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A New Learning Automaton for Selecting
an Arbitrary Subset of Actions

Junqi Zhang , Senior Member, IEEE, Peng Zu, PengZhan Qiu , and MengChu Zhou , Fellow, IEEE

Abstract—As a powerful reinforcement learning method, the
learning automaton (LA) has been studied, analyzed, and applied
to various engineering systems for decades. However, the state-of-
the-art LA-based methods can select only the optimal action or
optimal subset and cannot select an arbitrary target subset like
selecting the best and worst actions or the ones in a given rank
range. In order to solve the problem of selecting a given arbitrary
subset of actions, this work proposes a novel pursuit learning
scheme, called a discretized equal pursuit reward-inaction algo-
rithm for arbitrary subset selection (DEPRI-AS). The proposed
scheme pursues the currently estimated arbitrary action subset
and makes the probabilities of selecting each action in the sub-
set equal, so as to increase the convergence speed. The proof
of its ε-optimality property is presented. Simulation results of
comparison experiments, parameter analysis, and a real-world
application demonstrate its power in selecting a given subset of
user-desired actions.

Index Terms—Arbitrary subset, learning automaton (LA),
pursuit LA.

I. INTRODUCTION

BY INTERACTING with a random environment, a learn-
ing automaton (LA) learns the optimal action with the

highest probability of obtaining a reward from a set of allow-
able actions. Fig. 1 is redrawn and enriched based on the
basic logic of the one in [1]. It describes LA’s components
and environments more explicitly. As shown in Fig. 1, LA
is defined as a quadruple consisting of an action set, an
environmental response set, an automaton state, and a learn-
ing scheme. In each iteration, LA selects an action α(t) and
receives a response β(t) from an environment. By employing
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Fig. 1. Interaction between LA and a random environment.

this response and its learning scheme, LA updates its state. LA
can be applied in many fields to select the best object, such as
selecting the machine with the highest pass rate, the employee
with the highest work completion rate, the athlete with the best
performance, or the drug with the best therapeutic effect. All
of the above scenarios are stochastic environments, in which
the response to the same action is stochastic. The learning
property of LA makes it have a strong anti-interference abil-
ity in real applications and is well suited to such problems.
LA can also be applied to the Internet of Things [2], [3], [4],
feature selection [5], and data clustering [6].

A. Literature Review

In LA designs, variable structure stochastic automata
(VSSA) are proposed in [7], of which the action select-
ing probabilities are dynamically updated over time.
Thathachar et al. [8], [9] introduced discretization and an
estimator in VSSA to speed up its convergence. Based on
the estimator, Thathachar and Sastry [10] proposed a pursuit
scheme. Oommen et al. [1], [11] proposed the discretized
pursuit scheme (DPRI) to speed up the pursuit scheme.
The discretized generalized pursuit algorithm [12] is another
well-known scheme. It pursues the actions that have higher
reward estimates than the current chosen action to improve
the convergence speed. As an efficient pursuit-based scheme,
last-position elimination-based LA (LELA) [13] reduces the
difficulty of parameter tuning. The computational complex-
ity of fast discretized pursuit LA [14] to select an action
and update the action probability does not increase with the
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TABLE I
COMPARISON OF LEARNING AUTOMATA ALGORITHMS

number of actions. Generalized Bayesian stochastic estimator
LA presented by Jiang et al. [15] further improves the con-
vergence speed. The optimal computing budget allocation
(OCBA)-based LA [16] employs OCBA to accomplish ordi-
nal optimization. Ge et al. [17] proposed a parallel framework
for LA that guarantees accuracy while reducing the number of
interactions with the environment. Yazidi et al. [18] presented
a hierarchical LA for environments with a large number of
actions. With the great improvement in speed and accuracy
of LA, some researchers have focused on reducing the cost
of parameter tuning. Guo and Li [19] proposed a parameter-
free LA (PFLA), which can well track sudden environmental
changes. Di et al. [20] presented an efficient PFLA that
employs a separating function to evaluate actions, thus reduc-
ing the computational cost. In addition, some researchers have
focused on environments with different types of responses.
Yazidi et al. [21] proposed an LA suitable for deterministic
optimization environments. LA based on Bayesian inference
is proposed by Di et al. [22] to deal with the Q-model
environment. Guo et al. [23] proposed LA that can be applied
to nonstationary environments, which has better applicability
compared with related work.

