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Abstract

We present GL-LowPopArt, a novel Catoni-
style estimator for generalized low-rank trace
regression. Building on LowPopArt (Jang
et al., 2024), it employs a two-stage approach:
nuclear norm regularization followed by ma-
trix Catoni estimation. We establish state-of-
the-art estimation error bounds, surpassing
existing guarantees (Fan et al., 2019; Kang
et al., 2022), and reveal a novel experimen-
tal design objective, GL(w). The key tech-
nical challenge is controlling bias from the
nonlinear inverse link function, which we ad-
dress with our two-stage approach. We prove
a local minimazx lower bound, showing that
our GL-LowPopArt enjoys instance-wise op-
timality up to the condition number of the
ground-truth Hessian. Our method immedi-
ately achieves an improved Frobenius error
guarantee for generalized linear matrix com-
pletion. We also introduce a new problem
setting called bilinear dueling bandits, a
contextualized version of dueling bandits with
a general preference model. Using an explore-
then-commit approach with GL-LowPopArt,
we show an improved Borda regret bound
over naive vectorization (Wu et al., 2024).

1 INTRODUCTION

Low-rank structures are ubiquitous across diverse do-
mains, where the estimation of high-dimensional, low-
rank matrices frequently pops up (Chen and Chi, 2018).
Beyond simply possessing a low-rank structure, real-
world observations are often subject to nonlinearities.
One ubiquitous example is modeling discrete event oc-
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currences by the Poisson point processes (Kingman,
1992; Mutny and Krause, 2021), such as crime rate (Shi-
rota and Gelfand, 2017) and environmental model-
ing (Heikkinen and Arjas, 1999). In news recommenda-
tion and online ad placement, outputs are often quan-
tized, representing categories such as “click” or “no
click” (Bennett and Lanning, 2007; Li et al., 2010, 2012;
McMahan et al., 2013; Richardson et al., 2007; Stern
et al., 2009). Other applications involve predicting
interactions between multiple features, e.g., hotel-flight
bundles (Lu et al., 2021), online dating/shopping (Jun
et al., 2019), protein-drug pair searching (Luo et al.,
2017), graph link prediction (Berthet and Baldin, 2020),
stock return prediction (Fan et al., 2019), and, more re-
cently, general preference learning (Zhang et al., 2025),
among others. In these settings, it is natural to model
the problem as matrix-valued covariates passed through
a nonlinear regression model. In particular, when the
observations are sampled from the generalized linear
model (McCullagh and Nelder, 1989), these diverse
problems fall under the umbrella of generalized low-rank
trace regression (Fan et al., 2019), which we describe.

Problem Setting. ©, € R%*9 is an unknown ma-
trix of rank at most r < di A da, and X C Ré1xd
is an arm-set (e.g., sensing matrices). The learner’s
goal is to output © that well-estimates O, from some
observations {(X¢,y:)}+en], collected as follows.

For a given budget N € N, a sampling policy (design)
is a sequence 7n = (7¢)¢cn], Where each m € P(X)
is potentially history-dependent; see Lattimore and
Szepesvéri (2020, Chapter 4.6) for the precise measure-
theoretic formulation. When the learner uses 7y, at
each time ¢ € [IN], she samples a X; ~ 7; and observes
y¢ sampled from generalized linear model (GLM) whose
(conditional) density is given as follows:

Ye(Xt, O4) — m((Xt,®*>)>
g(1) '

P(ye| X1 ©,) o exp (

Here, m : R — R is the log-partition function, 7 is
the dispersion parameter, g : R — R.( is a fixed
function, and the density is with respect to some known
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base measure (e.g., Lebesgue, counting). We refer to
W =1 as the inverse link function. We assume that
all components of the GLM, other than ®,, are known
to the learner; see Appendix N(5) for discussions on
what happens under model misspecification.

Given mn = (7¢)¢e|n], we distinguish two setups: in
the adaptive scenario, each m; € P(X) may depend on
past observations, as is standard in interactive learning
problems such as bandits (Lattimore and Szepesvéri,
2020) and active learning (Settles, 2012), whereas in the
nonadaptive (passive) scenario, all policies are identical,
i.e., m = 7 for a known 7 € P(X), fixed before inter-
action begins. In our setting, we omit ¢ dependence for
brevity, since in the adaptive case our algorithm only
switches policy once (7o for Stage I and 7 for Stage II).
We also remark in advance that our lower bound holds
for any adaptive policy my.

