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Abstract

Dual averaging and gradient descent with
their stochastic variants stand as the two
canonical recipes for first-order optimization:
Every modern variant can be viewed as a de-
scendant of one or the other. In the convex
regime, these algorithms have been deeply
studied, and we know that the two classes
are essentially equivalent in terms of the-
oretical guarantees. Instead, in the non-
convex setting, the situation is drastically dif-
ferent: While it is provable that SGD can
minimize the gradient norm of non-convex
smooth functions, no finite-time complex-
ity guarantee for Stochastic Dual Averag-
ing (SDA) was known in the same setting.
In this paper, we close this gap by show-
ing that a tuned SDA exhibits a rate of
convergence of O(1/T + σ log T/

√
T ), simi-

lar to that of SGD under the same assump-
tions. To our best knowledge, this is the first
complete convergence theory for dual aver-
aging on non-convex smooth stochastic prob-
lems without restrictive assumptions, closing
a long-standing open problem in the field.
Beyond the base algorithm, we also discuss
ADA-DA, a variant that marries SDA with
AdaGrad’s auto-scaling, which achieves the
same rate without requiring knowledge of the
noise variance.

1 INTRODUCTION

Stochastic first-order methods have become the com-
putational workhorse for large-scale optimization
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problems. Among these methods, Stochastic Dual Av-
eraging (SDA) offers a principled alternative to clas-
sical Stochastic Gradient Descent (SGD) by updating
the primal iterate through a running average of past
gradients.

First of all, one might wonder whether studying dual
averaging (DA) and its variants in the unconstrained
setting is worthwhile. Indeed, a widespread misunder-
standing is that DA and gradient descent (GD) only
differ in the constrained setting. In fact, the two meth-
ods already diverge in the unconstrained setting, be-
cause they incorporate new subgradients in fundamen-
tally different ways. The origins of DA trace back to
Nesterov’s seminal work (Nesterov, 2009), where the
author observed that the step-size conditions required
for GD,

ηt > 0, ηt → 0,

∞∑
t=1

ηt = ∞,

necessarily make “new subgradients enter the model
with decreasing weights” (Nesterov, 2009, page 4),
contradicting the principle of recursive methods where
fresher information should outweigh stale data. More
formally, when initialized at x1 = 0, GD and DA gen-
erate the iterates1

xGD
t+1 = −

t∑
i=1

ηigi, xDA
t+1 = −ηt

t∑
i=1

gi,

where gi is a subgradient of the objective function at
xi. The effective weight assigned to the latest gra-

dient is therefore ηt/
(∑t

i=1 ηi

)
for GD, but 1/t for

DA. Because the sequence (ηt) is decreasing, the fac-
tor 1/t is larger; as a result, DA places comparatively

1Nesterov (2009) also proposed the possibility in DA to
weigh each single gradient by an additional parameter λi,
in addition to ηt. While potentially useful in the determin-
istic setting, this idea has been abandoned in the stochastic
setting (see, e.g., Xiao, 2010), hence we do not consider it
here.
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greater emphasis on the latest information. This prop-
erty might be particularly valuable in non-convex land-
scapes, where earlier gradient directions may oppose
the current descent direction, even in low-noise regimes
(e.g., with the Rosenbrock function). Empirical evi-
dence in Jelassi and Defazio (2020) corroborates this
intuition, showing that SDA-based optimizers have
been shown to achieve competitive performance in
deep learning benchmarks (Jelassi and Defazio, 2020),
outperforming their SGD counterparts. Beyond deep
learning, SDA-type methods have proven highly effec-
tive in various other settings, such as inducing spar-
sity with ℓ1-regularization (He et al., 2020; Xiao, 2009;
McMahan, 2010) and improving convergence in fed-
erated composite optimization (Yuan et al., 2021).
Moreover, from a theoretical standpoint, the structure
of a dual accumulator allows SDA to naturally form
the basis of parameter-free optimizers that eliminate
the expensive and often unreliable process of learn-
ing rate tuning—–a major practical advantage over
SGD (Orabona and Tommasi, 2017).

However, although a decade of work has thoroughly
characterized SDA in convex settings, its behavior on
objectives that are smooth and possibly non-convex re-
mains poorly understood, leaving open even the ques-
tion of whether SDA can provably minimize the ex-
pected squared norm of the gradients, with the litera-
ture explicitly noting this gap (He et al., 2020). Here,
we close this gap by deriving strong theoretical guar-
antees for SDA on smooth, non-convex objectives.

Our Contribution. We provide the first iterate-
level guarantees for SDA on smooth, possibly non-
convex objectives. For deterministic step sizes of order
1/

√
t, our bounds recover the optimal O(T−1/2) rate

previously established for SGD (Ghadimi and Lan,
2012), under the noisy-strong-growth (affine noise) as-
sumption. Notably, this rate matches the information-
theoretic lower bound for first-order methods on
smooth non-convex objectives (Arjevani et al., 2023),
showing that SDA is rate-optimal in this setting. In
addition, we derive a high-probability bound under
the assumption of sub-Gaussian noise. We then ad-
dress the question of designing an adaptive variant.
When neither the smoothness constant nor the noise
level is known, and the learner employs AdaGrad-
style rates (McMahan and Streeter, 2010; Duchi et al.,
2011), we prove convergence bounds that depend solely
on the maximal iterate norm. Whenever the iterates
remain bounded, the standard optimal rates follow im-
mediately. These results are obtained through novel
proof methods for SDA, which may be of independent
interest.

Organization of the Paper. The remainder of the
paper is organized as follows. Section 2 surveys re-
lated work on dual averaging and its variants. Sec-
tion 3 formalizes the optimization framework and in-
troduces our notation. Section 4 establishes conver-
gence rates of SDA with deterministic step sizes of
order 1/

√
t. In Section 5, we provide high-probability

bounds. Finally, in Section 6, we extend the analy-
sis to the parameter-free setting, deriving bounds for
AdaGrad-style adaptive step sizes.

2 RELATED WORK

Dual Averaging was introduced by Nesterov (2009) for
the deterministic case. The extension of DA to the
stochastic case was done in Xiao (2010), focusing on
the case of composite losses. These algorithms are also
known in the online convex optimization setting (Gor-
don, 1999; Zinkevich, 2003; Orabona, 2019), a gen-
eralization of the stochastic setting, as Follow-The-
Regularized-Leader with linear losses (Gordon, 1999;
Shalev-Shwartz and Singer, 2006a,b; Abernethy et al.,
2008; Hazan and Kale, 2008). All these analyses are
for convex functions.

In the non-convex setting, the literature on dual av-
eraging is very sparse. Clearly, when the learning
rate is constant, SGD and SDA coincide in the un-
constrained setting. In this specific case, the sem-
inal paper of Ghadimi and Lan (2012) showed that
SGD with the optimal constant learning rate achieves
a O(1/T + σ/

√
T ) convergence in expectation for the

squared norm of the gradient of a random iterate.
Under sub-Gaussian noise, they also proposed a two-
stage procedure to select an iterate with small gra-
dient with high probability. Li and Orabona (2019)
proved that SGD on non-convex smooth functions
adapts to the noise level when using a delayed ver-
sion of the AdaGrad-norm step sizes (Streeter and
McMahan, 2010), achieving the same rate above with-
out knowledge of σ. Later, Ward et al. (2019) estab-
lished a similar guarantee for the original AdaGrad-
norm step sizes, but under the stronger assumption of
bounded gradients. To the best of our knowledge, no
results of this form are known for the SDA version of
AdaGrad (McMahan and Streeter, 2010; Duchi et al.,
2011).

Suggala and Netrapalli (2020) showed that follow-
the-perturbed-leader, a variant of the follow-the-
regularized-leader, where the regularization is achieved
through noise with a minimization oracle, can be
used for online learning with non-convex losses. They
also showed that non-randomized algorithms cannot
achieve vanishing average regret in the same setting.
There are analyses for modified versions of DA, where
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the gradients are rescaled by a “learning rate” (see,
e.g., Orabona and Pál, 2021). However, these varia-
tions essentially imitate the behavior of SGD in hav-
ing a decreasing weight for the stochastic gradients,
defeating the core motivation of DA of giving equal
weights to all gradients in the iterates.

Jelassi and Defazio (2020) provided empirical evidence
that DA performs well for the stochastic optimization
of smooth non-convex functions. They also provided a
convergence rate, but their bound requires the stochas-
tic subgradients to have decreasing weights and that
the norm of the iterates is bounded by some constant
R. Moreover, it fails to recover fast rates O(1/T ) in
the low noise regime σ = 0.

More recently, Chen and Hazan (2024) proposed the
open problem that stochastic smooth optimization can
be directly reduced to online learning. If true, it
would imply that the standard regret analysis of DA
would immediately give us a convergence guarantee for
stochastic smooth optimization. However, as far as we
know, this is still an open problem.

3 PROBLEM SETUP

We consider the unconstrained optimization problem

min
x∈Rd

f(x),

where f : Rd → R is the objective function. Let
∇̂f(x) denote the noisy gradient at the point x. For
the iterates of stochastic dual averaging (SDA), we

set gt := ∇̂f(xt) and denote by ξt the correspond-
ing noise. Our analysis focuses on the convergence of
SDA:

xt+1 = −ηt
t∑

i=1

gi, ξt := gt −∇f(xt), t ≥ 1, (1)

where ηt is a sequence of step sizes and ∇̂f(xt) is a
gradient oracle with noise ξt. We also choose x1 =
0 for simplicity.2 Note that when the step sizes are
constant, we recover the SGD algorithm. If ξt = 0
almost surely, we recover the classic dual averaging
algorithm. The distance between solutions in Rd is
measured by the ℓ2 norm. In this paper, depending on
the specific theorem, we use a subset of the following
assumptions.