B. Motivation

In Table I, the functions of popular and latest LA vari-
ants are summarized, where “�” means yes and “×” means
no. It can be seen that most state-of-the-art LA variants can
learn only the optimal action, which greatly limits the appli-
cation field of LA. There are problems that demand to select
an arbitrary subset of actions, which is more preferred than
the optimal one in many scenarios. Fig. 2 shows different
examples of selecting an arbitrary subset of actions in an envi-
ronment with eight allowable actions. The eight actions are
ranked in descending order of probability of being rewarded,
i.e., action 1 has the highest probability of being rewarded and
action 8 has the lowest probability of being rewarded. The blue
ones are actions in the subset that meets the required rank-
ing, and the gray ones are other actions. In a discrete-event

(a) (b)

(c) (d)

(e) (f)

Fig. 2. Examples of an arbitrary action subset. (a) Optimal action. (b) Top-3
actions. (c) Best and worst actions. (d) 3–5th actions. (e) Actions with odd
ranking. (f) Actions ranking 1st, 4th, 5th, and 8th.

system, a decision maker might prefer top-k designs, as shown
in Fig. 2(b). Zhang et al. [24] introduced a new class of LA
algorithms, which enables LA to select an optimal subset of
actions. They give four learning schemes that can preliminar-
ily solve this problem but do not specify the best scheme for
this problem. It does not prove the ε-optimality or give suffi-
cient experiments to verify the effectiveness of the proposed
algorithms either. Guo et al. [25] employed LELA to further
improve this method and speed up the convergence. Although
some LA algorithms can solve the problem of selecting the
optimal subset, they cannot work in other tasks of selecting
an arbitrary subset. Some practical problems require selecting
the best and worst design, as shown in Fig. 2(c). A typical
example is that companies usually rank employees according
to their performance, and then reward and punish the highest
and lowest ranked one, respectively. In addition, some facto-
ries prefer the machines whose rank of performance is in a
moderate range instead of the highest one due to their con-
strained budget, which means they require to select the designs
within a given range, as shown in Fig. 2(d). In some tasks
that require grouping, it is desirable that different groups have
equal capabilities. Taking the scenario where eight machines
need to be divided into two groups as an example, we can
select machines with odd/even performance ranking, as shown
in Fig. 2(e). Similarly, we can select two groups of machines
with a more irregular distribution of rankings to achieve the
same purpose, such as the machines ranking 1st, 4th, 5th, and
8th, and the machines ranking 2nd, 3rd, 6th, and 7th, as shown
in Fig. 2(f). Presently, there is no LA algorithm that can solve
all of the above problems.

Some existing studies of reinforcement learning focus on
the selection of actions under constraints, such as the max-
imum number of times to select a certain action or safety
risks [26], [27]. These constraints occur in the action selec-
tion phase of a learning process. Differently, the motivation
of this work is to select the set of actions with the desired
ranking, which is a learning target rather than a constraint. In
addition, it is noteworthy that the above reinforcement learn-
ing method works in deterministic environments; while LA
works in stochastic environments, in which the response to
the same action is stochastic. LA is simple in structure and
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easy to be implemented. Based on its advantages, some exist-
ing studies introduce LAs into many important fields, such as
cooperative tasks [28], [29] and Bayesian networks [30], to
improve the performance of existing methods. However, these
studies only use the existing LA algorithm but do not improve
it. Some existing studies [31], [32] are outstanding works that
advance reinforcement learning. However, they fail to select
the set of actions with the desired ranking and have a complex
structure.

This study proposes a novel LA for selecting an arbi-
trary subset of actions, called the discretized equal pur-
suit reward-inaction algorithm for arbitrary subset selection
(DEPRI-AS). It can address problems, such as selecting the
optimal subset, the best and worst actions, actions in a given
rank range, actions with odd/even ranking, or those with a
more irregular distribution of rankings. Distinctly from tra-
ditional discretized learning schemes [1], [11], the proposed
scheme pursues the currently estimated arbitrary action sub-
set and makes the probabilities of selecting each action in
the subset equal, so as to increase the convergence speed.
It possesses the ability to solve all of the above-mentioned
selecting problems, thus greatly generalizing LA’s application
scope.

