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ABSTRACT

We analyze the learning problem of fully connected neural networks with the
sigmoid activation function for binary classification in the teacher-student setup,
where the outputs are assumed to be generated by a ground-truth teacher neural
network with unknown parameters, and the learning objective is to estimate the
teacher network model by minimizing a non-convex cross-entropy risk function
of the training data over a student neural network. This paper analyzes a general
and practical scenario that the input features follow a Gaussian mixture model of a
finite number of Gaussian distributions of various mean and variance. We propose
a gradient descent algorithm with a tensor initialization approach and show that
our algorithm converges linearly to a critical point that has a diminishing distance
to the ground-truth model with guaranteed generalizability. We characterize the
required number of samples for successful convergence, referred to as the sample
complexity, as a function of the parameters of the Gaussian mixture model. We
prove analytically that when any mean or variance in the mixture model is large, or
when all variances are close to zero, the sample complexity increases, and the con-
vergence slows down, indicating a more challenging learning problem. Although
focusing on one-hidden-layer neural networks, to the best of our knowledge, this
paper provides the first explicit characterization of the impact of the parameters of
the input distributions on the sample complexity and learning rate.

1 INTRODUCTION

Deep neural networks (LeCun et al., 2015) have demonstrated superior empirical performance in
various applications such as speech recognition (Krizhevsky et al., 2012) and computer vision
(Graves et al., 2013; He et al., 2016). Despite the numerical success, the theoretical underpin of
learning neural networks is much less investigated. One bottleneck for the wide acceptance of deep
learning in critical applications is the lack of the theoretical generalization guarantees, i.e., why a
model learned from the training data would achieve a high accuracy on the testing data.

This paper studies the generalization performance of neural networks in the “teacher-student” setup,
where the training data are generated by a teacher neural network, and the learning is performed on a
student network by minimizing the empirical risk of the training data. This teacher-student setup has
been studied in the statistical learning community for a long time (Engel & Broeck, 2001; Seung
et al., 1992) and applied to neural networks recently (Goldt et al., 2019a; Zhong et al., 2017b;a;
Zhang et al., 2019; 2020b; Fu et al., 2020; Zhang et al., 2020a). Assuming that the student network
has the same architecture as the teacher network, the existing generalization analyses mostly focus
on one-hidden-layer networks, because the optimization problem is already nonconvex, and the
analytical complexity increases tremendously when the number of hidden layers increases.

One critical assumption of most works in this line is that the input features follow the standard Gaus-
sian distribution. Although other distributions are considered in (Du et al., 2017; Ghorbani et al.,
2020; Goldt et al., 2019b; Li & Liang, 2018; Mei et al., 2018b; Mignacco et al., 2020; Yoshida &
Okada, 2019), the generalization performance beyond the standard Gaussian input is less investi-
gated. On the other hand, the learning performance clearly depends on the input data distribution.
(LeCun et al., 1998) states that the learning method converges faster if the inputs are whitened to
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be the standard Gaussian. Batch normalization (Ioffe & Szegedy, 2015) modifies the mean and
variance in each layer and is a popular practical method to achieve a fast and stable convergence.
Various explanations such as (Bjorck et al., 2018; Chai et al., 2020; Santurkar et al., 2018) have been
proposed to explain the enormous success of Batch normalization, but little consensus exists on the
exact mechanism.

Contributions: This paper provides a theoretical analysis of learning one-hidden-layer neural net-
works when the input distribution follows a Gaussian mixture model containing an arbitrary number
of Gaussian distributions with arbitrary mean and variance. The Gaussian mixture model has been
employed in many applications such as data clustering and unsupervised learning (Dasgupta, 1999;
Figueiredo & Jain, 2002; Jain, 2010), and image classification and segmentation (Permuter et al.,
2006). The parameters of the mixture model can be estimated from data by the EM algorithm
(Redner & Walker, 1984) or the moment-based method (Hsu & Kakade, 2013), with theoretical
performance guarantees, see, e.2., (Ho & Nguyen, 2016; Ho et al., 2020; Dwivedi et al., 2020a;b).

For the binary classification problem with the cross entropy loss function, this paper proposes a
gradient descent algorithm with tensor initialization to estimate the weights of the one-hidden-layer
fully-connected neural network. Our algorithm converges to a critical point linearly, and the returned
critical point converges to the ground-truth model at a rate of y/d log n/n, where d is the dimension
of the feature, and n is the number of samples. We also characterize the required number of samples
for accurate estimation, referred to as the sample complexity, as a function of d, the number of
neurons /, and the input distribution. Our explicit bounds imply (1) when the absolute value of any
mean in the Gaussian mixture model increases from zero, the sample complexity increases, and the
algorithm converges slower, indicating that it will be more challenging to learn a model with a small
test error; (2) The same phenomenon happens when any variance in the mixture model increases
to infinity from a certain positive value, or if all the variances in the mixture model approach zero.
Our results indicate that the training converges faster and requires a less number of samples if the
input data are zero mean with a certain non-zero variance. This can be viewed as one theoretical
explanation in one-hidden-layer for the success of Batch normalization. Moreover, to the best of
our knowledge, this paper provides the first theoretical and explicit characterization about how the
mean and variance of the input distribution affect the sample complexity and learning rate.

1.1 RELATED WORK

Learning over-parameterized neural networks. One line of theoretical research on the learning
performance considers the over-parameterized setting where the number of network parameters is
greater than the number of training samples. (Bousquet & Elisseeff, 2002; Hardt et al., 2016; Keskar
et al., 2016; Livni et al., 2014; Neyshabur et al., 2017; Rumelhart et al., 1988; Soltanolkotabi et al.,
2018; Allen-Zhu et al., 2019a). (Allen-Zhu et al., 2019b; Du et al., 2019; Zou & Gu, 2019) show
the deep neural networks can fit all training samples in polynomial time. The optimization problem
has no spurious local minima (Livni et al., 2014; Zhang et al., 2016; Soltanolkotabi et al., 2018),
and the global minimum of the empirical risk function can be obtained by gradient descent (Li &
Yuan, 2017; Du et al., 2018b; Zou et al., 2020). Although the returned model can achieve a zero
training error, these works do not discuss whether it achieves a small test error or not. (Allen-Zhu
etal., 2019a; Li & Liang, 2018) analyze the generalization error by characterizing the training error
and test error separately. Still, there is no guarantee that a learned model with a small training error
would have a small test error. (Cao & Gu, 2019) provides the bounds of the generalization error
of the learned model by stochastic gradient descent (SGD) in deep neural networks, based on the
assumption that there exists a good model with a small test error around the initialization of the SGD
algorithm, and no discussion is provided about how to find such an initialization. In contrast, our
tensor initialization method in this paper provides an initialization that is close to the ground-truth
teacher model such that our algorithm can find this model with a zero test error.

Generalization performance with the standard Gaussian input. In the teacher-student setup
of one-hidden-layer neural networks, (Brutzkus & Globerson, 2017; Du et al., 2018a; Ge et al.,
2018; Liang et al., 2018; Li & Yuan, 2017; Shamir, 2018; Safran & Shamir, 2018; Tian, 2017)
consider the ideal case of an infinite number of training samples so that the training and test accuracy
coincide and can be analyzed simultaneously. When the number of training samples is finite, (Zhong
et al., 2017b;a) characterize the sample complexity, i.e., the required number of samples, of learning
one-hidden-layer fully connected neural networks with smooth activation functions and propose a
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gradient descent algorithm that converges to the ground-truth model linearly. (Zhang et al., 2019;
2020b) extend the analyses to the non-smooth ReLU for fully-connected and convolutional neural
networks, respectively. (Zhang et al., 2020a) analyzes the generalizability of graph neural networks
for both regression and binary classification problems. (Fu et al., 2020) analyzes the cross entropy
loss function for binary classification problems. Compared with other common loss functions such
as the squared loss, the cross entropy loss function is harder to analyze due to the complicated forms
and the saturation phenomenon of its Gradient and Hessian (Fu et al., 2020).

Theoretical characterization of learning performance from other input distributions. (Du et al.,
2017) considers rotationally invariant distributions, but the results only apply to a perceptron (i.e.,
a single-node network). (Mei et al., 2018b) analyzes the generalization error of one-hidden-layer
neural networks in the mean-field limit trained on a large class of distributions, including a mix-
ture of Gaussian distributions with the same mean. The results only hold in the high-dimensional
region where both the number of neurons K and the input dimension d are sufficiently large, and
no sample complexity analysis is provided. (Li & Liang, 2018) studies the generalization error of
over-parameterized one-hidden-layer networks when the data come from mixtures of well-separated
distribution, but the separation requirement excludes Gaussian distributions and Gaussian mixture
models. (Yoshida & Okada, 2019) analyzes the Plateau Phenomenon that the decrease of the risk
slows down significantly partway and speeds up again in one-hidden-layer neural networks with in-
puts drawn from a single Gaussian with an arbitrary covariance. (Goldt et al., 2019b; 2020) analyze
the dynamics of learning one-hidden-layer networks with SGD when the inputs are drawn from a
wide class of generative models. (Mignacco et al., 2020) provides analytical equations for SGD
evolution in a perceptron trained on the Gaussian mixture model. (Ghorbani et al., 2020) considers
inputs with low-dimensional structures and compares neural networks with kernel methods.

Notations: Vectors are in bold lowercase, matrices and tensors in are bold uppercase. Scalars are
in normal fonts. For instance, Z is a matrix, and z is a vector. z; denotes the i-th entry of z, and
Z; ; denotes the (7, j)-th entry of Z. [K] (K > 0) denotes the set including integers from 1 to
K. I; € R¥? and e; represent the identity matrix in R?*¢ and the i-th standard basis vector,
respectively. We use 6;(Z) to denote the i-th largest singular value of Z. A > 0 means A is a
positive semi-definite (PSD) matrix. The gradient and the Hessian of a function f(W') are denoted
by V(W) and V2 f(W), respectively. The outer product of vectors z; € R™, i € [I], is defined
asT =21 Q- xz € R XM with Ty, .5, = (z1)5, - -~ (21),-
Given a tensor T' € R™*n2X7s and matrices A € R™X% B ¢ Rm2Xd2 O ¢ R"3%Xds the
(41,192, 13)-th entry of the tensor T'(A, B, C) is given by

ni ng N3

ZZZTi'l,i;,igAi;,ilBi;,i2cig,i3~ (1)

U i/ U
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We follow the convention that f(z) = O(g(x)) (or Q(g(x), ©(g(z))) means that f(x) increases at
most, at least, or in the order of g(x), respectively.

2 PROBLEM FORMULATION

We consider a one-hidden-layer fully connected neural network where all the weights in the second
layer have the same fixed value. This structure is also known as the committee machine, see, e.g.,
(Aubin et al., 2018; Monasson & Zecchina, 1995; Schwarze & Hertz, 1992; 1993). Let z € R¢
denote the input features. Let K > 1 be the number of neurons in the hidden layer. Following the
teacher-student setup, see e.g., (Fu et al., 2020), the output labels are generated by a teacher neural

network with unknown ground-truth weights w; € R (j € [K]). Let W* = [w},...,w}] €

RI*K contain all the weights. Let 6;(W*) denote the i-th largest singular value of W*. Let
K= f;((vv‘(,*)) , and define n; = Hfil ;;((‘;,VV*)) . The nonlinear activation function here is the sigmoid
function ¢(z) = m. We consider binary classification, and the binary output y is generated

by the teacher committee machine through

K
P(y = 1|z) = H(W* x) := % > o(w; ). 2)
j=1
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Learning is performed over a student neural network that has the same architecture as the teacher
network, and its weights are denoted by W € R Given n pairs of training samples {x;, y; }7_;,
the empirical risk function is

1 n
==Y UW;zi,y) (3)
n g
where ¢(W; x;, y;) is the cross-entropy loss function, i.e.,
LW, y;) = —y; - log(HW,x;)) — (1 —y;) -log(1 — HW ,x;)). 4)
To estimate W* from training samples, we solve the following nonconvex minimization problem
i n(W). 5
win  fn(W) ®)

Here we assume the input features x; are generated i.i.d. from the Gaussian mixture model (Pearson,
1894; Titterington et al., 1985; Hsu & Kakade, 2013), which we denote as

L
€T ~ Z )\lN(/Ll,U?Id), (6)

where N\ denotes the multi-variate Gaussian distribution with mean g; € R%, and covariance 0,1,
for o; € Ry forall [ € [L]. The Gaussian mixture model can be viewed as

T = uh—i—zheRd @)

where h is a discrete random variable with Pr(h = 1) = \; for [ € [L], and z; follows the multivari-
ate Gaussian \(0, 07 1,) with zero mean and covariance 07 1,".

If the Gaussian mixture model is symmetric, the symmetric distribution can be written as

i NN (i, 02 ) + N (=, 07 1,)) Liseven
T ~ =1 L1 (8)

2
MN(0,0315) + > N(N (i, 0214) + N (—py,021,))  Lisodd
=2

We assume without loss of generality that u; belongs to the column space of W* for all [ € [L].
To see this, note that an arbitrary p; can be written as ;| + g1, where py belongs to the column
space of W*, and m 1 is perpendicular to the column space. Then, from (2) and (7) we have

K
HW Z ; (Bn) + pho + 21)) Z j (Bn) + 2n)) = HW™, 2')

) ©)

where @’ ~ Zlel AN (g, 0714). Thus, these two cases are equivalent,

3  PROPOSED LEARNING ALGORITHM

We propose Algorithm 1 to solve (5) and defer its theoeretical analysis to Section 4. The method
starts from a initialization W, € R4*K computed based on the tensor initialization method (Sub-
routine 1) and then updates the iterates W, using gradient descent with the step size 1. To analyze
the general cases, we assume an i.i.d. zero-mean noise {v;}? ; € R¥¥ with bounded magnitude
|(vi) x| <& (G € [d], k € [K]) for some £ > 0 when computlng the gradient of the loss in (4).