Assumption 1 (L-smoothness). The function f is
differentiable and there exists a constant L > 0 such

2This is without loss of generality: for an arbitrary ini-
tial point x1, a coordinate shift ∆x = x − x1 reduces
the problem to min∆x f(∆x+ x1) initialized at ∆x1 = 0,
and all convergence bounds carry over with ∆ replaced by
f(x1)− f∗.

that for all x,y ∈ Rd,

f(y) ≤ f(x) + ⟨∇f(x) , y − x⟩+ L

2
∥y − x∥2 . (A1)

Assumption 2 (Lower boundedness). f admits a fi-
nite lower bound, i.e.,

f∗ := inf
x∈Rd

f(x) > −∞ . (A2)

Assumption 3 (Unbiased estimator). We have access
to a history of independent, unbiased gradient estima-
tor ∇̂f(x) for any x ∈ Rd, i.e.,

E
[
∇̂f(x) | x

]
= ∇f(x) . (A3)

In most classical analyses of stochastic first-order
methods one typically assumes access to an oracle
with uniformly bounded variance (BV) (Harold et al.,

1997), i.e., E
[∥∥∥∇f(x)− ∇̂f(x)

∥∥∥2] ≤ σ2 for every

x, yet it is provably too restrictive, even for the ba-
sic mini-batch least-squares problem, where gradient
noise grows with the iterate norm so no finite global
σ2 is admissible (Jain et al., 2018; Zhang and Zhou,
2019). Hence, we use the following assumption.

Assumption 4 (Noisy-strong-growth condition). The

oracle ∇̂f(·) satisfies the (ρ, σ)-noisy-strong-growth-
condition, i.e., for all x ∈ Rd we have

E
[∥∥∥∇̂f(x)−∇f(x)

∥∥∥2] ≤ ρ ∥∇f(x)∥2 + σ2 . (A4)

This assumption on the noise is similar to the one used
in Schmidt and Le Roux (2013); Bottou (2010); Bottou
et al. (2018). It strictly generalizes the standard BV
assumption (for which only ρ = 0 is admitted). By al-
lowing the stochastic error to scale with the signal, the
admissible σ2 can be chosen to reflect only the residual
noise at the optimum; in practice, this constant is of-
ten orders of magnitude smaller than the global bound
required when ρ = 0, leading to larger stable step sizes
and tighter convergence guarantees. Subsequent work
(Mishkin, 2020; Vaswani et al., 2019; Solodkin et al.,
2024) showed that many over-parameterized (interpo-
lating) models satisfy a strong-growth condition, i.e.,
σ = 0, and leveraged the condition to match accel-
erated deterministic rates without variance-reduction
techniques.

Assumption 5 (Sub-Gaussian noise). We assume

that
∥∥∥∇̂f(x)−∇f(x)

∥∥∥ is a σ-sub-Gaussian random

variable. There are several equivalent definitions of
sub-Gaussian random variables up to an absolute con-
stant scaling (see, e.g., Proposition 2.5.2 in Vershynin
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(2018)). For convenience, we adopt the following def-
inition. For all λ such that |λ| ≤ 1/σ,

E
[
exp

(
λ2
∥∥∥∇̂f(x)−∇f(x)

∥∥∥2) | x
]

≤ exp
(
λ2σ2

)
. (A5)

Our results depend on the standard Assump-
tions (A1)–(A4). For high probability guarantees, we
use Assumption (A5) instead of Assumption (A4).

4 BOUNDS IN EXPECTATION
UNDER THE
NOISY-STRONG-GROWTH
CONDITION

In this section, we study the convergence of SDA under
the (ρ, σ)-noisy-strong-growth condition, when using
decreasing step sizes of the form

ηt =
1

L(1 + ρ)(1 + ρ+ α
√
t)
, (2)

where α = min {σ/(L(1 + ρ)), 1}. We show in Theo-
rem 4.3, that this schedule leads to a convergence rate
for the average squared gradient norm of

O
(
1

T
+
σ log T√

T

)
,

where O(·) hides polynomial dependence on the prob-
lem parameters L, σ, and ρ. Thus, we recover the stan-
dard performance guarantees of SGD in the smooth
non-convex setting, up to a logarithmic factor in T
in the slow-rate term.3 Moreover, in regimes where
the noise level is small relative to the gradient norm,
the procedure achieves a better rate of O(1/T ), com-
parable to the fast rates observed in noiseless or low-
variance scenarios. The core idea of the analysis lies
in reinterpreting SDA updates as an instance of SGD
over a sequence of functions {ft}t≤T defined below.

Main Challenges. Traditional analysis of dual av-
eraging in the convex setting goes through without
pain, for the existence of linear surrogates of the loss
ℓ̃t(x) := ⟨

∑t
i=1 gi,x⟩+ψt(x)/ηt, for some sequence of

regularizers ψt(·). Bregman telescoping yields O(
√
T )

regret and hence O(1/
√
T ) optimization error in ex-

pectation after averaging (Xiao, 2010). In the non-
convex smooth case, however, we immediately lose this
property. In general, especially with decreasing step
sizes, every new iterate xt+1 depends on the entire

3The logarithmic term is due to the time-varying learn-
ing rates, and one would suffer a similar term in SGD with
time-varying learning rates.

history of past stochastic gradients with non-vanishing
weights. So viewing stochastic dual averaging (SDA)
as an explicit primal descent step (1), we run into un-

avoidable coupling terms like E
[
⟨
∑t−1

i=1 gi,∇f(xt)⟩
]
,

which classical analysis techniques cannot handle since
a proper descent lemma is missing. Recent literature
confirms that new techniques are needed. Liu et al.
(2023) analyzed non-convex SDA by replacing the con-

vergence guarantee with the surrogate ∥xt+1 − xt∥2
and obtained only an O(1/t) decay. Cutkosky (2019)
proposed an online-to-batch framework that bypasses
the coupling by inserting an auxiliary projection, but
at the price of departing from the original SDA update
that we care about.

Dual Averaging as SGD on Implicitly Regular-
ized Functions. Our starting point is the observa-
tion by Jelassi and Defazio (2020) that the iterates of
SDA are the same as the ones of SGD on a modified
sequence of functions.

Propositon 1 ((Jelassi and Defazio, 2020)). Let x1 =
0, η0 = η1 and {ft}Tt=1 be a sequence of functions de-
fined as

ft(x) := f(x) +
γt
2
∥x∥22 , t ≥ 1,

where γt := η−1
t − η−1

t−1. Then, the SDA update (1) is
equivalent to SGD with learning rate ηt on the function
ft(x) for all t ≥ 1.

This result is an immediate consequence of the update
of SDA:

xt+1 = −ηt

(
gt +

t−1∑
i=1

gi

)

= xt − ηt

(
gt +

(
1

ηt
− 1

ηt−1

)
xt

)
.

Remark 4.1. Despite the equivalence result, SDA
and SGD generate different iterate trajectories because
they weight past gradients differently (as discussed in
Section 1). From a technical perspective, the stan-
dard smooth-SGD convergence analysis is insufficient
here: the equivalence transforms the problem into a se-
quence of time-varying objectives {ft}, and controlling
{∇ft(xt)} does not automatically yield control over
{∇f(xt)}.

Given that f(·) is smooth, we have ft(·) is Lt-smooth
with Lt := L+γt. Therefore, leveraging Proposition 1
and the Lt-smoothness of every surrogate ft, we have
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for t ≥ 1,

T∑
t=1

ηt

(
1− ηtLt

2

)
E
[
∥∇ft(xt)∥2

]
+

T∑
t=1

E [ft−1(xt)− ft(xt)]

≤ ∆+

T∑
t=1

η2tLt

2
E
[
∥ξt∥

2
]
, (3)

where ∆ := f(0)−f∗, and by convention we let γ0 := 0
and hence f0 := f . Equation (3) generalizes the clas-
sical SGD descent inequality from the stationary case
ft ≡ f to an online setting in which the learner faces
a time-varying sequence of smooth losses; so far, the
derivation remains agnostic to how these losses are
generated by the SDA updates. In our context, how-
ever, the surrogates possess the special property

ft(xt+1)− ft(xt)

= ft(xt+1)− ft−1(xt) +
γt−1 − γt

2
∥xt∥2 ,

which shows that up to a telescopic term, the term∑T
t=1 E [ft−1(xt)− ft(xt)] in (3) carries a positive

component ((γt−1 − γt) /2)E
[
∥xt∥2

]
, allowing us to

relate the obtained bound on the gradients of ft to one
on the gradients of objective function f . To achieve
this, a particular selection of learning rates, detailed
in the lemma below, is required.

Lemma 4.2. Consider the step sizes

ηt =
1

L(1 + ρ)(1 + ρ+ α
√
t)
,

where α = min {σ/ (L(1 + ρ)) , 1}. For any t ≥ 2, we
have,

ηtLt ≤ 2,

1

3
ηt −

1

6
η2tLt −

1

2
ρη2tLt ≥

ηt
9
,

γt−1 − γt
2

− 1

2
γ2t ηt +

1

4
γ2t η

2
tLt ≥ 0 .

