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Abstract

Neural Operators that directly learn mappings be-
tween function spaces, such as Deep Operator
Networks (DONSs) and Fourier Neural Operators
(FNOs), have received considerable attention. De-
spite the universal approximation guarantees for
DONSs and FNOs, there is currently no optimiza-
tion convergence guarantee for learning such net-
works using gradient descent (GD). In this paper,
we address this open problem by presenting a uni-
fied framework for optimization based on GD and
applying it to establish convergence guarantees
for both DONs and FNOs. In particular, we show
that the losses associated with both of these neu-
ral operators satisfy two conditions—restricted
strong convexity (RSC) and smoothness—that
guarantee a decrease on their loss values due to
GD. Remarkably, these two conditions are sat-
isfied for each neural operator due to different
reasons associated with the architectural differ-
ences of the respective models. One takeaway that
emerges from the theory is that wider networks
benefit optimization convergence guarantees for
both DONs and FNOs. We present empirical re-
sults on canonical operator learning problems to
support our theoretical results and find that larger
widths benefit training.

1. Introduction

Replicating the success of deep learning in scientific com-
puting such as developing neural partial differential equation
(PDE) solvers, constructing surrogate models, and devel-
oping hybrid numerical solvers, has recently captured the
interest of the broader scientific community (Kutz & Brun-
ton, 2024; Kovachki et al., 2023). In relevant applications

'"VMware Research 2University of
Ilinois Urbana-Champaign. Correspondence to: Pedro
Cisneros-Velarde <pacisne@gmail.com>, Bhavesh Shri-
mali <bhavesh.shrimali@gmail.com>, Arindam Banerjee
<arindamb @illinois.edu>.

“Equal contribution

Proceedings of the 42" International Conference on Machine
Learning, Vancouver, Canada. PMLR 267, 2025. Copyright 2025
by the author(s).

to scientific computing, we often need to learn mappings
between input and output function spaces. Neural operators
have emerged as the prominent class of deep learning mod-
els used to learn such mappings (Lu et al., 2021). They have
become a natural choice for learning solution operators of
parametric PDEs and of inverse problems where multiple
evaluations are needed under different parameters of the
problem. Two of the arguably most widely adopted neural
operators are Deep Operator Networks (DONs) (Lu et al.,
2021; Wang et al., 2021b) and Fourier Neural Operators
(FNOs) (Li et al., 2021a;b).

The fundamental idea of a neural operator is to parameterize
mappings between function spaces with deep neural net-
works and proceed with its learning, i.e., optimization, as in
a standard supervised learning setup. However, contrary to
a classical supervised learning setting where we learn map-
pings between two finite-dimensional vector spaces, here
we learn mappings between infinite-dimensional function
spaces. While there exist results on the universal approxi-
mation properties of DONs and FNOs (Deng et al., 2022;
Kovachki et al., 2021), to the best of our knowledge, there
are no formal optimization convergence results for the train-
ing of these two popular neural operator models.

To address this open problem, in this paper, we establish
formal optimization convergence guarantees for learn-
ing DONs and FNOs with gradient descent (GD). To
achieve this, we first propose a general framework that
ensures the optimization of any loss using GD as long as
two conditions are satisfied across iterations. The first
condition is based on restricted strong convexity (RSC), a
recently introduced alternative (Banerjee et al., 2023a) to the
widely used neural tangent kernel (NTK) analysis (Liu et al.,
2021a; 2022b; Allen-Zhu et al., 2019). The second condi-
tion is based on a smoothness property of the loss function.
For feedforward neural networks, the RSC condition relies
on the second-order Taylor expansion of the loss (Baner-
jee et al., 2023a; Cisneros-Velarde et al., 2025), using the
Hessian of the neural network (i.e., second order structure),
whereas the NTK approach relies on a kernel approximation
of the training dynamics (Jacot et al., 2018), using the gradi-
ent of the network (i.e., first order structure). For a specific
model such as neural operators, the technical challenge in
using our optimization framework is to establish suitable
properties of the loss, its gradient, and its Hessian in order
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to show that the RSC and smoothness conditions are indedeaper Organization. Section 2 presents related literature.
satis ed. We point out that convexity of the loss is not one Section 3 outlines the architectures and learning problems
of the required conditions, so we are not attempting to showior DONs and FNOs. Section 4 establishes our general opti-
that the Hessian of the loss is positive semi-de nite, as thamization framework, and Section 5 and Section 6 establish
will not be true for most neural models, including neural convergence guarantees using this framework for DONs
operators. and FNOs respectively, highlighting the bene ts of width.
Section 7 compares our results and known ones for standard
neural networks. Section 8 presents empirical evaluations
on the bene ts of width. Section 9 is the conclusion.

Having de ned a general optimization framework based on
RSC and smoothness conditiotise key novelty of our
current work is showing that the losses for DONs and
FNOs provably satisfy these two conditions when the Notation. k k, denotes thé ,-norm or the induced matrix
neural operators are wide, despite the substantial differ- L ,-norm when the argument is a vector or a matrix, respec-
ences in their architectures and mathematical analyses tively. Given an operator/functioh, ran(f ) anddom(f )

For both DONs and FNOs, we need to bound the Hessian adenote the range and domainfagfrespectively.

their respective empirical losses and of the neural operator

models themselves in order to detgrmine whether the RSG Related Work

and smoothness properties are satis ed.

We only present a brief overview of the literature related
{o our work and provide a more extensive treatment in Ap-
endix A. In the case of DONs, approximation (Lu et al.,
021) and generalization (Kontolati et al., 2022) proper-

The challengein the analysis of DONsstems from the fact
that the output of this neural operator is the inner product o
two neural networks. This greatly complicates the Hessia
structure of the loss compared to standard neural networkts. ; .
) : : . 1&s have been formally studied, as well as several appli-
Indeed, the Hessian now contains cross-interaction terms_ . . N
. Cations (Goswami et al., 2022; Wang & Perdikaris, 2021;
between two neural networks which have to be carefully_: . ) . )
. : o Diab & Al Kobaisi, 2024; Centofanti et al., 2024; Sun et al.,
analyzed and which require a more complex de nition of

the restricted set over which the RSC property is de ned2023). Nevertheless, optimization guarantees for DONs is

an open problem. Approximation properties for FNOs have
compared to standard neural networks. been formally studied (Kovachki et al., 2021), and diverse

The challengein the analysis of FNOsstems from the applications of FNOs and various Fourier-based operators
fact that it contains, inside their neural network structurehave been formulated (Li et al., 2020a; Liu et al., 2022a;
learnable weights that de ne transformations in the FourielWen et al., 2022; Pathak et al., 2022; Centofanti et al., 2024;
domain—something absent in standard neural networksi et al., 2023; Yang et al., 2023; Harder et al., 2023). Nev-
This complicates the Hessian structure of the FNO sincertheless, optimization guarantees for DONs is also an open
it contains parameters both in the data domain and trangroblem. Though formal optimization guarantees for neural
formed Fourier domain leading to cross-derivatives betweemperators are largely absent, there is a more established liter-
parameters from both domains. Thus, a more involved anahture on such guarantees for neural networks. We highlight
ysis than of standard neural networks is required. two particular approaches for optimization analysis: based
on the NTK approach (Jacot et al., 2018; Liu et al., 2021a;
Banerjee et al., 2023b; Du et al., 2019; Allen-Zhu et al.,

. : : . .. 2019) and on the RSC approach (Banerjee et al., 2023a;
similar ways. First, the widths appear in the RSC condition Cisneros-Velarde et al., 2025)—our work is related to the

such that larger widths make this condition less restrictivel.a ter

Second, larger widths enlarge the neighborhood around the ™

initialization point where our optimization guarantees hold.

Similar bene ts from larger widths were found for stan- 3. Learning Neural Operators

dard neural networks by Banerjee et al. (2023a), despite th& neural operator (Li et al., 2021a: 2020b: Lu et al., 2021)

substantial differences between our analyses and theirs (as . .
. . IS a parametric model based on neural networks that aims to
mentioned in thehallengesabove).

best approximate a mapping between two function spaces,
Finally, to complement our theoretical results, we presentvhich can be linear, such as the antiderivative or integral
empirical evaluations of DONs and FNOs and show theoperator, or nonlinear such as the solution operator of a
bene ts of width on learning three popular operators in thenonlinear PDE. Thus, lettin@¥ denote the ground-truth
literature (Li et al., 20214a; Lu et al., 2021): antiderivative,operator we are trying to approximate a@d denote the
diffusion-reaction, and Burgers' equation. Our experimentsneural operator parameterized by the parameter vectbe
show that increasing the width leads to lower training losse®bjective is tdearn such that, given an input functian,

and generally leads to faster convergence. we haveG (u) GY(u). Such learning is done by solving

Remarkably, we nd thathe widths of both neural op-
erator models bene t our optimization guarantees in
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an optimization problem using data samples consisting 08.2. Learning Fourier Neural Operators (FNOSs)
tuples of input and output function values @F. This . . )
optimization problem is analogous to the notion of Iearningz;he FNO _Tofdel‘(“ et.tsl., 2021a) is de ned as follows:
in nite dimensions, which is precisely the setup for which (W)= fx)wi
classical deep learning is used. © (x) = P(u: 0)(X)

W)= FOC D) po); 12[L+1]

We now introduce DONs and FNOs. More information
about neural operators and the schematics of both DONs

4)

and FNOs are found in Appendix B.

3.1. Learning Deep Operator Networks (DONS)

The DON model (Lu et al., 2021) is de ned as the innerx 2 R%, fF (g}

with K output neurons. Given the branch fiet ffgf_;
and the trunk neg = fgcgf_, , the DON is

G (u)y) = f( £ uok( g1Y) s 1)

k=1

where the input functiom hasran(u) R% andy 2
dom(G (u)) RY is the output location on which the

f(x)=Q( ™ dx);

where the input function hasran(u) R%,G (u)(x) 2
R is the output of the FNO evaluated at output location
L*1 are nonlinear transformations with

and which may contain operations in the Fourier domain,
P is an encoder that mapsandx to an ambient space of
dimensiond and has parameter vectgy 2 RP, andQ is

a decoder that maps the output from the bloék*™ (x)

to a scalar output with parameter vectgr 2 R9. The
entire set of parameters for the FNO can be written a&s

b F g ” . With a slight abuse of notation, the FNO
is simply written asG (u)(x) = f( ;x) in (4) when the

input functionu is known by the context.

operator is evaluated. The training data is composed of The training data is composed af input-output pairs

input functionsf u(V g, andg output locations for each
GY(u®), ie.,ff y"gh, gL, withy! 2 R% denoting
thej -th output location foiGY (u(?). Eachu() is repre-
sented inR locationsfx, gk, so thatu()(x,) 2 R%,
r 2 [R]. The entire set of learnable parameters is
[f gI” 2 RP*"Ps, where + 2 R’ and 4 2 RP are
the parameter vectors bfandg respectively.

We only consider scalar input functions, i.é,,= 1. For
eachi 2 [n], we stack u((x,)gR, as an input vector to
f,thus,f : RR1 RK. Notethaty : R | RX. Then,
the DON learning problem is the minimization:

tony 2 argmin L G ;G’ @)
2RPf Py
where
L G ;&
xo i _ . ) 2
= 1 i G (u(l))(yj(')) Gy(u('))(yj('))
N G j=1

®3)

f(u®;&¥(u®)gL; and a computational grid of eval-
uationsfx,gf,. We letf()( ;x,) denote the FNO
model (4) with input functionu and evaluated at, .
Then, the FNO learning problem is the minimization:

{fno) 2 2Lgp[r1ipq L(G ;GY) (5)
with empirical loss function
L(G ;@)
11X 1 R _ _ 2 (6)
= n R G (u(l))(xr) Gy(u(l))(xr)

and whereG (u@)(x,)= O ;x,).

4. Optimization Convergence Framework

We now establishwo conditions—Conditions 1 and 2
below—for the convergence of gradient descent (GD) when
minimizing a loss functioh. . We show that as long as these
two conditions are satis ed, the loss will decrease in value.
In the following sections we show how the empirical losses
used for training DONSs (Section 5) and FNOs (Section 6),

is the empirical loss function that measures the approxXias in (3) and (6) respectively, satisfy these two conditions.

mation betweei® andGY, and whereG (u(‘))(y]-(i)) =

E:l fx f;fu(i)(xr)grRzl Ok g;yj'(i) .

Note that the ground truth operai@¥ can either be explicit,

e.g., integral of a function, or implicit, e.g., the solution to a

nonlinear PDE.

We consider 7! L ( ) to be continuously differentiable.
Let o 2 RP be a suitable initialization point arfd {g; 1
be the sequence of iterates obtained by GD on logw
some step-size; > 0, i.e.,

L(o): (1)

t+1 =t tl
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We consider a non-empty sBf ) RP around and in-

cluding o.

Assumption 1(lterates insideB( o)). All iteratesf g; 1
follow GD as in(7) and are inside the s&( o).

The rst condition is based on the concept of Restricted

Strong Convexity (RSC) being satis ed far.

De nition 1 (Restricted strong convexity (RSC)). A func-
tion L is said to satisfy -restricted strong convexity ¢

RSC) w.rt. the tupl¢S; )ifforany °2S RP and
some xed 2 RP, we have
LCY L O)+h® r L)+ 5k ° K2
(8)

with > 0.

Condition 1 (RSC). Consider Assumption 1. At stép
there exists a non-empty 9¢f such that:

(@ Nt B ( o);

(b) one of these two conditions hold:

(bl) t+1 2 Nyt with either 2 Ny or L( t) 6
inf oy, L( ),

(b.2) there exists some® 2 N, such thatL( 9 <
L( )

(c) L satises {-RSC w.rt(Ny; ) forsome { > 0.

Note thatl need not be convex for it to satisfy-RSC.

The second condition is based on the smoothneks of

Condition 2 (Smoothness).The functionL is -smooth
in B( o), i.e., forany & 2 B( ), we haveL( 9
LC)+h% r L()i+ k% K with > 0.