Related Works. Owing to its ubiquity, much work
have been done in providing statistically and compu-
tationally efficient estimators for this problem, both
generally (Fan et al., 2019; Kang et al., 2022) and in
specific scenarios such as generalized linear matriz com-
pletion (Cai and Zhou, 2016, 2013; Davenport et al.,
2014; Klopp, 2014; Klopp et al., 2015; Lafond, 2015;
Lafond et al., 2014) and learning low-rank preference
matrix (Rajkumar and Agarwal, 2016). Correspond-
ing minimax lower bounds have also been proven that
are tight with respect to rank r, dimension dy, ds, and
sample size N; see Appendix A for a detailed survey.

Main Contributions. While prior work has made
significant progress, a crucial aspect has been over-
looked: the instance-specific nature of curvature. To
our knowledge, all existing analyses rely on worst-case
curvature bounds, obscuring the problem’s true dif-
ficulty. For example, known performance guarantees
for generalized linear matrix completion depend in-
versely with min, <, fi(z), where v > 0 is such that
max; ; [(@y);;| < v and g is the derivative of the in-
verse link function (Davenport et al., 2014; Klopp et al.,
2015). For instance, when p(z) = (1+e72)~1, this leads
to a dependence of €7 (Faury et al., 2020). This is not
instance-wise guarantee in the sense that it arises from
the worst-case 1 over the entry-wise domain [—v,7],
rather than adapting to the specific instance O,.

Our contributions are as follows:

e We propose GL-LowPopArt, an extension of
LowPopArt (Jang et al., 2024) to generalized low-
rank trace regression, that consists of 1) Stage I
computes an initial estimate ¢, and 2) Stage 11
refines it via matrix Catoni estimator (Minsker,
2018). We prove its instance-wise error rate

for any design m € P(X) (Theorem 3.1):

H@*@,( 2 GL(’/T,(")()) < d1 \/d2

<
p M8 TN N N (H (T 0,))

where GL(7) (Definition 3.1) is a new experimen-
tal design objective that captures the nonlinearity
and the arm-set geometry, and Ay, (H (7; ©,)) is
the minimum eigenvalue of the Hessian of the neg-
ative log-likelihood loss at ©®,. The proof requires
careful bias control of one-sample estimators dur-
ing matrix Catoni estimation (Minsker, 2018). In
the adaptive scenario, one can directly optimize
the error bound as min, GL(7; ®y). (Section 3)

e We prove the first instance-wise minimax
lower bound for generalized low-rank trace re-
gression (Theorem 4.1): for any 7y and instance
0,, there is a é* near ©, such that

2 > T(d1 \Y dg)
F ™~ Npax(H(wn;04))’

l6-6.

where Apax () is the maximum eigenvalue. When
N = (7¢)e[n) is of the form 7, = moll[t < Ni] +
wl[t > N;] with Ny = o(N), GL-LowPopArt is
nearly instance-wise optimal, up to the condition

Amax (H(m;0,)) (SectiOIl 4)

number, e (H(m0.)) "

e As the first application of GL-LowPopArt, we re-
visit the problem of generalized linear matriz com-
pletion (Davenport et al., 2014; Klopp et al.,
2015; Lafond, 2015) and prove an error rate with
instance-specific curvature (min; ; p((G*)i,j))‘l.
This improves upon prior results that depend on
the worst-case curvature. (Section 5.1)

e As another application, we propose and tackle
bilinear dueling bandits, a new variant of gen-
eralized linear dueling bandits with the contextual
bilinear preference model of Zhang et al. (2025).
We propose a GL-LowPopArt-based explore-then-
commit algorithm and prove its Borda regret upper
bound (Theorem 5.1):

2/3
Reg” (T) Siog (GLunin(X))? (27)*°

where k2 is a new curvature-dependent quantity

specific to each bandit instance. (Section 5.2)

2 TECHNICAL PRELIMINARIES

Notation. For a A € R™*" with singular values

. min{m,n} IS
g1 Z Z Umin{m7n}7 HAHnuc = Zi:l 0; 18 its
nuclear norm, and [|A[|,, := o1 is its operator (spectral)

norm. For B € R"*™ their Frobenius inner product is
defined as (A, B) := tr(A" B). For a symmetric A €
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R™>m X\, (A) is its i-th largest eigenvalue, Apax 1= A1,
and Apin := A;,. On the positive semidefinite cone,
define the Loewner order < as A =< B if and only
if B — A is positive semidefinite. For a S > 0, let
us denote B *%2(8) := {X € R1x% ;| X|, < S}
for i € {op,nuc, F'}. vec : R4 — Ré1dz performs
column-wise stacking of a matrix into a vector, and
vec™! is its inverse. f(n) < g(n) and f(n) =< g(n)
indicates f(n) < cg(n) and cg(n) < f(n) < dg(n)
for some constants ¢,¢’ > 0, respectively; log in the
subscript (e.g., Siog) indicates up to logarithmic factors.
Denote a A b := min(a,b) and a V b := max(a,b). For
an €N, let [n] :={1,2,...,n}. For aset X, P(X) is
the set of all probability distributions on X.

