25) 0.38 (0.23)

Bernoulli d=60 0.4 (0.17) 0.2 (0.08) 0.2 (0.08) 0.21 (0.11) 0.2 (0.08)
d=80 0.44 (0.1)  0.12 (0.06) 0.12 (0.06) 0.12 (0.06) 0.12 (0.06)

d=100 0.37 (0.08) 0.09 (0.06) 0.09 (0.06) 0.09 (0.04) 0.09 (0.06)

d=40 1.19 (0.3)  0.57 (0.28) 0.71 (0.38) 0.82 (0.41) 0.71 (0.38)

sing d=60 1.35(0.24) 0.3 (0.14) 0.36 (0.15) 0.36 (0.17) 0.36 (0.15)
d=80 1.4 (0.11)  0.22 (0.12) 0.21 (0.15) 0.23 (0.14) 0.21 (0.15)

d=100 1.26 (0.09) 0.12 (0.07) 0.12 (0.07) 0.16 (0.11) 0.12 (0.07)

Adversarial Noise

d=40 11.12 (0.39) 0.41 (0.23) 0.77 (0.4) 0.73 (0.46) 0.79 (0.41)

Bernoulli d=60 11.05 (0.24) 0.21 (0.1) 0.82(0.23) 0.72 (0.24) 0.83 (0.23)
d=80 11.24 (0.14) 0.14 (0.07) 0.89 (0.15) 0.82 (0.16) 0.89 (0.15)

d=100 10.81 (0.12) 0.1 (0.07) 0.81 (0.12) 0.74 (0.1) 0.81 (0.12)

d=40 17.31 (0.53) 0.67 (0.33) 1.13 (1.21) 1.17 (0.83) 1.06 (1.21)

sing d=60 17.23 (0.31) 0.37 (0.24) 0.58 (0.34) 0.51 (0.28) 0.59 (0.35)
d=80 17.61 (0.2) 0.25(0.14) 0.5 (0.26) 0.43 (0.27) 0.51 (0.25)

d=100 17.08 (0.12) 0.17 (0.12) 0.53 (0.2) 0.49 (0.19) 0.53 (0.19)

Table S.4: Average mis-coverage% (and standard deviation, also in percentage) for un-
weighted, oracle, RGrad, RGrad with normalized non-conformity score, and RGrad with
two-sided non-conformity score. We set r = 3 in all cases, and the results are based on 30
iterations.
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Figure S.4: The average width of the 90% conformal interval of conformal prediction meth-
ods under three different non-conformity scores, with d € {40, 60, 80,100}, » = 3 under the
Bernoulli and Ising model. Two uncertainty regimes: constant noise (const) and adver-
sarial noise (adv) are considered. Results are based on 30 repetitions, error bars show the
2.5%,97.5% quantiles, and the thicker lines show the range of 25% to 75% quantiles.

C.6 Algorithm Stepsize Selection, Runtime and Convergence

In this subsection, we further explore the convergence, running time, and step size choice
of the Riemannian Gradient descent algorithm. In Algorithm [2, we set a fixed step size
n = 0.1, which can be quite restrictive. Here, we explore an alternative step size scheme
based on linearized line search. Specifically, at iteration (I + 1), we start with a relatively
large stepsize 7', and check if the following Armijo condition holds for a prespecified hyper-

parameter o:

{ (Wi |B)) — € (W4, |SVD} (B, — 1/ Pr,(G1))) > o - 1| Pr,(G) |17 (S.19)

If it does not hold, we set 7’ < 7//2 and continue checking. Basically, we are selecting
a step size that reaches sufficient descent of the target negative pseudo-likelihood £(-). In
Figure [S.5] we compare the runtime per iteration of our Algorithm [2] with fixed n = 0.1
(RGrad), Algorithm [2[ with adaptive step size (RGrad-adaptive), and the binary tensor
decomposition with generalized CP-decomposition (Wang & Li 2020, Hong et al.|2020)
(GCP), where the GCP is essentially based on a gradient descent algorithm. For GCP, we

use the MATLAB Tensor Toolbox for implementation and set the CP rank such that the
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number of parameters is roughly the same as our tensor-train decomposition parameter.
We see that the RGrad-based algorithm is much faster than the GCP per iteration.

It is also our empirical observation that RGrad-adaptive requires a much smaller number

of iterations on average than the other two algorithms, indicating the potential of further

speeding up our algorithm.
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Figure S.5: Runtime in seconds per iteration comparison. All three algorithms are run on a
2x 3.0 GHz Intel Xeon Gold 6154 CPU. Errorbar show the 2.5% and 97.5% quantile across
30 iterations.

We further check the convergence of our RGrad algorithm and the robustness of our
initialization method. For convergence, we fit our RGrad under d € {40, 60,80, 100} with
r = 3, and measure the relative squared error (RSE) of B across both Bernoulli and Ising
models. The RSE is simply ||B — B*||p/||B*||r. We show the result in the left panel of
Figure We generally see that the higher the tensor dimension, the lower the error is.
There is an error bound for the RSE, and generally, one requires a higher dimension relative

to rank to converge to the true tensor B*. In the middle and right panel of Figure we
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plot the initialization RSE and final RSE of the RGrad algorithm under various standard
deviations of the error £ that we apply to the binary tensor W for the spectral initialization.
We found that regardless of the initialization error, the final error is the same, and thus we

could simply do a low-rank TT-SVD over W as initialization.
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Figure S.6: Left: Final estimator RSE vs. Tensor Dimension for RGrad. Middle & Right:
Initialization and Final RSE of the estimator across various levels of random perturbation

of the binary tensor during spectral initialization. All results based on 30 iterations and
confidence bands are £1.96 std.
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