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Abstract

We study the problem of sampling from a distribution under local differential
privacy (LDP). Given a private distribution P ∈ P , the goal is to generate a
single sample from a distribution that remains close to P in f -divergence while
satisfying the constraints of LDP. This task captures the fundamental challenge
of producing realistic-looking data under strong privacy guarantees. While prior
work by Park et al. (NeurIPS’24) focuses on global minimax-optimality across
a class of distributions, we take a local perspective. Specifically, we examine the
minimax risk in a neighborhood around a fixed distribution P0, and characterize
its exact value, which depends on both P0 and the privacy level. Our main result
shows that the local minimax risk is determined by the global minimax risk when
the distribution class P is restricted to a neighborhood around P0. To establish this,
we (1) extend previous work from pure LDP to the more general functional LDP
framework, and (2) prove that the globally optimal functional LDP sampler yields
the optimal local sampler when constrained to distributions near P0. Building
on this, we also derive a simple closed-form expression for the locally minimax-
optimal samplers which does not depend on the choice of f -divergence. We further
argue that this local framework naturally models private sampling with public
data, where the public data distribution is represented by P0. In this setting, we
empirically compare our locally optimal sampler to existing global methods, and
demonstrate that it consistently outperforms global minimax samplers.

1 Introduction

Differential privacy (DP) [1] is the de facto standard for providing formal privacy guarantees in
machine learning. A widely used variant, local differential privacy (LDP) [2], enables individuals to
randomize their data on their own devices before sharing it with an untrusted curator. LDP ensures
that the output of a randomized algorithm is statistically indistinguishable under arbitrary changes to
the input, thereby limiting the privacy leakage of an individual’s data. By eliminating the need for a
trusted curator, LDP has become particularly appealing to users and companies alike, and has seen
wide deployment in practice—including systems developed by Google, Apple, and Microsoft[3–6].

Despite this progress, much of the LDP literature assumes that each user holds only a single data
point. This assumption is often unrealistic, as modern devices routinely collect large volumes of
data—such as images, messages, or time-series records [7]. To address this, a line of work known as
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user-level DP assumes that each user holds a dataset of fixed size, with samples drawn i.i.d. from an
underlying distribution [8–16]. However, the requirement of equal dataset size across users limits its
practicality.

To overcome this limitation, locally private sampling was introduced by Husain et al. [7] and later
extended by Park et al. [17]. This framework considers a more general setting where clients possess
large datasets of varying sizes and aim to privately release another dataset that closely resembles
their original data. Each client’s local dataset is modeled as an empirical distribution P , from
which a single private sample is to be generated. Privacy is enforced by projecting P onto a set
of distributions— called a mollifier—within a certain radius. While Husain et al. [7] construct the
mollifier in an ad-hoc manner using a reference distribution, Park et al. [17] develop a principled
minimax framework to identify the optimal mollifier, which corresponds to the worst-case data
distribution (namely, degenerate distributions in the discrete case).

In this work, we extend the framework of Park et al. [17] to a public-private setting, where each
individual also has access to a public dataset, represented by a distribution P0. From a theoretical
perspective, our goal is to move beyond the pessimistic worst-case formulation and instead charac-
terize optimal samplers through a local minimax lens. From a practical standpoint, this framework
is motivated by the increasing relevance of personalized collaborative learning [18–20], in which
individual models are trained collaboratively, and the public data may reflect (privatized) information
shared by other users. Since real-world data distributions are rarely worst-case, our local formulation
better captures achievable performance in practice.

Our local minimax framework aims to identify locally private samplers that minimize the f -divergence
between the true distribution P and the sampling distribution, for all P within a neighborhood
Nγ(P0) around P0, parameterized by a constant γ ≥ 1. This neighborhood is defined via one of
the strictest notions of distance between distributions: we say Q ∈ Nγ(P0) if Q(x) ≤ γP0(x) and
P0(x) ≤ γQ(x) for all x. We will discuss this notion of neighborhood in details in Section 4.

Interestingly, we show that the local minimax-optimal private sampler under this notion of neigh-
borhood is fully characterized by the global minimax-optimal sampler for a restricted class of data
distributions. This relationship is most transparent in the context of functional LDP [21]. We therefore
first extend the global minimax framework of Park et al. [17] from pure LDP to functional LDP, and
then use it to derive the local minimax-optimal samplers.

Contributions. Our main contributions are as follows:

• We characterize the exact global minimax risk of private sampling under the functional LDP
framework and derive optimal samplers for both continuous and discrete domains. Lever-
aging properties of functional LDP [21], our results generalize the pure-LDP framework
of Park et al. [17] to approximate and Gaussian LDP (GLDP) notions (Section 3). As in
their case, our optimal samplers are independent of the choice of f -divergence.

• We introduce a local minimax formulation to identify samplers that minimize f -divergence
over all P ∈ Nγ(P0) for a given P0 and γ ≥ 1. We then show that this minimax risk is
fully determined by the global minimax risk when the distribution class is restricted to a
neighborhood around P0 (Section 4). Building on our global minimax results, we derive
closed-form expressions for the local minimax-optimal functional samplers. We further
specialize this to express a pointwise optimal private sampler under pure LDP that achieves
the local minimax risk (Section 5), enabling direct comparison with the global samplers
of Park et al. [17].

• We numerically validate our local minimax samplers, showing they consistently—and often
substantially—outperform the global samplers of Park et al. [17] across privacy regimes
(Section 6). Figure 1 illustrates that our samplers yield distributions significantly closer to
the original under both pure LDP and GLDP.1

Related work. Locally private sampling was initially introduced by Husain et al. [7] and later
formalized through a global minimax framework by Park et al. [17]. In their work, two fundamentally
different families of minimax-optimal samplers were identified: one derived from the randomized

1Experiment code is publicly available at https://github.com/hradghoukasian/private_sampling,
with reproduction instructions provided in Appendix F. For completeness, the code is also included in the
supplementary material.
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Figure 1: Comparison of global and local minimax-optimal sampler under pure LDP (ε = 1) and
ν-GLDP (ν = 1.5). Full details of this experiment are provided in Appendix E.1.

response mechanism, referred to as the linear sampler, and another based on clipping the data
distribution, known as the non-linear sampler. They rigorously showed that the non-linear sampler is
pointwise better than the linear one. In a similar vein, we develop two families of locally minimax-
optimal pure LDP samplers and demonstrate that one is pointwise better than the other.

Sampling with public data was recently explored by Zamanlooy et al. [22], who study minimax-
optimal samplers in the presence of a public prior. While related, their work differs in key ways:
they focus on a global minimax formulation restricted to discrete domains and linear samplers (i.e.,
perturbing the data distribution linearly), whereas we study a local minimax problem, support both
discrete and continuous settings, and consider arbitrary samplers. Moreover, the role of public data
differs between the two approaches. Zamanlooy et al. [22] impose it as a hard constraint: their
samplers are required to preserve the public prior exactly, ensuring that the public data remains
unchanged while privacy is enforced only on the private data. By contrast, we use the public
distribution to define a local neighborhood, which in turn yields a local minimax formulation
applicable to general sample spaces. A key implication of this distinction is that in their setting,
access to public data does not necessarily reduce the minimax risk, whereas in ours it does.

Private sampling under central DP was introduced by Raskhodnikova et al. [23], who proposed
algorithms for generating private samples from k-ary and product Bernoulli distributions. They
showed that sampling can incur significantly lower privacy costs than private learning for some
range of parameters. This was extended to broader distribution families [24–26] and to multi-sample
settings [27].

Private sampling has also gained traction in fine-tuning large language models [28, 29], and is closely
related to private generative modeling. However, most prior work in this area focuses on central
DP [30–37], assumes single-record LDP [38–41], or targets specific estimation tasks [42].

Finally, we remark that local minimax formulations have also been explored in the context of estima-
tion and distribution learning under DP [43–48]. In particular, Chen and Özgür [43] analyze discrete
distribution estimation under LDP by considering neighborhoods around a reference distribution.
Similarly, McMillan et al. [44] and Duchi and Ruan [45] develop locally minimax estimators for
one-dimensional parameters in the central and local models, respectively, while Asi and Duchi [46]
extend this framework to function estimation. More recently, Feldman et al. [47] utilize the notion of
neighborhoods around a distribution in the context of nonparametric density estimation. Although
these works focus primarily on estimating statistical functionals or learning distributions, they are
conceptually distinct from our setting, which centers on private sampling. Nonetheless, our notion of
neighborhood in the local minimax formulation is closely aligned with that of Feldman et al. [47].

Notation. Let P(X ) denote the set of all probability distributions over the sample space X , and let
C(Rn) denote the set of all continuous probability distributions on Rn. For P ∈ C(Rn), we denote
its probability density function (PDF) by the lowercase letter p. For any integer k ∈ N, we define
[k] := {1, 2, . . . , k}. The notation clip(x; s1, s2) := max{s1,min{s2, x}} refers to the clipping
function that bounds x between s1 and s2. The convex conjugate of a function g : D ⊆ R → R
is the function g∗ : R → (−∞,+∞] defined by g∗(y) := supx∈D{xy − g(x) } for y ∈ R. We
denote the n-dimensional Laplace distribution with mean m ∈ Rn and scale b > 0 by L(m, b), and
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its density at x ∈ Rn by L(x | m, b). For the Gaussian case, N (m,Σ) denotes the n-dimensional
normal distribution with mean m ∈ Rn and covariance matrix Σ.

2 Preliminaries

In this section, we formally introduce definitions and concepts necessary for the subsequent sections.

Suppose a client holds a distribution P ∈ P̃ ⊂ P(X ) over a sample space X , and wishes to release a
sample that resembles being drawn from P while preserving privacy. To ensure privacy, the client
applies a private sampler Q : P̃ → P(X ), which maps the input distribution P to a privatized
distribution Q(P ) ∈ P(X ). The released sample is then drawn from Q(P ), thereby preserving
privacy while approximating the original distribution. We equivalently view Q(P ) as the conditional
distribution Q(· | P ).

Definition 2.1 (Approximate LDP). Let ε ≥ 0 and δ ∈ [0, 1]. A sampler Q : P̃ → P(X ) is said to
satisfy (ε, δ)-local differential privacy ((ε, δ)-LDP) if, for every pair of input distributions P, P ′ ∈ P̃
and every measurable set A ⊆ X , we have

Q(A | P ) ≤ eε Q(A | P ′) + δ.

When δ = 0, Q is ε-LDP sampler [7], also referred to as pure LDP. We let QX ,P̃,ε and QX ,P̃,ε,δ

denote the sets of all ε-LDP and (ε, δ)-LDP samplers, respectively.

Definition 2.1 ensures privacy by requiring that the output of the sampler remains indistinguishable
under any arbitrary changes in the input. In contrast, functional LDP [21] interprets privacy through
the lens of hypothesis testing: given two inputs, let P and Q be the corresponding output distributions.
The privacy guarantee is quantified by how hard it is for an adversary to distinguish P from Q, which
can be framed as a binary hypothesis testing problem [49, 50]:

H0 : output ∼ P vs H1 : output ∼ Q.

Given a rejection rule ϕ : X → [0, 1], the Type I and Type II error rates are defined as

aϕ := EP [ϕ], bϕ := 1− EQ[ϕ],

respectively.
Definition 2.2 (Trade–off function). Let P and Q be probability measures in P(X ). The trade–off
function T (P,Q) : [0, 1] → [0, 1] is defined as

T (P,Q)(u) = inf
ϕ

{
bϕ : aϕ ≤ u

}
,

where the infimum is taken over all measurable rejection rules ϕ.

Notice that T (P,Q)(u) represents the smallest achievable Type II error subject to Type I error being
at most u. A function g is called a trade-off function if g = T (P,Q) for some distributions P and Q.
Definition 2.3 (Functional LDP [21, 51]). Given a trade-off function g : [0, 1] → [0, 1], a sampler
Q : P̃ → P(X ) is said to satisfy g-functional local differential privacy (g-FLDP) if for every pair
of input distributions P, P ′ ∈ P̃ and every u ∈ [0, 1],

T
(
Q(· | P ), Q(· | P ′)

)
(u) ≥ g(u).

We let QX ,P̃,g denote the sets of all samplers Q : P̃ → P(X ) satisfying g-FLDP.

Note that functional LDP generalizes both approximate and pure LDP. Specifically, for any privacy
parameters (ε, δ), there exists a trade-off function gε,δ such that gε,δ-FLDP is equivalent to (ε, δ)-LDP
[21, Proposition 3]. This function is given by gε,δ(θ) = max {0, 1− δ − eεθ, e−ε(1− δ − θ)}. The
case of pure LDP corresponds to the special case gε := gε,0. Another notable instance of g-FLDP is
ν-GLDP, where the trade-off function is given by Gν(θ) = Φ

(
Φ−1(1− θ)− ν

)
, with Φ denoting

the standard normal CDF [21, 51].

In order to quantify utility loss incurred by sampler Q, we use the f -divergence between the original
distribution P and the resulting sampling distribution Q(P ), defined as follows.
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Definition 2.4 (f -divergence [52, 53]). Let f : (0,∞) → R be a convex function with f(1) = 0.
The f -divergence between P,Q ∈ P(X ) with P ≪ Q is defined as Df (P∥Q) := EQ

[
f
(

dP
dQ

) ]
.

The above definition can be extended to cases where P ≪ Q is no longer satisfied as in Appendix B.1.
Common examples of f -divergences include KL divergence, total variation distance, and squared
Hellinger distance. We denote total variation distance between P,Q ∈ P(X ) by DTV(P,Q). A key
instance in this work is the Eγ-divergence (or hockey-stick divergence), defined as the f -divergence
with f(t) = max{t− γ, 0} for γ ≥ 1 [54]. This divergence is particularly relevant as it defines the
local neighborhood in our minimax formulation. We denote Eγ-divergence of two distributions P
and Q as Eγ(P ∥Q).

Our most general result, covering both continuous and discrete spaces, requires a technical assumption
on distributions, stated below and discussed further in Section 3.
Definition 2.5 (Decomposability [17]). Let α ∈ (0, 1) and t, u ∈ N with t > u. A probability
measure µ ∈ P(X ) is (α, t, u)-decomposable if there exist sets A1, . . . , At ⊆ X such that µ(Ai) = α
for all i ∈ [t], and for every x ∈ X , the number of sets Ai containing x is at most u.

Establishing the exact optimal minimax risk in our proofs involves deriving matching upper bounds
(the achievability part) and lower bounds (the converse part). For a unified proof over general
sample space X , the converse part relies on (α, t, 1)-decomposability; namely, X contains t disjoint
measurable subsets, each of measure α. We note that this mild condition holds naturally for absolutely
continuous distributions and for the uniform reference measure in the finite case.

3 Global minimax-optimal samplers under functional LDP

In this section, we study the global minimax samplers under the general framework of functional
LDP and derive compact characterizations of the optimal samplers. These global samplers will serve
as proxies for constructing local minimax-optimal samplers in subsequent sections.

Using f -divergence as the utility measure, we define the global minimax risk as

R
(
QX ,P̃,g, P̃, f

)
:= inf

Q∈QX ,P̃,g

sup
P∈P̃

Df

(
P ∥Q(P )

)
. (1)

As noted by Park et al. [17], this risk becomes vacuous in the continuous setting if the distribution
class P̃ is unrestricted. To address this, they consider a restricted class of distributions defined as

P̃ = P̃c1,c2,h := {P ∈ C(Rn) : c1h(x) ≤ p(x) ≤ c2h(x), ∀x ∈ Rn} , (2)

for a reference function h : X → [0,∞) satisfying
∫
Rn h(x) dx < ∞, and constants c2 > c1 ≥ 0.

This class captures a broad range of practical distributions, including mixtures of Gaussians and
Laplace distributions. See the example below and further discussion in Appendices E.1 and E.2.

Example 3.1. For n, k ∈ N, define P̃L =
{∑k

i=1 λiL(mi, b) : λi ≥ 0,
∑k

i=1 λi = 1, ∥mi∥1 ≤ 1
}

and P̃N =
{∑k

i=1 λiN (mi, σ
2In) : λi ≥ 0,

∑k
i=1 λi = 1, ∥mi∥2 ≤ 1

}
. Here mi, x ∈ Rn and In

denotes the n× n identity matrix. It can be verified that P̃N ⊆ P̃0, 1, hN and P̃L ⊆ P̃e−1/b, e1/b, hL ,

where hN (x) = 1

(2πσ2)
n
2
exp

(
− [max(0,∥x∥2−1)]2

2σ2

)
and hL(x) = L(x | 0, b).

Without loss of generality, we assume that
∫
Rn h(x), dx = 1 and 0 ≤ c1 < 1 < c2. Moreover, for

technical reasons—explained in Appendix D.2— we also assume that c2−c1
1−c1

∈ N. This assumption is
not restrictive and holds in many practical settings, e.g., Gaussian mixtures (see Example 3.1). When
it is not satisfied, one can slightly increase c2 or decrease c1 to enforce the condition, resulting in a
superset of the original distribution class, i.e., P̃ ⊆ P̃c1,c2,h.