Our tensor initialization method is extended from (Janzamin et al., 2014) and (Zhong et al., 2017b).
The idea is to compute quantities (M in (10)) that are tensors of w; and then apply the tensor
decomposition method to estimate w;". Because M can only be estimated from training samples,
tensor decomposition does not return w; exactly but provides a close approximation. Because the
existing method only applies to the standard Gaussian, we exploit the relationship between proba-
bility density functions and tensor expressions developed in (Janzamin et al., 2014) to design tensors
suitable for the Gaussian mixture model. Formally,

'One can easily extend our analysis to the case when the covariance is diag(a}% .-+, 0%;). One needs to
revise Property 4 and Lemma 7 correspondingly. We use the same o; to simplify the presentation.
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Algorithm 1 Our proposed learning algorithm

Input: Training data {(x;, y;)}", the step size 1y = O( ), iteration T

1
L : Sy A(lplloo+01)?
Initialization: W, <— Tensor initialization method via Subroutine 1

Gradient Descent: fort =0,1,--- , 7 —1
1 n
Wit = Wi =m0 — S (VUW. i) +11) = Wi = o V(W) +

i=1 Ci=1

n

)

3\,_;

Output: Wrp

Definition 1 Let p(x) = E{‘:l )\5(27ral)_% exp(— Hw27mH) be the probability density function of
the Gaussian mixture model in (6). We define

M; :=E, 50 snguornly- (=1p (@) Vp(@)], j=1,2,3 (10)

Let o € R? denote an arbitrary vector. If the Gaussian Mixture Model is symmetric as in (8), then
P, := M3(14, 1, ). Otherwise, Py := M.

M; is a jth-order tensor of w}, e.g., M3 = - Z,A:1 Bonst  AN(uoD) [0 (wi " x)|wr®3.
These quantifies cannot be directly computed from (10) but can be estimated by sample means, de-
noted by M, (¢ = 1,2,3) and 132, from samples {x;, y; }7~;. The following assumption guarantees
that these tensors are nonzero and can thus be leveraged to estimate W*.

Assumption 1 The Gaussian Mixture Model in (6) satisfies the following conditions:
L Bys i \N(uo?D) (¢ (w? " x)] # 0 fori € [K], which implies that M is nonzero.

2. If the distribution is not symmetric, then Eq s~r 5 nr(u, 021 [¢" (w ") # 0fori €
[K], which implies My and P, in this case are nonzero.

Note that Assumption 1 is a very mild assumptionz. Moreover, as indicted in (Janzamin et al., 2014),
in the rare case that some quantities M; (: = 1, 2, 3) and P are zero, one can construct higher-order
tensors in a similar way as in Definition 1 and then estimate W* from higher-order tensors.

Subroutine 1 estimates the direction and magnitude of wj, J € [K], separately. The key steps are
as follows. We first use the power method to decompose P2 to approximate the subspace spanned
by {w}, w},- -, wi}, denoted by U. Then, we project M3 € RI*4xd (o Ry € REXKxK
using U to reduce the computational and sample complexity for decomposing a third-order tensor
in the next step. We then apply the KCL algorithm to decompose ﬁ;j into vectors v;. Note that

UTU, = s;w], where s; € {1,—1} is a random sign. Then the direction of w? is determined.
Finally, the magnltude of w;’s and the signs of s;’s are determined by solving a linear system of
equations using the RecMagSign method. Please refer to (Zhong et al., 2017b) and (Kuleshov et al.,
2015) for more details on the power method, KCL and RecMagSign methods.

4 MAIN THEORETICAL RESULTS

The main idea of our analysis is to show that the empirical risk function in (3) is strongly convex
in a region near W*. Then W, returned by Subroutine 3 is in this convex region, and the iterates
returned by Algorithm 1 converge to a critical point in this region. Before formally stating our result
in Theorem 1, we summarize the key implications of Theorem 1 as follow.

1. Convergence rate and estimation accuracy: When gradients are accurate (1 e., & = 0), the
iterates W, converge to a critical point W,, linearly, and the distance between W,, and W* i

By mild we mean given L, if Assumption 1 is not met for some (Mo, Mo, o), there exists an infinite
number of (X', M, &) in any neighborhood of (Ao, My, oo) such that Assumption 1 holds for (\', M’, o’),
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Subroutine 1 Tensor Initialization Method
Input: Partition n pairs of data {(x;, y;) }_, into three subsets D1, Da, D3
Compute 132 using D; and an arbitrary vector o
U« PowerMethod(ﬁg, K)
Compute Rs = J/\/.73(ﬁ, U, U) from data set D,
{vitie(x) «— KCL(R3)
{Ws} <— RecMagSign(U, {¥;}ic[k], D3)
Return: W,

O(y/dlogn/n). With the noise in the gradient, there is an additional error term of O(§\/dlogn/n).

For example, when n is ©(d log® d), the estimation error decays as O( llofd ).

2. Sample complexity: The sample complexity for accurate estimation is ©(d log? d) where d is
the feature dimension. This result is in the same order as the sample complexity for the standard
Gaussian input in (Fu et al., 2020) and (Zhong et al., 2017b), indicating that our method can handle
input from the Gaussian mixture model without increasing the order of the sample complexity. Our
bound is almost order-wise optimal with respect to d because the degree of freedom is d/K. The
additional multiplier of log? d results from the concentration bound in the proof technique.

3. Impact of the mean: If everything else is fixed, and at least one entry of a mean ;) (the sth entry
of p;) of the Gaussian mixture model increases from O (in terms of the absolute value), the sample
complexity increases to infinity and the convergence slows down. The intuition is that as the absolute
value of some mean increases, some training samples have significantly large magnitude such that
the sigmoid function saturates. These training samples are not informative for the estimation of
W*, and the gradient of these samples is close to zero. Therefore, the required number of samples
to estimate W* needs to increase, and the gradient descent algorithm slows down.

4. Impact of the variance: If everything else is fixed, and at least one variance o; of the Gaussian
mixture model increases from a certain positive value, the sample complexity increases to infinity
and the convergence slows down. The intuition is the same as increasing |1(;)| in point 3. On the
other hand, when all variances in the Gaussian mixture model approach zero, the sample complexity
increases to infinity, and the convergence slows down. The intuition is that when the input data are
concentrated on a few vectors, the optimization problem does not have a benign landscape.

Combining points 3 and 4, one can see that to learn the teacher network characterized by (2), the
training samples shall have zero mean and a medium level of variance to reduce the sample complex-
ity and speed up the convergence. If the variance is too large, some samples become non-informative
and affect the learning negatively. If the variance is too small, the learning problem becomes math-
ematically challenging to solve. This theoretical characterization can be viewed as one motivation
of the empirical techniques to improve learning rate such as whiting (LeCun et al., 1998) and Batch
normalization (Toffe & Szegedy, 2015). We state our main theoretical result as follows.

Theorem 1 Consider the binary classification problem with one hidden-layer fully connected neu-
ral network as in (2). Suppose Assumption 1 holds, then there exist eg € (0, i) and positive value
Sunctions BIA, M, o, W*) and q(A, M, o, W*) such that as long as the sample size n satisfies

n > N = poly(vsal7 K, K)B(A, M, o, W*)dlog2 d, (11)
we have that with probability at least 1 — d=1°, the iterates {W,}I_, returned by Algorithm 1 with

converge linearly with a statistical error to a critical point

1
e b Az(\\m|\x+m>2>
W,, with the rate of convergence v =1 — K 2q(A\, M,o, W*), i.e.,

1We = Wl < o' [Wo — Wallr + 5 /aK Togn/n, (12

step size 1y = O(

Moreover, the distance between W* and ﬁ\/n is bounded by

W = W*llr < O(KF(1+€) - /dlogn/n). (a3
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We next quantify the impact of the parameters of the Gaussian mixture model on the sample com-
plexity ny and the convergence rate v discussed in Theorem 1 as follows.

Corollary 1 (Impact of the Gaussian mixture model on ngy. and v)

(1) When everything else is fixed, ny. increases to infinity, and v increases to 1, as | ;)| with any
I € [L] and i € [d] increases, where ;) is the i-th entry of ;.

(2). When everything else is fixed except for some oy for any l € [L], ny increases to infinity, and v
increases to 1, as o) increases from (s for some constant (s > 0.

(3) nge increases to infinity, and v increases to 1 if all o;’s go to zero for alll € [L].

To the best of our knowledge, Theorem 1 provides the first explicit characterization of the sample
complexity and learning rate when the input follows the Gaussian mixture model. Although we
consider the sigmoid activation in this paper, our results apply to any activation function ¢ provided
that ¢’ is an even function, and ¢, ¢’ and ¢’ are bounded. Examples include tanh and erf. Algorithm
1 employs a constant step size. One can potentially speed up the convergence, i.e., reduce v, by using
a variable step size. We leave the corresponding theoretical analysis for future work.

If we scale the weights w* = W /c and the input feature ' = cax simultaneously, the output
remains the same for any nonzero constant c. Therefore, the learning problems in these two cases
are equivalent in terms of the sample complexity and convergence rate. Theorem 1 reflects such
equivalence. One can check that B(A, M, o, W*) = B(A\, M’, o', W*') from the proof in Section
B. Similarly, the convergence rate in (12) remains the same in both cases.

One main component in the proof of Theorem 1 to show that if (11) holds, the landscape of the
empirical risk is close to that of the population risk in a local neighborhood of W*. (Mei et al.,
2018a) quantified the similarity of these two functions when K = 1, but it is not clear if their
approach can be extended to the case K > 1. Here, focusing on the Gaussian mixture model, we
explicitly quantify the impact of the parameters of the input distribution on the landscapes of these
functions. Please see Appendix-C for details.

Compared with the analyses for the standard Gaussian in (Fu et al., 2020; Zhong et al., 2017b), we
develop new techniques in the following aspects. First, a direct extension of the matrix concentration
inequalities in these works leads to a sample complexity bound of O(d?), while we develop new
concentration bounds to tighten it to O(d log? d). Second, the existing analysis to bound the Hessian
of the population risk function does not extend to the Gaussian mixture model. We develop new tools
that also apply to other activation functions like tanh or erf. Third, we design new tensors for the
initialization, and the proof about the tensor initialization is revised accordingly.

The above results assume the parameters of the Gaussian mixture are known. In practice, they can
be estimated by the EM algorithm (Redner & Walker, 1984) and the moment-based method (Hsu

& Kakade, 2013). The EM algorithm returns model parameters within Euclidean distance O((4) 7)
when the number of mixture components L is known. When L is unknown, one usually over-

specifies an estimate L > L, then the estimation error by the EM algorithm scales as O((%)i).
Please refer to (Ho & Nguyen, 2016; Ho et al., 2020; Dwivedi et al., 2020a:b) for details.

5 NUMERICAL EXPERIMENTS

We verify Theorem 1 through numerical experiments. We generate a ground-truth W* € RI*K
from the Gaussian distribution. The training samples {x;,y; }7, are generated using (6) and (2).
The maximum number of iterations of Algorithm 1 is set as 12000.

5.1 TENSOR INITIALIZATION

Fig. 1 shows the accuracy of the returned model by Algorithm 1. Here d = 5, K = 2, \; = Ay =
0.5, p1 = —1 and po = 0. We compare the tensor initialization with a random initialization in a

local region {W € R4*K ; W < €}. Tensor initialization in Subroutine 1 returns an initial

point close to W* with a relative error of 0.61. If the random initialization is also close to W*, e.g.,
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e = 0.1, then the gradient descent algorithm converges to a critical point from both initializations,
and the linear convergence rate is the same. If the random initialization is far away, e.g., ¢ = 1.5,
the algorithm does not converge. On a MacBook Pro with Intel(R) Core(TM) 15-7360U CPU at
2.30GHz and MATLAB 2017a, it takes 0.55 second to compute the tensor initialization. We consider
a random initialization with ¢ = 0.1 in the following experiments to simplify the computation.

5.2 SAMPLE COMPLEXITY

Consider the case that K = 3, L = 2, \{ = Ay = % Let w1 be an all one vector in R and let

po = —py. Let 0p = 02 = 1. We vary d and evaluate the sample complexity bound in (11) with
respect to d. We randomly initialize M times and let W,&"” denote the output of Algorithm 1 in the

mth trail. Let W, denote the mean values of all W™, and let dyy = \/ Z%Zl ||wm — W,||12/M
denote the variance. An experiment is successful if dyy < 10~# and fails otherwise. M is set as 20.

We vary d and the number of samples n. For each pair of d and n, 20 independent sets of W* and
the corresponding training samples are generated. Fig. 2 shows the success rate of these independent
experiments. A black block means that all the experiments fail. A white block means that they all
succeed. The sample complexity is indeed almost linear in d, as predicted by (11). Moreover, the
coefficient n/d can be large depending on the problem setup.
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(& 5
5
;\ 1071 £
3 ]
=1 —— Tensor initialization & &
——Random initialization, e=0.1
_5 |~ Random initialization, e=1.5
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Number of iterations 20 40 60 80 100

Dimension of data

Figure 1: Comparison between gradi-
ent descent with tensor initialization and
random initialization

Figure 2: The sample complexity against
the feature dimension d

We then fix d = 5 and study the impact on the sample complexity when the mean and variance
in the Gaussian mixture model change. In Fig. 3.(a), we fix 01 = 09 = land let g = p - 1,

p2 = —1. p varies from 0 to 7.5. Fig. 3.(a) shows that when the mean increases, the sample
complexity increases. This coincides with our theoretical analyses in Section 4. In Fig. 3.(b), we
fix gy =1, up = —1, and let 0y = o and 0 = 1. o varies from 10~ 14 to 10'4. The sample

complexity increases both when o increases and when o approaches zero. The results match our
theoretical prediction in Section 4.

