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Abstract

Understanding how the test risk scales with model complexity is a central question in machine
learning. Classical theory is challenged by the learning curves observed for large over-parametrized
deep networks. Capacity measures based on parameter count typically fail to account for these
empirical observations. To tackle this challenge, we consider norm-based capacity measures and
develop our study for random features based estimators, widely used as simplified theoretical models
for more complex networks. In this context, we provide a precise characterization of how the
estimator’s norm concentrates and how it governs the associated test error. Our results show that
the predicted learning curve admits a phase transition from under- to over-parameterization, but
no double descent behavior. This confirms that more classical U-shaped behavior is recovered
considering appropriate capacity measures based on models norms rather than size. From a technical
point of view, we leverage deterministic equivalence as the key tool and further develop new
deterministic quantities which are of independent interest.

1. Introduction

How the test risk scales with the data size and model size is always a central question in machine
learning, both empirically and theoretically. This is characterized as the shape of generalization, i.e.,
learning curves, that can be formulated as classical U-shaped curves [48], double descent [5], and
scaling laws [24, 53].

In these learning curves, the model size, i.e., the number of parameters, provides a basic measure
of the capacity of a machine learning (ML) model. However it is well known that model size
cannot describe the “true” model capacity [2, 57], especially for over-parameterized neural networks
[4, 56] and large language models (LLMs) [7]. The focus on the number of parameters results in
an inaccurate characterization of the learning curve, and consequently, an improper data-parameter
configuration in practice. For instance, even for the same architecture (model size), the learning
curve can be totally different, e.g., double descent may disappear [35, 36]. A natural question raises
that: What is the shape of generalization under the lens of a suitable model capacity than model size?
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(a) Empirical observations from Figure 8.12 of [39] (b) Our theory

Figure 1: Fig. 1(a) presents previous empirical observations from [39, Fig. 8.12] in the random feature
model. Fig. 1(b) precisely characterize the learning curve from our theory and perfectly matches our
experiments (shown by points) with training data {(x;, y;) }_;, with n = 300, sub-sampled from
the MNIST [26] with d = 748. The feature map is defined as p(x, w) = er f({x, w)) with random
initialization w ~ AN(0, I). Note that whether the curve is finally lower than before is different
between Fig. 1(a) and Fig. 1(b), mainly because of data, see more discussion in Appendix 1.3.

In a ML model, its parameters can be represented as vectors, matrices, or tensors, and hence
the model size is characterized by their dimensions. However, to evaluate the “size” of parameters,
a more suitable metric is their norm. This is termed as normed based capacity, a perspective
pioneered in the classical results indicated by [2]. Indeed, norm based capacity/complexity are widely
considered to be more effective in characterizing generalization behavior; see e.g. [14, 29, 38, 46]
and references therein. For instance, path-norm based model capacity empirically demonstrates
a quite strong correlation to generalization while other metrics of model capacity may not [23].
Additionally, minimum norm-based solution received much attention as a possible way to understand
the learning performance of over-parameterized neural networks in the interpolation regime; see e.g.
[4, 27, 36, 49, 56].

Empirical observations on the learning curve under norm-based capacity have been discussed
in the lecture notes [39, Fig. 8.12], as shown in Fig. 1(a): when changing the model capacity from
model size to parameters’ norm, the learning curve is changed from double descent to a “@”’-shaped
curve. However, a precise mathematical framework on obtaining/understanding this curve is still
lacking. The goal of this paper is to investigate this curve by addressing the following fundamental
question:

What is the relationship between test risk and norm-based model capacity, and how can it be
precisely characterized?

In this work, we take the first step toward answering this question, as illustrated in Fig. 1(b).
Compared to the classical double descent curve w.r.t. model size p, we quantitatively characterize
the relationship: test risk vs. norm-based capacity. Our theoretical predictions (shown as curves)
precisely predict the empirical results (shown as points). More broadly, our results address how
the learning curve behaves under more suitable model capacities—specifically, whether classical
phenomena such as the U-shaped curve, double descent, or scaling laws persist or are fundamentally
altered. We believe this opens the door to rethinking the role of model capacity and the nature of
learning curves (e.g., scaling laws) in the era of LLMs.
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Table 1: Summary of our main results for RFMs on deterministic equivalents and their

relationship.
Type Results Regularization ~ Deterministic equivalents N Relationship between R and N

Theorem 2 A>0 Asymptotic -

Deterministi

ef]jir:;ig:c: Theorem 30 A—0 Asymptotic -
Theorem 36 A>0 Non-asymptotic -
Theorem 31 A—0 - Over-parameterized regime
Theorem 37 A—0 - Under A = I, (n < m < 00)

Relationship
Theorem 33 A—0 - Under Theorem 32 (power-law)
Theorem 34 A>0 - Under Theorem 32 (power-law)

2. Contributions

We consider linear and random features models (RFMs) regression to precisely characterize
the relationship between the test risk and the capacity measured by the estimator’s norm. The key
technical tool we leverage is the deterministic equivalence technique from random matrix theory
[9, 12], where the test risk R (depending on data X, target function f*, and the regularization
parameter A) can be well approximated by a deterministic quantity R (with data size n and model
size p), i.e.,

R(X, fo, A) = (1+0n" ) +0(p Y?)-R(Z, fu, \),  asymptotically or non-asymptotically

where R(X, fi, \) is the exact deterministic characterization only depends on f*, expected data
covariance X, “re-scaled” regularization parameter A, or other deterministic quantities. In our work,
we aim to build the deterministic equivalents N of the estimator’s £5 norm N, both asymptotically
and non-asymptotically, and derive a corresponding relationship between R and N, allowing a precise

characterization, i.e.
Our target

N(X, f, N) = A1+0(n~Y2)+0(p~?))-N(Z, f., A\s) = R = g(N) for some function g.

The main results are given by Table 1 for REMs, which covers random features ridge regression
as well as min-norm estimator (A = 0). Results for linear regression are deferred to Appendix D due
to page limit. Deriving results N on norm-based capacity is more chandelling than for test risk. This is
because, we need to explore new deterministic quantities, which are of independent interest and more
broadly useful. Specifically, we derive the deterministic equivalents w.r.t. Tr(AX T X (X" X +)\)~1)
for any positive semi-definite (PSD) matrix A while previous work only handled A := I [1, 12, 33].
Moreover, non-asymptotic results, those valid for finite n, p = Q(1) rather than in the asymptotic
regime n,p — 00, on norm-based capacity require more technical conditions. In particular, they
involve non-asymptotic bounds on deterministic equivalents of differences between random quantities.
Due to the complexity of the formulations, we present these results in the appendix.

After that, we establish the characterization of R = g(N) under isotropic features and further
illustrate the scaling law under classical power law scaling assumptions. The derivation requires
non-trivial calculation and integral approximation by eliminating the model size p.
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3. Main results
Random features models (RFMs) [28, 43] can be regarded as two-layer neural networks with
f(x;a) = f Sk i1 ajp(@, w;), where ¢ : R? x R? — R is a nonlinear activation function. The

first-layer parameters {w; }!_, are sampled i.i.d. from a probability measure 1, and kept unchanged
during training. We only train a by solving the following random features ridge regression

n
-1
@ := arg min {Z f(xsa)® + >\||a||§} = (ZTZ + AIp) Z'y, ZecRP. (1)
ack? =1
where the feature matrix is [Z];; = p~/?p(2;; w;) and A > 0 is the regularization parameter. We

also consider min-¢>-norm solution ()\ = 0), i.e., @min = argmin, ||al|2,s.t.Za = y.
To mathematically characterize the phenomena in Fig. 1 under norm-based capacity, in this

section, we firstly derive the bias-variance decomposition for the norm E. a3 =: NZFM =
BRF M VRF M- (with definition later), then relate BRF M and VRF M to their respective determmlstlc
equlvalents BEF/\M and VﬁF)\M . We need the followmg assumption for derivation.

Assumption 1 (Concentration of the eigenfunctions [12]) Recall the random vectors v := ({005 (%)) p>1
and ¢ = (§pdr(w))k>1. There exists Cy > 0 such that for any PSD matrix A € R>*> with
Tr(AA) < oo and any t > 0, we have

P (|47 Av AN 2 AN ) = Con -

P (‘¢TA¢ - Tr(AA)‘ > t||A1/2AA1/2HF) < Ce T,

This assumptions holds for sub-Gaussian distributions and more generally, distributions that satisfy
a log-Sobolev or convex Lipschitz concentration inequality [9]. Next we present the deterministic
equivalence results of NJF"M | deferring the proof to Appendix G.1.

Theorem 2 (Deterministic equivalence of /\ffF My The bias-variance decomposition of RFM’s
norm Ec||al|3 is given by E.||a||3 =: NEI'M = BRFM + VRFM. Under Assumption 1, we have

the following asymptotic deterministic equivalents BRF M Bﬁ}:\M , VRF M VﬁF)\M and thus
RFM RFM RFM RFM
NEM o NEFM = BREM 4+ VY

BRFM PO, AN+ 1oD)720.)  px(1s) . V3 [(0s, (A + 1v20)726.) + X (v2) (04, A(A + 121)726,)]

Cp—Tr (A2(A + 1l)~2) n 1—"(v1,vs) ’
BRI
27
VO (O N (RN o
’ nY(v,v2) 1 —"T(v1,1v0)
——
VREM

Remark: This theorem establishes asymptotic equivalence; a more complex non-asymptotic analysis
is developed in Appendix G.2. Numerical validation is provided through experiments on synthetic
and real-world datasets in Appendix J.1 and Appendix J.2, respectively.

By comparing Eq. (4) and Eq. (2) via deterministic equivalence, we conclude that
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e Bias: the test risk’s bias is the the second term of Bﬁ{i\M (see the red area in Eq. (2)) with a

rescaled factor W.

* Variance: we find that the variance term of the norm V3™ equals the variance term of the test

risk VEEM (see the blue area in Eq. (2)) multiplied by a factor %.

Hence norm-based capacity (on the second layer) suffices to characterize the test risk in RFMs.
However, other classical metrics of model capacity, e.g., effective dimension [57], Smoother [11],
capture the variance component of test risk but contain no information about the target function
0%, and thus cannot fully characterize generalization. In summary, norm-based capacity suffices
to characterize generalization, whereas effective dimension and smoother do not. By giving the
deterministic equivalents of the norm, we are ready to plot the learning curve under norm-based
capacity, see Fig. 1(b) for illustration. In some special cases, the mathematical formulation of
learning curves can be given. For example, in Appendix F.2, we take the example of min-/5-norm
interpolator, and precisely characterize the learning curve by reshaping scaling laws.

4. Findings and conclusion
We have the following findings and conclusion from the above characterization.

* Norm-based capacity suffices to characterize generalization, whereas effective dimen-
sion and smoother do not: Our results on deterministic equivalence demonstrate that the
estimator’s norm includes the information of the test risk’s bias and variance', respectively.
In contrast, typical model capacity, e.g., effective dimension [57] and smoother [11] can only
characterize the test risk’s variance and thus are insufficient to characterize generalization.

* Phase transition exists but double descent does not exist: There exists a phase transition
from under- to over-parameterized regime, as shown in Fig. 1(b). In the under-parameterized
regime, we still observe the same U-shaped curve, whether we consider the norm N or model
size p as the model capacity. This curve can be precisely described as a hyperbola for the
min-norm interpolator (linear regression) under isotropic features.

But in the over-parameterized regime, when the norm N increases, the test risk R also increases
(almost linearly if the regularization is small). This differs from double descent: when the
model size p increases, the test risk decreases. Our empirical results on Fig. 1 verify this
theoretical prediction. More importantly, this curve aligns more with classical statistical
intuition—a U-shaped curve—rather than the double descent phenomenon. We conclude that
with suitably chosen model capacity, the learning curve more closely follows a U-shape
curve than a double descent, potentially observable in more complex models and real-world
datasets, see Appendices J.2 and J.3, respectively.

* Scaling law is not monotone in norm-based capacity: We study the scaling law of RFMs
under norm-based capacity in a multiplication style by taking model size p := n? (g > 0),
leading to R = Cn~°N® witha > 0, b € R, and C' > 0. Note that b € R can be positive or
negative, resulting in different behaviors of R. This differs from the classical scaling law that
is monotonically decreasing in the model size.

1. Strictly speaking, it also requires knowing whether the model is under-parameterized or over-parameterized, as the
self-consistent equations differ between these two regimes.
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* Controlling norm-based capacity can be achieved by the tuned regularization parameter
A: Norm-based capacity appears less intuitive used in practice when compared to model size.
Our results demonstrate that the norm decreases monotonically with increasing A, and in both
under- and over-parameterized regimes. Accordingly, such one-to-one correspondence allows
for controlling norm via A, related to the known L-curve [19].

We emphasize that we do not claim that /5 norm-based capacity (or other norm-based capacity) is
the best metric of model capacity. Rather, this work aims to show how the test risk behaves when a
more suitable model capacity than model size is used to measure capacity. For completeness, we
discuss other metrics of model capacity and experiments on real-world datasets in Appendix J.
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Appendix A. Notations

In this paper we generally adopt the following convention. Caligraphic letters (e.g., Ny, Rx, By x, VR A,)
denote random quantities, and upright letters (e.g., Ny, Ry, By x, VR 1) denote their deterministic
equivalents. The letters N, R, B, V above (in any font) signify quantities related to the solution norm,
test risk, bias, and variance, respectively. With A denoting the ¢5-regularization parameter, setting
A = 0 corresponds to the min-norm interpolator. The superscripts *> and *™ denote quantities
defined for linear regression and random feature regression, respectively.

We denote by ~ the ratio between the parameter size and the data size, i.e., 7 := d/n in ridge
regression and 7y := p/n in RFMs. For asymptotic results, we adopt the notation v ~ v, meaning that
the ratio “/v tends to one as the dimensions n, d (p for RFMs) tend to infinity. Table 2 summarizes
the notations used throughout the main text and appendices.

13
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Table 2: Core notations used the main text and appendix.

Notation ‘ Dimension(s) ‘ Definition
N is - The £2 norm of the linear regression estimator under regularization X for linear regression
BL7 » - The bias of N'3¥
V/L\fj N - The variance of N2
N%S - The deterministic equivalent of N'3°
Bh‘_g)\ - The deterministic equivalent of Bf\}g X
Vhys)\ - The deterministic equivalent of VJ\}SJ) 2
o], - Euclidean norms of vectors v
lvls - Vol Zv
n - Number of training samples
d - Dimension of the data for linear regression
P - Number of features for random feature model
A - Regularization parameter
A - Effective regularization parameter for linear ridge regression
vy, Vs - Effective regularization parameters for random feature ridge regression
o, (M) - The k-th eigenvalue of M
@ R? The data vector
X R*d The data matrix
> RAXd The covariance matrix of @
Yy R The label
y R™ The label vector
B RY The target function for linear regression
,é RY The estimator of ridge regression model
,élnin R? The min-£2-norm estimator of ridge regression model
€ R The noise
€ R The #-th noise
€ R™ The noise vector
a? R The variance of the noise
w; R? The i-th weight vector for random feature model
@(5-) - Nonlinear activation function for random feature model
z; RP The 2-th feature for random feature model
Z R™XP Feature matrix for random feature model
a RP The estimator of random feature ridge regression model
Qmin RP The min-£2-norm estimator of random feature ridge regression model
fa () - The target function
s - The distribution of @
Hoaw - The distribution of w
T - An integral operator defined by (Tf)(w) := [pa w(x; w)f(2)dpz, Vf € La(pz)
1% - The image of T
&k R The k-th eigenvalue of T, defined by T = Y72 | Extor by,
[Uys - The k-th eiger}function pf T in lhe space Lo (ptg ), defined by the decomppsilion T = Oozzo:l Ex 1/)5 o
o _>< The k-th eigenfunction of T in the space vV, deﬁnefi by th2€ dezcomposmon T =372, Eutndy
A Re°X e The spectral matrix of T, A = diag(£7,£3,...) € R®*>®
gi R gi = (Vr(xi))r>1
fi R fi = (Epdr(wi))p>1
G R™ X0 G:=[g1,...,gn]" ER™™>® withg; := (i (i) k>1
F RPX Fi=[f1,..., fp]" €RP*
Ar RPXP Ap :=E.[zz" |[F] = 1FF" e RP*P
0. 1 R The coefficients associated with the eigenfunction v}, in the expansion of f. (&) = >, <1 0+« k ¥k (x)
0. R 0. = (0. k)r>1

! Replacing A with R (N with R), we get the notations associated to the test risk.
2 Replacing A with 0, we get the notations associated to the min-f2-norm solution.
3 Replacing LS with RF'M, we get the notations associated to random feature regression.

Appendix B. Related work and Preliminaries
B.1. Related work

The relationship between the test risk, the data size, and the model size is classically characterized
by the U-shaped curve [48]: larger models tend to overfit. This can not explain the success of deep

14
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learning (with even more parameters than data), leading to a new concept: double descent [5], where
the test risk has a second descent when transitioning from under- to over-parameterized regimes.
Moreover recent scaling law [24] shows that the test risk is monotonically decreasing with model
size, typically in the under-parameterized regime for LLMs.

Model capacity metrics: Beyond model size as a capacity measure, there is considerable effort
to define alternative capacity measures, e.g, degrees of freedom from statistics [15, 16, 41], effective
dimension/rank [3, 57], smoother [11], flatness [42], as well as norm-based capacity [29, 38]. The
norm’s asymptotic characterization is given in specific settings [22] but the risk-norm relationship
is not directly studied. Besides, training strategies can be also explained as implicit regularization
[37, 55], affecting the model capacity as well. We refer to the survey [23] for details.

Deterministic equivalents: Random matrix theory (RMT) provides powerful mathematical
tools to precisely characterize the relationship between the test risk R and n, p, d via deterministic
equivalence, in an asymptotic regime (n, p,d — oo, [1, 18, 31, 51, 54]), or non-asymptotic regime
[9, 20, 33]. We refer the reader to [10] for further details. Complementary to RMT approaches,
techniques from statistical physics are also possible to derive the deterministic equivalence, e.g.,
replica methods [6, 17, 30] and dynamical mean field theory [25, 32, 34].

B.2. Preliminaries

We provide an overview of the preliminary results used in this work. For self-contained com-
pleteness, we include results on asymptotic deterministic equivalence in Appendix B.3, results on
ridge regression in Appendix B.4, and results on random feature ridge regression in Appendix B.5.
Additionally, Appendix B.6 presents results on non-asymptotic deterministic equivalence, along with
definitions of quantities required for these results. Finally, Appendix B.7 introduces key results for
deriving the scaling law.

Here we give an overview of RFMs via deterministic equivalents here for better understanding.

Random features models (RFMs) [28, 43] can be regarded as two-layer neural networks with
flz;a) = % Z§:1 a;jp(z, wj), where ¢ : RY x R? — R is a nonlinear activation function. The
first-layer parameters {w; }?_, are sampled i.i.d. from a probability measure 4, and kept unchanged
during training. We only train a by solving the following random features ridge regression

n -1
a = argﬁ;in {Z (yi — f(xi;a))? + Aya||§} = (ZTZ + A1p> Z'y, ZcRYP (3)
at i=1

where the feature matrix is [Z];; = p~/?¢p(z;; w;) and A > 0 is the regularization parameter. We
also consider min-£2-norm solution (A = 0), i.e., @min = arg min, ||al|2, s.t.Za = y.

