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ABSTRACT

Meta-learning offers a principled framework leveraging task-invariant priors from
related tasks, with which task-specific models can be fine-tuned on downstream
tasks, even with limited data records. Gradient-based meta-learning (GBML) relies
on gradient descent (GD) to adapt the prior to a new task. Albeit effective, these
methods incur high computational overhead that scales linearly with the number
of GD steps. To enhance efficiency and scalability, existing methods approximate
the gradient of prior parameters (meta-gradient) via truncated backpropagation,
yet suffer large approximation errors. Targeting accurate approximation, this work
puts forth binomial GBML (BinomGBML), which relies on a truncated binomial
expansion for meta-gradient estimation. This novel expansion endows more in-
formation in the meta-gradient estimation via efficient parallel computation. As a
running paradigm applied to model-agnostic meta-learning (MAML), the resultant
BinomMAML provably enjoys error bounds that not only improve upon existing
approaches, but also decay super-exponentially under mild conditions. Numerical
tests corroborate the theoretical analysis and showcase boosted performance with
slightly increased computational overhead.

1 INTRODUCTION

Deep learning (DL) has well-documented success in recent years across various domains (Vaswanti,
2017; [He et al., 2016; Brown et al.| [2020). With its merits granted, the effectiveness of DL relies
markedly on high-dimensional models that require massive datasets for training. In applications
where data are scarce, acquiring massive training datasets can be prohibitively expensive. Examples
of such “data-limited” regimes include medical imaging (Varoquaux & Cheplygina, [2022]), social
sciences (Grimmer et al.,|2022), and robot manipulation (Kroemer et al., 2021).

As opposed to data-hungry DL, a hallmark of human intelligence is the ability to exploit past
knowledge to swiftly acquire new skills through limited experiences and trials. Meta-learning aims
to impart humans’ knowledge-generalizing ability into DL by identifying some task-invariant prior
knowledge, which can be subsequently transferred to aid the learning of new tasks, even when
training data are limited. Akin to human learning from past experiences, meta-learning accumulates
the sought prior knowledge from a set of related tasks. Model-based approaches, which attempt to
encode prior task knowledge in some additional meta-NN, have seen some success, but are prone to
poor robustness and require hand-tooled design.

In contrast, gradient-based meta-learning (GBML) uses an iterative optimizer, such as gradient descent
(GD), to train task-specific models, with prior information embedded in the learnable hyperparameters
of the optimizer. By learning efficient optimization hyperparameters, the model can rapidly adapt to
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new tasks in a few optimization iterations (Andrychowicz et al.| 2016). A representative example
is model-agnostic meta-learning (MAML) (Finn et al.| [2017), which encodes the prior using an
initialization shared across tasks and relies on GD to adapt the task-specific models. By starting from
an informative initial point, the model can easily converge to some local minimum even with limited
training data. Building upon MAML, many GBML variants have been developed to further improve
performance (Yoon et al., 2018; Khodak et al., 2019; Nichol, |2018}; |Raghu et al., 2019).

While GBML has gained popularity in various application domains (Zhu et al., [2020; |[Zang et al.,
20205 (Chen et al., 2021) the process of learning the prior can incur high computational complexity. In
particular, the complexity for calculating the gradient of prior (a.k.a. meta-gradient) is linear with the
number of adaptation steps, rendering these algorithms barely scalable. To lower the computational
overhead of GBML, meta-gradient estimators have been investigated as an alternative to vanilla full
backpropagation. For instance, first-order approaches (Finn et al., [2017} [Nichol, 2018) do not make
explicit use of higher-order information. However, this “over-simplification” can lead to large estima-
tion errors, thereby decelerating meta-learning convergence and resulting in degraded performance.
For a desirable trade-off between accuracy and complexity, truncated backpropagation (Shaban et al.}
2019) is advocated, in the more general context of gradient-based bilevel optimization, to retain a
specific portion of second-order information. Another line of work (Rajeswaran et al.| 2019} Ravi &
Beatson, 2019} |Zhang et al.,[2023) utilizes implicit differentiation to replace full backpropagation,
but the implicit function theorem (Krantz & Parks|2002)) involved relies markedly on the stationarity
of the solution found by the iterative optimizer.

While first-order and truncated backpropagation lessen the computational load of GBML, we will
demonstrate with analysis and empirical observations that they can lead to large approximation
errors. With this motivation, we revisit the GBML meta-gradient formulation and develop a novel
meta-gradient estimate, binomial gradient-based meta-learning (BinomGBML), which earns its name
from the keystone binomial theorem. Our contribution is three-fold:

* Embracing efficient parallelization, BinomGBML improves upon state-of-the-art meta-gradient
estimators by retaining more information to markedly reduce the estimation error.

* Theoretical analyses under three different assumptions reveal BinomMAML'’s reduced estimation
error, which decays super-exponentially. Extensive numerical tests on synthetic and real datasets
further validate these claims.

* As a side benefit, when combined with MAML (Finn et al., 2017), BinomMAML addresses the
memory scalability of MAML through dynamic management of computational graphs.

Notation. Bold lowercase (uppercase) letters denote vectors (matrices); || - || and (-, -) stand for
¢5-norm and inner product; and [-]; for the i-th entry (column) of a vector (matrix).

2 PRELIMINARIES

2.1 PROBLEM STATEMENT

Meta-learning first acquires a task-invariant prior parameterized by @ € R” that is common to a set
of related tasks. Let t = 1,...,T index these tasks, and D, := {(x},y?)}2\* | denote the per-task
datasets comprising N; (limited) input-label pairs. For compactness, let matrix X; € RNt be
formed with columns x?, and y; € R™ be the corresponding label vector. Each D, is partitioned
into a training subset D™ C D, and a validation subset D}®! := D, \ D{™. Instead, the meta-training
process first extracts a task-invariant prior from these tasks by leveraging their associated data. Then,
to measure the quality of the meta-trained prior, an unseen meta-testing task indexed by x is provided
with limited training data DY, and some test inputs {x?}. As N, can be markedly smaller than
required for DL, directly training a model over D™ could easily lead to overfitting. The meta-testing
process transfers the acquired prior to the new task, at which point a DL model can be fine-tuned
over the small D™ to predict the corresponding test labels {y7}.

The meta-training process amounts to a nested empirical risk minimization problem. The inner level
(task level) trains the per-task model parameter ¢, € R? over Di™ using the task-invariant prior
provided by the outer level. The outer level (meta level) assesses the trained model on Dtval, and
adjusts the prior accordingly. Recall @ € RP is the shared prior parameter (a.k.a. meta-parameter).
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This nested structure is naturally expressed as a bilevel objective

T
min S 67(67(6)) (12)
t=1
st ¢7(6) = argmin £, () + R(¢b;; 6) (1b)
where (U (¢,) = (" (p,; DIP) = —logp(yP™|e,; XP™) is the training loss (negative log-

likelihood) evaluating the fit of the task-specific model to D™, and regularizer R(¢;;0) =
—log p(¢,; @) represents the negative log-prior probability density function. Using Bayes’ rule,
one can verify that ¢; (0) = arg min,, —logp(¢,|D}™; @) is the maximum a posteriori estimator.

While formulation (T)) is appealing, the global optimum ¢; in (ID) is generally intractable for highly
nonlinear NNs. A feasible alternative is to rely on a manageable solver to approximate ¢; .

Gradient-based meta-learning (GBML) poses the solver as a few cascaded optimization steps. The
meta-parameter 6 acts as the optimizer hyperparameters shared among all tasks. The first work along
this line is termed model-agnostic meta-learning (MAML) (Finn et al.,2017). It relies on a K -step
GD optimizer as the solver, with a task-invariant initialization being the meta-parameter (thus D = d),
which renders the alternative objective

T

mm —Zﬁt : %Zﬁz’al(qbf{(a)) (2a)
t=1

st. @7(0) =0, ¢/ (0) = dF(0) — aVE™ (pF(0)), k=0,...,K —1 (2b)

where « > 0 is a constant learning rate. Although (2) contains no explicit R, it is pointed out that
under second-order approximation (Grant et al [2018), (2b) satisfies

1
1 () = ¢, (8) = arg¢min€§r“(¢t) + 5 llb = 61,

t

where A is determined by a, K, and V2/i™ (). In other words, MAML’s optimization strategy is
equivalent to an implicit Gaussian prior p(¢,; 0) = N(¢,; 0, A;), whose mean is the task-invariant
initialization.