10000 20000

% 3
s £
] g
£ 5000 210000
=] =]
3 5
-3 0
£ £
=} =}
z z

1000 2000

1 2 3 4 5 6 7 :
Value of u log (o)
(@) (b)

Figure 3: The sample complexity (a) when one mean changes, (b) when one variance changes.
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5.3 CONVERGENCE ANALYSIS

We next study the convergence rate of Algorithm 1. d is fixed as 5. Fig. 4.(a) shows the impact of the
mean of the Gaussian mixture model on the convergence rate. We set Ay = Ay = 0.5, 3 = p - 1,
pe = —1,and 07 = 09 = 1. The sample complexity n is set to 10000. One can see that Algorithm
1 always converges linearly when ;o changes. Moreover, as p increases, Algorithm 1 converges
slower, as predicted by our theoretical analyses in Section 4. In Fig. 4.(b) shows the impact of the
variance of the Gaussian mixture model. We set Ay = Ao = 0.5, g =1, o = —1, 01 = 09 = 0.
The sample complexity n is set to 50000. Among different o we test, Algorithm 1 converges fastest
when o = 1. The convergence rate slows down when ¢ increases to 2 or when o decreases to 0.5.
The result is consistent with our theoretical results in Section 4.

We then verify the convergence rate in (12), which shows that v = 1 — (K ~2). Weset \; = Ao =
0.5, p1 =1, po = —1, 01 = 09 = 1. K ranges from 2 to 8. One can see from Fig. 5 that, as
predicted, the convergence rate is almost linear in 1/K?2.
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Figure 4: (a) The convergence rate with different y, (b) The convergence rate with different o.
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Figure 5: Convergence rate when the Figure 6: The relative error of the learned model
number of neurons K changes with the ground-truth when n changes

We then evaluate the distance between Wn returned by Algorithm 1 and W*, measured by Hﬁ\/’n -
W*||p. dis 5. n ranges from 2 x 10 to 6 x 10*. 0y = 05 = 3, uy = 1, gy = —1. Each point in
Fig. 6 is averaged over 100 independent experiments of different W* and the corresponding training

set. ||[W*|| r is normalized to 1. The error is indeed linear in /log(n)/n, as predicted by (12).

6 CONCLUSIONS

This paper analyzes the theoretical performance guarantee of learning one-hidden-layer neural net-
works for binary classification when the input follows the Gaussian mixture model. We develop an
algorithm that converges linearly to a model that has a diminishing difference from the ground-truth
model that has guaranteed generalizability. We also provide the first explicit characterization of the
impact of the input distribution on the sample complexity and convergence rate. Future works in-
clude the analysis of multiple-hidden-layer neural networks and multi-class classification. Because
of the concatenation of nonlinear activation functions, the analysis of the landscape of the empirical
risk and the design of a proper initialization is more challenging and requires the development of
new tools.
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A PRELIMINARIES

In this section, we introduce some definitions and properties that will be used in proving the main
results.
First we define the sub-Gaussian random variable and sub-Gaussian norm.

Definition 2 We say X is a sub-Gaussian random variable with sub-Gaussian norm K > 0, if
1

(E|X|P)» < K\/p forall p > 1. In addition, the sub-Gaussian norm of X, denoted || X||y,, is
. —1 i
defined as || X ||y, = sup,~; p~ 2 (E[X|P)>.

Then we define the following three quantities. p(u, o) is motivated by the p parameter for the
standard Gaussian distribution in (Zhong et al., 2017b), and we generalize it to a Gaussian with an
arbitrary mean and variance. We define the new quantities I'(A, M, oo, W*) and D,,,(\, M, o) for
the Gaussian mixture model.

Definition 3 (p-function). Let z ~ N (u, I;) € R Define ag(i,u,0) = E,,  nr(u,,1)[¢ (0 - 2;)2]]
and Bq(i,u,0) = Ezi~/\f(ui,1)[¢/2(0 - 21)21), ¥V q € {0, 1,2}, where z; and ; is the i-th entry of z
and u, respectively. Define p(u, o) as

a2(i) u, 0)2

2t 4 (9

p(u,0) = min {(uj2 + 1)(Bo(i,u,0) — ao(i,u,o)z), Ba2(i,u,0) —
17.76[‘1],]751
Definition 4 (T'-function). With (6), (14) and k, 1 defined in Section 2, we define

L
TAM,o,W*) ="

=1

>\l (Tl2 ( W*T/Ll
P o (W)

K}T’I’]J?Hax ,O'[(SK(W*)) (15)

Definition 5 (D-function). Given the Gaussian Mixture Model in (6) and any positive integer m,
define D,,(X\, M, o) as

L

DA\ M, o) = Z/\l(% +1)™, (16)
=1

where X = (A, -+, Ap) €ERE, M = (g, ,pur) € R>L and o = (04,--+ ,01) € RL.

p-function is defined to compute the lower bound of the Hessian of the population risk with Gaussian
input. I' function is the weighted sum of p-function under mixture Gaussian distribution. This
function is positive and upper bounded by a small value. It is increasing when |1(;)| increases.
When o7 increases, I increases first and then decreases. I" goes to zero if all || ||~ or all o; goes
to infinity. D-function is a normalized parameter for the means and variances. It is lower bounded
by 1. D-function is an increasing function of || ;|| and a decreasing function of o;.

Property 1 We have that ||v;||F is a sub-Gaussian random variable with its sub-Gaussian norm

bounded bu v/ dK.

Proof:

(Ellwil5)7 < (B|VAKEP)F < VK (17)

Property 2 p(u, o) in Definition 3 satisfies the following properties,
1. p(u,0) > 0 forany u € R% and o # 0.
2. p(u, o) converges to a positive value function of o as u; goes to 0, i.e. lim,,, o p(u,0) :=

C(0).

14
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3. When all u; # 0 (i € [d]), p(%, 0) converges to a positive value function of w as o goes to

0, i.e. limg_s0 p(%,0) := Cs (C’;L) When w; = 0 for some i € [d], limgs_,0 p(%,0) = 0.

o?

4. When everything else except |u;| is fixed, p(#‘;}ﬁ), o0 (W*)) is lower bounded by a

* T
positive value function, £m(%, a0 (W™*)), which is monotonically decreasing to

0 as |u;| increases.

5. When everything else except o is fixed, p(#‘;}‘*), o0 (W™*)) is lower bounded by a
positive value function, L (%, odx (W), which satisfies the following conditions:
(a) there exists (s > 0, such that o= L (W o0 (W™*)) is an increasing function

of o when o € (0,(y); (b) there exists (s > 0 such that ES(W‘;}‘*), oo (W™*)) is an
decreasing function of o when o € ((s, +00).

Proof:
(1) From the Cauchy Schwarz’s inequality, we have

Eeonn (e )60+ 20)] < /B [92(0 - 20)] (18)

EziNN(ui,l)[(b/(o' . Zz)zt \/Ezlw./\/'(ul,l)[qéa(a Z \/EZLNN(UL,l)[ ]

= \/Ez7~/\/(ul,1)[¢/2 U Zz \/ +1

The equalities of the (18) and (19) hold if and only if ¢’ is a constant function. Since that ¢ is the
sigmoid function, the equalities of (18) and (19) cannot hold.
By the definition of p(u, o) in Definition 3, we have 8 (i, u, o) — a3(i,u,0) > 0 and B2(i,u,0) —

2.
o5 (i,u,0)
e} > (0. Therefore,

19)

p(w,0) > 0 (20)
@)

2
hglo(% + 1)(ﬁ0(7j, u, U) - Oé%(i, u, U))

2

= lim (% + 1)(/_00 ¢ (o - zi)(27r)_% exp(—

|2 — wil|?

2 )dzi

o Zi — Uj 2
- (/ ¢'(0 - z)(2m) "% eXP(*H)d%)z)

z(—; / (0 - 2)(2m)” 2exp( ” 2l / ¢ (o 2)(2m)” 2exp( ! 1” = )dz)?)

2L
2/ .
hm (B2(i,u,0) — o 1a2(z,u,a))
_ — 2 -1 7” i — uil]? ,
= lim ¢ (U Zz) 1(27) 2 exp( )d'zz
u;—0 2

[ oot el
oy [ mstem ez

llz:* zll T

(22)

:/ (0 - 2;)22(2m) zexp( =17 2 / ¢ (0 2:)27 (2m)~ ZGXP(

Combining (21) and (22), we can derive that p(u, o) converges to a positive value function of o as
u; goes to 0, i.e. lim, o p(u, o) := Cp(0)
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(3) When all u; # 0 (i € [d])

u 1 u
lim (B2(i, —,0) — — a%(i,—,a))
o—0 g 01'2 +1 o
< 2 L Iz — 217
= lim / ¢ (0 2)z; (2m) 72 exp(———Z—)dz;
o—0 2
lzi — 212, 2
- / ¢ (0 2)22(2m)” % exp(— T )dz)
0'2 + 1 2
2 2
o 2 R SR [ e 1 R
= lim / s ) S (27ru2> exp(— o)
2 P .
(27‘-02) %exp(_W;iQH)dxi)2 2 = ﬂxl (23)
a2 o]
u?

/ & (u; - ;) —%
2+1 u;

2

K3

“ —#w ()5

= hm ¢ (u;)—% 5
g % + 1
U2 ul
= lim ¢’2(u1)—l(1— a* 2)2
o0 o2 1+ %

= lim
e

=¢"(u;)
The third step of (23) is by the fact that the Gaussian distribution goes to a Dirac delta function when
o goes to 0. Then the integral will take the value when z; = 1. Similarly, we can obtain the following

u . u
- 0’) _O‘(Q)(Za;"ﬂ)
wi ||2

;lino (60(25 0"
/jo (o - z)(2m) "% exp(_Hzi%

)dz;
(24)

U ||2

l|2: — o

" W0 z)(2m)Fexp(— 5

= lim
o—0

)dz,)Q

i) — ¢ (u;) =0

([ Sty et
; — ;|20 ?)dx;

13 /2 H 7
—;13% / ¢ (x:)(270%) "7 exp(— 572
— ”zz - U7,H2)dxt)

-2 [m ¢ (2:)(2m0?) ™% exp( 952
sz - ul”2 )(70*1 + Hl‘z — ui||20'72)dIi>

[ et eI

1 X ¢/2(ui) / (;5/(’112)
=l (S - 20w ")
= lim L/Q(ui) = +o0

c—0 o
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Therefore, by L’'Hopital’s rule and (24), (25), we have

u
lim (=5 + 1)(50(¢,3,a)—a0(i,§,0—))
u?

o—0

‘ (26)
=l 52 35 (s :0) = auti 7))
=+

Combining (26) and (23), we can derive that p(%, o) converges to a positive value function of u as
o goesto 0, i.e. lim, 0 p(%,0) := Cs(u).

When u; = 0 for some i € [d], limgﬁo(Z—z +1)(Bo(j, %,0) — a?(j, %,0)) = 0 by (24). Then from
the Definition 3, we have lim, o p(%,0) = 0.

(4) We show the statement by contradiction. Suppose that for any positive value func-
tion, h(u;), which is monotonically decreasing to 0 as |u;| increases, there exists a
uf € R such that h(u;) > p(%,mﬁ((w*))’ . Then we can derive that

4
U =U;*

limy,, 5z p(%, oo (W) = 0. Since that p(%, 00 (W™*)) is continuous,

U =Uj*

we can obtain that p(W o0 (W*)) = 0, which contradicts to the conclusion in

Property 2.1. o
(5) The condition (b) can be easily proved as (4). Therefore, we only need to show the condition (a).

When (W* "u); # 0 for all i € [K], lim,_o p(LT“ 00 (W*)) = Cs(u) > 0. Therefore,

oS (W*)»
there exists (s > 0, such that when 0 < ¢ < (g, (%ﬁ&q(W*)) M Then we
can define L (% oo (W*)) := CS(‘gficj)a such that 0~ L (m,aéK(W*))isan

increasing function of o below p(Ww}i),adK(W*)), When (W*"u); = 0 for some i € [K],

then lim,_,q p(L“*), o0 (W*)) = 0. We can derive

0’5K(W
* T
P(saewsyr o0k (W) o , W lu
. K — * >
;11% o (11—>0 oo (05K(W*) o0k (WH) 20 @7

The last step of (27) is because if the limit is negative, then p(#‘;}ﬁ), oo (W™*)) will be negative

in a small neighborhood around o = 0, which contradicts to the fact that p( #‘;}i), o0 (W*)) >

0.

0 W*i%,ms w*
If the limit in (27) is 0, then lim,_,¢ 3% Ploscw )U W) > 0 otherwise there will be a small
Wi o (W™))
05K(W* IOK

S 75 (W)

neighborhood around ¢ = 0 in which

< 0. In this case we only need to
o(

let 071 L, (X o0 (W*)) := . If the limit in (27) is positive, we can

*T *
P(WM;L*)J(SK(W )

odK (W*)’ o

find a positive lower bound of

in a small neighborhood around ¢ = 0 and an

increasing function of o, a‘lﬁ(# 00 (W™*)) can be defined to be less than this positive

lower bound.
In conclusion, the condition (a) is proved.

Property 3 With the notation in (6), if a function f(x) is an even function, then

Eann(p,021) [ (®)] = By o 1 (02 10) 4 2N (o210 L ()] (28)

Proof:
Denote

||z — pl?
-

202 (29



Under review as a conference paper at ICLR 2021

Eanuonf(@)] = / g@de= [ - / gler, - za)day - dig
xR

= / .. n/ / g(x17 x27 DEEEEY ,Id)d(ixl)dx2 DY dxd
e
:/_Oo"'/_oog(—ffhw'“ yZa)dx1dry - dag (30)

+ pl?
_ 2 2 5 || d
[ J@)ero?)  exp(- 1 e
= Egrn(—p,o2-1)[f ()]
Therefore, we have
Epn(uo21)lf(2)] = B LN (10,02 00) 4+ LN (— a0 L) [f ()] 3D

Property 4 Under Gaussian Mixture Model x ~ Zlel NN (pr, 0214), we have the following
upper bound.

L
Bt a(unor ol @)% < (26 = D] Y7 Nl pul oo + 00)* (32)
=1

Proof:
The main idea is to find an upper bound with symmetric distribution assumption first, and then apply
Property 3 to extend the conclusion to the general case.