As long as Conditions 1 and 2 are satis ed at dtef the

Theorem 1's proof is found in Appendix C. We note that if

the in mum loss insideB( o) is attained at timd, i.e.,

L(y) = Zlgf( )L( ), then there is nothing to prove—
0

hence the conditional in the second sentence of Theorem 1.

Remark 1 (The RSC to smoothness ratiocfheorem 1 re-
quires (= 1, which needs to be proved for the particular
functionL being considered. O
Remark 2 (RSC and local strong convexity)f equation(8)
were to hold for any ; °2 B( o), thenL would be a
locally strongly conveiunction in the seB( ) (Boyd &
Vandenberghe, 2004). This is a stronger conditiorLon
which makes in (8) independentrom the choice of (in
the context of Theorem 1,; would be independent frot).
Moreover, it satises= < 1. O

Our analysis is inspired by the recent works (Banerjee et al.,
2023a) and (Cisneros-Velarde et al., 2025), where optimiza-
tion guarantees were done for feedforward networks and
normalization. We abstract out from those special cases, and
demonstrate that our analysis works for any losses satisfying
Conditions 1 and 2—indeed, (Cisneros-Velarde et al., 2025)
particularly satis es Condition 1(b.1) and (Banerjee et al.,
2023a) satis es Condition 1(b.2). Thus, in the context of
our paperthe largest effort in establishing optimization
guarantees for DONs and FNOs is to show these two
models satisfy Conditions 1 and 2 with ;= 1

5. Optimization Analysis for DON

We consider, analogous to (Liu et al., 2021b), the branch net

as a fully connected feedforward neural network:

0
9 = ux)
M _ 1 o oy .
= p=W 2L 1
f m f f ’ [ ] (10)
S R O (I U (R
f=4¢'= p—WWf f

GD update in(7), the loss is guaranteed to decrease with avhere with some abuse of notatiom(x) =

suitable step-size choice.
Theorem 1 (Global loss reduction). Consider Assump-

tion 1 and Conditions 1 and 2 with; at stept
of the GD updatg7) with step-size; = “ for some
Iy 2 (0;2). IfL(¢) 6 2|Qf( )L( ), then we have
0
inf L() _inf L()
— 2N 2B ( o)
0 = 1 BUBRER < land
L inf L
(ea) inf L()
(1
1 1 ey @

£
(9)

ations ofu at each of theR locations,

smooth activation function, ]f')

is a pointwise
is the output at layer
I 2 [L], and the weight matrices an(l) 2 R™ R and

Wf(') 2 RM Mt gtlayerl 2f2;:::;L 1g. The branch
net has widthm; (all hidden layers have the same width).
Similarly, the trunk net is a fully connected feedforward
network:

=y
1
(1 = m o .
g ﬁWgWg g ;12[L 1] (11)
1
— L) — L L 1
g= (= prWé) D
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wherey 2 R% is the output location, and the weight ma- needed for establishing the RSC condition for the analysis
trices are\Nél) 2 RMg dy andWé') 2 RMs Mo gt layer and does not change the computation of the optimization
| 2f2:::;L  1g. The trunk net has widtimg (all hid- algorithm, which is simply GD run over all the branch and
den layers have the same width). Finally, we recall that wérunk network parameters.

haveK outputs on each network, i.ve(L) 2 RK mi De nition 2 (Q' sets for DONs). For an iterate ; =

andW{") 2 RK Ms. Givenl 2 [L], we denote by [ 7t g:]” and 2(0;1), we de ne the set:

(wf(.'k) )” and(wél'.{()> the k-th row of the matricest(') .
) ) to._ 0_ 0> 0> ps + Pg .
Q = =] ¥ ¢ ] 2R 9

and Wé') respectively, and byvf(;'ij) and w(';?‘ their re-
spectiveij -entry. Using the notation in Section 3.1, the jecos(®  r G)j
set of trainable parameters is= [ { J]7 2 RP'*Ps, LX % % !
with ¢ = [veqW®)>;:::;veqW M) > and 4 = (¢ w) ) K rofr el
i=1 j=1 k=
[veqW? )™ 11 veqWS)> 1. Let o be the parame- o '0_ : !
ter vector at initialization and, be it at time step. (g o) ’ |
X . .
We make the following assumptions for our analysis: (9 w) ro f0r gl
k=1

Assumption 2 (Activation functions). The activation func-
tion of the DON isl-Lipschitz and -smooth (i.e. % (3 4) 08i2]n];8 2[g]

) forsome > 0. (12)
. e . . =) p _ :
Assumption 3(Initialization of weights). Allweights of  \where r G, = % in:1 qi jqi:l r G t(U('))(yj(')),
the branch and trunk nets are initialized independently as i 0] -y (i O]

i = (G (u)(y; GY(uM)(y;")?, and both

follows: (Yw() N (0 Zo)andws), N (O 29) U 7 (G ()i()yl ) W)y )
forl 2 [L 1] where 1o = and g0 = fx andr g areevaluated on;.

0
log m ¢

21+ Poer) .
. (L) dz W K We now prove the RSC and smoothness conditions (corre-
i ;Filozgmmgg)' o > 0 (i) wiy andwyy , k 2 [K], gponding to Conditions 1 and 2, respectively). Using the

W nomenclature of Section 4, the &f”i( 0) corresponds to
are random vectors with unit norms, i.KV,\IfO;k ko =1 and B( o), andB! := Qt\ BI:Eucl( o)\ BEZLIC( Jwith >0

(L)

ngo;k ko = 1. Further, we assume the input to the branchescorresponds tdl;.

. = P
are normalized aku(x)k, = = R andkykz = * dy. Theorem 2(RSC for DONs). Consider Assumptions 2, 3,

) .. . and 4, andQ' as in De nition 2 withkr Gk, 6 0. Then,
For a given parameter vector=[ ¢; J]12 R""Ps, we o seBt = Qt\ BI;Eucl( o)\ BEZUC( 1) is a non-empty

introduce the neighborhood S8E"S( ) = f 2 RP'*Ps :  get that satis es Condition 1(a) and (b) for suitableand

kw  wk o kw? wike 51 2 L suf ciently small 2 (0; 1). Moreover, with probability at
1 1

1]; ka(:t) w&)kz ¥ kwé%k) Wé;Lk)k2 L k2 [K]g leastl 2KL (- + mg), at stept of GD, the DON loss

forradii ; 1 > 0. We say that an element Bf'?“i( ) is L (3) satis es equatior(8) with

strictly insideB EY (' ) when it satis es every inequality in 1 1
L - =2 %kr Giki ©K? p—+ p— (13)
the set's de nition without equality. We also de rigEuc () t the M mr My
as an Euclidean ball aroundwith radius > 0. P
i ()
The following is an assumption analogous to the generaf/nerer Ge= 5 i g jur G (uO)(y; ), and
Assumption 1. for some constart; > 0 which depends polynomially on

. L Euc i the depthL, and the radii , 3, and , whenever o
Assumption 4 (Iterates_ inside B =4 ( 0)_). A_ |te_>rates maxf pL_; pL_g. Thus, the loss satis es RSC
f (g 1 follow GD as in(7) and are strictly inside the Me "7 Mg

Euc s w.rt(B'; ), i.e., Condition 1(c), whenevér Gk3 =
setB" ( o) for xed ; 1> 0. (P,%—f’fﬁr%—g)-
We now focus on showing that the two conditions needed for )
optimization using GD as discussed in Section 4 are indeed"€0rem 3(Smoothness for DONs).UnderlAssqutlons -
satis ed by DONs. We start with the de nition ofasgf ~ @nd 3, with probability atleast ~ 2KL (- + 7). the
parameterized by 2 (0; 1), which will help constructthe DON lossL (3)is -smooth inBFU ( o) with = ;K ?,
setN, in Condition 1 for RSC. Due to the interaction of two Wherec; > 0 is a constant which depends polynomially
neural networks (branch and trunk), the de nition@¥ on the depttL, and the radii , 1, and , whenever ¢
looks seemingly involved. However, note ti@t isonly 1 maxf po—; p1=0.

n 1PQi

-1
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Remark 3 (Ensuring that (= < 1). As mentioned in where is a pointwise smooth activation functioif,
Remark 2, in order to use the optimization framework fromis the discrete Fourier transform kernel (as a matrix)
Section 4, the statement of Theorem 1 requirgs with F being its conjugate transpose, the weight ma-

1. We prove that this condition is satis ed with a strict trices arew® 2 R™ 4w 2 R™ m gndRM 2
inequality for DONs in Proposition 1 in Appendix D. 0~ R™ ™ for layer| 2 f2 """ ;L + 19 (all hidden lay-
ers have the same W|dmn) The ij -entries of W ()
Optimization Under Gradient Descent for DONs. We  andR(" arew(J') andr(') respectively, for an appropri-
have that Theorem 2 satis es Condition 1 and Theorem Jtel. With some abuse of notation, We denote the en-
satis es Condition 2. We also proved thag= < 1. Thus, tire set of trainable parameters by= [ 7 w 7T, with
whenkr Gik3 = ( pa= %) i.e., > 0,adecrease = [veqW®)>::: veqW D )> v ] and P =
on the loss function by GD is ensured with probability at [VedR(z) )i vedR“-*” )”I” . We denote the number

leastl 2KL (= 1 + 1 )towards its minimum value taken of parameters bVAN + pr, where , 2 RP* and ; 2 RP.
E Let o be the parameter vector at initialization andbe it
within the seB ’“Cl( 0) due to Theorem 1. 0 p n

L at time stef.
Remark 4 (The bene t of over-parameterization for the

RSC property) According to(13), kr  G¢k3 = ( pr%j + We remark that our model uses an m Discrete
' Fourier Transform kernefF, whosekj -entry isFy; =

Tk DU D with representing the imaginary unit.

p%) is needed to ensure that > 0, i.e., to ensure that
the empirical losd. satis es the RSC property at tinte ] o . S
Thus, as both widthen; andmy increasel attains the —Assumption 5(Activation functions). The activation func-

RSC property at a lower value kf  Gk2. j  tion ofthe FNO isl-Lipschitz and -smooth (i.e.

N : forsome > 0.
Remark 5 (Over-parameterization allows for a larger neigh- )

borhood around initialization)The condition o 1 Assumption 6 (Initialization of weights). All weights
maxf pﬁ p—g (required for obtaining a polynomial of the FNO are initialized mdependently as follows: (i)

dependence ob for both RSC and smoothness parametersf'oi N (©0: §,) andrgy N (0; 3,) forevery appro-
implies  minfP mr; P myg since o must be positive. Priatel, where o, = Z(Tif) and oy = 2(7"“7)
Thus, itis possible to increase the radiuas we increase jith ,.,; ., > 0; (ii) the decoder parameter is a ran-
bothm; andmg. Thus, we can enlarge the neighborhoodgom vector with unit normvk, = 1. If,urther we assume
around the initialization point where our guarantees hold aspe encoder output satis ds ©k, =

the widths increase.

For a given parameter vector2 RPv*Pr  we introduce the
neighborhood s &% . ()= f 2 RPw*Pr 1 kw®
WOk, w12 [L+1 kRO ROk, 12
As in the case of DONs, we also focus on scalar inpu§2::::: [ + 19, kv vks 1gforradii w; ; 1> 0.
functionsu. To pass the input functiom, we discretize itby e say that an element @‘Euc () is strictly inside
sampling it orR locations, forming a vector of dimensiéh BEU . () when it satis es every inequality in the set's
Thus, the encodd? (u; )(x) inequation(4) takes avector e n|t|on without equality.
of dimensiorR + dy (R from the sampled anddy from the
output location where we evaluate the operator on). For ouf he following assumption is analogous to Assumption 1.
purposes, we consider a xed (not trainable) encoder withAssumption 7 (Iterates |nS|deBEuc -, ( 0). Alliterates
output dimensiom: P (u; ,)(x) P(u)(x) 2R%anda f g ;followGD asin(7)and are strictly inside the set
linear decodeQ( -*9; o)(x) = v D (x) 2 BEWC . (o) for xed w; r; 1> 0.

Rwith 4 v 2 R™assuming *Y (x) 2 R™. Thus,
following (Li et al., 2021a), the FNO model is:

6. Optimization Analysis for FNO

We also introduce the following auxiliary set.

De nition 3 Ith setls_,for FNOs). For an iterate ¢, let
@ = P(u)(x) r G =& g jaf G.UO)x). For 2

n ﬁ
t .— w + Pr
@ — 17W(1) ©) (0;1),deneQ! :=f 2RP*Pjjcos( ¢;r Gy)j
P g.
M = pljw(') D4 pljF ROE (D . Note that unlike DONs, th@" sets for FNOs are relatively
m

simpler due to a single network architecture.

121250 +1g Next, we prove the RSC and smoothness conditions (cor-

f(:x)= h\ﬁ (L+1) . responding to Conditions 1 and 2, respectively). Using
m the nomenclature of Section 4, the B&' . ( o) corre-
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sponds td( o), andB' := Q'\ BEY  ( o)\ BE'*( ;) feedforward neural networks (FFNs), i.e., by being partic-

Wy

with 5 > 0 corresponds tol;. ular instances of the general optimization framework from

Theorem 4(RSC for FNOs). Consider Assumptions 5, 6 Section 4. Indeed, as indicated in Table 1, there exist simi-
and 7, andQ! as in De nition 3 withkr Gk, 6 0. Ther; " larities and differences between our derivations for neural

the setB! := Q' \ BE®  ( o)\ BE¥( ,)is a non- operators and the ones for FFNs.

Wy

empty set that satis es Condition 1(a) and (b) for suitable
2(L+2)

2. Moreover, with probability at least ===, atstept  The challenge in the analysis of DONs. The fact that the
of GD, the FNO lost (6) satis es equatior(8) with output of a DON is an inner product of two FFKI§—the
) , G branch and trunk networks—makes the mathematical anal-
t=2 kr Gk p— (14)  ysis of the RSC and smoothness properties more involved
than the analysis associated to a single FFN. Indeed, the
wherer G = %P in:1 é P ijl r G, (u®)(x), and appearance of cross-interaction terms between the two FFNs

complicates the Hessian structure of the empirical loss

for some constart; > 0 which depends polynomially on ) "
and requires a more complex de nition of tig set com-

the depthL, and the radii , , 1, and , whenever

tw* 1r 1 T Thus,thelosk( ) satis es RSC pared to the one used for FFNs or FNOs. On the other hand,
Vg[ Bt o Cm diti 1 h o G = since the branch and trunk networks aréividually FFNs,
wrt (B 1), i.e., Condition 1(c), whenev the = their individual Hessian and gradient bounds are known.
( P%)
=).

