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ABSTRACT

Adaptive Moment Estimation (Adam) is a cornerstone optimization algorithm in
deep learning, widely recognized for its flexibility with adaptive learning rates
and efficiency in handling large-scale data. However, despite its practical suc-
cess, the theoretical understanding of Adam’s convergence has been constrained
by stringent assumptions, such as almost surely bounded stochastic gradients or
uniformly bounded gradients, which are more restrictive than those typically re-
quired for analyzing stochastic gradient descent (SGD).

In this paper, we introduce a novel and comprehensive framework for analyz-
ing the convergence properties of Adam. This framework offers a versatile ap-
proach to establishing Adam’s convergence. Specifically, we prove that Adam
achieves asymptotic (last iterate sense) convergence in both the almost sure sense
and the L; sense under the relaxed assumptions typically used for SGD, namely
L-smoothness and the ABC inequality. Meanwhile, under the same assumptions,
we show that Adam attains non-asymptotic sample complexity bounds similar to
those of SGD.

1 INTRODUCTION

Adaptive Moment Estimation (Adam) is one of the most widely used optimization algorithms in
deep learning due to its adaptive learning rate properties and efficiency in handling large-scale data
(Kingma & Ba, [2014). Despite its widespread use, the theoretical understanding of Adam’s con-
vergence is not as advanced as its practical success. Previous studies have often imposed stringent
assumptions on the loss function and stochastic gradients, such as uniformly bounded loss func-
tions and almost surely bounded gradients (Reddi et al.l 2018b; [Zou & Shen, 2019), which are more
restrictive than those required for analyzing classical stochastic gradient descent (SGD).

In this paper, we introduce a novel and comprehensive framework for analyzing the convergence
properties of Adam. Our framework unifies various aspects of convergence analysis, including non-
asymptotic (average iterate sense) sample complexity, asymptotic (last iterate sense) almost sure
convergence, and asymptotic L; convergence. Crucially, we demonstrate that under this framework,
Adam can achieve convergence under the same assumptions typically used for SGD—namely, the
L-smooth condition and the ABC inequality (Lo sense) (Khaled & Richtarik, 2023 |Bottou, 2010;
Ghadimi & Lanl [2013)).

Several recent works have attempted to relax the stringent conditions required for Adam’s conver-
gence, each focusing on different aspects of the stochastic gradient assumptions and convergence
guarantees. However, limitations still exist in terms of assumptions and the types of convergence
results obtained. Table [1| provides the references and a summary of the works and compares the
assumptions on stochastic gradients, the resulting complexities, and the convergence properties
achieved.

Our approach builds upon these prior works and seeks to offer a more comprehensive and gen-
eral framework for analysis. In contrast to these previous works, we study Adam under the ABC
inequality, which is more general and less restrictive compared to the assumptions made in the previ-
ous studies. Our analysis successfully establishes non-asymptotic sample complexity and achieves
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Table 1: Comparison of Assumptions and Convergence Results. ({») The smoothing term p is
often set to small values like 10~ in practice. It is difficult and relevant to avoid the O(poly(i))
dependence (Wang et all [2024a), which our analysis achieves. (#) The work focuses on learning
rates and hyperparameters dependent on the total number of iterations 7', leading to results without a
O(InT) term. As our asymptotic analysis uses T-independent parameters, terms regarding O(InT')
inevitably appear, though our method can be easily extended to 7T-dependent settings. (%) These

works have weakened the classical L-smooth condition, which is different from the focus of this

pli'g‘z;nce Assumptions on Stochastic Gradient Sample Complexity | A.S. Convergence | L; Convergence
7Wang etal. i2024a,|‘ Bounded Variance (or Coordinate Weak Growth) O (#) No No
7He et al. (20723,@ Almost Surely Bounded Stochastic Gradient @] (poly (ﬁ) . 1\‘}%) Yes Yes
Zou et al.|(2019) Lo Bounded Stochastic Gradient [ (1\’}%) No No
[Zhang et al.[2022] Randomly Reshuffled Stochastic Gradient o (%) No No
Licalpoodwo | AOTSID BRETSOT S o (o (1) 5F) | Mo o
7Wang elial. (2024b)® Randomly Reshuffled Stochastic Gradient O (1\‘}; No No
Xiao et al.|(2024)9 Almost Surely Bounded Stochastic Gradient No Result Yes No
7Our Worki ABC Inequality O (1\‘}%) Yes Yes

asymptotic almost sure convergence and L, convergence under conditions that align with those re-
quired for SGD. This makes our framework theoretically sound and versatile for analyzing multiple
convergence properties of Adam. Our framework might also be of independent interest in analyzing
different variants of Adam. In summary, our work presents a novel and general theoretical frame-
work for Adam, unifying various convergence properties. This framework demonstrates that Adam’s
convergence guarantees can be aligned with those of SGD, which justifies the applicability of Adam
across a wide range of machine learning problems.

1.1 RELATED WORKS

In recent years, the convergence properties of Adam have been extensively studied, with various
works focusing on different assumptions about stochastic gradients and the types of convergence
guarantees provided. In the following discussion, we categorize and review key contributions based
on the different types of stochastic gradient assumptions they employ, as summarized in Table|T]

Bounded Variance and Coordinate Weak Growth: |Wang et al.|(2024a)) considered Adam’s con-
vergence under the assumption of bounded variance or coordinate weak growth. The coordinate
weak growth condition (Eq. is particularly stringent as it requires that each component of the
stochastic gradient satisfies a weak growth inequality, which is stronger than the traditional weak
growth condition (Eq. [T) applied to the entire gradient. Under these assumptions, Wang et al. were
able to avoid the O(1/u) complexity. However, their work did not focus on analyzing almost sure
convergence or L convergence, as the primary emphasis was on the sample complexity of the al-
gorithm’s behavior.

Almost Surely Bounded Stochastic Gradients: Several works, including He et al.| (2023) and
Xiao et al.|(2024), have explored Adam’s convergence under the assumption that the stochastic gra-
dients are almost surely bounded. This is a particularly strong assumption, as it implies several other
commonly made assumptions about stochastic gradients, such as bounded variance, weak growth,
coordinate weak growth, and sub-Gaussian properties. The assumption is often impractical in non-
convex settings where gradients can become unbounded. Moreover, studies in [Wang et al.| (2023)
have highlighted that this assumption is unrealistic in many common machine learning frameworks,
failing to hold even for simple quadratic functions, let alone for deep neural networks. While these
works achieved almost sure convergence and, in some cases, L convergence, they did not address
the complexity related to the O(1/p) term.

L, Bounded Stochastic Gradients: |[Zou et al.| (2019) analyzed Adam under the assumption of
L5 bounded stochastic gradients. Although this condition is milder than the almost surely bounded
gradients assumption, it is still stronger than the traditional weak growth condition and the ABC
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inequality. In the standard analytical framework, this assumption can at best be weakened to the
coordinate weak growth condition, which remains more restrictive than the assumptions typically
considered for SGD. At the same time, this work focused on complexity analysis without addressing
asymptotic convergence.

Randomly Reshuffled Stochastic Gradients: In other works, such as those by|Zhang et al.|(2022)
and Wang et al.|(2024b)), the authors considered the case where the stochastic gradients are randomly
reshuffled. Randomly reshuffled stochastic gradients represent a special case where the gradients are
typically assumed to satisfy certain inequalities almost surely. This reliance on almost sure proper-
ties forms a much stronger and more restrictive analytical framework compared to those based on
traditional weak growth conditions or the ABC inequality. While these works successfully avoided
O(1/p) complexity, they did not focus on analyzing the asymptotic convergence property.

2 PRELIMINARIES

In this section, we introduce the necessary preliminaries and establish the foundational framework
for our convergence analysis of the Adam. We begin by recalling the Adam optimization algorithm.
We then state the assumptions that will be used throughout our analysis. These assumptions are
standard in stochastic optimization and are crucial for deriving our main results. By laying out these
assumptions explicitly, we also facilitate a clear comparison with the conditions used in previous
works, highlighting the less restrictive nature of our approach.

2.1 ADAM

Adam is an extension of SGD that computes adaptive learning rates for each parameter by utilizing
estimates of the first and second moments of the gradients. It combines the advantages of two other
extensions of SGD: AdaGrad, which works well with sparse gradients, and RMSProp, which works
well in online and non-stationary settings.

Algorithm 1 Adam

Input: Stochastic oracle O, initial learning rate 7; > 0, initial parameters w; € R4, initial exponen-
tial moving averages mo = 0, vg = v- 17 with v > 0, hyperparameters 31, 82,1 € [0, 1), smoothing
term p > 0, number of iterations T’
Output: Final parameter wr

1: fort =1to 7T do

2: Generate conditioner parameter 32 +;
3 Sample a random data point z, and compute the stochastic gradient g, = O (wy, 2¢);
4: Update the second moment estimate: v; = (40,1 + (1 — B2.4)g5%;
5: Update the first moment estimate: m; = Symi—1 + (1 — 51)g¢;
6.
7
8

Compute the adaptive learning rate: 1, = 7; o N

: Update the parameters: w1 = W — My, O Mt}
: end for

In Adam, the random variables {z; };>1 are mutually independent. The stochastic gradient at itera-
tion ¢ is denoted by g;. The quantities m; and v; represent the exponential moving averages of the
first and second moments of the gradients, respectively. The hyperparameters 3; and 35+ control
the exponential decay rates for the moment estimates. A small smoothing term g is introduced to
prevent division by zero, and 7),, represents the adaptive learning rate for each parameter.

In terms of notation, all vectors are column vectors unless specified otherwise, and 1T denotes a row
vector with all elements equal to 1. For vectors 3,7 € RY, the Hadamard product (element-wise
multiplication) is represented by 3 o ~, and the element-wise square root of a vector v € R? is
written as /7. Operations such as B+ vo, %, and 3°2 are performed element-wise. Additionally,
the i-th component of a vector 3; is denoted as f3; ;.
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When analyzing Adam, V f(w;) refers to the true gradient of the loss function at iteration t. We
define #; = o(g1,...,g:) as the o-algebra generated by the stochastic gradients up to iteration ¢,

with Zo = {Q,0} and Foo = 0 (Ut21 yg).

2.2 ASSUMPTIONS

To establish our convergence results, we make the following standard assumptions, focusing on the
stochastic gradient conditions. These assumptions are less restrictive than those imposed in some
prior works, as highlighted in Table[I]

Assumption 2.1. (Bounded from Below Loss Function) Let f : RY — R be a loss function defined
on R We assume that there exists a constant f* € R such that for all w € R?, the following
inequality holds: f(w) > f*.

This assumption ensures that the loss function f is bounded from below, preventing it from decreas-
ing indefinitely during the optimization process.

Assumption 2.2. (L-Smoothness) Let f : R® — R be a differentiable loss function. We assume
that the gradient V f is Lipschitz continuous. That is, there exists a constant Ly > 0 such that for
all w,w' € RY, the following inequality holds: ||V f(w) — Vf(w')|| < Lgllw — w'||, where || - ||
denotes the Euclidean norm. The constant Ly is known as the Lipschitz constant of the gradient.

Assumption 2.3. (ABC Inequality) We assume that the stochastic gradient g; is an unbiased esti-
mate of the true gradient, i.e., Elg; | #1_1] = V f(w;), and there exist constants A, B, C' > 0 such
that for all iterations t, we have: E[||g:|* | Zi-1] < A(f(wy) — f*) + B[V f(w)]|* + C.

The ABC inequality provides a bound on the second moment of the stochastic gradients, which is
crucial for analyzing the convergence of stochastic optimization algorithms.