Following [12], under proper assumptions on ¢ (e.g., bounded, squared-integrable), we can
define a compact integral operator T : L?(pz) — V C L?(j1y) for any f € Lo(ji4) such that

(T)w) = [

Rd

p(z;w)f(x)dpe, T=>> &k,
k=1

where (£)r>1 C R are the eigenvalues and () );>1 and (¢ )x>1 are orthonormal bases of L? ()
and V for spectral decomposition respectively. We denote A := diag(£3,€3,...) € R** and
assume all eigenvalues are non-zero and arranged in non-increasing order.
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Accordingly, the covariate feature matrix can be represented as G := [g1, . . . ,gn]T € Rnxoo
with g; := (Y1 (2;))x>1 and the weight feature matrix is F :=[fi,..., f,]T € RP*>® with f; =
(&k¢k(w;))k>1. Then the feature matrix can be denoted by Z = %GFT € R™"*P_ Note that f has

covariance matrix E[f£T] = A, and we further introduce Ap := B[22 |F] = %FFT € RP*P,

Assuming that f. € L?(u,) admits fi(x) = Yo, 041k (), we have a bias-variance decom-
position of the excess risk

z + Tr (KFCOVE(d)) ,

2
RREM =E. :‘

2

1 1
0, — —FTa 0, — —FTE.[a]
VP VP

where the first RHS term is the bias, denoted by B%F /\M , and the second term is the variance, denoted

by V%{? /\M . Similarly, under proper assumptions (to be detailed later), they admit the following
deterministic equivalents, asymptotically [47] and non-asymptotically [12]

2

V. _ —
BRI ~ BRA = (00 (A 121)20.) 4+ x(00) (0, A(A +121) 20,)]
yaEar | yrem 0T, v0) 4)

R,A '_1 — T(Vl, 1/2) ’
where (11, 12) satisfy the self-consistent equations

n— X =TrAA 4D, p— 2L Tr(AA + D)), ©)

4! V2

and Y (v, 1) and x(v2) are defined as

D 1 2 vy 2y (AQ(A + VQ)_2) _Ir (A(A + 1/2)_2)
Tl ve) = n [<1_V2> +<1/2)p—Tr (A2(A +19)72) | x(2)=

B.3. Asymptotic deterministic equivalence

For the ease of description, we include preliminary results on asymptotic deterministic equiva-
lence here. In fact, these assumptions and results can be recovered from non-asymptotic results, e.g.,
[33].

For linear regression, the asymptotic deterministic equivalence aim to find B%f)\ ~ B}f/\, V}f/\ ~
VIF;S)\, where BES/\ and Vﬁ%\ are some deterministic quantities. For asymptotic results, a series of
assﬁmptions in fligh—dimehsional statistics via random matrix theory are required, on well-behaved
data, spectral properties of 32 under nonlinear transformation in high-dimensional regime. We put
the assumption from [1] here that are also widely used in previous literature [13, 45].

Assumption 3 [/, Well-behaved data] We assume that:
(A1) The sample size n and dimension d grow to infinity with % —5>0.

(A2) X = TX'Y? where T € R"*% has i.i.d. sub-Gaussian entries with zero mean and unit
variance.
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(A3) X is invertible with |||,y < oo and its spectral measure + d: 0y, converges to a compactly
P d i=1"0i
supported probability distribution j on R™.

(A4) ||Bs]|2 < oo and the measure fo:l (v] B.)%8,, converges to a measure v with bounded mass,
where v; is the unit-norm eigenvector of 3 related to its respective eigenvalue o;.

Definition 4 (Effective regularization) Forn, 3, and A > 0, we define the effective regularization
A« to be the unique non-negative solution to the self-consistent equation

n— % ~Tr(Z(Z+ ). (6)

*

Definition 5 (Degrees of freedom)
dfy(0) == Tr(S(E+ )70, dfa(h) = Tr(SX(S + A,) 2.

Proposition 6 [1, Restatement of Proposition 1] Assume (A1), (A2), (A3), we consider A and B with
bounded operator norm, admitting the convergence of the empirical measures, i.e., Zle vlTAvi .
05, — VA and Zf-l:l 'UIB'vi -0y, — vp with bounded total variation, respectively. Then, for A\ > 0,
with \ satisfying Eq. (6), we have the following asymptotic deterministic equivalence

TrAX X (X' X + A7) ~ Tr(AS(Z + A\) 7Y, 7)
Tr(AX' X (X' X + V) 'BX'X (X' X + V)Y ~ Tr(AZ(Z + \) " 'BE(Z + M) 7Y
1
2 —2% . —2% .
FATr(A(S + M) 728) Tr(B(S + ) 7°8) - — 500
¢))
Tr(AXTX + A H ~ %Tr(A(E + )7, ©)
2
Tr(AX' X + ) 'B(XTX + A1) ~ BTr(A+ A)TIB(E 4+ A)T

A2 _2 5 1

(10)

Proposition 7 [1, Restatement of Proposition 2] Assume (Al), (A2), (A3), we consider A and B
with bounded operator norm, admitting the convergence of the empirical measures, i.e., Zf-l:l 'v;r Av;-

ds; — VA and Zle ’UZTB’UZ' - 0g; — vp with bounded total variation, respectively. Then, for

A € CackslashR ., with A\, satisfying Eq. (6), we have the following asymptotic deterministic
equivalence

Tr(AT (TET" +\)7'T) ~ Tr(A(Z + \,) 7Y, (11)
Tr(AT (TETT + ) 'TBT"(TST" +\)'T) ~ Tr(A(Z + X)) 'B(Z + X))
1

n—dfy(\)
(12)

Note that the results in Theorem 6, 7 still hold even for the random features model. We will
explain this in details in Appendix G.

FXTr(AE+ )7 - Tr(B(E+ M) 7%
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B.4. Deterministic equivalence for ridge regression

We consider n samples {x;}} ; sampled i.i.d. from a distribution /i, over R? with covariance
matrix X := E[zx" ] € R4, The label y; is generated by a linear target function parameterized by
B. € R4 ie., Yi = x; " B, + ¢;, where ¢; is additive noise independent of x; satisfying E[e;] = 0 and
var(g;) = o%. We can write the model in a compact form as y = X 3, + €, where the data matrix
as X € R™*?, the label vector y € R™, and the noise vector as € € R”. The estimator of ridge
regression is given by B8 = (X' X + AI) ~' XTy. We also consider min-f»-norm solution in the

over-parameterized regime, i.e., Bmin = arg ming 3|2, s.t. X3 = y. The excess risk of 3 admits
a bias-variance decomposition

R = E.||B. — Bl =18 — Ec[B][3; + Tr(ECov.(8))
where the first RHS term is the bias, denoted by BR \» and the second term is the variance, denoted
by VR7 \- Accordingly, the bias-variance decomposition is given by
or = 18 — Ec[G]15 = X(B., (X X+ A)T'S(XTX +AD) 716, (13)
VR o= Tr (2Cov5(/§)) = 2Tr(SXTX(XTX + A\)72). (14)
Under proper assumptions (to be detailed later), we have the following deterministic equivalents,

asymptotically [1] and non-asymptotically [9]

A2(B.,2(S + A1) 28,)
1—nTr(S2(Z + \I)-2)

a?Tr(E3(Z + A\I)72)
n T2+ T) 2

B\ ~Bg>\ = VR ~VRS = (15)
where )\, is the non-negative solution to the self-consistent equation n — /\—)‘* =Tr(Z(Z+ AID™).
Accordingly, the risk admits the following deterministic equivalents via bias-variance decompo-

sition.

Proposition 8 [/, Restatement of Proposition 3] Given the bias variance decomposition in Eq. (13)
and Eq. (14), X, 3 and B, satisfy Theorem 3, we have the following asymptotic deterministic
equivalents RLS ~ RLS = BﬁS)\ + Vﬁ% such that BLS ~ Bés/\, V ~ VQSA, where BL R and
VFLf)\ are defined by Eq. (15).

Proposition 9 [/, Restatement of results in Sec 5] Under the same assumption as Theorem 8, for
the minimum {-norm estimator Buin, we have for the under-parameterized regime (d < n):

d
BRy =0, V&, ~o? .
R0 ) RO ™O n—d
In the over-parameterized regime (d > n), we have
BLS A%(ﬁ*v 2(2 + )‘nI)_Qﬂ*> VLS UQTT(EQ(EJ + AnI)_2)
RO 1Tr(B2(Z + M\ I)72) RO —Tr(Z2( + M) 2)

where \,, defined by Tr(2(Z + A\, I)~1) ~n.
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B.5. Deterministic equivalence for random feature ridge regression

Recall Eq. (3), the parameter a can be learned by the following empirical risk minimization with
an /o regularization

2
n p
1
a=argmind 3 [5i— 23 ajpl@w) | +Mal3h = (272 + )27y,
acRp i=1 \/pjzl

Assuming that the target function f,. € L?(puz) admits fi(z) = 5 k>1 05 k¥ (), the excess risk

12
RREM .—E_|l0, — % ) admits the following bias-variance decomposition
Far F'E.[a]|* V2T (T 1o,
BEFM — |lg, — = =19 :‘0*—p*/F(Z Z+AD'z'Ge.| ., e
’ VPl 2
VEEM .~ Ty (KFcov€<a)) = o*Tr(ApZ' Z(Z" Z + \I)72). 17)

Accordingly, the risk admits the following deterministic equivalents via bias-variance decomposition.

Proposition 10 [12, Asymptotic version of Theorem 3.3] Given the bias variance decomposition in
Eq. (16) and Eq. (17), under Theorem 1, we have the following asymptotic deterministic equivalents
RYM ~ RYFM = BﬁﬁM + VﬁﬂM such that Bf{ M~ BﬁﬁM , sz’gM ~ Vﬁi’\M , where Béf\M and
VS&M are defined by Eq. (4).

Note that the above results are delivered in a non-asymptotic way [12], but more notations and
technical assumptions are required. We give an overview of non-asymptotic deterministic equivalence
as below.

B.6. Non-asymptotic deterministic equivalence

Regarding non-asymptotic results, we require a series of notations and assumptions. We give a
brief introduction here for self-completeness. More details can be found in [9, 12, 33].

Given & € R? with d € N, the associated covariance matrix is given by & = E[xx']. We denote
the eigenvalue of 32 in non-increasing order as o1 > 03 > 03 > -+ > 04.

We introduce the non-asymptotic version of Eq. (6) as below.

Definition 11 (Effective regularization) Given n, 3, and A > 0, the effective regularization \, is
defined as the unique non-negative solution of the following self-consistent equation

n— A Tr(Z=(Z +M\)7h).
Ax
Remark: Existence and uniqueness of A, are guaranteed since the left-hand side of the equation is
monotonically increasing in \., while the right-hand side is monotonically decreasing.
In the next, we introduce the following definitions on “effective dimension”, a metric to describe
the model capacity, widely used in statistical learning theory.

d
Tr(S ey U . . .
Define rx (k) = H;(Njk) = ZJ;;“ %7 as the intrinsic dimension, we require the following
Zrllop

definition
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A n

where 7, € (0,1/2) is a constant that will only depend on C., defined in Theorem 22. And we used
the convention that o), .,| = 0if [7. - n] > d.

In this section we consider functionals that depend on X and deterministic matrices. For a
general PSD matrix A € R?*¢, define the functionals

pa(n) = 1 4 ") {1 el n )V . n)) vn)}, (1s)

$1(X;A,N) = Tr (A21/2(XTX + )\)‘121/2) , (19)
(X5 4,0) = Tr (AXTX(X X +0)71), 20)
B3(X; A, N) == Tr <A21/2(XTX FA)IDXTX + )\)‘121/2) , @1)
Dy(X; AN i=Tr (AEW(XTX + A)—lg(XTX + A)‘121/2> : (22)

These functionals can be approximated through quantities that scale proportionally to

U1(Ag A) :=Tr (AZ(Z+ MDY, (23)

o a) . L Tr(AS(S D))
M A) = T R E AT )

(24)

The following theorem gathers the approximation guarantees for the different functionals stated
above, and is obtained by modifying [12, Theorem A.2]. We generalize Eq. (27) for any PSD matrix
A, which will be required for our results on the deterministic equivalence of £ norm. The proof can
be found in Appendix C.

Theorem 12 (Dimension-free deterministic equivalents, Theorem A.2 of [12]) Assume the fea-
tures {mi}ie[n] satisfy Theorem 22 with a constant C, > 0. Then for any D, K > 0, there exist
constants 1, € (0,1/2), Cp x > 0and C p kg > 0 ensuring the following property holds. For any
n > Cp i and X > 0, if the following condition is satisfied.:

Apa(n) 2 [Bllop -0, pa(n)”*log??(n) < Kv/n, (25)
then for any PSD matrix A, with probability at least 1 — n~P, we have that
A oA log(n) A,
(XA — —U (A A)| < C, - —U (A A), 2
(X A3 - T 4) < Cp 2B S ), @)
n)*log”?(n
81,00 ~ 010 )| < Copue 222wy ), @)
A\ 2 p)\(n)GlogB/Q(n) A\ 2
P3(X: A — U (Ae; A)| < C, . Us(A; A), (2
22340 - (") a0 A)] = Cpa 2O ) wnia), @8)
n)%log”?(n
|‘1>4(X§Aa)‘)_\112(>\*§A)|SC*,D,Kp)\( )\/ﬁg ( )‘1’2()\*;A)- (29)
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Next, we present some of the concepts to be used in deriving random feature ridge regression.
Similar to how ridge regression depends on A, as defined in Theorem 11, the deterministic equiva-
lence of random feature ridge regression relies on v, and v, which are the solutions to the coupled
equations

ne X T (A )Y - P ST (AA )Y (30)

4! vy

Writing v as a function of v, produces the equations as below

2 2
A 2 A
1+”—¢<1 - ") A =T (AA ) ) =22 (1= 2 4 \/<1 - ”) Fa
P p pr2 P 2 P D pr2

(€29)
For random features, our results also depend on the capacity of A. Recall the definition of

ra(k) :== ﬁ;gﬁg as the intrinsic dimension of A at level k, we sequentially define the following

quantities that can be found in [12, 33].

rallne k) VEk

Mp(k) =1+ ? log (ra(|n« - k]) VE), (32)
p- gfmuvj
pr(p) =1+ TMA(p) : (33)
~ ngfm-nJ n
pr(n,p) =1+ 1{n < p/n.} - —. T o Pe(p) ¢ Ma(n), (34)

where the constant 7, € (0,1/2) only depends on C, introduced in Assumption 1.
For an integer m € N, we split the covariance matrix A into low degree part and high degree part
as

AO = dl&g(f%, éga s 7§r2n) ) A-‘r = diag(§r2n+17 €r2n+27 .. ) .

After we define the high degree feature covariance A, we can define the function (k) := k +
Tr(A). To simplify the statement, we assume that we can choose m such that p?&2, | < v(pA/n),
which is always satisfied under Theorem 1. For convenience, we will further denote

Y =(er), = y(pA/n). (35)

For random feature ridge regression, we will first demonstrate that the {5 norm concentrates
around a quantity that depends only on A r. To this end, we define the following functionals with
respect to Z.

3(Z; A, k) = Tr (AR (27 Z 4+ 1) AR(Z7 Z + 1) ' RYLE).
1 VAN - (36)
®u(Z; A, ) = Tr (AA}/Q(ZTZ +r) =227+ n)1A¥2> |
n

Given that Z consists of i.i.d. rows with covariance A r = FF" /p, we will demonstrate that the
aforementioned functionals can be approximated by those of F', which, in turn, can be represented
using the following functionals:
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&)G(Fa Aa ﬁ)
n— O¢(F;1,5) (37)
B6(F; A, k) == Tr (A(FFT)2(FFT + K)—2) .

D5 (F; A, k) = 1
n

Proposition 13 (Deterministic equivalents for ®(Z) conditional on F', Proposition B.6 of [12])
Assume {z;}icn) and { f }ic|p satisfy Theorem 1 with a constant C, > 0, and F € A defined
in [12, Eq. (79)]. Then for any D, K > 0, there exist constants n, € (0,1/2), Cp g > 0 and
C..p.x > 0 ensuring the following property holds. Let p,.(p) and p,.(n, p) be defined as per Eq. (33)
and Eq. (34), 74 be defined as Eq. (35). For any n > Cp g and X > 0, if the following condition is
satisfied:

A>n K p(n,p)*?log??(n) < Kvn,  pa(n,p)? - pa. (0)P2log?(p) < K/,

then for any PSD matrix A € RP*P (independent of Z conditional on F'), we have with probability
at least 1 —n~=P that

nvi\2 ~ nvi\2 ~
‘%(Z; AN = () Bs(F5 Ap)| < Copuc - E1(np) - (20) B5(F3 Apm), G9)
[©4(2: A, 0) = B5(F; A, p01)| < Cup i - E1(n,p) - Bs(F3 A, pwn), (39)
.. = (n.p)6 log®/2 (n, B (1,p)2- 5/2 |og3
where the rate £1(n, p) is given by E1(n,p) := [\t ’p)\/lﬁg ) 4 Pr(np) pwt/(;) & (p).

B.7. Scaling law

For the derivation of the scaling law, we use the results in [12, Appendix D]. We define T} ,Y(V)

as
> k—s—éa
S e
T(;’,Y(V).—Zm, 360,1,0§5§’Y
k=1

Under Theorem 32, according to [12, Appendix D], we have the following results
T;,Y(V) -0 (Vl/a[s—1+a(5—’7)]/\0) . (40)

Next, we present some rates of the quantities used in the deterministic equivalence of random
feature ridge regression. The rate of v is given by

vy = O (n_o‘(l/\q/\%)> , 41)

and in particular, for Y (v1, v2) and x(v2), we have
1—T(v1,v2) =0(1), (42)
X(r2) =n"90 (szlfl/a) . (43)
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Appendix C. Proofs on additional non-asymptotic deterministic equivalents

In this section, we aim to generalize Eq. (27) for any PSD matrix A, i.e.
S, 1
|@2(X3 A) = o (pa; A)| < O(n72) - a(ps; A),

that is required to derive our non-asymptotic deterministic equivalence for the bias term of the /o
norm.

By introducing a change of variable p. := p.(\) = A/, we find that j, satisfies the following
fixed-point equation:

n
I Tr(EuE A

P (44)

We define ¢ and T as follows
t=2""g T=X%"2.
And the following resolvents are also defined
R=(X'X+)N"' R=wZ+)N"', M:=xVR2” M=3x""Rx"”

Since the proof relies on a leave-one-out argument, we define X_ € R("~1)*d a5 the data matrix
obtained by removing one data. We also introduce the associated resolvent and rescaled resolvent:

n
1+x

-1
R_ =X X_+)N"'R_ = ( >+ /\> ,M_:=3"V"R ¥/ M_.=3V"R %

where k = E[Tr(M_)].
For the sake of narrative convenience, we introduce a functional used in [33]

Uy (ps; A) = Tr(AS (2 + A1)
Next, we give the proof of Eq. (27). We consider the functional
y(X;A) = Tr(AD"2XTX (X" X + \)7'2"?) = Tr(AT' T M).

Remark: Note that, to align more closely with the proof in [33], the ®5(X; A) defined here differs
slightly from the ®2(X; A, \) in Eq. (27). However, the two definitions are equivalent if we take A
here as A = X~ /2BX"/2, which recovers the formulation in Eq. (27).

We show that ®o(X; A) is well approximated by the following deterministic equivalent:

U (p; A) = Tr(Ap (S + 2) ) = TrHAZ(S + ) 7).

Theorem 14 (Deterministic equivalent for Tr(AT'TM)) Assume the features {x;};c|y satisfy
Theorem 22 with a constant C, > 0. Then for any D, K > 0, there exist constants n € (0,1/2),
Cp,x > 0, and Cy p i > 0 ensuring the following property holds. For any n > Cp i and X\ > 0,
if the following condition is satisfied:

Aopa(n) >0 pa(n)?log? (n) < K/, 45)
then for any PSD matrix A, with probability at least 1 — n~P, we have that
n)4log? (n
[@2(X; A) = Wa(pn; A)| < c*,D,K”A()Wf()%(u*; A). (46)
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Remark: Theorem 14 generalizes Eq. (27). Note that there are some differences between p) as
defined in Eq. (18) and v}, as defined in [33]. However, based on the discussion in [12, Appendix A],
V), can be easily adjusted to match p). Therefore, while we follow the argument in [33], we use p)
directly in this work to minimize additional notation.

Following the approach outlined in [33], our proof involves separately bounding the deterministic
and martingale components. This is accomplished in the following two propositions.