2.2 COMPUTATIONAL CHALLENGES IN META-LEARNING

This section examines the time and space complexities of GBML. For illustration, the discussion will
particularly focus on MAML, while similar analysis can be readily applied to other GBML methods
including (Li et al.;,2017;Lee & Choil 2018 Rusu et al., [2018}; |Park & Oliva, [2019).

Optimizing @ in (2a) requires computing the gradient

K—
VL(0) = Vol (oK (8)) Y H Vor( v (gk) Y H (L — aV2 0™ (¢))] VG (1)
e 3)

where (a) utilizes the chain rule, and (b) is from (@B). For compactness, let HY := V2t (¢F)
denote the Hessian, and g€ := YV} (¢[) the validation gradient. It follows from (3)) that

K—1

VL(0) = [] [La - oHf]gf )

k=0
For any vector g € R?, one can compute [I; — «H]g by first expanding [I;, — «HF]g = g — aHfg
and then using the Hessian-vector product (HVP) to efficiently obtain Hfg = V ok (VO™ (pF), g).
As aresult, O(K d) time and space are required to compute (@) through backpropagation.

Note that acquiring qbf( via (Zb) also incurs O(K d) time complexity, but the constant hidden inside
O is much smaller than (3)). Thus, the overall time complexity is dominated by the backpropagation
process (Griewankl, |1993). Given that GD converges sub-linearly when the gradient is Lipschitz, it
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requires K = O(1/€) iterations for ¢/ to reach an e-stationary point (Bertsekas},2016). This implies
that a sufficiently large K is required to accurately solve (2)), raising concerns about the scalability of
MAML as its time and space complexities both grow linearly with K.

To address this issue, first-order (FO)MAML (Finn et al., [2017)) was proposed alongside ‘vanilla
MAML, providing a simpler but less accurate approximation to V.£;(6). FOMAML discards all
second-order information by simply setting H¥ = 0,44, ¥ k , thus resulting in the O(d) time and
space estimate

This “brutal” simplification heavily prioritizes reduction of computations at the expense of estimation
accuracy, which can degrade model quality and slow meta-training convergence (Sow et al., 2022).
A different first-order approach, Reptile (Nichol, 2018), proposes the meta-update rule 8 < 6 +
ex Zthl(qu{ — 0), with € € (0, 1], rather than performing GD on £(0). This method implicitly
retains higher-order information, but suffers from sensitivity to training setup in practice and, under
favorable conditions, results in comparable performance to FOMAML.

To address the limitations of first-order methods, Truncated MAML (TruncMAML) (Shaban et al.}
2019) suggests retaining a portion of second-order information by truncating the backpropagation ().
Upon setting HF = 0, k = 0,1,..., K —L—1, where L € [0, K] is a user-defined truncation
constant, the gradient estimate boils down to

K-—1
vPLu0) = [ [1a—oHf]g ®)
k=K-—L

Since () involves L < K HVP computations, the time and space complexities of TruncMAML
both decrease to O(Ld). It is seen that TruncMAML reduces to FOMAML when L = 0, and
recovers vanilla MAML when L = K. It is empirically observed, however, that the gradient error of
TruncMAML decreases slowly when L is small; cf. Figure[3b] More rigorous performance analyses
will be provided in Section [3.2] with error bounds illustrated in Figure[2] It will turn out that large L
sufficiently close to K will be needed to ensure an accurate meta-gradient estimate.

Another approach for meta-gradient estimation, termed implicit MAML (iMAML), is to rely on the
implicit function theorem (Krantz & Parks,|[2002), which yields a closed-form solution to VL (¢ ).
For instance, it has been shown in (Rajeswaran et al.| |2019) that, with an explicit regularizer
R(¢p,;0) = %Hqﬁt — 0/|? induced by an isotropic Gaussian prior, the per-task validation gradient

—1
is Volial(; ()= [Id + 1V20™(;(0))| V(5 (0)). Similarly, as the global optimum ¢;

is intractable, it must be approximated with a nearly optimal qbtK in the calculation. Moreover,
the inverse Hessian-vector product requires another approximate solver, such as conjugate gradient
iterations (Rajeswaran et al.,|2019). As memory does not grow with the number of solver iterations
(denoted L), IMAML has time complexity O(Ld) and memory complexity O(d). However, the
iterative solver introduces additional errors in the meta-gradient estimation, making the algorithms
numerically less stable than FOMAML and TruncMAML (Rajeswaran et al., [2019; [Zhang et al.|
2023)). Consequently, reverse-mode explicit automatic differentiation (i.e., backpropagation) has
become more prevalent in practice, and this work will primarily focus on it.

3 META-GRADIENT VIA TRUNCATED BINOMIAL EXPANSION

While they reduce computational complexity compared to vanilla MAML, FOMAML and Trunc-
MAML can suffer from high estimation errors that impair the meta-learning convergence and
performance. Our motivation stems from the observation that both (3) and (3) entail a sequential
chain of HVP computations that cannot be parallelized. To enhance the accuracy of meta-gradient
estimation, our key idea is to incorporate more information by performing parallel computations
concurrent with each HVP.

To this end, we will first develop a meta-gradient estimator by truncating the binomial expansion
of (). This leads to an approach that we naturally term binomial gradient-based meta-learning
(BinomGBML). In the ensuing Section 3.1, the truncated expansion will be reformulated as a cascade
of L vector operators, each corresponding to several parallel HVP computations. Then, Section
will provably show that BinomGBML not only leads to low estimation error bounds under various
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assumptions, but also diminishes at a super-exponential rate as L increases, as opposed to the slow
decay of TruncGBML. Consequently, a small L suffices for accurate gradient estimation.

Again, the discussion will be exclusive to MAML for simplicity, while our approach can be broadened
to other GBML algorithms, along the lines adopted by FOMAML and TruncMAML extensions. All
proofs of this section are deferred to the Appendix.

3.1 META-GRADIENT ESTIMATION VIA BINOMIAL EXPANSION

Our approach is based on the binomial expansion of {@). Recall the binomial theorem (Beyer| [1984)

K = K l
1+2)K=>" ;)& v ER. (6)

=0

This expansion can be generalized to multivariate product [}, (1 + z;) and even the matrix product
in @) to yield
K—1

H[d—aHk—Id+Z > H —aH}). )

k=0 1=1 0<ky, 1<K i=1

where we define {0 < k1; < K} := {0 < k; < k2 < ... < k; < K} as a combinatorial set

containing (*}) terms. In (7, I, corresponds to the = 0 term (%)z° = 1 in (); the summation

over 0 < k;; T< K and product Hi:l( —aH}") respectively align with the binomial factor (Il{ )

and the [-th power 2! in (6). Intuitively, if the learning rate « is sufficiently small, the product
Hizl(—aHfi) = O(a') can decrease exponentially with [. This motivates our meta-gradient
estimator based on the truncated binomial expansion as

VBiL,(0 Id+z > H —aHN) | gk, ®)

I=1 0<ky 1<K i=1

As the ignored higher-order terms can be as small as O(aX*1), the gradient error is expected to
diminish exponentially as truncation L increases. This expansion is also amenable to parallelization.
With L = 1 for instance, it follows from (8) that VB £,(0) = gi — « ZkK 01 HigK, where the
K HVPs in the summation can be efficiently performed in parallel thanks to their computational

independence. However, the double sum in (8) involves a total of Zle (Il( ) terms. Directly
computing each of them using parallel HVPs can be prohibitive. To improve efficiency, we advocate
reducing redundancy in the summation by merging common terms of different matrix products;
see Appendix [A.T]for an illustrative example. Using this idea, the next Proposition shows that the
truncated binomial expansion can be rewritten as a cascade of matrix operators.