In Section II, the discretized pursuit scheme DPRI is intro-
duced. In Section III, the proposed DEPRI-AS algorithm
together with its ε-optimality property is presented. Simulation
results are given in Section IV to indicate the superiority of
DEPRI-AS over DUPRI [24]. Finally, Section V concludes this
article.

II. PRELIMINARIES

An environment is defined as a triple 〈A, B, D〉, and LA is
defined as a quadruple 〈A, B, Q, L〉. The explanations of their
elements are as follows.

1) A = {a1, . . . , ar} is an action set, where r is the number
of allowable actions. In each iteration t, LA selects an
action a(t) from r allowable actions in the action set A.

2) B = {0, 1} is an environmental response set. “1” denotes
the reward response and “0” denotes the penalty one.
β(t) denotes the response received from the environment
at time t.

3) D = (d1, . . . , dr) is a reward probability set for the
environment to reward actions and is constant at all
times.

4) Q is an automaton state consisting of P and ˜D. Q(t) is
the automaton state at time t. P(t) = (p1(t), . . . , pr(t))
is the action probability vector at time t, where pi(t)
denotes the probability of selecting ai at time t, satis-
fying

∑r
i=1 pi(t) = 1. ˜D(t) = (˜d1(t), . . . ,˜dr(t)) is the

estimator vector, where ˜di(t) denotes an estimate of the
reward probability of ai at time t.

5) L is a learning scheme to update Q and consists of the
updating rules of ˜D and P. It is defined by (1)–(4) as
follows.

The estimate ˜di(t) is calculated as

˜di(t) = Hi(t)

Gi(t)
(1)

where Gi(t) is the number of times that ai has been selected
up to time t, and Hi(t) is the number of times that ai has been
rewarded up to time t.

Assume that am is the estimated optimal action. The action
probability vector of DPRI is updated as follows [1], [11].

If β(t) = 1 then

pi(t + 1) = max
i �=m

(pi(t) − �, 0) ∀i ∈ Nr (2)

pm(t + 1) = 1 −
∑

i �=m

pi(t + 1). (3)

Else

pi(t + 1) = pi(t) ∀i ∈ Nr. (4)

Endif
where Nr = {1, 2, . . . , r} is an index set. � = (1/rn) is the
step size. n is the resolution parameter used to calculate �.
The larger n is, the smaller � is.

III. PROPOSED LEARNING AUTOMATA

In this section, DEPRI-AS is proposed for selecting an arbi-
trary action subset. It is based on a discretized pursuit learning
scheme and reward-inaction learning paradigm. The proof of
its ε-optimality property is presented.

A. DEPRI-AS Learning Scheme

The problems focused in this article can be summarized
as selecting an action subset that meets the required rank-
ing. An index set of an arbitrary action subset is defined as
X = {x1, x2, . . . , x̂r}, where r̂ is the number of actions in the
arbitrary action subset and xi = ranki{D} represents the index
of the ith largest element in D. The largest element in D is
defined as the action with the highest reward probability. Thus,
the arbitrary action subset is ̂A = {ak|k ∈ X}. For example,
selecting the top-k actions means that X = {1, . . . , k}, select-
ing the best and worst actions means that X = {1, r}, and
selecting the u-vth actions means that X = {u, u + 1, . . . , v}.
The notations used are listed in Table II.

The proposed DEPRI-AS is based on a discretized pur-
suit learning scheme and reward-inaction learning paradigm.
˜A(t) is an estimation of ̂A at time t. In DEPRI-AS, probabil-
ities of actions not in ˜A(t) are decreased by � and then the
sum of probabilities of actions in ˜A(t) is increased to keep
∑r

i=1 pi(t) = 1. In order to better balance the probability
of selecting actions to avoid devoting too many resources to
actions that have been basically determined in ̂A, DEPRI-AS
equalizes the probability of selecting each action in ˜A(t). In
this way, DEPRI-AS can faster distinguish the actions in ̂A.
Mathematically, the update scheme of DEPRI-AS adopts the
reward-inaction paradigm to update P(t) and can be formulized
as follows.