Theorem 5(Smoothness for FNOs).Under Assumptions 5 The challenge in the analysis of FNOs. The fact that
: o 2(L+2) . ) .

and 6, with probability at least ==, the FNO loss  FNOs—unlike FFNs—include a series of learnable trans-

L (6)is -smoothirBF'S ~ ( o) with being a positive  formations in the Fourier domain makes the mathematical

constant which depends polynomially on the déptand  analyses of their Hessian and gradient bounds more involved

theradii v, r,and ;whenever 1,y + 1 1 -$%".  than the ones for FFNs. Indeed, these Fourier transforma-
tions introduce cross-derivatives between weights in data

Remark 6 (Ensuring that (= < 1). Similar to our discus- and Fourier domains in the Hessian that need to be carefully

sion in Remark 3, we prove that= < 1in Proposition 3 taken into account. On the other hand, since FNOs are com-

from Appendix E, satisfying the condition required in the Posed of a single network, thed* set is similar to FFNs,
statement of Theorem 1. 1 aswell as their RSC and smoothness analyses.

Optimization Under Gradient Descent for FNOs. We 8. Experiments
have that Theorem 4 satis es Condition 1 and Theorem 5

satis es Condition 2. We also proved that= < 1. Thus, We present experiments on the effect of over-
whenkr Gk = ( »L),i.e., (> 0, adecrease on the parameterization on the training performance of DONs and
m ’ . " ’

tFNOs, as measured by the empirical risk over a mini-batch
of the training dataset using the Adam optimizer. We

consider three prototypical operator learning problems in
the literature (Li et al., 2021a; Lu et al., 2021): (a) the an-
Remark 7 (The effects of over-parameterization for FNOS) tiderivative (or integral) operator, (b) the diffusion-reaction

Similar observations to Remarks 4 and 5 hold for FNOs, i.e.operator, and (C) Burgers' equation_ We do not consider
that over-parameterization ensures (i) a better condition fogector-valued problems (e.g., Navier-Stokes) because
ensuring the RSC property, and (i) a larger neighborhoodhey are not covered by our theoretical framework. For
around the initialization point over which our guaranteesde niteness, we consider the branch and trunk nets to have

loss function by GD is ensured with probability at leas
1 22 towards its minimum value taken within the set
BEU (o) dueto Theorem 1.

w

Boy- Item (ii) follows from the relationshipw + the same widthn (i.e., m¢ = mg = m) for the DON,
m obta}lned when Ch003|.n91;w and 1 to ensure a and the same widtm for the FNO. In all experiments,
polynomial dependence as in Theorems 4 and 5. we increase the width froorm = 10 to m = 500. For

all networks, we use the Scaled Exponential Linear Unit

7. Comparison between Neural Operators and (SELU) (Klambauer et al., 2017) as their smooth activation

Feedforward Neural Networks function. We monitor the training process ow&9; 000
training epochs and report the resulting average loss. Note

Our presented analysis provides suf cient conditions thathat the objective of this section is to show the effect of

guarantee the optimization of DONs and FNOs under gradiever-parameterization on the neural operator training and
ent descent (GD). It is non-trivial that GD should convergenot to present any kind of comparison between the two
for neural operators in a similar way to how it converges forneural operators.

7
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Deep Operator Network  Fourier Neural Operator

Q' set More Complex Similar
Hessian and gradient bounds of the neural operator model Similar* More Complex
RSC and Smoothness characterization; computing the Hessian bf More Complex Similar

Table 1: We indicate whether a speci ¢ neural operator (DON or FNO) heiséar or amore complexerivation of
speci ¢ mathematical objects or properties compared to a feedforward neural network (as in (Banerjee et al., 2023a)). *The
similarity is with respect to each individual network of the DON.

(a) Antiderivative (b) Diffusion-Reaction (c) Burgers' Equation

Figure 1: Training progress of DONs as measured by the empirical loss (2) over 80,000 epochsxighis plotted on a
log-scaleand thex-axis denotes the training epochs % 100 (i.e., the loss is stored at evéhep66h). Wider networks
typically lead to lower loss for all three problems.

(a) Antiderivative (b) Diffusion-Reaction (c) Burgers' Equation

Figure 2: Training progress of FNOs as measured by the empirica(3peser 80,000 epochs. The setting of the plots is
similar to Figure 1. Wider networks typically lead to lower loss for all three problems.

The results for DONs (Figure 1) and FNOs (Figure 2) clearlyAdditional information on the experimental settings and
show that both neural operators bene t from an increasingadditional experiments are found in Appendix F.

width m since it leads to overall lower training losses for

all t_hrge I_earning problems and it ge_ner_ally_ leads to fast_eg_ Conclusion

optimization convergence. The Antiderivative operator is

a linear operator and therefore is learned very accuratel\We present novel optimization guarantees for gradient de-
especially for wider DONs and FNOs where the loss isscent for neural operators with smooth activations: Deep
around10 2 and10 ° respectively. The diffusion-reaction Operator Networks and Fourier Neural Operators. Our guar-
equation demonstrates lower loss with increasing width lesantees are based on the restricted strong convexity and
markedly than the antiderivative operator for DONs andsmoothness of the loss, thus providing an encompassing
more markedly for FNOs. This could be attributed in partframework to neural operator optimization. We argue that
to the fact that the operator is inherently nonlinear. Finallyjncreasing the width of the neural operators bene ts our the-
regarding Burgers' equation, lower training losses and fasteoretical guarantees. We also present empirical evaluations
convergence is more markedly for FNOs than for DONs an prototypical operator learning problems to complement
the width increases. our theory.
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A. Related Work

Learning Operators. Constructing operator networks for ordinary differential equations using learning-based approaches
was rst studied in (Chen & Chen, 1995), where a neural network with a single hidden layer was shown to approximate a
nonlinear continuous functional. This was, in essence, akin to the Universal Approximation Theorem for classical neural
networks (Cybenko, 1989; Hornik et al., 1989; Hornik, 1991; Lu et al., 2017). While this theorem only guaranteed the
existence of a neural architecture, it was not practically realized until (Lu et al., 2021) provided an extension of the theorem
to DONSs. Since then, several works have pursued applications of DONs to different problems, e.g., (Goswami et al., 2022;
Wang & Perdikaris, 2021; Diab & Al Kobaisi, 2024; Centofanti et al., 2024; Sun et al., 2023), as well as improved the
DON model itself, e.g., (Wang et al., 2021b; Qiu et al., 2024). From a standpoint of generalization, Kontolati et al. (2022)
studied the effects of over-parameterization on the generalization properties of DONSs in the context of dynamical systems.
Nonetheless, an optimization analysis of DONs is an open problem.

The operator learning paradigm has also been explored in parallel by other works seeking to directly parameterize the integral
kernel in the Fourier domain using a deep network (Bhattacharya et al., 2021b;a; Li et al., 2021a; 2020b; 2021b). Several
subsequent extensions explored different architectures for Fourier-based operators tailored to speci ¢ problems (Li et al.,
2020a; Liu et al., 2022a; Wen et al., 2022; Pathak et al., 2022; Centofanti et al., 2024). Other notable techniques include the
use of a factorized spectral representation (Tran et al., 2021) and employing FNOs in latent space in an encoder-decoder
framework (Li et al., 2023). We also mention that Qin et al. (2024) noticed that FNOs have good performance for learning
low-frequency information from PDE data, but are less effective on high-frequency information. Thus, they proposed using
an FNO ensemble that induces the neural operator to focus on learning the latter. Recently, FNOs were used to accelerate
simulations in climate science (Yang et al., 2023; Harder et al., 2023). Nevertheless, while signi cant progress has been
made for FNOs from an applied perspective, their formal optimization analysis is an open problem.

Optimization Analysis of Neural Networks. Optimization of over-parameterized deep neural networks has been studied
extensively, e.g., (Du et al., 2019; Arora et al., 2019b;a; Allen-Zhu et al., 2019; Liu et al., 2021a). In particular, Jacot et al.
(2018) showed that the NTK of a deep network converges to an explicit kernel in the limit of in nite network width and
stays constant during training. Liu et al. (2021a) showed that this constancy arises due to the scaling properties of the
Hessian of the predictor as a function of network width. Banerjee et al. (2023b) showed that a deep network whose width is
effectively linear on the sample size can ensure convergence under appropriate initialization. Du et al. (2019) and Allen-Zhu
et al. (2019) showed that GD converges to zero training error in polynomial time for deep over-parameterized models such
as ResNets and CNNs. Karimi et al. (2016) showed that the Polyak-Lojasiewicz (PL) condition, a weaker condition than
strong convexity, can be used to explain the linear convergence of gradient-based methods. Banerjee et al. (2023a) showed
convergence of GD for feedforward networks using RSC, which leads to a variant of the PL condition. Cisneros-Velarde
et al. (2025) used RSC to prove the optimization of networks with weight normalization using GD.

B. Additional Information on Neural Operators
B.1. Learning Operators

We brie y outline the notion of learning for neural operators (Li et al., 2021a; 2020b; Lu et al., 2021). Consider two
separable Banach spaces, the input sphaad the output spadé, and a possibly nonlinear operatef : U !V .

The standard operator learning problem seeks to approxi@taby a parametric operat@ : U !V that depends on
the parameter vector2  de ned over some parameter spaceThis is done by proposing an optimization framework
where we learn a vector! 2 that “best” approximate§Y in some sense. Given observatidng! )gj”:l 2 U and

fGY(ui)g'., 2V whereut ,j =1;:::;n,is an ii.d sequence from the probability measuspported otJ, we
take Y as the solution of the minimization problem

Y =argmin , E, CG (u);G'u) ; (15)

whereCis a suitable cost functional that measures the discrepancy on the approximation between the Gdajand
GY(u) for a givenu 2 U. This optimization problem is analogous to the notion of learning in nite dimensions, which is
precisely the setup for which classical deep learning is used.
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B.2. DON Architecture

The schematic for the Deep Operator Network's architecture is presented in Figure 3.

Figure 3: A schematic of the DON architecture by Lu et al. (2021) used in our study. We refer to the notation used in our
paper. Note that the input functions need not be sampled on a structured grid of points.

B.3. FNO Architecture

A schematic for the Fourier Neural Operator's architecture is presented in Figure 4.

Figure 4: A schematic of the FNO architecture by Li et al. (2021a) used in our study. We refer to the notation used in our
paper. “Spectral convolution” and “bypass convolution” are terms used in the FNO literature to denote the effect of the
linear mappings in the spectral and spatial domain, respectively.
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C. Optimization Convergence Analysis for Section 4

We establish relevant results for Section 4. Our analysis follows very closely the recent work by Banerjee et al. (2023a) and
generalizes it. We now provide all the relevant proofs.

We start with the following lemma which shows that Condition 1 implies a form of restricted PL condition.

Lemma 1 (Restricted PL). Assume Condition 1 is satis ed. Thdngsatis es a restricted form of the Polyalejasiewicz
(PL) condition w.r.t.(N¢; +):

LC) i L) ok L(OK: (16)
Proof. De ne
C.O)=L+h  or L(i+ 5k K
By the {-RSC property of Condition 1(cR °2 N, we have
L(Y £ (17)
Further, note thaf' . () is minimized atAHl = ¢ r L( )= {andthe minimum value is:

. N _ A N _ 1 2.
Iznlgpl‘t()_l_t(t*'l)_l-( t) Zkr L( 1)k3:

Then, we have that 1
e [ ine 1N - T 2.
nf C.0) it 0= L0 5k LK (18)

This means that that . () is lower bounded by the expression on the right-hand sig&@&)jfand so we can take the in mum
overN; on both sides of (17) and obtain
inf L() inf O (): (19)

Finally, we obtain the expression in (16) by using both inequalities in (18) and (19) and rearranging terms. O

Next, we show that the restricted PL conditionpin Lemma 1 along with smoothness (Condition 2) can be used to show
a loss reduction oNl;.

Lemma 2 (Local loss reduction). Assume Conditions 1 and 2 with at stept of the GD update as ii7) with
step-size; = + for somel ; 2 (0;2). Then, we have
. t! t | . i
L(w) infL() 1 2 ') (L) inf L) (20)

Proof. SinceL is -smooth by Condition 2, we have

LCta) L()+hea e L( )i+ Ek t+1 K3

L( ) ckr LK+ thkr L( ks (21)

L(¢) ¢ 1 7‘ kr L( ()K3:

Since > 0by assumption, from Lemma 1 we obtain

o LCOKB 2(L(o inf L():

14
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Hence

LCea) dpf L) L (0 inf L) o 10— ke LK

Lo mtO o1 St 20 i Ly

= 1 2., 1 7‘ (LCo inf LY

where (a) follows for any; 2 because this implies —* 0. Choosing { = “t;!{ 2 (0;2),

o) i L) 1 -2 1) @ ipf L)

This completes the proof. O

Finally, we show that the local loss reduction resulNinfrom Lemma 2 can be extended to show loss reductidirp),
which is the main optimization result.

Theorem 1 (Global loss reduction). Consider Assumption 1 and Conditions 1 and 2 with at stept of the
GD update(7) with step-size; = - for some!; 2 (0;2). If L( ;) 6 ZIQf( )L( ), then we haved t =
0
nf L) i LC)

0)
! < land
L(t) 2E;n(f 0)L( )

L( t+2) 2iBﬂ(f )L( )
0

©)
@ Doy W Jnf L()):

oy LO) Lt ()

Proof. We start by showing; = NGV AR ®) satis es0O + < 1. First of all, we note that this quantity is
2B ( o)

well-de ned because we are assuming thét;) 6 Zm )L( ), i.e., that the current iterate does not attain the minimum
0
loss. The factthat;  Ofollows immediately from 2‘ian(f )L( )< L(¢)and 2|ign(f )L( ) |2r,1\lf L( )sinceN: B ( o)
0 0 t

by Condition 1(a). Now, there are two ways to prove that 1 depending on whether we consider Condition 1(b.1) or
Condition 1(b.2).