Proposition 15 (Deterministic part of Tr(AT' TM)) Under the same assumption as Theorem 14,
there exist constants C and Cy g, such that for all n > C and X\ > 0 satisfying Eq. (45), and for
any PSD matrix A, we have

pr(n)*
LD
Proposition 16 (Martingale part of Tr(AT'TM)) Under the same assumption as Theorem 14,

there exist constants Ci p and Cy p. i, such that for all n > Cg p and X > 0 satisfying Eq. (45),
and for any PSD matrix A, we have with probability at least 1 — n~" that

|E[(I)2(X§ A)] — Vo A)‘ <Cik Uo(pe; A). (47

pa(n)? log? (n)
Vn
Theorem 14 is obtained by combining the bounds (47) and (48). Next, we prove the two

propositions above separately.
Proof [Proof of Proposition 15] First, by Sherman-Morrison identity

|2(X; A) — E[®2(X; A)]| < Cup i o (f14; A). (48)

M_tt' M_ M_t
M =M 2= d Mt—_— 2=
l+enmt 2" 1+6M_t’

we decompose E[P5(X; A)] as

E [TT(ATTTM)} =nE [w]
REHE RN ]

where we denoted S = t' M_t. Therefore, bounding the following two terms is sufficient
[E[@2( X5 A)] = Wa(pe; A)

nE[Tr(AM_)]
1+k

k—S (49)

(1+r)(1+5)

For the first term, recall that fi, is the solution of the equation (44) where we replaced n by n — 1,
and fi— :=n/(1+ k). By [33, Proposition 2], we have

— \Ifz(u*;A)‘ +

nlE [ tTM_At] ‘ .

[E[Tr(AM_)] — Wi (s A)| < E5) - W1 (ins A),
where 51(2)_1 = C’*J(%. For n > C, we have 51(51)_1 < Cé’l(z) and by [33, Lemma 3], we

have (n)
~ n
01 (f; A) = U1 (s A)] < O 20 (s A).
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Combining the above bounds, we obtain
[E[Tr(AM_)] — W1 (. A)| < £ W1 A).

Furthermore, from the proof of [33, Proposition 4, Claim 3], we have

- 5/2
‘:u’* _ M—’ S C*7Kp)\(n) .
fi- Vn
Then we conclude that
~ PA(”)5/2 ~
s — | < Cog—~——-1_
s — fi-| < Ci e N
pa(n)>/2 pa(n)°/?
<Cig—"t07— |1+Co g~ "
= *7K \/ﬁ + *,K \/ﬁ /’[/
pA(n)5/2
< C* * 9
e Y

where we use condition (45) in the last inequality.
Combining this inequality with the previous bounds, we obtain

nE[Tr(AM_)]

D W A)| = i-ETr(AML)] = i (s A)

e — p|

< - EITr(AM )]~ 0 )+ 2w )

< Cgl(z) W (e A)
= CED) - Wy(; A).

In the next, we aim to estimate the second term in Eq. (49). Here we can reduce A to be a
rank-one matrix A := vv' following [33, Eq. (77)]. We simply apply Hélder’s inequality and obtain
kK—S

=k mes) }
. [Et [+ — 5)2] " E, [(tT M,vat)Q} 1/1

n

= armars? M

t'M_vo't

1/2

< nEar [Ee (5 — 5)2}]1/2 Eas [Et {(tTM,vatpH
< nEnp [Et [(H B S)Q]]l/z Ear [Et [(tTM_v)‘l} Y2 E; [(th)4] 1/2] 1/2.

Each of these terms can be bounded, according to the proof of [33, Proposition 2], for the first term,
we get

Ens [Et [(tTM,t - /@)QH P ook pi/(g).
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For the second term, first according to [33, Lemma 2], we have

1

2
E, [(tTM,v)ﬂ < Cuxv M,

1/2

E; [(th)ﬂ < C*7K’UT’U.
Thus we have

1/2 1/2
<Enp_ [C*,KUTMEU'UT'U]

1/ 1
Ear [Et [(tTM,v)ﬂ "By {(Jt)ﬂ 1
= *,KEM, [TT‘(AMEA)] 1/2.
Then according to [33, Lemma 4.(b)], we have

Enr [Tr(AM?A)] < C. g p3(n)Tr(AM~ A) = C. g p3 (n)Tr(AM _)?,

where the last inequality holds due to AM _ being a rank-1 matrix. Combining the bounds for the
second term, we have
1 1/27 Y2
T a2 T,04]"72 Vi 2 Vi
Enr |Eq [(t M_v) } E, [(v £) ] < Cyxpr(n)Tr(AM_) < C, g2 (n)Tr(AM).

By combining the above bounds for the first and second term, we have

K—S pa(n) —
4 n _
< c*,Kpi/(ﬁ)ﬂ*Tr(AM),

where we use y = ) according to [33, Lemma 3] in the last inequality.

n n
1+Tr(M) = 2px(n
Combining the above bounds concludes the proof. |

Proof [Proof of Proposition Theorem 16] The martingale argument follows a similar approach to the
proofs of [33, Propositions 3 and 5]. The key remaining steps are to adjust Step 2 in [33, Proposition
3] and establish high-probability bounds for each term in the martingale difference sequence.

We rewrite this term as a martingale difference sequence

Sp 1= Tr(AT'TM) — E[Tr(AT"TM)] =) (E; — E;_1) Tr(AT'TM) =: Y _A;,
=1 i=1

where E; is denoted as the expectation over {®; 1, -, &p}.
We show below that |A;| < R with probability at least 1 — n~" with

poa(n)?log(n)

R=Cipxk Uy (ps; A). (50)

26



LEARNING CURVES UNDER NORM-BASED CAPACITIES

For Step 3 and bounding E; _1[A;14,¢|_r, rj, observe that with probability at least 1 — n~P,

by [33, Lemma 4.(b)]
(& M_At)2] "
(14 5)?
pa(n)3log'/?(n)
n

Ei-1[A7]7* < 2E; [

)

< CspK wsTr(AM)

31 1/2
SC*,D,Kp)\(n) og "*(n)

Wa(ps; A).

We establish a high-probability bound for A; by first decomposing it and strategically adding
and subtracting carefully chosen terms. Observing that

A; = (B; — Ei1) Tr(AT TM) = (E; — E;_1) (Tr(ATTTM) - Tr(A:l;ngMi)) ,
where M, is the rescaled resolvent removes ;, and we used that E; [AT, T;M;| = E,_; [AT, T; M;],
and we’ll write (recall that S; = tIMiti)
Tr(AT'TM) — Tr(AT,] T;M;) = Tr(A(t;t] + T/ T,)M) — Tr(AT] T,M;)
=t M At; + Tr(AT, T;M) — Tr(AT, T; M)

1 T T T
= t! M; At; — Tr(AT] T; M;t;t] M;
1
= Tr(t;t] M; A(I — T T, M;)).
1+5) r(tit; ( i )

Observing that
I-T'T,M; = 3~ M;,
we can write for j € {i — 1,4}, with probability at least 1 — n=?,

<)E; [|tlTMiAZ*1Miti\}

1
Ej | ~———=~Tr(tit) M;A(I — T, T;M;
| g T M - T T)

<E; [|tzTMiAtiq
< Cy,plog(n)E; [Tr(AM;)]
< Cy.ppa(n)log(n)Tr(AM)

2
< C*’DWM*T,,(AM)

where we used that M; < ¥ /) by definition in the second inequality, [33, Lemma 4.(b)] in the
fourth inequality, and p, = j in the last inequality.

n n
14+Tr(M) = 2pa(n

Applying a union bound and adjusting the choice of D, we conclude that with probability at least
1 —n~P, the following holds for all i € [n]:

pa(n)* log(n)

|1A;| < Cipx Wo(f14; A) .
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Appendix D. Main results and proofs for linear regression

In this section, we study the asymptotic and non-asymptotic deterministic equivalent of the
(ridge/ridgeless) estimator norm for linear regression. Based on these results, we are able to
mathematically characterize the test risk under norm-based capacity. Table 3 presents the main
results for linear regression.

Table 3: Summary of our main results for Linear Regression.

Type Results Regularization ~ Deterministic equivalents N Relationship between R and N
Deterministic Theorem 20 A>0 Asymptotic -
equivalence Theorem 21 A—=0 Asymptotic -
Theorem 24 A>0 Non-asymptotic -
Theorem 25 A>0 - Under ¥ = I
Relationship ~ Theorem 27 A—=0 - Under-parameterized regime
Theorem 26 A—0 - Under X = I4
Theorem 29 A—0 - Under Theorem 28 (power-law)

To deliver our results, we need the following lemma for the bias-variance decomposition of the
estimator’s norm.

Lemma 17 (Bias-variance decomposition of ./\/')I\‘S ) We have the bias-variance decomposition
E||BI3 = N5 = B2, + Vi, where B, and VP, are defined as

Bify = (B, (X' X)P(XTX + M) 72B.), Vipy =0 Tr( X' X(XTX +AI)7?).
And we present the proof of Theorem 17 as below.

Proof [Proof of Theorem 17] Here we give the bias-variance decomposition of E.||3||3. The
formulation of E.||3]|3 is given by

A —1
ENBI3 =1l (X"X +A1)  XTyl3,
which can be decomposed as
“ —1
E-B3 =E.|l (X X +AI)  X"(XB.+¢)l3
-1 —1
—| (XTX+>\I) XTXB.|3+E| (XTX+)\I) X el

= (B, (X" X)HX"X + M) 728,) + *Tr(X' X(X'X + \)72)
=. B_k/‘s:)\ + Vk/’s;)\ .

Accordingly, we can see that it shares the similar spirit with the bias-variance decomposition. M

Our first goal is to relate Bﬁ}g y and V/I;/S \, to their respective deterministic equivalents. And next,
we will present the results for both asymptotic and non-asymptotic regime separately.
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D.1. Asymptotic deterministic equivalence for ridge regression

In this section, we establish the asymptotic approximation guarantees for linear regression, focus-
ing on the relationships between the £2 norm of the estimator and its deterministic equivalent. These
results can be recovered by our non-asymptotic results, but we put them here just for completeness.

Before presenting the results on deterministic equivalence for ridge regression and their proofs,
we begin by introducing a couple of useful corollaries from Theorems 6 and 7.

Corollary 18 Under the same condition of Theorem 6, we have

Tr(AS(S + A\ JI)72)

Tr(AX'X(X' X +)\)7%) ~ 5D
Specifically, if A = X, we have
) dfy(0)
Tr(EX ' X(XTX +\)72) ~ 222 (52)
Corollary 19 Under the same condition of Theorem 7, we have
T o) 72
THAT (TSTT + 2)2T) ~ LHAE AT (53)

n —dfy(A)

Using the equation
Tr(AXT X(XTX+\)2) = % (TT(AXTX(XTX ) - TrAXTX)2(XTX + )\)‘2)) :

we can directly obtain Theorems 18 and 19 from Theorems 6 and 7.

Now we are ready to derive the deterministic equivalence, i.e., E.||3||2, under the bias-variance
decomposition. Our results can handle ridge estimator ,é’ in Theorem 20 and interpolator Bmin in
Theorem 21, respectively.

Proposition 20 (Asymptotic deterministic equivalence of N}S .) Given the bias variance decom-
position of E.||B|3 in Theorem 17, under Theorem 3, we have the following asymptotic deterministic
equivalents Nfs ~ Nis = Bﬁ:g/\ + Vﬁi\ such that Bﬁfq’)\ ~ Bﬁtq/\, Vﬁ;‘i\ ~ Vﬁ*’%\, where these
quantities are from Theorem 17 and Eq. (54).

L Tr(E(E+ AMD7YH 0 A2(B,2(E+ M) 728,

BLS = (B, 3%(X + \.I) 23, .
N = (B B A ) B) n 1—n=1Tr(Z2(X+ N\JI)72)

LS
BR,A

s Tr(EE+ A7) PTr(Z2(2 + A d)?)
NAT Tr(E2(E + M) 2) n—Tr(B2(Z + AI)2)

(54)

LS
VR,A

We remark that, by checking Eq. (15) and Eq. (54), norm-based capacity suffices to characterize
generalization while effective dimension can not, where effective dimension is defined as Tr (3 (X +
AI)71) [57] or similar formulation, e.g., Tr(2?(X + A1) 72).
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* Bias: for the bias term, we find that the second term of B} rescales BL%, in Eq. (15) by a
—2
* Variance: we find that the variance term of the norm Vﬁs/\ equals the variance term of the test

risk Vrﬁi in Eq. (15) multiplied by a factor g&g;éi&*f%fg). That means, under isotropic

features 32 = I, they are the same.

Accordingly, the norm-based capacity is able to characterize the bias and variance of the excess
risk. We provide a quantitative analysis of this relationship in ?? D.3.2. Below, we present the proof
of Theorem 20.

Proof [Proof of Theorem 20] We give the asymptotic deterministic equivalents for Bj(/b: , and kas \>

respectively. For the bias term BJL\F:A, we use Eq. (8) by taking A = 3,8] and B = I and thus
obtain
Bifa = (8., (X X)X(XT X + AI)*B,)
=Tr(B.8, (X' X)*(X" X + \)7?)
~Tr(B.8. 5 (3 + M) 7?)
1
n—Tr(X2(2 + \J1)72)
n 1—n=1Tr(Z2(Z + \.J1)72)

+ X2Tr(BBLE(Z + M) 72) - Tr(E(Z + \d)72) -

= (B, 23 + A1) %B6,)
For the variance term V¥, we use Eq. (51) by taking A = I and obtain

2 (Y -2

LS 2 T T -2 o“Tr(B(X + A\I)™9) LS
=c’Tr( X X(X'X + I ~ =: V.

VN o T( ( + ) ) 7 — TT(22(2 )\*I)_z) N, A

The deterministic equivalent of the norm for the min-/>-norm estimator. We have the following
results on the characterization of the deterministic equivalence of || Bmin||2-

Corollary 21 (Asymptotic deterministic equivalence of the norm of interpolator) Under Theo-
rem 3, for the minimum {5-norm estimator Bumin, we have the following deterministic equivalence:
for the under-parameterized regime (d < n), we have

Bito =183, Vi ~ Tr(=7).

—d
In the over-parameterized regime (d > n), we have
BJI\IP:O ~ <B*7 2(2 + )‘nI)_116*> ;

19 AATr(Z(E+MI)7%) o?
NOT  —Tr(Z2(Z + Ad)2) Ay

where )\, is defined by Tr(X(X + A\, I)71) ~ n.
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Remark: The asymptotic behavior of A, differs between the under-parameterized and over-
parameterized regimes as A — 0, though the ridge regression estimator B converges to the min-/o-
norm estimator Bmin. To be specific, in the under-parameterized regime, A\, converges to 0 as A — 0;
while in the over-parameterized regime, A, converges to a constant that admits Tr (Z(Z+\,I)~1) ~
n when A\ — 0. Accordingly, for the minimum ¢3-norm estimator, it is necessary to analyze
the two regimes separately. And we show that the solution ), to the self-consistent equation
Tr(2(X + M\ I)™1) ~ n can be obtained from the variance Vﬁ:go =02/

Proof [Proof of Theorem 21] We separate the results in the under-parameterized and over-parameterized
regimes.

In the under-parameterized regime (d < n), for minimum norm estimator ,émin, we have (for
X" X is invertible)

Bun = (X'X) XTy=(X'X) XT(XB.+e) =B+ (XX) XTe.

Accordingly, we can directly obtain the bias-variance decomposition as well as their deterministic
equivalents

Tr(Z1
~ o2 r( )

By = 183, Vi = P Tr(XT X (X X)) ~ 0?02

where we use Eq. (51) and take A — 0 for the variance term.
In the over-parameterized regime (d > n), we take the limit A — 0 within ridge regression and
use Theorem 20. Define A, as Tr(2(2 + A\, I)~1) ~ n, we have for the bias term

Tr(Z(Z 4+ M\, I) 2 )\% 22+ M) 728,
B}\;’S:O ~ </6*7 22<2 + A’VZI)72IB*> + T( ( :l_ ) ) : 1— :lﬁ_lTT((z;(_E + )An-g_é)
= <ﬁ*7 2(2 + )‘nI)ilﬁ*> - )‘n<:6*) 2(2 + AnI)726*>
Tr(E(E+MI)7?) A (Bn (B + Md)?By)
* n 1 Tr(Z2(E 4 A T)2)
= (B0, Z(Z+ M) '8 -

For the variance term, we have

?Tr(Z(Z + M\ I)72)

Viro ~ :
MO —Tr(ZHE 4 M) 2)

Finally we conclude the proof. |

D.2. Non-asymptotic analysis on the deterministic equivalents of estimator’s norm

To derive the non-asymptotic results, we make the following assumption on well-behaved data.

Assumption 22 (Data concentration [33]) There exist C, > 0 such that for any PSD matrix
A € R™4 with Tr(ZA) < oo and t > 0, we have

P(|xXTAX — Tr(m4)| > 1| 2V2ARY2 ) < CLeTE
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Assumption 23 ([12]) There exists C > 1

(B, (X + )\*)_16*>
(B, Z2(XB + A\)7264)

Remark: This assumption holds in many settings of interest, such as power law assumptions like
those in Theorem 28, since under this assumption the numerator and denominator are bounded sums
of finite terms. It is a technical assumption used to address the difference between two deterministic
equivalents that are needed in our work for norm-based capacity. In fact, this assumption is used
for RFMs in [12] as the authors also face with the issue on the difference between two deterministic
equivalents.

Based on the above two assumptions, we are ready to deliver the following result, our results can
also numerically validated by Fig. 11 in Appendix J.2.

<C.

Theorem 24 (Deterministic equivalents of the /5-norm of the estimator.) Assume well-behaved
data {x;}}_, satisfy Theorem 22 and Theorem 23. Then for any D, K > 0, there exist constants
N« € (0,1/2) and C, p ik > 0 ensuring the following property holds. For any n > Cy p i, A > 0,
if the following condition is satisfied:

A>nE . pa(n)??log??(n) < Ky/n,

then with probability at least 1 — n~P, we have that
61 53/2
A(n)® lo n
|B5\ — B < Copic” ) \/ﬁg ( )BﬁSA,
61 53/2
A (n)® lo n
Vidy — VA < C:Jc,D,Kp () \/ﬁg ( )Vﬁi

Next, we give the proof of Theorem 20 below.
Proof [Proof of Theorem 24] Part 1: Deterministic equivalents for the bias term.
Here we prove the deterministic equivalents of B/L\fg , and kas y- First, we decompose Bj;;—g , into

B, = Tr (B*ﬁIXTX(XTX n )\)_1> Ty (ﬂ*ﬂIXTX(XTX n A)_Q) ,
- @2(Xa Ala )\) - n)\¢4(Xa A27 )\) )

where A; := 8,8, Ay := £71/23,8] £-1/2, Therefore, using Theorem 12, with probability at

least 1 — n~ L, we have
- - n)%/210e3/2(n -
’(1)2(X;A17>\) - ‘111()\*3141)‘ < Cx,D,Kp)\( ) \/ﬁg ( )\Ill()\*;Al)a
- - 6 1003/2 .
(X A ) = NV )| < Cop e 2 E w0 ).

Combining the above bounds, we deduce that

B\ - (‘1’10\*; Ap) = nAT (s A2)) ‘

px(n)8 log3/2(n)
\/ﬁ

< Crpi (\I/l(A*; A1) + nAUs(\,; Az)) .
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Note that ~ -
\Ifl()\*; Al) — n)\\IJQ(A*, AZ) = Bh?)\ .

For nAWa(Ay; Ag), recall that Wo(\,; A) := %TLT_T(T’?(EXJ:ZQ(@:’\;*II)):QZ)) , and according to Theorem 11
and Theorem 23, we have

Tr(B.8l (T + \.I)7?)
n—Tr(X2(X + \J1)72)
< ANTr(BeBLE(E + N I)7?)
=Tr(B:BLZ(Z + AI) ") = Tr(B.B.2*(S + A T)7?)