While many of our examples focus on continuous domains, our analysis applies more generally to
any sample space X , provided the distributions are absolutely continuous with respect to a reference
measure µ. In this case, we define P̃c1,c2,µ := {P ∈ P(X ) : P ≪ µ, c1 ≤ dP

dµ ≤ c2, µ-a.e.},
which we take as the generalized distribution class. Thus, we make the following assumption.
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Assumption 3.2. We assume
∫
Rn h(x) dx = 1 and µ(X ) = 1 for the classes P̃c1,c2,h and P̃c1,c2,µ,

respectively. Additionally, we assume that 0 ≤ c1 < 1 < c2, and c2−c1
1−c1

∈ N.

The following proposition shows that an additional condition is required to exclude trivial samplers.
Proposition 3.3. Let g be a trade-off function. Under Assumption 3.2, if 1 + g∗(−eβ) >
(c2−c1e

β)(1−c1)
c2−c1

for all β ≥ 0, then Q(P ) = P satisfies g-FLDP.

In view of this result, we assume throughout that for any given trade-off function g the following
condition holds:

∃β ≥ 0 such that 1 + g∗(−eβ) ≤ (c2−c1e
β)(1−c1)

c2−c1
. (3)

Now, we are in order to state our first technical result.
Theorem 3.4. Let P̃ = P̃c1,c2,h. Under Assumption 3.2, the sampler Q⋆

c1,c2,h,g
defined as a

continuous distribution whose density is given by

q⋆g(P )(x) := λ⋆
c1,c2,gp(x) +

(
1− λ⋆

c1,c2,g

)
h(x), λ⋆

c1,c2,g = inf
β≥0

eβ+
c2−c1
1−c1

(1+g∗(−eβ))−1

(1−c1)eβ+c2−1
, (4)

satisfies g-FLDP, and is minimax-optimal under any f -divergence, that is

sup
P∈P̃

Df

(
P ∥Q⋆

c1,c2,h,g(P )
)
= R

(
QRn,P̃,g, P̃, f

)
=

1− r1
r2 − r1

f(r2) +
r2 − 1

r2 − r1
f(r1), (5)

for r1 = c1
1−(1−c1)λ⋆

c1,c2,g
and r2 = c2

(c2−1)λ⋆
c1,c2,g+1 .

We note that the non-triviality condition in Proposition 3.3 is equivalent to λ⋆
c1,c2,g ≤ 1, which

allows a natural interpretation of the sampler Q⋆
c1,c2,h,g

: It samples from P with probability λ⋆
c1,c2,g

and from the reference distribution with probability 1− λ⋆
c1,c2,g. This probabilistic mixture reflects

the privacy–utility trade-off: a larger λ⋆
c1,c2,g yields outputs closer to P , while sampling from h

introduces the randomness required for privacy. The same mixture structure yields a minimax-optimal
sampler for the discrete case where X = [k] and P̃ = P([k]).

Theorem 3.5. Let P̃ = P([k]) for some k ∈ N, and let µk denote the uniform distribution on [k].
Then the sampler defined as

Q⋆
k,g(P ) := λ⋆

k,gP + (1− λ⋆
k,g)µk, λ⋆

k,g = inf
β≥0

eβ+k(1+g∗(−eβ))−1
eβ+k−1

,

satisfies g-FLDP, and is minimax-optimal under any f -divergence, that is

sup
P∈P̃

Df

(
P ∥Q⋆

k,g(P )
)
= R

(
Q[k],P̃,g, P̃, f

)
.

Theorems 3.4 and 3.5 provide optimal samplers for continuous and finite sample spaces, respectively.
The next theorem addresses the same task for general sample spaces under the assumption of
decomposability.

Theorem 3.6. Let P̃ = P̃c1,c2,µ under Assumption 3.2, and suppose µ is (α, 1
α , 1)-decomposable

with α = 1−c1
c2−c1

. Then the sampler defined as Q⋆
c1,c2,µ,g(P ) = λ⋆

c1,c2,gP + (1− λ⋆
c1,c2,g)µ satisfies

g-FLDP, and is minimax-optimal with respect to any f -divergence, where λ⋆
c1,c2,g is defined in

Theorem 3.4.

Similar to Theorem 3.6, all subsequent results can be extended to a general sample space. For clarity
of presentation, however, we state them in the continuous setting, while all proofs are given in full
generality.

Having established the optimal sampler for general g-FLDP, we present specific instantiations of the
result for two widely studied settings: pure LDP and ν-GLDP. First, we derive the optimal ε-LDP
sampling algorithm by setting g = gε in Theorem 3.4, as stated in the following corollary.

Corollary 3.7. Let P̃ = P̃c1,c2,h. Under Assumption 3.2, the sampler Q⋆
c1,c2,h,gε

defined as a
continuous distribution whose density is given by q⋆gε(P )(x) := λ⋆

c1,c2,gεp(x) +
(
1− λ⋆

c1,c2,gε

)
h(x),
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with λ⋆
c1,c2,gε = eε−1

(1−c1)eε+c2−1 , satisfies gε-FLDP, and is minimax-optimal with respect to any
f -divergence, that is

sup
P∈P̃

Df

(
P ∥Q⋆

c1,c2,h,gε(P )
)
= R

(
QRn,P̃,gε

, P̃, f
)
=

1− r1
r2 − r1

f(r2) +
r2 − 1

r2 − r1
f(r1), (6)

for r1 = c1 · (1−c1)e
ε+c2−1

c2−c1
, and r2 = c2

c2−c1
· (1−c1)e

ε+c2−1
eε .

Indeed, by framing ε-LDP as a special case of functional LDP, Corollary 3.7 reproduces the minimax
risk of the optimal ε-LDP sampler in [17, Theorem 3.3]. Next, we focus on the ν-GLDP as a special
case of functional LDP.
Corollary 3.8 (ν-GLDP as a special case). Let P̃ = P̃c1,c2,h. Under Assumption 3.2, the sampler (4)
for g = Gν belongs to QRn,P̃,Gν

and is minimax-optimal with respect to any f -divergence, that is,

sup
P∈P̃

Df

(
P ∥Q⋆

Gν
(P )
)
= R

(
QRn,P̃,Gν

, P̃, f
)
. (7)

The explicit description of the optimal sampler under ν-GLDP is given in Appendix D.6.

As outlined in the introduction, the global minimax formulation under functional LDP serves as
the basis for our local analysis. We now turn to the local minimax setting, first under general g-
FLDP (Section 4) and then under pure LDP (Section 5), leveraging Theorem 3.4 and Corollary 3.7,
respectively.

4 Local minimax-optimal sampling under functional LDP

In this section, we begin by formalizing the local minimax setting using a neighborhood structure
induced by the Eγ-divergence. We then develop a general framework for identifying local minimax-
optimal samplers over arbitrary sample spaces.

The local minimax-optimal sampling problem adopts the same structural form as the global minimax
problem, with a key distinction: instead of selecting the worst-case distribution from the entire space
of the general class P̃ , the search is restricted to a neighborhood around a fixed distribution P0.
This reference distribution P0 may represent, for example, a publicly available dataset held by an
individual or shared collaboratively in a distributed setting. Formally, the local minimax problem
under g-FLDP is defined as:

R
(
QX ,P̃,g, Nγ(P0), f

)
:= inf

Q∈QX ,P̃,g

sup
P∈Nγ(P0)

Df

(
P ∥Q(P )

)
, (8)

where Nγ(P0) denotes a neighborhood around P0, recently adopted by Feldman et al. [47], and is
defined for any γ ≥ 1 as

Nγ(P0) := {P ∈ P(X ) : Eγ(P ∥P0) = Eγ(P0 ∥P ) = 0} . (9)

The zero-Eγ neighborhood generalizes the classical notion of total variation distance. Specifically,
for γ ≥ 1, Eγ(P∥Q) = 0 implies DTV(P,Q) ≤ 1 − 1

γ [55, Proposition 4]. Moreover, we can
straightforwardly extend this neighborhood to the more general case by replacing Eγ(P∥P0) = 0
with Eγ(P∥P0) ≤ ζ, meaning the likelihood ratio lies in [1/γ, γ] with probability at least 1 − ζ
under P0. This, in turn, enables further generalization to any f -divergence with a twice differentiable
function f , which is a common trick in information theory [56–59]. As in the global case (Section 3),
we assume γ ∈ N for the same technical reasons. Theorem 4.1 presents the corresponding locally
minimax-optimal sampler, connecting the global minimax analysis of Section 3 with the local setting
under functional LDP.
Theorem 4.1. Let P0 be a continuous distribution on Rn. Define Nγ(P0) as in (9), and assume
Nγ(P0) ⊆ P̃ . Let Q⋆

g denote the global sampler from (4), instantiated with parameters c1 = 1
γ ,

c2 = γ, and h = p0. We define the sampler Q⋆
g,Nγ(P0)

as

Q⋆
g,Nγ(P0)

(P ) :=

{
Q⋆

g(P ), if P ∈ Nγ(P0),

Q⋆
g(P̂ ), otherwise,

7



P2

P̂2

Q⋆
g(P̂2)

Q⋆
g(P1)

P0

P1
Nγ(P0)

P2

P̂2

Q⋆
ε(P̂2)

Q⋆
ε(P1)

MεP0

P1
Nγ(P0)

Figure 2: Illustrations of the optimal samplers described in Theorems 4.1 and 5.1. Left: Q⋆
g,Nγ(P0)

for functional LDP. Right: Q⋆
ε,Nγ(P0)

for pure LDP. Following [17, Proposition 3.4], Mε is defined

as Mε := {Q ∈ C(Rn) : γ+1
γ+eε p0(x) ≤ q(x) ≤ (γ+1)eε

γ+eε p0(x), ∀x ∈ Rn}.

where P̂ ∈ Nγ(P0) is a distribution that minimizes Df (P ∥P ′) over all P ′ ∈ Nγ(P0). Then
Q⋆

g,Nγ(P0)
∈ QRn,P̃,g and is locally minimax-optimal under any f -divergence, that is

sup
P∈Nγ(P0)

Df

(
P ∥Q⋆

g,Nγ(P0)
(P )
)
= R

(
QRn,P̃,g, Nγ(P0), f

)
.

Theorem 4.1 establishes that the local minimax-optimal sampler for the problem in (8) coincides with
the global solution in (1) when the universe is restricted to the Nγ neighborhood around P0. In this
sense, the global solution presented in Theorem 3.4 directly yields the local solution in Theorem 4.1.

By instantiating Theorem 4.1 with g = gε, we obtain an ε-LDP sampler that is locally minimax-
optimal. However, as we demonstrate in the next section, this sampler can still be improved in a
pointwise sense.

5 Local minimax-optimal sampling under pure LDP

In this section, we turn our attention to pure-LDP sampling and develop a new framework that
is fundamentally different from the approach presented in the previous section. Our goal is to
identify a sampler that is pointwise better than the one obtained from Theorem 4.1 with g = gε. The
construction of such sampler is presented in the next theorem.

Theorem 5.1. Let P0 be a continuous distribution on Rn with density p0 and Nγ(P0) be the
neighborhood around P0 defined in (9). Assuming Nγ(P0) ⊆ P̃ , let Q⋆

ε ∈ QRn,Nγ(P0),ε be a
sampler with Q⋆

ε(P ) having density

q(x) = clip

(
1

rP
p(x);

γ + 1

γ + eε
p0(x),

(γ + 1)eε

γ + eε
p0(x)

)
,

where rP being the normalizing constant ensuring
∫
Rn q(x) dx = 1. Furthermore, define the extended

sampler Q⋆
ε,Nγ(P0)

by

Q⋆
ε,Nγ(P0)

(P ) :=

{
Q⋆

ε(P ), if P ∈ Nγ(P0),

Q⋆
ε(P̂ ), otherwise,

where P̂ ∈ Nγ(P0) is a distribution that minimizes Df (P ∥P ′) over all P ′ ∈ Nγ(P0). Then, we
have Q⋆

ε,Nγ(P0)
∈ QRn,P̃,ε and supP∈Nγ(P0) Df

(
P ∥Q⋆

ε,Nγ(P0)
(P )
)
= R

(
QRn,P̃,ε, Nγ(P0), f

)
.

Similar to Theorem 4.1, the above theorem defines a sampler that distinguishes between the cases
P ∈ Nγ(P0) and P /∈ Nγ(P0). In the latter case, both theorems are aligned in that the sampling
distribution depends on P̂ , the closest distribution to P within Nγ(P0). However, for the case
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P ∈ Nγ(P0), the two constructions differs fundamentally. Theorem 4.1 assigns a linear sampler,
whereas Theorem 5.1 carefully constructs a non-linear sampler tailored to this regime. In fact,
this non-linear sampler is obtained by projecting P onto a mollifier Mε; see proof of the theorem
in Appendix D.8 and Figure 2 for a visual representation. This projection is carried out through
a clipping operation, which guarantees that the resulting distribution Q⋆

ε(P ) satisfies the LDP
constraint while maintaining a close match to the original distribution P in terms of f -divergence.
This approach yields a nonlinear transformation of P that carefully balances privacy constraints and
utility preservation. It can be verified—using a mutatis mutandis adaptation of [17, Proposition C.5]—
that the non-linear sampler pointwise outperforms the linear one under the same privacy guarantees;
that is, for any ε ≥ 0 and P ∈ Nγ(P0)

D
(
P ∥Q∗

ε(P )
)
≤ D

(
P ∥Q∗

gε(P )
)
.

In fact, the non-linear sampler outperforms the linear one because it is not only worst-case optimal but
also instance-optimal: for each input distribution P in our distribution class and any f -divergence Df ,
it minimizes Df (P ||Q) over all admissible Q satisfying ε-LDP (see Proposition D.2). In contrast,
the linear sampler uses a fixed transformation for all input distributions. This instance-specific
optimization explains the empirical advantage of the non-linear sampler. As a result, the overall
sampler in Theorem 5.1 is pointwise better than the one in Theorem 4.1. This intuition is formalized
in the result below.
Proposition 5.2. Let P̃ be the global universe and P0 a probability measure on Rn, with Nγ(P0) ⊆ P̃
for Nγ(P0) defined as in (9). Let Q⋆

ε,Nγ(P0)
be the optimal ε-LDP sampler from Theorem 5.1, and

Q⋆
gε,Nγ(P0)

the instantiation of Theorem 4.1 with g = gε. Then, for all P ∈ Nγ(P0),

Df (P ∥Q⋆
ε,Nγ(P0)

) ≤ Df (P ∥Q⋆
gε,Nγ(P0)

).

6 Numerical results

In this section, we numerically compare the worst-case f -divergence of our locally minimax sampler
against the globally optimal sampler of [17] under the ε-LDP setting. Experiments span both finite
and continuous domains, evaluating KL divergence, total variation distance, and squared Hellinger
distance across ε ∈ {0.1, 0.5, 1, 2}. Additional results under ν-GLDP appear in Appendix E.5
and E.6. In addition, we report complementary results for the continuous case under pure LDP in
Appendix E.7.

6.1 Finite sample space

We compare local and global minimax-optimal samplers in the finite setting X = [k], where the global
class is P̃global = P([k]) = P̃0,k,µk

for the uniform measure µk. The local neighborhood is defined
as P̃local = Nγ(µk) = P̃ 1

γ , γ, µk
with γ = k

2 − 1, ensuring that all local neighborhood assumptions
are satisfied and Nγ(µk) ⊆ P([k]). Indeed, both global and local worst-case f -divergences can
be computed in closed form: the global risk is given by [17, Theorem 3.1], while the local risk
is derived from a finite-space version of Theorem 5.1 (see Appendix E.3). Figure 3 compares the
two for k = 20; additional results for other k values are provided in Appendix E.3. The local
minimax-optimal sampler consistently outperforms the global minimax-optimal sampler across all ε
and f -divergences.

6.2 Continuous sample space

In the continuous setting with X = R, we fix the universe P̃local and evaluate the empirical worst-case
f -divergence over 100 randomly generated client distributions P1, . . . , P100 ∈ P̃local. Each Pj

represents a client and is constructed as a mixture of a random number of one–dimensional Laplace
components with scale parameter b = 1; the complete procedure for generating these distributions is
described in detail in Appendix E.4.

We define the local and global universes as P̃local = P̃1/3, 3, hL and P̃global = P̃1/9, 9, hL , where
hL is the density of a Laplace distribution with mean zero and scale b = 1. Since P̃local ⊆ P̃global,
every client distribution Pj also belongs to the global universe; thus the input distributions are
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Figure 3: Theoretical worst-case f -divergences of global and local minimax samplers under the pure
LDP setting with uniform reference distribution µk over finite space (k = 20).

identical for both samplers. We evaluate the empirical worst-case divergence of each sampler as
maxj∈[100] Df

(
Pj ∥Q(Pj)

)
. The local minimax sampler follows Theorem 5.1, while the global

sampler is the optimal sampler from [17, Theorem 3.3]. As illustrated in Figure 4, the local sam-
pler consistently achieves lower worst-case f -divergence than its global counterpart across all
f -divergences and privacy levels ε.
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Figure 4: Empirical worst-case f -divergences of global and local minimax samplers under the pure
LDP setting, over 100 experiments on a 1-D Laplace mixture.