Assumptions.
rameter space ()

We assume the following for the pa-

Assumption 1. Q C R%*% s g linear subspace sat-

isfying ©® € Q = Proj,.(®) € Q, where Proj,.(®) :=
. 2

arg My nk(@/)<r ||® - ®/||F‘

Some notable examples include R4 %92 and the set of
(skew-)symmetric matrices when d; = ds.

We assume the following for the arm-set X
Assumption 2. span(X) = R%1xdz,
This is essential as otherwise one cannot hope to recover
©, in the direction of span(X)t # ().
We assume the following for m(-):
Assumption 3. m : R — R is three-times differen-

tiable and convex. Moreover, the inverse link function
1= 1 satisfies the following two conditions:

(a) Rs-self-concordant for a known Rs € [0, 00), i.e.,
ii(2)| < Rsfi(z), Vz € R,

(b) L,:= SUPxecx @cn (X, 0)) < oco.

This encompasses Gaussian (m(z) = 32%), Bernoulli
(m(z) =log(1 + €7)), and Poisson (m(z) = €*).

3 GL-LowPopArt: A MATRIX
CATONI-STYLE ESTIMATOR

For m € P(X) and © € R4*%  we define the vectorized
design/Hessian matriz:

V(n) := Exrr[vec(X )vec(X) ],
H(7;0) :=Ex. . [1((X,0))vec(X)vec(X) ],

where H (m;®) is the Hessian of the population neg-
ative log-likelihood: ® — —g(7)Ex~[log p(y|X; ®)].

Observe that V(r) = H(m;©) when pu(z) = z. We
will also define an instance-specific quantity:

Koy 1= %é%ﬂ((Xa@*» > 0.

We now recall some notions from matrix analysis to
describe the matrix Catoni estimator (Catoni, 2012;
Minsker, 2018). For any f : R — R and sym-
metric M € R4 we define f(M) as f(M) :=
Udiag({f()\i)}ie[d])UT, where M = UAU' with
A = diag({\}ie[q) being the eigenvalue decomposi-
tion of M, i.e., f acts on its spectrum. The Hermitian
dilation (Tropp, 2015), H : Rd1xd2 — Rdi+dz)x(di+dz)
is defined as

04,xq, A
H(A);“ﬁd ded}.

The influence function (Catoni, 2012) is defined as

x>0,
x < 0.

| log(1 + 2 4 22/2),
vie) = { log(1 — = + 2/2),

We then define 1, (A) := Ly)(vH(A))y for v > 0,

where for M € R(d1+d2)x(d1+d2) e define its horizon-
tal truncation as My := Mi.4,,d,+1:d,+ds -

3.1 Overview of GL-LowPopArt

We present GL-LowPopArt (Generalized Linear LOW-
rank POPulation covariance regression with hARd
Thresholding; Algorithm 1), a novel estimator for gen-
eralized low-rank trace regression. GL-LowPopArt con-
sists of two stages: the first stage provides a rough,
initial estimate, and the second stage refines it via ma-
trix Catoni estimator (Minsker, 2018). It takes two
designs my and 7 as inputs for Stage I and II, respec-
tively. When the learner is in the adaptive learning
scenario, she can choose m dependent on the data col-
lected during Stage I. If not, she can set my = 7.

Stage T uses the observations {(X;,y;)}r", collected
via 7y to compute a “sufficiently good” initial estimate
©¢. In Stage II, for each sample (Xy,y:) colllected
via another design 7 for ¢ = Ny +1,--- N1 + Na,
GL-LowPopArt constructs one-sample estimator O,
such that E[@] ~ ©, — Oy (line 8). Then, the -
projected matrix Catoni estimator ®; is computed
(line 9). The final estimator © is obtained by singular
value thresholding ©; (line 10). Note that the algo-
rithm is parameter-free in the sense that the algorithm
does not require the knowledge of the rank r of ©,.