(a) If the Mixed-Gaussian distribution is symmetric and L = 2, ie. « ~ %(N (m,0%1,) +

N(—p, O'QId)) , then we first need to analyse the distribution of ' & by computing the moment
generating function

d d
ot (N (1,02 00) 4N (1,02 1)) lexp(tu )] = E[eXP(tzuixi)] — HE[eXp(tuixi)]
i=1 i=1
& i i — (—1)7 1,)2
:11:[1{;;/_00 exp(tuixi)ﬁ exp(—%)d%}
d 2 4
=110 5 expltui(=1) o)

1 =1 . (33)
. [ exp (tui(zi — (—1) ) 21770 exp(fW)d:ci}

d
1 1 1 1
= H{§ exp(—tu; ;) + 502u$t2 + B exp(tu;p; + 502uft2)}
i=1
2d
= Z o exp(tu; + st°0")
i=1

which is the Moment Generating Function of Zfil 2%, (i, o’ 2). The last step of (33) is

by expanding the multiplication of d terms. Specifically, let {s’ 3;1 denote all 27 vectors
in R taking values from O and 1. Let si (k € [d]) denote the k-th entry of s'. We define

i = Zzzl(—l)siukuk € Rfori € [29), and 0’ = o||u|| € R, where uy, and j1, are the k-th entry
of the vector u and p, respectively. Then we can derive the first few steps of E[(u " x)?!]

18
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E u'x)%

z~3 (N(HﬁaZId)+N(*H,G2Id)) [(

oo 24 72
1 1 ~ (y—ny)
:/ yQt § 2d /6 2072 dy

—00 i=1 271'0'
2d
1 o0 , o _ (y—np)?
= _— — y + i e 2572
25 [ Ry Y
24 2t
1 [ 2t\ ,2t—p , 1 _wn))?
= —_ i p e 2572 d
P 2d /_oo Zo (p) ( ) 2o’ Y
- = (34)
24 2t .
_ iz 2t M{Qt_p. 0 )’ pis odd
L 2 p)" (p— 1o, piseven
i=1 p=0
2¢ t
1 2t\ 2t—2k 2k
= — . 2k — 1!
> 553 (5 )0 k=)
i=1 k=0
1 < /2t 2
2k 2t—2k
= 3 (21<;> o2k =)y

=1

The first step is by the distribution of « "« we obtain from (33). The third step follows from the
binomial expansion. The forth step results from the calculation of high-order moment of Gaussian
distribution. The second to last step is derived from the inverse of binomial expansion. The last step
is due to the substitution of summation. To compute the inner summation in the last step of (34), we

19
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have

2d

>

=1
=S (ua (1) 1+ ua(—1)% i + oo ug(—1)%p10)

2¢ _
=2 X (%t.)!pmw D (g (1))

2l
=1 () g p) —gy P1 pi°p

2t)! ) @
:Z Z m(ulul)pl e (ugpg)Pe all the p; are even
=1 p(0) 4y plimgy P17 P2 2 Pa
9d (1)
(2t)! 2, 2vq(" i W _Pj_
:Z Z () (7,)' (i)'(ullul)ql (U Hq ) 4q; 2
=10 Ly gy Py Py Py
2d
(2t)! (t)! (t)! 5 ovg® )
Szmax BIRC i / BING ol Z T (W) (ugag)
=1 pg )!pg )!...pfi)! qg )!qg )!...q((i )| P q§ )!qé )!...q((i )|
2 2t )!
< ZmaX{ (z) ((z)) 6) / @) ((Z-)). @) } : (U%;U'% + -+ U?i:u?i)t
im1 Py Py V@ !-~-qd !
<Zmax{ ( / ()lq(Z qi'}-(u%—i—...—l—uz)t.mjax{mj”zt
<2dl\UH% maX{\uy\}Qt (2t —1)!
- (35
Firstly we explain the third step. For any odd py, there is a term ag = (wg(—1)%pug)Pe -

[Txze (uk( 1)%k )P+ among the expansion of s/, whose corresponding vector s’ is
(si,--- 8-+ ,5;). Wecan find a 4 such that its corresponding vector is (s}, -, 1—sp,-- -, 5%),
which is only dlfferent from the tuple of p) in the ¢-th entry. Therefore, in the expansion of /1’ 2t
there exists a term afy = (u,(—1)1~ st 11e)P? + [lpoze (s (— 1)5k Lk )P+ that can be cancelled out by
ag. Therefore, there will be no odd power terms left. The third to last step of (35) is by the inverse
binomial expansion. The second to last step is by the inequality Zfil a;b; < max{b;} - Zf\il a;,
where a; and b; are positive. The last step is because

(20)! @)
(i (i)| (i)|/ (¢ ()| .q L(ii)!

P1)!p2 )'(1
() <z> ()
(20! L e
T ();p(Z) pl(ii! (36)
20) 1
<X (Zym
- ¢ (2)
26)! 1

In the first equality of (36), p4, , ..., p4,, denote all the positive p;. Thus, we have > .~ pg, = 2t
where pq, > 2. Therefore, m < % = t which is used in the second inequality. Therefore, combining
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(35), we can continue the derivation of (34) as follows.

T,..\2t
~ 2 (N (0 L)+ N (= p,0210)) (" 2)7]
2d
2k 2t—2k
S O LSRRI
i=1

t

Z( ) 2 2k — 1)l 2 manc{ |y 22 (26 — 1 — 2k)!
J

k=0
<(2t = Dl (|pel|oo + ")
The last step is because that
2t —1-2K)12k -1 < (2t —1—-2k)1 (2t —1)(2t —3)--- (2t — 2k + 1) =

k terms

(37

(b) From Property 3, since that (u " x)2 is an even function, we have a result for a general Gaussian

distribution
EmNN(IL,a2Id) [(uTm)%] = EmN%N(u,aQId)+%N(7u,a2Id) [(uTw)Qt]
<(2t = DMJul* (|l + 0)*
Therefore, if there are L components in the Gaussian Mixture Model, then
L

Epost s ozno @ @) < (26 = DUl 37 Ml + 00)*

=1

Property 5 With Gaussian Mixture Model (7), we have

~

Eost, sl (uozrplllzl*] < d'(2t = 1)! Z (Iallo + o0)*

Proof:

Epost | an(uozzn[l|2l13]
d

=EpsE | NN (02 1) ()]

=1

-)']

(- -
a8,

7EENZL 1 NN (07 14) [d (
1

.
I

<o
~

X

7

Mg

<Em~zl 1 NN (07 1) [d

i=1

1 Kji
=d'” 122/ sz‘Jerz')Qt)\jmg exp(— %)d‘fz
J

=1 j=1

i1 2t 2k 0 ,  kisodd
=d ZZZ(k Ajlhil "1 (k=1)Nok, kiseven

i=1 j=1k=1

d L 2t
<dt71 2t by C|2t=k k. 2% — 1)
SUDD) D) DI i RV et R CTE

i=1 j=1k=1

d L
=d" S Nl + 05) (2t = 1)

i=1j=1

~

<d (2t = DS Ml + o™
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In the 3rd step, we apply Jensen inequality because f(z) = ! is convex when z > O and ¢t > 1. In
the 4th step we apply the Binomial theorem and the result of k-order central moment of Gaussian
variable.

Property 6 The population risk function f(W) is defined as
fW) =Bt AN (021 (W]

1 n
=Byl | AN (10210 [ﬁ Z LWz, yi)} (42)
=1

:Emwzlel NN (py,0214) [K(W’ L, yl)]

Based on (2), (3) and (4), we can derive its gradient and Hessian as follows.

HWiz,y) 1 y— H(W) TN
T ow;, REW - Hw)” W= W) @
OU(W;x,y) T
W EY) _ . 44
811)]'811)1 ijl re ( )
£, (W) = { ad/ (w] @) (] ) HW LAy 2 W), Iy
Js - 2 — - y— .
e/ (w] 2)¢/ (w] @) Tty — %9 (W] @) aamwy . J =
(45)
Property 7 With D,,(\, M, o) defined in definition 5, we have
(Z) DTYL(AvMyo')DQm()HMaU) S ng(A,M,O') (46)
(i) (Dim(A, M, 0))° < Doy (A, M, ) (47)

Proof:
To prove (46), we can first compare the terms S~ A\ja; S.-, a2 and Y7 A;a?, where a; >

1,ie[Lland YL N =1

L L L L L

3 2 _ o 2 2
E Aia; — E ;@ E Aia; = E i@ - (ai E )\Jaj)
i=1 i=1 i=1 i=1 j=1

L
= Z Qi - ((1 — /\i)a? - Z Aja?)
i=1

1<j<L,j#i

L

e (Y ad- Y )
i=1 1<j<L,j#i 1<j<L,j#i (48)
L

= Z)\iai . ( Z )\j(a? — a?))
i=1 1< <L j#i

= Z (/\i)\jai(a? — a?) + )\i)\jaj(a? — af))
1<i,j<L,i#j

= > ANlai—ay)*(ai+a;) >0
1<i,j<L,i#j

The second to last step is because we can find the pairwise terms Aja; - A\j(a — a?) and \ja; -
)\i(a? — a?) in the summation that can be putted together. From (48), we can obtain

L L L
=1 i=1 i=1
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Combining (49) and the definition of D,,, (A, M, o) in (5), we can derive (46).
Similarly, to prove (47), we can first compare the terms (Zle Aia;)? and Z,'L=1 A\;a?, where a; >
1, i € [L] and Z{;l A= 1

L L L L
Z /\ﬂlf — (Z )\i&i)Q = Z /\iai . (ai — Z )\jaj)
i=1 =1 i=1 j=1

L
= Z )\iai . ((1 — )\i)ai — Z )\jaj)
i=1 1<G<L,j#i
L
= Z )\Z-ai . ( Z /\jai — Z )\jaj)
i=1 1<j<L,j#i 1<G<L,j#i (50)
L
:Z)\iar( Z Aj(a; — ay))
i=1 1<j<L,j#i
= Y (NNailai — a;) + Midjas(a; — ai))
1<i,§< Lyisj
= Z )\l)\j(al - (Zj)2 2 0
1<i,§< Lyisj

The derivation of (50) is close to (48). By (50) we have

L L
O xa)? <Y na? (51)
=1 =1

Combining (51) and the definition of D,,, (A, M, o) in (5), we can derive (47).

B PROOF OF THEOREM 1

Theorem 1 is built upon three lemmas. Lemma 1 shows that with O(dK® log® d) samples, the
empirical risk function is strongly convex in the neighborhood of W*. Lemma 2 shows that if
initializ/gd in the convex region, that the gradient descent algorithm converges linearly to a critical
point W, that is close to W*. Lemma 3 shows that the Tensor Initialization Method in Subroutine

1 initializes W, € R?*X in the local convex region. Theorem I follows naturally by combining
these three lemmas.

This proving approach is built upon those in (Fu et al., 2020). One of our major technical contri-
bution is extending Lemmas 1 and 2 to the Gaussian mixture model, while the results in (Fu et al.,
2020) only apply to Standard Gaussian models. The second major contribution is a new tensor
initialization method for Gaussian mixture model such that the initial point is in the convex region
(see Lemma 3). Both contributions require the development of new tools, and our analyses are
much more involved than those for the standard Gaussian due to the complexity introduced by the
Gaussian mixture model.

To present these lemmas, the Euclidean ball B(W™*, r) is used to denote the neighborhood of W*,
where r is the radius of the ball.

B(W*,r) = {W € R>*K . ||W - W*||p <1} (52)
The radius of the convex region is
L o2 T *
Cseo - 3114 Alﬁp(%a 010 (W)
z L L
K5 (S Moo + o1V S5y Moo + 01)*)

with some constant C3 > 0.

(53)

ri=of

1
1
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Lemma 1 (Strongly local convexity) Consider the classification model with FCN (2) and the sig-
moid activation function. There exists a constant C such that as long as the sample size

2 L 2\ 2 L 0'l2 W*Tllfl -2 5 2
> Chie, ~ - A 0o N—=p(——=—, 00 (W* dK”log”d

02 01" (L Ml + 00 QoM 2ol s ey 0w (W) i og

(54)
Sor some constant Cy > 0 and ¢y € (0, i) we have for all W € B(W™* rpon),
L T
1 — 2¢ o2 W* '
Q —p(—————— 00 (W*))) - I,

( K2 =1 l77/*€2p(015K(W*)7m 1 ))) aK 55

L
V(W) 20 Y NIl + 1) - Laxc
=1

with probability at least 1 — d—'° for some constant Cy > 0.

Lemma 2 (Linear convergence of gradient descent) Assume the conditions in Lemma 1 hold. If
the local convexity holds, there exists a critical point in B(W ™, r) for some constant C5 > 0 and
€0 € (0, 3), such that

o~ K% L_ A oo + 2
W, = W*|[p < O \/22” wloe + 0 ))\/@) 56)

L W*T %
Dt )\liﬁp(w@;&yUﬁK(W

If the initial point Wy € B(W* | r), the gradient descent linearly converges to ﬁ\/n, ie.,

L o2 *T %
PO )‘lnﬁp(#wl{jl*y 016k (W)
K250 Nlllpilloo + o1)?

—~ t —~
Wi = Wallr < (1-9( )) [1Wo = Wllr 6D

with probability at least 1 — d—10.