7 Limitations and future direction

Our main contribution is the development of a minimax-optimal private sampler, validated through a
series of experiments on synthetic data. However, the absence of evaluations on high-dimensional
real-world datasets limits our understanding of its practical utility. A key reason for this is the
computational complexity of our sampler (in particular the clipping function), which poses challenges
for scalability in high-dimensional settings. Addressing this limitation—by developing more efficient
implementations of our samplers or approximate variants, potentially leveraging techniques such as
MCMC— is an important direction for future work.

Beyond computational considerations, another important direction for future work is to generalize the
formulation of the local neighborhood. The neighborhood in our local minimax formulation is defined
using the Eγ-divergence: P ∈ Nγ(P0) if Eγ(P∥P0) = Eγ(P0∥P ) = 0, as in [47]. A natural exten-
sion is Nγ,ζ(P0) := {P ∈ P(X ) : Eγ(P∥P0) ≤ ζ and Eγ(P0∥P ) ≤ ζ}. The use of Eγ-divergence
in our formulation is particularly useful, as it provides a foundation for broader neighborhood defini-
tions. In particular, it can be extended to neighborhoods based on general f -divergences with twice
differentiable f , as Nf,ζ(P0) := {P ∈ P(X ) : Df (P∥P0) ≤ ζ and Df (P0∥P ) ≤ ζ} [56–59]. This
approach provides a principled strategy for characterizing the local minimax solution over the broad
and flexible class of distributional neighborhoods Nf,ζ(P0). We leave this generalization for future
work. Furthermore, this work focuses on the setting where each client releases a single sample.
Extending to the case of multiple samples per client is a natural direction for future work.

Finally, the broader impacts of our work is presented in Appendix G.
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violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

• The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

• The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

• The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

• If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

• While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory assumptions and proofs
Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?
Answer: [Yes]
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Justification: All theoretical results in the paper, including theorems, propositions, and
lemmas explicitly state the necessary assumptions and are supported by either detailed
proofs in the appendices or appropriate references.

Guidelines:

• The answer NA means that the paper does not include theoretical results.
• All the theorems, formulas, and proofs in the paper should be numbered and cross-

referenced.
• All assumptions should be clearly stated or referenced in the statement of any theorems.
• The proofs can either appear in the main paper or the supplemental material, but if

they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

• Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

• Theorems and Lemmas that the proof relies upon should be properly referenced.

4. Experimental result reproducibility
Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification: The detailed explanation of all of the experiments is provide in corresponding
section or appendix. Moreover, the instructions for reproducing all figures and experimental
results are provided in Appendix F.

Guidelines:

• The answer NA means that the paper does not include experiments.
• If the paper includes experiments, a No answer to this question will not be perceived

well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

• If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.

• Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

• While NeurIPS does not require releasing code, the conference does require all submis-
sions to provide some reasonable avenue for reproducibility, which may depend on the
nature of the contribution. For example
(a) If the contribution is primarily a new algorithm, the paper should make it clear how

to reproduce that algorithm.
(b) If the contribution is primarily a new model architecture, the paper should describe

the architecture clearly and fully.
(c) If the contribution is a new model (e.g., a large language model), then there should

either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

16



5. Open access to data and code
Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [Yes]

Justification: The complete code for generating all experimental results is made publicly
available at https://github.com/hradghoukasian/private_sampling, and for com-
pleteness, the code is also included in the supplementary material. In addition, detailed
instructions for reproducing all figures and experimental results are provided in Appendix F.

Guidelines:

• The answer NA means that paper does not include experiments requiring code.
• Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

• While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

• The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

• The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

• The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

• At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

• Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLs to data and code is permitted.

6. Experimental setting/details
Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]

Justification: We provide sufficient details to implement our proposed sampler and include
the code for both the proposed method and the baseline in the supplementary material.

Guidelines:

• The answer NA means that the paper does not include experiments.
• The experimental setting should be presented in the core of the paper to a level of detail

that is necessary to appreciate the results and make sense of them.
• The full details can be provided either with the code, in appendix, or as supplemental

material.

7. Experiment statistical significance
Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [No]

Justification: Since the main contribution lies in theoretically characterizing the worst-case
utility, our experiments are designed to extract and evaluate this worst-case behavior, rather
than to assess average-case performance or variability.

Guidelines:

• The answer NA means that the paper does not include experiments.
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• The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

• The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

• The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

• The assumptions made should be given (e.g., Normally distributed errors).
• It should be clear whether the error bar is the standard deviation or the standard error

of the mean.
• It is OK to report 1-sigma error bars, but one should state it. The authors should

preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

• For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

• If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.

8. Experiments compute resources
Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?
Answer: [Yes]
Justification: Details on the computational resources and running times for the experiments
are provided in Appendix F.
Guidelines:

• The answer NA means that the paper does not include experiments.
• The paper should indicate the type of compute workers CPU or GPU, internal cluster,

or cloud provider, including relevant memory and storage.
• The paper should provide the amount of compute required for each of the individual

experimental runs as well as estimate the total compute.
• The paper should disclose whether the full research project required more compute

than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

9. Code of ethics
Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?
Answer: [Yes]
Justification: Our research conforms with the NeurIPS Code of Ethics.
Guidelines:

• The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.
• If the authors answer No, they should explain the special circumstances that require a

deviation from the Code of Ethics.
• The authors should make sure to preserve anonymity (e.g., if there is a special consid-

eration due to laws or regulations in their jurisdiction).
10. Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?
Answer: [Yes]
Justification: We discussed both the positive and negative societal impacts of out work in
Appendix G.
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Guidelines:
• The answer NA means that there is no societal impact of the work performed.
• If the authors answer NA or No, they should explain why their work has no societal

impact or why the paper does not address societal impact.
• Examples of negative societal impacts include potential malicious or unintended uses

(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

• The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

• The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

• If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

11. Safeguards
Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?
Answer: [NA]
Justification: We do not identify any foreseeable risk of misuse.
Guidelines:

• The answer NA means that the paper poses no such risks.
• Released models that have a high risk for misuse or dual-use should be released with

necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

• Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

• We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

12. Licenses for existing assets
Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?
Answer: [Yes]
Justification: We cite the original paper associated with the source code and ensure that its
license and terms of use are properly respected.
Guidelines:

• The answer NA means that the paper does not use existing assets.
• The authors should cite the original paper that produced the code package or dataset.
• The authors should state which version of the asset is used and, if possible, include a

URL.
• The name of the license (e.g., CC-BY 4.0) should be included for each asset.
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• For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

• If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

• For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

• If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.

13. New assets
Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]

Justification: The paper does not release new assets.

Guidelines:

• The answer NA means that the paper does not release new assets.
• Researchers should communicate the details of the dataset/code/model as part of their

submissions via structured templates. This includes details about training, license,
limitations, etc.

• The paper should discuss whether and how consent was obtained from people whose
asset is used.

• At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

14. Crowdsourcing and research with human subjects
Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]

Justification: Our paper does not involve crowdsourcing nor research with human subjects.

Guidelines:

• The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

• Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

• According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

15. Institutional review board (IRB) approvals or equivalent for research with human
subjects
Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]

Justification: The paper does not involve crowdsourcing nor research with human subjects.

Guidelines:

• The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.
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• Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

• We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

• For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.

16. Declaration of LLM usage
Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigorousness, or originality of the research, declaration is not required.
Answer: [NA]
Justification: The core method development in this research does not involve LLMs as any
important, original, or non-standard components.
Guidelines:

• The answer NA means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

• Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)
for what should or should not be described.
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Roadmap of Appendix: The appendix is organized as follows. A more complete notation ta-
ble—complementing the abbreviated summary in the main body—is provided in Section A. Supple-
mentary definitions and theorems used in the proofs of our results appear in Section B. Section C
presents preliminary results that support the proofs of our main theorems, which are then detailed
in Section D. Section E describes our experimental setup and provides additional numerical results.
Finally, instructions for reproducing our experiments and a discussion of the broader impacts of our
work are given in Sections F and G, respectively.

A Notation table

Table 1 provides a more comprehensive summary of the notation used throughout the paper, comple-
menting the abbreviated overview in the main body for the reader’s convenience.

Table 1: Important notations used in the paper

Notation Description

P(X ) Set of all probability distributions over sample space X
C(Rn) Set of all continuous probability distributions on Rn

p Probability density function (PDF) of P ∈ C(Rn)
[k] Shorthand for {1, 2, . . . , k} for k ∈ N
µk uniform distribution over finite sample space [k]
clip(x; s1, s2) Clipping function: max{s1,min{s2, x}}
g∗ Convex conjugate of a function g
L(m, b) n-dimensional Laplace distribution with mean m ∈ Rn and scale b > 0
L(x | m, b) Density of the Laplace distribution at x ∈ Rn

N (m,Σ) n-dimensional Gaussian with mean m ∈ Rn and covariance matrix Σ
Nm,Σ[x] Density of the Gaussian distribution at x ∈ Rn

QX ,P̃,ε Set of ε-LDP samplers: Q : P̃ → P(X )

QX ,P̃,ε,δ Set of (ε, δ)-LDP samplers: Q : P̃ → P(X )

QX ,P̃,g Set of g-FLDP samplers: Q : P̃ → P(X )

DB
f (λ1 ∥λ2) f -divergence between Bernoulli distributions with Pr(1) = λ1 and λ2

B Supplementary definitions and theorems

B.1 General definition and special cases of f -divergence

In this appendix, we review the general definition and special cases of f -divergences which are
important in this work.
Definition B.1 (General case of f -divergence [60]). Let P and Q be probability measures, and let
µ be a dominating measure of P and Q (i.e., P,Q ≪ µ; e.g., µ = P + Q), and let p := dP

dµ and

q := dQ
dµ . The f -divergence from P to Q is given, independently of µ, by

Df (P∥Q) :=

∫
qf

(
p

q

)
dµ, (10)

where
f(0) := lim

t→0+
f(t), (11)

0f

(
0

0

)
:= 0, (12)

0f
(a
0

)
:= lim

t→0+
tf
(a
t

)
= a lim

u→∞

f(u)

u
, a > 0. (13)

Popular examples of f -divergences include KL divergence (f(t) = t log t), total variation distance
(f(t) = 1

2 |t−1|), squared Hellinger distance (f(t) = (
√
t−1)2), and χ2-divergence (f(t) = (t−1)2).

We also formally define Eγ-divergence for f(t) = max{t− γ, 0} for γ ≥ 1.
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Definition B.2 (Eγ-divergence [54]). Given γ ≥ 1, for two probability measures P,Q ∈ P(X ) with
P ≪ Q, the Eγ-divergence is

Eγ(P ∥Q) := EQ

[
max

{
dP
dQ − γ, 0

}]
=

1

2

∫
|dP − γ dQ| − 1

2
(γ − 1).

For a more extensive list of f -divergences and their properties, we refer readers to Sason and Verdú
[60].

B.2 Measure-theoretic assumptions

The appendices assume familiarity with basic measure theory and real analysis. Throughout the main
paper and the appendices, we adopt the following conventions. For every sample space X , a σ-algebra
on X is assumed to be given implicitly. Unless stated otherwise, we use the discrete σ-algebra when
X is finite, and the Borel σ-algebra when X = Rn. Whenever we refer to a “subset” of X , we mean
a measurable subset. Similarly, the notation A ⊆ X always indicates that A is measurable. Finally,
the term “continuous distribution” refers specifically to a distribution that is absolutely continuous
with respect to the Lebesgue measure.

B.3 Supplementary theorems

This subsection presents two well-known results that we will use in proving our main results.
Theorem B.1 (Data processing inequality). Let M be a conditional distribution (Markov kernel)
mapping from X to Y . Given distributions P1, P2 ∈ P(X ), and their push-forward measures
Q1, Q2 ∈ P(Y) through M , the following inequality holds for any f -divergence:

Df (P1 ∥ P2) ≥ Df (Q1 ∥ Q2).

Proposition B.2 (Proposition 1 of Dong et al. [21]). A function g : [0, 1] → [0, 1] is a trade-off
function if and only if g is convex, continuous, non-increasing, and g(x) ≤ 1− x for x ∈ [0, 1].

C Preliminary results

Lemma C.1. Let µ be a (fixed) distribution over some output space X . For each 0 ≤ λ ≤ 1, define a
sampler Qλ by

Qλ(A | P ) = λP (A) + (1− λ)µ(A), for any distribution P on X and event A ⊆ X .

Suppose there exists 0 ≤ λ1 ≤ 1 such that Qλ1
is (ε, δ)-LDP. Then for any λ2 ∈ [0, λ1], the sampler

Qλ2
is also (ε, δ)-LDP.

Proof. Fix λ2 ∈ [0, λ1], and let P, P ′ be any two distributions on X . We need to show that for every
event A,

Qλ2
(A | P ) ≤ eε Qλ2

(A | P ′) + δ.

Because λ2 ≤ λ1, there is a β ∈ [0, 1] such that

λ2 = β λ1.

Then, for all events A,

Qλ2
(A | P ) = λ2 P (A) + (1− λ2)µ(A) = β λ1 P (A) +

[
1− β λ1

]
µ(A).

Recognizing that λ1 P (A) + (1− λ1)µ(A) is Qλ1
(A | P ), we rewrite:

Qλ2(A | P ) = βQλ1(A | P ) +
[
1− β

]
µ(A).

Similarly,
Qλ2

(A | P ′) = βQλ1
(A | P ′) +

[
1− β

]
µ(A).

Since Qλ1
is (ε, δ)-LDP, we know

Qλ1
(A | P ) ≤ eε Qλ1

(A | P ′) + δ.
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Multiplying both sides by β ≥ 0 and then adding (1− β)µ(A), we obtain

βQλ1
(A | P ) + (1− β)µ(A) ≤ β eε Qλ1

(A | P ′) + β δ + (1− β)µ(A).

But the left-hand side above is exactly Qλ2
(A | P ), so

Qλ2
(A | P ) ≤ β eε Qλ1

(A | P ′) + β δ + (1− β)µ(A).

On the other hand,

eε Qλ2(A | P ′) = eε
[
βQλ1(A | P ′) + (1− β)µ(A)

]
= β eε Qλ1(A | P ′) + eε (1− β)µ(A).

Hence,
eε Qλ2(A | P ′) + δ = β eε Qλ1(A | P ′) + (1− β) eε µ(A) + δ.

It is enough to check

β eε Qλ1
(A | P ′) + β δ + (1− β)µ(A) ≤ β eε Qλ1

(A | P ′) + (1− β) eε µ(A) + δ,

which simplifies to
β δ + (1− β)µ(A) ≤ (1− β) eε µ(A) + δ.

Rearranging,
(1− β)µ(A)

[
1− eε

]
≤ δ

[
1− β

]
.

Since 1− eε ≤ 0 for ε ≥ 0, and δ ≥ 0, this inequality holds trivially (the left-hand side is at most
0, while the right-hand side is nonnegative). Thus the overall chain of inequalities is valid, and we
conclude

Qλ2(A | P ) ≤ eε Qλ2(A | P ′) + δ, ∀P, P ′, event A.

Hence Qλ2 is also (ε, δ)-LDP.

Now, we first restate the normalization condition and introduce the non-triviality assumption for
(ε, δ)-LDP before stating the next proposition.

Normalization condition:
µ(X ) = 1, 0 ≤ c1 < 1 < c2. (14)

Non-triviality condition:

δ ≤ (c2 − c1e
ε)(1− c1)

c2 − c1
. (15)

Proposition C.2. Consider the following optimization problem:

R
(
QX ,P̃,ε,δ, P̃, f

)
:= inf

Q∈QX ,P̃,ε,δ

sup
P∈P̃

Df

(
P ∥Q(P )

)
. (16)

Let P̃ = P̃c1,c2,µ such that the normalization condition (14) and the non-triviality condition (15)
hold and c2−c1

1−c1
∈ N. Suppose that µ is (α, 1

α , 1)-decomposable with α = 1−c1
c2−c1

. Define

r1 :=
c1

c2 − c1
· (1− c1)e

ε + c2 − 1

1− δ
, r2 :=

c2
c2 − c1

· (1− c1)e
ε + c2 − 1

eε + c2−1
1−c1

δ
.

Then, the optimal value of the problem (16) is given by

R
(
QX ,P̃,ε,δ, P̃, f

)
=

1− r1
r2 − r1

f(r2) +
r2 − 1

r2 − r1
f(r1). (17)

Moreover, the sampler Q⋆
ε,δ(P ) := λ⋆

ε,δP + (1− λ⋆
ε,δ)µ, with λ⋆

ε,δ =
eε+

c2−c1
1−c1

δ−1

(1−c1)eε+c2−1 , belongs to the
class QX ,P̃,ε,δ and is minimax-optimal under any f -divergence Df . That is,

sup
P∈P̃

Df

(
P ∥Q⋆

ε,δ(P )
)
= R

(
QX ,P̃,ε,δ, P̃, f

)
. (18)
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Proof. We first show that if the non-triviality constraint (15) does not hold, then the identity sampler
QI(P ) = P satisfies (ε, δ)-LDP and has the trivial minimax risk zero.