The final estimation error guarantee is solely due to ma-
trix Catoni estimation (Minsker, 2018) in Stage II, yet
unlike the linear trace regression (Jang et al., 2024), we
require for the initial estimate @ to be asymptotically
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Algorithm 1: GL-LowPopArt

Ju

Input: Sample sizes (N7, Na), designs mg € P(X) for Stage I, Regularization coefficient Ay, > 0;

/* Stage I: Nuclear Norm-regularized Initial Estimator x/

fort=1,2,---,N; do
L Pull X; ~ m and receive y; ~ p(-| Xt; Oy);

Uk W N

Compute an initial estimator ¢ using {(Xq, yt)}i\;ll collected via my;
If in the adaptive scenario, compute 7 for Stage II; else, set m = mp;

/* Stage II: Generalized Linear Matrix Catoni Estimation */

fOI‘t:Nl—i-LNl—FQ,"' ,N1—|—N2 do
Pull X; ~ 7 and receive y; ~ p(-|X;; ©,);
8 Compute the matrix one-sample estimators:

g o

ét — VeC71 (ét) s

0, «— H (7, @0)71 (ye

— (X1, ©q))) vee(X)

. Ni+No 7 /7 . L 4(d1+ds) .
9 ©; < Projg <@0 + Ni2 (Zt:lle1 ,(!)V(@t))ht) with v := \/5g(r)GL(27r;®o)Nz log 5 2,

10 Let @1 =
11 Return: © := UﬁVT;

UDV be its SVD and D be D after zeroing out singular values at most v/40g(7)GL(m; ©¢)v;

consistent. This is the main technical novelty/challenge
for the algorithm design and analysis.

Before presenting the error rate of GL-LowPopArt, let
us first define a new design objective for Stage II:

Definition 3.1 (GL-Design). For anym € P(X) and
©, € R4 the GL-Design objective GL(T;©,)
is defined as follows:

GL(m; ©,) := max{H"") (7; @,), H) (1;®,)},

where

H(IOW) (7'(' G') = max (Z D (I'OW) ))

D, (7;@,) := [(H(x; 9*)_1)jk]j,keIm(r°W)’

do
H(COI) (7'('; 6*) = )\max <Z Dm(COI) (7T; 6*)> 3

m=1

D, (r;0,) := (H(m; 0.) )z, con 7, (con
= {d1( ) +

and the index sets defined as T, Tov)
m: L€ [da]} and TS = [dy(m

%A nice illustration of DT(fLOW) and Dﬁff’" is provided
in Figure 1 of Jang et al. (2024).

We now present the error rate of GL-LowPopArt, which
holds for any my, 7, adaptive or nonadaptive:

Theorem 3.1 (Error Rate of GL-LowPopArt). Let

6€(0,1), X CBL*%=(1),* and denote
E(N3,0) :== 9(r)GL(r; ©.) log tt d2.
N §

The final estimator e) Jrom Stage II satisfies the
following w.p. at least 1 — §: rank(®) < r and

oo

S 5(N27 6)7
op
provided that ©gy from Stage I satzsﬁes
1€+ = Bl S Fxg(7), and R, [©, — Oyl
Amin (H (7;©¢))E (N2, 0) w.p. at least 1 —§/2.

%This has been considered before in low-rank and
bilinear bandits (Jang et al., 2024; Jun et al., 2019).

nuc N

3.2 GL(m;0,): A New Experimental Design

GL-Design Objective. GL(7;0®,) captures two
problem-specific characteristics: nonlinearity due to
w via the Hessian H (m; ©,) and the geometry of X.
When p(z) = z, it reduces to the linear design objec-
tive (Jang et al., 2024, Theorem 3.4).

The following proposition shows that the GL-Design
objective is closely related to the Hessian H (7; ©,):

Proposition 3.1. For any m € P(X),

dida(dy V do) di V ds

w(H(mO,) < M8 < T ey
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Table 1:
E(N) =

Comparison of squared Frobenius error rates under our Assumptions 1 to 3, and g = w. We denote
2
% for brevity. We also assume that other assumptions required by the prior works (Fan et al., 2019;

Kang et al., 2022) hold, additional to our assumptions, as long as they are not conflicting. For our GL-LowPopArt,

we employ optimal GL-design in Stage II.

Estimator X = BEX% (1)

X = BLx (1) X =M

Nuclear Penalized MLE"
(Fan et al., 2019, Theorem 2)

K:2d1d2 (d1 A\ dg)g(N)

H:Q(dl /\dg)g(N) Ii:2d1d2(d1 /\d/g)g(N)

Stein Estimator?