2.3 COMPARISON WITH PRIOR WORKS ON STOCHASTIC GRADIENT ASSUMPTIONS

Our assumption on the stochastic gradient (Assumption [2.3)) is relatively mild compared to those in
prior works. Here, we focus on comparing with the traditional weak growth condition, coordinate
weak growth assumption, and the almost surely bounded stochastic gradient assumption.

Traditional Weak Growth Condition The traditional weak growth condition (e.g., [Bottou et al.
(2018)); Nguyen et al.| (2018))) assumes that there exist constants B > 0 and C' > 0 such that:

Ellgel|? | Fi1] < B|IV £ (wy)|* + C. 0

This condition bounds the expected squared norm of the stochastic gradient by a linear function of
the squared norm of the true gradient plus a constant. It is stronger than our ABC inequality because
it does not include the term involving the function value difference f(w;) — f*.

Even under this condition, current methods for analyzing Adam encounter significant difficulties.
We will explain these challenges in the proof sketch of Lemma J.T]

Coordinate Weak Growth Assumption |Wang et al.| (2024a) introduce the coordinate weak
growth assumption, which requires that each component of the stochastic gradient satisfies a weak
growth inequality. Specifically, for each coordinate i, there exist constants B, C' > 0 such that:

Elg?; | F1-1] < B||Vif (wi)|* + C, 2)
where ¢, ; and V; f (w,) are the i-th components of g, and V f(w;), respectively.

This assumption is stronger than the traditional weak growth condition because it imposes the in-
equality on each coordinate individually, rather than on the overall gradient.

Almost Surely Bounded Stochastic Gradient Assumption Some prior works, such as He et al.
(2023); Xiao et al.|(2024), assume that the stochastic gradients are almost surely bounded. That is,
there exists a constant M > 0 such that for all iterations ¢: ||g;|| < M almost surely. This is a strong
assumption, as it requires that the stochastic gradient norm is uniformly bounded almost surely
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at all iterations. In practice, especially in non-convex optimization problems, this assumption is
often violated (seeWang et al|2023)). For instance, when optimizing deep neural networks, gradient
norms can become unbounded due to the complexity and non-linearity of the models. Moreover, this
assumption implies that the true gradient is also bounded by M, because ||V f(w;)]|? < E[]|g:|* |
Z;_1] < M?. Our assumption is clearly weaker than the almost surely bounded stochastic gradient
assumption, as we only require a bound on the expected squared norm of the stochastic gradient,
which can depend on the current function value and gradient norm, rather than a uniform almost
sure bound.

Moreover, assuming almost surely bounded stochastic gradients is hard to satisfy in practice and
may not reflect realistic scenarios. As discussed in|Wang et al.| (2023)); Khaled & Richtarik| (2023),
such assumptions can be unrealistic and limit the applicability of theoretical results.

Next, we introduce a property. We know that when the loss function is L-smooth, the true gradient
of the loss function can be controlled by the loss function value f(w;) — f* (as shown in Lemma
IB.1)). Therefore, we can simplify the ABC inequality as follows.

Property 1. Under Assumptions[2.2)and[2.3] for all iterations t, we have:
Elllgell* | Fi-1] < (A+ 2L B)(f(we) = f*) + C.

This property demonstrates that the variance of the stochastic gradients can be bounded by the
function value difference, which is a key component in our convergence analysis.

2.4 HYPERPARAMETER SETTINGS

In this paper, to avoid overly lengthy proofs, we choose a class of representative parameter settings,
as follows:

[ 1-ap, ift=1 ! 1
BQ,t-_{ 17%, 1ft22 7B1€[031)7nt—t%+53 <O‘0€[031)776[1525+1]756 |:072:|)

Imposing restrictions on Adam’s parameters, particularly 35 ;, is necessary to ensure convergence.
Early studies (Reddi et al.| [2018a) have demonstrated that without appropriate constraints on 2 ¢,
counterexamples exist where the algorithm fails to converge. Moreover, for the gradient norm to
converge to zero, it is essential that 35 ; approaches 1 (Zou et al.,2019; He et al., [2023), as noted in
previous works.

Some studies on complexity allow 33 ; to be constant. However, these studies typically focus on
the algorithm’s complexity over a finite number of iterations 7'. In such cases, the constant value
of 1 — By, is inversely related to T, effectively causing > ; to approach 1 as 1" increases. This is
another means of ensuring that 3 ; asymptotically approaches 1, which is crucial for convergence.

The hyperparameter settings adopted in this paper are representative and have been considered in
previous studies (Zou et al., [2019; He et al. 2023)). Our configuration includes settings that can
achieve near-optimal complexity of O(InT/v/T'). The logarithmic factor In T arises because S35 ; is
chosen independent of the total number of iterations 7", which is an unavoidable consequence with
this class of parameters.

Our choice of hyperparameters simplifies the analysis while capturing the essential behavior of the
Adam. Although the proof techniques can be extended to a broader range of parameter settings, this
paper focuses primarily on the assumptions related to the convergence of the algorithm rather than
an exhaustive exploration of hyperparameter configurations.

3 THEORETICAL RESULTS

In this section, we establish both non-asymptotic and asymptotic convergence guarantees for the
Adam within our smooth non-convex framework, as defined by Assumptions[2.TH2.3] For the non-
asymptotic analysis, we derive a sample complexity bound that is independent of O(1/u), providing
an explicit bound on the number of iterations required to achieve a specified accuracy. In the asymp-
totic analysis, we consider two forms of convergence: almost sure convergence and convergence in
the L; norm. The almost sure convergence result demonstrates that, the gradient norm of almost
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every trajectory converges to zero. Meanwhile, the L; convergence result reveals that the conver-
gence across different trajectories is uniform with respect to the L1 norm of the gradient, where the
L1 norm is taken in the sense of the underlying random variable, meaning the expectation of the
gradient norm.

3.1 NON-ASYMPTOTIC SAMPLE COMPLEXITY

We first establish a non-asymptotic bound on the sample complexity of Adam.

Theorem 3.1 (Non-Asymptotic Sample Complexity). Consider the Adam algorithm as specified
in Algorithm 2.1} and suppose that Assumptions 2.1H2.3] hold. Then, for any initial point and for
T > 1, the following results hold:

(1) #5€.4l

2

Z IV f(w)l] < @(é) ify>1,6=0,

- %7
O( ) ify=1,38=0.
T if
The constant hidden in the O notation depends on the initial point, the constants in our required
assumptions (excluding 1/ ), and the parameters ¢ and «.

!

This theorem provides a non-asymptotic rate of convergence for the expected gradient norm, high-
lighting how the choice of hyperparameters affects the convergence rate.

3.2 ASYMPTOTIC CONVERGENCE

We now present our main asymptotic convergence results, demonstrating that the gradients of the
Adam converge to zero both almost surely and in the L; sense under appropriate conditions.

Theorem 3.2 (Asymptotic Almost Sure Convergence). Under Assumptions consider the
Adam with hyperparameters specified in Subsection with v > 1 and § > 0. Then, the gradients
of the Adam converge to zero almost surely, i.e., lim;_, oo ||V f(wy)]| =0 a.s.

This theorem shows that the gradients evaluated at the iterates converge to zero almost surely, indi-
cating that the algorithm approaches a critical point of the loss function along almost every trajectory.

Remark 1. (Almost sure vs L, convergence) As stated in the introduction, it is important to note
that the almost sure convergence does not imply L1 convergence. To illustrate this concept, let us
consider a sequence of random variables {C, }n>1, where P((, = 0) = 1 — 1/n? and P(¢, =
n?) = 1/n?. According to the Borel-Cantelli lemma, it follows that lim,, _, y o (, = 0 almost surely.
However, it can be shown that E((,,) = 1 for all n > 0 by simple calculations.

Theorem 3.3 (Asymptotic L;-Convergence). Under Assumptions consider the Adam with
hyperparameters specified in Subsection[2.4with v > 1 and 6 > 0. Then, the gradients of the Adam
converge to zero in the Ly sense, i.e., lim;_, o E[||V f(w)]|] = 0.

This result establishes convergence in the mean sense, showing that the expected gradient norm
approaches zero as the number of iterations increases. It indicates that the convergence of gradient
norms across different trajectories is uniform in the L; norm of the random variables.

In previous works (He et al.|(2023)); Xiao et al.[(2024))), the assumption that the stochastic gradients
are uniformly bounded, i.e., ||g+|| < M a.s. (V¢ > 1), or that the gradients themselves are uniformly
bounded, i.e., (w)] < M (¥t > 1), allows almost sure convergence to directly imply L,
convergence via the Lebesgue’s Dominated Convergence theorem. However, in our framework,
which deals with potentially unbounded stochastic gradients or gradients, proving L, convergence
is much more challenging. We will elaborate on this in the next section.

4 FRAMEWORK FOR ANALYZING ADAM

In this section, we present the analytical framework that underpins our convergence analysis for the
Adam. Our approach is built upon the insights provided by existing methods, while introducing
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new techniques to address the limitations of previous analyses and provide a more comprehensive
understanding of Adam’s behavior under weaker assumptions. Our core innovations are detailed in

Section[£.3.1] Section[£.4] and Section [£.5]

4.1 KEY PROPERTIES OF ADAPTIVE LEARNING RATES

We begin by characterizing the fundamental properties of the adaptive learning rate sequence 7, .
These properties are critical as they directly influence the behavior of the algorithm and are foun-
dational to our subsequent analysis. By understanding how these properties interact with the algo-
rithm’s dynamics, we obtain more insights on the conditions under which Adam converges.

Property 2. Each element 1, ; of the sequence {1y, }1>1 = { [, 1, M ,25 - - - anvt,d]T}Ql is mono-
tonically decreasing with respect to t.

This property ensures that the learning rate becomes progressively smaller as the algorithm pro-
gresses, which is a crucial factor in the stability and convergence of Adam.

Property 3. Each element 1, ; of the sequence {1y, }1>1 = {[Mv, 1 Mos.2, - - - » Noy.d] | J1>1 satisfies
the inequality tYv, ; > 1Sy, where we define oy := min{l — g, g}, St == v+ 22:1 g,%’ifor
allt > 1, and Sp; :=v.

This property highlights the relationship between the accumulated gradient information S; ; and
the adaptive learning rate, ensuring that the latter appropriately scales with the former as iterations
proceed.

Remark 4.1. For the purpose of simplifying the proofs of subsequent theorems, we define two aux-
iliary parameters: ¥,, = Z?zl vy and Sy 1= Zle St,i. Additionally, for convenience in the
subsequent proofs, we define a new initial parameter based on Sp ; as 1y,; = So,i/1 = v/o.

These definitions of auxiliary parameters help streamline the analysis, making the mathematical
expressions more manageable and the proofs more concise.

With the key properties of the adaptive learning rates established, we now turn our attention to
analyzing the momentum term, which plays a crucial role in the Adam.

4.2 HANDLING THE MOMENTUM TERM

To effectively analyze the momentum term in the Adam, we adopt a classical method introduced
by [Liu et al|(2020). The momentum term introduces additional complexity in the analysis due to
its recursive nature, which can complicate the convergence proofs. To address this, we construct an
auxiliary variable u, that simplifies the analysis by decoupling the momentum term from the update
process. This auxiliary variable is defined as follows:

wy — Prwi—1 B1 B1

U = —————— =w + Wp — Wi_1) = Wp — ———— omi_1. 3
t 1- 8, t 1—51(t t—1) t 1—317)%71 t—1 (3)
The introduction of wu; allows us to handle the momentum term more effectively by transforming
the recursive nature of the updates into a more tractable form. Specifically, we can express the

relationship between successive iterations of u; as follows:

5
Upy1 — Ut = —N, © Gt + = (M, — No,) © M1 4)
1- B 1 N~
Ay
This recursive relation is instrumental in breaking down the complex dependencies introduced by
the momentum term, which will facilitate the convergence analysis.