Suppose we have δ > (c2−c1e
ε)(1−c1)

c2−c1
. Let A ⊆ X be a measurable subset and P, P ′ ∈ Pc1,c2,µ. If

0 ≤ µ(A) ≤ 1−c1
c2−c1

,

eεP (A) + δ − P ′(A) ≥ c1e
εµ(A) + δ − c2µ(A)

≥ min

{
(c1e

ε − c2)(1− c1)

c2 − c1
+ δ, δ

}
≥ 0.

If µ(A) ≥ 1−c1
c2−c1

,

eεP (A) + δ − P ′(A) ≥ c1e
εµ(A) + δ − (1− P ′(Ac))

≥ c1e
εµ(A) + δ − (1− c1(1− µ(A)))

= (c1e
ε − c1)µ(A) + δ − 1 + c1

≥ (c1e
ε − c1)(1− c1)

c2 − c1
− 1 + c1 + δ

=
(c1e

ε − c2)(1− c1)

c2 − c1
+ δ

> 0.

Therefore, for δ > (c2−c1e
ε)(1−c1)

c2−c1
, QI(P ) ∈ QX ,P̃,ε,δ and the minimax risk is trivially zero. In the

remainder of the proof, we consider the non-trivial case of δ ≤ (c2−c1e
ε)(1−c1)

c2−c1
.

Step 1: Proof of Q⋆
ε,δ is a probability measure

In this proof, we show that Q⋆
ε,δ defined by Q⋆

ε,δ(P ) := λ⋆
ε,δP +

(
1−λ⋆

ε,δ

)
µ is a probability measure.

Since P and µ are probability measures, we have

Q⋆
ε,δ(X ) = λ⋆

ε,δP (X ) +
(
1− λ⋆

ε,δ

)
µ(X ) = λ⋆

ε,δ +
(
1− λ⋆

ε,δ

)
= 1.

Assumptions 0 ≤ c1 < 1 < c2 and δ ≤ (c2−c1e
ε)(1−c1)

c2−c1
imply

λ⋆
ε,δ =

eε + c2−c1
1−c1

δ − 1

(1− c1)eε + c2 − 1
≤

eε + c2−c1
1−c1

(c2−c1e
ε)(1−c1)

c2−c1
− 1

(1− c1)eε + c2 − 1
= 1.

Therefore, for any A ⊆ X , we have Q⋆
ε,δ(A) ≥ 0. It suffices to show that for every measurable

subset A ⊆ X , we also have
Q⋆

ε,δ(A) ≤ 1,

which implies Q⋆
ε,δ is a probability measure. We proceed by bounding:

Q⋆
ε,δ(A) = λ⋆

ε,δP (A) +
(
1− λ⋆

ε,δ

)
µ(A)

≤ λ⋆
ε,δ

(
1− c1

(
1− µ(A)

))
+
(
1− λ⋆

ε,δ

)
µ(A)

=
(
1−

(
1− c1

)
λ⋆
ε,δ

)
µ(A) + λ⋆

ε,δ(1− c1)

≤ (c2 − c1) (1− δ)(
1− c1

)
eε + c2 − 1

+

(
1− c1

)
eε + (c2 − c1)δ −

(
1− c1

)(
1− c1

)
eε + c2 − 1

=

(
1− c1

)
eε + c2 − 1(

1− c1
)
eε + c2 − 1

= 1.

The inequality in the second line uses the fact that

P (A) ≤ 1− c1
(
1− µ(A)

)
.

25



This follows from the definition

P̃c1,c2,µ :=
{
P ∈ P(X ) : P ≪ µ, c1 ≤ dP

dµ ≤ c2 µ-a.e.
}
,

and the fact that for P ∈ P̃c1,c2,µ:

c1 µ(A
c) ≤ P (Ac) =⇒ 1− c1 µ(A

c) ≥ 1− P (Ac) =⇒ 1− c1
(
1− µ(A)

)
≥ P (A).

And the inequality in the fourth line comes by plugging λ⋆
ε,δ =

eε+
c2−c1
1−c1

δ−1

(1−c1)eε+c2−1 into the equation and
the fact that µ(A) ≤ 1. Hence, Q⋆

ε,δ is indeed a probability measure.

Step 2: Proof of Q⋆
ε,δ ∈ QX ,P̃,ε,δ

Now, we want to show that Q⋆
ε,δ is an (ε, δ)-LDP sampler. For this purpose, we have to show that for

each measurable set A ⊆ X and any pair of probability measures P and P ′, we have:

eε
(
Q⋆

ε,δ(P )(A)
)
+ δ −Q⋆

ε,δ(P
′)(A) ≥ 0.

First, suppose µ(A) ≤ 1−c1
c2−c1

. We then have:

eε
(
λ⋆
ε,δP (A) +

(
1− λ⋆

ε,δ

)
µ(A)

)
+ δ −

(
λ⋆
ε,δP

′(A) +
(
1− λ⋆

ε,δ

)
µ(A)

)
≥ eε

(
λ⋆
ε,δ c1 µ(A) +

(
1− λ⋆

ε,δ

)
µ(A)

)
+ δ −

(
λ⋆
ε,δ c2 µ(A) +

(
1− λ⋆

ε,δ

)
µ(A)

)
=
(
λ⋆
ε,δ

(
eεc1 − eε − c2 + 1

)
+
(
eε − 1

))
µ(A) + δ

= − c2 − c1
1− c1

δ µ(A) + δ

≥ 0.

Next, suppose µ(A) ≥ 1−c1
c2−c1

. Then:

eε
(
λ⋆
ε,δP (A) +

(
1− λ⋆

ε,δ

)
µ(A)

)
+ δ −

(
λ⋆
ε,δP

′(A) +
(
1− λ⋆

ε,δ

)
µ(A)

)
≥ eε

(
λ⋆
ε,δc1µ(A) +

(
1− λ⋆

ε,δ

)
µ(A)

)
+ δ −

(
λ⋆
ε,δ

(
1− c1 + c1µ(A)

)
+
(
1− λ⋆

ε,δ

)
µ(A)

)
=
(
eε
(
1− (1− c1)λ

⋆
ε,δ

)
−
(
1− (1− c1)λ

⋆
ε,δ

))
µ(A)− λ⋆

ε,δ(1− c1) + δ

= (eε − 1)
(
1− (1− c1)λ

⋆
ε,δ

)
µ(A)− λ⋆

ε,δ(1− c1) + δ

≥ (eε − 1)
(
1− (1− c1)λ

⋆
ε,δ

)( 1− c1
c2 − c1

)
− λ⋆

ε,δ(1− c1) + δ

=
(eε − 1)(1− δ)(1− c1)

(1− c1)eε + c2 − 1
− (1− c1)e

ε + (c2 − c1)δ − (1− c1)

(1− c1)eε + c2 − 1
+ δ

=
−δ(1− c1)(e

ε − 1)− (c2 − c1)δ

(1− c1)eε + c2 − 1
+ δ

= 0.

Therefore, in both cases:

eε
(
λ⋆
ε,δP (A) +

(
1− λ⋆

ε,δ

)
µ(A)

)
+ δ −

(
λ⋆
ε,δP

′(A) +
(
1− λ⋆

ε,δ

)
µ(A)

)
≥ 0,

which establishes the (ε, δ)-LDP criterion for every measurable set A. Hence the sampler is (ε, δ)-
LDP.

Step 3: Proof of optimality, lower bound

In this part, we show that:
1− r1
r2 − r1

f(r2) +
r2 − 1

r2 − r1
f(r1) ≤ R

(
QX ,P̃,ε,δ, P̃, f

)
.
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To this end, we need to show that for each Q ∈ QX ,P̃,ε,δ , we have

1− r1
r2 − r1

f(r2) +
r2 − 1

r2 − r1
f(r1) ≤ sup

P∈P̃
Df

(
P ∥Q(P )

)
When c2−c1

1−c1
∈ N, let Q be an (ε, δ)-LDP sampler, i.e, Q ∈ QX ,P̃,ε,δ Define

α :=
1− c1
c2 − c1

, t := α−1 ∈ N.

Since µ is (α, 1
α , 1)-decomposable with 1

α ∈ N, we can find disjoint sets A1, . . . , At ⊆ X with
µ(Ai) = α. Define Pi as a probability measure by dPi

dµ = pi defined as:

pi(x) = c21Ai
(x) + c11Ac

i
(x),

where

1Ai(x) =

{
1 if x ∈ Ai,

0 otherwise.

Let Qi := Q(Pi). We aim to show:

min
i

Qi(Ai) ≤
eε + (t− 1)δ

eε + t− 1
.

By the (ε, δ)-LDP property, for every i > 1, we have

eεQ1(Ai) + δ ≥ Qi(Ai).

Thus,
t∑

i=2

(
eεQ1(Ai) + δ

)
≥

t∑
i=2

Qi(Ai).

Note that
t∑

i=2

(
eεQ1(Ai) + δ

)
= eεQ1

(
t⋃

i=2

Ai

)
+ (t− 1)δ

≤ eε (1−Q1(A1)) + (t− 1)δ

≤ eε
(
1−min

i
Qi(Ai)

)
+ (t− 1)δ,

and
t∑

i=2

Qi(Ai) ≥ (t− 1)min
i

Qi(Ai).

Therefore,

min
i

Qi(Ai) ≤
eε + (t− 1)δ

eε + t− 1
.

Rewriting in terms of α, we have

min
i

Qi(Ai) ≤
αeε + (1− α)δ

αeε + 1− α
. (19)

Next, we lower bound the worst-case f -divergence:

sup
i

Df (Pi ∥Q(Pi)) ≥ sup
i

DB
f (c2α ∥Qi(Ai)) ,

where DB
f (λ1 ∥λ2) denotes the f -divergence between Bernoulli distributions with Pr(1) = λ1 and

λ2:

DB
f (λ1 ∥ λ2) = λ2f

(
λ1

λ2

)
+ (1− λ2)f

(
1− λ1

1− λ2

)
.
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For each Ai, the push-forward measures of Pi and Qi by the indicator function 1Ai are Bernoulli
distributions with Pr(1) = c2α and Qi(Ai), respectively. By the data processing inequality (Theorem
B.1), we have:

Df (Pi∥Qi)) ≥ DB
f (c2α∥Qi(Ai)) .

Therefore, we have:

sup
P∈P̃

Df

(
P ∥Q(P )

)
≥ sup

i∈[t]

Df (Pi ∥Qi)

≥ sup
i∈[t]

DB
f (c2α ∥Qi(Ai))

≥ DB
f

(
c2α ∥ αeε + (1− α)δ

αeε + 1− α

)
where the inequality in the last line follows from (19) and the fact that if δ ≤ (c2−c1e

ε)(1−c1)
c2−c1

, then
αeε+(1−α)δ
αeε+1−α ≤ c2α and DB

f (λ1 ∥λ2) is decreasaing in λ2 ∈ [0, λ1].

Here is the proof that if δ ≤ (c2−c1e
ε)(1−c1)

c2−c1
, then αeε+(1−α)δ

αeε+1−α ≤ c2α.

αeε + (1− α)δ

αeε + 1− α
=

(1− c1)e
ε + (c2 − 1)δ

(1− c1)eε + c2 − 1

≤
(1− c1)e

ε + (c2 − 1)
(

(c2−c1e
ε)(1−c1)

c2−c1

)
(1− c1)eε + c2 − 1

=
1− c1
c2 − c1

(
(c2 − c1)e

ε + (c2 − 1)(c2 − c1e
ε)

(1− c1)eε + c2 − 1

)
=

c2(1− c1)

c2 − c1
= c2α.

Therefore, it suffices to compute DB
f

(
c2α ∥ αeε+(1−α)δ

αeε+1−α

)
. It can be shown that

DB
f

(
c2α

∥∥∥ αeε + (1− α)δ

αeε + 1− α

)
=

αeε + (1− α)δ

αeε + 1− α
f

(
c2α

αeε + 1− α

αeε + (1− α)δ

)
+

(1− α)(1− δ)

αeε + 1− α
f

(
c1(1− α)

αeε + 1− α

(1− α)(1− δ)

)
=

(1− c1)e
ε + (c2 − 1)δ

(1− c1)eε + c2 − 1
f

(
c2

c2 − c1

(1− c1)e
ε + c2 − 1

eε + c2−1
1−c1

δ

)

+
(c2 − 1)(1− δ)

(1− c1)eε + c2 − 1
f

(
c1

c2 − c1

(1− c1)e
ε + c2 − 1

1− δ

)
.

Defining

r1 :=
c1

c2 − c1
· (1− c1)e

ε + c2 − 1

1− δ
, r2 :=

c2
c2 − c1

· (1− c1)e
ε + c2 − 1

eε + c2−1
1−c1

δ
,

we have

1− r1 =
(1− c1)

(
c2 − c1e

ε − c2−c1
1−c1

δ
)

(c2 − c1)(1− δ)
,

r2 − 1 =
(c2 − 1)

(
c2 − c1e

ε − c2−c1
1−c1

δ
)

(c2 − c1)
(
eε + c2−1

1−c1
δ
) .

28



Thus
1− r1
r2 − r1

=
(1− c1)e

ε + (c2 − 1)δ

(1− c1)eε + c2 − 1
,

r2 − 1

r2 − r1
=

(c2 − 1)(1− δ)

(1− c1)eε + c2 − 1
.

Hence, for each Q ∈ QX ,P̃,ε,δ , we have

1− r1
r2 − r1

f(r2) +
r2 − 1

r2 − r1
f(r1) ≤ sup

P∈P̃
Df

(
P ∥Q(P )

)
.

Step 4: Proof of optimality, upper bound (achievability part)

In this part, we show that:

R
(
QX ,P̃,ε,δ, P̃, f

)
≤ 1− r1

r2 − r1
f(r2) +

r2 − 1

r2 − r1
f(r1).

To this end, we need to show that for each P ∈ P̃ , we have:

Df

(
P ∥Q⋆

ε,δ(P )
)
≤ 1− r1

r2 − r1
f(r2) +

r2 − 1

r2 − r1
f(r1).

Fix P ∈ P̃ . Let p = dP
dµ and q =

dQ⋆
ε,δ(P )

dµ . We first claim that

r1 ≤ p(x)

q(x)
≤ r2

for µ-almost every x ∈ X . Indeed, we have
p(x)

q(x)
=

p(x)

λ⋆
ε,δp(x) + (1− λ⋆

ε,δ)
,

which is an increasing function of p(x) ≥ 0 as long as λ⋆
ε,δ ≤ 1. Now we show that if δ ≤

(c2−c1e
ε)(1−c1)

c2−c1
, then λ⋆

ε,δ =
eε+

c2−c1
1−c1

δ−1

(1−c1)eε+c2−1 ≤ 1.

λ⋆
ε,δ =

eε + c2−c1
1−c1

δ − 1

(1− c1)eε + c2 − 1

≤
eε + c2−c1

1−c1

(
(c2−c1e

ε)(1−c1)
c2−c1

)
− 1

(1− c1)eε + c2 − 1
.

=
eε + c2 − c1e

ε − 1

(1− c1)eε + c2 − 1

= 1.

Since p(x) is bounded between c1 and c2, it follows that
c1

λ⋆
ε,δc1 + (1− λ⋆

ε,δ)
≤ p(x)

q(x)
≤ c2

λ⋆
ε,δc2 + (1− λ⋆

ε,δ)
(20)

for µ-almost every x ∈ X . From the premise of the proposition, we have

λ⋆
ε,δ =

eε + c2−c1
1−c1

δ − 1

(1− c1)eε + c2 − 1

It can be shown that:
c1

c2 − c1

(1− c1)e
ε + c2 − 1

(1− δ)
≤ p(x)

q(x)
≤ c2

c2 − c1
· (1− c1)e

ε + c2 − 1

eε + c2−1
1−c1

δ

which concludes

r1 ≤ p(x)

q(x)
≤ r2

for µ-almost every x ∈ X . To finalize the proof of the achievability part, we need the following
lemma.
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Lemma C.3 ([Theorem 2.1][61]). Let P,Q ∈ P(X ). Suppose that P and Q are both absolutely
continuous with respect to a reference measure µ on X . Assume that there exist r1, r2 ∈ R with
0 ≤ r1 < 1 < r2 such that the corresponding densities p = dP

dµ and q = dQ
dµ satisfy q(x) > 0 and

r1 ≤ p(x)

q(x)
≤ r2 for µ-almost every x ∈ X .

Then, for any f -divergence Df , it holds that

Df (P∥Q) ≤ 1− r1
r2 − r1

f(r2) +
r2 − 1

r2 − r1
f(r1).