Proposition 3.1 (matrix operator BY). Let P) := I, P! := kK é (Ig—aHF), i=1,....K,
and dummy index kg = —1. Define operator B, : R?*4 — RdXd such that for any matrix M € R3*4,
BM:=P, —aX £ 'l HM, i=0,...,L—1 For0 < L <K, it holds that

L l
Li+y. > [J(-eHl) =B "B/ 2. BL. ©

1=1 0<ky, P <K i=1

Proof (sketch). The proof is carried out by induction on L. The base case L = 1 is readily shown by
applying the definition of B;. Assuming the cases L = 1,..., L’ (where L’ < K) hold, the sums
of (9) can be recursively expanded and rewritten in terms of B} to obtain

‘X K-1
' - kps
Id+ Z Z H O[Hk ]BfL BtL 1153} Id+ Z (*O[HtL +1)
=1 0<k; T<K:i=1 e S

=BFBL 1. BBV,
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Notably, with the definition of matrix product P¥, the meta-gradients (@) and (5)) can be further
simplified as V.L,(0) = PEgK and V™'L,(9) = P! gtK Essentially, each matrix I; — oHF
represents a mapping R? +— R? when multiplying with g, and thus can be viewed as a vector
operator in R? that requires one HVP computation.

Building upon these insights and Proposition [3.1] we have established the following result.
Theorem 3.2 (vector operator BS™"). With the notational convention in Proposition 3.1} and given
vector g € RY, consider opemtor IB%g’ : R s R? such that for any vector v € RY, B v o=

Pig—aXr T L H“ v fori=0,1,...,L 1 For0 < L < K, it holds that

L-1

~ T K 5 _ K
VBiL(g) = BE LIS L2 gt Ogk (10)

Theorem [3.2] reformulates the complicated binomial expansion in () as a series of L vec-
tor operators. Note that the vector operator in Theorem [3.2] is distinguished by a super-
script from the matrix operator in Proposition Similar to the cascaded matrix-vector
multiplication in (@) and (§), these vector operators must be carried out from right to left
sequentially. However, each operator in (I0) may contain multiple computationally inde-
pendent HVPs that can be readily parallelized on the GPU. The next remark elaborates
on this parallelization and analyzes the complexity of the resultant BinomMAML algorithm.

&L-1
Remark 3.3. In Theorem each 5 from BE operator

. . gl L—1-1
operator requires computing HVPs 7t . . N

. kro_ . 0
with H;“ 7%, where the index kp_; = | w* ’—3—

kp—1-4+1,..., K—1—i. By the re- ! R 7R I VLRI N
cursive relationship of kz_; and the | jx-1-1} v | K11 a
", . L Vi : u,
definition ky = —1, it can be deduced ! ; o i L K—2-1
: L] v | Vi e

that kp_; ranges from L—i—1 to
K —1—1. Therefore, K—L+1 paral-
lel HVPs must be performed per oper-
ator, so the overall complexity of (T0) | — N :
is O(Ld) time and O(K—L+1)d) | " ——{w—{ o™ —=—20

Space, ML ’ V/«,,.(Q&'L—r) V£+1'L_1_l |,

The Step-by-step pseudocode is pre-
sented in Algorithm|[T] where each iter—

ation (that is, computing {u}*}/~ K

'
I 1
' oy 1
' viAI\ 21 :

K —
Figure 1: Depiction of B L operator

and {viT*}E=1-1 ) corresponds to one vector operator BE, with {ul*} X! involving K —L+1
K

parallel HVPs. An illustrative diagram of the B} Lt operator is provided in ﬁg. while a detailed

derivation of Algorithm(I]is provided in appendix [A]

Complexity considerations bring up two limitations of BinomGBML. First, the parallelization requires
(K — L + 1) computational cores compared to a single HVP. While modern GPUs are abundant in
such resources, applying BinomGBML to systems lacking cores or without GPUs can be challenging.
Second, implementing parallel computations could incur an extra overhead cost. Fortunately, our
numerical tests on real datasets suggest this cost is relatively small compared to the HVPs themselves;
cf. Figure 4]

Next, we compare the advocated BinomMAML to MAML and its variants outlined in Section @}
Remark 3.4. First, it is easily seen that BinomMAML conforms with FOMAML when L = 0.
Moreover, BnomMAML with L = K incurs the same time complexity as MAML, yet a markedly
reduced space complexity. This is due to MAML creating the K computation graphs for HVPs
when computing d)tK , which are saved in memory. In contrast, BinomMAML creates the HVP
computational graphs on the fly, and frees up the associated memory once completed. As a side
benefit, thus, BinomMAML addresses the space scalability issue in vanilla MAML. For general
L, BinomMAML and TruncMAML have identical time complexity, but the space complexity of
BinomMAML decreases affinely with L.
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Algorithm 1 BinomMAML'’s meta-gradient estimation

Input: training gradients { V/i™ (pF) KL, validation gradient gf<,

step size «, truncation L € {1,..., K — 1}
Initialize vi"* =g k=1L, | K
for/=0,...,L—1do
T = [V (VOO VT, T e (VO (6 v

ey

t
Vi-&-l,K—l—l _ vi,K—z _ aui,K—l
fork=K-2-1,...,L—1-1do
vi+1,k~ _ vi+1,k+1 _ aui,kurl
end for
end for

Output: V3£, () = v°

3.2 ERROR BOUNDS

Having developed the BinomMAML algorithm and elaborated on its computation, this section delves
into the estimation errors of FOMAML, TruncMAML, and BinomMAML. The analysis will be
performed under three different assumptions that are common and useful in meta-learning.

Assumption 3.5. Loss ¢!™ has H-Lipschitz gradient V¢, i.e., || V£ (¢p,) — V()| < H||p, —

oill. Vo, ¢, € R™

Assumption [3.5]is very mild and widely used not only for meta-learning (Fallah et al., 2020; Wang
et al.} [2022), but also more general machine learning (Jain & Karl, 2017; J1 et al.} [2021)), and can
be readily satisfied by a wide range of loss functions and NNs (Virmaux & Scaman, 2018)). Under
Assumption[3.5] three bounds can be established as follows.

Theorem 3.6. With Assumption in effect, it holds that

IVLL(6) = VEOLA(O)| < [(1 + o) ~1]llg“]|, (11a)
IVL(0) ~ VT L(O)] < [+l — (1+ 0m)"] gk ]| (i1b)
. KK
ACORSOIES SR ] (11e)
l=L+1

With efo, efr, eB denoting these bounds, it follows that eP™ < ef* < efo.

Theorem [3.6|compares the error bounds of the three meta-gradient estimators, where BinomMAML
enjoys the smallest loss due to the additional information injected. Note that all three upper bounds
are sharp, and can be attained upon setting H¥ = —H1I,, Vk. Figure [2a| shows the three bounds
in Theorem [3.6] across L, with K = 5, a = 0.25, and H = 1.0. One can observe that the error
of TruncMAML decreases slowly when L is small. In comparison, the error of BinomMAML
diminishes swiftly with L, and a small error can be readily achieved even with L = 1.

Next, a stricter yet important assumption will be considered.
Assumption 3.7. The loss function ;™ is convex V¢.

Although Assumption hardly holds for highly non-convex NN, it is especially useful if the
task-specific part of the model is linear; e.g., when adapting solely the last layer of an NN (Revaud
et al}2019; Lee et al.l 2019} |Oreshkin et al., |2018). This extra assumption on convexity allows us to
establish tighter error bounds as follows.

Theorem 3.8. Under Assumptionsand and with 0 < « < 1/H, it holds that

IVL,(0) — VFOL(O)] <[1— (1 —aH)X]|gK], (12a)

IVL(0) — VT Ly(0)] < [1 — (1 — aH)F]|gf |, (12b)
A K

V) - Tocao) < ()t e (12)

Moreover, there exists a constant Co,, = O(K /(L + 1)) such that if 0 < a < 1/(CH), the upper
bound in (12¢)) decreases super-exponentially with L.
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In addition to convexity, Theorem [3.8]also assumes the learning rate « is not too “aggressive.” It
is known that a sufficient condition for GD to “descend” is 0 < o < 2/H, with o = 1/H being
an oracle choice (Bertsekas| [2016). Since H is unknown or difficult to estimate in practice, it is
common to assume & = O(1/H ) in general, which is also necessary for the analysis of TruncGBML;
cf. (Shaban et all 2019). Estimation error bounds (I2)) are depicted in Figure 2b} It is important to
note that the bounds for FOMAML and TruncMAML are sharp, yet the BinomMAML bound is
loose. To be specific, (T2d) can be attained by letting H¥ = H1,, Vk, and (I2B) is reached when
Hf =Hl;, k=0,...,K—L—1and Hf = 0454, k=K — L, ..., K — 1. Regardless, the error
bound of BinomMAML decreases super-exponentially and outperforms TruncMAML when L > 0.
Recall that both TruncMAML and BinomMAML are exactly FOMAML with L = 0, so their actual
errors are identical in this case.