4.3 ESTABLISHING THE APPROXIMATE DESCENT INEQUALITY

In the convergence analysis of stochastic gradient descent (SGD), a fundamental tool is the approx-
imate descent inequality, which quantifies the expected decrease in the objective function at each
iteration. Specifically, for SGD, the approximate descent inequality is given by:
2
"t

Flwes) < Flwe) = LTS @I + EERIg I | 7] + 0V ) (Vi) = 90), - O)
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where 7 is the learning rate, L is the Lipschitz constant, and g; is the stochastic gradient.

Motivated by the success of this approach in analyzing SGD, we aim to establish a similar approx-
imate descent inequality for the Adam. The goal is to develop a descent inequality that captures
the adaptive nature of Adam’s learning rates while maintaining the essential structure seen in the
analysis of SGD.

To this end, we present the following key result, which forms the cornerstone of our convergence
analysis for Adam.

Lemma 4.1 (Approximate Descent Inequality). Consider the sequences {w;}1>1, {vt}i>1, and

{us}e>1 generated by Algorithm[2.1)and Eq. | Under Assumptions the following sufficient
decrease inequality holds:

d d

. A )
Oa 1 f(uerr) = A fug) < —TGHA,tJrl Zlg(t) + (Ly+ DA 41 2771,1‘9?}1’ + A i1 M.
(6)
Here,
d c
? 2 2 2
= w1 T =M1, GilE) = Mw,,i (Vi )
f(uy) f(ut)+C;nt it (1_ﬁl)ﬁllmt 1%, Git) i= 10, (Vi f (we))
t—1 o B d
Hae = [JA+CiA)™ (VE>2), Tag:=1, A=Y E(Ay; | Fioa),
k=1 i=1
My := My + Mo+ My 3. (7N

Constants C and Cs are defined in Eq. ' M, 1 is defined in Eq. ' M, o and M, 3 are defined in

Eq.[I6
This lemma introduces II ; f (u) as a new Lyapunov function for the Adam, which plays a crucial

5
role in our analysis. In inequality [6] the term 71—6HA7H_1 Z?Zl ¢i(t) can be interpreted as the

descent term, representing the expected decrease in the Lyapunov function. The second term, (L s +
DITA 441 Z?zl 2, P gfl accounts for the squared error due to the stochastic nature of the gradients.
The third term on the right-hand side, ITa ;1 M, is a martingale difference sequence with respect
to the filtration {.%; };>1, which, due to its zero expectation, can be considered to have no overall
impact on the algorithm’s iteration process.

This structure closely resembles the approximate descent inequality commonly used in the analysis
of SGD. For comparison, the approximate descent inequality for SGD is given by Eq. [5|

We now proceed to provide the main idea of proving Lemma [4.T] and highlight the key steps and
challenges involved in establishing this result for Adam.

To begin with, we calculate the difference in the loss function values between two consecutive
auxiliary variables {u; };>1 that we introduced. We obtain the following expression (informal):

d d
Flurgr) = fue) <= Enu, iV (wi)gei| Fia] + O (Z 713t,¢9t2,¢>

i=1 =1
Termy 1 Termy 2
d d
+ Z E [1v,,iV f(wi) e[ F—1] — Z No,i V f (We)gei + R (®)
i=1 =1
Termy 3

It can be observed that the above equation is simply a second-order Taylor expansion of f(usy1) —
f(uy) (since an L-smooth function is almost everywhere twice differentiable). Term, ; represents
the first-order term, which in general serves as the descent term. Termy » is the quadratic error, and
Term, 3 is a martingale difference sequence. The remaining term ?; is negligible and can be ignored.
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In the informal explanation provided in the sketch, these were collectively referred to as remainder
terms. For the exact formulation, refer to the detailed proof in Appendix [D.T]

While handling the quadratic error term Term; o is relatively straightforward using standard scaling
techniques, addressing the first-order term Term; ; is more challenging due to the adaptive nature of
Adam’s learning rates. Specifically, 1,, ; and g; ; are both .%;-measurable, which necessitates the
introduction of an auxiliary random variable 7,,, ; € .%;_ to facilitate the extraction of the learning
rate from the conditional expectation. In this paper, we choose the auxiliary random variable 7,, , ;
to approximate 7, ;. There are also other forms of this approximation, as discussed by Wang et al.
(2023} 20244). This allows us to rewrite the first-order term as:

d
—Term;, = — ZE (10,3 V f (i) gt i F1—1]
=1
d d
==Y E iV @) geil Fer] + Y E (o = 000i) V. (we) el Fia] -
i=1 i=1
Descent-Term Termy 4

The presence of Term; 4 introduces an additional layer of complexity in the analysis, as it reflects the
difference between successive adaptive learning rates. Addressing this extra error term is crucial for
establishing robust convergence guarantees under the ABC inequality or weak growth conditions.
Existing approaches to handling such terms, which often rely on the cancellation of errors through
preceding descent terms, fall short in this context. This necessitates a more innovative strategy,
which we present in the following section.

4.3.1 ADDRESSING THE EXTRA ERROR TERM: OUR INNOVATIVE APPROACH

The term Term; 4, introduced by the difference between 7, , ; and 7, ;, presents a significant chal-
lenge in the convergence analysis of Adam under the ABC inequality or weak growth conditions. In
existing methods, it is common to attempt to cancel out such error terms by leveraging the preceding
descent term Descent-Term;. However, this approach might not work within the ABC framework.
Recent works such as/Wang et al.|(2023};|2024a)) have shown that, under existing techniques, the best
one can achieve is a weakened form of the stochastic gradient assumption, namely the coordinate
weak growth condition.

To overcome these limitations, we introduce a novel approach to handle Term, 4. We scale it as
follows:
d d

1
Term; 4 §§ ZE [771)t_1,ivf(wt)gt,i‘ﬁt—ﬂ + Crf(u) - ZE[AM | Fi_1]

i=1 i=1

d d
+ CZAt,i + CZ <E[At,i | #i_1]) — At,i)a
i=1 i=1

Terms

where A;; = Ny, i — Mu,.i; and Cp = %(L}c + 1). The key term in the inequality is
Cy f(us) Z?Zl E[A;,; | #:—1], which cannot be easily canceled out by existing methods.

To handle this issue, we move the term C1 f(uy) 27:1 E[A;; | 1] to the left-hand side of
inequalityand combine it with the existing f(u;) term. This leads to a new iteration inequality of
the form:

— 1
flugrr) — (1 + C1Ay) fug) < —§Descem—Termt + M-Term;, + Term; 5 + R-Term;.  (9)

In the inequality M-Term,; = Term; 5 + Term, 5 is a martingale difference sequence and R-Term; is
the (neglectable) remainder term by combining all other terms from the inequalities. To express this
inequality in a form resembling a Lyapunov function, we introduce an auxiliary product variable:
t—1
Mag o= [[A+CA)™ (VE22), Tayp:=1
k=1
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Multiplying both sides of the inequality by ITa ;4 1, we obtain the following reformulated inequality:

1
HA,t—‘,—lf(ut—Q—l) — HA,tf(ut) S *§HA$,§+1 . Descent-Termt + HA,H—I . M—Termt

+ HA,t+1 . Termtg + HA¢+1 . R—Termt. (10)

This reformulation introduces IIa ; as a scaling factor, which, along with the original Lyapunov
function, captures the impact of Term, 4. The resulting inequality closely parallels the approximate
descent inequality for SGD, with additional terms accounting for Adam’s adaptive nature.

The handling of Term; 4 in our analysis framework is a significant advancement over existing meth-
ods. It allows us to establish stronger convergence guarantees under more general conditions.

4.4 DERIVING SAMPLE COMPLEXITY AND ALMOST SURE CONVERGENCE

After establishing the Approximate Descent Inequality, the next step is to derive the sample com-
plexity and almost sure convergence results for Adam. The methodology for obtaining these results
largely mirrors the approaches traditionally used in the analysis of SGD. Specifically, the inequality
provides a foundation for bounding the expected decrease in the loss function, which can then be
used to establish both sample complexity and almost sure Convergence.

However, a key difference in our analysis lies in the introduction of the term IIa ;41 within the
Approximate Descent Inequality. This term introduces a new layer of complexity not present in the
standard SGD analysis. In particular, we are required to bound the p-th moment of the reciprocal of
this term, i.e., E[HZ{;H}, (p > 1). Due to the unique structure of IIa ¢+1, determining a bound for
this p-th moment is a non-trivial task.

To address this challenge, we leverage tools from discrete martingale theory, particularly the
Burkholder’s inequality. It allows us to establish a recursive relationship between the p-th moment

E[IT,", ,,] and the p/2-th moment E[IT,” t/fl]. This recursive structure is crucial as it enables us to
iteratively bound the higher moments of H;lt 1

Once the recursive relationship is established, we apply fundamental theorems from measure theory,
such as the Lebesgue’s Monotone Convergence theorem or the Lebesgue’s Dominated Convergence
theorem, to obtain the final bound on the p-th moment.

The detailed process for bounding E[TT", , ;] can be found in Lemma and Lemma

4.5 ESTABLISHING ASYMPTOTIC L; CONVERGENCE

Since we have already proved almost sure convergence in Theorem it is natural to attempt to
prove L; convergence via the Lebesgue’s Dominated Convergence theorem. To achieve this, we
need to find a function h that is .%..-measurable and satisfies E|h| < 400, and such that for all
t > 1, we have ||V f(w;)|| < |h|. Since for all ¢ we naturally have ||V f (w;)]| < supgsq ||V f(wg)]l,

we only need to prove that E[sup;.~, ||V f(ws)||] < +oo0.

This task presents a significant challenge because, within our analytical framework, we cannot
assume that the gradients are uniformly bounded, which means we cannot directly apply the
Lebesgue’s Dominated Convergence theorem. Instead, we need to utilize advanced techniques from
discrete martingale theory, specifically the first hitting time decomposition method, to obtain a bound
on this maximal expectation. The detailed process can be found in Appendix [E.4]

5 CONCLUSION

We have introduced a novel and comprehensive framework for analyzing the convergence properties
of Adam. Our frame starts with weak assumptions such as the ABC inequality. By identifying the
key properties of the learning rate, handling the momentum term, and establishing the approximate
descent inequality, the frame concludes the sample complexity, almost surely convergence, and
asymptotic L convergence results of Adam. Our techniques overcome the limitations of existing
analyses, and show that Adam’s convergence guarantees can be aligned with those of SGD, which
justifies the applicability of Adam across a wide range of machine learning problems.

10
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A ESTABLISHING KEY PROPERTIES BETWEEN w; AND

Here, we establish two key properties that connect the original variable w; and the auxiliary vari-
able u; which defined in Section f.2] These properties are crucial for bounding the changes in the
momentum term and linking the function values at different points in the iteration process.

Property 4. For any iteration step t, the following inequality holds:
Ime )| = me-1]|* < (1 = Bu)llme—s]* + (1 = Bu)llge]1*.

This property establishes a bound on the change in the momentum term, which is critical for ensuring
that the momentum does not increase indefinitely during the optimization process. Controlling the
momentum in this manner is a key aspect of proving convergence.

Property 5. For any iteration step t, the following inequality holds:

(Lf + 1)512 H
2(1— )2 1"

This property links the function values at w; and u;, providing a foundation for analyzing the conver-
gence of f(w;). By establishing this relationship, we can relate the behavior of the original variable
wy to the more manageable auxiliary variable u,, thereby simplifying the overall convergence anal-
ysis.

2
Vi1 [¢] mt_lH .

fwr) < (Lp 4 1) f(ur) +

14
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B SUPPORTING LEMMAS

B.1 THEOREM DEPENDENCY GRAPH

In this section, we will supplement several additional supporting lemmas that are crucial to the
overall proof. Due to the large number of lemmas, we have combined these lemmas with those in
the main text and theorems to create a lemma-theorem dependency graph. Readers can refer to this
graph while following the proofs.