Theorem 4.3. Suppose (A1)–(A4) holds, and let
x1 = 0, then SDA iterates with step sizes

ηt =
1

L(1 + ρ)(1 + ρ+ α
√
t)
, (4)

where α = min {σ/ (L(1 + ρ)) , 1}, satisfy

1

T

T∑
t=1

E
[
∥∇f(xt)∥2

]
≤ (11∆ + C(σ, T )) · L(1 + ρ)2 + σ

√
T

T
,

where ∆ := f(0)− f∗ and

C(σ, T ) :=
81

4

(
σ2

L(1 + ρ)
+ L(1 + ρ)

)
log(1 + α

√
T )

is a polylog term in T .

Proof sketch. A detailed proof is presented in the Ap-
pendix. We consider the equivalence argument intro-
duced in Proposition 1. Let ∇̂ft(x) := ∇̂f(x) + γtx.
Because ft(·) is Lt-smooth, the standard descent in-
equality gives

ft(xt+1) ≤ft(xt)−
(
ηt −

η2tLt

2

)〈
∇ft(xt) , ∇̂ft(xt)

〉
+
η2tLt

2

∥∥∥∇̂ft(xt)
∥∥∥2 .

Adding and subtracting ft−1(xt) inside the left-hand
side makes the term ft(xt+1) − ft−1(xt) telescope
once we sum over t. Taking expectations produces
the online descent inequality (3); the proof then spe-
cializes the bound by plugging in the noise condition
and the step size schedule. Using the noise bound

Et−1

[
∥ξt∥

2
]
≤ ρ ∥∇f(xt)∥2 + σ2, we arrive at

T∑
t=1

E[At] ≤ f(0)− f∗ +
σ2

2

T∑
t=1

η2tLt,

where

At =ηt

(
1− ηtLt

2

)
∥∇ft(xt)∥2 +

γt−1 − γt
2

∥xt∥2

− ρ

2
η2tLt ∥∇f(xt)∥2 .

Choosing the step sizes as in (4), Lemma 4.2 ensures
that

At ≥
ηt
9
∥∇f(xt)∥2 .

Substituting this lower bound and evaluating the re-
sulting sums yields

T∑
t=1

E
[
∥∇f(xt)∥2

]
≤ 11∆

ηT
+

81σ2 log(1 + α
√
T )

4ηTL(1 + ρ)α2
,

which coincides with the statement of Theorem 4.3.

Our bound scales as O
(
1/T + σ log(T )/

√
T
)
. When

the noise level satisfies σ > 0, this matches the min-
max optimal rate for stochastic gradient descent es-
tablished by Ghadimi and Lan (2012), up to a log T
factor. Note that the learning rates we used do not re-
quire a priori knowledge of the time horizon T , whereas
the optimal step sizes in Ghadimi and Lan (2012) are
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tuned using this information. In the low noise regime
(σ = 0)—which, under the noisy-strong-growth condi-
tion, corresponds to gradient noise being on the same
order as the true gradient—our analysis shows that
the accelerated 1/T rate is attainable, mirroring the
best-known guarantees for standard SGD.

Comparison with Jelassi and Defazio (2020).
We want to stress that our result is not just a simple
derivation from Proposition 1. Indeed, even if Jelassi
and Defazio (2020) started from the same proposition,
they did not prove a guarantee for the standard Dual
Averaging (DA). In fact, i) Jelassi and Defazio (2020,
Theorem 3.1) only applies to a variant they call Mod-
ernized Dual Averaging (MDA) algorithm; ii) they also
require their scaling parameters (λt, βt) to grow like√
t+ 1. Although the MDA algorithm encompasses

DA as a special case when βt ≡ 1 and λt = ηt, the
specific choice of parameters in their Theorem 3.1 (the
only one for which they guarantee convergence) does
not, as the gradients do not enter into the iterate with
equal weights.

Even further, their guarantee is stated under the a pri-
ori assumption that the iterates remain in a fixed Eu-
clidean ball, i.e., supt≥1 ∥xt∥ ≤ R for some known ra-
dius R. Instead, our bound in Theorem 4.3 holds with-
out any explicit control on the iterates and is therefore
iterate-independent and, as a result, proves that SDA
converges at the optimal rates. Removing this con-
straint is not trivial, and it requires a different and
novel proof strategy. Furthermore, even in settings
where the iterates are bounded, the result of Jelassi
and Defazio (2020) fails to recover the fastO(1/T ) rate
attainable in low-noise regimes, whereas our analysis
does.

5 HIGH PROBABILITY
CONVERGENCE OF SDA

The bound we have just established controls the aver-
age performance over a hypothetical ensemble of in-
finitely many independent runs. Such guarantees in-
expectation are of theoretical value, but they do not
tell us what happens in typical machine learning appli-
cations, where practitioners only perform a few num-
ber of runs rather than a whole ensemble. Therefore,
to move closer to this practical setting, a stronger
result is desired, to ensure that each run will, with
probability at least 1 − δ, stay within the required
error tolerance. To achieve a high-probability bound
amounts to controlling the entire tail of the error dis-
tribution, which apparently requires stronger assump-
tions on the stochastic noise distribution. Empirical
evidences (Zhang et al., 2020; Simsekli et al., 2019) has

shown that the noise distribution for standard vision
tasks can be well-approximated by a sub-Gaussian dis-
tribution. In this section, we adopt the noisy-strong-
growth condition (4) with ρ = 0 and further add As-
sumption (A5) to our assumption set, and show in
Theorem 5.4 a high probability convergence guarantee
of SDA.

We introduce the following notations for t ≥ 1

∇̂ft(x) := ∇̂f(x) + γtx, ∆τft := ft(xτ )− f∗ .

We let Ft := σ (ξ1, . . . , ξt−1) denote the natural filtra-
tion. Note that xt is Ft-measurable. The following
lemma serves as a fundamental step of our analysis.

Lemma 5.1. For t ≥ 1, we have

Ct := ηt

(
1− ηtLt

2

)
∥∇ft(xt)∥2 +∆t+1ft −∆tft

≤ ηt (ηtLt − 1) ⟨∇ft(xt) , ξt⟩+
η2tLt

2
∥ξt∥

2
. (5)

We can concentrate the LHS of (5) using a similar
argument from Liu et al. (2023). For all 1 ≤ t ≤ T
and wt ≥ 0, let

Zt := wtCt − vt ∥∇ft(xt)∥2 , St :=

T∑
i=t

Zi,

where vt = 3σ2w2
t η

2
t (ηtLt − 1)2. Crucially, the expo-

nential moment argument in the proof of Theorem 4.3
in Liu et al. (2023) holds for any Ft-measurable se-
quence {at} (i.e., depending only on the noise re-
alizations ξ1, . . . , ξt−1), not just the specific choice
at = ∇f(xt). Using this observation, we can prove
the following key inequality.

Theorem 5.2. Suppose for all 1 ≤ t ≤ T , wt and ηt
satisfy

0 ≤ wtη
2
tLt ≤

1

2σ2
, (6)

then

E [exp (St) | Ft] ≤ exp

(
3σ2

T∑
i=t

wiη
2
iLi

2

)
.

Markov’s inequality gives us the following guarantee
in probability.

Corollary 5.2.1. If condition (6) holds for all 1 ≤
t ≤ T , then with probability at least 1− δ, we have

T∑
t=1

(
wtηt

(
1− ηtLt

2

)
− vt

)
∥∇ft(xt)∥2

+

T∑
t=1

wt (∆t+1ft −∆tft)

≤ 3σ2
T∑

t=1

wtη
2
tLt

2
+ log

1

δ
. (7)
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Equipped with Lemma 5.1 and Theorem 5.2, we are
ready to prove the central lemma for SDA by specify-
ing the choice of wt that satisfy condition (6).

Lemma 5.3. Suppose the learning rates {ηt} is non-
increasing with ηtLt ≤ 1, then for any δ > 0, and de-
fine the auxiliary function f0(x) := f(x) + γ0/2 ∥x∥2,
where γ0 is an arbitrary constant. Then, the following
event holds with probability at least 1− δ:

T∑
t=1

ηt ∥∇ft(xt)∥2 + 2 (∆T+1fT+1 −∆1f1)

+

T∑
t=1

(ft−1(xt)− ft(xt))

≤ 3σ2
T∑

t=1

η2tLt + 12σ2η1 log
1

δ
. (8)

Theorem 5.4. Assume (A1)–(A3), and (A5) are sat-
isfied. Let x1 = 0. Setting ηt = 1/

(
L+ σ

√
t
)
, then

with probability at least 1 − δ, the iterate sequence
{xt}t≥1 output by SDA satisfies

1

T

T∑
t=1

∥∇f(xt)∥2 ≤ (4∆ +G(σ, δ, T )) · L+ σ
√
T

T
,

where ∆ := f(0)− f∗ and

G(σ, δ, T ) := 12σ log

(
1 +

σ
√
T

L

)
+

24σ2

L+ σ
log

1

δ

is a polylog term in T .

Again, in the case where the time horizon T is un-
known to the algorithm, by choosing the step size η
in Theorem 5.4, the bound is adaptive to noise, i.e,
when σ = 0 we recover O(1/T ) convergence rate of
the (deterministic) gradient descent algorithm.