< <1 — é,) Tr(ﬁ*ﬁiz(z + )‘*)71) )

nAW, (A, Ag) = A

and therefore

T ( Ay A +nATs (N, Ap) < <2 — 1) Tr(B.8I2(= + X))

c
< (@2C-1) éTr(ﬁ*,BIE(Z + 07D
< (20 - 1) (wx*; A1) — nAWs (A A2)) .

Then we conclude that

n)%log®?(n
556~ B < o 202,

with probability at least 1 — n =P,

Part 2: Deterministic equivalents for the variance term. Next, we prove the deterministic
equivalent of VJL\/S - First, note that V}(fs , can be written in terms of the functional ®4(X; A, \)
defined in Eq. (22)

Vify = not®(X; 271 0.

Thus, under the assumptions, we can apply Theorem 12 to obtain that with probability at least

1—nP
6] 3/2
o204 (X; 271 N) — no?Wy(A\; B7Y)| < OI,D,K”(”) \/(lg (n) nolWs(A; B
n
2 —2
Recall that ¥a(\,; A) := %fj&‘?ég(é}tr’\/\**?),g) , then we have
n)8log/2(n
‘Vk/i\ - Vhi\ < Cx,Dva)\( ) \/ﬁg ( )th\?
with probability at least 1 — n >, |
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D.3. Characterization of learning curves

By deriving deterministic equivalents for the norm in linear regression, we can now analyze
learning curves through the lens of norm-based capacity. In certain cases, these learning curves can
even be expressed in closed form.

In this section, we first examine the general characteristics of learning curves from a norm-based
capacity perspective in ?2? D.3.1. We then provide a precise characterization of these curves in
??7D.3.2.

D.3.1. THE SHAPE DESCRIPTION OF LEARNING CURVES

We plot the bias and variance components of the test risk over 7y := % and norm, see Fig. 2(a)
and Fig. 2(b), respectively. Note that, our theory (shown in curve) can precisely predict experimental
results (shown by points).

Fig. 2(a) reveals a clear bias-variance tradeoff in the over-parameterized regime (where v > 1, as
shown in the right portion of Fig. 2(a)). Specifically, we observe that: i) The bias exhibits a strictly
increasing relationship with the parameter . ii) The variance demonstrates a corresponding strictly
decreasing trend.

However, in the under-parameterized regime (v < 1), both bias and variance increase monotoni-
cally with -y, therefore the bias-variance tradeoff does not exist. In particular, for the min-£s-norm
interpolator, since the bias equals 0, the risk is entirely composed of variance.

Because the self-consistent equation differs between the under- and over-parameterized regimes,
the learning curve plotted against the norm (see Fig. 2()) is not single-valued—this is due to the
phase transition between regimes. Specifically, a single norm value can correspond to two distinct
error levels, depending on whether the model is under- or over-parameterized. However, when
examined separately, each regime displays a one-to-one relationship between test risk and norm.

® empirical

0.0010 0.0010

0.0008 0.0008
.?‘) 0.0006 ﬁ 0.0006
ful -

0.0004 0.0004

0.0002 0.0002

0.0000 0.0000

0 ! 2 3d 4 5 6 12 13 14 15 16 17
V() norm
(a) Test risk vs. ~y (%) (b) Test risk vs. Norm

Figure 2: The relationship between the test risk R, norm N, their bias and variance (Br, VR, Bn,
V), and the ratio y := % for linear regression model. Training data {(x;, ¥i) }ic[n)» d = 1000,
sampled from a linear model y; = :I:lTB* + &4, 02 = 0.0004, &; ~ N(0, %), with 03(Z) = k71,
Bk = k~%2. The ridge A = 0.005. Note that in the under-parameterized regime (d < n), the bias
of the test risk is zero.

34



LEARNING CURVES UNDER NORM-BASED CAPACITIES

D.3.2. MATHEMATICAL FORMULATION OF LEARNING CURVES

In this section, we give the mathematical formulation of learning curves in several settings of
interest. First we give some concrete examples on the relationship between R and N in terms of
isotropic features.

Proposition 25 (Isotropic features for ridge regression, see Fig. 3) Consider covariance matrix
Y = I, the deterministic equivalents Ry and N¥° satisfy

2 LS S 2 S yES)2 2 2 S LS 2 25LS S \yLS)?2 4 2
(18215 —R3=N5) (I8 15 +R5® =N5T) ™ d+2118.113 ((Hﬁ*H2+R§ —N3%) - 41184 I3RS )A:2((R§ -N5%) —Hza*HQ) do® .

Remark: RI;\S and NI;\S formulates a third-order polynomial. When A — oo, it degenerates to
RYS = (||Bsll2 — {/N4¥)? when N}® < ||B,||3. Hence R}® is monotonically decreasing with

respect to N%¥, empirically verified by Fig. 3. Besides, if we take A = ﬁ, which is the
optimal regularization parameter discussed in [35, 51], the relationship in Theorem225 will become
R = ||B.]|3 — N}°, which corresponds to a straight line. This is empirically shown in Fig. 3 with
A = 50. In addition to isotropic features, we further examine the relationship under the power-law
assumption for the data.

Apart from sufficiently large A\ and optimal A mentioned before, below we consider min-£2-norm
estimator. Note that when A — 0, the ridge regression estimator B converges to the min-{5-norm
estimator ,émin. However, the behavior of A, differs between the under-parameterized and over-
parameterized regimes as A — 0. Thus, the min-#»-norm estimator requires separate analysis of the

two regimes.

20

== ridgeless
—_—A=2
— A=5
15 — A=10
— A=20

Figure 3: Relationship between R?\S and NRS under the linear model y; = x‘zr B« + &4, with d = 500,
3 = I, ||B]|3 = 10, and 0 = 1. The dashed line corresponds to the ridgeless regression curve.

Proof [Proof of Theorem 25] According to the formulation of Bﬁs)\ and Vhs)\ in Eq. (54), for X = 1,
we have

2 1 2 2__d _
CHR ) 25 SV G 25
, 2 1P 2 d ’ : d__~’
(1+A) n(1+A)? 11— s N (Ea W
2_ d 2 2__d
NS— 4 gy 4 Mgl ot
2 1M 2 d d_’
(14X nl+A)? 1- b~ n- e
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where A\, admits a closed-form solution

d+A—n++4n+ (n—d—\)>2

Ay =
2n

Recall the formulation BTﬁ and V \ (for test risk) in Eq. (15), for X = I, we have

21 2 2__d 2__d 2 2_d
LS )‘*(1+/\*)2HB*H2 VLS — ML RLS — A (1+/\*)2”:3*||2 MESE
R — 1 d ) RA — n— d ) A 1_ d n— d :
((EDWE

T on(IHa)? (1+X.)2 n(1+Xs)2

Accordingly, to establish the relationship between RI;\S and N%¥, we combine their formulation and
eliminate n to obtain?

2((RX™ = Nx*)? = [1Bull2)do? = (18:]I3 — RX® — NX*)([IB.13 + R3™ — N3%)*d
+ 2|83 (1813 + R3 = NX*)? — 4| 8. 3RY) A
u

Corollary 26 (Isotropic features for min-/>-norm interpolator, see Fig. 3) Consider covariance
matrix 3 = 1, the relationship between R{;S and Nés from under-parameterized to over-parameterized
regimes admit

NG — 118413, if d < n (under-parameterized);

2
VING = (1815 — o) + 1. 302 — 02, o .

For the variance part of R(L) and NS, we have VR 0= VN o> For the respective bias part, we have
LS
B&Y + Biio = [18:113.

Remark: In the under-parameterized regime, the test error R§” is a linear function of the norm N§~.
In the over-parameterized regime, R(L]S and N(L)S formulates a rectangular hyperbola: Rgs decreases
with N§¥ if N§° < ||B.]|2 — o while R} increases with N5 if N§* > || 3.2 — o2.
Proof [Proof of Theorem 26] According to Theorem 9 and Theorem 21, for minimum ¢3-norm
estimator and 3 = I, for the under-parameterized regime (d < n), we have

o%d o%d

BRO_Oa Vﬁ%:m; Bkﬁqo:Hﬁ*H%a VNO—nid'

From these expressions, we can conclude that

o%d
—d’

o2d

RG® BR0+V§,%*de NG® = BN0+ *H/B*Hz"‘
Finally, in the under-parameterized regime, it follows that

RG™ = NG™ — [18.13 -

2. Due to the complexity of the calculations, we use Mathematica Wolfram to eliminate n. The same approach is applied
later whenever n or p elimination is required.
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In the over-parameterized regime (d > n), the effective regularization A, will have an explicit
formulation as \, = @, thus for the bias and variance of the test error, we have

2__ 1
BLS _ )‘72’L<B*72(2 +)\TLI)72/6*> )\ 1+)\n)2||B*H2 _ H/@ ||2d n
R0 ™ -1 2 —2\ *
T (S 4 ) D) 1- Lo,
2 d
VESO — UQTT(22<2 + A’WAI)72) — 7 (1+>\n)2 — 0_2 n
T =Tr(EZ2(XZ+MNI)72) n-— 7(1_&")2 d—n
and combining the bias and variance, we have
d—n n
RS = BRY + VRo = 1B 13—— + o*—. (55)
-n
For the bias and variance of the norm, we have
BRo = (8o, B(S + M) 7'8) = < n A 8.3 = IIB*H
2 d
VLS — UTT(E(Z + )\nI)_Q) — g (1+Xn)? — 0_2 n
NOT o —Tr(Z2(Z+ M D)"2)  n— 7(143\”)2 d—n’
and combining the bias and variance, we have
n n
NG™ = Bio + Vi = 18135 + 0* — (56)

Finally, combining Eq. (55) and Eq. (56), we eliminate n and thus obtain

RES = \/(N5%)2 201813~ 02)IN5S + (18.[13+02)2 o>
By taking the derivative of R} with respect to N§°, we get
ORES _ NS — (8.1 — o)
NLS
ONG™\J(NES)2 = 218113 — 02N + (8.3 + 02)?

From the derivative function, we observe that R} decreases monotonically with N§* when N§° <
|B+]|3 — 2, and increases monotonically with N5 when N5 > ||3.]|3 — o2. |

Relationship for min-/>-norm interpolator in the under-parameterized regime. Next, we con-
sider the min-norm estimator, and we find that for the min-norm estimator, in the under-parameterized
regime, the relationship between risk and norm is linear, and this linearity is independent of the data
distribution.

Proposition 27 (Relationship for min-/2-norm interpolator in the under-parameterized regime)
The deterministic equivalents Rés NLS , in under-parameterized regimes (d < n) admit the
linear relationship

and
RG® =d (NG° — [|B.]13) /Tr(=71).
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Proof [Proof of Theorem 27] According to Theorem 9 and Theorem 21, for minimum ¢-norm
estimator, in the under-parameterized regime (d < n), we have

2d o?Tr(EZ71)
BLS — 0 VLS — o . BLS — B 2 VLS — .
R,0 ) R,0 n—d ’ N,0 H/B ||27 N,0 n—d
From these expressions, we can conclude that
2 o2
s s s _ od Tr(Z1)
RES = BRD + VRS = 20 NS =BG+ Vi = 8B+ T )

Finally, combing the above equation and eliminate 7, in the under-parameterized regime, it follows

that
d

LS _
= T (No

S —118.13) - (57)
[ |

The relationship in the over-parameterized regime is more complicated. We present it in the
special case of isotropic features in Theorem 26 of Theorem 25, and we also give an approximation
in Theorem 29 under the power-law assumption.

Assumption 28 (Power-law assumption) For the covariance matrix 3 and the target function 3,
we assume that o,(X) = k™%, «a > 0and B, = k=% B e R

This assumption is close to classical source condition and capacity condition [8] and is similarly
used in [40, Assumption 1].

Relationship under power-law assumption. Instead of assuming ¥ = I;, we next consider
power-law features in Theorem 28 and characterize the relationship.

Proposition 29 (Power-law features for min-/> norm estimator) Under Theorem 28, in the over-
parameterized regime (d > n), we consider some special cases for analytic formulation: if « = 1
and B =0, whenn — d, we have’

S 2(V§h)? s 2By (d — B )

RO™ 7S5 _ 122 R,0™
0 dVﬁ% — 252’ 0 2

Remark: The relationship between jos and NLS is still linear in the under-parameterized regime,
but is quite complex in the over-parameterized regime.
Proof [Proof of Theorem 29] In the over-parameterized regime (d > n), according to Theorem 9 and

Theorem 21, under Theorem 28, we have
grs _ (B SE+MD) 26 NTr(EMS 4+ AD) )
ROT T I Tr(B2(Z + M) 2 1—n ' Tr(S2(Z + M) 2)’
0T (BB A+ A\ T)7?)
n—Tr (XX + X\ 1)72)’
BND = (B B(E + M) '8.) = Tr(ZH (S + AD) ),
s Tr (B(Z+AI)7?2)

VNo = 0Ty (22 + M\ 0)2)°

LS
VR,O

3. The symbol == here represents two types of approximations: i) approximation for self-consistent equations; ii) Taylor
approximation of logarithmic function around zero (related to n — d).
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To compute these quantities, here we introduce the following continuum approximations to eigen-
sums.

d+1 o 1 d o d o
Ak <THE(E+N)Y) = Lo 2k, (58
/1 o, s TrEE AT ;ai—i-)\n_/o E T+ A >8)

due to the fact that the integrand is non-increasing function of k. Similarly, we also have

d+1 k.72o¢ ) ) d 0_2 d k.720¢
— —dk<Tr(Z X+ M\p)" 7)) = 1§/ —=dk. (589
/1 (F=+A,)2  — r(&X ™) ; (i + )% = Jo (B +)\,)? %)

We consider some special cases that are useful for discussion. When o = 1, we have

log(1 4 dA, + A,) — log(1+ Ap) log(1 + dAy)

s <Tr(S(S+M\)"Y) < X , (60)
d+1 1 d P d
— <Tr(Z%(Z 4+ M) ?) = U < . 61
puv wer i wer T CO N G R ;(ai+/\n)2_1+d)\n 61

Recall that \,, is defined by Tr (X (2 + A\, I)~1) = n. Using Eq. (58), we have
log(1 + d\y)

~
~

An
Observe that as n — d, A\, — 0, allowing us to apply a Taylor expansion:
log(1+dAn)  dAn = 5(dM)° _ Loy,
Based on this approximation, \,, can be expressed as
2(d —n)
T
In the following discussion, we consider the case n — d. Thus, we have the approximation
Tr(E(E+ M) D an, Tr(Z3Z+\) )~ d
’ 1+dA,

Then we have

LS _ o?Tr (Z3(Z + M) 7?) ~ 0271+fl>\n _ o?d

RO —Tr (B2 + MI)2) 1 — I ntdnA 1)

s T (BE M) ) oAy - mh)  o%dR(dh, - 1)

NO™ o —Tr (32(2 4 M\ d)2) Pp— - 2(n+d(n, — 1))

Use these two formulation to eliminate n, we obtain

LS \2
LS Q(VN,O)
R,0 ™~ LS 2.2
Vi — 2o
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Next we discuss the situation under different 3.
For 8 = 0, we have

— d
BLS — NTr(EE A AD ) Ml 9@ —mar)
071 = 1Tr(32(2 + M\ I)2) - o ’

1
BNy =Tr(E(Z+X\I) ) ~d- §d2)\n :
Use these two formulation to eliminate n, we obtain

2B% (4 — By%)

BLS ~

R,O ~ d2
For 8 = 1, we have
_ d
pis = M lrEE+AMDT) Nid,  _ ndd2
V= I Tr(B2(Z 4+ N)2) 1 n(lﬁdrn) n(l+d\,) —d

BNy =Tr(Z*(Z 4+ M) ™) = Tr(2) = MTr(S(Z 4+ M) ™) = Tr(X) — nhy .
Use these two formulation to eliminate n, we obtain
2,/(B5)? — 2Tr(DBRY + Tr(2)?  2(BES, - Tr(E))
\/d2 + 242BES) — 242 Tr(X) d\/l +2BES) — 2T (%)

LS o
BR,O ~

For 5 = —1, we need to use another two continuum approximations to eigensums

d

Tr(S+X) ) =)

=1

1 /d 1 _dX, —log(1 +d)y,)
0

~ dk
i+ A k= 4+ A, A2 ’

d

Tr(S+X) %) =)

S A - D

_— dk =
(o5 + A\, k= 4+ \,)? A3

Once again, we apply the Taylor expansion, but this time expanding to the third order
1 1
log(1 4 d)\,) =~ d\, — 5(dAn)2 + g(dAn)?’ .

Then we have

_ dh\, —log(1+dX\,) 1, 1
Tr((Z 4+ \,) 1) &~ ~ —d® — Zd>)\,
(B4 A7 o 5@ = 38,

Using the approximation sated above, we have

XTr((Z+ M\I)7?) AR (GE=Fd M) /(1+dAn))

BL) = ~
: 1—n=1Tr(Z2(X 4+ A\ I)72) 1— n(lfdxn)
1 1
Bho =Tr((Z+ )7 = §d2 - §d3)\n.
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Use these two formulation to eliminate n, we obtain

BLS o 216(By%)* —324d%(ByY,)® +126d* (BR)? +d°By, — 5d°
RO 245(6BS, — d&2) ‘

|

Here we present some experimental results to check the relationship between BIF“QS0 and Bhso, as

well as Vaso and Vklso, see Fig. 4. We can see that our approximate relationship on variance (see the

red line in Fig. 4(d)) provides the precise estimation. For the bias (see the left three figures of Fig. 4),
our approximate relationship is accurate if Bklso is large.

0.0005 - \
% . w50

920 960 1000 72 73 74 75 450000 475000 500000 5 16
Ls Ls Ls Ls
B BWA BWA VA

(@)f=0 b p=1 (©pf=-1 (d) VE3 vs. V%

Figure 4: The left three figures (a) (b) (c) show the relationship between Bﬁ% and Bﬁso when o =1
and [ takes on different values. The figure (d) shows the relationship between Vﬁ% and Vh‘% when
a = 1. The blue line is the relationship obtained by deterministic equivalent experiments, and the

red line is the approximate relationship we give.

Appendix E. Deterministic equivalents under norm-based capacity

Here we present more results and discussion on Theorem 2.
Norm-based capacity over different layers: In RFMs, if we use the norm of the first layer,
W ||r as model capacity, we will obtain a reshaped double descent curve as Fig. 15. This is
because, the first layer’s parameters are with random Gaussian initialization and then untrained,
we directly have E[|W||p] = v2 - T(“5™)/r(%) ~ y/dp — 3, increasing with p. For two-layer
neural networks with both trained layers, path norm is empirically verified as the most suitable
(data-independent) model capacity for neural networks. We find that the curve aligns more closely
with the norm-based capacity in RFMs of the second-layer parameters, rather than that of the first
layer, see more discussion in Appendix J.3.

For better illustration, we consider a special case of Theorem 2, the min-norm estimator (A = 0),
which will be used later, and derive its deterministic equivalence; see the proof in Appendix G.1.

1.e.,

Corollary 30 (Asymptotic deterministic equivalence of NS‘F My Under Theorem 1, for the min-
Lo-norm estimator Ay, in the under-parameterized regime (p < n), we have

BEFM _, p<0*a A(A + API)729*> p<9*7 (A + API)710*> YRFM ‘72]3
N0 n—Tr(A2(A+ \,I)72) n—op » TN Ap(n—p)’
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where )\ is from Tr(A(A + N\, 1)) ~ p. In the over-parameterized regime (p > n), we have

BIEM (0., (A + X\, 1)710,) VEEM o?p
o p—n ’ O Aalp—n)’

where X\, is defined by Tr(A(A + A\, I)71) ~ n.

Remark: Vﬁf ({W admits the similar formulation in under-/over-parameterized regimes but differs in
An and \,. An interesting point to note is that, in the over-parameterized regime, A, is a constant
when n constant. Therefore, Bﬁf é” and V}i/}? OM are proportional to each other.

We need to analyze RFMs separately in the under-/over-parameterized regimes when A — 0,

leading to different self-consistent equations in these two settings.