—2
(Kang et al., 2022, Theorem 4.1) ki (di A dp)E(N)

H;2(d1\/d2)€(N) N/A

GL-LowPopArt

=1
(Ours, Theorem 3.1) R (d1 A dQ)E(N)

K LE(N) Harm(©,) (d; A d2)E(N)

* We choose 7 = arg max,¢p(x) Amin(V (7)) and compute the error bounds via Jang et al. (2024, Appendix
D). Note that this E-optimal design is the best one could do with the given information.
 This requires 7 to have a continuously differentiable density over X, and thus, not applicable to M.

Optimal GL-Design. In the adaptive setting, the
learner may choose 7 to minimize the GL-Design ob-
jective for Stage II, which would then minimize the
error rate as in Theorem 3.1. This is in essence a opti-
mal design problem (Pukelsheim, 2006), in which the
learner chooses mgr, € argmin, cp(y) GL(m; ©,). Let
GLpin(X) := GL(7gL; ©4) be the optimal value.

Two practical concerns arise. First, @, is unknown,
so the ideal problem is not directly solvable. In prac-
tice, one can instead solve argmin,cp(x) GL(7; ©9).
Given that ©g is sufficiently close to ®,, by self-
concordance and the fact that X C BI*%(1), we
have that H(m;0¢) ~ H(m;©,) (see our Lemma C.4).
This then ensures that GLy,i, (X)) is retained up to a
constant factor, i.e., the optimal GL-Design w.r.t. ®q
still captures the true problem characteristics.

The second concern is regarding the computational
complexity of solving the optimal GL-design. This
can indeed be efficiently solved, as m — GL(m; ®g)
is convex. Implementation-wise, one can formulate it
into an epigraph form via Schur complement (Boyd
and Vandenberghe, 2004) and use any available convex
optimization solver, e.g., CVXPY (Agrawal et al., 2018;
Diamond and Boyd, 2016); see Appendix H for more
detailed discussions.

We conclude with upper bounds of GL;, for Frobe-
nius/operator unit balls and matrix-completion basis:

Proposition 3.2 (Upper bounds of GLyn). Let
M = {ei€] : (i,§) € [di] x [do]} be the matriz-

completion basis. Then, with Zi,j o= Zf;l 2?2:1,

Glnin (BEX (1)) S w7 dida(da V da),
GLunin (BL*% (1)) < k71 (dy V da)?,
GLpin(M) < Harm(@©,) " 'didy(dy V dy),

=il
where Harm(©,) := dldQ(Zm ﬂ((@*)ij)*l ) is

the harmonic mean of the entry-wise curvatures.

Proof. The first two claims follow directly from Propo-
sition 3.1 and Jang et al. (2024, Appendix D) The
third claim follows from Proposition 3.1 and solving
the optimal design explicitly; see Appendix E.1. O

3.3 Comparison with Prior Works

The comparison with prior works is rather intricate,
as different works consider different assumptions, es-
pecially regarding X and the design 7. For clarity, we
will make the comparisons under our Assumptions 1
to 3 and that the GLM is bounded; we defer detailed
discussions regarding the discrepancies in the settings
compared to prior works to Appendix G.

Table 1 summarizes the comparison with prior state-of-
the-arts: nuclear penalized estimator (Fan et al., 2019,
Theorem 2) and Stein’s lemma-based estimator (Kang
et al., 2022, Theorem 4.1). For fair comparison, we
consider the bound achievable by optimal design in all
cases whenever applicable. Our GL-LowPopArt achieves
improvements in curvature-dependent quantites, and
sometime even in dimensions.! This suggests that
our optimal GL-Design captures the problem-specific
characteristics more effectively than prior works.

Remark 1 (Unbounded X). It is common to con-
sider the case when the (matriz-valued) covariates are
drawn from R4>92 with 7 being some tail-bounded
distribution (Fan et al., 2019; Kang et al., 2022; Lu
et al., 2021; Negahban and Wainwright, 2011). Thus,
one may wonder if our results hold for unbounded X .

'This is similar to how Jang et al. (2024) improved over
Koltchinskii et al. (2011) in linear trace regression.
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In Appendiz C.2, we show that when p(z) = z, our
results extend to unbounded X and obtain better error
rates than the nuclear penalized estimator in multi-
varaite regression (Negahban and Wainwright, 2011).
However, when u is nonlinear, our current analysis
relies heavily on the fact that X C BZ*%(1). On
the bright side, our proof suggests that under proper
moment conditions on m, our results may extend to
unbounded X with potentially stronger requirement
on ©q. We leave this direction for future work.