We start by considering Condition 1(b.1) and prove by contradiction th&t1l. Assume that; 1, i.e., |2r,1\}‘ L()
L( ¢). Then, we note that

inf L (a)L (b)L 1 U okr L kz(C)'fL 1 U okr L( OKE: (22
'{;\h () (t+1) (1) t > r (k5 '2",‘\‘1 () t > r (ks (22

where (a) follows from {41 2 Ny, (b) from (21), and (c) from ; 1. Then, comparing the leftmost and rightmost
inequalities in(22), we must havér  L( )k, =0 since y 1 - > Obecause of; = Lt with Iy 2 (0;2). Now,
when considering Condition 1(b.1), we either assume tH&aN ¢ or thatL( ) 6 |9L L ( ); thus, we analyze both cases.

(i) Assuming ZN;: Note thatkr L( ¢)k = 0 impliesr L( )= O, (i.e., the gradient evaluated atis the zero
vector), which then, due to GD i{T), implies ; = {41 . Since we had+; 2 Ny, this then means that 2 N{—a
contradiction to our assumption.

(i) AssumingL( () & IQL L( ): Note thatkr L( )k, =0 implies that all the inequalities if22) are also equalities.
This then implies that ( ;) = |r21'1; L( )—a contradiction to our assumption.

15
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In either case (i) or (ii), our proof by contradiction nally shows that< 1.
We now consider Condition 1(b.2) with the elemef®R N, as described in the condition's statement. We immediately
have that °satis es |2r'1“f L() L (9<L(y),whichthenimplies, < 1.
t
Having shown that; < 1 according to Condition 1(b), we now proceed to prove equg8dnWe consider two cases: (A)
t>0and(B) { =0.
We start by considering Case (A), which holds if and onlyiziLf L() > 2iBn(f )L( ). We now dene ; :=
t 0

% and note that; 2 (0;1) since { = 1 t. Now, with! ; 2 (0; 2), we have
2B ( o)
L inf L =L inf L + inf L inf L
(va) ,nf LO)=LCwa) inf LO)*inf LO) nf L()

T ey o i Lo+, L) Jnf LO)

= 1 t! t(2 !t) t(L( t) 2Ii3n(f o)L( ))+(1 t)(L( t) 2iBn(f O)L( ))

@1 e e 0 @0 af LO):

which is (9), and where (a) follows from Lemma 2 and (b) follows from

1 t“(2 ) +@1 =1 t!‘(2 1) =1 t“(2 L)@ o)

We now consider Case (B), i.e, = 0, which holds if and only if |2r“‘ L()= zlgf( )L( ). Then, we have
t 0

L( t+1) ZiBn(fO)L( )= L( ) inf L()

(a) !
1 trt

@ ') (L) inf L()

=1 e n) )t L)

which is (9) when ; = 0, and where (a) follows from Lemma 2. This completes the proof. O

D. Analysis for Deep Operator Networks
D.1. Bounds on the Hessian, Gradients and the Predictor

The convergence analysis makes use of the gradients and Hessians of the empirical loss with respect to the parameters
namely,
>

rL()=r ,L>r L> ; and r?L()=H()=

g

Hf  Hig

; 23
Hgf Hgg 23)

wherer [ L( )= @Q( )=@¢ 2R andr L( )= @Q( )=@q 2 RP. Note that we make use of the notation, ()
to denote the derivative with respect to the parametersnd thisis nota functional gradient. Similarly, the individual
blocks inthe2 2 block HessiarH ( ) are given by

_e. . _ @ e . . _ ., _ 6L
“er T ae, @@ MeT LbT g

whereHy 2 RPf P Hgg 2 RPs Po, Hyg 2 RPf Ps, Hys 2 RPe Poand the argument is ignored for clarity of
exposition. Using3) and rewriting the derivatives i23) and(24), recalling thati; = (G (u®)(y") &(u®)(y")?,

Hif =1 2L Hot = Hfy = (24)

16
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we get
9 = Ew EXII 0 X g(') f(i) and g = EX'] EXM ~0 X f(i)r g(') (25)
@ n G i;j k;j flk @ n G ij k k;j !
f i=1 =1 k=1 9 i=1 =1 k=1
0 1
oL e ax X g2 £+ 1R X al gt £ 07 A
H] ] f I i f ’
@ N, G j=1 k=1 N, G j=1 0 kik 0=1 1
@L 1 X A . X . 1 X N . X .
2. == 5 ic;>j f,ﬁ')r 9191) T s %o @ f(l)f (M) ggl((ll) L Ok H>A - (26)
g i=1 7 j=1 k=1 i=1 =1 k;k°01 1
G _ 10 1R o X e, 1R g X Delr 10 A
@@ = n ij r.n.:r ggk] n iij Ok LIS B ¢ 7 ’
=0 izt 921 ka1 L Kk 0=1

for the individual blocks of the Hessid23) where we make use of the notathﬂ) fir( 5;ul) andng) = okl g y('))

In the rest of the paper, with some abuse of notation, we also make use of the implicit nbiﬁtﬂon) = fi( ;uM)and
(i) — oy (D)

ng( g)_ gk( gny )

In order to prove the RSC and smoothness properties of the empirical Jegs need to upper bound the spectral norm of

its Hessian. As can be seen above, the gradient and Hessian of the predictors (i.e., th’e(Hraml'trunkg j networks,

k2 [K],j 2[g] i 2 [n]) appearinthe Hessian bf, and thus, we will eventually need the upper bound of their norms. For
this, we will make use of the next lemma.
Lemma 3 (Bounds on the predictors). Under Assumptions 2 and 3, and for2 B'f”cl( 0), With probability at least

1 2KL 1+ L  wehaveforeverk2 [K],i2[n],j 2 [g],

m¢ Mg
_ (f) (9)
2 ¢ () c 0) c¥
ro P e and "% Pmg
i i _ 27
r fflﬁ') , %) and r ggﬁ';j) , %49 - @7)
01w and gli e

wherec(f), (9 o) 9, and , are suitable constants that depend of) the depttL and the radii , ;1. The depen-
dence of the constants reduces to the depth and the radii and becomes polynomial whgneder maxf p+—; prfq—fgg.

Proof. The proof follows from a direct adaptation of Theorem 4.1 and of both the statement and proof of Lemma 4.1
in (Banerjee et al., 2023a) to our setting. Indeed, these results shog'that' ), and ; depend on o, the depti_ and the
radii , 1;and that such dependence reduces to the depth and the radii and becomes polynomial Wbenéverpm—if.

A similar dependence is obtained for the constaffts %9, and , whenever ; 1 P The last statement in

Lemma 27 follows immediately. Finally, since the bound for a single branch network output holds with probability at least
1 % and for a single trunk network output holds with probability at Iéastr%g, then in order for these bounds to hold
for theK outputs of all predictors, we obtain the overall probability using De Morgan's law and a union bound. [J

D.2. RSC and Smoothness Results

Using the results from the previous section, we derive the RSC and smoothness results.

Theorem 2 (RSC for DONs). Consider Assumptions 2, 3, and 4, @t as in De nition 2 withkr Gk, 6 0. Then,
the setB! := Q' \ B?“Cl( o)\ BEZUC( t) is a non-empty set that satis es Condition 1(a) and (b) for suitabland

17
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suf ciently small 2 (0;1). Moreover, with probability at least 2KL (% + ﬁ), at stept of GD, the DON los& (3)
satis es equatior(8) with

1=2 %kr Gk ¢K?2 p1j+ plj (13)
P P, o
wherer G =31 [, 1" % r G  (u®)(y{"), and for some constaei > 0 which depends polynomially on the

depthL, and the radii , 1, and , whenever, 1  maxf prln—f; p}ﬁg. Thus, the los satis es RSC w.r(B'; ),
i.e., Condition 1(c), whenevér Gikj = ( pi=+ ﬁ%).

Proof. We start by proving the rst part of the theorem's statement. SBite BEUC( 0), we satisfy Condition 1(a). We
now need to satisfy Condition 1(b). We particularly focus on Condition 1(b.2). For this, we rst show the existence of an
element °2 Bt. For such @ it must be true that®2 Q! . From De nition 2, °needs to satisfy three conditions:

0 jcos( 01 . Gy)j (cosine similarity condition)
11X X X ) . -
(¢ w)ye= = ro f0r 9|(<|,) A(g gt) O (average condition)
Nzt 92 " k=
% !
(P w0y r 80 g7 (9 g 0828 2[g] (output condition)
k=1

Letr | G; be the rstp; componentsof G ,,andletr G, be the laspy components of G

¢

We start by assuming thit , G¢k, 6 0. Then, let us consider®=[ ¢~ 57]>, where ? 2 R will be speci ed later

and 8 = gt. Then, belonglng to th@! set conveniently reduces to the feasibility of the cosine similarity condition as

follows:
jcos(®  r G)j (28)
Now, letc; be de ned akr  Giky = cikr | Giko. We immediately notice that > 0. Moreover,

IS !

9 : r G 1 9 fit r G
. 0 , G - f fit i t - = f s f t : 29
jeos(™ il GII= o 0 W Gk o kY nk Kk Gk (29)
and thus, we immediately have that (28) can be expressed as
jeos(?  fir (G o (30)

We now choose> 0 suf ciently small so that; < 1.
With all of this in mind, we proceed to show the existence of an elem&@tBt of the form °=[ 9~ . ] satisfying
condition (30) and the following two conditions:

p -
. 2k L k 1 2
Condition (A): k ¢ 4 ko = for some < ratCole T and

Condition (B): the angle®between( ? ¢ )andr  L( {)isacute, sothatos( 9 > 0.
To show the existence of such elemefi2 B!, we propose two possible constructions:

Choice (A): If the points ¢t +1,r , Gt + 1t ,and ¢ are not collinear, then they de ne a hyperpld¢hat contains
thevectors  Giandr | L( ) (recallthat ¢t +1 t+ = r . L( t)bygradient descent). We choose

9 such that the vector? ¢, liesinP withcos(? ¢ ;r ,Gy)= ¢ (i.e., it satis es conditior(30)

with equality) while simultaneously satisfying Conditi@). If the points ¢ +1,r , Gt + ¢, and ¢ are

18
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collinear, we choose? such that it is not collinear with these points, thus de ning a hyperpRiméth these
other three points, and such th:?tis also taken so thais( fo tt;r Gt)= & while simultaneously
satisfying Condition (B).
Thus far we have only de nedngle(or direction) conditions on the vector? tt , and so there could be an
in nite number of values for ? satisfying such angle conditions without belonging to the seB ;E“‘*;( 0) hor

9 satisfying Conditior(A). To determine the feasible values fdt, we observe that; is strictly insidethe
setBFU (' o) by Assumption 4, and sof can be taken arbitrarily close tg; so that °2 BF“( ) and
Condition (A) is satis ed.
We remark that, regardless of the collinearity of the points.1 , r Gt + 1, and ¢, hyperplaneP
contains the vectors? tt,r Gi,andr  L( 1), all sharingits originats; 2 P.

Choice (B): We choosePas in Choice (A) but with |, G replaced byr |, G;.

We immediately notice that’de ned by either Choic€A) or Choice(B) satises °2 Q' \ BF“ (' ;). To make °belong

to the seB!, we need to nd a radius, such that °2 BEZUC( 1), or, equivalently, such that? 2 BEZUC( tt ) due to our

construction of °. Such , is found by taking , > with as in Condition(A). Finally, it is straightforward to verify that

such %2 B! de ned by either Choicé€A) or Choice(B) will always exist, by considering the following cases for the angle
betweerr  Gyandr |, L( {):

() If 2[0;, =2]or 2 [3=2;2 ], then ChoicgA) will be true, sincer , L( {) is in the positive half spaéeof
r .Gt and

(i) if 2[=2 Jor 2 [; 3=2], then ChoicgB) will be true, sincer ,L( ) is in the positive half space of
r ] Gt.

Now, let us assume we are in the case of if@mabove, so that®is constructed according to Choi(®) (the rest of the
proof can be adapted to the case of Ch@gBeand to item(ii) by using a symmetrical argument and so it is omitted). Let
be the angle betweerf ++ andr | G, sothatcos( 1) = ¢ according to Choice (A). Then, we have that

jeos(9=jcos( 1)j | cos(=2 pj=jsin()j= "1 (D=1 (@ )2:

Further, by the construction in ConditigB), cos( 9 > 0, which impliescos( 9 P 1 (g )2 > 0. Now, by the
smoothness property of the empirical ldassve have

LCY L (o h ® o Loi+ok® 0

L(¢) k P f1 kokr , L( t)kacos( 9+ Ek ? f1 K3

L(¢) kr ,L( kocos( 9+ 3 2

L () ko L( t)kzpl (¢ )2"'52

2 L( Ok T (6 )2

=L(v) >

<L(¢):

where the last inequality follows by the construction d@fi Condition(A). Thus, we havé ( 9 < L( (), which implies
that the constructed®is as described in Condition 1(b.2). This nishes the proof for the rst part of the theorem's statement.