Lemma 3 (Tensor initialization) For classification model, with Dg(X, M, o) defined in Definition
5, we have that if the sample size

n > kSK*m12Dg(X, M, o) - dlog® d, (58)

then the output Wy € R9>K satisfies’

dl
[Wo — W*|| < k5K 75/ Dg(h, M, o)1/ 22 | w | (59)

n

with probability at least 1 — PR CEY

Proof of Theorem 1 and Corollary 1:
From Lemma 2 and Lemma 3, we know that if n is sufficiently large such that the initialization Wy
by the tensor method is in the region B(W*, 1), then the gradient descent method converges to a

critical point W, that is sufficiently close to W*. To achieve that, one sufficient condition is

Wo — Wl < VE|[Wo — W|| < s0KE - r0/Dlx, M, o)y T8 |

CgGOF(A,M,O', W*) (60)

2
Omax

<
T L L
K3 (S Alllos + 00)* S Mllalloo + 1))

where the first inequality follows from ||W||r < VK||W]|| for W € R ¥ the second inequality
comes from Lemma 3, and the third inequality comes from the requirement to be in the region

=

3r:rmin and omax denote the minimum and maximum among {01, ce ,UL}, respectively. 7 = Zmax

Omin
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B(W*,r). That is equivalent to the following condition

[N

L L
nz%q”#%”W%thmm+mf2)mmm+mﬂ(&Mﬂﬂmum«@
=1 =1

(A, M,o,W*) 204 .dlog®d

max

(61)
where Cy = max{Cy, 0_2}. By the definition 5, we can obtain

1
Q)wmwwzwamﬁm)%¢MAM®muMwmm<@

From Property 7, we have that

V/Dis(\, M ,0)Dg(A\, M, o) Dg(\, M, o)
<\/D13(A, M, 0)\/D12(A, M,0) = D15(\, M, )
Plugging (62), (63) into (61), we have
n > Coeg? - K2 K (0max01 (W) 720N, M, 0, W*)2D15(\, M, o) - dlog®d ~ (64)

Considering the requirements on the sample complexity in (54), (58) and (64), (64) shows a
sufficient number of samples. Taking the union bound of all the failure probabilities in Lemma 1,
and 3, (64) holds with probability 1—d!

By Property 2.3, p(W 010 (W™*)) can be lower bounded by positive and monotonically

(63)

Wzﬂ‘jﬁ),aléK(W*)) when everything else except |p(;)| is fixed, or

L (J}’Ki&{jl), 010k (W™*)) when everything else except oy is fixed. Then, by substituting the lower
bound of p(W 010k (W™)) for itself in T'(A, M, o, W*), we can have an upper bound of
(Omax01 (W*)2T12T (A, M, 00, W*) "2 D15(X, M, &), denoted as B(A, M, o, W*).

To be more specific, when everything else except |u;(;)| is fixed, Em(%,aléK(W*))
is plugged in B\ M,o,W*). Then since that Dio(A, M,o, W*) and
Lo, (% 016 (W*))~2 are both increasing function of sy(;y, B(A, M,o, W*) is an
increasing function of |1(;)|.

When everything else except o; is fixed, if o, = Umdx > (s, then o2

decreasing functions £, (

T2D1s(A\, M, 0, W*)

is an increasing function of o;. Since that L (T(W*)’Ul& x(W™*)) is a decreasing function,
(Ug’i(w*),alé;((w*)) 2 is an increasing function of o;. Hence, B(A, M,o,W*) is an

increasing function of o;. Moreover, when all o; < (s and go to 0, two decreasing functions

of 07, 02, Ls (% 010k (W*))™2 and Di2(\, M, o) will be the dominant term of

B(A, M, o, W*). Therefore, B(\, M, o, W*) increases to infinity as all o;’s go to 0.

Hence, we have

max

n > poly(ey*, k, K)B(A, M, 0, W*) - dlog® d (65)
010k (W*)) when every-

thing else except || is fixed, or L (W 0 (W*)) (or 072L (W,aléK(W*))
for ¢ > 1) when everything else except o; is fixed, (57) can also be transferred to an-
other feasible upper bound. We denote the modified version of the convergence rate as v =
1 — K2q(\,M,o,W*). Since that ¢(A, M,o,W*) is a ratio between the smallest and the
largest singular value of V2 f(W*), we have ¢(A, M,o, W*) € (0,1). Hence, we can obtain
1 - K 2gA\M,o,W*) € (0,1) by K > 1. When everything else except |1 | is fixed,

since that Em(W 016k (W*)) is monotonically decreasing and S A([| oo + 07)? is

Similarly, by replacing p(%,aléK(W*)) with £, (W

increasing as |p(;)| increases, v is an increasing function of |uy(;)| to 1. Similarly, when ev-

. . > 1
erything else except oy is fixed where o; > max{1, (s}, ST /\z(\lmlloo-w E decreases to O as

o) increases. We replace p(#{w"i),oléK(W*)) by 07 2L, (X 010 (W™*)) and then

T
oy [SK(W*)’
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co0T2 L, (W,U[&K( ) = Ls (W;W* 010k (W™*)) is an decreasing function less
than p(m,méK(W*)). Therefore, v is an increasing function of al to 1 when o, >

max{1,(,}. When everything else except all o; < (s go to 0, all L,(—% o0 (W*)’s

J[(SK(W*)’

and of ’s decrease to 0. Therefore, v increases to 1.
> 1 Au(llpfloo o) ’

The bound of HWn W*| p is directly from (56).

C PROOF OF LEMMA 1

We first state some important lemmas used in proof in Section C.1 and describe the proof in Section
C.2. The proofs of these lemmas are provided in Section C.3 to C.7 in sequence. The proof idea
mainly follows from (Fu et al. (2020)). Lemma 6 shows the Hessian V2 f(W) of the population
risk function is smooth. Lemma 7 illustrates that V2 f (W) is strongly convex in the neighborhood
around p*. Lemma 8 shows the Hessian of the empirical risk function V2 f,,(W*) is close to its
population risk V2 f(W*) in the local convex region. Summing up these three lemmas, we can
derive the proof of Lemma 1. Lemma 4 is used in the proof of Lemma 7. Lemma 5 is used in the
proof of Lemma 8.

The analysis of the Hessian matrix of the population loss in (Fu et al., 2020) and (Zhong et al.,
2017b) can not be extended to the Gaussian mixture model. To solve this problem, we develop new
tools using some good properties of symmetric distribution and even function. Our approach can
also be applied to other activations like tanh or erf. Moreover, if we directly apply the existing matrix
concentration inequalities in these works in bounding the error between the empirical loss and the
population loss, the resulting sample complexity would be O(d?) and cannot reflect the influence
of each component of the Gaussian mixture distribution. We develop a new version of Bernstein’s
inequality (see (137)) so that the final bound is O(d log? d).

(Mei et al. (2018a)) showed that the landscape of the empirical risk is close to that of the population
risk when the number of samples is sufficiently large for the special case that K’ = 1. Focusing on
Gaussian mixture models, our result explicitly shows how the parameters of the input distribution,
including the proportion, mean and variance of each component will affect the error bound between
the empirical loss and the population loss in Lemma 8.

C.1 USEFUL LEMMAS IN THE PROOF OF LEMMA 1

Lemma 4
k
B et AN gty (S PT2- 8020)2] = plps,0) | PI (66)
i=1

where p(, o) is defined in Definition 3.

Lemma 5 With the FCN model (2) and the Gaussian Mixture Model (7), for some constant C5 > 0,
we have

||V2€(W7 Ji) — VQK(W/a w)”}

Fon Dl vt 1) {W7§W§2]IB?(W*,T) W —W[|p

N I 67)
<Cip-d2K3 | > Nllltlloo + 002D Milllptlloo + 01)?

Lemma 6 (Hessian smoothness of population loss)In the FCN model (2), assume ||wi]||2 < 1 for
all k. Then for some constant Cs > 0, we have

~

L 1
IV2F(W) = V2 W) < Cs- K- (S0 Nulltlloo + 1) > Ml ) )W W
=1 =
(68)

26



Under review as a conference paper at ICLR 2021

Lemma 7 (Local strong convexity of population loss) In the FCN model (2), if |[W — W*||p <r
foran ey € (0, 1), then for some constant Cy > 0,

W) gy o W ) e S VW) < O Ao
K2 = lnﬁzp UldK(W*)’o-l K dK ~ = 4[21 (el co+01 UK

(69)

Lemma 8 In the FCN model (2), as long as n > C' - dK log dK for some constant C' > 0, we

have
L dKlogn
sup IV fo(W) = VW) < Cs- > Milllplloe + 01)\ ) ——=)  (70)
WEeB(W*,rpen) =1 "

with probability at least 1 — d—'° for some constant Cg > 0.

C.2 PROOF OF LEMMA 1

From Lemma 7 and 8, with probability at least 1 — d~10,
V(W) = V2 F(W) = [|[V2f(W) = V2 (W) - T

L T
1—60 0'12 W M *
- Bl %% .
_Q( K ;AZU/@QP(UZ&{(W *)’UléK( ))) !

L dK logn
2
—O(Cﬁ';)\l(ﬂuzﬂ o)) T

As long as the sample complexity is set to satisfy

L
dKlogn _ e o} wT .
Co - Y Nlllplloo + 1)y Tg <= ZN#P(W‘/‘%JNSK(W ) (72

=1 =1

(71)

ie.,

, L o\ 2 L 012 W*Tﬂl
n=Cieg® (3 Mlllle + ) QoM (i
=1 = .

for some constant C; > 0, then we have the lower bound of the Hessian with probability at least
1—d 10

—2
,aléK(W*))> dK5log?d (73)

V2f, (W)»Q(“QGOZL:AUIQ (LT‘”U(S (W*)))-I (74)
n — K2 l=1 an:Qp O'laK(W*)’ l K

By (69) and (70), we can also derive the upper bound as follows,
V2 fa (W) < [[V2FW)|| + (V2 (W) = V2 F(W)]

L
dKlogn
< G- Y Mllulloe + 0% + Co - " Mlllplloe +0)*y) =287

1=1 1=1 (75)
L
<O Nilllplloe + o0)?
1=1
for some constant Cy > 0. Combining (74) and (75), we have
L

L T
1-— 260 Ul2 w* M % 9 9
E Il NG ol W) - T < W) < E .
Q( K2 £ )\lnHZP(méK(W*)’U[dK( ) I 2V [, (W) 2Cy £ Ao +00)" - T
(76)

with probability at least 1 — d 10,
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C.3 PROOF OF LEMMA 4

Following the proof idea in Lemma D.4 of (Zhong et al., 2017b), we have

k
By 1+ 30—ty | (O PT @ 6(0 - 2:))2] = Ao + By (77)
=1
k
Ao = B s N, L)+ AN (— o, 1) ( > plaw-¢(o-z)- msz-) (78)
=1
By =F T 47 A T 79
0= B IN(pu,Ig)+ 3N (—p,14) Zpi ¢ (U . x1)¢ (0 ' l'l) C LT Pp (79)
il

In Ay, we know that Em~lN(u,Id)+lN(—p,Id)$j = 0. Therefore,
Ay = ZanlN(u L)+ IN(— u,Id)[ ; ((b (0 - )(m e;e; +Z:1c zj ele;r

J#i
+eje; —l—zz%xlejel )) z}

J#L 1#£i

I

ﬁ
Il
-

Eww%/\/(p,ld)-&-%./\/'(—u,ld) [PZT (615'2(0'331')(50?&6; +Z$?eje;)>pz}
ji (80)

|

@
Il
-

T T
[]EEN%N(H,M)JF%N(W,M)[¢/2(0 -x;)xi]p] eie] p;

T T
+ ) Bt Nt 4 3N -2 [T B i N (D 4 2N (- ) [0 (0 - )P €€ pz}
i

<.

|
M?v

1152 1, K, 0 +Zzngﬁ0 »H» 1+/1‘?)

1 i=1 j#i

7

In By, a1(i, pu,0) = Ez~%N(u,Id)+éN(—u,Id)(xid’/(xi)) = 0. By the equation in Page 30 of
(Zhong et al., 2017b), we have

Bo :ZE%%N(;‘,I@%N(*M@ [P: <¢’(0’ -2i)¢ (0 - xz)(ﬁeie: +riee] +wivi(ee] +

il
ele +Z:rj:clejel +Z:vjxleje + Z Z TjTjre;e; ))pl}
e J#l VESRNIEIN)
= ZpiipliQQ(iv M, U)O[()(L M, U) + Zpijplja()(ia 122 J)QO(Zv M, U)(l + M?)
il il
(81)
Therefore,
A Zk: as (i, @, o) Z ( ) 2\ 2 - o @5(i, p,0)
o+ Bo= (Pu‘%"‘ puco(l, p, o \/1+#¢> - Pu%
i=1 V14 I#£i i=1 Lt p
k k k
- Z ZplQiQO(lv M, 0)2(1 + /-Lf) + Zp?iﬂ2(i’ K, U) + Z Zpgj/go(iv K, U)(l + /1'3)
i=1 1#i i=1 i=1 j#i
: K, o
>3 (B2, 1, 0) - H’M’ )+Zzpw(5o i, 0) = A (i, 1,0) ) (14 123)
i=1 i=1 j#i
> p(p,0)||P|[%

(82)
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C.4 PROOF OF LEMMA 5
Following the equation (92) in Lemma 8 of (Fu et al., 2020) and by (45)
K K
IV2eW) = V2UW[ <3S T 160(W) = &u(W)] - ||z | (83)
=1 1=1

By Lagrange’s inequality, we have

€50 (W) = & (W] < (max T xa]) - [[]] - VK||W - W'|[p (84)
From Lemma 6, we know
mkax T 5| < Cr (85)
By Property 5, we have
L
Epost anuoran [zl < d'2t — 1)1 Z (lellos + 02)* (86)

Therefore, for some constant C'i5 > 0
[V2e(W) = V2(W')]]

3 3 5
Eyosr AZN(“L,glzld)[V;;lgv/ wowr, = KEllk]
L L
5
<KEd> Ml +01)2 32D Ml + o)t (87)
1=1 =1

L L
=Crz - d2 K5 S N(lmlloe + 002 Y M|l oo + 01)

=1 =1

C.5 PROOF OF LEMMA 6

Leta = (af, - ,a))’ € R¥. Let A;; € R be the (j,1)-th block of V2f(W) —
V2f(W*) € RIEXIK By definition,

K K
IV2f(W) = V(W max, Z > aAja (88)
T j=11=1

By the mean value theorem and (45),

_PfW) P fW)

= Eoust anuorinlEa(W) = §a(WH) - az )

P dwow, 0w ow]
9&1(W') .
= EzNElL:l /\ZN(m,afId)[Z <j8w;€’ Wy — Wy, ) - mmT} (89)
k=1
K
= Emele )\LN([LZ,O'ZQId)[ <Tj’l;k “ T, W — ’LU;;> : wa]
k=1

where W/ = 4yW + (1 — v)W™* for some v € (0,1) and T} j is defined such that M

Tk - © € RY. Then we provide an upper bound for &; ;. Since that y = 1 or 0, we ﬁrst compute
the case in which y = 1. From (45) we can obtain

L (w]x)d (w 1 e
sz(W){ re ¢ (wy @)/ (w; @) - I(f(W) j#

%‘b/(w;x)‘ﬁl(wl—rm) : W K¢” ;F ) H(%/V)’ j:l

(90)
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We can bound &;;(W') by bounding each components of (90). Note that we have

1 ) 1 1 ¢(w] z)p(w z)(1 - p(w] x))(1 - p(w; x))
7 "(w] )¢ (w] z) - W) < %2 %(ﬁ(w;w)(ﬁ(w;m) L <1
on
1, 1 1 o(w]z)(1 - p(w] ®))(1 - 2¢(w] x))
?qb (w;r:c) "H(W) = K %(b(w;w) =1 ©2)

where (91) holds for any j,1 € [K]. The case y = 0 can be computed with the same upper bound by
substituting (1 — H(W)) = + Z]K:l(l — ¢(w;'—w)) for H(W) in (90), (91) and (92). Therefore,
there exists a constant Cg > 0, such that

[§5.1(W)| < Co (93)

We then need to calculate T ; ;. Following the analysis of &;;(W), we only consider the case of
y = 1 here for simplicity.