3.4 Proof Sketch of Theorem 3.1

The proof is inspired by Jang et al. (2024, Theorem
3.1), but some crucial differences make the extension
non-trivial. The full proof is deferred to Appendix C.

For simplicity, let us denote H := H (m; ®y) in this
proof sketch, and ignore Projg. The core idea is to
apply matrix Catoni estimation of Minsker (2018) to
O, — Oy, by constructing vectorized one-sample esti-
mators (line 8) as follows:

6, = H" (y, — n((X,, ©0))) vee(X.).

For matrix Catoni to apply, the one-sample estimators
should be unbiased, i.e., they should satisfy E[0;] =
vec(®, — ©g). However, note that

E[6:] = H 'Ex [(1({X, ©.)) — (X, ©y))) vec(X)].

When p(z) = 2z as in Jang et al. (2024), above reduces
to vec(®, — Op), making 6, its unbiased estimator.
However, when p is nonlinear, it becomes biased.

The key technical novelty is appropriately dealing with
this bias, inspired by recent progress in logistic and gen-
eralized linear bandits (Abeille et al., 2021; Jun et al.,
2021; Lee et al., 2024a). Specifically, by the first-order
Taylor expansion of p and self-concordance (Assump-
tion 3(a)), we show the following (Eqn. (C.1)):

|E®©] - (©. - ©0)|| SR J©. -0

nuc °

We remark that the sample splitting approach? of
Warm-LowPopArt (Jang et al., 2024, Algorithm 2) fails
due to this bias. On the other hand, if the initial es-
timator @y is sufficiently good (in the precise sense
as stated in the theorem statement), then this bias
becomes negligible. Lastly, the GL-Design objective
GL(7; ©,) arises from the matrix variance statistics for
(:)t’s, and we conclude with the error rate for matrix
Catoni estimator (Minsker, 2018, Corollary 3.1). O

2run Stage IT with No/2 samples with 0 to obtain @y,
then Stage II again using the remaining samples and ®g

3.5 Stage I via Nuclear Penalized MLE

For © from Stage I, we consider the standard nuclear
penalized MLE, which has been extensively studied in
generalized low-rank trace regression literature (Fan
et al., 2019; Kang et al., 2022; Lu et al., 2021). Con-
cretely, using N7 samples from g,

O + argmin Ly, (©) + Ay, ||O]|
0cQ

£y,(8)i= -3 (m((X:,©)) ~ (X1, ©)}.

We first present the its error rate:

Theorem 3.2 (Error Rate of Stage I). Let 6 € (0,1),
X C BLX®(1), and set Ay < N% log %.“
Then, the following holds w.p. at least 1 — 0/2:

1 Cr. di+ds
® -0 < /=1
190 = Oulle X S EmON VW B "5
provided that Ny 2 x-S tdgr - jog ditds.

“For bounded GLMs, C < g(7)Ex~r [0({X,O.))],
and for GLMs with finite subexponential norm of K,
C =< K?; see Proposition F.1.

Combining the above with Theorem 3.2, we have the
following requirement on N7 and N, as follows:

> dtdy
N, ZRS Cr ‘ No log 16 2 |
Amin(H (7;0,))3 | g(7)GL(7; ©,)

i.e., asymptotically, the requirement for Stage I is negli-
gible compared to that for Stage II. Also, note that the
requirement vanishes when Rg; = 0, which mirrors the
results in Jang et al. (2024) for linear trace regression.

Proof Sketch of Theorem 3.2. We follow the general
framework for analyzing M-estimators with decom-
posable regularizers (Wainwright, 2019, Chapter 9),
introducing notable analytical improvements over Fan
et al. (2019, Theorem 2). The complete proof is de-
ferred to Appendix F.

First, leveraging the boundedness of the covariates and
matrix Bernstein inequalities (Tropp, 2012, 2015), we
derive a tight choice for the regularization coefficient
AN, for GLMs with bounded or sub-exponential re-
sponses (Proposition F.1). This approach eliminates
a dj Vds factor present in the double covering argument
of Fan et al. (2019, Lemma 1) and accommodates a
broader class of GLMs, such as Poisson, which their
assumptions preclude.?