Lemmald1] Lemmal[B.2|
Y Y
Lemma|[B.4] Lemma|[B.3| >  Theorem
A
g
Y 5
(9}
k=
Lemmal[B.3] Lemmal[B.§ N
S
A ¥
-
g
3
O
~
X
S
Y §
S
Lemma Theorem [3.] )
S
A £
<
L
~
Y
Lemmal|B.7] >  Lemmal[B.10 Theorem [3.2]
y
Y A\
Lemma LemmalB 12| |« Lemma[B.11]
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B.2 THE BASIC FORM OF ADDITIONAL IMPORTANT LEMMAS

Lemma B.1. Suppose that f(z) is differentiable and lower bounded f* = inf,¢c pa f(z) > —00
and V f () is Lipschitz continuous with parameter L > 0, then ¥ x € R, we have

V£ @)|]® < 2£(f(2) — ).

Lemma B.2. Let {(X,, %) }n>1 be a non-negative adapted process such that 3125 X, = M <
400 almost surely, where M is a finite constant. Define the partial sum of conditional expectations

as Ap := Z:Zl E[ X, | #n—1]. Then:

(i) The sequence {Ap}r>1 converges almost surely, ie., Arp L2 A, where A =

TR RX, | Pl

(ii) For any p > 1, the sequence {Ap}r>1 converges in Ly, i.e., limp_, o E[|[Ar — A|P] = 0.
Meanwhile, the p-th moment of the limit A is bounded by a constant Cy(p) > 0, where

Ca(p) = o(pVP).

(iii) The arbitrary p-th moment of the random variable e® also exists, and its upper bound
depends only on p and M. We denote this upper bound by C,a (p, M).

Lemma B.3. ForIIa 741 as defined in Eq. E] foranyT' > 0 and any p > 1, the p-th moment of its
reciprocal is bounded, i.e.,

E [HZ,DT-H} < Cyap < +00,
where C,, 4, is a constant that depends only on v, d, and p.

Moreover, we have that Hg’lw = limy 4 oo HZ.,lt < 400 a.s., and for any p > 1, the p-th moment
of HZIOO exists, with

E [ngoo} < Chap < +00.
Lemma B.4. Consider the Adam in Algorithm[2.1|and suppose that Assumption hold, then
for any initial point, and T > 1, we have:

HA,t+1f(Ut+1) < f(ul) 3(Ly+1)d a IIA 441
< + +
VSe dv a1/v = VSt

Lemma B.5. Consider the Adam in Algorithm[2.1)and suppose that Assumption hold, then
Sfor any initial point and ¥ ¢ > 0, we have for any T > 1, the following inequality:

M,. (11)

s 7V/S
(;i\/)? < \/%+ZHA Ay (12)

where
o
B (S ERVAT,
and St is defined in Eq.

Lemma B.6. Consider the Adam as defined in Algorithm and suppose that Assumptions 2.1
through 2.3 hold. Then, for any initial point and for all T > 1, there exists a random variable (
such that the following results hold:

(a) 0 < { < +oo almost surely, and E(C) is uniformly bounded above by a constant C, which
depends on the initial point and the constants in the required assumptions (excluding 1/ ).
The explicit form of this upper bound is provided in Eq.

(b) /St < (T +1)2¢, and In(St) < ¢'In(T + 1), where ¢’ :== 81n <max {e, %})

16
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Lemma B.7. Consider the Adam in Algorithm[2.1|and suppose that Assumption hold, then
for any initial point, and T > 1, the following results hold:

T d
| Cus, ifé € (0.1]
;E[le;w}f{cswﬁraun(ST)L fi=0

where Cs and Cg are two constants that depend on the initial point and the constants in our required
assumptions (excluding 1/p), and Cy 5 is a constant that depends on the initial point, §, and the
constants in our required assumptions (excluding 1/ ).

Lemma B.8 (Subsequence Convergence). Under Assumptions '—. 2.3| consider the Adam (Al-
gorithm |2.1) with hyperparameters as specified in Subsection where 6 > 0. Then, there
exists a subsequence {we,}i>1 such that its gradients converge to zero almost surely, i.e.,
lims o0 |V f(we, )] =0 a.s.

Lemma B.9. Consider the Adam as defined in Algorithm 2.1} and assume that Assumptions [2.1]
through[2.3|hold. Then, for any initial point and for all T > 1, the following results hold:

- When 6 = 0, we have

H _ *
sup A,t+1§f(wt) /) < 400 as., supE[
t>1 In (t + ]-) E

A i1 (f(we) — f*)
In?(t 4 1)

]<M0<+OO,

- When 6 > 0, we have

Sl>1¥1>HA,t+1(f(wt) =) <+o0 as., ;in]E [Ma 1 (f(we) = f)] < M5 < +o0,
> >

and

sup I ¢||mi—1]] < +o0 a.s.,,
t>1

where My and Ms are two constants that depend on the initial point and the constants in our
assumptions (excluding 1/ ).

Lemma B.10. Consider the Adam in Algorithm[2-1|and suppose that Assumption[2.1|2.3| hold, then
for any initial point, T > 1, i € [1,d), there is

_ o, if6 € (0,1]

3/4
]E(ST ) - {O(T3/4 1113/2 T), lf5 =0

where constant hidden in O depends only on initial point, and the constants in our required assump-
tions (not includes 1/ ).

Lemma B.11. Under Assumptions 2.IH2.3} consider the Adam (Algorithm 1) with the hyperpa-
rameters specified in Subsection[2.4] Then, for any t > 1, the following inequality holds:

E[la 2%y, ] + (A+ 2Ly B)M; + C, if 6 € (0,1]

sup E[lIa +4+1%,] < {E[HA,zzvl] (A4 2L B) Myt +C, if6=0

t>1
Furthermore, if A\ > 1, then we have

{((A +2LsB)Ms + C) )2 ofyss i 6 € (0,1]

(A+2LB)My +C) S27 (os, if6 =0

sup E[lIa ¢41%,,] <
>1

and the following almost sure bound:

sup X,, < +00 a.s.
t>1

Lemma B.12. Under Assumption|2.1 consider the Adam with hyperparameters in Subsection
2Awithy > 1, § > 0. Then for any initial point, the following results hold:

+00 s
ZntHVf(wt)HQ < 400 a.s. and ZmHVf(ut)Hz < 400 a.s.
t=1 t=1
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C PROOFS OF VITAL PROPERTIES

C.1 THE PROOF OF PROPERTY [2]

Proof. Due to Algorithm [2.1] we know that
1
t+1)7

)Ut+ 91?-52—17 (Vt>1).

. 1
Vi1 = Po,e+10t + (1- 52,t+1)9t42r1 = (1 - ( (t41)7

which means
(t+ 1) 010 = ((E+1) = Dvgi + g7, = o (13)

This implies that tv, ; is monotonically non-decreasing. Subsequently, we can obtain:
1
_ M _ VT _ -5t
VUi 0 T V0T Tog V7
It can be seen that the numerator is monotonically decreasing and greater than 0, while the denom-

inator is monotonically non-increasing and greater than 0. Therefore, overall, we can deduce the
monotonic non-increasing property of 7,, . O

Mo i

C.2 THE PROOF OF PROPERTY 3]

Proof. For vy ;, we can derive the following estimate:

1 = Baavo + (1= B2,1)g7: = (1 — ag)v + aogi; = (1 — ap)v + g7, — (1 — 0)g3,

It is easy to find that &y S7; < v1; < S1,;. For V k > 2, we back to Eq. acquiring kVvy; >
(k—1)Yvg—1, + g,%’ ;- Next, by summing up the above iterative equations, we obtain V¢ > 2,

t

2
t’yvt,i Z ’ULZ‘ —+ ng,i'
k=2

Next, combining the estimate for v; ;, we obtain V ¢ > 2:

t
v > (1—ao)v + aogt; + Zgiz
k=2

It is easy to find that tYv, ; > a1.S; ;. With this, we complete the proof. O

C.3 THE PROOF OF PROPERTY 3]

Proof. According to Algorithm [2.1] we have the following iterative equations:

my = Bimi—1 + (1 — B1)ge
We take the square of the 2-norm on both sides, yielding

[me||” = [|Bime—1 + (1 — Br)ge|®
= B mu—1||* +261(1 — Br)m_1g: + (1 — B1)?[|g4||?

(@)
< Bullmeal® + (1= B)lgel®

Eq.[T3]
< Billmea|? + (1= B1)llgel*.
In step (a), we used the AM-GM inequality, i.e.,
281(1 = Br)my_19¢ < Bi(l = B)llme1|> + Bi(1 = B1)llgell’,
that is,
lmel® = flme—1 > < =1 = Bo)llme—1]* + (1 = B)llge 1
With this, we complete the proof. O
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C.4 THE PROOF OF PROPERTY 3|

Proof. Due to

F(w) = £ = |9 £ue) e =)+ o — el < 195t =l + L o — ]

IN

1
SIV A +

_ (Ly + D)5t
B (=AY

L 1
£ — P

170,y © me—1l,

we have

(Lf + 1)/31

Flwn) < fl) + 17 wn) = fu)] < (Lg+ D) + 50725

1770, 0 1.
D PROOFS OF THEOREMS AND LEMMAS

D.1 PROOFS OF LEMMA [4.1]

Proof. By L-smooth in Assumption[2.2] we have:

Fluegr) = flu) < V()" (upgn — ug) + %Huﬂrl — ug|%.

Then, by substituting the iterative formula for u; from Eq. M]into the above inequality, we obtain:

d
Jluggr) — flug) < — vat,ivif(ut)gt,i

V f(ut)mt 1,0 T Lf vat zgt K

=1 =1
+ Lf( ) Z At zmt 1,2
(@) d d
== 00 iVif W) gei + Y (M0, i (Vif (we) = Vi f (u))gr.:)
=1 1=1
et,l O 2

V f(ut)mt 1 'L+Lf vat zgtz
i=1

Ot,3

)QZA“mt i (14)

Ot,4

Step (a) employs the identity V, f(us) = V;f(wi) + Vif(ue) — Vi f(w). Next, we handle O 1,
O 2, O 3 and O; 4 separately. First, for ©; ;, we can perform the following identity transformation:

+Lf(

d d

O41 = th, Vif(we)gei = th LiVif(we)ge: + ZAt,ivif(wt)gt,i

i=1 i=1

= - E Noe_1, z v .f wt + E At zv f wt gt,i + E Mg _q,i f(wt)(vzf(wt) - gt,i)a
=1 =1 =1
Gi()

@t,l,l ]Vjt,l
(15)
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where A, ; in the above inequality represents the i-th component of the vector A;, which is defined

in Eq. 4| It can be observed that we decompose ©; into a descent term — Zle Ci(t), an error term
©¢ 1,1, and a martingale difference term M ;. Next, we will further scale and control the error term
©O¢1,1. Specifically, we have:

O¢1.1 E (AeiVif(we)gei | Fi1)

|
AM&

@
Il
-

+ > (AniVif(we)gei — B [AeiVif (we)gei | Fia])

-

=1

My 2

d
(a)
< Z\/mt,l,ivif(wt)E [ Atigei | ytfl] + My

i=1

)1 & 1
<5 M i(Vif(@))? + 5 D B [VArigei | Fia] + Mo
=1 i=1

—
INe

d d

1 1

2 ;Ci(t) + 5;“’1[931 | Zo 1] -E[Ars | Fooa] + Myo
1 1

<52 G+ ;E[ggi | For] Eldes | o] 4 Moo

d d
i(t) + % <ZE[9§Z | yt—ﬂ) ‘ <ZE[At,i | «%&—1]) + M2

=1

I
)