Aside from global convexity, another assumption worth probing is local strong convexity.
Assumption 3.9. The loss ;™ is locally h-strongly convex V¢ around {gb,’f f:?é e Where M <
min{L, K — L}.

Assumption [3.9]is milder than Assumption[3.7]as it presumes strong convexity around only the last A/
points of the optimization trajectory, which can be sufficiently adjacent to a local optimum. Moreover,
such an assumption has been widely used for analyzing bilevel optimization; see e.g., (Ghadimi &
‘Wang, 2018}, [Shaban et al.| 2019).

Theorem 3.10. If Assumptionsand hold, and 0 < a < 1/H, it then follows that

IVL(0) — VFOLL(0)|| < max{(1 + oH)EM(1 —ah)M — 1,1 — (1 — oH)XY| g, (13a)

IV£(6) ~ Y™ LO)] < [(1+ aH) M — (14 aH)M](1 — ah) g, (13
o/ Bi L+1 = K -1 -1
vee) - 9ol < @ Y (F 7 )a-an (130
=1
K—-M
sa-an 30 (57 ) @)1k
I=L+1

Moreover, there exists a constant C!, = O((K — 1)/L) such that if 0 < a < 1/(C/, H), the upper
bound in decreases super-exponentially with L.

Again, the estimation error bound of BinomMAML decays more rapidly and is markedly smaller
than TruncMAML in this setup, as corroborated by Figure Since Assumption [3.9] requires
M < min{L, K — L}, the bounds are plotted with M = 1, sothat L € {1,...,5}. Other parameters
are the same as in Figures 2aland [2b] and h = 0.1.

4 NUMERICAL TESTS

With analytical error bounds established, here we test the empirical performance of BinomMAML on
both synthetic and real datasets. Test details can be found in Appendix [C]

4.1 SYNTHETIC DATA

The first test is a few-shot sinusoid regression problem (Finn et al.,|2017)), where data are sampled
from sinusoids with random phases and amplitudes; each phase-amplitude combination defines a
distinct task. Figure [3|compares the actual errors of different meta-gradient estimates calculated
on the synthetic sinusoid datasets. Specifically, the left subfigure [3a] displays meta-gradient error
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Table 1: Few-shot classification accuracies on real datasets with early stopping, where =+ represents
sample standard deviation, and the number in parentheses indicates the mean accuracy relative to
MAML, highest one marked in bold.

5-way minilmageNet (%) 5-way tieredImageNet (%)

L Method 1-shot 5-shot 1-shot 5-shot
0 FOMAML 44.57 £0.92 (-1.93) 62.97 +0.50 (-1.26) 43.53 +0.94 (-3.50) 63.31 +0.52 (-1.81)
Reptile 42.11 £0.92 (-4.39) 61.07 £0.51(-3.16) 45.06 =091 (-1.97)  61.27 £+ 50 (-3.85)
iIMAML 4447 £0.92 (-2.03) 60.32 £0.49 (-3.91) 44.77 £0.98 (-2.26) 60.81 £ 0.50 (-4.31)
1 TruncMAML  44.53 +0.89 (-1.97) 62.43 + 0.50 (-1.80) 43.67 +0.96 (-3.36) 64.15 + 0.51 (-0.97)
BinomMAML  45.50 & 0.91 (-1.00) 62.36 & 0.48 (-1.87) 46.23 4 0.95 (-0.80) 64.49 4 0.51 (-0.63)
iMAML 44.57 £0.95(-1.93) 60.63 £0.48 (-3.60) 44.13 £0.93 (-2.90) 61.15 £ 0.50 (-3.97)
2 TruncMAML 4493 +0.90 (-1.57) 63.61 & 0.48 (-0.62) 45.93 £0.99 (-1.10)  64.81 + 0.49 (-0.31)
BinomMAML  46.23 + 0.92 (-0.27) 63.49 £0.48 (-0.74) 46.20 = 0.92 (-0.83) 64.41 £+ 0.52 (-0.71)
iMAML 45.03 £0.92 (-1.47) 62.77 £0.48 (-1.46) 44.80 +0.95 (-2.23) 62.38 £ 0.50 (-2.74)
3  TruncMAML 4433 +£0.92 (-2.17) 63.67 £ 0.48 (-0.56) 45.62 £ 0.98 (-1.41)  63.69 £ 0.51 (-1.43)
BinomMAML  46.00 + 0.92 (-0.50) 64.17 + 0.47 (-0.06) 46.43 + 0.93 (-0.60) 65.37 + 0.49 (+0.25)
iMAML 4543 £0.92 (-1.07) 62.64 +0.47 (-1.539) 4540 +0.95(-1.63) 61.80 = 0.51 (-3.32)
4 TruncMAML  44.83 £0.93 (-1.67) 63.44 +0.48 (-0.79) 44.93 + 0.95 (-2.10)  64.83 £ 0.51 (-0.29)
BinomMAML  46.24 + 0.94 (-0.16) 63.86 + 0.48 (-0.37) 46.73 + 0.94 (-0.30) 64.63 + 0.50 (-0.49)
5 MAML 46.50 +0.93 64.23 £+ 0.50 47.03 £0.91 65.12 £ 0.50

averaged on a batch of tasks, where the horizontal axis represents different random batches. With the
same truncation L = 4, BinomMAML consistently outperforms TruncMAML on varying tasks by an
order of 103 to 10%. The right subﬁgure depicts the meta-gradient error across various L values. It
is observed that BinomMAML significantly reduces the error relative to TruncMAML. In particular,
BinomMAML with L = 1 exhibits an error comparable to TruncMAML of L = 4, and the error
becomes negligible when L > 2. This suggests BinomMAML can potentially achieve MAML-level
performance in certain settings even with a small L. These observations corroborate our analysis in
Section[3.2] The empirical benefits of BinomMAML are larger than the analytical ones in Fig. 2]

4.2 REAL DATA

To assess BinomMAML’s performance in practice, real datasets are tested here, including minilm-
ageNet (Vinyals et al.}2016) and tieredImageNet (Ren et al.,[2018). The tests follow the “W -way
S-shot” few-shot classification protocol in (Ravi & Larochelle, 2017} [Finn et al.|[2017)), where “way”
stands for the number of classes, and “shot” refers to training data per class; that is, |D§”‘| =WS.
The hyperparameters are as in (Finn et al., 2017).

The first test compares the performance of different meta-gradient estimates. To highlight the role
of estimation errors, meta-training is early-stopped at 20,000 iterations. Note that MAML can
readily converge in such a setup, while the meta-gradient error can slow down convergence when
using an estimator. The results are summarized in Table [} where L represents the truncation
parameter of BinomMAML and TruncMAML, and the number of conjugate gradient iterations for
iMAML. BinomMAML surpasses TruncMAML in most cases when adopting the same L and exhibits
comparable performance for other cases, while outperforming iMAML across the board. Of major
note is that BinomMAML dominates TruncMAML (+1.33 average) in the 1-shot regime, while the
gap narrows (+0.27 average) in the 5-shot regime. This observation suggests TruncMAML benefits
from gradient averaging when data are abundant, whereas BinomMAML remains well-equipped for
low-data settings. Moreover, it is seen that the performance gap of BinomMAML relative to vanilla
MAML shrinks rapidly with L, as opposed to the slow improvement of TruncMAML, and a small L
suffices for BinomMAML to attain desirable performance, supporting our analytical results.

10%

—— Binom —— Trunc FO . Trunc
_ 508 N Binom
2 100 | A 5} FO
5 A \ W ) I =
2 VAR A WA A Sos
(7]
5 I
© -2
g ® 0.4
& g
o 5]
= 10 zo02 I
0.0
0 50 100 150 200 0 1 2 3 4 5

Mini-batch index Truncation (L)
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Figure 3: Actual meta-gradient error against (a) different mini-batches of tasks, and (b) truncation L.
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Figure 4: (a) Time complexity; (b) space complexity; and (c) GPU utilization of GBML algorithms
on minilmageNet.