6 ADAPTIVE DUAL AVERAGING

In the previous section, we showed that it is possible
to match the rate of SGD with SDA on non-convex
smooth functions. However, the optimal learning rate
in (2) depends on the unknown variance of the noise,
σ2. Here, we show that, as is the case for SGD, we can
design an adaptive version of SDA, using AdaGrad-
norm step sizes (Streeter and McMahan, 2010; McMa-
han and Streeter, 2010; Duchi et al., 2011). The use
of such inverse-root step sizes with dual averaging has
already been explored empirically in prior work, both
for convex optimization and deep learning tasks (Duchi
et al., 2011; Defazio and Jelassi, 2022; Huang and Lee,
2024). The adaptive step sizes are given by

ηt =
η√

γ +
∑t

i=1 ∥gi∥
2
,

with parameters η, γ > 0. Using this choice, we can
bound in Theorem 6.1 the average squared gradient as

O

(
σ

√
E [B2

T ]

T
+

E
[
B2

T

]
T

)
,

with
BT := max

t≤T
∥xt − x∗∥2 , (9)

where x∗ is an arbitrary stationary point. Hence,
when the iterates remain bounded we recover the op-
timal rate. Similar bounds with a dependence on the
maximal iterate norm, were presented in earlier works
for SGD with adaptive step sizes (Duchi et al., 2011).

Theorem 6.1. Assume (A1)–(A4) are satisfied. Let
x1 = 0. Consider SDA iterates using step sizes

ηt =
η√

γ +
∑t

i=1 ∥gi∥
2
.

Let x∗ be an arbitrary stationary point, and define BT

as in (9). Then, we have

1

T

T∑
t=1

E
[
∥∇f(xt)∥2

]
≤
(
2∆

η
+H(T )

)
· 1
T
+
J(σ, T )√

T
,

where ∆ = f(0)− f∗ and

H(T ) := 2
√
2L2

(√
2 + ρ

)
E

[(
13BT

2η
+ 2η

)2
]
+
γ

2
,

J(σ, T ) := 2
√
2Lσ

(
E

[(
13BT

2η
+ 2η

)2
])1/2

.

Proof sketch. Full details are deferred to the Ap-
pendix; here we record the main chain of inequalities
in continuous prose. Let

θt :=

t∑
i=1

gi, St := γ +

t∑
i=1

∥gi∥
2
, t ≥ 1 .

Note that ηt = η/
√
St for t ≥ 1. Because SDA keeps

the dual accumulator θt, its recursion can be written
as

xt+1 = −ηtθt

= xt − ηt (gt + (1− ηt−1/ηt)θt−1)

= xt − ηtg
′
t .

Now smoothness of f(·) yields the descent estimate

f(xt+1)− f(xt) ≤ −ηt ⟨∇f(xt) , g
′
t⟩+

L

2
η2t ∥g′

t∥
2
.

Denote ∆t := f(xt) − f∗ for t ≥ 1. Summing over t
and expanding g′

t produces a telescoping term ∆1/η+
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∑T
t=1(1/ηt−1/ηt−1)∆t plus the variance contribution

(L/2)
∑T

t=1 ηt ∥g′
t∥

2
, which reads

T∑
t=1

⟨∇f(xt) , gt⟩

≤ ∆1

η
−

T∑
t=1

(
⟨∇f(xt) , xt⟩ − L ∥xt∥2

)( 1

ηt
− 1

ηt−1

)

−
(

1

ηt
− 1

ηt−1

)
∆t + Lη

T∑
t=1

∥gt∥
2

√
St

.

Since
∑T

t=1 ∥gt∥
2
/
√
St ≤ 2

√
ST , the last term on

the RHS collapses to 2Lη
√
ST . Next, the strong-

growth condition together with the smoothness bound
∆t ≤ (L/2) ∥xt − x∗∥2 and the inequality ∥∇f(xt)∥ ≤
L ∥xt − x∗∥ allow every term involving xt or xt − x∗

to be controlled by A single radius BT . A direct rear-
rangement then shows

T∑
t=1

⟨∇f(xt) , gt⟩

≤ ∆1

η
+ 2

(
13LBT

2η
+ 2Lη

)2

+
1

4

T∑
t=1

∥∇f(xt)∥2

+
√
2

(
13LBT

2η
+ 2Lη

)√√√√ T∑
t=1

∥ξt∥
2
+
γ

4
.

Finally, taking expectations and applying Cauchy-

Schwarz to the noise term changes
√∑T

t=1 ∥ξt∥
2
to

σ
√
T , completing the derivation of the bound claimed

in the theorem.

Remark 6.2. Observe that the upper bound is mini-
mized when γ = 0. Indeed, we can safely use γ = 0
by noticing that we can avoid divisions by zero by not
updating the iterates every time the stochastic gradient
is zero.

Although Theorem 6.1 delivers the desired conver-
gence rate whenever the iterates remain bounded,
it still falls short of the iterate-independent upper-
bounds guarantees obtained in Section 4 for deter-
ministic step sizes. The main difficulty stems from
the SDA update, given by xt+1 − xt = −ηtgt −
(1− ηt/ηt−1)xt, which includes an extra term in xt

absent from the SGD recursion. With deterministic
step sizes, the ratio between factors ηt and |ηt/ηt−1−1|
is of order 1/

√
t, so this term can be controlled; under

the AdaGrad rule no such uniform decay holds. As a
result, the update direction becomes a delayed, biased
combination of past gradients, and in non-convex land-
scapes those past gradients could be uninformative for
the current update. This difficulty does not arise in

plain SGD and is akin to challenges in the analysis
of momentum-type methods such as Adam. Classi-
cal techniques such as the descent lemma therefore do
not suffice, and developing tight, iterate-independent
convergence guarantees for adaptive SDA remains an
open research avenue.

7 CONCLUSION, LIMITATIONS
AND FUTURE WORK

We have revisited stochastic dual averaging through
the lens of smooth non-convex optimization and pro-
vided the first iterate-level guarantees that match the
O(T−1/2) complexity enjoyed by carefully tuned SGD,
without restrictive assumptions. Concretely, we first
proved sharp convergence bounds for deterministic
step sizes under the noisy-strong-growth condition;
next, we extended these guarantees to high-probability
statements in the presence of sub-Gaussian noise; and
finally, we established adaptive rates for AdaGrad-
style learning rates that apply whenever the iterates
remain bounded.

Limitations and Future Work. Given that our
analysis is the first one of its kind for SDA, there
are naturally some open questions and possible exten-
sions. First, the high probability guarantees rely on
sub-Gaussian gradient noise. It might be interesting
to extend it to heavy-tailed distributions. Second, our
analysis focuses on the unconstrained setting; extend-
ing it to constrained non-convex optimization requires
a different stationarity measure (e.g., the Frank–Wolfe
gap) and is a natural direction for future work. Third,
the adaptive Ada-DA variant only converges provably
when the iterates are bounded, obtaining truly iterate-
independent, adaptive bounds remains an open prob-
lem.

A promising next step is to derive iterate-independent
guarantees for SDA equipped with fully adaptive step
sizes, paralleling the bounds already known for SGD
with AdaGrad. Achieving this will likely require new
control of the cumulative gradient history; one avenue
is to adapt the bias-correction arguments introduced
for momentum-type first-order methods. In particu-
lar, the analyses developed in the case of Adam and
related optimizers (see, e.g., Zhou et al., 2018; Chen
et al., 2019) face the same core challenge of handling
updates that combine all past gradients with time-
varying weights.

Another interesting direction for extension is to replace
the Euclidean geometry underlying our surrogate func-
tions with a Bregman geometry induced by a regular-
izer ϕ. Our analysis of SDA relies on its equivalence to
online gradient descent applied to a sequence of losses
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with Euclidean regularization. In the same spirit, run-
ning FTRL with a regularizer ϕ is equivalent to online
mirror descent with the same regularizer. Extending
our arguments to this broader setting, however, re-
quires replacing the smoothness assumptions on f with
respect to the Euclidean distance by conditions tai-
lored to the geometry induced by ϕ (for example, by
relative smoothness introduced by Lu et al. (2018)).
Establishing the precise form of these arguments, as
well as identifying any additional assumptions needed
on ϕ is left for future work.
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1. For all models and algorithms presented, check if
you include:

(a) A clear description of the mathematical set-
ting, assumptions, algorithm, and/or model.
[Yes] Justification: Section 3 is dedicated
to describing the problem under considera-
tion and presenting all the assumptions used
throughout the paper.

(b) An analysis of the properties and complexity
(time, space, sample size) of any algorithm.
[Yes] Justification: Sections 4, 5, and 6 pro-
vide convergence rate analysis and complex-
ity bounds for SDA under different settings.

(c) (Optional) Anonymized source code, with
specification of all dependencies, including
external libraries. [Not Applicable] Justifi-
cation: This is a theoretical paper without
experiments.
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2. For any theoretical claim, check if you include:

(a) Statements of the full set of assumptions of
all theoretical results. [Yes] Justification: All
theorems clearly state which assumptions are
required, e.g., Theorem 4.3 specifies assump-
tions (A1)–(A4).

(b) Complete proofs of all theoretical results.
[Yes] Justification: For each theorem, we pro-
vide a proof sketch in the main text and a
complete, detailed proof in the appendix.

(c) Clear explanations of any assumptions. [Yes]
Justification: Section 3 provides detailed ex-
planations for each assumption, including
their motivation and relationship to prior
work.