* In the under-parameterized regime, 11 converges to 0, and 12 converges to a value A, satisfying
Tr(AA+XI)71) =p.

* In the over-parameterized regime, v, converges to a constant )\, satisfying Tr(A(A +
A I)™1) = n, and 14 converges to va(1 — n/p).

These differing asymptotic behaviors of 1y and v, between the two regimes enable a more precise
characterization of the risk—norm relationship, which will be described in the next section.

Appendix F. Characterization of learning curves

By giving the deterministic equivalents of the norm, we are ready to plot the learning curve
under norm-based capacity, see Fig. 1(b) for illustration. In some special cases, the mathematical
formulation of learning curves can be given. Accordingly, in this section, we firstly discuss the shape
of learning curves from the lens of norm-based capacity in Appendix F.1. Then we take the example
of min-£5-norm interpolator, and precisely characterize the learning curve by reshaping scaling laws
in Appendix F.2.

F.1. The shape description of learning curves

Here we conduct the bias-variance decomposition, and track how bias and variance behave w.r.t.
model size, norm, and the regularization parameter A, as shown in Fig. 5, which will provide a more
detailed description and understanding on learning curves.

Reshape bias-variance trade-offs and double descent: We plot the bias and variance components
of the test risk over model size p and norm, see Fig. 5(a) and Fig. 5(b), respectively. Note that,
our theory (shown in curve) can precisely predict experimental results (shown by points). Fig. 5(a)
aligns closely with [31, Figure 6] on the double descent when increasing the model size p from the
under- to over-parameterized regimes. However, even in the classical under-parameterized setting,
the conventional bias-variance trade-off no longer holds: the bias follows a U-shaped curve, whereas
the variance grows monotonically. This was discussed recently by [44, 50] on “whether we should
remove bias-variance trade-offs from ML textbooks”.

When examining bias-variance vs. norm (see Fig. 5(b)), we observe that: i) in the under-
parameterized regime, bias exhibits a U-shaped dependence on norm, while variance increases
monotonically. This result matches with that for model size in Fig. 5(a); ii) in the over-parameterized
regime, both bias and variance increase monotonically with norm. These findings reshape the
traditional understanding of bias-variance trade-offs and double descent.
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Figure 5: The curves of bias and variance in RFMs are over model size p in Fig. 5(a) and over norm
E. | a||3 in Fig. 5(b), respectively. Fig. 5(c) establishes a one-to-one correspondence between the
norm and A for a fixed p across varying A values. Fig. 5(d) examines the relationship between risk
and norm under the same conditions. Training data {(x;, i) }ic[n), » = 100, sampled from the model

yi = g} 0x + i, 02 =0.04, g; ~ N(0,1), f; ~ N(0,A), with ¢3(A) = k=2 and 0, , = k1.

Since the self-consistent equation differs from under-parameterized to over-parameterized
regimes, the learning curve plotted against the norm (see Fig. 1(b) and Fig. 5(d)) is not single-
valued because of such phase transition: a single norm value may correspond to two distinct error
levels in the under- and over-parameterized regimes. However, when analyzed separately, each regime
exhibits a one-to-one relationship between test risk and norm. Notably, our analytical and empirical
findings suggest that i) sufficient over-parameterization is always better than under-parameterization
in terms of lower test risk, which also coincides with [47]. ii) More importantly, this curve aligns
more with classical statistical intuition—a U-shaped curve—rather than the double descent phe-
nomenon. We conclude that with suitably chosen model capacity, the learning curve more closely
follows a U-shape than a double descent. We conjecture that this behavior is universal in more
complex models and real-world datasets; see Appendices J.2 and J.3 for details.

Control the norm via regularization. Norm-based capacity appears less intuitive used in practice
when compared to model size. To control model norm, one can either fix the regularization parameter
and vary the model size p or fix p and constrain the weight norm, The latter approach is mathematically
equivalent to tuning the regularization parameter A in random feature ridge regression, as evidenced
by the equivalence to the constrained optimization problem: ming ||y — Za|> s.t. |al2 = B.
This yields a ridge-type solution: @ = (Z'Z + \I)"'Z"y subjectto |lallo = B, where \ is
uniquely determined by the norm constraint B (with d||a||3/0A < 0 guaranteeing a one-to-one
mapping). We empirically verified this in the random feature model by fixing the training sample
size n and ratio v, and varying A to control the estimator norm. As shown in Fig. 5(¢) (under-
parameterized with v = 0.5) and Fig. 5(d) (over-parameterized with v = 1.5), the norm decreases
monotonically with increasing A, and in both under- and over-parameterized regimes, the test risk
exhibits a U-shaped dependence on norm capacity, consistent with the known L-curve behavior [19].
Further discussion can be found in Appendix I.1.

F.2. Mathematical formulation of learning curves

Firstly, we show that the risk-norm relationship is linear in over-parameterized regime, see the
proof in Appendix G.3.
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Figure 6: Fig. 6(a) and Fig. 6(b): Validation of Theorem 33. The solid line represents the result
of the deterministic equivalents, well approximated by the red dashed line of Eq. (63) in the over-
parameterized regime, and the blue dashed line of Eq. (63) when p — n in the under-parameterized
regime. Fig. 6(c): The value of exponents ,, and ~y in different regions (divided by ¢ and /) for
r € (0, %) Variance dominated region is colored by orange, and brown, bias dominated
region is colored by blue and green.

Proposition 31 (Linear learning curve) The deterministic equivalents REFM and N§FM | in over-
parameterized regimes (p > n) admit the linear relationship with the constant slope Ay,
RG™M = XaNG"™ + Co. Ao » (62)

where \,, satisfying Tr(A(A + A\, 1)) ~ n and Co, A n,o are two constants independent of p but
dependent on 0., A, n, and o, as defined in Appendix G.3.

Remark: Characterizing the relationship between risk and norm for ridge estimators (A > 0)
becomes particularly challenging. As shown in Eq. (5), the parameters p, A, v1, and 1 are intricately
coupled, making it extremely difficult to solve for v, and vo—Ilet alone derive an explicit (even
approximate) relationship between risk and norm. In the case of linear regression, a complete
description of the risk-norm relationship under ridge regularization can be established, as presented
in Appendix D.

The relationship in the under-parameterized regime is also complicated as well. We consider the
special case of isotropic features in Theorem 37 and give an approximation in Theorem 33 under the
power-law assumption, given as below.

Assumption 32 (Power-law, [12]) We assume that {5,%};021 in A and 0, satisfy

2 1+2ar

&=k Op=k 2 ,witha>1,r>0.

The assumption coincides with the source condition ||A™"0.|l2 < oo (r > 0) and capacity
condition Tr(A/?) < oo (o > 1) [8]. Under power-law, we need to handle the self-consistent
equations to approximate the infinite summation. We have the following approximation.

Corollary 33 (Relationship for min-/5 norm interpolator under power law) Under Theorem 32,
the deterministic equivalents R§E™ and NE'M admit * the following relationship with C,, o .1 <

4. The symbol = here denotes using an integral to approximate an infinite sum when calculating Tr(+).
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Cn a,r,2
Cn,,(}z.r,l UC p>n,
CrL,a,T'.,Q lf p—n .

where Cy, ;. 1(2) are constants (see Appendix G.3 for details) that only depend on n, o and r.
The notation p — n~ means that p approaches to n in the under-parameterized regime (p < n).

Re"™M ~ (n/ca) ™ + { (63)

Remark: In the over-parameterized regime, the relationship between RSF M and NSF M is a mono-
tonically increasing linear function, with a growth rate controlled by the factor decaying with n.
In the under-parameterized regime, as p — n (which also leads to RE*M and N}M — o),
RSF M still grows linearly w.r.t NgF M with the same growth rate factor decaying with n. Further-
more, since Cy, o .1 < Cp a2, the test risk curve shows that over-parameterization is better than
under-parameterization. This approximation is also empirically verified to be precise in Fig. 6.

To study scaling law, we follow the same setting of [12] by choosing p = n9 and A\ = n~(¢=1)
with ¢,1 > 0. We have the scaling law as below; see the proof in Appendix H.

Proposition 34 Under Theorem 32, for r € (0, %) taking p = n? and A = n~ Y with ¢,1 > 0,
we formulate the scaling law under norm-based capacity in different areas as

RYM =6 (n”" : (NiFM)7N> , Wm<0, wER,

where the rate {7y, N} in different areas is given in Fig. 6(c).

Remark: In all regions of Fig. 6(c), v, < 0, which aligns with the classical scaling law—that
increasing the number of training samples leads to a reduction in test risk. As for vy, in regions
@, @, ®, and @, vy > 0, indicating that when ¢ is large (i.e., p is large), the test risk increases
monotonically with the norm. In contrast, in region ®, vy < 0, meaning that when ¢ is small (i.e.,
p is small), the risk decreases monotonically with the norm. This again resembles the traditional
U-shaped curve. These findings highlight the dual role of model norm in generalization: while a
larger norm can be beneficial in low-complexity regimes, it becomes detrimental when the model is
already sufficiently complex.

Appendix G. Proofs for random feature ridge regression

In this section, we provide the proof of deterministic equivalence for random feature ridge
regression in both the asymptotic (Appendix G.1) and non-asymptotic (Appendix G.2) settings.
Additionally, we provide the proof of the relationship between test risk and the 5 norm given in the
main text, as detailed in Appendix G.3.

Though the results [1] are for linear regression, we can still use the results for RFMs, which
requires some knowledge from Eqgs. (26) and (27).

We firstly confirm that Theorem 3 in Appendix B.3, used to derive all asymptotic results, can be
replaced by the Hanson-Wright assumption employed in the non-asymptotic analysis. It is evident
that Egs. (7) and (9) are obtained directly by taking the limits of Eqgs. (26) and (27) as n — oo.

Additionally, a key step in the proof of Egs. (8) and (10) in [1] involves showing that A is almost
surely negligible, where A is defined as

1 Zn: wle(g_l 7 2(2 —2I)7!

A=— =
n 1+l (nX_; —nzI) la;

=1
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with & = LS a], S = %Z#i :cjav; and z € R.
In the analysis of [1], the negligibility of A arises from the assumption that the components of
x; follow a sub-Gaussian distribution, which leads to the Hanson-Wright inequality

|

ol @i — tr(z)( <c (tHEHOp + \/i||2||F)} >1- 2.

In this way, Theorem 22 is also sufficient to establish the negligibility of A.

After obtaining Eqs. (7) and (9) and the negligibility of A, we can follow the argument of [1]
and derive the rest asymptotic deterministic equivalence.

Finally, with these observations, we can eliminate the reliance on Theorem 3 and instead rely
solely on Theorem 22 to derive all the asymptotic results.

G.1. Asymptotic deterministic equivalence for random features ridge regression

In this section, we establish the asymptotic approximation guarantees for random feature regres-
sion in terms of its {o-norm based capacity. Before presenting the proof of Theorem 2, we firstly
give the proof of the bias-variance decomposition.

Proof Here we give the bias-variance decomposition of E.||a||3. The formulation of E.||a||3 is
given by
Eel|al} = E[|(Z2"Z + AD™'ZTy] 3

which admits a similar bias-variance decomposition
Ecllal3 =E.|(Z"Z + \I)"'Z" (G6. + €)|I3
=(Z"Z+ )7 ZT GO+ E|(Z7Z + M) ZT €3
= (0.,G"Z(Z"Z + \I)2Z' GO,) + o> Tr (ZTZ(ZTZ + )\I)_Q)

. RREFM REM
=By Vv -

Accordingly, we conclude the proof. |
Now we are ready to present the proof of Theorem 2 as below.

Proof [Proof of Theorem 2] We give the asymptotic deterministic equivalents for the norm from the

bias Bi/F /{V[ and variance V}E/F i\/[ , respectively. We provide asymptotic expansions in two steps, by

first considering the deterministic equivalent over G, and then over F'.
Under Theorem 1, we can apply Theorems 6, 7, 18 and 19 directly in the proof below.

Deterministic equivalent over GG: For the bias term, we use Eq. (12) in Theorem 7 with T' = G,
S=F'F,A=0,0] and B = F' F and obtain
BYY =(0.,G'Z(Z"Z + \)*Z' G6.)
=Tr(0.G'Z(Z'Z + \I) 22" G6.)
= pTr(0,0.G' (GF'FG" + p)\I)'GF'FG' (GF'FG' + p\I)"'G)

~pTr(0.0L(F'F + 1) 'F'F(F'F 4+ uI)™) (64)
In
1
+p2 Tr(0,0L(F'F + v 1)) - Tr(F F(F'F +uI)?) ————
-5 - n —dfy(v1)
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where v defined by v (1— %a?f 1(v1)) ~ %A, df 1(v1) and df o(11) are degrees of freedom associated
to F' F in Theorem 5.
For the variance term, we use Eq. (53) with T' = G in Theorem 7, A = F'F,X=F"Fand
obtain
VIFM = 62Ty (ZTZ(ZTZ + )\I)_2) = oTr (ZZT(ZZT + AI)_Q)

— o2pTr (GFTFGT(GFTFGT n pu)”)
o Tr(FTF(F'F +111)7?)
n—dfy(rr)

Deterministic equivalent over F': In the next, we aim to eliminate the randomness over F' in
Eq. (64) from the bias part. First our result depends on the asymptotic equivalents for d f, () and

c/1?2(1/1). For a}l(l/l), we use Eq. (7) in Theorem 6 with X = F' and obtain

df1(n) = Tr(FTF(F'F + 1 I)™") ~ Tr(A(A + )Y = df1 (1),
where v defined by vo(1 — %dfl(VQ)) ~ 1. Hence vy can be defined by v (1 — Lafi(ve)) ~ %
from Eq. (5).
For df4(11), we use Eq. (8) in Theorem 6 with X = F', A = B = I and obtain

dfy() = Tr(F F(F'F+uI) 'F F(F' F +nI)™")

1
~ Tr(A%(A + D)™ + 2Tr(AA + 1uI)7 ) - Tr(A2(A + 1oI) %) ————
p—dfy(e)
=: nY(v,1n).
(65)
For I3 := Tr(F'F(F'F +v11)72), we use Eq. (51) with X = F and obtain
1
Tr(F'F(F'F+uI)?) ~Tr(AA+vI)?) —————— . 66)
(F F( 1I)™7) (A(A +v2d) )p—df2(y2) (

Then we use Eq. (51) again with X = F, A = 6,.0! to obtain the deterministic equivalent of I;

Tr(0.0,(F'F +u 1) 'F'F(F'F +uI)") =Tr(0,0,F F(F'F +1,I)"?)

1
~ Tr(0,0] AA + o) %) —————
( ( 1)) p—dfs(v2)
1
=O0]AA+1])7%0, —————.
( 1) p—dfa(v2)
Further, for I», use Eq. (10) with A = 6,.0] and B = I, we obtain
2
Tr(0,.0L (F'F + 1 I)72) ~ %TT(O*GI(A +nd)72)
1
2
V3 T 2 2 1
+ =Tr(0,0, (A+vod) “A) - Tr(A+wl)“A) ———.
T (O0T(A+ D) 2 A) Tr(A+1aD) A) s
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Finally, combine the above equivalents, for the bias, we obtain

B ~ pOl A(A + o) 720, - p_lecQ(,,Q)
+pr <Z§TT(G*OI(A +0ad) %)+ ZTETW’*”I(A Frl)A) TT(;A—EE (Iv)a_)QA))
“Tr(AA + D)) - b= d;g(m) ‘n— nTl(Vl, v2)
B 1
= PO AN+ D)0 s

+ + Tr(A(A + voI)2
. <V§01(A val) 720, + V30, A(A +121) %6, - AR LT )>
n

p—dfs(v2)
1 1
p—dfy(re) 1—"T(v1,12)
_ p(0, A(A +10D)7%0,)
 p—Tr (A2(A + 1nI)~2)
px(vs) 13 [0, (A + 1oD)"20.) 4 (1) (6., A(A + 1o1)20.)]
n 1—"(v1,19) )

“Tr(A(A +1pI)7?) -

_l’_

Similarly, for the variance, using Eq. (65) and Eq. (66) for I35, we have
1 1
p—dfy(re) n—nY(v,1s)

VJF\{/IX\J ~ O'2pT’r'(A(A + VQI)_2) .

02 %X(VQ)
1-— T(Vl, VQ) '

~

Accordingly, we finish the proof. |

In the next, we present the proof for min-fo-norm interpolator under RFMs.
Proof [Proof of Theorem 30] Similar to linear regression, we separate the two regimes p < n and
p > n as well. For both of them, we provide asymptotic expansions in two steps, first with respect to
G and then F' in the under-parameterized regime and vice-versa for the over-parameterized regime.

Under-parameterized regime: Deterministic equivalent over G  For the variance term, we can
use Eq. 53) with T = G, X = F' F, A = F" F and obtain
VN =0® Tr(Z"Z(Z"Z + \I)7?)
=02 . pTr(FG'GF' (FG'GF' + p\I)™2)
=0 . pTr(FTFGT (GFTFG" + pA\I)2G)
~o? pTr(FTF(F'F + X)72%). nlp
P

2 Ty —1
~cg°-Tr((FF :
o Tr(FFT)T) L

where 5\ is defined by
( n 1( )) n ) ( )
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where d f L(A) and df »(\) are degrees of freedom associated to F' F'. In the under-parameterized
regime (p < n), when \ goes to zero, we have A — 0 and df,(\) — p [1].

For the bias term, we use Eq. (12) with T = G, X = F'F, A= 0*91, B = F'F and then
obtain

B =Tr(0.G'Z(Z"Z + \I)*Z" G6.)
=pTr(0lG'GF (FG'GF' + pA\I)2FG' G6,)
= pTr(0.0.G" (GF'FG" +p)\I) 'GF ' FG' (GF'FG" +p\I)"'G)
~pTr(0.0L (FTF + XI)"'F'F(F'F + X7}

+pNTr (0.0, (F'F + M)™*) - Tr(F F(FTF + )% -

1
n—p

—p
~pTr(0,0L F'(FF")"2F) 4+ pTr(6,0l (I — FT(FF")"'F)) - Tr((FF")™!).

In the next, we are ready to eliminate the randomness over F'.

Under-parameterized regime: deterministic equivalent over F' For the variance term, from [1,
Sec 3.2] we know that 1/, is almost surely the limit of Tr((FF')~!), thus we have
1
Tr((FF')™') ~ —,
Ap
where )\, defined by d f1(),) = p, where df1(\,) and d f2(),) are degrees of freedom associated to
A. Hence we can obtain
1 P o’p
VRFM ~ 0_2 L. — .
N0 Ap n—p  A(n—p)

For the bias term, denote D := FA~'/2 we first use Eq. (53) with T = D, X = A, A =

A'/26,0] A/? and obtain the deterministic equivalent of the first term in Bfi/F é\/‘f

Tr(0,0. F' (FF')"2F) = Tr(AY?0,0] AY>D" (DAD")~2D)
o
n-— df2(>‘p) .

Then weuse Eq. (12) withT = D, X = A, A = A1/20*OIA1/2 and obtain

~ Tr(0.00 A(A + ),)72) -

Tr(0,0l FI(FF')™'F) = Tr(AY26.0. AV>D" (DAD") ™' D) ~ Tr(6.0. A(A + ),) 1),

Bif M is given by

Then the deterministic equivalent of the second term in
Tr(6.0.(I — F (FF')"'F)) ~ A0, (A +X,) 16,

Finally, combine the above equivalents and we have

BEM CgTAA+A)20, — 2 Lol (A+N,)t0, P

N,O ( P) n_de()\p) ( p) n—p
_ (0, A(A + Ap)_20*> i p(0s, (A + )‘p)_la*>
n—Tr(A2(A + M\, 1)72) n—p '
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Over-parameterized regime: deterministic equivalent over FF Denote K := A'/2GT GA/?,
for the variance term, we use Eq. (53) withT' = D, ¥ = A = K and obtain

Vit = o? - pTr(FG'GF' (FG'GF' + pA\I)?)
=0 pTr(KD' (DKD' +pAI)~>D)
1
p—n

~o2. T AGT) ). P
o” - Tr((GAG") )p_n,

~ o pTr(K(K + \)72).

where )\ is defined by
51— LdF, () ~ 22 (68)
n ! n’
where @f L(A) and a} o(\) are degrees of freedom associated to K . In the over-parameterized regime
(p > n), when \ goes to zero, we have A — 0 and dfy(\) — n [1].
For the bias term, we use Eq. (53) with T = D, ¥ = K, A = A'/2G' G0,0] G" GA'/? and
obtain
By =pTr(0,G'GF' (FG'GF' +pAI)°FG' G9,)
= pTr(AY2GTGO,0l GTGAY>?D(DK D" + pAI)"2D)
1

p—n

~ pTr(AY2G"' GO0 GTGAV?(K + A\I)7?).