Lemma C.3, directly shows that for each P ∈ P̃ , we have:

Df

(
P ∥Q⋆

ε,δ(P )
)
≤ 1− r1

r2 − r1
f(r2) +

r2 − 1

r2 − r1
f(r1)

for

r1 =
c1

c2 − c1
· (1− c1)e

ε + c2 − 1

1− δ
, r2 =

c2
c2 − c1

· (1− c1)e
ε + c2 − 1

eε + c2−1
1−c1

δ
.

Corollary C.4 (gε,δ-FLDP as a special case). Let P̃ = P̃c1,c2,µ. Under Assumption 3.2, suppose the
reference measure µ is (α, 1

α , 1)-decomposable with α = 1−c1
c2−c1

. Then the sampler

Q⋆
c1,c2,µ,gε,δ

(P ) := λ⋆
c1,c2,gε,δ

P + (1− λ⋆
c1,c2,gε,δ

)µ (21)

belongs to the class QX ,P̃,gε,δ
and is minimax-optimal with respect to any f -divergence Df , that is,

sup
P∈P̃

Df

(
P ∥Q⋆

c1,c2,µ,gε,δ
(P )
)
= R

(
QX ,P̃,gε,δ

, P̃, f
)
, (22)

where

λ⋆
c1,c2,gε,δ

=
eε + c2−c1

1−c1
δ − 1

(1− c1)eε + c2 − 1
.

Proof. From Theorem 3.6, we know that the sampler
Q⋆

c1,c2,µ,gε,δ
(P ) := λ⋆

c1,c2,gε,δ
P + (1− λ⋆

c1,c2,gε,δ
)µ

for λ⋆
c1,c2,gε,δ

defined as

λ⋆
c1,c2,gε,δ

:= inf
β≥0

eβ + c2−c1
1−c1

(
1 + g∗ε,δ(−eβ)

)
− 1

(1− c1)eβ + c2 − 1
.

belongs to the class QX ,P̃,gε,δ
and is minimax-optimal with respect to any f -divergence Df . There-

fore, it suffices to compute g∗ε,δ(−eε) and then solve the minimization problem.

A direct comparison of the three affine pieces shows

gε,δ(θ) =


1− δ − eεθ, 0 ≤ θ ≤ 1−δ

eε+1 ,

e−ε(1− δ − θ), 1−δ
eε+1 ≤ θ ≤ 1− δ,

0, 1− δ ≤ θ ≤ 1,

+∞, otherwise.

(23)

For any y ∈ R, g∗ε,δ(y) = sup
0≤θ≤1

(θy − gε,δ(θ)) splits naturally into the supremum over the three

intervals of (23). Denote the corresponding optimized values by
S1(y) := sup

0≤θ≤ 1−δ
eε+1

{
θy − (1− δ − eεθ)

}
,

S2(y) := sup
1−δ
eε+1≤θ≤1−δ

{
θy − e−ε(1− δ − θ)

}
,

S3(y) := sup
1−δ≤θ≤1

{
θy
}
.
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We now optimize over each sub-interval.

(i) Interval 0 ≤ θ ≤ 1−δ
eε+1 . Writing the objective as (y + eε)θ − (1− δ), it is linear in θ. Hence

S1(y) =


−(1− δ), y ≤ −eε,(
y + eε

)
1−δ
eε+1 − (1− δ) =

1− δ

eε + 1
(y − 1), y ≥ −eε.

(ii) Interval 1−δ
eε+1 ≤ θ ≤ 1− δ. Here the objective equals (y + e−ε)θ − e−ε(1− δ). Thus

S2(y) =


1− δ

eε + 1
(y − 1), y ≤ −e−ε,

(1− δ)y, y ≥ −e−ε.

(iii) Interval 1− δ ≤ θ ≤ 1. The objective is simply yθ, so

S3(y) =

{
(1− δ) y, y < 0,

y, y ≥ 0.

We now take the overall supremum.

Comparing S1, S2, S3 on the four regimes
(
−∞,−eε

)
,
[
−eε,−e−ε

]
,
[
−e−ε, 0

]
, [0,∞) gives

g∗ε,δ(y) = max{S1(y), S2(y), S3(y)} =



−(1− δ), y < −eε,

1− δ

eε + 1
(y − 1), −eε ≤ y ≤ −e−ε,

(1− δ) y, −e−ε ≤ y ≤ 0,

y, y ≥ 0.

Step 2: Solve the infimum to obtain λ⋆
c1,c2,gε,δ

From

λ⋆
c1,c2,gε,δ

= inf
β≥0

eβ + c2−c1
1−c1

(
1 + g∗ε,δ(−eβ)

)
− 1

(1− c1)eβ + c2 − 1

Hence, we only need to know the value of g∗ε,δ(−eβ). We know −eβ ≤ −1 for β ≥ 0. Therefore,
−eβ ≤ −e−ε for given ε ≥ 0. i.e.,

g∗ε,δ(−eβ) =


−(1− δ), −eβ ≤ −eε,

1− δ

eε + 1
(−eβ − 1), −eε ≤ −eβ ≤ −1.

It follows that:

λ⋆
c1,c2,gε,δ

= min

{
inf
β≥ε

eβ + c2−c1
1−c1

δ − 1

(1− c1)eβ + c2 − 1
, inf
β∈[0,ε]

eβ + c2−c1
1−c1

(
1− eβ+1

eε+1 (1− δ)

)
− 1

(1− c1)eβ + c2 − 1

}

= min

{
eε + c2−c1

1−c1
δ − 1

(1− c1)eε + c2 − 1
,
1− (1− δ) 2

eε+1

1− c1

}
.

Since c2−c1
1−c1

∈ N and c2 > 1, it follows that c2−c1
1−c1

≥ 2, which in turn implies c1 + c2 ≥ 2. Now we
want to show that if c1 + c2 ≥ 2, then:

eε + c2−c1
1−c1

δ − 1

(1− c1)eε + c2 − 1
≤

1− (1− δ) 2
eε+1

1− c1
.

31



Because c1 < 1 < c2 and eε ≥ 1, the denominator (1− c1)e
ε + c2 − 1 is strictly positive, so we can

multiply both sides of the inequality by it without changing the sign.

Set
A := (1− c1)e

ε + c2 − 1 > 0.

The claim is equivalent to

(1− c1)(e
ε − 1) + (c2 − c1) δ ≤

(
1− (1− δ) 2

eε+1

)
A.

Bring the left–hand side to the right and factor out (1− δ):

0 ≤ A− (1− δ)
2A

eε + 1
−
[
(1− c1)(e

ε − 1) + (c2 − c1)δ
]

= (c2 − c1)(1− δ)− (1− δ)
2A

eε + 1

= (1− δ)
[
(c2 − c1)−

2A

eε + 1

]
.

Since 1− δ ≥ 0, we only need to prove

(c2 − c1)(e
ε + 1) ≥ 2A.

Substituting A gives

(c2 − c1)e
ε + (c2 − c1) ≥ 2(1− c1)e

ε + 2(c2 − 1).

Rearranging, we have: (
c2 + c1 − 2

)
(eε − 1) ≥ 0.

Because eε − 1 ≥ 0 for every ε ≥ 0, the last inequality holds precisely when c1 + c2 − 2 ≥ 0, i.e.
when c1 + c2 ≥ 2. This is exactly the hypothesis, so the desired inequality is proved and we have:

λ⋆
c1,c2,gε,δ

=
eε + c2−c1

1−c1
δ − 1

(1− c1)eε + c2 − 1
.

Step 3: Optimality proof

Following Theorem 3.6, for the obtained value of λc1,c2,gε,δ , the sampler

Q⋆
c1,c2,µ,gε,δ

(P ) := λ⋆
c1,c2,gε,δ

P + (1− λ⋆
c1,c2,gε,δ

)µ

belongs to the class QX ,P̃,gε,δ
and is minimax-optimal with respect to any f -divergence Df , that is,

sup
P∈P̃

Df

(
P ∥Q⋆

c1,c2,µ,gε,δ
(P )
)
= R

(
QX ,P̃,gε,δ

, P̃, f
)
.

D Proofs of the main results

D.1 Proof of Proposition 3.3

Proof. Based on Proposition 6 in Dong et al. [21], for a trade-off function g, a sampler is g-FLDP if
and only if it is

(
ε, 1 + g∗(− eε)

)
-LDP for all ε ≥ 0. In the proof of Proposition C.2, we showed

that if δ > (c2−c1e
ε)(1−c1)

c2−c1
, then the identity sampler QI(P ) = P satisfies (ε, δ)-LDP and has the

trivial minimax risk zero.

Suppose the non-triviality condition (3) does not hold, i.e., for any ε ≥ 0, we have:

1 + g∗(−eε) >
(c2 − c1e

ε)(1− c1)

c2 − c1
.

In this case, the trivial sampler QI(P ) = P satisfies (ε, 1 + g∗(−eε))-LDP for any ε ≥ 0 and
therefore satisfies g-FLDP and has the trivial minimax risk zero.
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D.2 Proof of Theorem 3.6

Proof. In this proof, we assume that the non-triviality condition (3) is satisfied.

The proof of this theorem is directly based on Proposition C.2. Accordingly, the global minimax-
optimal sampler in Theorem 3.6 builds upon the minimax-optimal sampler proposed in Proposi-
tion C.2. The lower bound in the optimality proof of Proposition C.2 relies on the existence of
disjoint sets A1, . . . , At, each with measure µ(Ai) = α, where t = 1

α . In fact, the converse part
of the optimality proof hinges on the (α, 1

α , 1)-decomposability of µ, where 1
α = c2−c1

1−c1
∈ N. This

technical requirement motivates the assumption 1
α = c2−c1

1−c1
∈ N in Assumption 3.2.

Step 1: To propose a g-FLDP sampler Q⋆
c1,c2,µ,g

From Proposition C.2, we know that for each pair (ε, δ), the sampler

Q⋆
ε,δ(P ) = λ⋆

ε,δ P +
(
1 − λ⋆

ε,δ

)
µ,

with

λ⋆
ε,δ =

eε + c2−c1
1−c1

δ − 1

(1− c1) eε + c2 − 1
,

is minimax-optimal in the class QX ,P̃,ε,δ .

Next, based on Proposition 6 in Dong et al. [21], for a trade-off function g, a sampler is g-FLDP if
and only if it is

(
ε, 1 + g∗(− eε)

)
-LDP for all ε ≥ 0. Consequently, if we set δ(ε) = 1 + g∗

(
− eε

)
and define

Q⋆
ε, δ(ε)(P ) := λ⋆

ε, δ(ε) P +
(
1− λ⋆

ε, δ(ε)

)
µ,

then by Proposition C.2, we have Q⋆
ε, δ(ε) ∈ QX ,P̃,ε, δ(ε).

We then use Lemma C.1, which states that if Qλ1
(P ) = λ1 P + (1 − λ1)µ is

(
ε, δ
)
-LDP for

0 ≤ λ1 ≤ 1, then for any λ2 ∈ [0, λ1], the sampler Qλ2(P ) = λ2 P + (1− λ2)µ is also
(
ε, δ
)
-LDP.

Therefore, if we define

λ⋆
c1,c2,g = inf

β≥ 0

eβ + c2−c1
1−c1

[
1 + g∗(− eβ)

]
− 1

(1− c1) eβ +
(
c2 − 1

) ,

this guarantees that the sampler

Q⋆
c1,c2,µ,g(P ) := λ⋆

c1,c2,g P +
(
1− λ⋆

c1,c2,g

)
µ

is
(
ε, 1 + g∗(−eε)

)
-LDP for all ε ≥ 0. Note that the non-triviality constraint (3) guarantees that

there exists an ε ≥ 0 for which 1 + g∗(−eε) ≤ (c2−c1e
ε)(1−c1)

c2−c1
and therefore λ⋆

c1,c2,g ≤ 1. By
Proposition 6 of Dong et al. [21], being

(
ε, 1 + g∗(−eε)

)
-LDP for all ε ≥ 0 is exactly the definition

of being g-FLDP. Hence, Q⋆
c1,c2,µ,g is indeed a g-FLDP sampler and therefore belongs to QX , P̃, g.

This completes the proof of the first step.

Step 2: To prove the optimality of Q⋆
c1,c2,µ,g

Proposition 6 of Dong et al. [21] tells us that if we set

δ(ε) = 1 + g∗
(
− eε

)
,

then for every ε ≥ 0 we have

inf
Q∈QX ,P̃,g

sup
P ∈ P̃

Df

(
P ∥Q(P )

)
≥ inf

Q∈QX ,P̃,ε,δ(ε)

sup
P ∈ P̃

Df

(
P ∥Q(P )

)
. (24)

On the other hand, define the sampler

Q⋆
c1,c2,µ,g(P ) := λ⋆

c1,c2,g P +
(
1− λ⋆

c1,c2,g

)
µ,

where

λ⋆
c1,c2,g = inf

ε≥ 0

eε + c2−c1
1−c1

(
1 + g∗

(
− eε

))
− 1

(1− c1) eε +
(
c2 − 1

) .
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Let ε⋆g be the value of ε that achieves this infimum. The infimum is attained at a finite value of ε
because, if we define

hg(ε) :=
eε + c2−c1

1−c1

(
1 + g∗

(
− eε

))
− 1

(1− c1) eε + (c2 − 1)
,

then we have
hg(0) ≤ lim

ε→∞
hg(ε).

Together with the continuity of hg(ε), this implies that the infimum is achieved at some finite ε⋆g .

To establish the continuity of hg(ε), we note that both the numerator and denominator are continuous
functions of ε, and the denominator is never zero. To verify that the numerator is continuous, it
suffices to show that g∗ is continuous. This follows directly from the definition of the convex
conjugate and the fact that the original function g is continuous on the compact interval [0, 1] and
takes values in [0, 1] (see Proposition B.2). Hence,

λ⋆
c1,c2,g =

eε
⋆
g + c2−c1

1−c1

(
1 + g∗

(
− eε

⋆
g
))

− 1

(1− c1) e
ε⋆g +

(
c2 − 1

) .

By construction, Q⋆
c1,c2,µ,g belongs to the set QX ,P̃,ε⋆g,δ(ε

⋆
g)

. From Proposition C.2, we know
Q⋆

c1,c2,µ,g is minimax-optimal in QX ,P̃,ε⋆g,δ(ε
⋆
g)

. Hence,

sup
P ∈ P̃

Df

(
P
∥∥Q⋆

c1,c2,µ,g(P )
)

= inf
Q∈QX ,P̃,ε⋆g,δ(ε⋆g)

sup
P ∈ P̃

Df

(
P ∥Q(P )

)
. (25)

Finally, combining (24), (25), and the trivial inequality

inf
Q∈QX ,P̃,g

sup
P ∈ P̃

Df

(
P ∥Q(P )

)
≤ sup

P ∈ P̃
Df

(
P
∥∥Q⋆

c1,c2,µ,g(P )
)
,

we conclude:

sup
P ∈ P̃

Df

(
P
∥∥Q⋆

c1,c2,µ,g(P )
)

= inf
Q∈QX ,P̃,ε⋆g,δ(ε⋆g)

sup
P ∈ P̃

Df

(
P ∥Q(P )

)
= R

(
QX ,P̃,ε⋆g,δ(ε

⋆
g)
, P̃, f

)
= inf

Q∈QX ,P̃,g

sup
P ∈ P̃

Df

(
P ∥Q(P )

)
= R

(
QX ,P̃,g, P̃, f

)
,

which completes the proof of the second step.

Step 3: Computing the optimal value of R
(
QX ,P̃,g, P̃, f

)
It follows from the previous step that in order to compute R

(
QX ,P̃,g, P̃, f

)
, it suffices to compute

R
(
QX ,P̃,ε⋆g,δ(ε

⋆
g)
, P̃, f

)
.

From Proposition C.2, we know that

R
(
QX ,P̃,ε⋆g,δ(ε

⋆
g)
, P̃, f

)
=

1− r1
r2 − r1

f(r2) +
r2 − 1

r2 − r1
f(r1)

for

r1 =
c1

c2 − c1
· (1− c1)e

ε⋆g + c2 − 1

1− δ(ε⋆g)
, r2 =

c2
c2 − c1

· (1− c1)e
ε⋆g + c2 − 1

eε
⋆
g + c2−1

1−c1
δ(ε⋆g)

.

We now compute r1 and r2 in terms of λ⋆
c1,c2,g . For δ(ε⋆g) = 1 + g∗(−eε

⋆
g ), we have

r1 =
c1

c2 − c1
· (1− c1)e

ε⋆g + c2 − 1

−g∗(−eε
⋆
g )

, r2 =
c2

c2 − c1
· (1− c1)e

ε⋆g + c2 − 1

eε
⋆
g +

(
c2−1
1−c1

) (
1 + g∗(−eε

⋆
g )
) .
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Moreover, we have

λ⋆
c1,c2,g =

eε
⋆
g + c2−c1

1−c1

(
1 + g∗

(
− eε

⋆
g
))

− 1

(1− c1) e
ε⋆g +

(
c2 − 1

) .