3Fan et al. (2019, Lemma 2) requires ||©4||r = v/d1 V da
and |fi(z)| < ﬁ for |z| > 1 (conditions C4 and C5).
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Next, we establish the restricted strong convexity (RSC)
of the regularized loss function (Lemma F.1). By
combining the self-concordance of the link function
(Assumption 3(a)) (Ostrovskii and Bach, 2021) with
standard empirical process theory (Ledoux and Tala-
grand, 1991) and the matrix Bernstein inequality yields
the requisite RSC condition. The final error bound
then immediately follows from standard M-estimation
guarantees (Wainwright, 2019, Corollary 9.20). O

Remark 2 (E-Optimal Design). Before Stage I,
one can consider the E-optimal design (Pukelsheim,
2006): m € arg maX,cp(a) Amin(V (7). This would
optimize the error rate of Stage I, further alleviating
the overall sample size requirements. We defer the
details of to Appendix I.

4 LOCAL MINIMAX LOWER
BOUND FOR || »

In this section, we prove a local (instance-wise) minimax
lower bound on the estimation error for generalized
low-rank trace regression in the intersection of rank
and nuclear norm balls. For each instance ®, with
rank(®,) < r and [|®,],,. < S« for some S, > 0,
define its local neighborhood of radius € > 0 as

N(®*§E7T7 S*) = {G') € @(7”, S*) : H@ - G*HF < E}’

O(r,S.) :== {® € R"*% : rank(©) < r, | O

nuc

O(r, S,) has been considered before in the context of
minimax lower bound by Rohde and Tsybakov (2011),
similar to that of sparse regression in the intersection
of ¢y and ¢1-ball constraints (Rigollet and Tsybakov,
2011, Theorem 5.3).

We now present our generic lower bound for generalized
linear trace regression encompassing active scenarios:

Theorem 4.1 (Local Minimax Lower Bound). Let
A C BL*%2(1), and S, > 0,7 > 1 be such that

2
S > v for some v > 0. Also, suppose that N >

s
R;ISEQ A;iil(\;fa?g*))). Then, there exist Cp, Ca(7y) >
0% and c € (0,1) such that the following holds: for
each wn and O, € O(r, S,) with H(-D*H?, > % there
exists a small enough ¢ = e(mwy, ©,) > 0 such that
infg supg - Pr o &, () = c, where

2 Cag()r(d1 V d2) }

>
F~ Nlnax(H(mwy; 9,))S2

£ = {H(:)—(:)*

N
1
H(wn; ©,) := N E H(m;0,),
t—1

< 8.},

N :=N(Oy;e,m,Sy), and P 6.

measure of the N observations under wy and ©,.

is the probability

] : Cy
“C} is a universal constant, and Co = ﬁ for a

universal constant C% > 0.

Proof Sketch. We mainly utilize the many hypothe-
ses technique of Tsybakov (2009, Chapter 2) for high-
probability minimax lower bound; see also Yang and
Barron (1999). One key technical novelty is the con-
struction of a local packing ©, .3 C O(r, S,) around
the given instance @,. Then, we carefully expand the
Dyr, between two GLMs from the packing by utilizing
its Bregman divergence form (Lee et al., 2024b) and
self-concordance of p (Assumption 3(a)), which leads to
the instance-specific quantity A\yax (H (m;©,)) 1. Also,
note that we don’t explicitly require any restricted isom-
etry assumption (Koltchinskii et al., 2011, Eqn. (2.4)).
Refer to Appendix J for the full proof.

This notably deviates from Rohde and Tsybakov (2011,
Theorem 5), where they considered a packing around
©, = 0 for linear trace regression. When u(z) = z,
this still results in a tight lower bound as the problem
difficulty is uniform across all ®, € O(r, S,). O

Instance-Specific Nature. Our lower bound scales
inversely with the “optimistic” instance-specific curva-
ture, Amax(H (7;©,))~1, thereby capturing how prob-
lem difficulty varies across different instances ®,. Here,
“optimistic” in the sense that it reflects the most favor-
able local curvature at ®,, in contrast to worst-case
bounds based on An,. To the best of our knowledge,
this is the first result in generalized linear trace regres-
sion that exhibits such an instance-wise dependency.
This mirrors the local minimax lower bounds estab-
lished for logistic bandits (Abeille et al., 2021, Theorem
2) and online LQR (Simchowitz and Foster, 2020, The-
orem 1), which also highlight instance-specific complex-
ities. In contrast, classical worst-case minimax lower
bounds for generalized linear trace regression and ma-
trix completion (Davenport et al., 2014; Koltchinskii
et al., 2011; Lafond, 2015; Rohde and Tsybakov, 2011;
Taki et al., 2021) fail to capture such local variations.