So far, we have assumed that , Gik, 6 O in order to prove Condition 1(b.2). If, instead, we assumekhat, Gik, 6 0,

then the whole proof for Condition 1(b.2) is done symmetrically: we start by takimg[ 1. ~ g> > and then characterize
92 RPs,
9

We say vecton is in the positive half-space of vectbrif a> b 0.
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We now proceed to prove the second part of the proof. For 82yB!, by the second order Taylor expansion of the DON
loss with respect to iteratg , we have

o1 @L
LCY=L()+h% r L( t)""é(o t)” @(;)(O t);
where™=  0+(1 )  forsome 2 [0; 1]. To establish {-RSC of the loss with ; as in(13), it suf ces to focus on
the quadratic form of the Hessian and show
- @L
o &8I0y ke k. (1)

@ 2
Note that the Hessian, by chain rule, is given by

_BLO _ 1 1R
1)
@? Mg 92

r G~(u(i))(yj(i))r G~(u(i))(yj(i))> . \Sj . 2G~(u(i))(yj(‘))

where’i; = (G~(u“))(y]-(i)) Gy(u(‘))(yj(i)))z. Given the2 2 block structure of the Hessian as({3), denoting
= 0 for compactness, the quadratic form on the Hessian is given by

TH(Y) = fHy (D) ¢+2 {Hi(D) g+ gHg(D) ¢ (32)
|l T
T T2 T3
Focusing onT; and using the exact form &ty (7) as in (26), we have
1@ X 2w e X
15 1A i)~ i), ~ 17 1A )~y > i)~
nELoo W o e A0 e D o T dg () FrA Rl
i=1 j=1 k=1 i=1 j=1 k=1

@ 2X 1% D B0k +€) o)
2T ey T g

k KS ;
| & ge— f )
“i—] qj_] m;

where (a) follows from ﬁ-’o = 2 and the different bounds in Lemma 3 sint@ B ;Eucl( 0), SO thalj‘i(j’j 2K 1 o +-ewith
&= MaXiz[n; z[qi]ij(u(i))(yj('))j. Similarly, for T3 we get

2X 1% D LB K g ,+e) 1@
Ts = ol o G-u)(y") B k gk3:
N G5 ’ Mg
Then,
@2X 1% D _ . E D _ 7
Ti+Ts o o gt G-y ) T+ i Gy
iz1 92
(9) (f)
1C 2C 2
+ +
(2K 1 2+7®) Pz " P k K5
22X 1 X% D ) E D _ L Eo
=T o gt G-+ i Gy
i=1 qul
4X 1% D ~ _ED ~ E
n .3 gt G-y i Gy
i=1 qj:l

(9) (f)
(2K 12+'€) ﬁlcj+ﬁzcj k kz;

where (a) follows fronk t ka;k gko k  ko.
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Focusing orl; and usoing the exact form as in (26), we have
1

> 1)@ 1)@ < X i)/~ 1) 1~ \>
T,=2 ;@ = 0 ¢ 00 gD (A
n g !
i=1 3 j=1 k=1
0 I 11
N 1 X 1 A . x o . X . N
v2 7@ R gy 0 T 0 () A
0 i=1 G j=1 k=1 1 ko=1
XXX . .
) > 1 1 R ~ ~\>
2 et T 00 Lol (oA
i=1 j=1 k=1
I {z }
0 ' 1
4% 1% D . _ED _ . E
+@- = ot LG () i G )y) A
iz 9 j=1

where (a) follows from{? = 2.

For 1, our goal is to rst transfer the dependence of the gradient term31an {, so that we can use properties of the
restricted se@! which is based on, to simplify the analysis. Towards that end, note that
0 1

1 N 11X 1 X X ) ) N
§|1: f @ﬁ g i 0 FOCer ggl(<l;j)( w) A g
izl V=1 k=1
0 1
1% 1 X . X . . s
S 10 0 0 w) el (T A

+ >
f ij
N, G j=1 k=1
0 1
11X 1 X X : N : >
n e G )0 ) A
izl V=1 k=1

@ (2K 1 .+ X lxli
n iz 02

T
r fflﬁi)("f) r fféi)( tf ) , r Ggl(<i;j)(~g) 2k i kak gk2

(2K 1 24X 12X X

. rRCe) T e (D) T 8 () K rkek gk

izt %=1 k=

o (2K +g X 1 X i ~ i) (~

= % a r2 £ ) KT ke T +9) (7o) K rkak gko
izt 4 =1

2K 4 .+ X 1X® X i :
w = r fflg')( tf ) , rzggl((l;j)( g) 2k~g rg Kok fkok gko

n i1 9 o1 k=

(c) c(f)of9) c(9) off)

(2K 1 2+'€) ﬁ% k fk%k gkz (2K 1 2+'€) Apmj k fk2k gk%

g

(d) cl9) off) c(9) off)

2K 1 2+ €) P—"F p— k kg

mg mg
c(9) 04f) cl9) off) ).

(2K 1 2+€) 2 ja%*'#p% k kg,

where (a) follows from the de nition oQ! set (De nition 12) since °2 Bt Q' ; (b) follows from the generalized mean
value theorem withs = 1% +(1 1) ¢ forsome (2 [0;1]and g = >,y +(1 2) tg for some » 2 [0;1];
(c) follows from the results in Lemma 3 singey  J]” 2 BE“ (o), and the fact thak i ko k ¢k and
K gtko k  gko; and (d) follows fromk ¢ ko k  gka k  ko.
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Replacingl ; back inT, and then combining the bounds ®n+ T3 andT,, we have

22X 1 X D ) E D . _E,
HO L g oif G-y + ir Gu)(y)

o O
i=1 j=1

(9) (f)
@K 1 2+€) Pt e kK2

(9) off ) (9) off )
22K 1 2+€) 2 %+Ep£ k k3

m; mi

2X 1 %D

Dy 2
== o G(u)(y )
N, G j=1

C(g) C(f)
@K 1 2%€) p—+p— k K
g f

(9) 04f) (9) o4f )
20K 1249 2 P O g
ms ms
22X 1 X D _ E D _ ~E D _ E
=5 3 v Gy ¢ i )y ) ot G L)
i=1 j=1

I {z }

I2

(9) (f)

c c

(2K 1 2+€) p1m7+f,2m7 k k3
g f

(9) 04f ) (9) 0ff )
C C
2(2K 12+'€)2 ﬁiﬁ +<p7W k k%:

(33)
Then,
2 X 1)(“D ) B Z)Q‘D ) . , =
o=~ = oG )y T+ = o G-y 1 G )y
i-1 O j=1 i1 O j=1
42X 1% D ~ _ED o  E
toog . o e r e roe )
i=1 " j=1
@ 2X 1 X . 2 2 . 4 2
2= TGy o o G-u)y) 16 Wy )
ni:lqul i=1qi=1
4 x l)gi D ' E ' .
- G )y )Gy Y
i=1 i=1
)3 1% D CWE (34)
- G L)y )
i=1 4 j=1
24X 1% D ) . E ) oo
‘s G ) ()T Ee )y )
i=1 j=1
m2X % D B
25T e )™
n i=1 G j=1
1% 1 X N _ .
45K (W + Ak oo = ()T Peuy )
i=1 j=1

where (a) follows from the generalized mean value theorem and Bas; ~+ (1 3) t forsome 3 2 [0; 1]; and (b)
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follows from the factthatt = 3( ° 9and

r G I(u(i))(yj(i)) ) r .G I(u(i))(yj(i)) 2+ r G ‘(U(i))(yj(i)) ,

gl Cor F0Co + 1 g (P C)
k=1 2 1 2

% 7T

ig) ok FOCoke+ T IFOCoike LoD ( Oka
k=1 k=1
K %)+ K (%9 ;

where the last inequality follows from Lemma 3.

Now, we have that

> 2 (i) (i) X > (1) = 2 ¢ ()= X > e (i) /= 2 ()=
C yr2euy”) )= 7@l Car 2100 D+ T EPEr 2,68 Gl o)
k=1 k=1
X (i) /= (i) =
+2 0 (7 (r Lo G OGN )
k=1
(a) (f) (9) X 0o~ Do~ s
K Bt P K B2 (070 g G 0G0
| X2 {z }

I3

(39)
where (a) follows from Lemma 3 sinée2 B '?“Cl( 0)-
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Now, forl 3,
% !
1 S . . S
§|3: f r A0 ggl(<l;j)( tg) g
k=1 I
X o _ o
o7 r A0 0 f00w) 1 Lel G
k=1 |
X . o . -
+ 7 0 F ) g9|(<|;j)(~g) r ggl(<l;j)( tg) 9
k=1 I
7 r fféi)( of F gg|((i;j)( tg)” g
k=1
X o . o
o 00 0 100w | r e (o) K rkek gk
k=1
X _ o _
o 800w 8l (o) r 8 () K rkek gke
k=1
|

> X (i) (i) >
f rofCer o ;i ( tg) g
k=1
o) ok (@) 0 )

+ 3K P k tk3k gko+ 3K T’ﬁ k rkok k3
!

(b) X . :
f r ffél)( i )r ggl(<l;j)( tg) 9
k=1
cdDoff)  f)ofa) 3
+ K HP—* p— k k2
O S P QT L Y (™ "
k=1
o) cf)oga) )
+K 2 p—+ p— k ki;
Mg ms

where (a) follows from the generalized mean value theorem, kom Ko =K3sT+@ 3) tf ¢t ko= 3k ©
tf ko = 3 k ¢kg, and from the results in Lemma 3 since? BE”CI( 0); and (b) follows fromk ¢ ky;k gko k  ka
and 3 1.

Replacing the bound o back to (35), we obtain

CyreeuMy™e ) 7 T 100w Lol (W) g

k=1
(9) + 204f) (f) + 2049)
PR g S2Cr2AD) AU 2 (36)
mg ms
O( - +20)) D .+ 2049
e g SO a2
Mgy Mg

where the last inequality follows from the fact th&2 Q!, using the properties of the restricted tin De nition 12.
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Replacing (36) back tb, in (34), we obtain

2)(1 i D
| —
2 n

g
1 G LUy D)
iz1 9

c9( 1 +2%)) N (5 +2%9)
a -

o4f) 049)
43K ( %)+ ANk k, K@+ ) P g e

k K3
22X 1 X D , B (37)

=5 a G L)y ")

i, G j=1

c9( 1 +2%)) . (5 +2%9)
5 &

4 3K2(1+ o)+ oY
3K “( 2) 2( 2 1%7) e =

K3 :

Replacing this lower bound (37) back to the Hessian expression in (38),

x 1% D , =
HOY 2T 2T T 6 )
ni=l 4 :

j=1

@, +20)) (542049
4 3K2(L+ ) o %)+ %) ¢ (5W L (psz !
g f

k K3

C(g) C(f)
2K 1 2+€ p—+ p— k K
Mgy ms

(9) off ) 9) off ) (38)
2(2K 1 2+€) 2 Epé‘FE(pé k K
Mg ms
(a) 2 1 1
2 r G, ¢K? et == k K3
® 2 2 2 2 1 1 2

= tk kzi

P P, o
where (a) follows from Jensen's inequality wi = = L, qii L, G (u('))(yj(')); where (b) follows from the

fact that °2 Q! and using the properties of the restricted @&tin De nition 12; and where ; =2 ?kr G k3

c1K?2 ﬁ + ﬁ . Note that adding all the constants from the second to the fourth li{@8j)de ne the constant;,
and soc; depends on 1, the depth_, and the radii, 1, and , due to Lemma 3. As in the statement of Lemma 3, this
dependence reduces to the depth and the radii and becomes polynomial whgnevér — maxf p#—f; p%g. This
completes the proof. O

Theorem 3(Smoothness for DONs).Under Assumptions 2 and 3, with probability at ledst 2KL (% + ml—g), the DON

lossL (3)is -smooth irB;Eucl( o) With = ¢,K 2, wherec, > 0is a constant which depends polynomially on the depth
L, and the radii , ;,and , whenever, 1 maxfpﬁj—ff;p}ﬁg.

Proof. By the second order Taylor expansionlof 9 about the point with % 2 BF“( o), we havelL( 9 =

25



Optimization for Neural Operators can Bene t from Width

) forsome 2 [0;1]. Then,

L()+h® r LO)i+3(° ) E52(° ) where™= °+(1

@L()

X Pal : )
(0 pEEe =0y 2T 2T ey Gy

1)

'1qj:1

026y (0 )

xn i D . X E2
:% q1 W0 G u)y )
= = z }
I
1 X X . ) .
T LR O 7 (G
= = fz }

I2

where'y; = (G-(u)(y™) &Y (uM)yM)2.

Now, note that
1)@ 1 )(li . D . ) E2
P00 e Gy

2

(@ 2X 1 X . )
S5 2T ey kO K

n._. a i=1
(b)
4K 2( 2c%)f) + 1%9))2k 0 k%,
where (a) follows by the Cauchy-Schwartz inequality and (b) from Lemma 3 as follows
X (i) [~ (i)~ (1)~ (i) ¢ ~ f) 9)
(kgk;j( r B )k + KkE(TF)r ggk;j( g)ka)  K( 2% + 1% ):

k=1

kr G-(u)(y ke

since ™2 BEY (o).

Now, forl,

12X X o .

R B (S R (TR} (' 0 [
G
i=1 j=1

(a) (9) o4f) (f) 049)
(2K 1 2+ KADU) + K@+ ;) ° (plmilé ), © (pzmi/é) k® K3;
g f

with & = max;z ny; z[qi]ij(u(i))(yj(i))j, and where (a) follows from modifying the result in equat{86) from Theorem 2
according to our setting.

Putting the upper bounds @a andl , back, we have

h
(o y @5(;)( 0y AK2( L)+ 092

O+ k)Y O, + %Y
H2K ot KA + K1+ ) Slpir R, (et BT
g f

k 9 K:

Note that all the constants on the right-hand side of the inequality above form an expression that deperasiamn 1,
the depth_, and the radii, 1, and , due to Lemma 3. As in the statement of Lemma 3, the dependence of such expression
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reduces to the depth and the radii and becomes polynomial whengvel — maxf p—; p%g. This completes the
proof. O

Proposition 1 (RSC to smoothness ratio).Under the same conditions as in Theorems 2 and 3, we have thak 1
with probability at leastl  2LK (7 + ﬁ).

Proof. From the proofs of both Theorems 2 and 3,< 2 2kr  Gik3 2 2K?2( %) + 1%49)2  4K?2( %) +
1%9)2 < andsot < 1. O

E. Analysis for Fourier Neural Operators
We recall the FNO model

O = P(u)(x)
1
W = wo ©
P
M= p%w(') 4 plﬁF ROF D - j2f2::::;L+1g (39)

1
f( ;X): (L+2) = pmV> (L+1) :

E.1. Bounds on the Hessian, Gradients and the Predictor

Lemma 4 (Bounds on the Predictor). Under Assumptions 5 and 6 and for2 BEv‘j? ., (o) we have with probability at

leastl % that for any input functiom and evaluation point as in Section 6,
2 c .
r°f — 40
P (40)
kr fk, %; (41)
ifi (42)

wherec; %; are suitable constants that depend on,, 1., the depth, and the radii v, (,and 3. The dependence
of the constants reduces to depth and the radii and becomes polynomial whepgver 1, 1 %%—f

In this section we will prove all the bounds in Lemma 4.