Let θ := eε
⋆
g , δ(ε⋆g) := 1 + g∗

(
−θ
)
, we have

λ⋆
c1,c2,g =

θ +
c2 − c1
1− c1

δ(ε⋆g)− 1

(1− c1)θ + (c2 − 1)
. (26)

Therefore,

r1 =
c1

c2 − c1

(1− c1)θ + c2 − 1

1− δ(ε⋆g)
.

From (26),

1− (1− c1)λ
⋆
c1,c2,g =

(c2 − c1)
[
1− δ(ε⋆g)

]
(1− c1)θ + (c2 − 1)

.

Hence
r1 =

c1
1− (1− c1)λ⋆

c1,c2,g

.

Similarly,

r2 =
c2

c2 − c1

(1− c1)θ + c2 − 1

θ +
c2 − 1

1− c1
δ(ε⋆g)

.

Using (26) again,

(c2 − 1)λ⋆
c1,c2,g + 1 =

c2 − c1
(1− c1)θ + (c2 − 1)

[
θ + c2−1

1−c1
δ(ε⋆g)

]
.

Thus
r2 =

c2
(c2 − 1)λ⋆

c1,c2,g + 1
.

In conclusion,

R
(
QX ,P̃,ε⋆g,δ(ε

⋆
g)
, P̃, f

)
= R

(
QX ,P̃,g, P̃, f

)
=

1− r1
r2 − r1

f(r2) +
r2 − 1

r2 − r1
f(r1),

for
r1 =

c1
1− (1− c1)λ⋆

c1,c2,g

and r2 =
c2

(c2 − 1)λ⋆
c1,c2,g + 1

.

D.3 Proof of Theorem 3.4

Proof. Based on Theorem 3.6, we define P̃ = P̃c1,c2,µ under Assumption 3.2. Moreover, suppose µ
is
(
α, 1

α , 1
)
-decomposable with α = 1−c1

c2−c1
. Then, the sampler defined as

Q⋆
c1,c2,µ,g(P ) = λ⋆

c1,c2,gP +
(
1− λ⋆

c1,c2,g

)
µ

satisfies g-FLDP and is minimax-optimal with respect to any f -divergence, where λ⋆
c1,c2,g is defined

as

λ⋆
c1,c2,g = inf

β≥0

eβ+
c2−c1
1−c1

(1+g∗(−eβ))−1

(1−c1)eβ+c2−1
.

Theorem 3.4 is a special case of Theorem 3.6. Below, we demonstrate this reduction explicitly.

Recall that in the setup of Theorem 3.6, for a general sample space X , the universe P̃ is defined as

P̃c1,c2,µ :=

{
P ∈ P(X ) : P ≪ µ, c1 ≤ dP

dµ
≤ c2, µ-a.e.

}
.
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In the setup of Theorem 3.4, X = Rn, and P̃ is defined as

P̃c1,c2,h := {P ∈ C(Rn) : c1h(x) ≤ p(x) ≤ c2h(x), ∀x ∈ Rn} .

Let λ denote the Lebesgue measure on Rn. We have X = Rn, and P̃ = P̃c1,c2,h = P̃c1,c2,µ, where
µ ≪ λ and dµ

dλ = h. Therefore, Q⋆
c1,c2,µ,g = Q⋆

c1,c2,h,g
.

This is because for each P ∈ P̃ with corresponding PDF p(x), the chain rule of the Radon-Nikodym
derivative gives:

p(x) =
dP

dλ
=

dP

dµ
(x) · dµ

dλ
(x) =

dP

dµ
(x)h(x).

It remains to show that µ is
(
α, 1

α , 1
)
-decomposable for α = 1−c1

c2−c1
. From Assumption 3.2, we know

that t = c2−c1
1−c1

∈ N. Therefore we need to show that µ is
(
1
t , t, 1

)
-decomposable.

Since µ ≪ λ, the function s 7→ µ((−∞, s]×Rn−1) is continuous. As s → −∞, this measure tends
to 0, and as s → ∞, it tends to 1. By the intermediate value theorem, for each i ∈ [t], there exists a
threshold si ∈ R such that

µ((−∞, si]× Rn−1) = αi.

We then define the sets A1 = (−∞, s1]×Rn−1, and for i ≥ 2, set Ai = (si−1, si]×Rn−1. These sets
satisfy the requirements of

(
1
t , t, 1

)
-decomposability. Therefore, µ is indeed

(
1
t , t, 1

)
-decomposable,

completing the proof.

Therefore, Theorem 3.6 contains Theorem 3.4 as a special case. Under Assumption 3.2, the sampler
Q⋆

c1,c2,h,g
, defined as a continuous distribution whose density is given by

q⋆g(P )(x) := λ⋆
c1,c2,gp(x) +

(
1− λ⋆

c1,c2,g

)
h(x), λ⋆

c1,c2,g = inf
β≥0

eβ+
c2−c1
1−c1

(1+g∗(−eβ))−1

(1−c1)eβ+c2−1
, (27)

satisfies g-FLDP and is minimax-optimal under any f -divergence. That is,

sup
P∈P̃

Df

(
P ∥Q⋆

c1,c2,h,g(P )
)
= R

(
QRn,P̃,g, P̃, f

)
=

1− r1
r2 − r1

f(r2) +
r2 − 1

r2 − r1
f(r1),

for r1 = c1
1−(1−c1)λ⋆

c1,c2,g
and r2 = c2

(c2−1)λ⋆
c1,c2,g+1 .

D.4 Proof of Theorem 3.5

Proof. From Theorem 3.6, we know that if P̃ = P̃c1,c2,µ is defined under Assumption 3.2 and µ
is (α, 1

α , 1)-decomposable with α = 1−c1
c2−c1

, then the sampler Q⋆
c1,c2,µ,g(P ) := λ⋆

c1,c2,gP + (1 −
λ⋆
c1,c2,g)µ belongs to the class QX ,P̃,g and is minimax-optimal under any f -divergence Df ; that is,

sup
P∈P̃

Df

(
P ∥Q⋆

c1,c2,µ,g(P )
)
= R

(
QX ,P̃,g, P̃, f

)
,

In this case,

λ⋆
c1,c2,g = inf

β≥0

eβ + c2−c1
1−c1

(
1 + g∗(−eβ)

)
− 1

(1− c1)eβ + c2 − 1
.

It can be shown that:

P([k]) = P̃0,k,µk
:=

{
P ∈ P([k]) : P ≪ µk, 0 ≤ dP

dµk
≤ k µk-a.e.

}
Consider the following setting:

P̃ = P([k]), X = [k], c1 = 0, c2 = k, µ = µk,

where µk is the uniform distribution on [k]. In this case, we have c2−c1
1−c1

= k ∈ N, and µk is(
α, 1

α , 1
)
-decomposable with α = 1

k . Moreover, for this specific instantiation, it can be shown that
for all ε ≥ 0,

1 + g∗(−eε) ≤ (c2 − c1e
ε)(1− c1)

c2 − c1
=

(k)(1)

k
= 1.
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This comes from the definition of the convex conjugate and the properties of the function g:
∀ε ≥ 0 : −1 ≤ g∗(−eε) ≤ 0,

and hence,
1 + g∗(−eε) ≤ 1.

Therefore, all conditions of Theorem 3.6 are satisfied and Theorem 3.5 is a special case of the more
general case Theorem 3.6. Hence, the sampler Q⋆

k,g(P ) := λ⋆
k,gP + (1 − λ⋆

k,g)µk belongs to the
class Q[k],P̃,g and is minimax-optimal under any f -divergence Df ; that is,

sup
P∈P̃

Df

(
P ∥Q⋆

k,g(P )
)
= R

(
Q[k],P̃,g, P̃, f

)
,

where λ⋆
k,g is the optimal solution to the following optimization problem:

λ⋆
k,g = inf

β≥0

eβ + k
(
1 + g∗(−eβ)

)
− 1

eβ + k − 1
.

D.5 Proof of Corollary 3.7

Proof. Corollary 3.7 follows immediately from Corollary C.4 by setting δ = 0. With this choice, we
have gε = gε,0, thus the proof is identical. Moreover, as in the proof of Theorem 3.4, the continuous
case of Corollary 3.7 can be shown to be a special instance of the more general result stated in
Corollary C.4. For completeness, a brief proof sketch is provided below.

Step 1: Find g∗ε

g∗ε (y) =


−1, if y < −eε,

y − 1

eε + 1
, if − eε ≤ y ≤ −e−ε,

y, if y > −e−ε.

(28)

Step 2: Solve the infimum to obtain λ⋆
c1,c2,gε

λ⋆
c1,c2,gε =


eε−1

(eε+1)(1−c1)
, if c1 + c2 < 2,

eε−1
(1−c1)eε+c2−1 , if c1 + c2 ≥ 2.

(29)

Since c2−c1
1−c1

∈ N and c2 > 1, it follows that c2−c1
1−c1

≥ 2, which in turn implies c1 + c2 ≥ 2. Hence:

λ⋆
c1,c2,gε =

eε − 1

(1− c1)eε + c2 − 1
.

Step 3: Optimality proof

Following Theorem 3.6, for the obtained value of λc1,c2,gε , the sampler
Q⋆

c1,c2,µ,gε(P ) := λ⋆
c1,c2,gεP + (1− λ⋆

c1,c2,gε)µ

belongs to the class QX ,P̃,gε,δ
and is minimax-optimal with respect to any f -divergence Df , that is,

sup
P∈P̃

Df

(
P ∥Q⋆

c1,c2,µ,gε(P )
)
= R

(
QX ,P̃,gε

, P̃, f
)
.

Therefore, we have:

sup
P∈P̃

Df

(
P ∥Q⋆

c1,c2,h,gε(P )
)
= R

(
QRn,P̃,gε

, P̃, f
)
=

1− r1
r2 − r1

f(r2) +
r2 − 1

r2 − r1
f(r1),

for r1 = c1 · (1−c1)e
ε+c2−1

c2−c1
, and r2 = c2

c2−c1
· (1−c1)e

ε+c2−1
eε .

The optimal value of R
(
QRn,P̃,gε

, P̃, f
)

is obtained directly from Theorem 3.4 by substituting

λ⋆
c1,c2,gε =

eε − 1

(1− c1)eε + c2 − 1
.
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D.6 Proof of Corollary 3.8

Proof. From Theorem 3.6 we know that for

λ⋆
Gν

= inf
β≥0

eβ + c2−c1
1−c1

(
1 +G∗

ν(−eβ)
)
− 1

(1− c1)eβ + c2 − 1
.

the sampler (4) for g = Gν belongs to QRn,P̃,Gν
and is minimax-optimal with respect to any

f -divergence, that is,

sup
P∈P̃

Df

(
P ∥Q⋆

Gν
(P )
)
= R

(
QRn,P̃,Gν

, P̃, f
)
.

Now, we compute G∗
ν(−eβ). It is shown in Corollary 1 of Dong et al. [21] that

G∗
ν(y) = yΦ

(
−ν

2
− 1

ν
log(−y)

)
− Φ

(
−ν

2
+

1

ν
log(−y)

)
.

When y = −eβ ,

G∗
ν

(
−eβ

)
= − eβ Φ

(
−ν

2
− β

ν

)
− Φ

(
−ν

2
+

β

ν

)
Therefore, we have:

λ⋆
Gν

= inf
β≥0

eβ +
(

c2−c1
1−c1

)(
1− eβΦ

(
−ν

2 − β
ν

)
− Φ

(
−ν

2 + β
ν

))
− 1

(1− c1)eβ + c2 − 1

= inf
β≥0

eβ +
(

c2−c1
1−c1

)(
Φ
(

ν
2 − β

ν

)
− eβΦ

(
−ν

2 − β
ν

))
− 1

(1− c1)eβ + c2 − 1
.

D.7 Proof of Theorem 4.1

Proof. Step 1: Lower bound

In the first step of the proof, we establish a lower bound for the local minimax objective function
R
(
QX ,P̃,g, Nγ(P0), f

)
as follows:

R
(
QX ,P̃,g, Nγ(P0), f

)
= inf

Q∈QX ,P̃,g

sup
P∈Nγ(P0)

Df

(
P ∥Q(P )

)
≥ inf

Q∈QX ,Nγ (P0),g

sup
P∈Nγ(P0)

Df

(
P ∥Q(P )

)
= R

(
QX ,Nγ(P0),g, Nγ(P0), f

)
. (30)

The inequality in the second line follows from the fact that any sampler Q : P̃ → P(X ) in QX ,P̃,g

also belongs to QX ,Nγ(P0),g. The third line is by definition of the global minimax risk in (1) when
the universe P̃ is restricted to Nγ(P0).

Step 2: Upper bound

We now construct a sampler that achieves the lower bound. Specifically, we aim to find a sampler
Q⋆

g,Nγ(P0)
∈ QX ,P̃,g such that

sup
P∈Nγ(P0)

Df

(
P ∥Q⋆

g,Nγ(P0)
(P )
)
= R

(
QX ,Nγ(P0),g, Nγ(P0), f

)
.

Observe that the neighborhood Nγ(P0) aligns with the class P̃ = P̃c1,c2,µ defined in Theorem 3.6:

P̃c1,c2,µ :=

{
P ∈ P(X ) : P ≪ µ, c1 ≤ dP

dµ
≤ c2 µ-a.e.

}
,
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Nγ(P0) :=

{
P ∈ P(X ) :

1

γ
≤ dP

dP0
(x) ≤ γ ∀x ∈ X

}
.

By substituting c1 = 1
γ , c2 = γ, and µ = P0, we obtain P̃c1,c2,µ = Nγ(P0).

Additionally, since γ ∈ N, it follows that c2−c1
1−c1

=
γ− 1

γ

1− 1
γ

∈ N, satisfying the integer condition in

Theorem 3.6. The (α, 1
α , 1)-decomposability of P0 with α = 1

γ+1 also matches the requirement that
µ is (α, 1

α , 1)-decomposable with α = 1−c1
c2−c1

.

Therefore, all the conditions in Theorem 3.6 are satisfied. Thus, the optimal sampler Q⋆
g corresponding

to (c1, c2, µ) =
(

1
γ , γ, P0

)
achieves

sup
P∈Nγ(P0)

Df

(
P ∥Q⋆

g(P )
)
= R

(
QX ,Nγ(P0),g, Nγ(P0), f

)
.

Since Q⋆
g is defined only on Nγ(P0), we extend it to the larger domain P̃ by defining:

Q⋆
g,Nγ(P0)

(P ) :=

{
Q⋆

g(P ), if P ∈ Nγ(P0),

Q⋆
g(P̂ ), otherwise,

where P̂ ∈ Nγ(P0) is a distribution that minimizes Df (P ∥P ′) over all P ′ ∈ Nγ(P0).

By construction, Q⋆
g,Nγ(P0)

∈ QX ,P̃,g , and for all P ∈ Nγ(P0), we have:

sup
P∈Nγ(P0)

Df

(
P ∥Q⋆

g,Nγ(P0)
(P )
)
= sup

P∈Nγ(P0)

Df

(
P ∥Q⋆

g(P )
)

= R
(
QX ,Nγ(P0),g, Nγ(P0), f

)
.

Hence, we obtain the upper bound:

R
(
QX ,P̃,g, Nγ(P0), f

)
= inf

Q∈QX ,P̃,g

sup
P∈Nγ(P0)

Df

(
P ∥Q(P )

)
≤ sup

P∈Nγ(P0)

Df

(
P ∥Q⋆

g,Nγ(P0)
(P )
)

= R
(
QX ,Nγ(P0),g, Nγ(P0), f

)
. (31)

Combining equations (30) and (31), we conclude that

R
(
QX ,P̃,g, Nγ(P0), f

)
= R

(
QX ,Nγ(P0),g, Nγ(P0), f

)
.

Note that this proof is stated for a general space X and a general universe P̃ = P̃c1,c2,µ. It extends
directly to the continuous case with X = Rn and P̃ = P̃c1,c2,h, following the same reduction
argument used in the proof of Theorem 3.4.

D.8 Proof of Theorem 5.1

Proof. let the global minimax formulation under ε-LDP be defined as:

R
(
QX ,P̃,ε, P̃, f

)
:= inf

Q∈QX ,P̃,ε

sup
P∈P̃

Df

(
P ∥Q(P )

)
(32)

Under certain assumptions, formally defined in Section 3, Park et al. [17] derives the optimal sampler
and optimal value for the optimization problem (32).

Step 1: Lower bound

In the first step of the proof, we establish a lower bound for the local minimax objective function
R
(
QX ,P̃,ε, Nγ(P0), f

)
as follows:
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R
(
QX ,P̃,ε, Nγ(P0), f

)
= inf

Q∈QX ,P̃,ε

sup
P∈Nγ(P0)

Df

(
P ∥Q(P )

)
≥ inf

Q∈QX ,Nγ (P0),ε

sup
P∈Nγ(P0)

Df

(
P ∥Q(P )

)
= R

(
QX ,Nγ(P0),ε, Nγ(P0), f

)
. (33)

The inequality in the second line follows from the fact that any sampler Q : P̃ → P(X ) in QX ,P̃,ε

also belongs to QX ,Nγ(P0),ε. The third line is by definition of the global minimax risk in (32) when
the universe P̃ is restricted to Nγ(P0).