3. For all figures and tables that present empirical
results, check if you include:

(a) The code, data, and instructions needed to
reproduce the main experimental results (ei-
ther in the supplemental material or as a
URL). [Not Applicable] Justification: This
paper is theoretical in nature, with a focus on
proving the convergence of DA, a well-known
algorithm in the optimization literature. We
did not present any experimental results.

(b) All the training details (e.g., data splits, hy-
perparameters, how they were chosen). [Not
Applicable]

(c) A clear definition of the specific measure or
statistics and error bars (e.g., with respect to
the random seed after running experiments
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(d) A description of the computing infrastructure
used. (e.g., type of GPUs, internal cluster, or
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No existing code, data, or model assets were
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(b) The license information of the assets, if ap-
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(c) New assets either in the supplemental mate-
rial or as a URL, if applicable. [Not Applica-
ble]
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providers/curators. [Not Applicable]

(e) Discussion of sensible content if applicable,
e.g., personally identifiable information or of-
fensive content. [Not Applicable]

5. If you used crowdsourcing or conducted research
with human subjects, check if you include:

(a) The full text of instructions given to partici-
pants and screenshots. [Not Applicable] Jus-
tification: Again, the paper is purely theo-
retical. No crowdsourcing or human subjects
research was conducted.

(b) Descriptions of potential participant risks,
with links to Institutional Review Board
(IRB) approvals if applicable. [Not Appli-
cable]

(c) The estimated hourly wage paid to partici-
pants and the total amount spent on partic-
ipant compensation. [Not Applicable]
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A Appendix

A.1 Missing Proofs in Section 4

Theorem (Restatement of Theorem 4.3). Suppose (A1)–(A4) holds, and let x1 = 0, then SDA iterates with
step sizes

ηt =
1

L(1 + ρ)(1 + ρ+ α
√
t)
,

where α = min {σ/ (L(1 + ρ)) , 1}, satisfy

1

T

T∑
t=1

E
[
∥∇f(xt)∥2

]
≤
(
11∆ +

81

4

(
σ2

L(1 + ρ)
+ L(1 + ρ)

)
log(1 + α

√
T )

)
L(1 + ρ)2 + σ

√
T

T
,

where ∆ = f(0)− f∗.

Proof. Recall that θt =
∑t

i=1 gi. We have

xt+1 = −ηt(θt−1 + gt)

= −ηt−1θt−1
ηt
ηt−1

− ηtgt

= xt

(
1−

(
1− ηt

ηt−1

))
− ηtgt

= xt − ηt

(
gt +

(
1

ηt
− 1

ηt−1

)
xt

)
.

Let γt := 1/ηt − 1/ηt−1, and ft(x) = f(x) + (γt/2) ∥x∥2, recall that

∇ft(x) = ∇f(x) + γtx .

Therefore, the iterates of SDA using the steps sizes ηt are the same as the iterates of SGD with steps sizes ηt on
the sequence of functions {ft}t≥1 with stochastic gradients ∇̂ft(xt) := gt + γtxt.

We consider η0 = η1, and take the convention γ−1 = 0. Define Lt := L + γt, since f(·) is L-smooth, ft(·) is Lt

smooth, therefore

ft(xt+1)− ft(xt) ≤ ⟨∇ft(xt) , xt+1 − xt⟩+
Lt

2
∥xt+1 − xt∥2

= −ηt
〈
∇ft(xt) , ∇̂ft(xt)

〉
+
η2tLt

2

∥∥∥∇̂ft(xt)
∥∥∥2

= −ηt ∥∇ft(xt)∥2 − ηt ⟨∇ft(xt) , ξt⟩+
η2tLt

2
∥∇ft(xt)∥2 +

η2tLt

2
∥ξt∥

2
+ η2tLt ⟨∇ft(xt) , ξt⟩

= −ηt
(
1− ηtLt

2

)
∥∇ft(xt)∥2 − ηt(1− ηtLt) ⟨∇ft(xt) , ξt⟩+

η2tLt

2
∥ξt∥

2
. (10)

Observe that

ft(xt+1)− ft(xt) = ft(xt+1)− ft−1(xt) + ft−1(xt)− ft(xt)

= ft(xt+1)− ft−1(xt) +
γt−1 − γt

2
∥xt∥2 . (11)



Tuo Liu, El Mehdi Saad, Wojciech Kot lowski, Francesco Orabona

Combining (10) and (11) and rearranging we obtain

ηt

(
1− ηtLt

2

)
∥∇ft(xt)∥2 +

γt−1 − γt
2

∥xt∥2 ≤ ft−1(xt)− ft(xt+1)− ηt(1− ηtLt) ⟨∇ft(xt) , ξt⟩+
η2tLt

2
∥ξt∥

2
.

Taking the expectation, summing over t and using the bound on the noise, we obtain

T∑
t=1

ηt

(
1− ηtLt

2

)
E
[
∥∇ft(xt)∥2

]
+
γt−1 − γt

2
E
[
∥xt∥2

]
≤ f(0)− E [fT (xT+1)] +

T∑
t=1

η2tLt

2
E
[
Et−1

[
∥ξt∥

2
]]

≤ f(0)− f∗ +

T∑
t=1

η2tLt

2

(
ρE
[
∥∇f(xt)∥2

]
+ σ2

)
.

Therefore,

T∑
t=1

ηt

(
1− ηtLt

2

)
E
[
∥∇ft(xt)∥2

]
+

T∑
t=1

γt−1 − γt
2

E
[
∥xt∥2

]
−

T∑
t=1

ρ

2
η2tLtE

[
∥∇f(xt)∥2

]
≤ f(0)− f∗ +

T∑
t=1

σ2 η
2
tLt

2
.

Denote

At := ηt

(
1− ηtLt

2

)
∥∇ft(xt)∥2 +

γt−1 − γt
2

∥xt∥2 −
ρ

2
η2tLt ∥∇f(xt)∥2 .

The last bound rewrites as
T∑

t=1

E [At] ≤ E [f(0)− f∗] +
σ2

2

T∑
t=1

η2tLt . (12)

We consider step sizes of the form

ηt =
1

L(1 + ρ)(1 + ρ+ α
√
t)
,

where α = min {σ/ (L(1 + ρ)) , 1}. Recall that we have

∥∇ft(xt)∥2 = ∥∇f(xt) + γtxt∥2 ≥ 1

3
∥∇f(xt)∥2 −

1

2
γ2t ∥xt∥2 .

Therefore, following Lemma A.2, which gives that 1− ηtLt/2 ≥ 0, we have for any t ≥ 2

At ≥
1

3
ηt

(
1− ηtLt

2

)
∥∇f(xt)∥2 −

1

2
ηt

(
1− ηtLt

2

)
γ2t ∥xt∥2 +

γt−1 − γt
2

∥xt∥2 −
ρ

2
η2tLt ∥∇f(xt)∥2

=

(
1

3
ηt −

1

6
η2tLt −

1

2
ρη2tLt

)
∥∇f(xt)∥2 +

(
γt−1 − γt

2
− 1

2
γ2t ηt +

1

4
γ2t η

2
tLt

)
∥xt∥2

≥ ηt
9
∥∇f(xt)∥2 .

The last line follows from the lower bounds of the factors of ∥∇f(xt)∥2 and ∥xt∥2 provided in Lemma A.2. We
conclude using (12) and then the second bound of Lemma A.2 that

T∑
t=2

ηt
9
E
[
∥∇f(xt)∥2

]
≤ f(0)− f∗ +

σ2

2

T∑
t=1

η2tLt

≤ f(0)− f∗ +
3σ2

4L(1 + ρ)

T∑
t=1

1

(1 + ρ+ α
√
t)2

≤ f(0)− f∗ +
3σ2

4L(1 + ρ)

(
1 +

2

α2
log

(
1 + ρ+ α

√
T

1 + ρ+ α

))

≤ f(0)− f∗ +
3σ2

4L(1 + ρ)

(
1 +

2

α2
log(1 + α

√
T )

)
.
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Therefore,

T∑
t=1

E
[
∥∇f(xt)∥2

]
≤ ∥∇f(0)∥2 + 9

ηT
(f(0)− f∗) +

27σ2

4ηTL(1 + ρ)

(
1 +

2

α2
log(1 + α

√
T )

)

≤

(
11(f(0)− f∗) +

81σ2 log(1 + α
√
T )

4L(1 + ρ)α2

)
1

ηT
,

where we used the descent lemma in the last line (∥∇f(0)∥2 ≤ 2L(f(0)− f∗)). Noticing

x2

min{x2, 1}
≤ x2 + 1,

we have

81σ2 log(1 + α
√
T )

4L(1 + ρ)α2
=

81

4

σ2

L2(1 + ρ)2
log(1 + α

√
T )

α2
L(1 + ρ)

≤ 81

4
L(1 + ρ)

(
σ2

L2(1 + ρ)2
+ 1

)
log(1 + α

√
T ) .

The conclusion follows from the expressions of α and ηT .

A.2 Missing Proofs in Section 5

Proof of Lemma 5.1. We start from the one-step descent of ft(xt). Smoothness of ft(·) implies that

ft(xt+1)− ft(xt) ≤ ⟨∇ft(xt) , xt+1 − xt⟩+
Lt

2
∥xt+1 − xt∥2

= −ηt
〈
∇ft(xt) , ∇̂ft(xt)

〉
+
η2tLt

2

∥∥∥∇̂ft(xt)
∥∥∥2

= −ηt ⟨∇ft(xt) , ∇ft(xt) + ξt⟩+
η2tLt

2
∥∇ft(xt) + ξt∥

2

= −ηt
(
1− ηtLt

2

)
∥∇ft(xt)∥2 + ηt (ηtLt − 1) ⟨∇ft(xt) , ξt⟩+

η2tLt

2
∥ξt∥

2
.