Lemma 5 (Initialization of the Parameters). Under Assumption 6,with probability at leakt % we have

W ke 1 M and kROky 0 (43)
Proof. The proof follows directly from Lemma A.1 in (Banerjee et al., 2023a).
Proposition 2 (Layer-wise matrices). Under Assumption 6, for 2 BEVt‘? ., (0), with probability at least. % we have

p p

W(')2 1;W+r(;)lm m12[L+1] and R(')2 1;r+me m 12f2::L+1g  (44)

Proof. By the triangle inequality and Lemma 5,

WOk k Wk + kWO Wk, 1P Mt
ROk, k ROk + kRO ROk 1P m+
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We now bound the norm of the output” at the layett 2 [L +1].

Lemma 6 (Norm of the I-th layer output). For| 2 [L + 1], under Assumptions 5 and 6 for2 BE' (' o), with
probability at leastl %’ we have

D I p_X i1 X ! p
0 — — : P = [ ; i1
, m 1+p= + m 1t P= j (0)j +J(0)J_

i=1

m; (45)
where,

; and = + p—:
r 1 m

Proof. We prove the result using induction (e.g., see Lemma A.2 in (Banerjee et al., 2023a)). First, note that for the rst
hidden layer, using the fact thatis 1-Lipschitz,

pw® © k (0)ke W © (0) W@ © (46)
d 2 d 9 d )
where0 denotes the zero vector of appropriate size. This in turn gives, ésifk, = P d,
&) 1wvo o 1 wvo o
= p=W p=W + k (0)kz
2 d ) d )
1 i p_—
@ O

P W, , PO m
pP— . p—
1w t {9% m+j (0)j m

+ p— . P —
1wt ot bmr m+ ] (O)J m:

Now, consider also the output at layzmamely,

K k= pow® O 4 pl F ROE @
m m 5
which gives,
1 @ @ 1 (@] (1)
p=W + p—F R¥F k (0)kz
m m 2
prw® O plp ROE ® 0) pw® W4 pl pROE ©
m m ) m m 5
and, in turn,

Kk @k, p%W(Z) W 4 plﬁ,: ROE @ 4k (0)k,

2
pw® ® 4 plrrer © 4j ©fm
m 2 m 2
(@ _
p%kw(z)kzk M, + p%kR(z) ok Wi+ Pmj ()]

p_—. .
1wt 19%"' 1+ p% K (1)k2+ mj (O)J

2

moatp= + 1+ g+p— im0
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where (a) follows from the fact that the operakois a unitary matrix. Now, for the inductive step, consider that the output
atlayerl 1satises

p I K1 i1
(0 1 = — ; .
, m 1t p= + mi:l 1t P= j (0)j:
Finally, at layer, we have
0 1
O pLewd + FROE Ak 09+ P () (47)
2 m | 2 {Z
ittt kO Vs P ) (@9)
Pa vpe +PE ve= O (49)
m - m
Introducing = 1+ {Fm,we can write
| !
X
k Ok, P Tej) Yo (50)
i=1
This completes the proof. O

From now on, we will use the notation ., and as de nedinLemma 6.

Lemma?7. For| 2f2;:::;L +1g, under Assumptions 5 and 6 foz BE'S = (), with probability at leastl % we

have

@™
=00 (51)
@D,
Proof. We rst note that
h i
@® 1 o a0 0 |
—— = p= Ye" V) w)+[F ROF]; :
@D, m i
Now, from the de nitionkAkz = supy,,-1 KAvkz we have,
@0 p P 0 WO4FROE v
@0 D , Wk M 2
@ 1 | |
sup p— kWOvk, + kF RDFEVk,
kvkp=1 M
® 1 ) D)
= sup p— kWWvk; + kRYFvk, (52)
kvko=1 M
(© 1 | |
sup p— kWO kokvk, + kR kokvks
kvk,=1 M

= p% kW Ok, + kROk,

where(a) follows from the fact that is 1-Lipchitz and by using the triangle inequality, afldl and(c) follow from the
fact thatF andF are isometries with respect to thg-norm, i.e.kF vk, = kvk, andkF vk, = kvk;, forv 2 R™. This
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nally gives
@7“) 1 kW(|)k + kR(l)k + w + + r
@D, pﬁ 2 2 Lw pﬁ 1r pﬁ
where we used Proposition 2. This completes the proof. O

We make use of the Einstein summation convention, i.e. repeated indices imply summation, unless explicitly stated. We also
use the notatiormeq ) to denote the vectorization of the matrix argument according to some xed manner (e.g., row-wise
vectorization).

i ; 0 2
Lemma 8. Under Assumptions 5 and 6 and fo2 BE'S (' ), with probability at leastt £

!
@ @O | R S
a0 @0 , T (O)J_ !

i=1

Proof. We can index the vectoss (") andr (") according to their matrix fomdvj?% ande(j')o, respectively, with the indices
j 2 [m],andj®2 [d]whenl =1 orj®2 [m]whenl 2 f2;:::;L + 1g. Therefore,

@ 1 og.y . (D 1i=]
= — e: W A ; = L
@ o P (&) g ! 0 otherwise
Now, forl 2 f 2;:::;L +1g, we can write thé ,-norm of the matrices as follows
. 0 1,
M xn xn
7@ 0 = Sup i @ 0 ei(l) ](Io D i \/” oA
@ 5 ke M i °=1
1
sup —kv ( D2
kVke=1 M
1
sup —kvkik ( Dk2
kvke=1 M
(a) 1
sup —kVkik ( VK3
kVke=1 M
- Lo
m., I# I
I# 5 I
(b)lp—|1- -Xlil _ 1, -Xlil.
= m +j (0)j = +j (0)j ;
i=1 i=1

where(a) follows from the fact thakVk, k Vkg and(b) from Lemma 6. The = 1 case follows in a similar fashion:
@w ? 1
av® , d
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m ? xo
@ = sup

1 0 () |1 2
@0 e m e Fij Fjop ( )ij 0
2 F=
1

P
i=1

sup —k(F VF) ( D2

kVke=1 M

1
sup —kF VFkik (" Dk2
kVke=1 M

sup e K3kV k3kF k3k (" D2
kVke=1 M

(a)
sup ikaék (D2

kVke=1 M
1
= —k (0 DiE
" It !
1 p_— -Xlilz I 1, -Xli12
= m +j (0)j = +] (0)j ;
i=1 i=1

where(a) follows again bykVk, k Vkg and the fact thaf andF are unitary matrices, ar(d) from Lemma 6. This
completes the proof. 0

Hessians.We now focus on bounding the Hessian of the predittor equation(39). Note that the FNO model can be
considered as havinlg + 1 layers, with Layer 1 being a feedforward single layer encoder on top of the eneodtles

L layers from LayeR to LayerL + 1 being FNO hidden layers, and Layler+ 2 being the output of the linear decoder.
Likewise, we decompose the Hessian malttixof the FNO in three different blocks corresponding to the aforementioned
encoder, FNO hidden layers, and decoder, respectively.

Firstly, the Hessian blocks associated to the hidden FNO layers are:

@f

» theL L sub-blocks corresponding i) = BT forly;1, 212 :::;L+1g,
e theL L sub-blocks corresponding t2) = % forly;1,212;:::;L +1g, and
« the cross blocks have terms of the fol ';};'2) = % forly;l, 2F2;:::;L +1g.

Secondly, the Hessian blocks corresponding to the single layer encoder, i.e., with respect téWWight

; 1;1) . f
« diagonal blockH ' = @%2,
« off-diagonal blockdH §'*) := % andH{*™® forl; 2f2;:::;L +1g, and
« off-diagonal bIocksHv(vl;é'Z) = % ansH r(;{,&;l) forl, 2f2;:::;L +1g.

Finally, the Hessian blocks corresponding to the decoder, i.e., with respect to weight

« diagonal blockH, := %, which is the zero matri®n, mn,

« off-diagonal bIockH\Sv';{,) = @V((@.if)@, andH&!&v) forly 2f1;:::;L+1g, and

« off-diagonal blockH 42 : @(j@i{@/ andH{? forl, 2£2;::::L +1g.
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First, we note that due to the symmetry of the Hessian matrix of the FNO ribdel

1 9(#—1 |)<Fl 1 |)<i—l 9(4—1
kH kz kH {120k, + kH (12, + 2 kH1'Dk +2  kH{Dko+2  kH{Pk2: (53)
|1;|2:l |1;|2:2 |1:1 |2:2 |1:1 |2:2
We de ne
of
Qi (f):= max —~
I2[L+1] @®
) )
Q" (f) = max @(l) ; @(l) ;
12[L +1] @v 2 @ 2
(I2) (1) (I2)
Q85 (f) = | max (%z) ) ; @(u) f D@l ;
> a @@ ,,, @' , @ @12 ;54
3 I3 L+1 )
@('1) @ (12) @(|1) @(|2) @ (I3)
( @('1) 5 @('2 1)@\/('2) 2;2;1’ @\/('1) ) @('2) ’ (@ (Is 1))2 2:2:1 !
(1) (1) (12)
QYD (f):=  max % : @u) (|@ Do ;
A (@ )2 5o, @), @12 Vavl? 55,
3 I3 L+1 )
@ @2 @
, @ , @ , @@ D)2 ,,,
(1) (1) (I2)
QY)4(f):=  max % ; @(I) (@ D@ ;
g :; o (@) 5, @ , @1 D@l ,,,
4 13 L+1 )
@('1) @('2) @ (I3)
@ , @ , (@0 D)2 ,,,
(54)
where, for an order-3 tensdr2 R% 9 9 we de ne the operatok k.».1 as follows,
X Wi X
KTk :=  sup Tik abh ; a2 R%:b2 R%: 55
2; j

kak,=kbk,=1 k=1 i=1 j:1

Note that it seems frortb4) that we need the depth of the FNO to bd. 3. However, the bounds presented in Lemma 4
also hold for FNOS with depth < 3: indeed, the upper bounds we derive in this section for an FNO with deptiti
trivially hold for FNOS with depthg  1;:::; 1.

Lemma 9. Under Assumptions 5 and 6 for2 BEV‘VJ? . ,( o), the following inequalities hold with probability at least
1 22 forly 2 [L+1],

(1)

(gv(u))z (1+ DA+ L @b (56)

2;2
andforl, 2f2;:::;L +1g,
@ (2 N o
@@ ., @+ H)*A+Lj )7 (57)
(12)

5 2 % (58)
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@ (2)

& T L+ D2A+@A+ Lj O +1; (59)

2;2;1
@ (2 L D21+ 14 Li (00241 and 60
@ D@ ,,, ( )"+ 1+ Lj (0)))7)+1;an (60)
@ L+ 20+ Lj (02 (61)

(@(IZ))Z 2;2;1

Proof. We rst begin by proving (57). Note that from (39) we have

¢ (" _

~ \ + F.. Fro (I 1).
| | m JO 1) ik Tk q ’

where we make use of the Einstein notation. Now,

(12)
@ v
BIEIE
@) @l 2o

1

A |
| I, 1
= sup = 02y ,-(02 " Fix Fuog §2 Vi oo, 0
lekF =1 ;szkF =1 i=1 m

xn og _(I2)
= sup i i} o B Y R Vo oFkeg (2 D
KVike =1;kVoke =1 g m ) (62)
xXn
sup — (i (2 D)((F oF) (2 D)
kV1 kp =1 ;szkF =1 m i=1
(a) sup VIR 2+ EVE (2D 2
kVike =1 ;kV2 kg =1 2m 2 2
2
y 1
(b) 2 2 X )
- (I 1) + (2 1) Io 1+' 0)i i1 .
>m ) ) j ()] B ;

where(a) follows from the quadratic expression; whet® follows fromkV; (2 Dk, k Vikok (2 Dk, kViks
kVike, kVoks  k Voke, KF VoF (lz 1) ko = kVL,F (lz 1) ko  k VokokF (lz 1) ko = kVakok (lz 1) k, due toF
being a unitary operator; and where the last inequality follows fge@) Finally, we can upper bound the last quantity
above as in (57) and complete the proof.

For proving (58), again note from (39) that

@ (2 1 | |
Q0 07 . T m ) W FoREIR Wi Ry R Fu
irj;k 2
oog z (63)
— (I2) (I2) (I2) (12) (12) i (I2) (I2) ) (I2) i
= —4AW; W, "+ W F.. RV Ry + Fo Ry Fgi W 2+ FORV2 Fgi F RV F :
m |LZL} ||J Il{7 uv V$ llp Pq {ZCII lk} ||p pq qJ{ZIU uv VI}
T1 T2 T3 Ta
Then, we can write
@ _ X @

sup

W = V:]_J Vo, !
@ (2 2;2:1 kvika=1;kvakz=1

iz @ b? isjik
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Let us consider the notatio, = 1.4 + L and ; = g, + p=. Now, we handle each of the terms separately:

X i % X (12) (12)
sup HTli;j:k Vi Vo, = m sup Wij : Vy Wi 2 va,
kviko=1 ;kvaoky=1 i=1 kvikz=1;kvoky=1 i=1
— sup kw (20 k2ky k3 + kW (12) k3kv o k2 (64)
2m lekzzl;kVZl(z:l
2
= 1w + p—wm = v2v:

xn 00 J O? xXn | |
sup —Tay ViV == sup (F RIDE) vy (F RIF)ivy,
lekzzl;kVZl(z:l i=1 kV1k2=1;kV2kz=l i=1
— sup kF RU2FK3kvik3 + kF RU2)Fk3kv,k3
2M v, ky=1 1kvoko=1 2 e (65)

= —kF RU2FKZ

—kRUIG 2

xn 00 i O(i xn (12) |
= sup (W ?vy) (F RUDF)vy,

sup
m kV1k2=1 ;kV2k2=1 i=1

kV1k2=l§kV2k2=1 i=1
— sup kW (12 k3kv k3 + kF RU2)F kZkv k3 (66)
2m lekzzl;kVZkzzl

kw (12)k2 + kR(12)K2 - 24 2.