The next test showcases the actual time, space, and compute consumption of BinomMAML, as
measured under the same minilmageNet test setup. Figure [ displays the elapsed time per meta-
training step, peak GPU memory occupation, and GPU compute core utilization across L values. It
should be highlighted that the parallelism, alongside the dynamic creation and release of computation
graphs, both incur computational overhead, which varies with L. Consequently, the time and compute
of BinomMAML slightly outpaces TruncMAML, and the space complexity is not strictly affine in L.
Further, as no parallelism is required when L = 0 or L = 5, the time complexity of BinomMAML
matches FOMAML and MAML in these two cases. Additionally, BinomMAML leads to markedly
reduced memory and compute consumption over vanilla MAML, thanks to the dynamic management
of computational graphs; cf. Remark 3.4]

Lastly, Figure [5a]depicts the change of accuracy and loss during meta-training, where the curves are
smoothed for visualization. Compared to TruncMAML, the convergence of BinomMAML aligns
better with MAML. This underscores the importance of reducing meta-gradient error, and in turn
explains BinomMAML'’s superior performance in Table|[T}

5 CONCLUSIONS

This work delved into the computational complexity of GBML, and developed a reduced-complexity
meta-gradient estimator named binomial (Binom)GBML. Inspired by the unique GBML structure in
backpropagation, BinomGBML leverages parallelization to maximize the information captured in its
meta-gradient estimate. BinomMAML was developed as a running paradigm, showcasing improved
error bounds relative to existing approaches. Experiments on synthetic and real datasets corroborate
the derived error bounds, which demonstrate the superiority of BinomMAML.

g . — MAML
g3 9 —— FOMAML
g é —— TruncMAML
@ z —— BinomMAML
230 — MAML 5 16
= —— FOMAML &
g ®
< —— TruncMAML =
& 25 - 15
5} —— BinomMAML :
s
0 200 400 600 800 1000 0 200 400 600 800 1000
Meta-iterations Meta-iterations
(@ ()

Figure 5: Meta-training (a) accuracy and (b) loss of GBML algorithms on minilmageNet
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ETHICS STATEMENT

As this work represents foundational research in meta-learning, we do not anticipate any societal
or ethical issues beyond the general and broad-reaching impacts of the advancement of machine
learning.

REPRODUCIBILITY STATEMENT

We include as supplementary material the code needed to reproduce the main results on minilmageNet
and tieredImageNet. Additionally, all proofs of theoretical results are included in appendix B}
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A BINOMMAML ALGORITHM DERIVATION

Proposition A.1 (Propositionrestated). Let P! = [[Fop (I — oH)), i = 1,... K,

PY := 14, and dummy index kg = —1. Define operator Bi : R4 RdXd such that for any

matrix M € R4 BiM := Pi —a Y5 "2 4 HkL ‘M, i =0,. — 1. It holds for
L—1i L—1—1

0 < L <K that

L I
Lo+ Z Z H(*O‘Hfi) = BtL_lBtL_Q .. .Bgld (14)

=1 0<k1 <K i=1
Proof. The proposition is proved using mathematical induction on L. As L will change in this proof,
we will alternatively denote B! as IB%tL " for notational clarity.
First consider the base case L = 1. It can be readily verified from the definition of IB%tL’i that

I+ Y (—aHj")=P{—a Y H}'=B"L. (15)
0<ki1<K k1=ko+1

Now assume (T4) holds for L = 1,..., L' where L' < K, we next prove that this equation also holds
for L = L' + 1. It follows that

L'+1

Lo+ ) > H —aHM)

=1 0<k1<..<k <K i=1

L l l
—L+Y Y [feHr) + 3 [[(—eH;)

1=1 0<k1<..<k;<K i=1 0<k1<...<kpryq <K i=1
!’
(a) BL’,L’ABL’,L'# BL’,OI e HF
= By ¢ - Dy d+ (—aH§")
0<k1<...<kpsy <K i=1
o K—L'—-1 K-L'—1 L'+1
’ !’ 17 ’
Pl —a > HI'B/UTPLUB L+ D > I[ (—eH)
k1=0 k1=0 ki<k2<..<kpr <K i=1
K-L'—1 L'+1
L 2 L',.L'-2 L'o0 ki
=P/ —a Y H'|B L BE 1, + > I[ (—eH)
k1=0 ki<ko<..<kp <K i=2
!
(¢) pL'+1,L" | pL' L —2 L'0 s ks
< B B; BT+ > I[ (—eHE)
k1<k‘2<...<k‘L/+l<K =2
K—-1
(d) »L'+1,L' mpL'+1,L'—1 L'+1,1 kpiiq
=B, "B, ...B, I;+ E (—aH; )
kL’+1:kL’+1
/ /7 7 /7 !
=By thEBr TRE LB L, (16)

where (a) relies on the inductive hypothesis for L = L’, (b) follows from Lemma|[A.4and the fact

K-L'—1 p . Li
that Zogk1<...<kL/+1<K =D k=0 Zk1<k2<...<kL/+1<K’ (¢) is from the definition of B,**, and
(d) is by recursively applying (a) through (c). This demonstrates (I4) also holds for L = L’ + 1.

By induction, we conclude that (T4) holds for any L = 1, ..., K, which completes the proof. O
Theorem A.2 (Thecremrestated) Let Pt := kK_li 1(Id —aHf), i=1,...,K, P} =1,

and ko = —1. Given vector g € R%, define operator B$" : R? s R? such that for any vector
v e RY By —Pig—aZkKL f_;L 1ﬂHHkL ‘v, 1=0,...,L—1 Itholds for 0 < L < K

that .
VBiL(g) = BE LIS L2 gl Ogk (17)

14



Published as a conference paper at ICLR 2026

Proof. For any Ml € R%* it can be verified from the definition of B! that

K—1—i K—1—i
BiMlg = |Pi—a > H*'M|g=Pig-a Y  H'Mg=BFMg]
kr_i=kr_1-_;+1 kr_i=kr_1-;+1
(18)
Therefore, using Proposition results in
VPL6) = (BB BT)g = [BYN(BF 7. BILy)lgf

a K r_ _

W st (BE Y.L B)L)g]

© per Loigst L2 g O ek

K K K

=5 LTIBE LB gk (19)

where (a) is by applying (I8), and (b) is from recursion. O

K -
Remark A.3. As stated in section each BY* ** corresponds to one iteration of O(d) parallel HVP
computation. Likewise, the meta-gradient calculation in MAML and TruncMAML can be also
respectively reformulated as a chain of K and L vector operators.
Lemma A.4. Consider the notation convention in Proposition It holds that

K—-L—-1
Bf B Bl =P/ —a > HPB .. B, (20)
}{?1:0

Proof. By the definition of B, we have
BEIBL2 . BV,

K—L
=P/ ' —a ) HB{ .. B,

k1=0

K—L+1 K-1
WpL-1_  gK-L {sz —a Y HE {Pf*?’ —®a Y H,’fLId)}}
ko=K—L+1 kr=K-—1
K—-L-1
—a > HPB . B
k‘1:0
K—L-1
— Pl oHEL {Pf—2 — aHK-LF1 [Pf—?’ — (P aHf‘l)}} ~a Y HMBFZ.
k1=0

b K—-L-1
Ypl_a Y HIBI.LBYL @1)

k1=0

where (a) separates out the k; = K — L term from the summation, and (b) is because P} —
oHF TPl = (I — aHE )P = Pit i =0,...,L — 1 and the definition PY =1,. O

A.1 CASE STUDY FOR L =2

To give some intuition on the derivation of the BinomMAML algorithm [2} the BinomMAML
expansion (8)) truncated to L = 2 is examined.

K—-1 K-1 K-—2 K-1
[T (1 - oHf]gl = [Id —a Y Hf+a? Y ( 3 HlefQ)]gtK +o(ad).
k=0 k1=0 k1=0 ko=ky+1

The double sum encapsulates all possible combinations of Hle,’f2 from the product expansion.
Expand and rewrite

K—1 K—2 K—2 K-l
[ [ oHf]gf = [L—aBHF ' —a Y HF +a Y (Y HPHE)|ef
k=0 k1=0 k1=0 ko=k1+1

15
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_ [gf(—osz(_l —OZZH’“(gt —a Z H2g! )} (22)

k1=0 ko=ki1+1

How can we calculate (22))? Note for each k1, a unique sum of HVPs over k5 is required. Denote
HVPsul'* =HFgK k=1,... K—-1.