~Tr(6,.0]GT(GAGT)'G) - ﬁ .

Over-parameterized regime: deterministic equivalent over G  For the variance term, we have

p o?p

RF M 2
v —n A(p—n)

1
~Ng°.— -
N0 Ao D

For the bias term, we have

BXEM (0,07 (A + \y)Y) - —2
) p_ n

—0T(A+ )00, 2

p—n
_ P8, (A +X,)710,)
= g

Finally, we conclude the proof. |

To build the connection between the test risk and norm for the min-£5-norm estimator for random
features regression, we also need the deterministic equivalent of the test risk as below.

Proposition 35 (Asymptotic deterministic equivalence of the test risk of the min-/>-norm interpolator)
Under Theorem 1, for the minimum {s-norm estimator Qin, we have the following deterministic
equivalence: for the under-parameterized regime (p < n), we have

BEFM nAp(0s, (A + A1) "10,) VRFM o’p
R,0 n—op ) R,0 n—p

)
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where N, is defined by Tr(A(A + N\, 1)) ~ p. In the over-parameterized regime (p > n), we have

BRFM nA2(0., (A + X\ )720,)  nA, (0., (A+ N\ I)716,)
RO —Tr(A2(A + A\ I)72) p—n ’
VREM a?Tr(A%(A + N\, I)72) a’n
R0 n—Tr(A2(A+X,I)"2) p—n’

where \,, is defined by Tr(A(A + \,I)71) ~ n.

Proof [Proof of Theorem 35] For the proof, we separate the two regimes p < n and p > n. For both
of them, we provide asymptotic expansions in two steps, first with respect to G and then F' in the
under-parameterized regime and vice-versa for the over-parameterized regime.

Under-parameterized regime: deterministic equivalent over G For the variance term, in

the under-parameterized regime, when A — 0, the variance term will become V%FOM = o2

Tr(jAXF(ZTZ)*l). Accordingly, using [1, Eq. (12)], we have

VM =0 Tr(Ap(Z"2)7Y)

=o? . Tr(FF' (FG'GF")™)
2
-Tr(FF'(FF")™Y)

~

n—p
_
o

For the bias term, it can be decomposed into

BYM =0, —p '\ PF (2" Z + \I)T' Z7 GO, |3
=010, —2p7 20 F' (2" Z + \I)"'Z" G,
+0lG ' Z(Z"Z+ \I) 'Ap(Z"Z + M) Z" G6..

For the second term: p~'/20L F'(Z"Z + \I)~'Z" G#., we can use Eq. (11) with T = G,
S =F'F,A=0,0] F'F and obtain

p V20LF (Z"Z + \)"'Z"GO, = Tr(0,0. F' FG' (GF'FG' + pA\I)"'G)
~Tr(0,0. FTF(F'F + X))
~Tr(6.0l FT(FF")"'F),

where the implicit regularization parameter ) is defined by Eq. (67).
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For the third term: 8] G' Z(Z" Z + AI)"'Ap(Z" Z + A1)~ Z" G6,, we can use Eq. (12)
withT =G,X=F'F,A=0,0], B=F'FF'F and obtain
0!G ' Z(Z"Z + \I)"'Ap(Z"Z + \I)"'Z" Go,
=Tr(0,0.G'GF" (FG'GF'" + p\I)'FF' (FG'GF' +p)\I)"'FG'G)
=Tr(0,0.G" (GF'FG" + p\)"'GF'FF'FG' (GF'FG' + p\I)"'G)
~Tr(0.0L(FTF+ M) 'FTFF F(F'F +\I)7!)
+N2Tr (0.0, (FTF+ 272 - Tr(FTFF' F(F'F + XI)7%). nip
p

~Tr(0,0. FT(FF")"'F)+Tr(6,6l (I - F"(FF")"'F)). .
n—p

Combining the above equivalents, we have
p
n—p

BY =6.0,—Tr(0.0,F (FF')'F)+Tr(0.0,(I - F' (FF")"'F))-
—0'0, - —Tr0.0/ F (FF)'F). .
n—p n—p
Under-parameterized regime: deterministic equivalent over F' For the bias term, we can use
Eq. (1) with T = D := FA~Y2, A = A'/20,0] A'/? and obtain

TT(O*OIFT(FFT)—IF) — TT(A1/20*OIA1/2DT(DADT)—lD)
~ Tr(AY20,00 AY2(A +X,)71)
=0LA(A+ ) '0..

Thus, we finally obtain

BEEM L gTg, .~ _@TA(A +A)lG,  —
R0 O, O (A+Ap) n—p
— AOL(A+2,) 10, —
Y4 *( + p) n—p
(0., (A + A\, D)716.)

n—p
Over-parameterized regime: deterministic equivalent over F' For the variance term, with
D := FA 'Y/2and K := AY2G" GA'/? we can obtain

VRIM = 6% . Tv(ApZ' Z(Z" Z + \I)72)
=02 Tr(FF'FG'GF"(FG'GF' + p\I)?)
= 0% . Tre(DAD"DAY2GTGAV2D"(DAY2GTGAY? D" + pAI)72)
=02 - Te(AD"(DKD" +pAI) 'DKD"(DKD" +p\I)"'D),
then we directly use Eq. (12) with T = D, ¥ = K, A = A, B = K and obtain
Tr(AD"(DKD" +p)\I) 'DKD"(DKD'" + p\I)"' D)
1

p—n
~ TH(A2GT (GAGT) Q)+ Tr(A(I — AV2GT (GAGT) ' GAY2))- Tr((GAGT) ). -,
—

~Tr(AK + M) K (K + M) ™Y + X2 Te(AK + M) 72) - Tr(K(K + M) 7?) -
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where the implicit regularization parameter )\ is defined by Eq. (68).
For the bias term, first we have

p V20LF (ZTZ + \I)"'Z"GO, = Tr(0,0l F' (FG'GF' +p)\)"'FG'G)
= Tr(AY2G"' GO0 AV>*D" (DKD" + pXI)"'D),
then weuse Eq. 1) withT =D, X =K, A = A1/2GTG19*OIA1/2 and obtain
Tr(AY?G'GO,6] A'°D" (DKD" + pAI)"'D) ~ Tr(0,0l AG" (GAG")'G) .

Furthermore, we use Eq. (12) withT = D, ¥ = K, A = A1/2GTG0*GIGTGA1/2, B = A and
obtain
0!G ' Z(Z"Z+ \) 'Ap(Z"Z + \I)'Z" Go,
= Tr(AY2G"GO.0.G"GAV*D" (DK D" + pAI) ' DAD" (DK D' + pAI)"'D)
~Tr(AY2G"GO.0. G"GAV*(K + A\I)'A(K + AI)7Y)

+ RTr(AY2GT GO,.0LGTGAY2(K + AI)2) - Tr(A(K + M) %) - —
p—n
~Tr(0,.0,G" (GAG")'GA’G" (GAG")™'G)
+Tr(0,0] GT(GAG")'G) - Tr(A(I — AY2GT (GAGT)'GA'/?)) . S
p—n

In the next, we are ready to eliminate the randomness over G.

Over-parameterized regime: deterministic equivalent over G For the variance term, we use
Eq. (53) to obtain

TrHA2GT (GAGT)2G) ~ m.
— 5,00

Then we use Eq. (11) to obtain
Tr(A’GT(GAG")'G) ~ Tr(A*(A + \,)7Y),
where )\, is defined by d f1(),) = n. Hence we have
Tr(AI — AY2GT(GAGT)'\GA?)) ~ n),.
Combine the above equivalents, we have
dfs(An n
O R

P Tr(A%(A + N I)7?) a’n
n—Tr(A2(A+X\I)2) p-n’

For the bias term, we first use Eq. (11) to obtain

Tr(6,0. AG' (GAG")'G) ~ Tr(6.0] A(A + X\,)71).
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Moreover, we use Eq. (12) to obtain
Tr(0,0. G (GAG") "'GA’G" (GAG")'@G)

dfa(An)

~ Tr(0,0LA2(A + M) 2) + A2 - Tr(0,00 (A + \,)"2)  —L2 00/
( ( )7 (6.0, ( )~ n—dfa00)

Accordingly, we finally conclude that

n n
P+ ML (A + N D),
oAy T O A A

2 (0., (A AD)20,)  nA(8e, (A + A D)710,)
 n—Tr(A2(A + \,I1)72) p—n

BRM ~A20) (A + N\, I) 720,

G.2. Non-asymptotic deterministic equivalence for random features ridge regression

Here we present the proof for the non-asymptotic results on the variance and then discuss the
related results on bias due to the insufficient deterministic equivalence.
G.2.1. PROOF ON THE VARIANCE TERM

Theorem 36 (Deterministic equivalence of variance part of the /5 norm) Assume the features
{zi}iem) and { f;} jejp) satisfy Theorem 1 with a constant C,. > 0. Then for any D, K > 0, there
exist constant n, € (0,1/2) and C, p i > 0 ensuring the following property holds. For any
n,p > Cy p i, A > 0, if the following condition is satisfied:

A > an’ o) > PiK; ﬁ)\(nvp)5/2 10g3/2(n) < K\/ﬁa ﬁ/\(n)p)2 Py (p)710g4(p) < K\/ﬁ)

D \we have that

then with probability at least 1 —n~P — p~
VAR = VRG] < Capoic - Ev(n.p) - VR

where the approximation rate is given by

Ly Da(p)®1log®2(n)  pa(n,p)? -y (p)Tlog’ ()
Ev(n,p) = Jn + Nz .

Proof [Proof of Theorem 36] First, note that fo{ ){V[ can be written in terms of the functional ®,4
defined in Eq. (36): R
V/P\{/IT){V[ =0 - n®y(Z; A N).

Recall that A r is the event defined in [12, Eq. (79)]. Under the assumptions, we have
P(Ar) >1-p P,

Hence, applying Theorem 13 for F' € Ax and via union bound, we obtain that with probability at
least1 —p~P —n=P,
n®4(Z; Ay, N) = n®s(F; Ay, pv1)| < Cop i - E1(p,n) -ns(F; Al pr1),  (69)
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and we recall the expressions

‘56(F;—7\}17PV1)
n— &(F; I,pr;)

ncf)g)(F; K;l,pyl) = &)6(17’; K}l,pyl) = pTr(FFT(FFT +pV1)72).

From [12, Lemma B.11], we have with probability at least 1 — p~

pTr(FF Y (FF" +pr) ) = p*Us(ve; A1) < Chpic - pry (p) - E3(p) - P Ws (s A7),
where the approximation rate £3(p) is given by

6 o 3
Eulp) = P (p)\/; g"(p)
D

Furthermore, from the proof of [12, Theorem B.12], we have with probability at least 1 — p~*,
(1= 07 PP L)) ™ = (1= X (0,12)) | < o, D) (9)E(p)- (1= T (01,02)) "
Combining those two bounds, we obtain

Oo(F; AR, pri)  p?Us(vg; A7)

n—<f>6(F;I,pV1) n_nT(VlalQ)

P*Us(ve; A7)
n—nY(v,va)

< C*,D,K ’ /7)\(71,17)[774_ (p)gg,(p) ’

Finally, we can combine this bound with Eq. (69) to obtain via union bound that with probability at

least 1 —n=P —p~ P,

p?Us(vy; A1)

<Cep.x {&1(p,n)+0A(n, )Py, (P)E3(P) } n—nY(vi,ve)

Replacing the rate £; by their expressions conclude the proof of this theorem. |

G.2.2. DISCUSSION ON THE BIAS TERM

We present the deterministic equivalence of the bias term as an informal result, without a Existing
deterministic equivalence results appear insufficient to directly establish this desired bias result.
While we believe this is doable under additional assumptions, a complete proof is beyond the scope
of this paper..

In the proof of the bias term, deterministic equivalences for functionals of the form

Tr (A (XTX)2 (XTX + )\)_2>

are required. However, such equivalences are currently unavailable, necessitating the introduction of
technical assumptions to leverage the deterministic equivalences of ®(X; A, \) and ®4(X; A, ).
Furthermore, the proof of the bias term in [12] suggests that deriving deterministic equivalences
for the bias of the 5 norm, analogous to [12, Proposition B.7], is also required but remains unresolved.
Addressing these gaps in deterministic equivalence is an important direction for future work,
particularly to establish rigorous proofs for the currently missing results.
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G.3. Proofs on relationship between test risk and /> norm of random feature ridge regression
estimator

To derive the relationship between test risk and norm for the random feature model, we first
examine the linear relationship in the over-parameterized regime. Next, we analyze the case where
A = I, withn < m < oo (finite rank), followed by the relationship under the power-law
assumption.

G.3.1. PROOF FOR MIN-NORM INTERPOLATOR IN THE OVER-PARAMETERIZED REGIME

According to the formulation in Theorem 30 and Theorem 35, we have for the under-parameterized
regime (p < n), we have

BRFM BRFM p(0s, AA+2,1)720,)  p(Os, (A4 X, 1)716,)

n—Tr(A2(A + 2\,1)72) n—op ’
2
RFM RFM g p
V __ v r
Vo Ap(n—p)’

BRFM . BREM _ nAp(0s, (A +X,1)716,) VREM ., REM _ a’p

n—p RO T n—p’
In the over-parameterized regime (p > n), we have

BREM ~ BREM — (O, (A + M) "10,) VREM . VREM _ a*p
p—n ’ An(p—mn)’
BRFM RRFM _ nAL (0s, (A + X T)7%0.) | A (s, (A + 2, 0)716,)
RO — Tr(A2(A + 2, D)2) p—n ’
VRFM VRFM a*Tr(A*(A + A 1)72) a’n

- n—Tr(A2(A+X,I)"2) p—n’
With these formulations we can introduce the relationship between test risk and norm in the over-

parameterized regime as follows.
Proof [Proof of Theorem 31] In the over-parameterized regime (p > n), we have

0., (A +)\,I)"10, 2 2
NGFM g e - PO AT ADT 60 o g (A4, 1) 0.+ | 2

p—n An(p—n) Al p—n"

REFM _ nA2 (0., (A + N\, I1)7%0.) An (0., (A + X, I1)710,) a?Tr(A%(A + N\, 1)72) a’n
n—TT(AQ(A—i-/\ ) 2) p—n n—Tr(A2(A+XI1)72) p—n
nA2 (0., (A 4+ A\ I)720.) +*Tr(A*(A + M\, I)~ ) . , 1 1
=_‘n\o An (0., (A+ X, I)770, .
n—Tr(A2(A+ M\, I)~2) [n (0., (A + ) >+0n}p—n
Then we eliminate p and obtain that the deterministic equivalents of the estimator’s test risk and
norm, RSF M and NgF M 'in over-parameterized regimes (p > n) admit

21, ML (0, (A + A1) 720,) + * Tr(A?(A + A, 1) %)
I :

REFM — \ NEFM_[\ (@, (A + \,I)~'0,
An [An(0c, (A + X D)710.) +0 n—Tr(A2(A+\,1)-2)
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G.3.2. ISOTROPIC FEATURES WITH FINITE RANK

Corollary 37 (Isotropic features for min-/>-norm interpolator) Consider covariance matrix A =
I, (n < m < 00), in the over-parameterized regime (p > n), the deterministic equivalents RgF M
and NEFM specifies the linear relationship in Eq. (62) as R§FM = m=nNEFM o 2nom 52

While in the under-parameterized regime (p < n), we focus on bias and variance separately

Variance: (VRFM) = + 7VRFM
Bias: (m — n)BY'g" (mBRY — n||6.]15)(m(BRGY)* — nl|6.]13)

= nm(BRo" — [10.]3)*[m(BR")* + nl|0.[3BRL™ — 2n6.]3].

Remark: In the under-parameterized regime, VRF M and VRF M are related by a hyperbola, the
asymptote of which is Vi = monVEEM 4 _m_;2  Further, for p — n, we have BEfj" ~

= "BRFM + (7 A H2, see d1scuss10n in Appendlx G.3.

Next we present the proof of Theorem 37 with A = I,
Proof [Proof of Theorem 37] Here we consider the case where A = I,,. Under this condition, the
definitions of A, and A,, above are simplified to = /\ = pand '~ = n, respectively. Consequently,

Ap and A, have explicit expressions given by A\, = mp P and A\, = ™", respectively.
First, in the over-parameterized regime (p > n), we have
1 2 2 2
p {215 n, o on
BRFM 1+, _ p ||0 ||%’ VRFM — D _ 1%

p—n  m(p—n) A(p—n)  (m—n)(p—mn)’

nA2 A 0.2 n 0. —
BRFM n(14+An)2 2 + n1+)\ H ||2 _ p(m TL) He H%v

m
n— (1+Xn)? p—n m(p - TL)
2 m
VERM — ML o’n _ o’n on
m = .

We eliminate p and obtain that the relationship between VRF M and VRF M

2n -m
VRFM 0_2 )

m—n

BRFM BRFM

similarly, the relationship between and

BRFM

Combining the above two relationship, we obtain the relationship between test risk RSF M and norm
NEFM as

m-—n 2n —m
RSFM = 7N8FM—|- - 5
m-—n
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Accordingly, in the under-parameterized regime (p < n), we have

1 2 1 2
parkplOlf Pl 2
iy L ERE Bk DI e 2

al(Esw: n—op m \ nm — p?
VRFM a*p _ a*p’ '
Ap(p—n)  (m—p)(n—p)
nApr; 1043 2
REM _ pTEx, 1%+ll2 n(m —p) REM _ o’p
Brg, = 1613, VR = :
n—p m(n —p) n—p

Then we eliminate p and obtain that, in the under-parameterized regime (p < n), the relationship
between VRIM and VREM is

(m = WVREY -+ \flm = m)2 (Vi) + dnmo VT

2n

VRFM

)

which can be further simplified as a hyperbolic function

(VRFM) — VRFM\/RFM + 7vRFM

and the asymptote of this hyperbola is VRF M _ m=

Besides, we eliminate p and obtain the relatlonshlp between BRF M and BRF M g

2

neﬁﬁ(MHW+B”M—*W”
2 *|[2 N,0

m

> 4 0* Qn BRFMTL
= (BEV)'n <w”®nm@n@em+B”M 0. Jon P

m m
5|0, ||2 BREMp, 0. |12n2
+ BRFMHG*HAQLH (BE%M + ” ”2” e\ (BRFM) ( BRFMm 2H0 H2 + BRFJW ” ||2n ) ’
m m m
which can be simplified to
FM FM 2 FM\2 4
Bro (m—n)(mBgg" —n[l.]3)(m(Brg )" —n[6x]2)

= nm(BRFM 16:113)* (m(BR™)? — 2116413 + n[|6.]13BR™) -
We can find that in this case, the relationship can be easily written as

BT — nm(BRY — 116.]13)*(m(BRS")* — 2nl|6.13 + nl|6.[I3BR")
(m —n)(mBRM — n[|6.]13) (m(BRM)? — nll6.[|3)

Next we will show that when p — n, which also implies that BRF M _ 50 and BRF M s o, this
relationship is approximately linear.