—2
Tjik = W(W’)(b (w’Tw)é’(w'lTx)(b’(w’;w), where 7, [, k are not equal to each other
94)
T { s (W' @) (W' 2)¢ (' @) + gy ¢ (W] @) (w'i ), j#k
j7j,k? == ¢/// ,w/Tm .
WM(W('LU/TSC)P + Wd’(wﬂww ('w’Tac) W7 Jj=k
95)

a] 8jiar =By st niuorn (O Tiak (@, wy, — wp)) - (a] z)(a] @)]
k=1

K K

<\ Eonst, Nunozn D Ti] ED (@, wy, — w}) (a] z)(a] x))?]
k=1 k=1
K K

< | Bonst, Muon D T%k,z]J E((wi —w})2)* - \/El(a) 2)*(a/ @)"]
k=1 k=1

K K
< CS\I EmwzlelN(ul,alzI)[Zsz,k,l] Z ||’(Uk; - ’LU;;H% ’ ||aJH% : ||a’l||%
=1 k=1
L 1
4
(X Nl + ) 3o Ml + 00)%)
=1

&

(96)
for some constant C's > 0. All the three inequalities of (96) are derived from Cauchy-Schwarz
inequality. Note that we have

> , 26 (w] @)(1 - (] @))*6(w] 2)(1 - (] z)
ro R RE oy T e
201 - g(af2))°(1 - bl o)) <2
ey ) )0 (] @) (w] w)| < 2 ©8)
3 /1 /
K2H2(W)¢ (w;ww (w] @)
300w @)1~ (] 2)) (1 - 2p(w] 2))(w] 7)1 ~ (] =) )
: K (] 2)o(w] @)
=|3(1 ~ o] )1~ 26(w] @)(1 - (] )| <3
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lﬂb'" w) x) ’ - ’¢ wjx)(1 - d(w] @) (1 - 6p(w] ) + 66*(w; x))

<1 (100)
KH(W K%(b(w;w)
Therefore, by comblmng (94), (95) and (97) to (100), we have
Thanl < Cr = T7,, < C7.95Lk € [K], (101)

for some constants C7 > 0. By (88), (89), (96), (101) and the Cauchy-Schwarz’s Inequality, we
have

IV2f(W) = V2 F (W)

~

L
<Co CERIW =Wl (3o Ml + 0" Nl + 00

Al

K K
- max > lag]falal2
llal|=1 4= &
j=11=1
K

L L 1 2
<Co\[C2EK - |W — W |- (Zmnmnw + o) > Moo +00%) "+ (3 llasl)
= =1

j=1

I

L
<Cy\/C2K3 - [[W — W||p (ZAl ltlloe + 00" S° Mlalloo +01)°)
=1

(102)
Hence, we have

~
™~

IV2F(W) = V2 [ (W) |\<05Kz(2 (il +20)" 3 (e + ) ) *[IW = W |

(103)

for some constant C5 > 0.

C.6 PROOF OF LEMMA 7

From (Fu et al. (2020)), we know

4 K 2
* * 1
V(W) = i Bt AN ot L) [(ZW(“’J‘ w)(ajw)) } ae - (104)
j=1
witha = (a, -+ ,ak)" € R¥. And
K

V(W) < (HJf;ll‘Tzil aTV2f(W*)G)'IdK = 04"‘1?‘?'1;(1 Bl NN (o2 [Z } Ik

(105)

for some constant Cy > 0. By applying Property 4, we can derive the upper bound in (105) as

K L
CaBoist AN(uo?1) [Z(GJ‘T“’)Q} L 2 Ca- ) Milllpalloo +00)? - Laxe (106)
j=1 =1

To find a lower bound for (104), we can first transfer the expectation of the Gaussian Mixture Model
to the weight sum of the expectations over general Gaussian distributions.

K
2
. / * 1 T
5 ot (00T
j=1

L K 2
= min S NE oy [ (306 (w) T2) (0] @) ]

llall=1 4 -
=1 Jj=1

(107)
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Denote U € R%** as the orthogonal basis of W*. For any vector a; € R?, there exists two vectors
b; € R¥ and ¢; € R ¥ such that

a; = Ubl—FUJ_CZ (108)

where U, € R4 (4=K) denotes the complement of U. We also have U | y; = 0 by (9). Plugging
(108) into RHS of (107), and then we have

BN (ui.0714) [( i aja- ¢/(wf‘r)) 2}

=B (.07 1) [(Z (Ub; + U, c)) - ¢'(w;fo))2] —A+B+C

(109)

A=EpN(u.021,) [( XK: b/ Uz ¢’(wi*Tw))2} (110)

i=1

C = Eornf(uro10 |2 (fj JUw-¢(w)Ta)) - (fj bU @ ¢ (w)Ta))]

i=1 i=1

K
Z w0210 | 26T UT 2| B pctuy o2,y [T U - ¢/ (w7 ") (w T)| 11

I
M=

Il
_

I
M= |
M= T

26T UL 11| Bt 1) [ U T+ 6/ (wi T 2)! (w] T )| = 0

Il
-

o
Il

1j

where the last step is by UIMZ = 0 by (9).

K
* 1
B =y ot (Y e Ul - ¢/ (w] ))?]
i=1

:EmNN(uz,afId)[(th)Q] by defining ¢t = Z ¢ (w'x)e; e R K ands =U z
i=1

E[t7s7] + Y Eltit;s:s;]

\Fﬂ%

i=1 i#£]
K
=Y E[t]]o} + (ZE U )7+ B[t ) (U )i - (UINI)J)
i=1 i;éj
d—
_EZtQ |+ E[(t"U )?] th
(112)
The last step is by UINZ = 0. The 4th step is because that s; is independent of ¢;, thus
E[titjsisj] = E[tltj]E[SZSJ]
1= { Win)i ULy, ifi
Elsis;] { U )2+ 02, ifi=j (13)
2
Since (Zle p,x- ¢ (o ml)> is an even function, so from Property 3 we have
k k
Eg a0t | (3 BT @8/ (0-20)%| = Egry ot 1 in pnotin (O P @9/ (0-2.))?]
i=1 i=1
(114)

Combining Lemma 4 and Property 3, we next follow the derivation for the standard Gaussian
distribution in Page 36 of (Zhong et al., 2017b) and generalize the result to a Gaussian distribution
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with an arbitrary mean and variance as follows.

1= Ea | (0T i )|
= [(emot) ¥ (
— [ enot) ¥
> /(2m?)‘% (

> [m) o [TV kW g G (W00 ]

K

Db (07%) exp (= g lle — U7l

i=1

o

2
S vi's. (b’(sl-)) ] exp (— 2%QHVTTS - UTMHZ)’det(VT)‘ds
l

k
Zb;rVTTs : ¢/(S¢))2] exp (— Is 252‘/(TW[£TM”2 ’det (v ’ds

-
il
2

cexp (— )|det(Vh)|of 57 (W) dg

9 K
= LB, [ VI Tk (W))g - &' (101 (W) - 9:))?]

" i=1

o} W*Tﬂl
> Lo T 55 (WH))|B]I2.
> Hznp(al(SK(W*)’m x(W7))[1b]|

(115)
The second step is by letting z = U " 2. The third step is by letting s = V' T z. The last to second

step follows from g = W, where g ~ N (=% W Ix) and the last inequality is by

Lemma 4. Similarly, we extend the derivation in Page 37 of (Zhong et al., 2017b) for the standard
Gaussian distribution to a general Gaussian distribution as follows.

o W

2 * 2
B = 07 Barutt ) 2 ol by oo (W) el (116)
Combining (109) - (112), (115) and (116), we have
o2 WH
in E Lop(——— ))- 11
0 B 07 ,d)[Eja w9/ (wi T @)?| 2 Shp( S sp etk (W), 1)

For the Gaussian Mixture Model « ~ lel N (p,021,), we have

k L 2 T
W
in E T d(w z)2| > A I B s (W
min, mzfﬁlN(,u,g;I@[(;azw ¢'(w; "))’ =3 g ey TR (V)
(118)
Therefore,
2 W*T L
KQZ l77/€2 W L010(W™)) - Lare 2 V2F(W*) 2 Co- Y Nllpalloe + 1) - Taxc
=1 =1
(119)

From (68) in Lemma 6, since that we have the condition ||W — W*||p < r and (53), we can obtain
IV2F(W) = V2 f(W)]]

~

L
gcw%(zxz(nmnmol R (e +00°) 19 = W

(120)

460 2 W*T
AN o B *
s zz; UHQ (015K(W*) 0k (W)),
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where €y € (0, 1). Then we have

IV2F W) = (V2 F (W) = [IV2F (W) = V2F(W)]]

L T
4(1 — €) o? W= . (121)
> — (T
= K2 ;A nKJ?p(Ul(SK(W*) O'ZCSK(W ))
IV2fW)II < |IV2f (W*)H+Hv2 FW) = v2fw)|
L 2 * 1
W™
< Cr- SNl + o) s (W
4 lz; i 1 z; aldK(W*) 10K (W) 122)
L
SCi- Y Nllulloe +o0)?
=1
The last 1nequa11ty of (122) holds since C4 (el + 01)2 = Q2,.)

Kz Zz 1A sz(mﬁﬁﬁ o10g (W*)) = O( “‘a") and O(02,.) > ’"a") Combining (121)
and (122), we have

L

A ao) § oy WO s (W) 1<V W) < G S Nl + ) T
K2 = 177/%2'005K(W*) 7oK ; - =1 P

(123)

C.7 PROOF OF LEMMA 8

Let N, be the e-covering number of the Euclidean ball B(W* r). It is known that log N, <

dK log () from (Vershynin, 2010). Let W, = {W7, ..., W} be the e-cover set with N, elements.

Forany W € B(W*,r), let j(W) = argmin ||W — Wy ||r < eforall W € B(W™,r).
JEIN]

Then for any W € B(W™*, r), we have
IV fa(W) = V2F(W))]|

1 n
SEHZ[VQK(W;:BZ) V%( W)’iL'Z)]H
(124)
+ H*ZV (Wwyszi) —Egosr | )\LN(Mz,UfI<l)[V2€(Wj(W)§mi)m

+ HEwNZZ 1 NN (g, JzId)[v E( iw), & )] - EwNZle A:N(Mz,afld)[v2g(w; wl)]”

Hence, we have

P( swp  [IVEf(W) = V2(W)|| = t) P(A)+P(B) +B(C) (125
WEB(W*,r)

where A;, B; and C; are defined as

t
Ar={ sup *H Z[ (W) — VUWwy; )l > 3} (126)
WeBW=n) " =
b= {We]zuvll)/* ” ”7 ZV (Wiw); i) = Bt a0t [V AW @)l = }
(127)
2 .
Ct :{WGE?V%* , East 2N (o2 [V EWjow); i)
2 , (128)
—Epost aN(uorry [V AW 2| > g}
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Then we bound P(A;), P(B;) and P(C}) separately.

1) Upper bound on P(B;). By Lemma 6 in (Fu et al., 2020), we obtain

1 n
H; D VAW 2:) = Bgost | 3 n(u,o1) (VLW 1)) H
=1

<2 sup
veVyL
4

n (129)
1
<’U, (E Z V2E(W; i) = Ew"’zzil /\zN(M,UfId)[V2E(W; .’1}1)])'U> ‘

i=1

where V1 is a 1-cover of the unit-Euclidean-norm ball B(0, 1) with log |V%| < dK log 12. Taking
the union bound over W, and V%, we have

P(B;) §IP’( sup
WGWE,UGVi

1< t
@G 5)

3r 1< t
<exp(dK(log — +log 12 su P(|— Gi| > =
p(dks (log =~ + log ))WEWEEEV% (In; )

(130)

where G; = <U» (VW ,2;) —Epo5r )\ZN(HL-,UZZId)[Vzg(W7wi)]v)> and E[G;] = 0. Here

v=(u], - ,up) €RIK

M=

K
|G :‘Z

j=11

T T T T
90~ B sG] 5|

(131)

K
T 2 T 2
(uj w) + ZETNZLL:1 )\ZN(p,l,o’lzId)(uj w) :|
j=1 j=1

1 T

IN

Co- |

for some Cg > 0. The first step of (131) is by (44). The last step is by (93) and the Cauchy-
Schwarz’s Inequality.
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K K -
' {(Z(uym)z)l} (Z]Ea’NZzL=1 AzN(M,U,ZId)(uij)Q)

=1 j=1
K

=
p ; ! T ,..\205
= Z <l>09 By sk AN (o2 L) [ Z =K H(“j x) _7}

I+l =l Hj:l Zj- j=1

K -1
' (ZE%Z,L NN (o1 (8] fB)Q)p

K

P I
=2 (?)Cg' [ > T Eenst s o () @) ]

Li++lg= lH] 1]] 1

K
p—1
' (ZEwNZimN (w021 (U5 @) ) (132)
Jj=1
p P K .
= T,.\2
= Cg . Z (l) (ZEENZlel )‘ZN(IJ'MO'lzId)(uj 3:) )
=1 j=1
K -
T,.\2
(ZEJ:NZZ 1)‘1/\/( lUl )(uj CB) )
j=1
. p
T
= Cg . (ZEEBNELL=1 AZN(IJJ, Id)(u] $) )
j=1

(Zwuum ZAI ol + 02)?)”
(Z (leslloe +00)?)”