K- K-2 K-1
H [Li - aHj]g/ = [gK —aH[ gl —a Y HP (f —a Y u')]

k1=0 ko=k1+1
Then denote each unique sumas vi:F = gK —a S8~ w0k =1,... K—1. Letting v-K = gk,
then this implies vi'* = v+l — qu®* k = 1,... K — 1. Finally, note gX — aHfflgtK =
yLE-1
K-1 K—2
k] K K- k1 1,k
[T - alf]gl = [v25! —a 3 HpvhoH]
k=0 k1=0
The expression is similar to that inside the parentheses above. Indeed, we can define u'"* =
HivIAtl | =0,... K —2and v2% = vLE-1 _ o 57572 ylK Rewrite
K-1 K—2
[T [ - ol = [W25 1 —a 3 ul]
k=0 k1=0
— 20
Which is the final gradient estimation. This procedure boils down to (1) calculate HVPs {u® k}K -

and sums {v1"*1 ! then (2) calculate HVPs {u*}° 2 and sums {v>*F} 2. This illustrates

some intuition behind the operators IB%tg” " introduced in theorem

A.2 COMPUTATION OF BINOMMAML’S VECTOR OPERATORS
Now consider the more general BinomMAML truncation where 1 < L < K. It will be shown that
K
computing each vector operator IB%tgt can be done with K — L + 1 parallel HVPs in O(d) time and
O((K — L + 1)d) space. First, denote
K K
k_ps it B OgK eRY, 1=1,...,L, (23a)
kL_l:k‘fl
v? f =gl VE,

—H'WV eRrR? 1=0,...,L—1. (23b)

K
l * an the intermediate term resulting from the chain of operators IB%gt . . BE 0 gk. Since
Btg‘ ! Egt 0 gk can represent a set of v! dependlng on the value of the prior index k —1, the

second superscrlpt k dictates kz_;. Additionally, ut represents an HVP operation whose role is

K
described shortly. With this notation each ]B%ft tis computed using the set of intermediate terms
v bR K 41 and HVPs {ut K-l . To see how this leads to the BinomMAML algorithm

K
first note that the definitions of vt’ (234) and BE* ! (Theorem | lead to
K1

K
k_ Be ,z—lviq,kﬂ’h e (sz N Z Hf“l”vi*l’k“l’lﬂ
kpyi1—1=kp_1+1
(24a)
K-l

= (Pl o X wt :

kr41—1=kr—i+1 kp_i=k—1
(24b)

. g1 . . I,k I,k I,k

The above equations expand B} as expressions with v, and u;”. In (24a), each v, depends on
a unique subset of the previously calculated terms {v}*""* K-~ |, which requires that {vi* Kb
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kr_1=k—1

b



Published as a conference paper at ICLR 2026

Algorithm 2 BinomMAML'’s meta-gradient estimation (matrix implementation)

Input: training gradients (Ve (ph) K 0 ,Vahdatlon gradient gf<,
step size «, and truncation L € {1,. -1}
Initialize VY := [gK,... gK] € RdX(K*L“)
for/=0,...,L—1do
Ul = [V (VO (o ™1, [V, -, Vs (VA 71), [Vl k- 141)]

Vi = Vg p1k p41—oUTk 1
end for L
Output: VBi£,(0) = [VL];

K
be saved (rather than summed to find B¥* =t directly). (24b) reveals that, though originally unclear,
vbF is simply a sum of HVPs {u;” L k}kK:_thle. In fact, implies that vi* = vbF+!

au i Lk+l , meaning {v f Ll ; can be computed as a sequence of computationally trivial additions
{viF = ¥R qul MK starting from the highest index k = K — 1. The K — L + 1

computationally 1ndependent HVPs can be performed in parallel with O(d) time and O((K —L+1)d)
space.

Using this framework, BinomMAML (17), as cascade of L x ]B%tgf’l operators, can be calculated
by recursively finding {vi™"*}K=1=1 viathe HVPs {ul*}X~! fori=0,...,L — 1. The total
complexity of BinomMAML is then O(Ld) time and O((K — L + 1)d) space, meaning the space
requirement actually decreases affinely with L.

The final estimate V3£(8) is found as

K K K
~ Bi JL—1 JL—2 0
VBiL(9) =B VTS L BEOyE

_ Bgf,L—le—l,klﬂ
- t

[PL 1K _ Z uL 1k1+1

ki1=ko+1
L0
=vy.
In other words, {v;"" ok are summed to produce VPBiL(8). Finally, it is shown in lemma
that Plgl = vi LE=L which allows us to reuse Vi LR g PlgX rather than directly calculate

Plgh = (I; — aHE - l)Pl g/ This recursive operator structure leads to Algorithm requiring
O(Ld) time and O((K — L + 1)d) space.

However, Algorithm[I|can be improved by reformulating the vector additions in the inner for loop
as a matrix multiplication to take advantage of low-level matrix optimizations in libraries such as
PyTorch. This can be achieved by stacking {v.™" k+1}kK:_Ll'_"ll 41 and { ub” kK:_Ll_ , as the columns of
the matrices

U L=l 1LK—1
Vi = [vy yees VY 1,
. l,Lfl IK—1
U; = [u a7 ]
Then it follows that
I+1 lK -1 !
Vit = i 1 — U Tk p1,

where Tx_74 € RE-LH)X(E-L+1)

reformulation produces Algorithm 2]
Lemma A.5. Consider the notation vi"* in @3a). It holds for 1 < | < L that

is a strictly lower-triangular matrix filled with 1’s. This

Plgh = vi-bE-L (25)

17
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Proof. As aresult of lemma[A-4] we have the two equations

K-l
K K K K K
g, Jl—1me, -2 g 0 K _ pl-1_K kpt1-1mp8; -i—2 g, 0_K
B, B, ... By g, =P, g —« H, B, LBy g
kryi1—i1=kp_1+1

)

(26a)
Kil-1neF ,0 K & k K12 Ko K
BECITIBEC T2 BECOgK — plgh > HMUBE LB Vgl (26b)
kryi—i=kp_1+1
Subtracting (26b) from (26a), we get
K K
P Pl—l K _ HK—lBgt =2 N .Bgt 0 K
tgt t 8t okl t t 8t k1=K —1—1
K .
Or, by the definition of IB%tg‘ " that
K K K
P! — BB ,lflEggt »172._.Bgt 0 _K _ LKl
tgt t t t N P v
O
B ERROR ANALYSIS
Theorem B.1 (Theorem [3.6] restated). With Assumption[3.3)in effect, it holds that
IVL:(8) = VFOLUO)|| < [(1+ aH)X — 1], (27a)

IVLL(0) = VT Ly(O)]| < [(1+ aH)K — (14 aH)"]|gf], (27b)
(0)

{
K

I < [ > (7 >]||gt I @)
I=L+1

Moreover, denoting these three upper bounds by ef'© eI*, P it follows that eP'™ < ef™ < €F©.