If β(t) = 1 then

pi(t + 1) = max(pi(t) − �, 0) ∀i /∈ ˜X(t) (5)

pi(t + 1) = 1

r̂

⎛

⎝1 −
∑

j/∈˜X(t)

pj(t + 1)

⎞

⎠ ∀i ∈ ˜X(t). (6)
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TABLE II
NOTATIONS USED IN DEPRI -AS FOR SELECTING AN ARBITRARY SUBSET OF ACTIONS

Else

pi(t + 1) = pi(t) ∀i ∈ Nr.

Endif.
In (5), LA penalizes the actions that are not in the esti-

mated target action subset ˜A(t) by reducing their probabilities
of being selected. pi(t) is the probability of selecting action ai

at time t. � is the smallest step size, where r is the number
of allowable actions and n is the resolution parameter. ˜X(t) =
{l|l = ranki{˜D(t)}, i ∈ X} is an index set of the estimated arbi-
trary action subset at time t. ˜A(t) = {ak|k ∈ ˜X(t)}. The learning
algorithm of DEPRI-AS is realized by Algorithm 1. In partic-
ular, when selecting the optimal action, DEPRI-AS reduces to
DPRI .

Traditional discretized learning schemes pursue only the
optimal action, as shown in (2) and (3). This makes LA able
to select the optimal action only and fails to solve the problem
of selecting the action subset with the desired ranking. In con-
trast, the learning scheme of our proposed DEPRI-AS pursues
the currently estimated arbitrary action subset, which enables
LA to select an arbitrary subset of actions, thus greatly gener-
alizing LA’s application scope. In each iteration, when the
selected action is rewarded, traditional discretized learning
schemes reward the optimal action by increasing its probabil-
ity of being selected, as shown in (2) and (3). When pursuing
an action subset rather than a single action, a simple way to
extend the traditional schemes is to make all actions in the
pursued set have an equal probability increasement. However,
the probabilities of selecting each action in the pursued set
are not equal and may even vary greatly. This results in the
LA providing more resources to actions that have already been
distinguished and less to those that are still uncertain, such that
the LA requires more iterations to accurately distinguish all
actions in a given arbitrary subset. To address this problem, in
the learning scheme of our proposed DEPRI-AS, the probabil-
ities of selecting each action in the pursued set are equal such
that they have an equal chance to be selected, thus improving
the convergence speed.

Algorithm 1: DEPRI-AS
Input: number of allowable actions r, resolution
parameter n, action set A, environmental response set B,
index set of an arbitrary action subset X, convergence
threshold T .
Output: estimation of the arbitrary action subset ˜A(t),
number of iterations I.
BEGIN Initialize pi(0) = 1

r , ∀i ∈ Nr.
Initialize ˜di(t) by sampling all actions a certain number
of times. I = 0

Step 1: I = I + 1. At time t, α(t) is selected by p(t).
α(t) = αi.

Step 2: Receive a response βi(t). ˜di is updated by:

Hi(t + 1) = Hi(t) + βi(t)

Gi(t + 1) = Gi(t) + 1

˜di(t + 1) = Hi(t + 1)/Gi(t + 1)

Step 3: Update ˜X(t) according to ˜di(t).
Step 4: If β(t) = 0 Then

pj(t + 1) = pj(t),∀j ∈ Nr.

Goto Step 1.
Endif

Step 5: Update p(t) using (5) and (6).
Step 6: IF

∑

i∈˜X(t) pi(t) ≥ T , Then
converge to the estimation of the arbitrary

action subset ˜A(t) = {ak|k ∈ ˜X(t)}
Else Goto Step 1.
Endif

End

In each iteration, the operation of DEPRI-AS consists of
three phases: 1) selecting the next action and updating its
estimated reward probability; 2) updating ˜X(t); and 3) updating
the action probability. The computational complexities of
phases 1 and 3 are O(r) and that of phase 2 is O(log r), where
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r is the number of actions. Therefore, DEPRI-AS’s computa-
tional complexity is O(r), which is the same as that of other
LA variants like DPRI .