IN
N |
]
L

INE

d d
%Z Gi(t) + % ((A +2L¢B) f(w:) + C) . <ZE[At,i | ft—ﬂ) + M,

i=1

d d
= %Z@(t) + (A +2LB) (i) (ZE[AM ,%_1]>

i=1 i=1
+ C(Xd:E[Am | %_ﬂ) + M
1 . 1 d d
=3 ;Ci(t) + §(A +2LsB) f(w;) - (;E[Am \ yt_1]> + C;At,i
Ay
" C<Z (o | Zima) - Am)) +My2 (16)
i=1

My 3

In the above derivation, in step (a), we utilized the property of conditional expectation, which states
that if random variables X € %, _; and Y € %, then E[XY|%,_1] = XE[Y|%#,_1]. Addi-
tionally, we need to note that A, ; = /Ay i /As; < N /A ; (due to Property [2 we know
Ay ; > 0, so taking the square root is well-defined). In step (b), we employed the AM-GM inequal-

ity, which states ab < # In step (c¢), we used the Cauchy-Schwarz inequality for conditional

expectations: E[XY|.%,_1] < E[X2|.Z,_1]E[Y2].%,_1]. For step (d), we used Property
Specifically, we have:

d
S Elg} | Fe-1] = Elllgel*| Feo1] < (A+ 2L B) f(wy) + C.
=1
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Substituting the estimate of ©; 1,1 back into Eq. [T we obtain:

d

A+2L¢B
O = —*ZCZ 7fAt Flw) +C Y Api+ Myy+ Mys+ My,
i=1 v
Then, we use Propertyto replace f(w;) with f(u;) to obtain:
d d
1 (A+2LsB)(Ly +1)—
9t71=—§ZCi(t)+ 5 At'f(ut)-i-C;At,i
Ly +1)83
(2(]10_51[;21”%1 Omt—lH2+Mt7 (17)
Next, we deal with ©; 5. Specifically, we have the following derivation:
1
Or2 = > o i(Vif (wi) = Vi f (ur))ges)
i=1
d 1
< Z oy i0ti + 3 Z(Vif(wt) — Vif(ur))?
i=1 i=1
d 1
= Znﬁ,,igf,i + §||Vf(wt) = Vf(u)?
< va,,zgti ||wt 7ut||
51
72”1}, zgtz — B )2H77vf 1 O Mt— 1” (13)
Next, we deal with ©, 3, and we obtain:
d AM-GM 1nequdhly 1 d
O3 = Z AV f(ug)my—1 < Z Ai(Vif(ug))? +2 Z At,im?_Li
i=1 i=1
1¢ 2 1 2 2 : 2
=3 ti\ Vi) (Wt 5 t,i i (Ut - i (Wt t,iMy 14
§ 2 AualVid () +8ZA (Vi () = (Vif (w)?) + 2> A
j i i=1
@3 3 d
ZAt i(Vif(wi))® + 3 ; (Vif(ui) = Vif(we))? + 2; Apimi_y,
367L%
< 162C7 17)2H77w Loy |? +2ZAt1mt L (19)

=1

In step (a), we used the following substitution:

S (Vif @) — (Vef () = § (Ve (w0)(Vaf () — Vi () + (Vi () — Vi (w))?)
AM-GM inequality ] 9 3 9
< TG(vif(wt)) + g(vif(ut) = Vif(w))™
In step (b), we used the L-Smooth condition (Assumption[2.2)), i.e.,
d

D (Vif(w) = Vif(we)® = |V f(w) = V f(u)|

=1

Uy ||2EqE ﬁlLf

L?"”w (1 ﬁ )QHTI’Ut 1 OMg— 1||2
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For ©; 4, we have that

fz ﬁvt 1%

@t4_ZAtzmt 1,4

Finally, substituting the estimates of ©;; from Eq. [17] . ©,2 from Eq. 18] . ©,3 from Eq. [19) E and
O 4 from Eq. [@]back into Eq. @ we obtain:

Zntz 0 — ant—l omt_lHQ' (20)

5 A+2L:B)(Ls+1
flurer) = flue) < —EZQ@H( f2)( < F(un) +CZ% y CZHW
i=1
+MH77 ome|?+ L ( Io1 )22772 2
2(1 — B )2 ve_1 t—1 f 1- 5 o ve,i 9,
BiLY ) B \2 ,
+ ﬁﬂ% Lome1]|® + Lf( ﬁl) 170,_, © mi—1]|
351 d d
+m||77vt L oMy 1|| +2ZA“mt 1l+LonUMg“
=1 i=1
+ M;.

Then we note that A ; < 1y, ;and 72, ; < ﬁnvkhi. After simplification, we obtain:
d d 5
(f(um) +C me) - <f(ut) +oy n) < — 15 DG + Cily - f(w)
i=1 i=1 i=1

d
+ Colly /Moy omaea |+ (Lp +1) Y0, 198 + My,

i=1
where
(A+2LsB)(Ly +1)
Cl = B s
1 /7L%  Lp+1 B2 Ly B \?
=—(— . 24 —- . 21
“ Vo <8 2 ) (1—/31)2+ +\/17 <1—51) @D
We add the following term to both sides of the above inequality:
& 2 2
(1_61)\/"7(||mt” ||mt*1|| )7
to obtain:
d c d c
Ues1) + CY Mo + e |m 2)—( w) +CY Moy i+ e |l 2)
() + € m gt ) = (#00+ €Y it =ty bme
fluetr) Flur)
5 A
< 76; )+ CrA - f(uy)
+ <02(||7m||2 = llme-al*) + Czlmt1||2> + Ly +1) Ed:nﬁ, i+ M
(1= pBi)Vv =
5 A o d
16 ;Ci(t) + C1B - fur) +0+ (Ly +1) ;”293 + M. (22)

In step (a), we mainly used Property Specifically, we have:

C
m(\\mtll2 = me—1ll?) + Coll /00, =5 0 My |2
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< —Coll\/Tor s 0 mu—1 |1 + Call /T,y © my—a||* = 0.
We apply an obvious inequality to the second term on the right side of Eq. 22}
d

Cy
flur) < flu) +C D noyi + 7= lmea flw),
2 nit gyl =
and then move the expanded term to the left side of the inequality and combine like terms to obtain:
d
Fluren) = (14 C1A) () < ——ZQ +(Lp+1) ) 105, g7 + M.
i=1

Next, we construct an auxiliary variable

t—1

A, = H(l + ClAk)_l (Vt > 2), Maq =1

k=1

Multiplying both sides of the above inequality by IIa ;11, we obtain
5 d d
Ha 1 f(uerr) — A fug) < _EHA,t+1 z_; Gi(t) + (Ly + DIIA 141 Zl ngt,igii

+ 1A i1 M.
With this, we complete the proof.

D.2 THE PROOF OF LEMMA [B 1]

Proof. For Vz € RY, we define function
' —x
t) = t— —
o0 =1 (1)

where 2’ is a constant point such that 2’ — z is parallel to V f (). By taking the derivative, we obtain

2 — T
IO =V e £ (2750 T @3)

T2 —a]] — x| llz" — |

Through the Lipschitz condition of V f (), we get V1, to

T
/ / /
) — g )| =V . s (x—i—t_x)—v s <x+t x_x) ——
9 o) ‘( sripiez ! i —al] gt Na ==l ) ) o’ =]

/
Vaorgion /(4 05 ) ~ Ve (4 oy H’

[l [l

<

< ,C|If1 |

" = 9:||

So ¢'(t) satisfies the Lipschitz condition, and we have infycr g(¢t) > inf,cpny f(z) > —oo. Let
g* = inf x erg(z), then it holds that for V ¢y € R,

g(0) — g* > g(0) — g(to)- (24)

By using the Newton-Leibniz’s formula, we get that

0 0 0
90) = glto) = | g@)da= [ (g'@) =g O)da+ [ (0o
to to to
Through the Lipschitz condition of ¢’, we get that
0 0 1 2
90) = glte) = [ ~Lla~0lda+ [ g(0)da = 5 (4 0))"
to to
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Then we take a special value of ty. Let to = —g’(0)/L, then we get
0 0 L
9(0) = glt0) = - [ Llalda+ [ g0t = ~50 - to)? +¢/(0)(~to)
to to (25)
5560’ + £(6)° = 55 (s 0)
2L L 2L '
Substituting Eq. 23]into Eq. 24] we get
1
—g*>=(J .
9(0) =g" =2 57 (4'(0)
Due to g* > f* and (g’(O))2 = ||V f(z)]?, it follows that

IVf(@)|* <22(f(x) - 7).

D.3 THE PROOF OF LEMMA [B.2]

Proof. (i) Consider the non-negative adapted process {X,,,.%, },>1 and define the partial sum of
conditional expectations as Ap := Z:Zl E[X, | #n-1]

First, we compute the expectation of Ap:

E[Ar] = E

T T
E:M&L%qﬂ:ZﬁMASM

n=1

Since X,, are non-negative, we know that A is a non-decreasing sequence, and considering that
E(Ar) (VT > 1) is also bounded by M, we can apply the Lebesgue’s Monotone Convergence
theorem.

Thus, A7 converges almost surely to a limit A:

A= Th_r)réo AT = ZE[Xn | fn,l] a.s.

This concludes that the sequence of conditional expectation sums converges almost surely.
(i) We begin by normalizing X, by considering the expression Y, = 5(];[ According to the
Lebesgue’s monotone convergence theorem, we only need to prove that

Vp>1, E

meﬁgﬂzzM@<+w

n=1

Next, we proceed with the calculation, and we obtain V p > 2, there is:

M(p):EliE[Ynm 1] —E ZY +Z Yol Fn1] — Ya)
i B[Yn|Fn-1] = Yn) <y (21p+]E i(E[Yanﬂ]—Yn) )

p/2

@1 o/
<;+27GE

© 1 )
<5 H2TIGE

S Bl Zam] - Vil

n=1

ZHE Yol F] — Y ?

n=1

(N1
< 5 +2C+ 23720, E

00 p/2
}:Mm%%ﬂ]
n=1
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=5+ 2P72C, +22P72C, M (p/2). (26)

In the above derivation, inequality (a) requires noting that
+oo
>
n=1
Inequality (b) uses the AM-GM inequality, specifically,
a+0b\" < a? + b”.
2 -2

Inequality (c) involves using Burkholder’s inequality |'} where C), is a constant depending only on
p, and its order with respect to p is O(p). Inequality (d) requires noting that

‘E[}/nLan—l] - }/n‘Z < |E[Yn|ﬁn—1] - Yn|

By repeatedly iterating Eq. and using the fact that C), = O(p), we can finally obtain the following
estimate:
M(p) = o(p¥?),
that is,
E[A”] = o((2M)” - p¥7)

(iii) Similarly, we first consider the partial sum sequence Ar. Since there exists an obvious upper
bound for this sequence that depends on 7', given by Ar < M -T a.s., and because the Taylor series
of the function h,(x) = eP® at x = 0 converges uniformly on every compact subset of R, we can
expand e™T using its Taylor series, yielding the following expression:

> n
(& = E 7' .
0 nt

Since the Taylor series converges uniformly on every compact subset, we can interchange the sum-
mation and the expectation operators when taking the expectation on both sides of the above equa-
tion. Specifically, we have:

oo

Z

PAT —

S
= n!

Noting that E[A%] < E[A"] < o((2M)™ - n¥V™), we have:

> p"]E A” > 2pM)" - pVn = (2pM)™ - pV™
E[epAT Z Z —) =0 Z (T .
n=0 n=0 n=0 ’

We use Stirling’s approximation E] to substitute the factorial in the denominator. It is evident that
the series inside the O notation converges and depends only on p and M. Then, by applying the
Lebesgue’s Monotone Convergence theorem, we can prove that E[eP] exists, and its upper bound
depends only on p and M.