Step 2: Upper bound

We now construct a sampler that achieves the lower bound. Specifically, we aim to find a sampler
Q⋆

ε,Nγ(P0)
∈ QX ,P̃,ε such that

sup
P∈Nγ(P0)

Df

(
P ∥Q⋆

ε,Nγ(P0)
(P )
)
= R

(
QX ,Nγ(P0),ε, Nγ(P0), f

)
.

Let sampler Q⋆
ε : Nγ(P0) → P(X ) be an optimal sampler for the global minimax problem (32)

where the universe P̃ is restricted to Nγ(P0). In other words, Q⋆
ε achieves

sup
P∈Nγ(P0)

Df

(
P ∥Q⋆

ε(P )
)
= R

(
QX ,Nγ(P0),ε, Nγ(P0), f

)
.

Since Q⋆
ε is defined only on Nγ(P0), we extend it to the larger domain P̃ by defining:

Q⋆
ε,Nγ(P0)

(P ) :=

{
Q⋆

ε(P ), if P ∈ Nγ(P0),

Q⋆
ε(P̂ ), otherwise,

(34)

where P̂ ∈ Nγ(P0) is a distribution that minimizes Df (P ∥P ′) over all P ′ ∈ Nγ(P0).

By construction, Q⋆
ε,Nγ(P0)

∈ QX ,P̃,ε, and for all P ∈ Nγ(P0), we have:

sup
P∈Nγ(P0)

Df

(
P ∥Q⋆

ε,Nγ(P0)
(P )
)
= sup

P∈Nγ(P0)

Df

(
P ∥Q⋆

ε(P )
)

= R
(
QX ,Nγ(P0),ε, Nγ(P0), f

)
.

Hence, we obtain the upper bound:

R
(
QX ,P̃,ε, Nγ(P0), f

)
= inf

Q∈QX ,P̃,ε

sup
P∈Nγ(P0)

Df

(
P ∥Q(P )

)
≤ sup

P∈Nγ(P0)

Df

(
P ∥Q⋆

ε,Nγ(P0)
(P )
)

= R
(
QX ,Nγ(P0),ε, Nγ(P0), f

)
. (35)

Combining equations (33) and (35), we conclude that

R
(
QX ,P̃,ε, Nγ(P0), f

)
= R

(
QX ,Nγ(P0),ε, Nγ(P0), f

)
.

Step 3: Local minimax risk in a closed form

Under the same non-triviality assumption as Park et al. [17], for the pure LDP case we assume
ε < 2 log(γ); otherwise, the identity sampler becomes the trivial local minimax-optimal sampler
with zero minimax risk.

Consider the case where 2 log(γ) ≤ ε. In this case, for any P1, P2 ∈ Nγ(P0), we have
p1(x)/p2(x) ≤ γ

1
γ

< eε, hence we can easily observe that the sampler QI
ε defined as QI

ε(P ) = P
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for all P ∈ Nγ(P0) satisfies ε-LDP and R
(
QX ,Nγ(P0),ε, Nγ(P0), f

)
= 0. Since QI

ε is defined only
on Nγ(P0), we extend it to the larger domain P̃ by defining:

QI
ε,Nγ(P0)

(P ) :=

{
QI

ε(P ), if P ∈ Nγ(P0),

QI
ε(P̂ ), otherwise,

where P̂ ∈ Nγ(P0) is a distribution that minimizes Df (P ∥P ′) over all P ′ ∈ Nγ(P0).

We can conclude R
(
QX ,P̃,ε, Nγ(P0), f

)
= 0. Therefore, to exclude trivial samplers we assume

ε < 2 log(γ).

In order to obtain the local minimax risk under ε-LDP, we refer to Theorem C.4 in Park et al. [17].

Theorem D.1 (Theorem C.4 of Park et al. [17]). Let P̃ = P̃c1,c2,µ be a set of distributions such that
the normalization condition (14) holds, and suppose µ is (α, 1

α , 1)-decomposable with α = 1−c1
c2−c1

.
Define

b :=
c2 − c1

(eε − 1)(1− c1) + c2 − c1
, r1 :=

c1
b
, r2 :=

c2
beε

.

Then, the optimal value of the problem (32) is given by

R
(
QX ,P̃,ε, P̃, f

)
=

1− r1
r2 − r1

f(r2) +
r2 − 1

r2 − r1
f(r1).

Furthermore, the sampler Q⋆
c1,c2,µ,ε defined below is an optimal solution to problem (32) under any

f -divergence Df . For each P ∈ P̃ , let Q⋆
c1,c2,µ,ε(P ) = Q be a probability measure Q ≪ µ, such

that
dQ

dµ
(x) = clip

(
1

rP

dP

dµ
(x) ; b, beε

)
,

where rP is the normalizing constant ensuring that
∫

dQ
dµ dµ(x) = 1.

Observe that the neighborhood Nγ(P0) aligns with the class P̃ = P̃c1,c2,µ defined in Theorem 3.6:

P̃c1,c2,µ :=

{
P ∈ P(X ) : P ≪ µ, c1 ≤ dP

dµ
≤ c2 µ-a.e.

}
,

Nγ(P0) :=

{
P ∈ P(X ) :

1

γ
≤ dP

dP0
(x) ≤ γ ∀x ∈ X

}
.

By substituting c1 = 1
γ , c2 = γ, and µ = P0, we obtain P̃c1,c2,µ = Nγ(P0).

Additionally, the (α, 1
α , 1)-decomposability of P0 with α = 1

γ+1 also matches the requirement that µ
is (α, 1

α , 1)-decomposable with α = 1−c1
c2−c1

. We now aim to compute the closed-form expression for

R
(
QX ,Nγ(P0),ε, Nγ(P0), f

)
.

By the equivalence P̃c1,c2,µ = Nγ(P0) and Theorem D.1 applied with (c1, c2, µ) =
(

1
γ , γ, P0

)
, we

have:
R
(
QX ,Nγ(P0),ε, Nγ(P0), f

)
=

1− r1
r2 − r1

f(r2) +
r2 − 1

r2 − r1
f(r1),

where

b :=
γ − 1

γ

(eε − 1)
(
1− 1

γ

)
+ γ − 1

γ

=
γ + 1

γ + eε
, r1 :=

1

γb
=

eε + γ

γ(γ + 1)
, r2 :=

γ

beε
=

γ(eε + γ)

eε(γ + 1)
.

Since
R
(
QX ,P̃,ε, Nγ(P0), f

)
= R

(
QX ,Nγ(P0),ε, Nγ(P0), f

)
,

the optimal minimax risk is obtained.
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Step 4: Optimal sampler

From the upper bound proof of the theorem, we know that the sampler Q⋆
ε,Nγ(P0)

, defined in (34), is
an optimal sampler, provided that

sup
P∈Nγ(P0)

Df

(
P ∥Q⋆

ε(P )
)
= R

(
QX ,Nγ(P0),ε, Nγ(P0), f

)
.

Therefore, it suffices to construct a sampler Q⋆
ε : Nγ(P0) → P(X ) that belongs to QX ,Nγ(P0),ε and

satisfies the above equality.

By applying Theorem D.1 with (c1, c2, µ) =
(

1
γ , γ, P0

)
, we obtain the following definition for such

a sampler. For each P ∈ Nγ(P0), define Q⋆
ε(P ) = Q, where Q is a probability measure satisfying

Q ≪ P0 and given by

dQ

dP0
(x) = clip

(
1

rP

dP

dP0
(x) ;

γ + 1

γ + eε
,

γ + 1

γ + eε
eε
)
,

with rP denoting the normalizing constant ensuring that
∫

dQ
dP0

dP0(x) = 1.

We extend this sampler to a function over all of P(X ) by defining

Q⋆
ε,Nγ(P0)

(P ) :=

{
Q⋆

ε(P ), if P ∈ Nγ(P0),

Q⋆
ε(P̂ ), otherwise,

where P̂ ∈ Nγ(P0) is a distribution that minimizes Df (P ∥P ′) over all P ′ ∈ Nγ(P0).

Then Q⋆
ε,Nγ(P0)

∈ QX ,P̃,ε, and the following holds:

sup
P∈Nγ(P0)

Df

(
P ∥Q⋆

ε,Nγ(P0)
(P )
)
= R

(
QX ,P̃,ε, Nγ(P0), f

)
.

Note that this proof is stated for a general space X and a general universe P̃ = P̃c1,c2,µ. It extends
directly to the continuous case with X = Rn and P̃ = P̃c1,c2,h, following the same reduction
argument used in the proof of Theorem 3.4.

D.9 Proof of Proposition 5.2

Proof. To prove this result, we need to define preliminary samplers and the universe set. Let

P̃c1,c2,µ :=

{
P ∈ P(X ) : P ≪ µ, c1 ≤ dP

dµ
≤ c2 µ-a.e.

}
,

Define a sampler Q⋆
c1,c2,µ,ε ∈ QX ,P̃,ε as follows:

For each P ∈ P̃ , Q⋆
c1,c2,µ,ε(P ) := Q is defined as a probability measure such that Q ≪ µ and

dQ

dµ
(x) = clip

(
1

rP

dP

dµ
(x); b, beε

)
,

where rP > 0 is a constant depending on P so that
∫

dQ
dµ dµ(x) = 1.

Proposition D.2 (Proposition C.8. of Park et al. [17]). For any P ∈ P̃c1,c2,µ and any f -divergences
Df , we have

Df

(
P ∥Q⋆

c1,c2,µ,ε(P )
)
= inf

Q∈P̃b,beε,µ

Df (P ∥Q),

for

b =
c2 − c1

(eε − 1)(1− c1) + c2 − c1
.
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We want to prove that if we define the neighborhood as
Nγ(P0) := {P ∈ P(X ) : Eγ(P ∥P0) = Eγ(P0 ∥P ) = 0} ,

and let Q⋆
ε denote the optimal sampler from Theorem 5.1, and let Q⋆

gε be the instantiation of
Theorem 4.1 with g = gε. Then, for all P ∈ Nγ(P0),

Df (P ∥Q⋆
ε) ≤ Df (P ∥Q⋆

gε).

Note that this inequality is equivalent to the condition that for all P ∈ Nγ(P0),
Df (P ∥Q⋆

ε,Nγ(P0)
) ≤ Df (P ∥Q⋆

gε,Nγ(P0)
),

which is the ultimate result we want to prove in this proposition.

Therefore, it suffices to show that for P̃c1,c2,µ = Nγ(P0), we have Q⋆
ε = Q⋆

c1,c2,µ,ε and that
Q⋆

gε ∈ P̃b,beε,µ.

It follows that for c1 = 1
γ , c2 = γ, and µ = P0, we have the equivalence P̃c1,c2,µ = Nγ(P0). For

this instantiation of P̃c1,c2,µ, the optimal sampler Q⋆
c1,c2,µ,ε for input P is defined as a probability

measure such that Q ≪ P0 and
dQ

dP0
(x) = clip

(
1

rP

dP

dP0
(x); b, beε

)
,

where

b =
γ − 1

γ

(eε − 1)(1− 1
γ ) + γ − 1

γ

=
γ + 1

eε + γ
.

This is exactly Q⋆
ε , the optimal sampler from Theorem 5.1. Thus, it remains to prove that Q⋆

gε ∈
P̃b,beε,P0

for b = γ+1
eε+γ .

Combining Theorem 4.1 and Corollary 3.7, we obtain

Q⋆
gε(P ) := λ⋆

gεP + (1− λ⋆
gε)P0, λ⋆

gε =
eε − 1

(1− 1
γ )e

ε + γ − 1
=

γ(eε − 1)

(γ − 1)(eε + γ)
.

Recall that

P̃b,beε,P0
:=

{
Q ∈ P(X ) : Q ≪ P0, b ≤ dQ

dP0
≤ beε P0-a.e.

}
,

and

Nγ(P0) :=

{
P ∈ P(X ) : P ≪ P0,

1

γ
≤ dP

dP0
≤ γ P0-a.e.

}
.

Therefore, if P ∈ Nγ(P0), we have
dQ⋆

gε

dP0
= λ⋆

gε

dP

dP0
+ (1− λ⋆

gε).

It follows that Q⋆
gε ≪ P0 and

λ⋆
gε

γ
+ (1− λ⋆

gε) ≤
dQ⋆

gε

dP0
≤ γλ⋆

gε + (1− λ⋆
gε) P0-a.e..

Equivalently,
eε − 1

(γ − 1)(eε + γ)
+

γ2 − eε

(γ − 1)(eε + γ)
≤

dQ⋆
gε

dP0
≤ γ2(eε − 1)

(γ − 1)(eε + γ)
+

γ2 − eε

(γ − 1)(eε + γ)
P0-a.e..

As a result,
γ2 − 1

(γ − 1)(eε + γ)
≤

dQ⋆
gε

dP0
≤ (γ2 − 1)eε

(γ − 1)(eε + γ)
P0-a.e..

Or equivalently,
γ + 1

eε + γ
≤

dQ⋆
gε

dP0
≤ (γ + 1)eε

eε + γ
P0-a.e..

This shows that Q⋆
gε ∈ P̃b,beε,P0

and completes the proof.
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E Detailed experimental setup and additional experiments

E.1 Mixture of Laplace distributions

Proof of P̃L ⊆ P̃e−1/b, e1/b,hL (Example 3.1)

Let the mixture of Laplace distributions with fixed scale parameter b be defined as

P̃L =

{
k∑

i=1

λi L(mi, b) : k ∈ N, λi ≥ 0,

k∑
i=1

λi = 1, ∥mi∥1 ≤ 1

}
,

where L(m, b) denotes the n-dimensional Laplace distribution with mean m ∈ Rn and scale parame-
ter b > 0. We aim to show that

P̃L ⊆ P̃e−1/b, e1/b, hL ,

where hL is the density of the zero-mean n-dimensional Laplace distribution with scale parameter b.

The density of an n-dimensional Laplace distribution with location m ∈ Rn and scale b is given by

L(x | m, b) =
1

(2b)n
exp

(
−∥x−m∥1

b

)
, x ∈ Rn.

Now, fix any m ∈ Rn such that ∥m∥1 ≤ 1. Then for any x ∈ Rn, we have the following bounds:

∥x∥1 − ∥m∥1
b

≤ ∥x−m∥1
b

≤ ∥x∥1 + ∥m∥1
b

⇒ ∥x∥1 − 1

b
≤ ∥x−m∥1

b
≤ ∥x∥1 + 1

b
.

Exponentiating both sides, we get:

exp

(
−∥x∥1 + 1

b

)
≤ exp

(
−∥x−m∥1

b

)
≤ exp

(
−∥x∥1 − 1

b

)
.

Multiplying by the constant 1
(2b)n , we obtain:

e−1/b

(2b)n
exp

(
−∥x∥1

b

)
≤ L(x | m, b) ≤ e1/b

(2b)n
exp

(
−∥x∥1

b

)
,

which implies
e−1/b L(x | 0, b) ≤ L(x | m, b) ≤ e1/b L(x | 0, b).

For any distribution P ∈ P̃L, we can write

p(x) =

k∑
i=1

λi L(x | mi, b).

Since each mi satisfies ∥mi∥1 ≤ 1, the above inequality applies to each mixture component. Thus,
for all x ∈ Rn,

e−1/b L(x | 0, b) ≤
k∑

i=1

λiL(x | mi, b) ≤ e1/b L(x | 0, b).

Defining p0(x) = L(x | 0, b), we conclude that for every P ∈ P̃L,

e−1/b ≤ p(x)

p0(x)
≤ e1/b, ∀x ∈ Rn,

which confirms that P̃L ⊆ P̃e−1/b, e1/b, hL .

Experimental details of Figure 1

The original distribution is a mixture of four two-dimensional Laplace distributions, each with scale
parameter b = 2 and means at (1, 0), (0, 1), (−1, 0), and (0,−1), respectively, with equal weights 1

4 .
That is, the input distribution is given by

44



Pinput =

4∑
i=1

1

4
L(mi, 2),

where the mi are defined as above.

From Example 3.1, we know that Pinput ∈ P̃ , where

P̃ =

{
k∑

i=1

λi L(mi, b) : k ∈ N, λi ≥ 0,

k∑
i=1

λi = 1, ∥mi∥1 ≤ 1

}
,

and furthermore, P̃ ⊆ P̃e−1/b, e1/b, hL , where hL denotes the density of a two-dimensional Laplace
distribution with mean zero and scale parameter b = 2.

For b = 2, we define the local and global minimax universes as

P̃local = P̃ 1
2 , 2, hL

and P̃global = P̃ 1
6 , 6, hL

.