B. Proof of ε-Optimality

In this article, we prove the ε-optimality of DEPRI-AS using
a proof method similar to that proposed in [33], [34], and [35].
More detail can be found in the Supplementary File of this
article [36].

IV. SIMULATION RESULTS

In this section, the performance of DEPRI-AS in select-
ing the arbitrary preferred subset is evaluated experimentally.
If

∑

i∈˜X(t) pi(t) ≥ T , LA is considered to have converged.
Here, T(0 < T ≤ 1) is a threshold. If ˜A(t) = ̂A, i.e., ˜A(t)
obtained from the estimated vector ˜D is the same as the truly
desired subset ̂A, LA is considered to have converged cor-
rectly. For real applications, an automatic parameter tuning
method can be adopted: the resolution parameter n is consid-
ered as the best one if it yields the fastest correct convergence
in NE experiments. Generally, when NE = 750, the accu-
racy of LA is higher than 99.5% by tuning n in this way,
where accuracy is the ratio of the number of correctly con-
verged ones to the total number of experiments. Let T = 0.999
and NE = 750.

For performance comparison, an unequal scheme called dis-
cretized unequal pursuit reward-inaction (DUPRI) scheme is
extended in a similar way to our proposed DEPRI-AS from
the one proposed in [24]. The main procedure of DUPRI is
the same as Algorithm 1 except that pi(t) is updated using the
following equations in step 5.

If β(t) = 1 then

pi(t + 1) = max(pi(t) − �, 0) ∀i /∈ ˜X(t) (7)

� = 1 −
∑

i∈˜X(t)

pi(t) −
∑

i/∈˜X(t)

pi(t + 1) (8)

pi(t + 1) = pi(t) + �

r̂
∀i ∈ ˜X(t). (9)

Endif.
Like DEPRI-AS, in DUPRI , probabilities of actions that are

not in ˜A(t) are decreased by �. However, DUPRI only ensures
that the probability increasements of actions in ˜A(t) are equal,
but fails to ensure that the probabilities of actions in ˜A(t) are
equal after the update.

Our experiments mainly involve the following five typi-
cal types of selection problems: 1) selecting top-k actions;
2) the best and worst actions; 3) actions in a given
rank range; 4) actions with odd ranking; and 5) those
with a more irregular distribution of rankings. Each algo-
rithm samples all actions ten times to initialize ˜di(t) and
these additional iterations are included in the experimen-
tal results [37]. Each algorithm runs 100 000 times in
each environment. We evaluate the performance of algo-
rithms by presenting their convergence speed, which is
measured by the average number of iterations required for
convergence.

TABLE III
REWARD PROBABILITY OF ENVIRONMENTS FOR

SELECTING TOP-3 ACTIONS

TABLE IV
CONVERGENCE SPEED OF CONTENDERS FOR SELECTING TOP-3 ACTIONS

A. Top-k Actions

The first kind of experiment focuses on the problem that
learns the action subset of top-k actions. Let k = 3, i.e.,
X = {1, 2, 3}. Six benchmark environments E1–E6 with ten
actions (d1–d10) are used to evaluate the performance of
DEPRI-AS and DUPRI . The actions’ reward probabilities of
these environments are presented in Table III. When LA works
in E1 and selects action d1, its reward probability is 0.55,
which means that it has a 55% probability of being rewarded
and a 45% probability of being penalized. Top-3 actions are
in boldface.

Table IV presents the convergence speed for selecting top-3
actions. “˜I” denotes the convergence speed and is measured
by the average number of iterations required for convergence
in 100 000 experiments. The best result between DEPRI-AS
and DUPRI is in boldface. Fig. 3 shows the mean of the action
probability Ep = E{∑i∈˜X(t) pi(t)} versus iteration count, where
t is the number of iterations. LA is considered to have con-
verged if

∑

i∈˜X(t) pi(t) ≥ T . Therefore, the larger Ep, the faster
the convergence. It can be seen that DEPRI-AS requires fewer
iterations for convergence than DUPRI in all benchmark envi-
ronments, and its convergence speed is faster than DUPRI by
8.7%–11.1%. DEPRI-AS has a stronger ability to distinguish
the actions in the target subset and can select top-3 actions
faster than DUPRI under the same accuracy. By comparing the
experimental results of E1–E3, it can be found that as the min-
imum difference between the top-3 action and other actions
decreases, the selection difficulty increases and the conver-
gence speed decreases. In E4–E6, the minimum difference
between top-3 actions and other actions is the same, while
the difference among top-3 actions is different. The experi-
mental results show that the larger the difference among top-3
actions, the faster the convergence speed of DEPRI-AS.