We obtain the inequality (5) by rearranging the terms.

Proof of Theorem 5.2. We prove by induction. The base case t = T + 1 trivially holds. Consider 1 ≤ t ≤ T , we
have

E [exp (St) | Ft] = E [E [exp (Zt + St+1) | Ft+1] | Ft]

= E [exp (Zt)E [exp (St+1) | Ft+1] | Fk] .

From the induction hypothesis we have

E [exp (St+1) | Ft+1] ≤ exp

(
3σ2

T∑
i=t+1

wiη
2
iLi

2

)
,

hence

E [exp (St) | Ft] ≤ exp

(
3σ2

T∑
i=t+1

wiη
2
iLi

2

)
E [exp (Zt) | Ft] .



Tuo Liu, El Mehdi Saad, Wojciech Kot lowski, Francesco Orabona

We have then

E [exp (Zt) | Ft] = E
[
exp

(
wt

(
ηt

(
1− ηtLt

2

)
∥∇ft(xt)∥2 +∆t+1ft −∆tft

)
− vt ∥∇f(xT )∥2

)
| Ft

]
≤ E

[
exp

(
wt

(
ηt(ηtLt − 1) ⟨∇ft(xt) , ξt⟩+

η2tLt

2
∥ξt∥

2

)
− vt ∥∇ft(xt)∥2

)
| Ft

]
= exp

(
−vt ∥∇ft(xt)∥2

)
E
[
exp

(
wt

(
ηt(ηtLt − 1) ⟨∇ft(xt) , ξt⟩+

η2tLt

2
∥ξt∥

2

))
| Ft

]
≤ exp

(
−vt ∥∇ft(xt)∥2

)
exp

(
3σ2

(
w2

t η
2
t (ηtLt − 1)2 ∥∇ft(xt)∥2 +

wtη
2
tLt

2

))
= exp

(
3σ2wtη

2
tLt

2

)
,

where the second line is due to (5) in Lemma 5.1 and the second to last line is due to the helper Lemma 2.2 in
Liu et al. (2023) (see Lemma A.3 for a restatement). Therefore,

E [exp (St) | Ft] ≤ exp

(
3σ2

T∑
i=t

wiη
2
iLi

2

)
,

which is what we want to show.

Proof of Corollary 5.2.1. In Theorem 5.2, let t = 1 we obtain

E [exp (S1)] ≤ exp

(
3σ2

T∑
t=1

wtη
2
tLt

2

)
.

Hence, by Markov’s inequality, we have

P

[
S1 ≥

(
3σ2

T∑
t=1

wtη
2
tLt

2

)
+ log

1

δ

]
≤ δ .

In other words, with probability at least 1− δ (once condition (6) is satisfied),

T∑
t=1

((
wtηt

(
1− ηtLt

2

)
− vt

)
∥∇ft(xt)∥2 + wt (∆t+1ft −∆tft)

)
≤ 3σ2

T∑
t=1

wtη
2
tLt

2
+ log

1

δ
.

Proof of Lemma 5.3. Consider wt = w = 1/(6σ2η1). Clearly, our choice of wt satisfies condition (6) since

wtη
2
tLt =

ηt
η1

· (ηtLt) ·
1

6σ2
≤ 1

2σ2
,

then it follows that

LHS of (7) ≥
T∑

t=1

(
wηt

(
1− ηtLt

2

)
− 3σ2w2η2t (ηtLt − 1)2

)
∥∇ft(xt)∥2︸ ︷︷ ︸

A

+

T∑
t=1

w (∆t+1ft −∆tft)︸ ︷︷ ︸
B

,
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where

A =

T∑
t=1

wηt

(
1− ηtLt

2
− 3σ2wηt (1− ηtLt)

2

)
∥∇ft(xt)∥2

≥
T∑

t=1

wηt

(
1− ηtLt

2
− 3σ2wη1 (1− ηtLt)

2

)
∥∇ft(xt)∥2

=

T∑
t=1

wηt

(
1− ηtLt

2
− 1

2
(1− ηtLt)

2

)
∥∇ft(xt)∥2

≥
T∑

t=1

wηt
2

∥∇ft(xt)∥2

=
w

2

T∑
t=1

ηt ∥∇ft(xt)∥2 .

The second inequality is due to

1− ηLt

2
√
t
− 1

2
(1− ηtLt)

2 ≥ 1

2
,

when 0 ≤ ηtLt ≤ 1. We also have

B = w

T∑
t=1

(ft(xt+1)− ft(xt))

= w

T∑
t=1

(ft(xt+1)− ft−1(xt) + ft−1(xt)− ft(xt))

= w

T∑
t=1

(ft(xt+1)− ft−1(xt)) + w

T∑
t=1

(ft−1(xt)− ft(xt))

= w (∆T+1fT+1 −∆1f1) + w

T∑
t=1

(ft−1(xt)− ft(xt)) .

Therefore, with probability at least 1− δ, we have

T∑
t=1

ηt ∥∇ft(xt)∥2 + 2 (∆T+1fT+1 −∆1f1) + 2

T∑
t=1

(ft−1(xt)− ft(xt)) ≤ 3σ2
T∑

t=1

η2tLt +
2

w
log

1

δ

= 3σ2
T∑

t=1

η2tLt + 12σ2η1 log
1

δ
.

Proof of Theorem 5.4. We first take care of the LHS of (8). Note that by definition,

∇ft(xt) = ∇f(xt) + γtxt .

Invoking Lemma A.1 with u = ∇f(xt), v = γtxt and λ = 1/2 gives

∥∇ft(xt)∥2 ≥ 1

2
∥∇f(xt)∥2 − γ2t ∥xt∥2 . (13)

Also recall that

ft−1(xt)− ft(xt) = f(xt) +
γt−1

2
∥xt∥2 −

(
f(xt) +

γt
2
∥xt∥2

)
=
γt−1 − γt

2
∥xt∥2 . (14)
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Obviously our choice of ηt is non-increasing and

ηtLt = ηt

(
L+

1

ηt
− 1

ηt−1

)
= ηtL+ 1− ηt

ηt−1

=
L

L+ σ
√
t
− L+ σ

√
t− 1

L+ σ
√
t

+ 1

≤ 1 .

Now, plugging the above couple of inequalities (13) and (14) in, we obtain

LHS of (8) ≥
T∑

t=1

ηt

(
1

2
∥∇f(xt)∥2 − γ2t ∥xt∥2

)
+ 2 (∆T+1fT+1 −∆1f1) +

T∑
t=1

(γt−1 − γt) ∥xt∥2

=
1

2

T∑
t=1

ηt ∥∇f(xt)∥2 + 2 (∆T+1fT+1 −∆1f1) +
T∑

t=1

(
γt−1 − γt − γ2t ηt

)
∥xt∥2

(∗)
≥ 1

2

T∑
t=1

ηt ∥∇f(xt)∥2 + 2 (∆T+1fT+1 −∆1f1)

≥ 1

2

T∑
t=1

ηT ∥∇f(xt)∥2 + 2 (∆T+1fT+1 −∆1f1)

≥ ηT
2

T∑
t=1

∥∇f(xt)∥2 − 2∆1f1,

where (∗) comes from Lemma A.4, and the last inequality follows from the fact that fT+1(xT+1) ≥ f∗. Besides,
by choosing ηt = 1/(L+ σ

√
t),

RHS of (8) = 3σ2
T∑

t=1

(
1

L+ σ
√
t

)2 (
L+ σ

√
t−

(
L+ σ

√
t− 1

))
+ 12σ2η1 log

1

δ

= 3σ3
T∑

t=1

(
1

L+ σ
√
t

)2 (√
t−

√
t− 1

)
+ 12σ2η1 log

1

δ

≤ 3σ3
T∑

t=1

(
1

L+ σ
√
t

)2

+ 12σ2η1 log
1

δ

≤ 3σ3 · 2

σ2

(
log

(
1 +

σ
√
T

L

)
+

L

L+ σ
√
T

− 1

)
+ 12σ2η1 log

1

δ

≤ 6σ log

(
1 +

σ
√
T

L

)
+ 12σ2η1 log

1

δ
.

Now, dividing both sides by ηT /2 yields

T∑
t=1

∥∇f(xt)∥2 ≤ 2

ηT

(
2 (f(0)− f∗) + 6σ log

(
1 +

σ
√
T

L

)
+ 12σ2η1 log

1

δ

)

=

(
4 (f(0)− f∗) + 12σ log

(
1 +

σ
√
T

L

)
+

24σ2

L+ σ
log

1

δ

)(
L+ σ

√
T
)
.

Factoring out an order of T gives the desired result.
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A.3 Proof of Theorem 6.1

Theorem (Restatement of Theorem 6.1). Assume (A1)–(A4) are satisfied. Let x1 = 0. Consider SDA iterates
using step sizes

ηt =
η√

γ +
∑t

i=1 ∥gi∥
2
.

Let x∗ be an arbitrary stationary point and

BT := max
t≤T

{
∥xt − x∗∥2

}
.