VL,(8) —VPiL,(0

Proof. Using Lemma[B.2] yields

IVL(0) — VEOL(O)[| = [[PFef — gl < P — Lallllgl || < [(1+ «H)™ — 1]||gfl.
For TruncMAML, we have that

K—-L-1

1 M-eH}) -1,

k=0
<[+ aH) ™ —1)(1+ aH)"||gf|

IVL(6) = VTL(6)] = [P el —Piei] < IPH el 28)

where the last line utilizes Lemmaand that | PE|| < Hk o Il —aHE| < (14 aH)E.
Next, we prove the upper bound for BinomMAML. Notice from (8] that

- {Id + i 3 ﬁ(—aHfi)}

I=1 0<k1<...<k; <K i=1

IdfzK: 3 ﬁ(aHfi)[Iﬁi > IITWHQ“')}

I=1 0<k; <...<k; <K i=1 I=1 0<k; <...<k; <K i=1

— | i > ﬁ(—aHfi

I=L+10<k; <...<k; <K i=1

Sy e

I=L+10<k, <...<kj <K i=1

IVLA(8) = VPL(O)] < le:* |

@
= [EA

)|l (29)
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0 & (K
<Y () @mes
I=L+1

where (a) applies binomial theorem to PX = kK:_Ol(Id — aHYF), and (b) uses Assumption
Lastly, we prove that eP™™ < " < efO. As (1 + aH)* > 1for1 < L < K, it is easy to see that

e = [(1+af)® — (1+aH)"]|lgf| < [(1+aH)® —1]|gf]| = e

In addition, we have

o — P = <1+aH>K—<1+aH>L—é (7)e >]||gt ||
-,
o [I_{ (7 )wmr - ; (1) m' f; (7 )@m ] ry
- [Z ()@ —Z (7) <aH>l] Ief|

where (a) relies on the binomial theorem, and (b) is due to ([f) - (?) > 0 for K > L. The proof is
thus completed. O

Lemma B.2. With Assumption[3.3]in effect, it holds fori =0, ..., K that
P} — Lg| < (1 +aH)" - 1. (30)

Proof. First notice that

P —I,=(I;— aHSE HPIT -1,
= (P! L) — B[P

K-1
QP -1)—a Y HIPE
k=K—1i
K-1
=—a Y HPFH!
k=K—i

where (a) is by telescoping the second line.

Then, it follows from Assumptionand the definition of P? that

K—1

Z HFpE-1-k
t e

Z B ||

P} — 14| = a

Z 1—|—aH)K 1=k

I /\
N

=1+ )

which completes the proof. O
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Theorem B.3 (Theorem restated). Assume Assumptionsand hold, and 0 < o < 1/H. It
follows that

IVL.(6) ~ VFOLO)] < [1 (1~ ) ]| Gl
IVL.(8) ~ VL)) < [1 (1 — k) ]|k G1b
Ivei) - oo < (1 )@ ss. Gle)

Moreover, there exists a constant Co,, = O(K /(L + 1)) such that if 0 < a < 1/(CoH), the upper
bound in decreases super-exponentially with L.

Proof. By Assumptionand 0<aH<1,wehave0 <1—aH <I;—aHF <1. It follows that
P < Hk i ||Id — oHF|| < 1, and the smallest eigenvalue Ay, (P?) > Hk s —i Mmin(Ig —
aHF) = (1 — aH)® > 0. As a consequence, we obtain 0 < I; — P¢ <1 — (1 — «H)?, thus giving

IVL:(0) = VFOL,(0)] < |PF — Lalllle || < [1 - (1 — «H) ]|Igf .

Similarly, we have for TruncMAML that

K—-L-1

I T-oHf)-1,

k=0

IVL(6) = VTL(0)] < Pyl < 1= (1 = aH) g

Regarding BinomMAML, using Lemma[B.4] gives

i [ ) H(—aHfi)] (—aH; )P gt

I=1 LO<ki<..<kp,<K—-1-li=1

f[ S [

=1 Lo<ki<..<kp<K—1—li=1

gt

where (a) relies on Assumptlon 3 5|and | P:|| < 1.

IVLL(8) — VEiL,(6)] =

1GIIHK NP e

INE

(aH)L+1 [El

To obtain the desired result (27d), notice that

KZ‘:L(KL—Z) _ <§>+ Lz—l +K‘L‘2 (K—L)

=1

where (a) uses (7) = 1= (777). (b) is because (;71) + (“F') = (}17) for0 < k < L, and (c) is

by recursively applying (a) through (b).
Lastly, using Lemma [B-3]incurs

- Bi K eK \L+1
||vct<e>—vB.ct<e>||§(L )<aH>L“||g§<||<(aH) &I

+1 L+1
The second bound is not tight. As a result, there exists C, < eK/(L + 1) to ensure the super-
exponential decrease wrt L, thus completing the proof. [
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Lemma B.4. It holds for 1 < L < K that

K—-L l
VL(6) - VPIL(0) =) [ > [[(—eH) | (—aHE )P g

I=1 LO0<ki<..<kp<K-1-li=1

Proof. Using binomial theorem as in 29) yields
K

VL) - VPiL(0) = Y 3 H —oH}")gf = My[K]g(

I=L4+10<k1<..<k;<K—-11i=1

I K -1 K—1 1
2 > H(—aﬂfﬂ (—aHf Mgl + Y 3 [T(—eHf)gl

LI=L+10<ki<..<k;_1<K—2i=1 I=L+10<k;<..<k;<K—2i=1

—

[ K—1 l K—1 l
(b) ki — ki
015 Y [[an >] CaHE K S Y [[(aBbgk
L I=L 0<ki<...<ky<K—2i=1 I=L+10<k1<..<k<K—2i=1
K—-1

l
DS H(awa](aHf—wgfw

I=L410<k; <...<k;<K—21i=1

L
2 X H(miﬂ)] (~aH} g +

L0<ki<..<kp<K—2i=1

[ Kijl > ]i[(—aHfi)] gl

I=L+10<k; <..<kj<K—2i=1

{ 5 H<—aHfi>]<—aHf“>gf<+

0<ki<...<kp<K—-2i=1

—
s}
~

K-1

l
DS H(—aHfi)](h—aHf“)gf

I=L+10<k;<..<ky<K-2i=1

L
= [ > H(—aHfi)] (—aH{ gl + MK —1](ILs — oHf g (32)

0<ki<...<kp<K—2i=1

where (a) splits the summation into two parts based on whether k; = K — 1, (b) rewrites the first
summation by replacing index ! with [ 4+ 1, and (c) separates out the [ = L term from the first
summation.

Telescoping the series M [ K] in (32) until M;[L + 1] leads to
VL:(0) — VBL,(6)

K-1—-1L L
=y { > H(—aHf"’)} (—aHEHPL gl + My [L + 1)PE 1 EgK
=1 L0<ki<.<kp<K—1-li=1
K-1-1L L L
= { Z H(—aHf‘)}( aHEHPI-lgk 4 H —aHPF) | PE-1-LgK
=1 L0<ki<.<kp<K—1-li=1
K-L L
= [ > H(—aHi“)] (—aH7 )P g (33)
=1 “0<ki<..<kp<K-1-li=1
which is the sought result. O

Lemma B.5 ((Cormen et al.,[2022). For L =0, ..., K, it holds

K - (eK ) L
L L
where e is Euler’s number.

Theorem B.6 (Theorem restated). Assume Assumptionsand hold, and 0 < o < 1/H. It
follows that

IVL(0) — VFOLL(0)|| < max{(1+ oH)E" M1 —ah)M — 1,1 — (1 — oH)XY|gX|, (34a)
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IVL(8) = VL) < [(1+ aH) M — (1 + aH)""M](1 — al)™|igf |, (34b)
IVL(8) = VPIL(O)] <

[(M)L“ Z (7 Namam s a ey S (KM <aH>l] Al

I=L+1
(34¢c)

Moreover, there exists a constant C!, = O((K — 1)/L) such that if 0 < a < 1/(CoH), the upper
bound in decreases super-exponentially with L.

Proof. Assumptionimplies fork = K —M,...,K — 1, itholds h < Hf =< H, and hence
O0<l—aH = Idfosz < 1—qah. Inaddition, 0 < aH < 1lleadsto0 < 1—aH < Idfosz =
1+aH, k=0,..., K — M — 1. Therefore, PtK > 0, and the error of FO-MAML has upper bound
K-1-M K-1
[I @-onf) J[ (I-oHf) -1,
k=0 k=K—M
< max{(1 4+ oH)5" M1 —ah) —1,1 - (1 — aH)X}||gEK]|.

IVL(8) = VTOL(O)]| < [Pf —Lalllgi || = [E

Moreover, it follows from (28) that

K—-L-1

I M-eH}) -1,

k=0
<[+ o) F =11+ aH) M (1 - ah)™|g{ .