~

where the second to last inequality results from Property 4. The last inequality is because v € Vi ,
K
e s llP =1vl]* < 1.

Elexp(6G,)] = 1+ 6E[Gi] + > ‘)”E[p!@”]

p=2

Z Iy (3" Moo + 1)) (133)
=1

p=2

~

<1+Cy- |e9|2(ZAz(||uzlloo + 01)2)2

where the first inequality holds from p! > (£)? and (132), and the third line holds provided that

=Sy 1=1 Ml oo + 01)
max{ (P+1) } S

. 2 (134)
22t (S Ml + 01)?)

1
2
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Note that the quantity inside the maximization in (134) achieves its maximum when p = 2, because
it is monotonously decreasing. Therefore, (134) holds if § < 27 ZlL:l A (||e1]| oo + o7)?. Then
1 & t " not ot T
P(g ; Gi > 6) = P(QXP(Q ; Gi) > exp(?)) <e o HE[exp(@Gi)]
B B (135)

L 2
< exp(Crot®n (3 Mlllaloe + 00)?)
=1

for some constant C1y > 0. The first inequality follows from the Markov’s Inequality. When

6 = min{ £ 7, 2L S M(lelloe 4 1)%}, we have a modified Bern-
12010(25:1 Al lloot01)?

stein’s Inequality for the Gaussian Mixture Model as follows

Clont2
27
144( S0 Moo + 00)?)

1 & t

_ > ) < -
P(n ;:1 G; > 6) < exp (max{
. (136)
= Cun > Ml + o) - 1)

=1

for some constant Cy; > 0. We can obtain the same bound for P(f% >, Gi > L) by replacing
G; as —@G;. Therefore, we have

1 & t Ciont?
P(|ﬁZGi|Zg)S26Xp(maX{— Lo 55
i—1 144( o N(pllse + o1 2)
2oaz1 ALl ) 137
L
= Cun Yy Nllpill +01)? 't})
=1
Thus, as long as
L 361 4 367 4
dK log =2* 4+ log 5 dK log =* + log
t>Cﬁ~maX{Z)\l(|uloo+al)2\/ E 0 — € -} (138)
=1 n Yot Alllplleo + 01)?n

for some large constant Cs > 0, we have P(B;) < g.

2) Upper bound on P(A;) and P(C}). From Lemma 5, we can obtain

2 . 2 (T
Weg?v%*,r) Ezrst  an (o2t [V Wiow); ®)] = Egosor 3w (po2rn [V UW ;)]

< sup Egest  an(uo21) [VEAWiw ) @)] = Eg st 3 w0220 VAW )]
T WeB(W*,r) W — Ww)llr

sup  [|W — Wjw,)|lr
WeB(W™,r)

L L
< Cra- K3 Nl pulloo + 0002 Y Milllpuilloo + o)t - €
=1 =1
(139)
Therefore, C; holds if

L L
t2 Crp dEKE D N(llptlloe + 002 Y Milllhselloo + 1)t - e (140)
=1 =1
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We can bound the A; as below.

t
P sup  — [V24( ) — V(W x)]|| > =
(o ||Z Wiiwyi@) = VW) > 5)
3
<-E, sz - [ sup  — VZ(W, sx) — V(W }
t iy MN (w0t L) WeB(W 1) TLH ; W;w) ) — ( il
3
= Bt aotio ) S0 IVH(Wiawii) = VWi (141)
3 IV2(Wwy; @) — VW ;)|
< - [ sup JW) } sup  [|[W = Ww)l|r
t lweswer W — Wiw)llF WEB(W*,r)
G d%K%\/Zlel Nl plloe +00)2 2y Al oo + 00)* - €
- t
Thus, taking
3.5 L oL 4
Cra-d2 K230 Mlllpalloe 4+ 00)? 2021 Mllpalloc + 00)* - €
> (142)
5
ensures that P(A;) < $.
3) Final step
Let ¢ = 2 and § = d~1°, then from (138)

35
Cr2-d2 K2/ M(llmllco+00)2 SE M([[ptlloe o) ndK
and (142) we need

L
t >max{—— dK Cs - Z)‘l(HIJ’lHoo +07)?
1=1

dK log(36rnd % K% \/Zlel Mlllloo +00)% 3y Ml pullo + 01)4) + log §

?

n

dK log(36rnd ¥ K5 -/ F, Mllloe + 01 SE Alladlloe + 1)) + log 4 }
S Ao + 00)?n

(143)
So by setting ¢ = 21L=1 A ([l oo + a1)%4/ %, aslongasn > C’ - dK log dK, we have

= dK 1
B sup [[V2L(W) = V2T W)| 2 Co- D Moo + 1)\ = 57) < d 710 (144)

WeB(W*,r) =1

D PROOF OF LEMMA 2

We first present a lemma used in proving Lemma 2 in Section D.1 and then prove Lemma 2 in
Section D.2.

D.1 A USEFUL LEMMA USED IN THE PROOF

Lemma 9 Ifr is defined in (53) for o € (0, ) then with probability at least 1 — d—1°, we have*

4V frn (W) is defined as * LS (VI(W, @i, yi) + vi) in algorithm 1
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. . o dl
sup [V (W) = VIW)I| < Cua - \ [ K D Mo + )| 20 (146) - (149)

WEB(W*,r) =1
for some constant C13 > 0.

Proof:
Note that V f,(W) = V f, (W) + £ 3" 1, V(W) = V(W) +E[v;] = Vf(W). Therefore,
we have

swp (VW)= VW)= sup  |[VA(W) = VAW + - Sl (146)
i=1

WeB(W=,r) WeB(W*,r)

Then, similar to the idea of the proof of Lemma 8, we adopt an e-covering net of the ball B(W*, r)
to build a relationship between any arbitrary point in the ball and the points in the covering set. We
can then divide the distance between V f,,(W') and V f (W) into three parts, similar to (124). (147)
to (149) can be derived in a similar way as (126) to (128), with “V2” replaced by “V”. Then we
need to bound P(A4}), P(Bj) and P(CYy) respectively, where A}, B; and C; are defined below.

} (147)

Wl =+

Al = sup  — VLW ;x;) — VL sx)]|| >
¢ {We]B(W*r)nH; ) = VLUWjwy; zi)]||

/_ 3 p— j—
Bt_{wGE?v%*,mHn;w i) ®i) = Eg st n(uor 1) [VEWiowy @)l 2 }

(148)
1 _

Cr _{We;?vll)/*,v) HEENZz 1 NN (p, U2Id)[v£( (W) )]

. (149)
Epst ot VAW > 5}
(a) Upper bound of P(Bj). Applying Lemma 3 in (Mei et al., 2018a), we have
||f Zw Wiw): 1) = Egosit | s a0z [VEWow): )]
n (150)
1
<2 sup <n D VUWiwyi i) = Eposst 3 n(uorzn VWi i), v> ‘
veve i=1

Define G, = <v, (VUW,xi) = Epost AN (g, o2 21 [VEW, :131)])> Here v € R%. To compute

V(W ,x;), we require the derivation in Property 6. Then we can have an upper bound of ((W) in
(43).
¢(w z)(1-¢(w] @))

1 wlz —
(W) = ’ KH(W)d) @)= K“’(“’ DI b=t (151)
o wlz <¢(w @) (1-¢(w,] Cv))<1 —0
® TH W) H Wi )| = K E0-a(w] @) Y=
Then we have an upper bound of G;.
Gl = |Gav @ = Basot auoznn €072 i)
< |va| +]Em~zll‘:1 NN (pi,0214) [l'U wl]
Following the idea of (132) and (133), and by v € V;, we have
E[|Gj|"] < (ZM ] oo + 1) )2 (153)
L
Elexp(6G;)] < 1+ €6 > ([l ulloo + 01)° (154)

=1
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where (154) holds if § < Z—Z\/ZZL:I A(Jle1]|so 4 01)?. Following the derivation of (130) and (135)
to (138), we have

1 — t
M'ﬁZGH > 6)
=1

(155)

Chynt? L
14
,—C1sn (oo + 00)2 - £}
14457 Nllls + 01)? ; )

for some constant C14 > 0 and Cy5 > 0. Moreover, we can obtain P(B}) < % as long as

<2exp (max{ —

€ €

" VEE Mo + 02 -
(156)

L
t> Chg-max{, | > N(l|eulloo + 1)
=1

\/dK log 18~ + log § dK log 18" + log 3

(b) For the upper bound of P(A}) and P(C}), we can first derive
[ ||V€(W7w) _ VK(W/733>H
EENZ{;] AN (1,02 14) sup W —W/||p }

L W£W/ eB(W* 1)
[ IC(W) = C(W7)| - [z
SE%NEL AN (1,02 14) sup HW _ W" Ir }

-WH#W'eB(W*,r)
. . " 2 _ /
maxi <1<k {|§. (W)} - [[2]*VE[|W — W'||p

S N ot —W¢W§2§(W*,r) W — W/||p }

09~||w||2\/?||W—W’IIF}

SPan s AN Gusof 1o [W?EW?lEl]IB?(W*,T) W —W!|[p

L
<Cy-3VEKd- Y Mi(llpulloo + 1)
=1

157
The first inequality is by (43). The second inequality is by the Mean Value Theorem. The third step
is by (93). The last inequality is by Property 5. Therefore, following the steps in part (2) of Lemma
8, we can conclude that C7 holds if

L
t>3Co - VEd- Y N(l|pllse +01)* - € (158)
=1
Moreover, from (142) in Lemma 8 we have that

. . L 2 .
¢ 18Cy - VEKd 2121;\1(”#1“004-01) € (159)

I I3 _ ) _ qJ—10 —
ensures P(A}) < §. Therefore, let € = 80 VRIS (oD endi” 0 =d and t =

013\/K Zle A ]| oo + Ul)g\/dlo%, ifn > C" - dKlogdK for some constant C” > 0, we
have

L
B sup (VW) = TIW)I) = Cra - \| K Nl + 002y TES < 710

WeB(W*,r) =
(160)
By Hoeffding’s inequality in (Vershynin, 2010) and Property 1, we have
n L

1 dK logn

(LS ke 2 Crn | S e+ [T

w2 ille = Cus | 3 Nl 0 =556
L (161)

,E2dK logn

Sexp(=Cy - > Mi(llutlloo + 1) JKE )

=1
<10
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Therefore,

L n
. - dlogn 1
sup  |[|[Vfo(W) =VIW)|[<Ciz- | K ) Nl + JZ)Q\/7+ =) lwill
WEB(W™,r) ; " " ;
< iy KZ/\Z o + oy T2 L annF
- n n

dlogn
<Ciz- KZ)\Z 11l + 01)%4/ ER(1+¢)

(162)

D.2 PROOF OF LEMMA 2

Following the proof of Theorem 2 in [Fu et al. (2020)], first we have the Taylor’s expansion of
fn(Wh)
fu(Wn) :fu(W*) + <Vf,,,(W*), VeC(Wnr - W*)>

1 - (163)
+ §vec(Wn — WH*)V2 £ (W )vec(W,, — W)

Here W' is on the straight line connecting W* and W,.. By the fact that fn( ) < fu(W*), w
have

%vec(ﬁ\/n WY o (W vee( W, — W) < [V 1 (W) Tvec(W, — W9 (164)

From Lemma 7 and Lemma 9, we have

2 W*T - )
15 Ul(SK w* Wn - W*
Kzlzl sy O (WOl [ s

1~ _
Sivec(Wn — WHV2f, (W )vec(W,, — W*)

and ) .
)an(W*)Tvec(W,L W)

<V W) - Wy, — W[
<(IVfu(W*) = VW) + IV F W) - [|W,, — W (166)

L
dlogn . i
SO( Kz)\z(ﬂloc+01)2\/7(1+§)>|W”W e

=1
The second to last step of (166) comes from the triangle inequality and the last step follows from
the fact V f(W™*) = 0. Combining (164), (165) and (166), we have

W — Wp <O ( \/Zz 1 Ao + 00)? (1 +€) /dlogn) (167)
n F > o2
- Al ,,7,‘52 ( wW*T 0'1(5[((“7*)) n

U’]5]{(W* ’

Therefore, we have concluded that there indeed exists a critical point W in B(W™*,r). Then we
show the linear convergence of Algorithm 1 as below. By the update rule, we have

n

— 1 — —
Wips = Wo = Wi = no(V (W) + > i) = (Wa = 10V fu (W)

i=1

—(r-m VW) Wi W) -2,

i=1

(168)
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where W (y) = ’yﬁ\/n + (1 — )W, for v € (0,1). Since W(y) € B(W*,r), by Lemma I, we
have
Huin - T 2 V2 fu(W (7)) < Hiax - I (169)

2 * W* L
where Hyin = 92 iy M e p( By, 016k (W) ). oo = Ci+ iy Mllaloe +
01)2. Therefore,

n

-1
— P — )
[Wiss = Walle = 11 =m0 [ VW)W = Wl + |22 Sl
JO

i=1

" (170)
< (1= mHun) [We = Wolle + 152 3l
By setting 1o = ﬁ = O(Zle Az(H;le,Hoo+oz)2)’ we obtain
[Wes = Wl < (1= 5722 [W, —~ Wl + 2 ZMF (71)

max

Therefore, Algorithm 1 converges linearly to the local minimizer with an extra statistical error.
By Hoeffding’s inequality in (Vershynin, 2010) and Property 1, we have

dK logn 2dK logn _
P(- lemllr>\/ L) Sexp(— ) S (172)

Therefore, with probability 1 — d~'° we can derive

Hmln Hmax"}() dK 108, n
) HWO - WNHF

max H min n

W, = W,||p < (1— ¢ (173)

E PROOF OF LEMMA 3

We need Lemma 10 to Lemma 14, which are stated in Section E.1, for the proof of Lemma 3. Sec-
tion E.2 summarizes the proof of Lemma 3. The proofs of Lemma 10 to Lemma 12 are provided
in Section E.3 to Section E.5. Lemma 13 and Lemma 14 are cited from (Zhong et al., 2017b). Al-
though (Zhong et al., 2017b) considers the standard Gaussian distribution, the proofs of Lemma 13
and 14 hold for any data distribution. Therefore, these two lemmas can be applied here directly.
The tensor initialization in (Zhong et al., 2017b) only holds for the standard Gaussian distribution.
We exploit a more general definition of tensors from (Janzamin et al. (2014)) for the tensor initial-
ization in our algorithm. We also develop new error bounds for the initialization.