Similarly, for the term corresponding T we obtain

xn 00
sup Tap ViVa, 5wt S (67)
lekzzl;kVZKQZl i=1 m
Putting together (64), (65), (66) and (67), we get
@ (2 2
2 (&+ D 2 (4+ Pv2wn)=2 =% (68)

@ (= D2 55,

This completes the proof for (58).
We now look at the proof for (60). First note that

@ 1, (I12) 1

=i - = ~ (12) ) (2 1) o (I2) .

@0 Vgld m V) Wil + PRy Fae Fy Fiog g° P+ P (=")Fy Fjac

k ji°
= 700 W(IZ)F F'D (I 1) + 700 F R(IZ)F F F'O (I 1) + pL O( ""‘-(|2))F" F'O .
m ik lt i% q m ip pg TakTij Fjo% q m i ij Fi% -
I z b {z b (z }
T, T2 Ts
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Again, we analyze each of the terms separately

xn 00

— o y(12) ) (I 1)
Ti. o = sup — Wik Vvi®F. Vo Fio
Ok 2;2;1 kviks=1;kVoke =1 i=1 m R I o1 q
o kw 2y k3 + kF VoF (12 Dk3 (69)
0 | 2l
Ix 1 '
7(@ \/2v + I 1 +j (0)] i1 A
i=1
X % (I2) (I 1)
Tzi:jj %k 5.o.q = vk —Sl’L-Jkpv 1 m Fip qu2 FakVa, Fij V2,-,- oFjoq q2
e 1K2=1 kVeke =1 -9

sup ~— kF RUDFEv k3 + kF VoF (2 D2
lekzzl;kVZK;::l

(S
3

(70)

sup — kF RUDFKZkvik3 + kF VoFk3k (2 D3
kV1 k2:1 ;sz kp =1 Zm
0 1,1
(a) X1
KR{IG + k(2 DG @+ Hl+j T OA

2

where(a) follows, again, by exploiting the isometry 8f andF with respect to thé ; norm, and usingVok, k Vaokg .
Finally,

xn 0
T3i:ji Ok o sup p —Fij V2Ji oFjok V1,
221 kvike=likVoke=l j; M

L “F eFvag
p— sup j va)ij
m lekzzl;kVQkp =1 i=1 2 e (71)

sup kF VL,Fviks
kvikz=1;kVokg =1

sup szkszlkz =1:
kV1k2=1 ;szkp =1

Combining (69), (70) and (71), we get

@ 2, 2 TP S
- wt [ F 2 2+ (0] ! +1
@0 @2 ,,, 2O woer - .
x 1 o (72)
@2+ 14 (0)] POA+L;
i=1

and nally we can upper bound the last quantity above as in (60) and complete the proof.

For proving (59) consider the following

0 1
@ %0?85'2))\,\,(12) (I 1 et giop, v § L qela)
0 Davl) . . ik jo i ¥ ———FpRpg"Fak jo i X+t p= (e i KO
@ VeV e H_M } | f L PR S
T1 T, Ts
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Then analyzing each term separately, we get

xn 00
— (I12) (I2 1)
Ty = su —W. vy, Vo,
Lij ok 2:2:1 kV1k2=l;ka2k|:=1 i=1 m ik Lc V20 joO
sup — kW2 kZkv K2 + kVokak (2 D3
kviko=1:kVoke =1 2M 2 2 2 2 (73)
0 I 21
IX 1 ‘ '
i=1
X o (12) (I 1)
To. o = sup —F, RV Fovy, Vo o ¢
i %k 9.9q kvikz=1;kVoke =1 j—; M ip7tpa QK Tl T 0o
sup — kP RUIFviKE+ kv, (2 DK2
kV1k2=l;kV2kF=l
sup — kF RUIFK3kv k3 + kVok3k (2 Dk2 (74)
lekzzl;kVQkF:l m

= % kF R(IZ)Fk§+ Kk (I l)kg

0 1,1
I 1 )
@+ i@ A
2 i=1
and, nally,
X 0
LEW = sup p=Vy, Vv
221 ksl kVakest L, 0 M .
o
sup FbkvlkszZ;u :kz
kV1k2=1;|§/V2kF =1 i=1 m (75)
ﬁ Ny
sup KVy;, K3
kV2k|::1 i=1 o
=1:
Hence, we have
I
2 Iy 1 2
@ (2 , PR S
A — — + + () I
@0 D@l ,,, 2 " T ] ()Ji:
0 ! (76)
I 1 2
@2+ hlrj) Pt Asr;
i=1
and nally we can upper bound the last quantity above as in (59).
We now focus on proving (56). Note that from (39) we have
@ 1o gy my oy
(@\,(ll))z i oKk o m jo KO ij k-
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Now,

@ ()
(@v(1)2 2:2:1

g
| I, 1 Ip 1
= sup — O((~i(1))vl.10 1(01 )VZ.ko (ko1 )
kVike =1 kV2ke =1 ;¢ m
x 1, 1 I 1
sup  —  (vi (D) (D), (77

kVikg =1 ;kVo kg =1 m i=1

v, (0D Ppy, (1

sup —
KVike =1 :kVoke =1 2M 2 2
I
2 I 1 |2
(Ix 1) li 14 0)i i1
m ) i (0] B

Finally, we can upper bound the last quantity above as in (56) and complete the proof.

Now, the last result to prove is (61). Note that from (39) we have

@ (2 1
== 0 ) FoF (2 DF R (20

(@12)2 jj oo M
where we make use of the Einstein notation. Now,

@ (2)

(@19)2 324

_ X1 g (2 1) (12 1)
= sup — ((~i )Fij Vljionop p FikVZkkoFkoq q
le kp =1 ;szkF =1 i=1 m
X I, 1 I, 1
sup  —  ((F WiF) &2 D) ((F V,F) (2 D), (78)
le kp =1 :szkF =1 m i=1
2 2
sup — FwF Y 4+ pyFp (2D
kV1 kp =1 :szkF =1 2 2
(1, 1 2 o 1 X i 1| i
2 2 + i 0 i
= , i (0)j ~
Finally, we can upper bound the last quantity above as in (61) and complete the proof. O

Now we upper bound the terms in equation (54). Thus, we obtain that, with probability at le®&t"2-,

_ of (@) 1 1 L .
Qu ()= ol @™ N 21 P @+ ) pﬁ(l+ L+ ) (79)
. (b) X1
Q1) " max (' T+j @ ' hH @+ N+l O (80)
i=1
and ©
QYS (1) Q821(1);Q5%(F) 2 1+ N2+ )P(A+(@+ Lj O)H)+1; (81)

where (a) follows from a direct adaptation of the results from Section A.6 in (Banerjee et al., 2023a), (b) follows from

Lemma 8, and (c) follows from Lemma 9.

. (1)
We now proceed to analyze the Hessian. We also recalBays »..... +1 4 % from Lemma 7.
2
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We introduce some notation. Given an order-3 tefls@rR9: 92 9 e have that its rst dimension hak entries, the
second has, entries, and the third hak entries. Consider the matric¥s 2 Rk: d1 ¥ 2 Rk2 d2 gndz 2 Rks ds,
We use the notatiofX )(Y)T(Z) 2 Rkt k2 ks to denoteX multiplying A long its rst dimension,Y along its second
dimension, an@& along its third dimension. We use the notat{oh)T(Z) 2 Rk: 92 s to denoteX multiplying A long
its rst dimension andZ along its third dimension.

Off-Diagonal Blocks. For the off-diagonal blocks, we focus on boundkig\f\,';}:'”kz for (Case 1.A); |, (Case 1.B)
o I1. Further, we bound (Case Z.M-Ié!\}\,) k, and (Case 2.BkH é!f>k2.

Case1l.A:2 1, |, L +1. By building onthe form of the gradient, we have
|
_ (1) f () w1t G (12) f
H{s'2) = @ @ =10 % Lpyay) @ @ 5 @ @
~ @@y @ () =t e ey @@ gl @ ()
| Tht I

X1 @0 Y1 @® @0 ¥ g0 @O @f

* e [ 01 [ 01 I 1))2 [
I=12+1 @V( 2 10=11+1 @( ) @( ) 10=1,+1 @( ) (@( )) @ 0
Then,
[
kH {312 ke @ ™ of Lii=1,)
' @ ,,, @ , 1=k
L @ Y1 g0 @ (2 @f
+
[11<l 2] @v () 2 1m0 @ (D , @ (2 V@) 221 @ (2) |
! !
o1 X1 @t Y @ @t Nt @®
[li<l 2] [ @ (1° 1) ‘@(2) @ (1° 1)
=141 @ () 210m 1101 @ (D , @(2) 2102 101 @ (D )
@ O @f
@0 M2 ,,, @0 ,
@ () @f 1
@ ,,, @ ,
+lpa,y 2 Y @ @ of
=2 @ (1) , @ (I H@2) 2:2:1 @ (12)
fnay AR @0 @0 @O of
IR v , @@ , @0 D)2 ,,, @M ,

Then, based on the de nitions in (54), we have

kH{E' ke (L+ 1)+ 2)Q557(1)Qu (F)
WYL Dy aye g s arar U @)D

where for (a) we used equations (79) and (81).

Casel1l.B2 1, 1y L +1.Bybuilding on the form of the gradient, we have
!
H (11il2) = @ 2 ef 1o 41 @ Y!' @® @ (W @f
wir @ @) @ (1) =l 7 ~l<al "&(0y) e, @Y @0 D @M
! !
X @0 Y @ @i Y @ @ ™ @f
@» @y @ ey @i @0

=12

l,+1

+ 1p,q )

I=1,+1 l1+1
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Then,
[
kH {312 ke @ of Lpi=1,)
, @v () @2) 2:2:1 @ (2) 1 1=
@ Y1 @ @ (v @f
+1 = =
[l2<l 1]
2 @(l2) 210 101 @ (D , @ (1 ll)@v(h) 2:2:1 @ (1) 1 |
il @ (12 V1 @™ @ 1 @™
+1 — — — T
[l2<l 1] | 10 1 I 101
- @(2) 2102 1,41 @ ( ) . @v (1) 2102 1,41 @ ( ) ,
@ O @f
@092 ,,, @0 ,
@ (2) @f 1
@) ,,, @@= , "1
(I2) (1)
+ Ly 2T @ @ _or
2~ @(2) ) @ (2 H@y(a) 221 @ (1) 1
1
v, XA @2 @ @ @f
2 1
i @ , @ , (@092 ,,, @0 ,

Then, the upper bound is similar to the c&ase 1.A

KH{#12k,  (L+1)@+ 2)QY%(F)Qu (f)
WERRRE Dy e qs b2ae aras L @)+

Case 2.A:1 1; L +1. For Hessian terms involvingv; v), since% = pL *D we have

!
ol et 1 @ Yo o@®
Hw;v - pm @V“l) -

m e, @D

l1+1

Then,

, 1 @™ Y @® 1 : @ 1 N
(l1;L +1) L o(wir) L L .
kH .y ke P m av , oo 141 @ D , P m Qy (f) me 1+ ")+ Lj(0));

where (a) follows from equation (80).

Case2.B2 |, L +1.ForHessianterms involving;v), since% = pL ("1 we have

!
1 @ & 1 @(2 ¥ @0
HY = P=—am = P5 g0 @@ D
m @2 m @w @D

lo+1

Then,

1 @M Y @0 @ 1 o

(I2) e L L .

kH F;V2 ka pﬁ @('2) 2102 101 @ (19 1) pﬁ (1 + )(1 + L] (O)J) '
=1+ 2

where (@) follows from equation (80).
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Diagonal Blocks. For the diagonal blocks, we focus only on bounding (Case BH\S)'“'Z) k, and (Case 3.ByH (hilz)y )
forl; |, sincethecask |; isjust symmetrical and will have the same bounds.

Case3.A:1 I; I, L +1.Bybuilding on the form of the gradient, we have

I
H(lil2) = Mﬂl +1 @701) v @ @ (2 of
w - (@V(|1))2 @ (1) ~Mh=12] [I1<l 2] @V('l) oz 1. 41 @ (19 1) @ (I2 1)@\I(|2) @ (2)
P I
Xt @0 Y1 @0 @0 Y @ @ O @f
! 101 [ 01 D)2 [
I=12+1 Q) 10=1;+1 @ ) @v(2) 10=|,+1 @ ( ) (@ ( )) @O

+ 1,4,

Then,

. (11) @f
(Hi, @ ——  1p,-
w 2 (@\/('1))2 221 @ ™ L [l1=12]

(1) by 1 (19 (I2)
b1 @ @ @

@f
h<lal gy 2o @Y @G Y@ L, @0

! !
1 @ (W V1 @ @ () 1 @ ™
+1 = — = —
[l1<l 2] | 101 | 0 1
I=1,+1 @v(l) 210= ;41 @( ) 2 @V(Z) 210z ,41 @( ) 2
@ 0] @f
(@ ( 1))2 2:2;1 @(I) 1
@ () @f 1
N5 0 l1=1
(@V(Il))z 221 @ (1) L [li=12]
I I
g Lo 1 @ (v @ (2) @f
12 @\/('1) ) @('2 1)@\/('2) 2:2:1 @('2) 1
1
g Xt Lo 2 @) @ (2) @ O @f
1=h2 - @ (1) ) @v(l2) ) (@ (" D)2 2:2:1 @O 1

Then, based on the de nitions in (54), we have

KHOM ke (L+ D@+ 2)QY9,(F)Qu (F)

WEEREE Dy ape @s b2ae aras L D)D)

where for (a) we used equations (79) and (81).
Case3.B2 |, 1, L +1.Bybuilding on the form of the gradient, we have
!
iy . @ W @f @ Yt @ @ (2 @f
1,12) =
Hy - (@(|1))2 @ () 1[|1=|2] + l[|1<l 2] @) - @ (190 1) @ (2 D@l @ (2)
Pt

! !
. Xt @t Y g @0 Y @® @ O @f
+ < 0 0

[11<l 2] o @) @(°D @(12) P @ (°D (@ (I 1))2 @O

10=1,+1

Then, we can obtain prove the following upper bound in a similar way to Case 3.A based on the de nitions in (54),
KH( ke (L+1)@+ 2)QY),(f)Q (f)

; ﬁ%m{ D+ 27 @r L2 Paras L D)+ ;
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where for (a) we used equations (79) and (81).