IVL(6) = VTLy(8)] < [ [

Next, we prove the upper bound for our BinomMAML. Telescoping the series M, [K] in (32) through
M, [K — M] leads to

VL(6) — VPILy(6) (39)
L

M
-y [ 3 H(—aHffﬂ (—aHE )P 1gK + My[K — MPMgE  (36)
=1 Lo<ki<..<kp<K—1—li=1

Thus, its £3-norm can be upper bounded via

IVL(0) — VPL(O)]

-3 X [t

=1 L0<ki<...<kp<K—1-li=1

POND VI

I=L4+10<ki<...<k;<K—-1—-M Li=1

< |(am ﬁ ("7 a-ams b3l (7 ) emta - anp ey on

l=L+1

K-l [—
]anm 1P g |+

P g |

To this end, we next show that the two terms in (37) both decrease super-exponentially with L.

On one hand, plugging Lemma [B3]into the first term of (37) renders
M M
K -1 _ e(K —1)7L _
L+1 -1 L+1 -1
(aH) 121: ( L )(1 —ah)"! < (aH) Zl: [T} (1— ah)

M
(%) (aH)EH [LU(L_ L)r Z(l —ah)'!
1=

=D (-

—

zf[aH
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where (a) is because the index [ > 1. This suggests there exists C, < e(K — 1)/L to ensure its
super-exponential diminish.

On the other hand, applying Lemmas [B.7]and [B.3|to the second term of (37) yields

KM K—M—-L
> (M) emia-an = -amamsn Y (57T am

I=L+1

< (1 — ah)M(aH)" ! [ oK LM_Z)} (1+aH)
1=1
K — M —1)L 52"
< M L1 [e(
(1= ah)™ (aH) 1| - } ; +aH)
, K-M-1
(1—ah)M{aH ( 7 )} (1 + aH)K-L=M _ 1]
which decreases super-exponentially with some C/, < e(K — M —1)/L < e(K —1)/L. O

Lemma B.7. Let v € R be a constant. It holds for L =0, ..., K — 1 that

K K K—-L K1 B
> (l)vle“Z< . )(Hv)l ' (38)
l=L+1 =1

Proof. Defining the left-hand side of (38) as S[K], it follows

SIK] = f: (f),yl l_zj;rl (If__ll>7l +li{§;l (Kl—1>71
i B )

1 K—1

© (K=1\ K =1\ 141 K—=1\

_< I )’7 + ! D E I ~y
1= I=L+1

+1

—~
Sl
N

—~
<o
=

Il
7~
N
h
—
~
=2
h
+
+
L
=
7~
=
~
2
)
_|_
=

KZL( ) o

where (a) is due to ([l{) = (Il(:ll) + (Kfl) forL+1<1< K—1and (ﬁ) =1= (KD,
(b) changes the index in the first summation from [ to [ + 1, (¢) isolates the [ = L term from the
summation, and (d) leverages the relationship between S[K] and S[K — 1] recursively. O

C NUMERICAL TEST SETUPS

All experiments are implemented on a desktop with an NVIDIA RTX A5000 GPU, and a server with
NVIDIA A100 GPUs.
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C.1 SYNTHETIC DATA TEST

1-dimensional continuous sinusoid regression is performed, where the tasks are to fit the randomly
sampled input values z; € [—5, 5] to sinusoids y; = A;sin(x; + ¢;) of varying amplitudes A; €
[0.1,5.0] and phases ¢, € [0, 7]. During task-level training, the model is shown 10 data points.
Since the purpose of this test is to view the meta-loss gradient accuracy of TruncMAML and
BinomMAML, no meta-optimization was performed. For comparison, each method uses the same
randomly generated dataset, ensuring parity among methods.

In Figure we set K = 5 and L = 4. In Figure the average errors are taken over 1,000
meta-batches, each containing 10 tasks.

C.2 REAL DATA TEST

Real data tests are carried out on the minilmageNet (Vinyals et al.,2016)) and tieredlmageNet(Ren
et al., 2018) datasets, which are both subsets of the ILSVRC-12 geared toward meta-learning. The
learn2learn Python library (Arnold et al.,2020) was used to load the datasets. All images in both
datasets are 3-channel RGB natural images cropped to 84 x 84 pixels. The datasets are divided as
such:

¢ minilmageNet: 64 meta-train classes, 16 meta-validation classes, 20 meta-test classes.
Each class contains 600 samples. This split was originally proposed in (Ravi & Larochelle
2017).

* tieredImageNet: 351 meta-train classes (448,695 images), 97 meta-validation classes
(124,261 images), and 160 meta-test (206,209 images). This split was originally proposed
in (Ren et al.,[2018).

For both datasets, the model architecture and training protocol is that suggested by (Vinyals et al.,
2016 [Finn et al.| 2017), with 4 layers of 3 x 3 convolutions and 32 filters, followed by batch
normalization, ReLU non-linearity, and 2 x 2 max-pooling. We sample our training and validation
sets using the standard W-way S"-shot few-shot learning protocol. Specifically, for each mini-
batch of classes, we randomly sample W classes and draw S*" training images and S validation
images, totaling W x SV training and W x S** training and validation images, respectively. We
adopt the usual choices of W = 5 classes, S" = 1 or S* = 5 images, and S** = 15 images. In
addition, K = 5 adaptation steps are adopted. Meta-training are limited to 20, 000 iterations. Other
hyperparameters follow from (Finn et al.,|2017), i.e., adaptation step size o = 10~2, meta-training
step size 3 = 103, and meta batch size B = 4.

For numerical stability, we found it beneficial to replace the « in (8) with o' := La/K. This
substitution makes the condition & = O((L + 1)/(K H)) in Theorems [3.8/and [3.10] more easily
satisfied. It is worth stressing that o/ = 0 recovers FOMAML when L = 0, and o/ = a with L = K
reduces to MAML.

We also note that, current DL libraries such as PyTorch lack support for the niche but crucial ability
to parallelize HVPs. Although the training gradients { V™ (pF) f:_ol are obtained in the adaptation
steps, our current implementation requires calculating them again in the backward pass of V.L;(8).
For a fair comparison, we have excluded the time for the this repeated gradient calculation.

D EXTENSIONS AND FUTURE WORK

D.1 HYBRID BINOM-TRUNC ESTIMATOR

Intuitively, in (@), the final training gradient g is less sensitive to second-order terms HY, with
small %, from the earlier task-level training GD. In truncated backpropagation, this logic leads to the
TruncGBML estimate @, where H,’f = 04xd, 0 < k < K — L. However, this intuition can also
be applied to the BinomGBML estimate by similarly truncating the early Hessians and performing
a binomial expansion on the remaining terms; thus, we arrive at a hybrid “binom-trunc” GBML
estimate. To this end, the constant C' € {L, ..., K} is introduced, which determines the truncation
of the computational graph, with L determining the polynomial order of the binomial expansion. The
hybrid estimator can be constructed by setting Hf = 04xd, 0 < k < K — C, rendering

L l
@BiTr/:t(a) — Id"‘Z Z H(—aHfl) gtK. 39

I=1 K—C<ky 1<K i=1
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Table 2: Hybrid binom-trunc estimate performance on minilmageNet and tieredlmageNet with with
K =5,L =1, and C = 4 and all other settings identical to that of tab. E]

5-way minilmageNet (%) 5-way tieredImageNet (%)
1-shot 5-shot 1-shot 5-shot
Hybrid 45.17+£091 6241 +£049 4430+091 63.78 £0.49
Trunc 4453 £090 6243 £0.50 44.67+096 65.14+0.51
Binom 4550 £091 62.36£0.48 46.23+0.95 64.49+0.51

The corresponding estimate can be constructed via alg. setting V@m(cbf )=04,k=0,...,K—C.
Results on minilmageNet and tieredImageNet with K = 5, L = 1, and C' = 4 are presented in
table 2| Overall, the hybrid estimate performs slightly worse than TruncMAML and BinomMAML,
which is expected since the constant C' introduces a trade-off between computational overhead and
estimation accuracy.

D.2 RELATION TO ANIL

As mentioned in section [3} akin to other meta-gradient estimates (TruncGBML, iMAML), our
approach can be readily combined with ANIL (Raghu et al.l[2019). Specifically, ANIL omits the
task-specific adaptation of certain model layers, whereas BinomGBML can be used to efficiently
estimate the meta-gradient of the remaining layers. While both ANIL and MAML have been shown
effective on ImageNet-like datasets, such as those used for evaluation in section ] it is up to the
practitioner to choose the appropriate meta-learning algorithm.
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