E.1 USEFUL LEMMAS IN THE PROOF

Lemma 10 Let P; follow Definition 1. Let S be a set of i.i.d. samples generated from the mixed
Gaussian distribution Zlel NN (py, 02 1). Let Py be the empirical version of Ps using data set S.
Then with probability at least 1 — 2n79(5%d), we have

~ dl
1P = Pol| S (/=25 67 - 7°V/Da(X M. @) Da(A, M., ) (174)

Lemma 11 Let U € E™X be the orthogonal column span of W*. Let a be a fixed unit vec-
tor and U € R¥™K denote an orthogonal matrix satisfying ||[UUT — ﬁﬁTH < 1. Define
R; = Mg(ﬁ, ﬁ, (7), where Ms is defined in Definition 1. Let ﬁg be the empirical version of
R; using data set S, where each sample of S is i.i.d. sampled from the mixed Gaussian distribution
ZZL:I NN (pr, 02 1). Then with probability at least 1 — n= e have

. 1
| Rs — Rs|| 82+ (r°/De(A, M, ) - ] —

(175)
n
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Lemma 12 Let M 1 be the empirical version of M using dataset S. Then with probability at least
1 — 20D ywe have

dlogn

|M; — M| < (72/Da(A\, M, o)) - (176)

n

Lemma 13 ((Zhong et al., 2017b), Lemma E.6) Let Py be defined in Deﬁnmon 1 and 132 be its
empirical version. Let U € R¥¥ pe the column span of W*. Assume || Py — P, || < 6K(P2) . Then

after T = O(log( )) iterations, the output of the Tensor Initialization Method 3, U will satlsfy

S P, — Py
UU" -UU"| < ILB: — P +e (177)
H IS S
which implies
5 P, By
I-UU Hw?|| < ”272“ w? (178)
I will S (g + Ol
Lemma 14 (A(Zhong et al., 2017b), Lemma E.13) Let U € R4*K pe t/h\errthogoncIZ column span
of W*. Let U € R™X be an orthogonal matrix such that |[UU T — UTH <m < Qf For

eachi € [K], let ©; denote the vector satisfying ||0; — ﬁT'J)i*H <7 S Q\ﬁ Let M be defined

in Lemma 12 and M, be its empirical version. IfHMl—ﬁlH < sl |Ma|| S 5lIMl

[y 11 = @] < ('K (1 + 72) + 62K ) [ | (179)

E.2 PROOF OF LEMMA 3

) = &;0%;]| = | |w; — 1w} |[05; + | [w}||T%; — ;0%
< ||w; = lhw; 0%, || + |11 1075; — &, 05|
< o || oy = O | + 11w 1 - & || 1T

U]

~UU"w; + UU "w;* — Uy,

+ ||l 1l - &
<aw)( ;= 5]) +
By Lemma 10, Lemma 13 and 0 (P2) < 65(, we have

p,— P [d1 52
S/ || 2 2|| 5 Ogn'671'T6\/D2(>‘3M70-)D4(A3M70-)
n K

Ok (Ps)
dlogn 2

)wj* -~ UU "w;*

;1| = |

ij* — UUT’lﬁj*

(181)

78/Dy(A\, M ,0)Ds(\, M, o)
n

Moreover, we have

N . K3 K31
HUij*—ujH_éz( I1Rs - Ryl| < k2 (7 DG(A,M,U))-\/TWM (182)

in which the first step is by Theorem 3 in [Kuleshov et al. (2015)] and the second step is by Lemma
11. By Lemma 14, we have

51l = @] < (e K +92) + W2 K ) W7 (183)

Therefore, taking the union bound of failure probabilities in Lemmas 10, 11 and 12 and by
Dy(A,M,0)Dy(A,M,o) < Dg(\, M,o) from Property 7, we have that if the sample size
n > kKSK*T12Dg(A, M, &) - dlog? d, then the output W € R**X satisfies

¥ dlogn .
IWo = W[ S KK - 7°/De(\, M, o)y | 2w | (184)
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with probability at least 1 — n~2(61)

E.3 PROOF OF LEMMA 10

From Assumption 1, if the Gaussian Mixture Model is a symmetric probability distribution defined
in (8), then P, = M3(I, I, o). Therefore, by Definition 1, we have

— 1 — 1 L _d HQJ—HZHZ
||Ms(I,1I,a) — Ms(I,1,a)l :Hﬁ ; {yb -p(x) ZM(%U;) 2 eXp(—Tlg)

T~ Hi\g T —
(EEe - E e )| ara
g o]
L
4 ||z — pul?
[ Z 12moy) ™2 exp(—T‘?)
T — T — [
1)L
(7% = C8e ) [T 1)
- (185)
Following (Zhong et al., 2017b), ® is defined such that for any v € R4 and Z € Réxdz
da
v@Z:Z(v@)zi@zi+z¢®v®zi+z¢®zi®v)7 (186)
i=1

where z; is the ¢-th column of Z. By Definition 1, we have

H[y e Z)\z 2ma;) % exp(— Hw_’;lHQ)((w_Qm) B I)}(LI,a)H

1=1 20; i of
i Ni2mot)E exp(—L=gE) - (25T (2542)
~ H ZZL:I /\1(277012)*% exp(—%) H
<o (2] a)ziz] ||

(187)
The first step of (187) is because (Z=4L)®2 (T (2244)) is the dominant term of the entire ex-
l l

pression, and y < 1. The second step is because the expression can be considered as a normal-
ized weighted summation of (2-44)®?(a " (2241)) and (x; a)x;x is its dominant term. Define
l l

Sm(x) = (fl)m%, where p(x) is the probability density function of the random variable .

From Definition 1, we can verify that
Mj = E[y : Sm(w)] J€ {17 2, 3} (188)

Then define Gp; = <'v, (lyi - S3(x:)]|(La, Lg, ) — E[[y, - S3(x)|(Lg, Iy, a)]'v)>, where ||v]| = 1,
then E[Gp;| = 0. Similar to the proof of (131), (132) and (133) in Lemma 8, we have

(Gl < o (@] @) (2] 0)? + Epst | o210 [0min (@] @) (@] 0)7]]" (189)
EHsz‘p] S (Emwzll‘zl N(m,o‘fId)[Jr;?n(wz—'ra)(w;rv)z])p

P ya
< Omm mNZleN(#z,UfId)[(mTa)Q] 2Em~ZlL:1 N0 Id)[(gj;T'u)‘l] 3 (190)
< 7%\/Dy(X, M, ) Ds(X\, M, o)

9P| P 0 6P M.o\D M 5
Blexp(0Gp) < 1+ 3 ZELOPI] <y | g~ 0P (Da(2 M. ) Da(A M. o)

= ! = pP (191)

<14+ 60272Dy(N\, M, ) Dy(\, M, o)

44



Under review as a conference paper at ICLR 2021

Hence, similar to the derivation of (135), we have

1 n
IP’(E ; Gpi > t) < exp (= nbt + Cront? (+°/Da(A, M, ) Di(\, M, ))")  (192)

for some constant C;q > 0. Let § = ! > and t = 4% -

2C16(76\/D2(A\.M,0) Da(A, M ,0) )

(7/D2(A\,M,0)Ds(A\,M,0)) - 1/ dl‘:g" then we have

dlogn

| M (L4, Ig, @) — M(Iy, I, @)|| < 62 - (7°/Dy(A\, M, o) Ds(A, M, o)) - (193)

with probability at least 1 — 2~ U01d),
If the Gaussian Mixture Model is not a symmetric distribution which is defined in (8), then
P, = M>. We would have a similar result as follows.

— 1 &
132, = Mal| = || >l - Sz(@)] — Ely - S2(@)| (194)
=1
lyi - Sa(@)l < llommin 72 Z¢w z;)ziz] | (195)

Then define Gp; = (v, ([y; - Sa(x;)] — E[y; - SQ($¢)]’U)>, where ||v|| = 1, then E[Gp]] = 0
Similar to the proof of (131), (132) and (133) in Lemma 8, we have

GPLP S |omin (@] )° + Egost | r(ur,0210) [Tmim (& 0)] [ (196)
E[|GPi") S (Bonst , Nuro210)[Tmin(®] ©)%))" < 7 D2(X, M, 0)? (197)
> OPE[|Gp;|P > |ef|PTP Dy(X, M, o)P
Blexp(0Gp)] S 1+ 3 Lol oy 5~ BT PDo(0 M, o)
= = p (198)
S/ 1+ QQTSDQ(Aa M, 0)2
Hence, similar to the derivation of (135), we have
1 — 2
p(— Z} Gpi = t) < exp (= ndt + Cronb* (7 Da(A, M, ) (199)
for some constant Cy7 > 0. Let § = t zandt =67 - (7*Da(A, M, 0)) -/ dlogn
2017 (D2 (A M o)) "
then we have
—~ dl
|My — My|| < 62 - 74Dy (A, M, o) - ) 28" (200)
n
with probability at least 1 — 2n,~ (314,
To sum up, from (193) and (200) we have
~ dl
1Py — Bo|| < /282 62 max{riDy(X, M, o)), 78\/Da(X, M, o) Da(X, M, o)}
i (201)
dl
S AL <67 TG\/D2(>‘7M,U)D4(>‘3M7U)
n

with probability at least 1 — 2n—01d),
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E.4 PROOF OF LEMMA 11

We consider each component of y = + Zz Lo(wr ).
Define T;(x) : R? — REXKXK gych that

Ti(z) = [¢p(w] ' @) - S3(x)|(U,U,0) (202)

We flatten Tj(z) : RY — REXKEXE gjlong the first dimension to obtain function

Bi(xz) : R — RK xK*  Similar to the derivation of the last step of Lemma E.8 in (Zhong
et al., 2017b), we can obtain ||T;(x)|| < || B;i(x)||- By (185), we have

1B (@)l S ominz Z¢ wi'a,)(U )’ (203)

Define Gr; = (v, B;(x;)) — E[B;(x;)]v)), Where [lv]] = 1, so E[Gr;] = 0. Similar to the proof
of (131), (132) and (133) in Lemma 8, we have

|Gri |p 5 mm( TUT ) + Ewwz,Lzl N (s al Id)[ mm( TUT ) ] ’ (204)

E[|Gril") S (Byust | w1 [Tmn(0 U 2)Y))" S 7%/ De(A, M, )" (205)
> gr | o0 p-6p z
E[exp(GGrl)}§1+Ze ]EHG’I"Z‘ ] §1+Z ‘€9| T D6()\7M,0')2

mer S 4 o pr (206)

<14 0%(7'2\/Ds(A\, M, 5))?

Hence, similar to the derivation of (135), we have

1 n
p( ; Gri > 1) < exp ( —n0t + C1s0?(°v/Do(X, M., ) (207)
for some constant Cig > 0. Let § = o (Tﬁm)z and t = 02 - (7,6 D@(A,M,U)) _

v/ log" , then we have
N 1
| Rs — Rs|| < 62- (+° D6(A,M,a))-1/% (208)

with probability at least 1 — 2n 0D,

E.5 PROOF OF LEMMA 12
From the Definition 1, we have

(v VAT o N e | (209)

i=1

Based on Definition 1,

Zlel )\l(QWUlQ)_%eXp( w) (== H ‘
Zlel )\1(27T012)—% exp(— HwQ:;zII ~

!nln K Z ¢ w ml

(210)
Define Gg; = (v, ([yi - S1(x;)] — E[[yi - S1(x4)]]v)), where ||v]| = 1, so E[Gg;] = 0. Similar to
the proof of (131), (132) and (133) in Lemma 8, we have

|qu|p S ‘O-mm Z; 'U) +Em~zl lN(ul,al Id)[ In?n(wz—rv)H (21])
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2

E[G6i") S (Baost , N o1 0mn (@ 0)])” < 72y/Da(A, M, 5)" (212)

> gp | > pr2p 5
Blexp(6Ga)] < 1+ S UGl oy 5~ BT D2 M, o)

~

= P = pr (213)

<14 6%(7%\/Dy(A\, M, 0))?

Hence, similar to the derivation of (135), we have

|P(iqui zt) gexp<_n9t+01992(72\/m)2) (214)

for some constant Cjg > 0. Let § = ¢ and t = (72/Da(X\, M, 7)) -/ Llos
19 019(72 ’7D2(A,M,o’))2 ( 2( )) n

then we have

1M, — My|| S (7V/D2(X, M, o)) - dlogn 215)

n
with probability at least 1 — 2n~ 4@,
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