Recall that the relatlonshlp between BR/(M and BY(" is given by BR)M = (m;") BRIM, and is

equivalent to B{M = ) =f (BE{BM ). We then do a difference and get
S m@%?“ﬁWﬂ@%m@%WY—QMWA%+MWd¥$?@ R~
- - R,0 >
(m —n)(mBRG — n[16.]13) (m(BRY)? — nl|6.]3) m—n
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then take BE{™ — oo and we get

BRFM (BRFM) 7“0 H2

lim 5.

BR/GM —o00
Finally, organizing this equation and we get

BRFM

2(7’7’[,-71) 2
H HZ

G.3.3. PROOF ON FEATURES UNDER POWER LAW ASSUMPTION

Proof [Proof of Theorem 33] First, we use integral approximation to give approximations to some

quantities commonly used in deterministic equivalence to prepare for the subsequent derivations.
According to the integral approximation in [47, Lemma 1], we have

TrHA(A +12) 1) ~Ciry =, THA2(A + 1) ~2)~Cavy ™, Tr(AA +1)~2) = (C1 — Co)ry = ', (70)
where C; and Cy are
T (o —1)

“1= Som ("/a)’ ©2= 2 (7/a)

with Cl > 02 . (71)
Besides, according to definition of 7'(v) Appendix B.7, we have

(0, A(A +12)720,) = T, 1 5(v2) = Cars” .

When r € (0, %), according to the integral approximation, we have

2
Ca=—" = —""" _ WithCs > Cy. (72)
asin(27r) asin(27r)

Otherwise, if r € [3, 00), we have

1 1 1 1

_— —+1 —_ —+1 ith C- .
a(2r—1)<03<a(2r—1)+ ’ a(2r—1)<04<a(27‘—1)+ , with G5 > Cy

For (0., (A + v2)~26.), we have to discuss its approximation in the case 7 € (0, 3), r € [5,1) and
r €[4, 00) separately.

(Cs — Cy)vd™ 2, ifre(0,3);
(0., (A +10)720,) =~ { Cs2" 2, ifre[31);
067 lfT S [1700)7

where QQ(T n < Cs < QQ(T 0 + 1. o . . .
With the results of the integral approximation above, we next derive the relationship between
RSF M and N%F M separately in over-parameterized regime (p > n) and under-parameterized regime

(p < n).
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The relationship in over-parameterized regime (p > n) According to the self-consistent equation

2
4 2
1+n_\/<1_n> +7)\:fTr<A(A+V2)71)7
p p bv2 p

In the over-parameterized regime (p > n), as A — 0, for the first equation, ;7)‘2 will approach 0, and

Tr(A(A + v2)~1) will converge to n. Consequently, by Eq. (70), v» will converge to the constant
(Cﬂl) @, Furthermore, from the second equation, 14 will converge to v5(1 — 7) Thus, according to
Eq. (70), we have

Tr(AA+v) Hrn, Tr(A2(A+wm) )~ =—n, Tr(A(A+1) )~ (C—Co)(—= )0“+1

Cy

Thus, in the over-parameterized regime
2 2 2 -2
v v Tr (A“(A + v
T(V17V2) = g 1-— 71 + 71 ( (2 2) 22
n Vo ve) p—Tr(A%2(A+1vs)72)

. [(z) T +)>)>]
Gp2%n+n

C Y
p—&n

22

Tr(AA+w)"2)  (C1—Co)(F)*"!

x(v2) = p— Tr(A2(A + 17)72) ~ p— gin

According to the approximation, we have the deterministic equivalents of variance terms
VRFM _0_2 T(V17V2) %0_2 (Cl —202)n+02p
1 =Y (v1,12) (Ch1—C)(p—mn)

VM g2l X)) o6
nl—"(v,vs) p—n

Then recall Eq. (71), we eliminate p and obtain

VEEM A <g>_ VRIGM + 2252 —51 — (g) h VNG + o2 (a - 2). (73)
1 1 2 1

For the bias terms, due to the varying approximation behaviors of the quantities containing 0, for
different values of r, we have to discuss their approximations in the conditions € (0, ) re [ ,1)
and r € [, 00) separately.
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Condition 1: r € (0, %)

2

BRGM = % [(6:: (A +12)726.) + x(v2)(0s A(A + 12)76,)]

(c%)im ((C1Cy — CoC3)n + C1(Cs — Cy)p)
(C1-C2)(p—n) ’
BRFM V9 Y20, (A +v)"10.) 51/722 (0, (A + 119)720.) + x(12) (0, A(A + 12)726,)

2] nv? 1—"(v1,10)
1)

~ 20, (A+1)7'0.)
141

(@) e

p—n

~

Then we eliminate p and obtain

— —2ar
REM o (12 A CoC3 — C1Cy
Br. <Cl> Bho + <Cl> —Cl 0, (74)

Condition 2: 7 € [,1)

2
1% _ _
BE{BM = Willﬂ) (B, (A +12)720.) + x(v2) (04, A(A + 12)6.)]

(C%)_a <C1 <C4n + Cs (&)‘a(%_l)p) — Csyn <C4 1 Cs (&>—a(2r—1)>>

(C1-C2)(p—mn) ’

B = (0., A(A +15)7%0,)  —
( ( 2)” “0.) P dfa)

+ %V% (<0*7 (A +15)720,) + x(12) (0., A(A + V2)720*>) ' x(v2)

1—7Y(v,1v2)
—a(2r—1)
<c4 +C5 (&) >p

p—n

Then we eliminate p and obtain

CLCi + CoCi+ CoCy () Y
BRFM ﬁ_a RFM 7—04—144- 20y + 25( )
Cl C Cl_CZ
~(n\" A
Cq C1
a(2r-1)
The last “~” holds because (Cﬂ) = o(1).

61



LEARNING CURVES UNDER NORM-BASED CAPACITIES

Condition 3: r € [1, 00)

2

Bro” = $ [(64, (A +12)70.) + X(v2)(0s, A(A + 12)70.)]

V17V2)

—2« .

~ (Cﬂl> ( (C4n< ) ) an(CG+C4( ) ))
(C1 o Yp—n) ,
RFM _p
BN = (04, A(A +15)7%6,) - p_dfg(yz)
+ %v% ((Ber (A + v2)720.) + x(v2) (00, A(A + 15)726.)) - %

CEEACANE

p—n

Then we eliminate p and obtain

gt (1 —a BEFM n —a =10y + CoCy + C2Cs (CLI)
R,0 Cl N,0 Cl Cl — CQ
n\ n\
~ A BRFM I Cy.
(01> No (Cl> !
—a(2r—1)
The last “~” holds because (&) =o0(1).
Combining the above condition r € [3,1) and r € [1, 00), we have for r € [, c0)
BRFM o\ gREM _ [TV - o 75
(Cl N,0 Cl 4 ( )

From Eqgs. (73) to (75), we know that the relationship between R(E;F M and NSF M in the over-
parameterized regime can be written as

RRFM ~ (”/Ca)_a NSFM + Cn,oe,r,l )

The relationship in under-parameterized regime (p < n) While in the under-parameterized
regime (p < n), When A — 0, Tr(A(A + v2)~1) will converge to p, which means v, will converge
to (&)~ and v will converge to 0, with 7)\1 —n—0p.

Accordingly, in the under-parameterized regime

T(yl,w):% [(1_”1>2+ <m>2 Tr (A*(A +v2)72) N

Vo vo) p—Tr(A2(A+vy)72) n
 Tr (AA+1p)7?) 1L P
)= T WA ) )
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Then we can further obtain that, for the variance

reM 2 Y(v1,12) ~ o2 4

RO 1—"Y(v1,19) T n—p
VRFM 022 x(v2) ~ Uzc—ap
nl— T(l/l, 1/2) n— p

For the relationship in the under-parameterized regime, we separately consider two cases, i.e. p < n
and p — n.

First, we derive the relationship in the under-parameterized regime (p < n) as p — n, based on
the relationship in the over-parameterized regime. Recall the relationship between VEF M and VﬁFOM
in the over-parameterized regime, as presented in Eq. (73), given by ’

VRFM ~ (g) VRFM o2(a—2) = h(VRFM)'
1

Substituting the expression for VRF M in the under-parameterized regime into this relationship, we
obtain

VRFM (n)_ 20 o P a—2)),
c p— (a—2)

then we compute VRF M — p(VREM) and obtain

—Q a+1
g =t () e

n—p 1 n—p
_ a4l —a
_ 2 <W)_02(a_2)_
n—p

Taking limits on the left and right sides of the equation, we get

lim (VRGM — h(VNGY)) = 202,

p—n

Then when p — n, we have

VRFM ~ <gl> VRFM + o2, (76)
For p < n, we have —p -, then
T

REM _ 52 (v1,v2) ~ 0227

’ 1—"(v1,10) n
P X o P

VRFM — 2P (12) ~ 0201 a

nl—"(v,va) n

Eliminate p and we have
VEEM o, (02)0%1 Cfil (VRFM)
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Next, for the bias term we have

2

BE%M - % [<0*7 (A + V2)720*> + X (v2) (s, A(A + V2)720*>]

.
1-— T(Vl, 1/2)

n
2rAl
Csvy' ™.

%

(0, (A + V2)_10*>

&Q

n—p

1
BN =p(0s, A(A +12)720,) - —————
P ( 2) ) = dfy(00)

(0., (A +12)720.) + x(v2) (B, A(A + 12)726,)]

v3
1-— T(I/l, 1/2)

~ (0, A(A + 12)720,) -

p
+ nX(Vz)

vy

v —1
1—T(V171/2)<0*7(A+ 2) 0*)

p
—————— + —x(1»)
p—dfy(r2) n
~ PC C4V§2r71)/\0 4 p ngéQrfl)/\O

p—¢ip n—=p
Ch

| CiCy P (2r—1)A0
= <01_C2+n_pC3>l/2 .

Then we use the approximation v ~ (&)~ and obtain

n n P —a(2rAl)
BRFM - _pC3l/22r/\1 ~ 03 () ’

n—op 4

CiC P 9r—1)A0 C,C4 D p \ ~el@r=1n0]
BRFM 1“4 ( ) ~ P |
<01—02+n_p03 & o-G ") \G

Similarly to the bias term, we derive the relationship in the under-parameterized regime (p < n) as

p — n, based on the relationship in the over-parameterized regime. And we discuss the relationship
when 7 € (0, 3) and r € [1, 00) separately.

Condition 1: r € (0, %) Recall the relationship between BRF M and BRF M in the over-parameterized
regime, as presented in Eq. (74), given by:

— —2ar
CyC5 — C1C.
BRFM n BRFM n 203 104 BRFM.

(Cl Cy C1 —Cs =/ )

Substituting the expression for B/ i

obtain:

—Q C C p p —Oé(27"—1) n —2ar 0203 _ 0104
BRFM — i 144 e e ~2vs — wivad
J(Bro™) <C1 C1—Co +n—p03 1 * 1 C,—Cy

then we compute BRF M — £(BREM) and obtain

in the under-parameterized regime into this relationship, we

CciC
BRFM BRFM 2ar n —2ar 14— a(2r-1), —«
( ) C (TL - 03]) 01 CQp "
GG = CLC
N C —a(2r-1), — 243 1“4 72a7"
n—mp 3P " C1— Oy )
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To simplify this equation, we begin by computing ;"> Csp~?*" — nLipC’gp*a(z“l)n*“ and obtain

n n
Csp—2oz7‘ I 4 Cgp—oc(Qr—l)n—a _ Cgp—oc(Qr—l) < p—a R 4 n—oz)
n—op n—op n—op n—op

—a

—a(2r—1)P” " —pn
—C a(2r-1)
3p n—p

i

where * ﬂjfp is monotonically decreasing in p (monotonicity can be obtained by simple deriva-

tives), and by applying L’Hopital’s rule, we have:

—a —a o —a—1 _ —«
lim 2 AL T — =(a+1)n™*
p—n n—p p—n -1
Thus we have
—a —a
lim C’gp_a(%_l)—np - (4 1)Can =207,
p—n n—p

Thus we have

hm Cl <C p—a(2r nHn np ¢ —pn=° C1Cy _a(gr_l)n_a B M _2ar)

n—op O - C’gp C1—Co
_ CiCy CoC3 —C1C4 _
2ar 1 2ar 2ar 2ar
=0 ((a +1)Csn c an =Gy )
C
_ 2ar —2ar 2
= 2Oy ((a+ D= 02)
Recall that from Eq. (71) we have
B ™  m(a—1)
G1= asin (7/a)’ C2= a?sin (7/a)’
thus
& 7 ('afl/) )
o sm(7™/a
(a+1)— oGy =(a+1)— = @) 2.
acsin(m/a) a? sin(7/a)

Finally, we have

—2ar
: RFM RFM 2ar —2ar n
lim (BRG" — F(BYG")) = 207" Cin _203<C1> ,

and then the relationship between BRF M and BRF M g

B ~ <n> - BEE + <n> —2T 0,04 — 010y Lo < n >—’M

Cl 01 Cl 02 Cl
—a —2ar (77)
~ ﬂ BRFM+ i 20103 —0203 —0104
Cl N0 01 Cl Cg
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Condition 2: 7 € [},00). In this condition, the approximation of BF* and B{/i can be
simplified to
Y - n D —a(2rAl) n D -«
BR ~—CO3y" M —— O3 | = = Cs | =
e ey Sa(y)
C1Cy D (2r—1)A0
BRFM ~ C
01—02 +7”L—p 3) V2
T\G-0 T n-p )\
C.C
104 + p Cs.
Cl — 02 n P
Recall the relationship between BE{ M and BRF M in the over-parameterized regime is presented in

Eq. (75), given by:
—a _
BRFM <n> BREM _ (”) C, = BRFM '
Cl N,0 Cl g( )
Substituting the expression for BRF M in the under-parameterized regime into this relationship, we

obtain:
AN eNe D n\ ¢
BYIM) = (- s G- (=) ¢
9(Bno ) (01 01_02+n_p 3 o 4,

then we compute BRIM — ¢(BRIM) and obtain

T —pn@ Y CsC
BRFM BREMY _ a'P pn = (1 20y
( N,U ) 0301 n — p Cl Cl 02

Thus we have

- CyC
li BRFM BRFM _ (™ DOy — 24
pon ( ( ) C1 (at1)Cs C1— Oy
n\ ¢ Cy
~ [ — 1
() (erve-gZga)
n —Q
— () o
(Cl > 4,
and the relationship between BEEM and BﬁfoM is

BRAV ~ E’BRFM Y oa (M) e
< C c 4+ Cy 4
_ a (78)
n n
~|=) BV +(=) Cu.
<Cl> <Cl> !
When p < n, we discuss cases r € (0, ) and r € (5, 00) separately.
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Ifr € (0,1), we have ats ~ land ;25 ~ 0, then

—a2
BRFMNCV27“/\1NC P\
Cy ’

sy~ CiC o GGy ()

Then we eliminate p and obtain

Ch - C 2rfer-1 2r/(2r—1
BRFMNC3< 1 2> (BRFM) (2r— )
C1Cy

If 2r > 1, we have

Then we eliminate p and obtain

BRFM C1Cy —«
C1—C2

BEISM ~ <0103 - 0203 - 0104 BRFM>
, 01 - 02 Cl (03 + BRFM CC;LCCAI'Q)

NRFM

in the under-

RgF M and

From Egs. (76) to (78), we know that the relationship between
parameterized regime when p — n can be written as

RSFM ~ (n/Ca)_a NSFM + C?’L,Oé,"’,2 :

Appendix H. Scaling laws

To derive the scaling laws based on norm-based capacity, we first give the decay rate of the {o
norm w.r.t. n.

The rate of the deterministic equivalent of the random feature ridge regression estimator’s {2
norm is given by

NiFM _ @< "/BEF)\J\J —|-02 7v§F)\M> -0 (n—’YNP;\F]\/I) ’

where INRFM = YREM A WrEM for o2 # 0.
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H.1. Variance term
Using Eqgs. (41) to (43), we have
VREM _ 2P x(v2) — nilp—90 ( —1—1/a)
N.A nl-— T(l/l,Vg) " " Y2
-0 <n7(17(a+1)(1/\w/a))) ‘

Hence, the variance term of the norm decays with n with rate
lq)=1 +1 ¢ AgA1l
wyrm(ba) =1—(a+1){ ~Ag :

H.2. Bias term

First, one could notice, using the integral approximation and Egs. (40) and (41), that

Zﬁz(”ﬂ = (1 +n 90 <1/2_1/">) = (1 +0 (n’qn(“q/\f/a)» =0(1).

Thus for the bias term, using Eqgs. (40) to (43) we have

BN = (64, A(A + 12) 726, - }%
203 (6. (A +12)26.) + X(12) (0., A(A + 1) 26,)) 1—)§f((yv21)w)

=Ty, 19(v2) + 075 (T3, 5(12) + X (12) T3y 1.2(12)) X (v2)

_ V§2r71)/\0 i nq_1V220 (Vézrfz)/\o i n_qyzflfl/aJr(erl)/\O) n=90 (V;kl/a)
_ y§2r—1)/\0 “nlo (y22r/\2 + n—qy2—1/a+27’/\1) O (1,2—1—1/&)
—0 (nfaquM/a)[(zrfl)Aog
10 (n—a(mw/a)[(2r—1)A1}+(1/\qu/a)—1 n n—a(u\qu/a)[(2r—1)Ao}+2(1Aqu/a)_1_q)
—0 (nfa(l/\q/\f/a)[(Qrfl)/\O] I nfoz(ll\q/\l/a)[(27"71)/\1]+(1/\q/\4/a)71>

-0 <n—a(1/\q/\1/a)[(2r—1)/\0]> .

Hence, the bias term of the norm decays with n with rate
e (:0) = a (LA G A Ga) [2r = 1) A O]
Recalling that we have
YNEFM = YBREM A WEEM

according to which, we obtain the norm exponent TNgFM as a function of ¢ and ¢, showing in Fig. 7.
As observed in Fig. 7, IngEM is non-positive across all regions, indicating that the norm either
increases or remains constant with n in every case.
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Figure 7: The norm rate yy=ra as a function of (¢, ¢). Variance dominated region is colored by
orange, and brown, bias dominated region is colored by blue and green.

Next for the condition r € (0, %), we derive the scaling law under norm-based capacity.
Region 1: / > cvand ¢ > 1 In this region, according to [12, Corollary 4.1], we have
RYM=0(m"=0(1),
and according to Fig. 7, we have
NFM =0 (n) |
combing the above rate, we can obtain that
RY™M =0 (n N3M) .

a

garr < {<aandgq > g In this region, according to [12, Corollary 4.1], we have

RY™M =0 (n=(173))

Region 2:

and according to Fig. 7, we have
NYM — @ <n<1(a‘tm)) ,
combing the above rate, we can obtain that
RE™M =0 (n ™! N5

Region3: - — <g<landq< g In this region, according to [12, Corollary 4.1], we have

2ar+1
R§FM Sy (n—(l—Q)> ,
and according to Fig. 7, we have
NRFM — @ (n—(1—<a+1>q>) 7
combing the above rate and eliminate ¢, we can obtain that

REFM = @ <n+ . (N§FM)J+1> |
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Region 4: { < 5.7 and g > g In this region, according to [12, Corollary 4.1], we have

REFM — g (n—w) 7
and according to Fig. 7, we have
NEFM — @ (n—e(2r—1)) ’
combing the above rate, we can obtain that
RY™M =0 (n~" - NY™) .
Region 5: ¢ < ﬁ and g < é In this region, according to [12, Corollary 4.1], we have
R§FM -0 (n—2aqr) ’
and according to Fig. 7, we have

NE\zFM -0 (n—aq(zr—1)> ,

combing the above rate, we can obtain that

Appendix I. Discussion

In this section, we discuss several issues related to the shape of generalization curves, norm
control, and model complexity. In Appendix 1.1, we examine the shape of generalization curves
under various settings, emphasizing when theoretical predictions align with or diverge from empirical
observations, particularly across synthetic and real-world datasets. In Appendix 1.2, we analyze a
practical approach to modifying norm by fixing the parameter count and imposing a norm constraint,
and demonstrate its equivalence to adjusting the regularization strength. Finally, in Appendix 1.3,
we compare norm-based capacity with alternative complexity measures, including smoother-based
metrics and degrees of freedom, and highlight their limitations in capturing test risk behavior.