B. Best and Worst Actions

The second kind of experiment focuses on the problem
of selecting the best and worst actions, i.e., X = {1, 10}.

Authorized licensed use limited to: TONGJI UNIVERSITY. Downloaded on January 27,2026 at 09:56:17 UTC from IEEE Xplore.  Restrictions apply. 



ZHANG et al.: NEW LEARNING AUTOMATON FOR SELECTING AN ARBITRARY SUBSET OF ACTIONS 573

(a) (b)

Fig. 3. Mean of the action probability Ep = E{∑i∈˜X(t) pi(t)} versus t for selecting top-k actions. (a) E1–E3. (b) E4–E6.

(a) (b)

Fig. 4. Mean of the action probability Ep = E{∑i∈˜X(t) pi(t)} versus t for selecting the best and worst actions. (a) E1–E3. (b) E4–E6.

TABLE V
REWARD PROBABILITY OF ENVIRONMENTS FOR SELECTING

THE BEST AND WORST ACTIONS

TABLE VI
CONVERGENCE SPEED OF CONTENDERS FOR SELECTING

THE BEST AND WORST ACTIONS

The actions’ probabilities of six benchmark test environments
are presented in Table V. The best and worst actions are in
boldface.

Table VI presents the convergence speed for selecting the
best and worst actions. Fig. 4 shows the convergence curves.
It can be seen that DEPRI-AS requires fewer iterations for
convergence than DUPRI in all environments, and its conver-
gence speed is faster than DUPRI by 3.4%–12.1%. We denote

l1 = d1 −d2 and l2 = d9 −d10. In E1–E3, min{l1, l2} = 0.05 is
the same, while l1 is larger in E2 and l2 is larger in E3. Even
for two required actions with the same reward probability dif-
ference from their adjacent remaining actions, DEPRI-AS has
a stronger ability to select the ones with higher reward prob-
ability since the actions with low reward probability are more
affected by the stochastic environment and more difficult to be
distinguished, as shown in Fig. 4(a). In E4–E6, l1 and l2 grad-
ually increase. For example, in E4, l1 = 0.15 and l2 = 0.15,
while in E6, l1 = 0.25 and l2 = 0.25. The increase of l1 and
l2 decreases the difficulty of distinguishing the best and worst
actions. Therefore, compared with E4, LA can use a larger
step size � in E6 to achieve the same accuracy. The sum of
probabilities of actions in the estimated arbitrary action subset
˜A(t) is

∑

i∈˜X(t) pi(t). According to (5) and (6), using a larger
� speeds up the increase of

∑

i∈˜X(t) pi(t). Thus, DEPRI-AS
converges faster in E6, and the average number of iterations
required for its convergence decreases, as shown in Fig. 4(b).

C. Actions in Given Range

The third kind of experiment focuses on the problem of
selecting actions in a given range, i.e., X = {4, 5, 6, 7}. The
actions’ probabilities of nine benchmark test environments are
presented in Table VII. Actions that rank between the 4th and
7th actions are in boldface.

Table VIII presents the convergence speed for selecting
actions that rank between the 4th and 7th actions. Fig. 5 shows
the convergence curves. It can be seen that DEPRI-AS requires
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(a) (b) (c)

Fig. 5. Mean of the action probability Ep = E{∑i∈˜X(t) pi(t)} versus t for selecting actions in a given range. (a) E1–E3. (b) E4–E6. (c) E7–E9.

Fig. 6. Mean of the action probability Ep = E{∑i∈˜X(t) pi(t)} versus t for selecting actions with odd ranking and actions with an irregular distribution of
rankings. (a) E1–E3. (b) E4–E6.