Putting all the shown results back[{B3), we prove equatio(40). We also note that all the constants in the Hessian bound
dependon 1w, 1r,thedepth, and the radiiw, (, 1,and . This dependence of this bound reduces to the depth and
the radii and becomes polynomial whenever 1, which is equivalentto ., + 1, 1 #ﬁm—

Now, we focus on proving the rest of equations in Lemma 4, namely, equations (41) and (42).

0y
Gradient and predictor bounds. We observe that far2 [L], % = gv((‘li Q|L0:, % @<@+1)1 and so
@f @® |, of
a® , a0, @ )
@V |l
@V(l) 5 pﬁ(l-'_ 1)

. . 1
L+ DA+ L @) "p=(1+ 1);
where the last inequality follows from Lemma 8.

We also have that

@f B @ (L+1) @f
@ty T @) @ (L)
@ (L+1) @f

@V(L+1) 5 @(L+1)
. L1
1+ 5+ Lj ONp=@1+ 1):

Similarly, we can obtain fokr, 2 f 2;:::;Lg,
of L . Lo 1 _
gl , @* DA+ L) e 1)
and
of L ; L1 _
g , @ DAL Ohpms 1)

Using all these derivations,
kal 2 9(*1 2
kr fk3= @i + @i

av @0 ,

1=1 1=2

Zanas WParL ©@par 0%

which nishes the proof for equation (41).

Now,
1
f - il > (L+1)
Im) %mV
1 (L+1)
pﬁkvkzk k2

1+ )+ “)A+Lj O));

which nishes the proof for equatio2). Again, we notice that all these bounds have a polynomial dependence on the
depthL, and the radii , r, 1,and ; whenever 1,i.e.,whenevery., + 1, 1 #f'm—

Thus, we nish the proof for Lemma 4.
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E.2. RSC and Smoothness Results
Using the results from the previous section, we immediately obtain the RSC and smoothness results.

Theorem 4(RSC for FNOs). Consider Assumptions 5, 6, and 7, aQtl as in De nition 3 withkr Gk, 6 0. Then, the
setB! := Q\ BEVt‘? Lo BEUC( t) is a non-empty set that satis es Condition 1(a) and (b) for suitableMoreover,

with probability at leastt.  #-*2. at stept of GD, the FNO lost. (6) satis es equatior(8) with

C1

t = 2 2kl’ Gt k% pﬁ X (14)
P P _
wherer Gy = 1 1 1 jR:1 r G (uU")(x;), and for some constary > 0 which depends polynomially on the
depthL, and the radii w, , 1,and , whenever 1., + 1 1 #)*m— Thus, the los& () satis es RSC w.r.t

(BY; ), i.e., Condition 1(c), whenevér Gik3 = ( p%).

Proof. We start by proving the rst part of the theorem's statement. We immediately see thatBsinceB EVLV‘? -, (o),
we satisfy Condition 1(a). We now need to satisfy Condition 1(b). We particularly focus on Condition 1(b.2). For this, we
proceed to show the existence of an elemétt B! that is an element of the s&f as in De nition 3, i.e., satis es

jeos(®  ur Goj (82)
and that also satis es the following two conditions:

ok L( ket T 2

Condition (A): k © (k, = forsome < ;and

Condition (B): the angle®betweer( © ()andr L( ;) is acute, so thatos( 9 > 0.
To show the existence of such elemefi2 B!, we propose two possible constructions:

Choice (A): If the points +1,r Gt + ¢, and  are not collinear, then they de ne a hyperpldPddhat contains the
vectorsr Giandr L( ) (recall that {41 ¢ = r L( ) bygradient descent). We choossuch
that the vector© | liesinP withcos( ® ;r G;)= (i.e., it satis es conditior(82) with equality)
while simultaneously satisfying ConditigB). If the points 41 ,r G; + ¢, and ; are collinear, we choose

Osuch that it is not collinear with these points, thus de ning a hyperpRuwéth these other three points, and
such that %is also taken so thatbs( © ;r G;) = while simultaneously satisfying Condition (B).

Thus far we have only de nedngle(or directior) conditions on the vector®  , and so there could be an
in nite number of values for { satisfying such angle conditions withoutbelonging to the seB &S . ( o)
nor Osatisfying Conditior(A). To determine the feasible values fd, we observe that, is strictly insidethe
setBEY . (o) by Assumption 7, and so® can be taken arbitrarily close t@ so that °2 BEY . ()
and Condition (A) is satis ed.

We remark that, regardless of the collinearity of the poipis ,r G; + ¢, and ¢, hyperpland® contains
thevectors © (,r Gy,andr L( ), all sharingits originat; 2 P.

Choice (B): We choose®as in Choice (A) but with G, replaced byr  G;.
We immediately notice that®de ned by either Choic€A) or Choice(B) satises °2 Q' \ BE' . ( ). To make °
belong to the seB!, we need to nd a radius; such that ©2 BEUC ., (" 0), which is done by takmgz > with asin

Condition(A). Finally, it is straightforward to verify that sucf'2 Bt de ned by either ChoicéA) or Choice(B) will
always exist, by considering the following cases for the andletweenr Gy andr L( ¢):

() If 2[0; =2]or 2 [3=2;2 ], then ChoicgA) will be true, sincer , L( {) is in the positive half spaéef
r G;and

2\We saya is in the positive half-space &f if ha;bi 0.
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(i) if 2[=2 Jor 2 [; 3=2], then ChoicgB) will be true, sincer ,L( ) is in the positive half space of
r Gt.

Now, let us assume we are in the case of i{nabove, so that®is constructed according to Choi¢®) (the rest of the
proof can be adapted to the case of Ch@giBeand to item(ii) by using a symmetrical argument and so it is omitted). Let
be the angle betweer? andr G, sothatcos( 1) = according to Choice (A). Then, we have that

. o o L . b p
jeos(9j=jcos( )i j cos(=2 )j=jsin(1)j= 1 cof( )= 1 2:

Further, by the construction in Conditi¢B), cos( 9 > 0, which impliescos( 9 P 1 2> 0. Now, by the smoothness
property of the empirical lods we have

LCY Lo h ® ar L+ 5k ® g

L( ) k ©  tkokr L( t)kzcos( 9+ Ek ° K

L(¢) kr L( o)kzcos( 9+ 5 2
p___
L (¢ kr L(ok 1 2+§2

P
2kr L(kp 1 2

<L(4):

where the last inequality follows by the construction @ Condition(A). Thus, we havé ( 9 < L( ), which implies
that the constructed®is as described in Condition 1(b.2). This nishes the proof for the rst part of the theorem's statement.

The second part of the proof, i.e., the RSC condition over the non-empB/!sdbllows from a direct adaptation of
Theorem 5.1 in (Banerjee et al., 2023a) using Lemma 4. Since we are using Lemma 4, the condition for polynomial
dependence on the bounds carries on. O

Theorem 5(Smoothness for FNOs).Under Assumptions 5 and 6, with probability at ledst 2AL*2) the FNO losd. (6)

is -smooth iRBE“S (' o) with being a positive constant which depends polynomially onrphe depnd the radii ,

r,and ; whenever 1., + 1 1 4;%

Proof. The proof follows from a direct adaptation of the proof of Theorem 5.2 in (Banerjee et al., 2023a) using Lemma 4,
where it can be shown that= 29 + p< for some positive constawotwhich inherits the dependence on the constants
1w, 1r,the deptiL and the radii , ,and ; from Lemma 4. O

Proposition 3 (RSC to smoothness ratio).Under the same conditions as in Theorems 4 and 5, we have thak 1
with probability at leastt. 22

Proof. From the direct adaptation of the proof of Theorem 5.2 in (Banerjee et al., 2023a) using Lemma 4, we can obtain

b
kr Gtk 9%. Then, . © 2 2kr Gik3 2296 2% Q , where (a) follows fron{14) and (b) from Theorem 5.
This result shows thatt < 1. O

F. Supplementary Information for the Experiments

In this section we expand on the mathematical description of each operator learning problem studied in Section 8. We also
present further results on how the accuracy of each neural operator model improves as time wattases. Finally, we
provide details about the hyperparameters and datasets used in the training of the corresponding models.

The associated code for the experiments in Section 8 and the ones presented in this appendix arehfoumd in
/[github.com/bhaveshshrimali/neuralop_optimization
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Figure 5: Sample solutions obtained for the Antiderivative operator for DONsf@rf 10; 50; 500y at the end of the
training process (80,000 epochs) for a randomly chosen input function. The “data” refers to the ground truth (obtained by a
standard numerical solver) and “pred” corresponds to the learned operator.

We remark that all experiments with widths 2 f 10; 50g were run on a personal computer with one NVIDIA Quadro GPU,
while the rest of widths were on Google Colab with single NVIDIA L4 and A100 GPUs.

F.1. Antiderivative Operator

We consider a simple one-dimensional Antiderivative or Integral operator given by
Z X
s(x) ;= G(u)(x) = u( )d; x 2 [0;1]: (83)
0

Note thatG(u) is a linear operator and therefore learnable up to high accuracy. This is evident from the training loss in
Figure 1 as well as from the sample solutions presented in Figure 5 for DONs and in Figure 6 for FNOs. We observe that
overall an increase in the width leads to higher training accuracy and lower training loss.

The sample size of the training dataniss 2000, with every input functioru”, i 2 [n], being a one-dimensional Gaussian
Random Fields (GRF). For DON training, we cho&se 100 input locations and we choo4®0output locations for each
input function, i.e. = 100, i 2 [n] (according to the notation in Section 331[For the FNO, the input function is also
sampled across00locations (i.e.R = 100 using the notation in Section 6); however, since we are interested in the model
to provide an output 0f00output locations, we modify the FNO architecture to provide this vector-valued odtpot. all

the experiments we x the learning rate for tAdamoptimizer atL0 * and with full-batch training, i.e., the batch size of
2000for both DONs and FNOs. For testing the trained neural operators, we generate another one-dimensional GRF.

F.2. Diffusion-Reaction Operator

We are interested in learning an operd®or u(x) ! s(x;t) for the solution operator of the one-dimensional Diffusion-
Reaction equation implicitly given by

@s . @s _ . . 17 -
= Dgxt U0 (6021 ©O1); (84)

3During training; however, for eadh2 [n], instead of averaging the loss over all thepoints, we simply randomly choose one of the
g points and evaluate the loss on it. This is strictly done in the interest of computational ef ciency, since it is known to not reduce the
accuracy of the results for the Antiderivative operator; e.g., see (Lu et al., 2021).

“This means that we ha = 1 (according to the notation in Section 3.2) with the understanding that for each input function, we
output a vector of siz&00. This is done as an alternative to an FNO with a scalar output which is averaged acrb@8 ltheations
(for which we would havé&k = 100), which is what we described in Section 3. We remark that we considered this modi cation on the
output of the FNO just for the sake of computational ef ciency, and this only empirically works for the case of the Antiderivative operator.
Again, as in the case of DONs, we randomly sample one of the output locations to compute the loss during training.
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Figure 6: Sample solutions obtained for the Antiderivative operator for FNQO® farf 10; 50; 5003. The setting is the
same as in Figure 5.

with D > 0 and zero initial and boundary conditions, namely,
s(0;t) = s(1;t)=0 and s(x;0)=0;

along with a forcing functiom(x) de ned by a GRF. This is the same setup as in (Wang et al., 2021a; Lu et al., 2021). The
corresponding solutions for DONs and FNOs are presented in Figures 7 and 8 respectively. Again, a largereadthto
a more accurate solution.

The neural operator aims to learn a mapping from the forcing function to the solution at different times in the
interval (0;1], in other words, the forcing function would be theput functionas de ned in Section 3. We
make use of a slightly modi ed solver provided liips://github.com/PredictivelntelligencelLab/
Physics-informed-DeepONets to generate the training data for the equation. We generate solutioms=f6000

input functions which are sampled a00 points in the space dimension (i.e., the interf@ll] for x in (84)is divided

in 100 points) so thaR = 100 for DON andR = 100 for FNO (according to the notations in Section 3.1 and Section 6
respectively). For computing the solutions, we are interested in computing tHE0 @ifferent timest within the time
interval (O; 1] in (84) (in order to be able to plot the two-dimensional mapxaendt in Figures 7 and 8). This division of
both spatial and time dimensions results in a grid@f000 points that can be chosen as output locations. For the training of
DON:s, for each 2 [n], we only seleciO0scattered points from the grid of output locations (out of th&ji000 points),

so thatg(!) = 100, which will become the input to the trunk net. However, for the training of FNOs, we do choose the
full grid as output locations and thus we modify the FNO to provied00 outputs instead of the scalar output provided

in our theoretical analysisWe x the diffusivity asD = 0:01 For all the experiments we use a constant learning rate
of 3 10 4 andAdamoptimizer with a batch size @f00Q For testing the trained neural operators, we generate another
one-dimensional GRF.

F.3. Burgers' Equation

The Burgers' equation operator learns an oper&om(x) ! s(x; 1), where

@s, _@s @s_.. . . .
ot Sox @_o, (x;t)2 (0:2 ] (0:1]

s(x;0) = u(x); x2(0;2]

(85)

with > 0and periodic boundary conditions
s(0;t) = s(2;t)

%ZO;t): %ZZ;t ) :

5A scalar output is needed if we were interested in evaluating the operator at only one speci ¢ spatial boeatibane speci ¢ value
of timet; however, as can be seen in Figures 7 and 8, we are interested in plotting solutions at multiple locations and times.
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