I.1. Discussion on the shape of the generalization curve in Fig. 1

As illustrated in Fig. 1(a), and based on empirical observations from [39, Figure 8.12], the
test risk in the over-parameterized regime initially exceeds that of the under-parameterized regime.
However, as over-parameterization increases, the test risk begins to decrease. Eventually, in a
sufficiently over-parameterized regime, the test risk becomes lower than in the under-parameterized
case—indicating that sufficient over-parameterization can outperform under-parameterization.

In contrast, our experimental results in Fig. 1() reveal a slightly different behavior: the learning
curve in the over-parameterized regime consistently remains below its under-parameterized counter-
part throughout. This phenomenon presents an intriguing contrast, and the central question we address
in this section is: What underlying factors cause this fundamental difference in behavior - where in
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Table 4: Generalization curves (test loss vs. £ norm) under different activation functions in RFMs.
Training data {(z;, y;) }ic[n) are generated from a teacher-student model y; = tanh({3, x;)), where
x; ~ i.i.d. N (0, I;) with d = 100. The number of training samples is fixed at n = 300. The random
feature map is defined as p(x, w) = ¢({w, x)) with random Gaussian initialization w ~ N(0, I),
where the activation function ¢(+) is chosen from ReLU, erf, tanh, or sigmoid.
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some cases the over-parameterized curve initially above then crosses the under-parameterized curve,

while in others it stays strictly lower?
We first conduct experiments on synthetic datasets to validate our theoretical findings. We

generate training samples {(z;, y;) }ic[n) using a teacher-student model: y; = tanh((3, x;)), where

input features x; N (0, I;) with dimension d = 100. As demonstrated in Table 4, our
experimental results reveal that when the input features follow Gaussian distribution, the test loss
curves in the over-parameterized regime consistently lie below those in the under-parameterized
regime, regardless of the activation functions or ridge parameter values. This observation aligns
perfectly with our theoretical predictions.

We further conducted experiments on the FashionMNIST data set [52]. In this practical setting,
we observed a discrepancy between our experimental results and theoretical predictions.

As in Table 5, for cases with substantial ridge regularization, the test error curves in the over-
parameterized regime remained below those in the under-parameterized regime, consistent with our
synthetic data experiments. However, in the ridgeless case (corresponding to minimum-¢3-norm
interpolators), we discovered a different phenomenon:

* Initially, the over-parameterized regime exhibited higher test error than the under-parameterized
regime.

* As the number of parameters p increased, the over-parameterized curve crossed under the
under-parameterized curve. And this interaction formed a distinctive (-shaped learning curve.

We attribute this behavior to the non-Gaussian distribution of input images x in FashionMNIST,
which may violates our theoretical assumption like Theorem 1.
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Table 5: Generalization curves (test error vs. {5 norm) under different activation functions. Training
data {(z;, y:) }ic|n] are sampled from the FashionMNIST data set [52], with input vectors normalized
and flattened to [—1, 1] for d = 748. The random feature map is defined as ¢ (z, w) = ¢((w, x))
with random Gaussian initialization w ~ N(0, I;), where the activation function ¢(-) is chosen
from ReLU, erf, tanh, or sigmoid. The number of training samples is fixed at n = 300.
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In summary, while our theoretical framework may not fully capture the generalization behavior
when the dataset or activation functions deviate significantly from our assumptions, this does not
undermine the core contributions of our work. When the data is well-behaved and aligns with our
assumptions, our theory provides a highly accurate and effective characterization of the generalization
curves under norm-based capacity control in the under-parameterized regime.

I.2. Discussion on approaches to modifying the norm

Regarding approaches to controlling model norm, one method involves fixing the regularization
strength while varying the model parameter count p, which serves as the primary focus of this paper.
Alternatively, one can fix p and constrain the weight norm to specific magnitudes. We later show
that this approach is mathematically equivalent to fixing the parameter count while varying the
regularization strength. In this section, we primarily focus on the latter approach.

We consider the problem of minimizing the squared loss under an ¢>-norm constraint on the

coefficients:
min ||y — Za|> subjectto |a|3 = B>
a

To incorporate the constraint, we introduce a Lagrange multiplier A and define the Lagrangian:
£(a,)) = lly - Za|? + A (lall} - B%).

Taking the gradient of £ with respect to a and setting it to zero yields the first-order optimality

condition:
Vol =—-2Z"y+2Z"Za+2)a = 0.
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Solving this equation gives the solution:
a=(Z"Z+)"'Z"y, subjectto |al3 =B

Relation to Ridge Regression: The solution resembles ridge regression, but A is chosen to
strictly satisfy ||a||o = B rather than being a hyperparameter. A corresponds one-to-one with B, since
A and ||@||3 are in one-to-one correspondence if A > 0 (a|(|9d)\||§ =-2y"Z(Z"Z +\I)3Z"y <0).
Therefore, we can say that changing the constraint B (the restriction on ||a||2) is equivalent to
changing the regularization strength .

We conducted experiments on the random feature model by fixing the number of training samples
and the aspect ratio vy, and varying the regularization parameter A to control the norm of the estimator.
We then plotted the curves showing the relationships among test risk, norm, and A as in Fig. 8
(Figs. 8(a) to 8(c) for under-parameterized regimes and Figs. 8(d) to 8(f) for over-parameterized
regimes). We can find that the norm is monotonically decreasing with the increasing A, see Figs. 8(b)
and 8(e). In fact, the relationship between the estimator’s norm and the regularization parameter is
called L-curve [19]. in both under- and over-parameterized (A < 1 or A > 1), the test risk is always
a U-shaped curve of the regularization parameter A or norm, see Figs. 8(a) and 8(c) and Figs. 8(d)
and 8(f), respectively.

To validate these observations on real data, we also conducted complementary experiments using
the MNIST data set [26]. As shown in Fig. 9, all of the above phenomena persist.
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Figure 8: Relationship between test risk, £ norm, and X for different v = £ for random feature ridge
regression. Points in these figures are given by our experimental results, centering around the curves
given by deterministic equivalents we derive. Training data {(z;, ¥i) }ic[n], 7 = 100, sampled from
the model y; = g, 0. + &;, 02 = 0.01, g; ~ N(0,I), fi ~ N(0,A) (g; and f; is defined in ??),
with f,%(A) = k%2 and 0., = k1o given by a = 1.5, 7 = 0.4 in Theorem 32.
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Figure 9: Relationship between test risk, £ norm, and X for different v = £ for random feature
ridge regression. Points in these figures are given by our experimental results, centering around
the curves given by deterministic equivalents we derive. Training data {(z;, ¥i) }ic[n)> 7 = 300,
sub-sampled from the MNIST data set [26], with feature map given by ¢ (x, w) = er f({x,w)) and
w ~ N(0,I).

L.3. Discussion with other model capacities

In this section, we discuss two other model capacities: generalized effective number of parameters
and degrees of freedom, which are widely used to describe a model’s generalization ability. From this
discussion, we conclude that these two capacities are less suitable compared to norm-based model
capacity.

Generalized Effective Number of Parameters: The authors [11] assess model complexity from
the perspective of smoother by introducing a variance-based effective-parameter measure, termed the
generalized effective number of parameters. In the context of ridge regression, this measure is given
by

tgst _ n

p =
e

D e XX + )73,
jeztest

where {m?“} jeTey 18 the set of test inputs. Taking the expectation with respect to the test set yields
Pt = nEwmjesth;eSt(XTX + )X =nTr(EX"X(XTX +1)7?),

which corresponds to the variance of the test risk V}QS scaled by the factor .

For the random feature ridge regression, the generalized effective number of parameters can be
similarly given by

Pt = nEz;estHz;-CS‘(ZTZ + N ZT 3 =nTr(ApZ" Z(Z"Z + ))7?),

which corresponds to the variance of the test risk V%F M gcaled by the factor g

The connection between variance and p§™ enables it to effectively capture the variance of test
risk. However, due to the lack of information about the target function (without label information y),
this model capacity cannot fully describe the behavior of test risk, as it neglects the bias component.
This limitation becomes apparent when the test risk is dominated by bias.

Degrees of freedom For linear ridge regression, another measure of model capacity, known as the
“degrees of freedom” [1, 8, 21], is defined as

df1 () =Tr(EE + )Y, dfs(M) == Tr(E4(E + M) 72).
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Figure 10: Relationship between test risk and different model capacities. Training data {(;, ¥:) }ic[n)»
d = 1000, sampled from a linear model y; = :BzTB* + &, 02 = 0.0004, =; ~ N(0,%), with
or(X) = k7L, Bup = k2.

df;(As) and dfy(\) measures the number of “effective” parameters the model can fit. As the
regularization strength \ increases, model complexity decreases. From Theorem 11, we have
n— % = Tr(2(XZ + A\)~1), implying that an increase in \ raises \,, leading to a reduction in
df; (M) and df5(\s). This suggests that degrees of freedom can, to some extent, represent model
complexity.

However, it is worth noting that since in linear ridge regression we only vary the number of
training data n, according to the self-consistent equation n — /\% =Tr(( + X)) we can tell
that )\, decreases monotonically as n increases, which leads to d f; and d f, increasing monotonically
as n increases. This monotonic relationship with n suggests that when using degrees of freedom as a
measure of model capacity, the double descent phenomenon still exists, as the effective capacity of
the model continues to increase even beyond the interpolation threshold.

Similar to the generalized effective number of parameters mentioned above, these degrees of
freedom also lack information about the target function, making them insufficient for accurately
capturing the model’s generalization ability.

Fig. 10 illustrates the relationship between test risk and different model capacity for linear ridge
regression. It shows that double descent persists for degrees of freedom d f; and d f5, indicating that
degrees of freedom is not an appropriate measure of model capacity.

Appendix J. Experiment

To systematically validate our theoretical findings, we conduct a comprehensive empirical
study across three distinct settings: (1) synthetic datasets (Appendix J.1), (2) real-world datasets
(MNIST[26]/FashionMNIST[52]) with random features (Appendix J.2), and (3) two-layer neural
networks with various norm-based capacity measures (Appendix J.3). All experiments can be
conducted on a standard laptops with 16 GB memory.

J.1. Experiment on synthetic dataset

To validate our theoretical framework, we conduct comprehensive experiments on synthetic
datasets on linear regression in Fig. 11 and RFMs in Fig. 12, respectively. The strong agreement
between theoretical predictions and empirical results confirms the accuracy of our theoretical analysis.
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Figure 11: Results for the ridge regression estimator. Points in these four figures are given by our
experimental results, and the curves are given by our theoretical results via deterministic equivalents.
Training data {(Z;, ¥;) }ie[n)» d = 1000, sampled from a linear model y; = @] B, + &;, 02 = 0.0004,
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Figure 12: Relationship between test risk, ratio vy := p/n, and /3 norm of the random feature ridge
regression estimator (the regularization parameter is defined in ??). Points in these four figures are
given by our experimental results, centering around the curves given by deterministic equivalents we
derive. Training data {(z;, ¥;) }ic[n], 7 = 100, sampled from the model y; = g} 0. + ¢, 0% =0.01,
gi ~ N(0,I), fi ~ N'(0,A) (g; and ; is defined in 2?), with €}(A) = k=%2 and 0, , = k="/"°,
given by a = 1.5, r = 0.4 in Theorem 32.

J.2. Experiment on real-world dataset

To complement the synthetic experiments presented in Appendix J.1, we additionally conducted
experiments on the MNIST (Fig. 13) and FashionMNIST (Fig. 14) datasets [26, 52]. We applied the
empirical diagonalization procedure introduced in [12, Algorithm 1] to estimate the key quantities
A and 0, required for our analysis. The results on these real-world datasets are largely consistent
with those observed on the synthetic data: in the under-parameterized regime, the curve of test
risk versus norm exhibits a U-shape, while in the over-parameterized regime, the test risk increases
monotonically with the norm and is approximately linear for ridge-less regression.

Notably, our random features model can be interpreted as a two-layer neural network with
fixed first-layer weights W, where the random features ¢(x, w;) correspond to the hidden layer
activations. This connection motivates our investigation of the Frobenius norm ||W ||y in Fig. 15,
which captures the effective capacity of the frozen hidden layer. Furthermore, Fig. 16 examines the
path norm—a natural complexity measure for neural networks that sums over all input-output paths
and is defined as

p
HMpath-norm = Z G?ij H% :
7=1
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This quantity can be interpreted as the product of the norms of the first-layer and second-layer
weights. Prior empirical work by [23] demonstrates that among various norm-based complexity
measures, the path norm shows the strongest correlation with generalization performance in neural
networks. Motivated by this finding, we investigate the relationship between test risk and path norm
in our setting.

Comparing Fig. 13, Fig. 15, and Fig. 16, we observe that the test risk curve aligns more closely
with the norm-based capacity of the second-layer parameters in the random feature model, rather
than with that of the first-layer weights. Therefore, it is meaningful to study the relationship between
the test risk and the norm of the RFM estimator, i.e., the second-layer parameters, as this quantity
plays a central role in determining the model’s effective capacity and generalization behavior.
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Figure 13: The relationship between test risk, ¢ norm and the number of features p. Solid lines
are obtained from the deterministic equivalent, and points are numerical simulations, with the
different curves denoting different regularization strengths. Training data {(x;, ¥i) }ic[n)» 7 = 300,
sub-sampled from the MNIST data set [26], with feature map given by ¢(x, w) = er f({(z, w)) and
w ~ N(0,I/d), where d = 748.
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Figure 14: The relationship between test risk, £2 norm and the number of features p. Solid lines are
obtained from the deterministic equivalent, and points are numerical simulations, with the different
curves denoting different regularization strengths. Training data {(x;, yi)}ie[n], n = 300, sub-
sampled from the FashionMNIST data set [52], with feature map given by ¢(x, w) = er f((z, w))
and w ~ N (0, I/d), where d = 748.
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Figure 15: The relationship between test risk, Frobenius norm of W (the weights in the hidden
layer) and the number of features p. Training data {(z;, yi) }ic[n], 7 = 300, sub-sampled from the

MNIST data set [26], with feature map given by p(x,w) = erf((z,w)) and w ~ N(0,1/d),
where d = 748.
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Figure 16: The relationship between test risk, Path norm and the number of features p. Training
data {(x;,yi) }ic[n)» 7 = 300, sub-sampled from the MNIST data set [26], with feature map given by
o(x,w) =erf((x,w)) and w ~ N(0,I/d), where d = 748.

J.3. Norm-based capacity in two-layer neural networks

In this section, we investigate the relationship between test loss and different norm-based
capacities for two-layer fully connected neural networks. Specifically, we evaluate four norm-based
capacities: Frobenius norm, Frobenius distance, spectral complexity, and path norm. Our
empirical results indicate that the path norm is the most suitable model capacity among these three
norm-based capacities, which coincides with [23].

In our experiments, we use a balanced subset of the MNIST data set [26], consisting of 4,000
training samples from all the 10 classes. To simulate real-world noisy data, a noise level 7 is
introduced, meaning 7 - 100% of the training labels are randomly corrupted.

The model is chosen as a two-layer fully connected neural network with parameters including a
bias term. The network is initialized using the Xavier initialization scheme and trained using the
Stochastic Gradient Descent (SGD) optimizer with a learning rate of 0.1 and momentum of 0.95 over
2,000 epochs. During training, a batch size of 128 is used.

To control model complexity, we vary the number of neurons in the hidden layer, thereby
adjusting the number of model parameters. To ensure the robustness of the results, each experiment

78



LEARNING CURVES UNDER NORM-BASED CAPACITIES

is repeated 10 times for each hidden layer dimension. The model’s performance is evaluated using
the Mean Squared Error (MSE) loss on both the training and test sets.
Frobenius norm: The parameter Frobenius norm is defined as for such two-layer neural networks

2
pro(fuw) = > W5 l%,
j=1

where W; is the parameter matrix of layer j.

Fig. 17 illustrates the relationship between test loss, Frobenius norm pif,, and the number of
parameters p. As the number of model parameters increases, the test loss exhibits the typical double
descent phenomenon. However, the Frobenius norm consistently increases monotonically (with
a slowdown in the growth rate in the over-parameterized regime). Consequently, when using the
Frobenius norm as a measure of model capacity, the double descent phenomenon remains observable.
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Figure 17: Experiments on two-layer fully connected neural networks with noise level = 0.2. The
left figure shows the relationship between test (training) loss and the number of the parameters p.
The middle figure shows the relationship between the Frobenius norm g and p. The right figure
shows the relationship between the test loss and .

Frobenius distance: The Frobenius distance is defined as for such two-layer neural networks

2
ptro-dis (fur) = Y ||[W; — W%,
Jj=1

where VV]Q is the initialization of VVJQ.
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Figure 18: Experiments on two-layer fully connected neural networks with noise level n = 0.2. The
left figure is the same as Fig. 17(a). The middle figure shows the relationship between the Frobenius
distance pifr-gis and p. The right figure shows the relationship between the test loss and pro-gis -

Fig. 18 illustrates the relationship between test loss, Frobenius distance (i, and the number of
parameters p. Different from Frobenius norm, Frobenius distance monotonically increases in the
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under-parameterized regime, but shows a decrease in the over-parameterized regime. However, since
the change of Frobenius distance in the over-parameterized regime is gentle and even eventually
appears to rise, using Frobenius distance as the model capacity does not reflect the generalization
capacity of the model.

Spectral complexity: The spectral complexity is defined as for such two-layer neural networks

| | Will E d
Hspec fw || ||W||2/3 s
where || - || denote the spectral norm, and || - ||, , denotes the (p, ¢)-norm of a matrix, defined as
— dxm
1M [lp,q := | ([Mallps - s [[Memllp) [lq for M€ R
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Figure 19: Experiments on two-layer fully connected neural networks with noise level n = 0.2. The
left figure is the same as Fig. 17(a). The middle figure shows the relationship between the path norm
fspec and p. The right figure shows the relationship between the test loss and figpec.

Fig. 19 illustrates the relationship between test loss, Spectral complexity fipec, and the number
of parameters p. We can see that yipec increases monotonically with p, so the same double descent
phenomenon occurs with spectral complexity as model capacity.

Path norm: The path norm is defined as

Mpath-norm fw Z wa

where w? = w o w is the element-wise square of the parameters, and 1 for all-one vector. The path

norm represents the sum of the outputs of the neural network after squaring all the parameters and
inputting the all-one vector.

Fig. 20 illustrates the relationship between test loss, Path norm fip,m, and the number of pa-
rameters p. Path norm increases monotonically in the under-parameterized regime and decreases
monotonically in the over-parameterized regime. This behavior resembles that of the £ norm of
random feature estimators. Additionally, the relationship between test loss and path norm forms
a U-shaped curve in the under-parameterized regime and increases monotonically in the over-
parameterized regime. This pattern is strikingly similar to the relationship between test loss and the
{9 norm in random feature models.

Besides, we also conduct experiments with the noise level = 0.1 and n = 0.3 in Figs. 21
and 22, respectively. We can see that, when the noise level increases, we observe stronger peaks in
the test loss for double descent. However, the trend of test loss is similar at different noise levels
with Path norm fipa¢h-norm as the model capacity, i.e., it shows a U-shape at the under-parameterized
regime and an almost linear relationship at the over-parameterized regime.
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Mean and Std of Path Norm vs Number of Parameters
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Figure 20: Experiments on two-layer fully connected neural networks with noise level n = 0.2. The
left figure is the same as Fig. 17(a). The middle figure shows the relationship between the path norm

(b) Mpath-norm VS. P

(c) Test Loss vs. fipath-norm

HMpath-norm and p. The right figure shows the relationship between the test loss and the path norm.
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Figure 21: Experiments on two-layer fully connected neural networks with noise level = 0.1.
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Figure 22: Experiments on two-layer fully connected neural networks with noise level = 0.3.

These observations demonstrates the relationship between the test loss and norm, which is

general, not limited to RFMs in the main text.
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