TABLE VII
REWARD PROBABILITY OF ENVIRONMENTS FOR SELECTING ACTIONS

THAT RANK BETWEEN THE 4TH AND 7TH ACTIONS

TABLE VIII
CONVERGENCE SPEED OF CONTENDERS FOR SELECTING ACTIONS THAT

RANK BETWEEN THE 4TH AND 7TH ACTIONS

fewer iterations for convergence than DUPRI in all environ-
ments, and its convergence speed is faster than DUPRI by
5.2%–17.5%. We denote l3 = d3 − d4 and l4 = d7 − d8. In

E1–E3, min{l3, l4} is the same, while l3 is larger in E2 and l4
is larger in E3. The experimental results show that DEPRI-AS
has a stronger ability to select actions with higher probability.
In E4–E6, l3 and l4 are the same, while the difference among
actions in ̂A is different. The experimental results show that
the larger the difference among actions in ̂A, the faster the
convergence speed of DEPRI-AS. Comparing the experimen-
tal results of E7–E9, it can be found that as l3 and l4 increase,
the selection difficulty decreases and the convergence speed
of DEPRI-AS increases.

D. Actions With Odd Ranking and Actions With Irregular
Distribution of Rankings

Next, we focus on the problem of selecting actions with
odd ranking and actions with an irregular distribution of rank-
ings, i.e., X = {1, 3, 5, 7, 9} and X = {1, 4, 5, 8, 10}. The
actions’ probabilities of six benchmark test environments are
presented in Table IX, where E1–E3 are environments for
selecting actions with odd ranking and E4–E6 are environ-
ments for selecting actions with an irregular distribution of
rankings. The desired actions are in boldface.

Table X presents the convergence speed of DEPRI-AS and
DUPRI . “˜I” denotes the convergence speed and is measured by
the average number of iterations required for convergence in
100 000 experiments. The best result between DEPRI-AS and
DUPRI is in boldface. Fig. 6 shows the convergence curves. It
can be seen that DEPRI-AS requires fewer iterations for con-
vergence than DUPRI in all environments, and its convergence
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TABLE IX
REWARD PROBABILITY OF ENVIRONMENTS FOR SELECTING ACTIONS

WITH ODD RANKING OR ACTIONS WITH AN IRREGULAR

DISTRIBUTION OF RANKINGS

TABLE X
CONVERGENCE SPEED OF CONTENDERS FOR SELECTING ACTIONS WITH

ODD RANKING OR ACTIONS WITH AN IRREGULAR

DISTRIBUTION OF RANKINGS

speed is faster than DUPRI by 7.5%–9.4%. In each environ-
ment, the difference between the reward probability of each
action and its adjacent action, i.e., di-di+1 ∀i ∈ {1, 2, . . . , 9},
is the same and is defined as ld. By comparing the experi-
mental results of selecting actions with odd ranking in E1–E3,
it can be found that as ld increases, the selection difficulty
decreases and the convergence speed increases. The reward
probabilities of actions in E4–E6 are the same as those in
E1–E3. In E4–E6, as ld increases, the difficulty of selecting
actions with an irregular distribution of rankings decreases,
and the convergence speed increases.

E. Parameter Analysis

In this section, the influence of the resolution parameter n
on DEPRI-AS’s performance is analyzed. Table XI presents
the environments of three typical types of selection problems.
E1 is the environment of selecting top-3 actions, E2 is the
environment of selecting the best and worst actions, and E3 is
the environment of selecting actions that rank between the 4th
and 7th actions. The boldface indicates the required actions.

Table XII presents the convergence speed and accuracy
using different resolution parameters n, where ˜I is the aver-
age number of iterations required for convergence and ˜A is
the accuracy. A larger n leads to a smaller step size �. In the
environments of all three tasks, with the increase of n, the step
size � decreases, which improves the accuracy and reduces the
convergence speed. Therefore, DEPRI-AS can converge with
an arbitrarily high probability as n increases but requires more
iterations to converge.