With this, we complete the proof. O

' Burkholder’s inequality: For any martingale (M,,, .%, ) with My = 0 almost surely, and for any 1 < p <
00, there exist constants ¢, > 0 and C}, > 0 depending only on p such that:

cp E[(S(M))?] < E[(M™)"] < Cp E[(S(M))"],

1/2
where M* = sup,,~ |M,| and S(M) = (Zi21(Mi - Mi,1)2) .

2Stirling’s approximation can be written as:

n\" bn
n!l=V2mn(—) etn,
e

where 0 < 6,, < 1.
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D.4 THE PROOF OF LEMMA [B.3]

Proof. First, using the expression in Eq. l we express 11" 741 as follows:

T

Oy = H(l + C1AR)P.
k=1

By applying the logarithmic transformation, we obtain:

T _ In(1+z)<z (¥ >0) T .
Iy =exp {len(l + C1Ak;)} exp < pCh Z Ay S

k=1 k=1

ING

Based on the definition of Ay, we have

d
Ay =) E[Ai|Fii] ZAklgk 1}
i=1
Since 2% | Ay, > O and
+oo d
IPIIEEL S
k=11i=1
we can use Lemma [B.2]to prove that:
T
E lexp {pC’1 Z Ak} < Cy.d,p,
k=1

which implies
B[\ 4] < Coap

Next, noting the monotonicity of the sequence {HZ}T +1}T21’ we take 7' — +o00 and apply the
Lebesgue’s Monotone Convergence theorem to obtain the result regarding ITa .

With this, the proof is complete.

D.5 THE PROOF OF LEMMA [B 4]

Proof. Recalling the approximate descent inequality @ we have:

d
a1 f () = Ta e f(ur) < =T 4 Z Gi(t) + (L + DIla 41 Z N, 9%

i=1
+ 1A g1 M.

We multiply both sides of the above equation by \/%, we obtain:
t—1

- d
IIA 1 f (1) ) <(L;+1) 1A 41 2o A 41 M,
vt,z t,e

(
VS _\/ SHM VS

a1l A, AL
E 77vt7z9tz t-

< (Lf—i—l \/Si
t—1

We sum the above inequality with respect to the index ¢ from 1 to T, and we obtain:

I t+1f(ut+1) f( A 41
: L + 1 + E M;. 27
S, > /75 v v zgt i /7515 ) t 27

T3

St,

d
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For I'; 5, we can perform the following simplification, and we obtain:

d d d
1 2 2 1 2 2 1 1 2 2
\/57 Z nvt,igt,i = \/S>t lzzl nvt,igt,i + \/ﬁ - St ; nvt,igt,i

t i=1

_1zd:1g?,i+<1 1 Zdzlg?,i
VS = 0ty Si_1 Si) S 20 tuy
d d
Prop;rtyE] 1 Z gf,i n 1( 1 B 1 ) Z gﬁi
(65} St i1 St,i 1 St,1 St i— St,i
i o)
T e a\/So VS
By using the series-integral inequality, we obtain:
T
gt % d 1 1
Ty < — ( _ )
Sres Ty e n Y (s
d
1 1 d 2d 1 /d
< — dz + = +—4/-
T ;/SO z3/2 a1v/So  aivu o oar Vv
3d
041\/5.
Substituting above inequality into Eq. we acquire
; 2 T
a1 fuesr) _ flw) n 3(Ly +1)d L5 A,
= t-
V'S Vv a1/v = VSt
With this, we complete the proof.
D.6 THE PROOF OF LEMMA [B.3]
Proof. For any ¢ € R, we consider (7\1/3 =, and we obtain:
T T
VS St _ So+ ¥ llgel® So n Z lge?
(T+1)?  (T+1)%/Sr (T +1)¢/Sr (T +1)¢/St < (T +1)*/Sr

[§

So D gl lg:
+ SVS + ) e e—
(T+ (T +1)%/Sr ; T+1)%/Sp ~ Z (t+1)¢/Si—1

— o+ Z g1

(t+1)¢\/Si_1

Next, by multiplying both sides of the above inequality by IIx 7 and noting the monotonicity of
{HA,t}tzl as well as the fact that Il 7 < 1 for all 7' > 1, we immediately obtain the result.

D.7 THE PROOF OF LEMMA [B.6]

Proof. We take ¢ = 2 in Lemma and bound the expectation of the partial sum Ethl Ao We

have:

T T

A B[] g¢]1?|-Fi-1]

=D E

t=1

t+1 St1 (t+1)2

T
Z A A2+
=1

T
= Elllaihes =) E
t=1

t=1
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A+2LfB)HAt( (wt) *)+C

t—|—1 2./5_1

Properly m Z

(A+2L;B)Tla o ((Ly + 1) f () + LD, ome 1|2 = f5) +C

PropzrtyE] T 2(1=51)2

- t=1 (t ) \V Stfl

C XT: LI [HA’J(W)] e, iil (28)
=P (412 S ()Y

where

Cs = (A+2LfB)maX{Lf+1 (Lf+1)ﬁ%} Cy = <A+2LfB)|f*|+C.

2C5(1 — B1) V'So

Based on the results in Lemma[B.4] we can compute:

HA,tf(Ut) E[f (u1)] 3(Ly +1)d
]E{ vV Si—1 }< Vv * a1\/v

Substitute above result into Eq. @ and combine

+ 0.

M+
Bl =
I
o3,

t=1 t=1
we get:
iHmAzt <CgﬂzE[f(ul)]+7r2C3(Lf+l)d mCs
— T T 6v/dv 2a14/v 6

It can be observed that the right side of the above inequality is independent of T". Thus, according
to the Lebesgue’s Monotone Convergence theorem, we have

T “+o0
ZHA,tAQ,t — ZHA¢A2¢ a.s.,

and

= hmIE

ZHAtAZt ZHAfAZt

= hm ZEHAtAZt] S

t=1 1 6V dv 20114/
Next, we set
—+oo
¢:=vdv+ ZHA,tA2,t7
t=1
and combine Lemma[B.5] We get:
VS ST (T +1)%¢ < T (T +1)%C. (29)
Meanwhile,
+oo ;
Csm?E[f(u1)]  m2Cs(Ly+1)d = 72Cy
El(] = Vd E A < Vd . 30
[¢] = Vdv + Zz,t]_\/w /R T (30)

Then through Eq. 29] we have

V2v2IIL! ¢
)

— 2 (max {e ﬂl?/%l“c }) (m (ma:li j;%;u}) + ;) ~ In(Ia 7).

1 2
iln( ST) <2In(T+1)+In (max{e,
v

28

Csm2 E[f (uy)] +7r203(Lf + 1)d+7r204

6
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Next, we note that

V2II,!
In <max{e, M}) >1, and <In(T+1),

Jo

from which we obtain:

%m(ST) <2In (max {e, \/ilj/%}ooC ) <1n (main{(j j—le)A s }) * ;)

<4In (max {e, \/ilj/%lmg}) In(T + 1).

With this, we complete the proof.

D.8 THE PROOF OF LEMMA [B.7]

Proof. For any T' > 0, taking the expectation on both sides of the recursive inequality in the
Sufficient Decreasing lemma (Lemma {.T) and summing the indices from n = 1 to 7', noting
E[HA t-‘rlMt] = ]E[HA t+1 ]E[Mt|g\t_1” = 0, we obtain:

T d
5 .
16 - [HA t41 ZQ } < fur) =Ta e f(uen) + (Lp + Dae Y E <Zﬂ3,zgfz>
t=1 =1
+0
Flug)>f" L d
< flu) = Ha f*+ (Ly + DIA 41 ZE (Z 773,,,i93,i>
t=1 =1
Mae41<1 T d
T )+ 171 (L ) O | Mo Yo, aste |
t=1 =1
It

€2y

To prove the conclusion of this lemma, we actually only need to bound Zle E [I'¢]. Specifically,
we perform the following transformation on I';. We have:

d d 2
0 gt i 1 g;;
Iy =Ua t41 E Mo, i9ts = A 41 E <A t41 E 5
) ; 3 + /’L ) . t25 t'Uti
=1 V i=1 ’
d 2
PropenyE] (t _|_ 1 gt i (a) 2 Sr1—g gt,i
HA bl Z (t +1)20 S, < a ¢ HA7t+1 Z g, . 1+%
i=1 t,2

A f+1<1 225

Z gti _. (32)

1+
i= 15751 2

aq

In step (a) of the above derivation, we need to apply Lemmato (t+1)?. Specifically, according
to Lemma|B.6] we have

St < (t + 1)2<a
which means:
1 ¢ ¢°
< < L.
(t+1)2 ~ 2G5 26 g3
(t+1)2085 (t+1)*%S2

Next, with the estimate for I';, we can estimate ZtT,l E[T';]. Specifically, we have:

d 225<5 d Srioq
S e
a1 T JSos X2

T 26 ~8
EE[M— 2 C ZZ gi;
t=

i=1 t= IStl
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_[E4E[]. iftse o]

T EEMm(5)], =0

(@ JO), if 6 € (0,1]

_{?fflE[ln(ig)], ifo=0 (33)

In step (a), we used the following Holder’s inequality to obtain the O(1) result
s
E[C’] < @) =CL
Next, we substitute the estimate of 23:1 E [T;] from Egq. back into Eq. and we obtain the
result. This completes the proof.
O

D.9 THE PROOF OF LEMMA [B.O|

Proof. We only analyze the case where § = 0; the case where § > 0 can be treated using exactly the
same analytical approach. Returning to the approximate descent inequality (Lemma[4.T)), we have:

d d
. . 5
Ha 1 f(uirr) = Ha e f(w) < _EHA,tJrl z_; G(t) + (L + DIIa 41 Z_; M, it
+ A e 1 M.

We divide both sides of the above inequality by In?(¢ + 1), and noting that In”(t 4 1) < In?(¢ + 2),
we obtain:

HA,t+1f(Ut+1) _ HAJJ?(W)

d
) IIA 141 9 o a1 M,

S (Lf + 1 nvt,zgt 7 +

In?(t + 2) In?(t + 1) In®(t + 1) & In?(t + 1)
RENSARS 1 d A 41 My
< T (Lp41) —— Y 2 A 45 (34
= ( f )IHQ(t+1);nt,gt, ln2(t+1) (34)

Q
For €2, we can perform the following transformation, and we have:

RS 1 &g g
-t 2 2 b N~ I b ti
ln2(t+1) i:Zlnvt,zgt,z ln2(t—|—1) ;tvt,1 o Z +1 Stz

2
@1 &K (H)H
T ag &= 1n2(2%‘i)—251}"’i.

In step (a), we use the last result from Lemma which states:
28t 28,
In (—t’) <In (ft) <{In(T +1).
v v

Then, using the series-integral inequality, we can bound 3,7 E[€2;], and we obtain:

/*m ¢ dE[¢"”]
3 dr| = .
2 zln®x a;ln2

Next, we use the explicit expression for ¢’ given in Lemma- to bound E[¢’?]. We have:

V2II;L ¢ V2I0, ! ¢
ﬁ}) max{l,ln (ﬁ) }1

<8E {max{l,lnx/ﬁf InTIA o + In(¢) — In \/EH

(¢ 1<
ZEQt ] < ZE[ZIQ(QS)“%} < ale

t=1 v =1

E[¢*] =E ls In <max {e, = 8E
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Lemma[B3land Lemma[B.d
< +o00.