Then, we have

T∑
t=1

E
[
∥∇f(xt)∥2

]
≤ 2 (f(0)− f∗)

η
+ 2

√
2L2

(√
2 + ρ

)
E

[(
13BT

2η
+ 2η

)2
]
+
γ

2

+ 2
√
2Lσ

(
E

[(
13BT

2η
+ 2η

)2
])1/2 √

T .

Proof. We consider the update rule given by

xt+1 = −ηt
t∑

i=1

gi = −ηtθt,

where θt =
∑t

i=1 gi, and ηt is a learning rate.

xt+1 − xt = −ηtθt + ηt−1θt−1

= (ηt−1 − ηt)θt−1 − ηtgt

= −ηt
(
gt +

(
1− ηt−1

ηt

)
θt−1

)
.

Denote

g′
t := gt +

(
1− ηt−1

ηt

)
θt−1,

the updates can be written us xt+1 = xt − ηtg
′
t. We consider the learning rates given by

ηt =
η√

γ +
∑t

i=1 ∥gi∥
2
,

We define St := γ +
∑t

i=1 ∥gi∥
2
. We note by ξt the noise

ξt := gt −∇f(xt) .

Using smoothness, we have

f(xt+1)− f(xt) ≤ ⟨∇f(xt) , xt+1 − xt⟩+
1

2
L ∥xt+1 − xt∥2

= −ηt ⟨∇f(xt) , g
′
t⟩+

L

2
η2t ∥g′

t∥
2
.

Let ∆t := f(xt)− f∗. Using the last bound gives

⟨∇f(xt) , g
′
t⟩ ≤

1

ηt
(∆t −∆t+1) +

L

2
ηt ∥g′

t∥
2
.
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Summing over t and taking η0 = η, we have

T∑
t=1

⟨∇f(xt) , g
′
t⟩ ≤

T∑
t=1

1

ηt
(∆t −∆t+1) +

L

2

T∑
t=1

ηt ∥g′
t∥

2

≤ ∆1

η
− ∆T+1

ηT
+

T∑
t=1

(
1

ηt
− 1

ηt−1

)
∆t +

L

2

T∑
t=1

ηt ∥g′
t∥

2

≤ ∆1

η
+

T∑
t=1

(
1

ηt
− 1

ηt−1

)
∆t +

L

2

T∑
t=1

ηt ∥g′
t∥

2
.

Therefore, we obtain

T∑
t=1

⟨∇f(xt) , gt⟩ ≤
∆1

η
+

T∑
t=1

(
ηt−1

ηt
− 1

)
⟨∇f(xt) , θt−1⟩+

T∑
t=1

(
1

ηt
− 1

ηt−1

)
∆t +

L

2

T∑
t=1

ηt ∥g′
t∥

2

≤ ∆1

η
−

T∑
t=1

(
1

ηt
− 1

ηt−1

)
⟨∇f(xt) , xt⟩+

T∑
t=1

(
1

ηt
− 1

ηt−1

)
∆t

+ L

T∑
t=1

ηt ∥gt∥
2
+ L

T∑
t=1

ηt

(
ηt−1

ηt
− 1

)2

∥θt−1∥2

=
∆1

η
−

T∑
t=1

(⟨∇f(xt) , xt⟩ −∆t)

(
1

ηt
− 1

ηt−1

)
+ L

T∑
t=1

ηt ∥gt∥
2

+ L

T∑
t=1

ηt

(
1

ηt
− 1

ηt−1

)2

∥xt∥2

=
∆1

η
−

T∑
t=1

(⟨∇f(xt) , xt⟩ −∆t)

(
1

ηt
− 1

ηt−1

)
+ Lη

T∑
t=1

∥gt∥
2

√
St

+ L

T∑
t=1

(
1− ηt

ηt−1

)(
1

ηt
− 1

ηt−1

)
∥xt∥2

≤ ∆1

η
−

T∑
t=1

(⟨∇f(xt) , xt⟩ −∆t)

(
1

ηt
− 1

ηt−1

)
+ Lη

T∑
t=1

∥gt∥
2

√
St

+ L
T∑

t=1

(
1

ηt
− 1

ηt−1

)
∥xt∥2

≤ ∆1

η
−

T∑
t=1

(
⟨∇f(xt) , xt⟩ −∆t − L ∥xt∥2

)( 1

ηt
− 1

ηt−1

)
+ Lη

T∑
t=1

∥gt∥
2

√
St

. (15)

We also have
T∑

t=1

∥gt∥
2

√
St

≤ 2

T∑
t=1

(√
St −

√
St−1

)
≤ 2
√
ST .

Let x∗ be an arbitrary stationary point, given that f(·) is L-smooth, we have

|f(x∗)− f(xt)− ⟨∇f(x∗) , xt − x∗⟩| ≤ L

2
∥xt − x∗∥2 .

Therefore,

|∆t| = |f(xt)− f∗| ≤ |⟨∇f(x∗) , xt − x∗⟩|+ L

2
∥xt − x∗∥2 =

L

2
∥xt − x∗∥2 .

Moreover,
∥∇f(xt)∥ = ∥∇f(xt)−∇f(x∗)∥ ≤ L ∥xt − x∗∥ .
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Using the last two bounds we have

|⟨∇f(xt) , xt⟩ −∆t − L ∥xt∥2| ≤ |⟨∇f(xt) , xt⟩|+ |∆t|+ L ∥xt∥2

≤ ∥∇f(xt)∥ ∥xt∥+
L

2
∥xt − x∗∥2 + 2L ∥xt − x∗∥2 + 2L ∥x∗∥2

≤ L ∥xt − x∗∥ ∥xt∥+
5L

2
∥xt − x∗∥2 + 2L ∥x∗∥2

≤ L ∥xt − x∗∥ ∥x∗∥+ 7L

2
∥xt − x∗∥2 + 2L ∥x∗∥2

≤ 4L ∥xt − x∗∥2 + 5L

2
∥x∗∥2

≤ 13L

2
BT , (16)

where we used the definition of BT in the last line.

Using bounds (16) in (15) and the definition of BT , we have

T∑
t=1

⟨∇f(xt) , gt⟩ ≤
∆1

η
+

13L

2
BT

T∑
t=1

(
1

ηt
− 1

ηt−1

)
+ 2Lη

√
ST

≤ ∆1

η
+

13

2η
LBT

√
ST + 2Lη

√
ST

≤ ∆1

η
+ 13

√
2
L

2η
BT

√√√√γ +

T∑
t=1

∥∇f(xt)∥2 +
T∑

t=1

∥ξt∥
2

+ 2
√
2Lη

√√√√γ +

T∑
t=1

∥∇f(xt)∥2 +
T∑

t=1

∥ξt∥
2

≤ ∆1

η
+

√
2

(
13L

2η
BT + 2Lη

)√√√√γ +

T∑
t=1

∥∇f(xt)∥2

+
√
2

(
13L

2η
BT + 2Lη

)√√√√ T∑
t=1

∥ξt∥
2
.

Taking the expectation both sides, we obtain

T∑
t=1

E
[
∥∇f(xt)∥2

]
=

T∑
t=1

E [⟨∇f(xt) , gt⟩]

≤ ∆1

η
+

√
2E

(13L

2η
BT + 2Lη

)√√√√γ +

T∑
t=1

∥∇f(xt)∥2


+
√
2E

(13L

2η
BT + 2Lη

)√√√√ T∑
t=1

∥ξt∥
2

 . (17)

Recall that using the fact that ax− (1/4)x2 ≤ a2 for all x ∈ R we have

√
2

(
13L

2η
BT + 2Lη

)√√√√γ +

T∑
t=1

∥∇f(xt)∥2 −
1

4

T∑
t=1

∥∇f(xt)∥2 −
γ

4
≤ 2

(
13L

2η
BT + 2Lη

)2

. (18)
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Moreover, we have

E

(13L

2η
BT + 2Lη

)√√√√ T∑
t=1

∥ξt∥
2


≤

(
E

[(
13L

2η
BT + 2Lη

)2
])1/2(

E

[
T∑

t=1

∥ξt∥
2

])1/2

≤

(
E

[(
13L

2η
BT + 2Lη

)2
])1/2(

E

[
T∑

t=1

(
ρ ∥∇f(xt)∥2 + σ2

)])1/2

.

To ease the notation, let

B̄T :=

(
E

[(
13

2η
BT + 2η

)2
])1/2

.

So, we have

E

(13L

2η
BT + 2Lη

)√√√√ T∑
t=1

∥ξt∥
2

 ≤ LB̄T

√√√√σ2T + ρ

T∑
t=1

E
[
∥∇f(xt)∥2

]

≤ LσB̄T

√
T + LB̄T

√
ρ

√√√√ T∑
t=1

E
[
∥∇f(xt)∥2

]
.

Therefore, we have

E

(13L

2η
BT + 2Lη

)√√√√ T∑
t=1

∥ξt∥
2

− 1

4

T∑
t=1

E
[
∥∇f(xt)∥2

]

≤ LσB̄T

√
T + LB̄T

√
ρ

√√√√ T∑
t=1

E
[
∥∇f(xt)∥2

]
− 1

4

T∑
t=1

E
[
∥∇f(xt)∥2

]
≤ LσB̄T

√
T + L2B̄2

T ρ . (19)

Finally, using (18) and (19) in (17), we have

1

2

T∑
t=1

E
[
∥∇f(xt)∥2

]
≤ γ

4
+

∆1

η
+ 2E

[(
13L

2η
BT + 2Lη

)2
]
+

√
2LσB̄T

√
T +

√
2L2ρB̄2

T

=
γ

4
+

∆1

η
+

√
2LσB̄T

√
T +

√
2L2

(√
2 + ρ

)
B̄2

T .