F. Scalability Analysis

In this section, the scalability of the proposed DEPRI-AS is
evaluated. In the following experiments, an environment con-
taining 20 actions is considered. The actions’ reward probabil-
ities are presented in Table XIII. The experiments involve the

TABLE XI
REWARD PROBABILITY OF ENVIRONMENTS FOR PARAMETER ANALYSIS

TABLE XII
CONVERGENCE SPEED AND ACCURACY FOR PARAMETER ANALYSIS

TABLE XIII
REWARD PROBABILITY OF A LARGE ACTION SPACE

TABLE XIV
CONVERGENCE SPEED AND ACCURACY OF CONTENDERS

IN A LARGE ACTION SPACE

following five typical types of selection problems: 1) select-
ing top-3 actions X = {1, 2, 3}; 2) the best and worst actions
X = {1, 20}; 3) the 4–7th actions X = {4, 5, 6, 7}; 4) actions
with odd ranking (X = {1, 3, 5, 7, 9, 11, 13, 15, 17, 19}); and
5) actions with an irregular distribution of rankings (X =
{1, 4, 5, 8, 10, 11, 13, 16, 17, 20}).

Table XIV shows the convergence speed and accuracy of
DEPRI-AS and DUPRI . “Top-3,” “B-W,” “4-7th,” “Odd,” and
“Irr” denote the five problems mentioned above, respectively.
In all cases, the accuracy of both algorithms is higher than
99.8%. DEPRI-AS requires fewer iterations for convergence
than DUPRI , and its convergence speed is faster than DUPRI

by 0.9%–7.6%. Therefore, the proposed DEPRI-AS can effec-
tively deal with the large action space, and its performance is
better than DUPRI in all experiments.

G. Real-World Environment

With the rapid development of information technology,
cloud manufacturing becomes a new networked manufactur-
ing model [38]. It collects manufacturing resources in a virtual
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TABLE XV
PASS RATES OF MACHINING EQUIPMENTS

TABLE XVI
CONVERGENCE SPEED AND ACCURACY OF CONTENDERS

FOR SELECTING MACHINING EQUIPMENTS

resource pool to provide manufacturing services for different
types of users. As one of the most important manufacturing
resources, machining equipment is widely used in automobile,
aerospace, and other fields. In order to meet the needs of users
in different fields, machining equipment needs to be classified
and selected according to its performance, such as pass rate.

In this section, DEPRI-AS is applied to the selection of
machining equipment in cloud manufacturing to evaluate the
proposed method. In the following experiments, a resource
pool containing 12 machines is considered. Their pass rates
(i.e., reward probabilities) are presented in Table XV. The pur-
pose of the task is to classify the 12 machines into three
groups according to their performances, i.e., to select the best
4 (X = {1, 2, 3, 4}), the worst 4 (X = {9, 10, 11, 12}), and the
remaining ones (X = {5, 6, 7, 8}).

Table XVI presents the convergence speed and accuracy for
selecting various subsets of machines. It can be seen that the
accuracy of both algorithms is higher than 99.8% in all tasks
of selecting machines with different performance rankings.
In addition, DEPRI-AS requires fewer iterations for conver-
gence than DUPRI in all tasks, and its convergence speed is
faster than DUPRI by 6.2%–6.7%. Therefore, the proposed
DEPRI-AS can effectively deal with the application of select-
ing machines in cloud manufacturing, and its performance is
better than DUPRI in all experiments.

V. CONCLUSION

Based on the discretized pursuit learning scheme, this article
presents a discretized equal pursuit reward-inaction algorithm.
The proposed algorithm tackles problems of selecting an arbi-
trary subset of actions that have never been considered before
in the LA field, e.g., selecting an optimal subset, the best and
worst actions, or those in a given range. It pursues the currently
estimated arbitrary action subset and makes the probabilities of
selecting each action in the currently estimated subset equal to
increase the convergence speed. This article also presents the
proof of DEPRI-AS’s ε-optimality property. Simulation results
demonstrate its power for selecting an arbitrary action subset.
The proposed algorithm is suitable for the P-model environ-
ment, but it cannot be applied to environments with more com-
plex responses, such as Q-model and S-model environments.
Our future work plans to expand the application environment

of the proposed algorithm, improve the accuracy and conver-
gence speed of LA in selecting an arbitrary action subset, and
intend to apply it to complex optimization problems and real
applications [39], [40], [41], [42], [43], [44], [45], [46].
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