These universes are chosen such that P̃local ⊆ P̃global, Pinput ∈ P̃local∩P̃global, and the ratio c2−c1
1−c1

∈ N,
as required by Assumption 3.2. Moreover, we note that P̃e−1/b, e1/b, hL ⊆ P̃ 1

2 , 2, hL
, i.e., the condition

in Assumption 3.2 is achieved by slightly adjusting the bounds c1 and c2 using floor and ceiling
functions.

We evaluate the performance of minimax-optimal samplers on the input distribution under two LDP
settings: comparing local minimax-optimal samplers with global minimax-optimal samplers under
both ν-GLDP and ε-LDP. In the pure-LDP setting, we compare the global minimax-optimal sampler
of Park et al. [17] with the local minimax-optimal sampler from Theorem 5.1 for ε = 1. In the
ν-GLDP setting, we compare our global minimax-optimal sampler from Corollary 3.8 with the local
minimax-optimal sampler from Theorem 4.1, using the special case g = Gν with ν = 1.5.

Under both settings, Figure 1 demonstrates that the local minimax-optimal sampler better preserves
the input distribution compared to the global minimax-optimal sampler, given the same level of
privacy.

E.2 Gaussian mixtures

Proof of P̃N ⊆ P̃0, 1, hN (Example 3.1)

let P̃N =
{∑k

i=1 λiN (mi, σ
2In) : λi ≥ 0,

∑k
i=1 λi = 1, ∥mi∥2 ≤ 1

}
. We want to show that

P̃N ⊆ P̃0, 1, hN , where hN (x) = 1

(2πσ2)
n
2
exp

(
− [max(0,∥x∥2−1)]2

2σ2

)
.

Fix a component centre m ∈ Rn with ∥m∥2 ≤ 1. Its Gaussian density at x is

Nm,σ2In [x] =
1

(2πσ2)n/2
exp
(
−∥x−m∥2

2

2σ2

)
.

By the triangle inequality,

∥x−m∥2 ≥
∣∣∥x∥2 − ∥m∥2

∣∣ ≥ max
(
0, ∥x∥2 − 1

)
,

because ∥m∥2 ≤ 1. Squaring and dividing by 2σ2 yields

exp
(
−∥x−m∥2

2

2σ2

)
≤ exp

(
− [max(0,∥x∥2−1)]2

2σ2

)
.

Multiplying by the common normalizing constant (2πσ2)−n/2 gives

Nm,σ2In [x] ≤ hN (x), ∀x ∈ Rn.

Now take an arbitrary mixture P =
∑k

i=1 λi N (mi, σ
2In) ∈ P̃N . Its density is

p(x) =

k∑
i=1

λi Nmi,σ2In [x].
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Because each component satisfies Nmi,σ2In [x] ≤ hN (x) and the weights obey λi ≥ 0,
∑

i λi = 1,
we have

0 ≤ p(x) ≤ hN (x) ∀x ∈ Rn.

Therefore P ∈ P̃0, 1, hN , as claimed.

It is worth noting that hN is not a probability density. In order to make hN a valid probability
distribution, we normalize it by its integral and define

c2 =

∫
hN (x) dx, and h(x) =

hN (x)

c2
.

Accordingly, we have P̃0,1,hN = P̃0,c2,h.

E.3 Finite sample space numerical results under pure LDP

Experimental details of Figure 3

We compare local and global minimax-optimal samplers in the finite setting X = [k], where the
global universe is defined as P̃global = P([k]) = P̃0,k,µk

, with µk denoting the uniform distribution
over [k]. The local neighborhood is specified as P̃local = Nγ(µk) = P̃ 1

γ , γ, µk
, where γ = k

2 − 1,
consistent with the finite-space version of Theorem 5.1.

For the selected values k ∈ {10, 20, 100}, it is easy to verify that γ ∈ N, and the uniform distribution
µk is (α, 1

α , 1)-decomposable, where

α =
1− c1
c2 − c1

=
1− 1

γ

γ − 1
γ

=
1

γ + 1
=

2

k
.

Therefore, the decomposability condition in Theorem 5.1 is satisfied, and we can apply its finite-space
version by setting X = [k].

The local minimax risk is then given by

R
(
Q[k],P([k]),ε, Nγ(µk), f

)
=

1− r1
r2 − r1

f(r2) +
r2 − 1

r2 − r1
f(r1),

where

b :=
γ − 1

γ

(eε − 1)(1− 1
γ ) + γ − 1

γ

=
γ + 1

γ + eε
, r1 :=

1

γb
=

eε + γ

γ(γ + 1)
, r2 :=

γ

beε
=

γ(eε + γ)

eε(γ + 1)
.

On the other hand, the global minimax risk is given by [17, Theorem 3.1]:

R
(
Q[k],P([k]),ε,P([k]), f

)
=

eε

eε + k − 1
f

(
eε + k − 1

eε

)
+

k − 1

eε + k − 1
f(0).

Therefore, in Figure 3, we compare the theoretical worst-case f -divergence losses achieved by the
local minimax-optimal sampler and the global minimax-optimal sampler:

R
(
Q[k],P([k]),ε, Nγ(µk), f

)
and R

(
Q[k],P([k]),ε,P([k]), f

)
.

Additional numerical results

We replicated the procedure used in Section 6.1 to generate Figure 3 , but now with sample sizes
k = 10 and k = 100. As shown in Figures 5 and 6 and comparing with Figure 3, the local minimax
sampler consistently attains a smaller worst-case loss than the global minimax sampler across different
ε values. Also, the performance gap decreases for larger values of k.

E.4 Experimental details of continuous sample space

In the continuous setting with X = R, we fix the universe P̃local and evaluate the empirical worst-case
f -divergence over 100 randomly generated client distributions P1, . . . , P100 ∈ P̃local. Each Pj
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Figure 5: Theoretical worst-case f -divergences of global and local minimax samplers under the pure
LDP setting with uniform reference distribution µk over finite space (k = 10).
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Figure 6: Theoretical worst-case f -divergences of global and local minimax samplers under the pure
LDP setting with uniform reference distribution µk over finite space (k = 100).

represents a client and is constructed as a mixture of a random number of one-dimensional Laplace
components with scale parameter b = 1. The full generation procedure is described below.

We define the mixture class of Laplace distributions with fixed scale parameter b as

P̃L =

{
k∑

i=1

λi L(mi, b) : k ∈ [K], λi ≥ 0,

k∑
i=1

λi = 1, |mi| ≤ 1

}
,

where L(m, b) denotes the one-dimensional Laplace distribution with mean m ∈ R and scale
parameter b > 0. To prevent an unbounded number of components in each mixture, we impose an
upper bound K on the number of Laplace components per client.

Each Pj ∈ P̃L is generated by randomly selecting k, λi, and mi as follows: First, sample k̃ from
a Poisson distribution with mean k0, and set k = min(k̃ + 1,K). Then, sample each m1, . . . ,mk

independently from the uniform distribution on [−1, 1], and sample weights (λ1, . . . , λk) from the
uniform distribution on P([k]). In this experiment, to maintain consistency with Park et al. [17], we
use K = 10 and k0 = 2.

We define the local and global universes as

P̃local = P̃1/3, 3, hL and P̃global = P̃1/9, 9, hL ,

where hL denotes the density of the Laplace distribution with mean zero and scale b = 1.

We evaluate the empirical worst-case divergence of each sampler using the maximum

max
j∈[100]

Df

(
Pj ∥Q(Pj)

)
.

The local minimax sampler is instantiated from Theorem 5.1, while the global minimax sampler
corresponds to the optimal sampler from [17, Theorem 3.3].

E.5 Finite sample space numerical results under GLDP

In this section, we adopt the same experimental setup as in Section 6.1 to evaluate the worst-case
f -divergence of the local and global minimax samplers under ν-GLDP constraints. To this end, we
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follow the same procedure using the same global and local universes. However, the computation
of minimax risk differs: for the global minimax risk, we use the optimal value corresponding to
the optimal sampler characterized in Corollary 3.8, while for the local minimax risk, we instantiate
Theorem 4.1 with g = Gν (both the finite sample space version of the results).
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Figure 7: Theoretical worst-case f -divergences of global and local minimax samplers under the
ν-GLDP setting with uniform reference distribution µk over finite space (k = 10).
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Figure 8: Theoretical worst-case f -divergences of global and local minimax samplers under the
ν-GLDP setting with uniform reference distribution µk over finite space (k = 20).
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Figure 9: Theoretical worst-case f -divergences of global and local minimax samplers under the
ν-GLDP setting with uniform reference distribution µk over finite space (k = 100).

We compare the worst-case f -divergence under ν-GDP for local and global minimax-optimal samplers
across different values of ν ∈ {0.1, 0.5, 1, 2}. The numerical results in Figures 7, 8, and 9 demonstrate
that for various sample sizes k ∈ {10, 20, 100}, the local minimax-optimal sampler consistently
achieves lower minimax risk than the global sampler across all privacy parameter values.

E.6 Continuous sample space numerical results under GLDP

We follow the same experimental procedure described in Appendix E.4, with the only difference
being that we now compare the local and global minimax-optimal samplers under ν-GDP instead
of ε-LDP. The local and global universes, as well as the distribution generation process, remain
unchanged. For the global minimax sampler, we use the construction provided in Corollary 3.8,
while the local minimax sampler is instantiated from Theorem 4.1 with g = Gν . We conduct the
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comparison across various values of ν ∈ {0.1, 0.5, 1, 2}, evaluating the resulting samplers using
three f -divergences: KL divergence, total variation distance, and squared Hellinger distance.
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Figure 10: Empirical worst-case f -divergences of global and local minimax samplers under ν-GLDP
setting, over 100 experiments on a 1-D Laplace mixture.

As illustrated in Figure 10, in the ν-GDP setting—similar to the ε-LDP case—the local minimax
sampler consistently achieves a smaller worst-case f -divergence than the global minimax sampler
across all three divergences and privacy parameter values.

E.7 Additional numerical results on continuous sample space

We extend the experiment from Section 6.2 to the two-dimensional setting X = R2. Figure 11
compares the worst-case empirical f -divergence between the global sampler of Park et al. [17] and
the local sampler described in Theorem 4.1 for g = gε.

We follow the same experimental procedure as in Section 6.2, detailed in Appendix E.4, to generate
100 client distributions. Each distribution is constructed as a mixture of 2-D Laplace components
with fixed scale parameter b = 1. The only difference from the one-dimensional case is the extension
to 2-D Laplace mixtures.

The mixture class of 2-D Laplace distributions with scale parameter b is defined as

P̃L =

{
k∑

i=1

λi L(mi, b) : k ∈ [K], λi ≥ 0,

k∑
i=1

λi = 1, ∥mi∥1 ≤ 1

}
,

where L(m, b) denotes a two-dimensional Laplace distribution with mean m ∈ R2 and scale b > 0.
To control the complexity of each mixture, we impose an upper bound K on the number of components
per distribution.

Each distribution Pj ∈ P̃L is generated by randomly sampling k, λi, and mi as follows: First, sample
k̃ ∼ Poisson(k0), and set k = min(k̃ + 1,K). Then, sample each mi ∈ R2 independently from
the uniform distribution on the ℓ1 ball {x ∈ R2 : ∥x∥1 ≤ 1}, and draw the weights (λ1, . . . , λk)
uniformly from the probability simplex P([k]). In this experiment, following the setup in Park et al.
[17], we use K = 10 and k0 = 2.

The local and global universes are defined as P̃local = P̃1/3, 3, hL and P̃global = P̃1/9, 9, hL , where
hL denotes the density of the two-dimensional Laplace distribution with mean zero and scale
parameter b = 1.

In the two-dimensional case, similar to the one-dimensional setting, the local sampler outperforms
the global sampler for nearly all fixed values of the privacy parameter.

F Instructions for reproducing results

In this appendix, we provide instructions for reproducing the experiments and figures in the paper.
For a detailed description of the code, please refer to the provided file README.md. For tasks that
require substantial runtime, we specify the running times. Tasks that complete in less than 5 seconds
are excluded from such reporting.
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Figure 11: Empirical worst-case f -divergences of global and local minimax samplers under the pure
LDP setting, over 100 experiments on a 2-D Laplace mixture.

All experiments were conducted on a system running Ubuntu 22.04.4 LTS, equipped with an Intel(R)
Xeon(R) CPU @ 2.20GHz and 16GB of RAM.

F.1 Instructions for reproducing Figure 1

From the repository root, run python -m experiments.exp_LapMixture_visual to generate
the output distributions, and then python -m plotting.plot_LapMixture_visual to produce
Figure 1.

The measured running time in our environment for applying the minimax-optimal sampler to the
original input distribution is approximately 300 seconds.

F.2 Instructions for reproducing results for finite space

The finite space results are organized into six figures, grouped into two categories. Figures 3, 5, and
6 present the worst-case divergences under pure LDP for different values of k ∈ {10, 20, 100}. In
contrast, Figures 7, 8, and 9 show the corresponding results under ν-GLDP for the same values of k.

To generate Figures 3, 5, and 6, use the script plotting/plot_finite_pure.py with the –k
argument to specify the desired value of k. For example, the following commands can be used to
generate the respective plots:

python -m plotting.plot_finite_pure --k 20
python -m plotting.plot_finite_pure --k 10
python -m plotting.plot_finite_pure --k 100

To produce Figures 7, 8, and 9, run the script plotting/plot_finite_GLDP.py with the corre-
sponding k values:

python -m plotting.plot_finite_GLDP --k 10
python -m plotting.plot_finite_GLDP --k 20
python -m plotting.plot_finite_GLDP --k 100

F.3 Instructions for reproducing results for continuous space

To reproduce Figure 4, first run the script experiments/exp_1DLaplaceMix_pure.py with differ-
ent values of the privacy parameter ε. The following commands correspond to ε ∈ {0.1, 0.5, 1.0, 2.0},
respectively:

python -m experiments.exp_1DLaplaceMix_pure --eps 0.1 --scale 1 --seed 1
python -m experiments.exp_1DLaplaceMix_pure --eps 0.5 --scale 1 --seed 2
python -m experiments.exp_1DLaplaceMix_pure --eps 1.0 --scale 1 --seed 3
python -m experiments.exp_1DLaplaceMix_pure --eps 2.0 --scale 1 --seed 4

These scripts can be executed independently and in any order, or run in parallel. In our environment,
running all four in parallel required approximately 600 seconds. After completion, run python -m
plotting.plot_1DLaplaceMix_pure to generate the final plots.
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To reproduce Figure 10, execute the script experiments/exp_1DLaplaceMix_GLDP.py with vari-
ous values of the privacy parameter ν. The following commands correspond to ν = 0.1, 0.5, 1.0, and
2.0, respectively:

python -m experiments.exp_1DLaplaceMix_GLDP --nu 0.1 --scale 1 --seed 1
python -m experiments.exp_1DLaplaceMix_GLDP --nu 0.5 --scale 1 --seed 2
python -m experiments.exp_1DLaplaceMix_GLDP --nu 1.0 --scale 1 --seed 3
python -m experiments.exp_1DLaplaceMix_GLDP --nu 2.0 --scale 1 --seed 4

These scripts can be executed in any order or in parallel. In our environment, running
all four in parallel required approximately 80 seconds. After completion, run python -m
plotting.plot_1DLaplaceMix_GLDP to generate the final figure.

To reproduce Figure 11, run the script experiments/exp_nDLaplaceMix_pure.py with different
values of the privacy parameter ε. The following commands correspond to ε ∈ {0.1, 0.5, 1.0, 2.0}:

python -m experiments.exp_nDLaplaceMix_pure --eps 0.1 --seed 1 --dim 2
python -m experiments.exp_nDLaplaceMix_pure --eps 0.5 --seed 2 --dim 2
python -m experiments.exp_nDLaplaceMix_pure --eps 1.0 --seed 3 --dim 2
python -m experiments.exp_nDLaplaceMix_pure --eps 2.0 --seed 4 --dim 2

These can be run independently or in parallel. In our environment, running all four in par-
allel required approximately 40 seconds. Once the first step is completed, run python -m
plotting.plot_nDLaplaceMix_pure ––dim 2 to generate the final figure.

G Broader impact

Our proposed optimal samplers are designed under LDP guarantees and can be applied to privacy
protection in generative modeling—a rapidly growing area of interest. A key obstacle to the adoption
of privacy-preserving algorithms in practice is the potential degradation in model performance. By
characterizing minimax-optimal samplers under two variants of LDP (functional and pure) and across
two formulations (global and local), we develop samplers that minimize utility loss under a given
privacy budget. As a result, our samplers help overcome this challenge and support broader real-world
applicability.

Although an LDP sampler provides meaningful privacy guarantees, it cannot achieve perfect privacy
without completely sacrificing utility—there is an inherent trade-off between the two. Moreover, Our
samplers are designed for the single-sample setting, where each client releases only one privatized
data point. Extending these guarantees to scenarios involving multiple, potentially correlated releases
is an important direction for future work (see Section 7). In practice, clients often contribute data
through multiple channels, and aggregating these disclosures can lead to greater privacy leakage.
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