As a result, we have:

+oo

> E[Q] < +oc. (35)
t=1

According to the Lebesgue’s Monotone Convergence theorem, we know that the above result im-
plies:

—+oo
> E[] 1] < +oo as. (36)

t=1

Next, we take the conditional expectation with respect to .%;_; on both sides of Eq. @ and we
obtain:

< HA,tf(Ut)
T In*(t+1)

T i1 f (us1)

F_
m(t+2) | F

+ (L + 1) E[Q|F#—1] + 0. 37

Based on the result from Eq. [36] and the supermartingale convergence theorem, we deduce that
HA,f,f (uf)
In?(t+1)

convergence almost surely. Then, according to Property we can bound f(w;) — f*
using f(ut), ie.,

Fl) = 7 < (B + 1)) - )+ S

2
2<1 1)21 ||77Ut—1 Omt—1||2 + Lff*
M}f(ut) +Lgf"

Then we can acquire our first result. Next, we take the expectation on both sides of Eq. [34] and we
obtain:

< max {Lf + 1,

A i1 f (ups1)

G+ 2) + (L + 1) E[Q] + 0. (38)

E [Hg,tf(ut)
In“(t+1)

Based on the convergence result of the expectation summation in Eq. [35]and a simple summation
formula for a recursive sequence, we obtain our second result. Thus, the case for § = 0 has been
fully analyzed. For the case where 6 > 0, we can reach the conclusion using the same method. This
completes the proof.

O

D.10 THE PrROOF OF LEMMA [B.10]

Proof. Since the case of § > 0 is relatively straightforward, we first analyze the scenario where
d > 0. According to the second conclusion for § > 0 in Lemma[B.9] we easily obtain:

3/4 Holder’s gequahty

3/4 —3/4 3/4 _
E[ST/ ] = E[HA,T/“-&-lHA/,T-i-lST ] E1/4[HA?T+1]E3/4[HA,T+1ST]'

Then according to Lemma we have E[HZ”T +1] < Cy a,3. For the other term, E[ITa 74157],
we can handle it as follows:

T T
Efllar1S7] < So +E | A Z Hgt|2] s dvrk ZHA,t+1Hgt“2
t=1 t=1
T
= dv+ Y B [Ma i1 E[llge*. 70 1]]
t=1
Property[T] T
< dv+ Y E[Uacn((A+2LB)(f(w) = ) + )]

t=1
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Lemmal[B9]
< dv+ ((A+2LsB)M;s+ C)T.

This implies that:
E[V/S1] < O3 (dv + (A + 2Ly B)M;s + C)T*/* = O(T%/4).
For the case where § = 0, we use the same approach as in the case of § > 0 and apply the corre-

sponding conclusion for § = 0 from Lemma[B.9] Thus, we obtain:
E[Sy/*) = O(T* /2 T).

D.11 THE PROOF OF LEMMA [B. 111

Proof. We discuss two cases based on the value of . In the first case, when A = 1, we naturally
have:

1 1
= (1= =)o+ et (Ve =),
Vit ( rr1)v e ezl)

that is
(t + 1)Ut+1 = t?)t + g§2.
Summing over all coordinates, we obtain:
(t+ D)Zupyy = 50, + [lge*- (39)

Multiplying both sides of the above equation by ITa ;1, and noting that IIa ;11 > IIa 442, We
obtain:
(t+ DA 4250, = A 4150, + Ma e flgel®.
Taking the expectation on both sides, we obtain:
(t+ 1) E[Ma+250,,,] < E[MA 1+130,] + E[TA 141 9:]1%]
= tE[IA 1+1%0,] + E[A 141 Efl|g]*| Fe1]]

Propertym
< tE[Ma 4130, + (A4 2L B) E[la 41 (f(we) = f9)] + C

< VB[ 18] + (A -+ 2Ly B) (SupEllLa e (F(w) — £7)]) +C

Lemmal[B9]
< t]E[HA,tHZm] =+ (A+2LfB)M5+C
By iterating the above inequality, we finally obtain:
E[lla 25, ] + ((A+2LsB)Ms + O)t if 6 € (0,1]
t+ 1) E[O .. 1< 250 ’ : L
R R {E[HAQEUI] + ((A+2LyB)MyIn*t + C)t, if5=0

This implies that for any ¢ > 1, we always have:

E[lIA 2%y, ] + (A + 2L B)Ms + C, if § € (0,1]

E[II DX <
M e42X] < {IE[HATQEUI] +(A+2LsB)MyIn®t +C, if6=0

that is

E[la 2%0,] + (A +2L;B)M; + C, if § € (0,1]

E H E'U 1
sup E[IIa +413,,] < {E[HA,QEM] + (A+2L;B)M, In?t+ C, ifé6=0

t>1

Next, we discuss the scenario when A > 1. In this case, we have the following inequality:

1
DI S Rp— |
t+1 — t + (t+1))‘||gt||

‘We multiply both sides of the above inequality by IIa ;11 and, noting its monotonicity, we obtain:

IIA 41

(t + 1),\ ||9t||2~ (40)

HA7t+2E’l}t+1 S HA,t-&-lth +
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Taking the conditional expectation with respect to .%;_1 on both sides of the inequality, we have:

ITA 141
(t+1)»

According to Property[Tand Lemma[B.9] we easily obtain:

E[Mla 14250, [Fr—1] < A t415,, + E[Ma t41llg:)1*- %1

$ A 441
i+ 2| o
E E[IT Fi_
£ (t I)A [ A,t+1||9tH | F 1]

((A + 2L B) sup; >, (HA,tJrl(f(wt) - f*)) ) Zf 1 (t+11) if 6 € (0,1]
((A+2LB)sup,s, (Messrfed=S0) o) 30y o ifa =0
< +00 as.

By the supermartingale convergence theorem, we easily obtain that I 4413, converges almost
surely, which implies that sup,>; ITa ++1%,, < +oo as. According to Lemma [B.3] where

SUP;>q H:Hl < +oo as., we can immediately deduce that sup,>; ¥,, < +o0o0 as.. Next,

we prove that the expected supremum is finite. Taking the expectation on both sides of Eq. 0] we
obtain:

E [a4250,,,] <E[Ha15,] + E[IA 141 ]|g¢ %)

1
(t+1)*
By summing the above recursive inequalities and using the results from Property [T|and Lemma[B.9]
we can easily prove that

sup E[a ¢41%,,] < < 4o00.

t>1

((A+2LsB)Mo+C) S5 5ts, if6 =0

{((A +2LyB)M;s + C) 3% (m)h if 6 € (0,1]

With this, we complete the proof.

D.12 THE PROOF OF LEMMA [B. 12

Proof. According to the result from Lemma [B.7] it is straightforward to see that when § > 0, we
have:

d Ne—1 ||V £ (wy) ]2 d
E E HA,tJrl—Z = E E |lIp t41 —=——= E (Vif(wy))
Vi—1 =1

t=2 Evt 1 + o
< ZE [HA,t+1 Z Ci(t)]
t=1 i=1

< 0475 < +o0.

Next, we apply the Lebesgue’s Monotone Convergence theorem:

S 1y 0, Bl VI
At+1

< +00 a.s.
E”t—l + ,LL

Then, by combining the almost surely boundedness of sup; 4 H;}t 41 and sup, >, 3, from Lemma
[B:3]and Lemma[B-T1] we immediately obtain:

“+ o0 400
S ol V) |? < UV £+ Y ma [V F (w)]?
t=1 =2
o0 2
2 —3/2 \ | _ -1 V.f (wy)]]
<V f(w)|” + (ig?HA,tJrl) ( /igfl)HA,t+1th +M) ;HA,tH NPy
< +00 a.s..
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According to the L-smooth assumption (Assumption[2.2), it is easy to see that

fﬂ1 H LyB
Moy @ Myp—1|| < ————|lmu—1],
ﬂ v (1 —ﬁl)t%'ﬂsu

IV f )l = IV f u) l] < Lgllwe = wel| =

which implies

Ly 2
1951 < (19701 + e )

2 L3Bt 2
<2 (1970l + 5 Lz el

2
<2V @l + = ﬂl)éffmw (supllmel)
Thid implies that
= 2o ) L3p 23X 1
>V F)l < 23 ml 9 Fwo)] +W(s;pnmtn) > o

Lemma[B9)and § > 0
< +o0 as.

With this, we complete the proof.

E PROOFS OF THEOREMS

E.1 THE PROOF OF THEOREM[3. ]

Proof. According to Lemma[B.7] we have:

Cus, if § € (0,1]
ZE{HAH&ZQ } {C5+06 E[n(Sp)], ifd=0

According to the monotonicity of 7,, ; in Property |Z| and the monotonicity of IIa ; itself, we obtain
the following inequality:

IV S (wd)|]? } [ } {045, if 5 € (0,1]
E e B E—— E (II i( . .
Z ST o4 ) Zt 1 AtHZC Cs+ CoE[In(Sy)], if6=0
For the leftmost part of the above inequality, we apply the Cauchy-Schwarz inequality and obtain:

wy)||?
”Vf(”]) Z 1V £ ],

i 340 (o + )

E [TI,] T+1T2+ (vor +4)] (ZE

which means
ZE ‘Vf w ||] C46]E|:HA1T+1T2 (,/’UT—F'LL):I 1f5€ (O, 1] )

CsE Al T30 (Jor + w)] + C6 B [T T340 (or + p)] E[In(S7)], if 6 =0
Combining the results from Lemma[B.T0| Lemma [B.TT]and Lemma[B.3] we obtain:

= [HZ‘}THT%H(\/H + /“‘)] < 2T%+6 \/E[HK?T+1]\/E[HA,T+1(UT + M2)}
OO0, ity > 1
OO, ify=1,48€(0,1].
O O(WTIT) ify=1,6=0
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and

O(InT), if § € (0,1]

Elln(S7)] = %EUH(S;M)] = gln(E[S;MD - {O(lnT) +O(nnT), ifs=0

Combining the two estimates above, we finally obtain:

T O(T=+9), if § € (0,1]
S E[IVf(w)]] < OWTInT), ify>1, §=0.
t=1 OWTIn*T), ify=1, 6=0

that is
. O(1=), ifde (1]
Z IV fw)ll] << O %) ify>1, 6=0.
= OlijT), ify=1, =0
With this, we complete the proof. O

E.2 THE PROOF OoF LEMMA [B.§]

Proof. From Theorem [3.1] we have

pim  min B[Vf(w)] < lm ZEHVJ‘ w)|[ = 0.