A.4 Additional Helper Lemmas

Lemma A.1. Let u, v ∈ Rd and let λ > 0. Then

∥u+ v∥2 ≥ (1− λ) ∥u∥2 + (1− λ−1) ∥v∥2 .

Proof. Young’s inequality says that for any λ > 0,

2 ⟨u , v⟩ ≥ −λ−1 ∥u∥2 − λ ∥v∥2 .

Insert this bound into the expansion

∥u+ v∥2 = ∥u∥2 + 2 ⟨u , v⟩+ ∥v∥2 ,
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yielding
∥u+ v∥2 ≥ ∥u∥2 − λ−1 ∥u∥2 − λ ∥v∥2 + ∥v∥2 = (1− λ) ∥u∥2 + (1− λ−1) ∥v∥2 .

Lemma A.2. Consider the step sizes

ηt =
1

L(1 + ρ)(1 + ρ+ α
√
t)
,

where α ∈ (0, 1], let γt = 1/ηt − 1/ηt−1, and Lt = L+ γt. We have for any t ≥ 2

ηtLt

2
≤ 1 (20)

η2tLt ≤
3

2L(1 + ρ)(1 + ρ+ α
√
t)2

(21)

1

3
ηt −

1

6
η2tLt −

1

2
ρη2tLt ≥

ηt
9

(22)

γt−1 − γt
2

− 1

2
γ2t ηt +

1

4
γ2t η

2
tLt ≥ 0 . (23)

Proof. Fix t ≥ 2. Before proving the results of the lemma, we use the following bounds on γt and γt−1 − γt. We
have

γt =
1

ηt
− 1

ηt−1

= L(1 + ρ)
(
1 + ρ+ α

√
t
)
− L(1 + ρ)

(
1 + ρ+ α

√
t− 1

)
= L(1 + ρ)α

(√
t−

√
t− 1

)
=

L(1 + ρ)α√
t+

√
t− 1

≤ L(1 + ρ)α

2
√
t− 1

. (24)

We also have

γ2t ηt ≤
L2(1 + ρ)2α2

4(t− 1)
· 1

L(1 + ρ)(1 + ρ+ α
√
t)

≤ L(1 + ρ)α2

4(t− 1)(1 + ρ+ α
√
t)

≤ L(1 + ρ)α

4(t− 1)
√
t
. (25)

Moreover, using (24), we have

γt−1 − γt =
L(1 + ρ)α

(
√
t− 1 +

√
t− 2)

− L(1 + ρ)α

(
√
t+

√
t− 1)

= L(1 + ρ)α

(
1√

t− 1 +
√
t− 2

− 1√
t+

√
t− 1

)
.

Recall that

1√
t− 1 +

√
t− 2

− 1√
t+

√
t− 1

=

√
t−

√
t− 2

(
√
t− 1 +

√
t− 2)(

√
t+

√
t− 1)

=
2

(
√
t+

√
t− 2)(

√
t− 1 +

√
t− 2)(

√
t+

√
t− 1)

≥ 1

4
√
t(t− 1)

.
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We conclude that

γt−1 − γt ≥
L(1 + ρ)α

4
√
t(t− 1)

. (26)

Proof of bound (20): We have

ηtLt ≤
1

L(1 + ρ)(1 + ρ+ α
√
t)

(
L+

L(1 + ρ)α√
t

)
≤ 1

1 + ρ+ α
√
t

(
1

1 + ρ
+

α√
t

)
=

1/(1 + ρ)

1 + ρ+ α
√
t
+

α√
t(1 + ρ+ α

√
t)

≤ 1

(1 + ρ)2
+

α√
t(1 + ρ) + αt

≤ 1

(1 + ρ)2
+

1√
t(1 + ρ) + t

≤ 2,

where we used α ∈ [0, 1] and the fact that

x→ x√
t(1 + ρ) + xt

is increasing for positive numbers.

Proof of bound (21): We have

η2tLt =
1

L2(1 + ρ)2(1 + ρ+ α
√
t)2

(
L+

L(1 + ρ)α

2
√
t− 1

)

≤
1 +

1 + ρ

2
L(1 + ρ)2(1 + ρ+ α

√
t)2

≤ 3

2L(1 + ρ)(1 + ρ+ α
√
t)2

.

Proof of bound (22): The bound is equivalent to

ηtLt ≤
4

3 + 9ρ
. (27)

Using the expressions of ηt and Lt, we have

ηtLt =
1

(1 + ρ)(1 + ρ+ α
√
t)

+
α(

√
t−

√
t− 1)

1 + ρ+ α
√
t

:= h(α) .

Studying the last expression’s dependence on α we have

h(α) ≤ max

{
1

(1 + ρ)2
;

1

(1 + ρ)(1 + ρ+
√
t)

+
1

(1 + ρ+
√
t)(

√
t+

√
t− 1)

}
≤ max

{
1

(1 + ρ)2
;

1

(1 + ρ)(1 +
√
2 + ρ)

+
1

(1 +
√
2 + ρ)(1 +

√
2)

}
.

Therefore, we need to show that each of the terms inside the maximum is smaller than 4/(3 + 9ρ).

The function

x→ 3 + 9x

4(1 + x)2
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is upper bounded by 1 for positive inputs. Therefore,

1

(1 + ρ)2
≤ 4

3 + 9ρ
.

The function

x→ 3 + 9x

4(1 + x)(1 +
√
2 + x)

+
3 + 9x

4(1 +
√
2 + x)(1 +

√
2)

is upper bounded by 1 for positive inputs. Therefore,

1

(1 + ρ)(1 +
√
2 + ρ)

+
1

(1 +
√
2 + ρ)(1 +

√
2)

≤ 4

3 + 9ρ
.

We conclude that the bound (27) holds for each ρ ≥ 0, which gives the result.

Proof of bound (23): Combining the bound on γt−1 − γt given by (26), with the bound on γ2t ηt given in (25)
yields

γt−1 − γt
2

− 1

2
γ2t ηt +

1

4
γ2t η

2
tLt ≥

γt−1 − γt
2

− 1

2
γ2t ηt

≥ L(1 + ρ)α

8
√
t(t− 1)

− L(1 + ρ)α

8
√
t(t− 1)

= 0,

where we used in the last line bounds (26) and (25).

Lemma A.3 (Restatement of Lemma 2.2 in Liu et al. (2023)). Suppose X ∈ Rd such that E [X] = 0 and ∥X∥
is a σ-sub-Gaussian random variable, then for any a ∈ Rd, 0 ≤ b ≤ 1/(2σ),

E
[
exp

(
⟨a , X⟩+ b2 ∥X∥2

)]
≤ exp

(
3
(
∥a∥2 + b2

)
σ2
)
.

Especially, when b = 0, we have

E [exp (⟨a , X⟩)] ≤ exp
(
2 ∥a∥2 σ2

)
.

Proof. The proof is very long and technical, we refer the reader to Liu et al. (2023, p. 14–15) for details.

Lemma A.4. Let
ηt =

η

1 + α
√
t
, ∀t ≥ 1,

with η > 0 and α ≥ 0. Then, we have

γt−1 − γt − γ2t ηt ≥ 0, ∀t ≥ 1 . (28)

Proof. Given the choice of ηt, we have access to a closed form expression for γt in t. Let’s find it.

γt =
1

ηt
− 1

ηt−1
=
α

η

(√
t−

√
t− 1

)
.

We will first examine the base cases. For t = 1, we need to show that

γ0 − γ1 − γ21η1 = γ0 −
α

η
− α2

(1 + α)η
≥ 0 .

Since we have control over γ0, we can always set it to be sufficiently large. For example, setting

γ0 =
α

η
+

α2

(1 + α)η
+ 1

will do the trick. For t ≥ 2,

LHS of (28) = α
(
2
√
t− 1−

√
t−

√
t− 2

)
︸ ︷︷ ︸

At

+α2
√
t

(
4
√

(t− 1)−
√
(t− 2)− 3

√
t+

1√
t

)
︸ ︷︷ ︸

Bt

.
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Here we intentionally omitted the boring algebra. Notice At is non-negative for concavity of
√
x:

√
t

2
+

√
t− 2

2
≥
√
t

2
+
t− 2

2
=

√
t− 1

=⇒ At =

√
t

2
+

√
t− 2

2
−

√
t− 1 ≥ 0 .

To see that Bt is non-negative, let

ψ(τ) := 4
√
τ − 1−

√
τ − 2− 3

√
τ +

1√
τ
, ∀τ ∈ (2,∞) .

Now,

ψ(2) = 4− 3
√
2 +

1√
2
≈ 0.464 > 0,

ψ(∞) = 0 .

To show that Bt is non-negative, it suffices to show that ψ′(τ) is non-negative for τ ∈ (2,∞). Differentiating
ψ(τ) gives

ψ′(τ) =
2√
τ − 1

− 1

2
√
τ − 2

− 3

2
√
τ
− 1

2τ3/2
≤ 0 .

Thus, ψ decreases monotonically from the positive value ψ(2) down to 0, so ψ(τ) ≥ 0 for all τ ≥ 2. In particular,
Bt = ψ(t) ≥ 0 for every integer t ≥ 2.