This implies that there exists a subsequence {wy, }¢>1 of {w; };>1 such that
Jim B[V ()| = 0.
By the Riesz theorem, we can find a further subsequence {w, };>1 from {wg, }+>1 such that
Jim [V (we)| =0 as

This completes the proof. O

E.3 THE PROOF OF THEOREM[3.2]

Proof. According to the L-smooth assumption (Assumption[2.2),, it is easy to see that
L fﬁl Ly
(1= Btz p

According to Lemma[B.9} we know that sup;~ 1 |71 < +o0 a.s.. This implies that

IV fw)ll = IV f (u)lll < Lyllwe —wel| = Hmt pomaf < [ ]]-

. Ly
lim |||V —|v <( ) dim Lo 0 as,
A IV f(w)ll = [V F(ull] < iggIImt i) - dim g, 0
This implies that we only need to prove lim;_, ||V f(ut)|| = 0 a.s.. To achieve this objective,

we proceed as follows.
For any [ > 0, we construct the following stopping timeﬂ sequence {7, }n>1
T c=min{t > 1: |V f(u)| > 1}, o :=min{t > 71 |V f(uw)| <1},

ceey

T 2k—1 1= min{t > Ty ok—2 - va(ut)” > l}, Ti ok ‘= min{t > Ty 2k—1: ||Vf(ut)|| < l}

3In this paper, we adopt the following definition of stopping time: Let 7 be a random variable defined on
the filtered probability space (€2, .7, (Fn )nen, P) with values in N U {+oc}. Then 7 is called a stopping time
(with respect to the filtration (%, )nen) if the following condition holds: {T = n} € %, for all n.
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According to the subsequence convergence result in Lemma we know that when 7951 <
+oo (V k > 1), it must hold that 79, < +00 a.s.. We now discuss two cases:

1. When there exists some ko > 1 such that mo,—1 = 400, this implies that eventually
{IIV f(w) || }¢>1 will remain below [, i.e.,

limsup ||V f (u)|| < 1. (41)
t——+oo

2. Next, we focus on the second case, where for all 751, we have 751 < +00. In this situation,
we examine the behavior of sup,,,  <;.,. [[Vf(ut)]|. Itis easy to see that:

sup  [[Vf(u)l <l+  sup [V f(ud)ll = IV f(try_, 1)l

Tok—1St<T2k Tok—1St<T2k

Torp—1
gz+< 3 ynwmt)n—||Vf<ut_1>||)

t=Top—1—1

I-smooth T2k 1
< l+(Lf ) ||utut1)

t=Top—1—1

Eq.[] Top—1
Sl+Lf< > mtogtll)

t=Top_1—1

Tr1

oy (et
A _ .
+1_51 Z A omi_i]|

t=Top_1—1

Ti,2

Our next goal is to prove separately that limsupy,_,, , Tr,1 = 0 as. and limsup,,_,,  Tr2 =
0 a.s.. For Ty 1, we have:

Top—1 Top—1 d
Tk,1—< > mtogtH)—( > th,ilgt,d)

t=7or_1—1 t=7or_1—11=1

:< Til ZﬁQ:Iﬂ) ( mil Zm%l)

t=Tor_1—11=1 t=7or_1—11=1

( Z Znt (lge.il| 7o 1]>

t=Torp_1—1i=1

d

+1< i Znt(gt,i|_E[gt,i|ytlD>

P\ b1 —1 i1

Torp—1 Tor—1 d
=1< 3 mE[|gt||3a_ﬂ>+i< 3 Zmugt,n—Engt,n%_ﬂ)).

/’l’ t272k71—1 t:T2k71—1 =1

Ti1,1 Tio1,2
For T, 1,1, we have:

" Tak—1
Tk,1,1Pp§ym< Z 77t((A+2LfB)(f(wt)f*)+C’)>

t=7o_1—1

< ((A42LgB)sup(f(we) — f*) +C) - ( ﬂi Ut)

t21 t=7op_1—1
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:((A+2LfB)sup(f(wt>—f*)+C)~(v;m1+< Z m))

t21 t=7op_1—1

() 1 2671
< 5 ((A+2L;B) sup(f(wr) - 1) +C) - (nml + ( > "7t||vf(ut)||2>)~

- t=Top—1

In step (a), this is due to the fact that, over the interval [To5,_1, Tox ), we always have ||V f(u)||? >
12. Based on Lemma[B.12] we know that

+oo

Zmllvf(ut)IIQ < 400 as.
=1

By applying the Cauchy’s convergence principle, we can prove that

Tgk—l
. 2
Jim Y V)P =0 as.
t=Tok—1

On the other hand, it is evident that limy_, 4 o 77,,_, = 0. Meanwhile, based on Lemma and
Lemma B.3] we can easily prove that

sup(f(wy) — f*) < (supH&ltH) . (sup (a1 (f (wy) — f*))) <400 as.
t>1 t>1 t>1
Therefore, we have proven that

limsupY;11= lim Yp1,=0.
k——+o0 l k—+o00

For T, 1,2, we consider the following martingale difference sequence:

Xr —ZZW |9¢,il = Ellgel | Fe-1))-

t=1 i=1

We can compute

—+o0

> E (Zm 1904l — Ellgeil | it ) \Jt ] <dZmZE (1901l — Ellge| | Fi1])?]
t=1 i=

<d Zn? ZE[W | Zoi)
t=1 =1

Property[T] I d
<

it 3 ((A+2L5B)sup(f(w) = 1) +C)

t=1  i=1
+oo

< dz ( A+ 2LfB>(supnA ) (sup(f(we) = 1) + C)) o

i=1 t21 t=1
Lemmal[B3land[BI]

< +00 a.s.
By the Martingale Convergence theorem, we obtain
+oo d
TE)TOOXT = ;z;m 9t,il = Ellgt,sl | F1-1]) < +o0 as.
7

Using the Cauchy’s Convergence principle, we can easily prove that

Top—1

limsup Y 12 = hm Z Zm |gm - |gtz

k—+o0 +Oot =Tor_1—1 i=1

1)) =0 as.
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Combining the above two limit proofs for T; ; ; and T, ; 2, we can conclude that

limsupY:; =0 as.
k—-+o0

Next, we will demonstrate that limj_, ;o T2 = 0 a.s.. This is relatively easy; we only need to

examine the series sum
+oo
> 1A ome ],
t=1

which can easily be proven to satisfy

+oco d

Lemmalﬂand-
ZHAtomt =33 A el < Va(supTlay) - (supHAtht i) ZA” +o0
t>1

t=1 i=1 = i=1
Thus, by the Cauchy’s Convergence principle, we obtain

Top—1

limsup Ty, = lim > Z’?t 9.6 — E[|ge.il|Fi1]) =0 as.

o0
k—+oo t=Tor_1—11=1

Combining the limit results for T, ; and T, 2, we conclude that

limsup sup ||[Vf(u)|| <I+0=1

k——+00 Top—1<t<Tai
Moreover, combining sup,,, <;<r,, ., ||V.f(u¢)|| <, we can deduce that

limsup |V f(u)]] <1 as.
t——+o0

Then, due to the arbitrariness of [, we conclude that

limsup ||V f(uw)|| =0 as.
t—+o00

This implies that
tllinoo IVf(u)|| =0 as.

Thus, we complete the proof.

E.4 THE PROOF OF THEOREM [3.3]

Proof. Since we have already proven almost sure convergence in Theorem[3.2] it is natural to attempt
to prove L, convergence via the Lebesgue’s Dominated Convergence theorem. To achieve this, we
need to find a function h that is .%.,-measurable and satisfies E |h| < 400, and such that for all
t > 1, wehave |V f(w;)|| < |h|. Since for all ¢, we naturally have |V f (w:) || < suppsq [|V.f(wg)]],

we only need to prove that E[sup,, >, ||V f(ws)|[]] < +oo. We proceed to achieve this goal.
Returning to the Approximate Descent Inequality (Lemmaf4.T), we have:

HA,t+1f(Ut+1) - HA,tf(ut) S HA A1 Z G(t) 4+ (Ly + DA 41 Z %,,zgt i

=1

+ A i1 M. (42)

For any A > 0, define the stopping time 7 as the first time the sequence {IIa , f (ue) }i>1 exceeds
A €.,

Ty :=min{t > 2: HA»tf(ut) > A}

It can be rigorously verified that 7 is a stopping time with respect to the filtration {.%;};>1, and
satisfies a special property [T\ = n| € %,_; for all n > 1. This implies that the preceding time
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Tx — 1 is also a stopping time. Next, for any deterministic time 7" > 3, we define 7y 7 := 7\ A T.
We then sum the indices of Eq. @from 1to 75,7 — 1. Specifically, we have:

TN, T — 1 TN, T — 1

Ty g f (g 7) < Tanflun) + (Lp+1) D Taga vat,zgt it > Tas M.

t=1 i=1 t=1
Taking the expectation on both sides, we obtain:

TN, T — 1

B [Mary o fltr, )] < B [Tanf(un)] + (s + DE [ > nwlznvt,zgm}

TAYTfl
E [ > HA’HlMt].

t=1

Since {IIa ¢4+1 Mt, 35,5_1},521 is a martingale difference sequence and 7\ 7 < T' < +00, by Doob’s
Stopped theorem, we know that:

T)\’Tfl
E[ Z HMHMt] =0.

t=1
This implies that:

Ta,17—1

E [HA,TA,TJ?(UTA,T)} <E {HA,lf(ul)} (Ly+1DE [ Z A t41 Zﬁv,,zgt 1}

E |:HA71fA(’LL1)i| Lf + 1 |:Z IIa 41 Z Mo, it 2:| :

According to the estimates of Zthl E[I] from Eq. to Eq. we easily obtain that when 6 > 1,
the following holds:

E [HAqTA,Tf(uT)\,T)} <M < 400,

where

225d(Lf +1)
a3

On the other hand, we easily observe the following event decomposition:

M:=E [HAjlf(ul)} OC

T-1 T—1
[ziltli)THA,tf(Ut) > )\} = kL:JQ [Th = k] = kL:JZ[T/\’T = k).

Moreover, since for any j # k, we have [Ty = j] N [tar = k] = 0, it follows that:

Markov’s inequality ] -1

P 2ZUPTHAtf uy) >/\} ZPTAT—]C < ZE LU Ty -
t<

E [Ma o flun, )] < ¥ 43)
(

Next, for any K > 1, we compute E [ SuPo<ser Ha i f(u ))3 } We have

f
E {(QE?ETHA,tf(ut))W‘* A K} — —/0 ( l( sup Ia.f ut))3/4 ANK > xD
- < )

2<t<T
3/4
< sup HAtf(ut)> /\K>$]>

< 2<t<T
< l(zi?ETHA’tﬂut)fM ANK > 4)) d\

Fubini’s il lheorem

39



Under review as a conference paper at ICLR 2025

2<t<T

+o0 3/4
:/ P [< sup HAﬁtf(ut)> ANK > )\] d\
0

+o0 R 3/4
S 1+/ P ( sup HA,tf(ut)) NK > )\‘| dX\
1 | \2<t<T

+o0 r R
:1+/ P ( sup HA’tf(ut)) ANKY3 > X*/?’} d\
1 L \2<t<T

+oo r R
< 1+/ P ( sup HA,tf(ut)) > Wﬂ d\
1 2<t<T

ME / M
1

2\4/3

=1+43M.

Next, we take K — +oo and apply the Lebesgue’s Monotone Convergence theorem. We get:

(e, Masfw)"] < L4007

Next, by taking 7' — +oo and applying the Lebesgue’s Monotone Convergence theorem once again,
we obtain:

E Ksup HA7tf(Ut)>3/4:| <1+ 3M.

t>2

Note that for any finite ¢, we have IIa ;41 > IIA oo (Where IIA o is defined in Lemma @) Thus,
we have:

. 3/4 R 3/4 B
E {Hi/,io(sup f(Ut)) } <E Ksup HA,tf(“t)) } <1+3M.
t>2 t>2
Next, by applying Hélder’s inequality, we obtain:

= (sup ) "] < 2 [t [ (sup )] TE S 0

Then, according to Property we can bound f(w;) — f* using f(uy), i.e.,
(Lf + 1)512
21 =p)?

(Lf + ]‘)62 £ *

flwe) = f7 < (Ly + 1)(f(ue) = f7) + 170,y 0 mesl® + Ly f*

< max {Lf + 1,

That means

* 1/2 (L +1)ﬁ2 1/2 T *
E [(f?; (F(we)—f )) } < (max{Lfﬂ,M}) CM2 L (LH3D)2 P4 [ Ly 7).

Finally, according to Lemma[B.1] we obtain:

[supHVf wy ||} V2L E [(sup( )—f*))l/Q}
2L (maX{Lf—i—l W})lﬂcﬂs (1+3M)2/3

’ 202(1 _ ﬁl v,d,3/2
+ /20317

By adding the first term, we obtain:

(Ly +1)33 Yz 1/3 “7\2/3
E |sup ||Vf(wt)\|} < IV f(wi)ll + /2L <maX{Lf +1 202(151)}> Cylaz/2(1+3M)
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+4/2L3 | f*] < +oc.

Finally, combining the almost sure convergence result from Theorem [3.2 with the Lebesgue’s Dom-
inated Convergence theorem, we obtain the L; convergence result, namely:

Jim E[[Vf(we)]] = 0.

With this, we complete the proof. O
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