Near Instance-wise Optimality. Our lower bound
(Theorem 4.1) holds for each sampling policy =, in-
cluding adaptive ones. In other words, optimality here
is defined relative to each instance (®,,wy), where
the policy itself forms part of the instance. To clar-
ify in what sense GL-LowPopArt is optimal, we focus
on the class of single-switch policies, my = m1[t <
Ni] + mol[t > Nq] with Ny = o(N). For brevity, write
i = Ni(H (m2; ©,)) for i € {min, max}.

In the large-N regime, the ratio between the upper
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and lower bounds (Theorems 3.1 and 4.1) on squared
Frobenius error maximally scales with the Hessian’s
condition number im'f"‘. Thus, within the single-switch
policy class, GL—Lowigl(;pArt is nearly instance-wise min-
imax optimal. This stands in contrast to guarantees for
the nuclear penalized MLE (Theorem 3.2), where the
gap between upper and lower bounds is significantly
larger, involving unfavorable curvature terms and even
dimension factors.

Requirement on N. A keen reader may observe
that our local minjmax lower bound holds under the
condition N 2 %. We emphasize that this
is not restrictive and actually provides an intuitive
justification for Stage I as a warm-up phase; in fact,
we believe that some condition of this form on N is
necessary—although we do not currently have a formal
proof. The requirement on N arises when bounding
the KL divergence between the true model ©, and
an alternative model from the constructed local pack-
ing. Intuitively, this stems from the necessity for the
two models to be sufficiently close for self-concordance
properties to take effect; this was also the case for
prior local minimax lower bounds (Abeille et al., 2021,
Theorem 2) (Simchowitz and Foster, 2020, Theorem 1),
where the requirement on horizon length 7' arises sim-
ilarly. Finally, we remark that in the linear setting
(u(z) = z = Rs = 0), our requirement on N vanishes.

5 APPLICATIONS OF GL-LowPopArt

5.1 Generalized Linear Matrix Completion
under Uniform Sampling at Random

Here, X = M (see Proposition 3.2), 7¥ = Unif(X),
and max; ; [(©,); ;| < v for a vy > 0. For clarity, we
focus on the 1-bit matriz completion (Davenport et al.,
2014) with p(z) = (1+e )71, Let & := |© — ©, /2.

We first compare the error bound of GL-LowPopArt
when my = 7 = 7V with Davenport et al. (2014, Theo-
rem 1) and Klopp et al. (2015, Corollary 2), denoted
as Dav14 and Klol5, respectively:

le d2 (d1 \Y d2)
)i) N ’

\/ r(didy)” dlw?) (Dav14)

5F<< 1 ) ledg(dl\/dg)
~ min|Z\S’Y [L(Z) N '

For our error bound, we utilize Proposition 3.1 to
express GL(7Y; ®,) in terms of dimensions for a clear
comparison, but we remark that the above bound is
looser than Theorem 3.1. Still, our bound captures

&r S

S mins N(( (ours)

Er S

minys| <y iz

(Klol15)

the instance-specific difficulty via ﬁ On
i 1((©4)i5)
the other hand, the other bounds depend on the worst-
case curvature ﬁ, which may be quite loose
l21<y £1(2)
in situations where min, ; 1((©y)i;) > minj, <~ f1(2),
e.g., due to misspecification of v. We also note that, by
Proposition 3.2, when optimal GL-design is employed
(i.e., adaptive scenario), our bound improves to

dida(dy V d
Er gHarm(@*)*l—r ! 2(]\71\/ 2),

which is tighter than all the aforementioned bounds.

Algorithm-wise, Davenport et al. (2014); Klopp et al.
(2015), along with other approaches (Cai and Zhou,
2016, 2013; Lafond, 2015; Srebro and Salakhutdinov,
2010), requires the knowledge of v > 0, to compute
the nuclear-norm regularized estimator with the con-
straint of [|©,] < v or [|O4] . < 7. Interestingly,
GL-LowPopArt does not require any knowledge about
O,, yet it fully adapts to the given instance. In Ap-
pendix M, we demonstrate the numerical efficacy of
GL-LowPopArt in the 1-bit matrix completion setting
compared to nuclear penalized MLE.

We now ask whether GL-LowPopArt is instance-wise
optimal in the generalized linear matrix completion set-
ting. In many literature (Davenport et al., 2014; Klopp
et al., 2015; Koltchinskii et al., 2011), the optimality
is often discussed in the context of entrywise norm-
constrained neighborhoods, e.g., max; ; [(©.); ;| < v
for some v > 0 (Koltchinskii et al., 2011, Section 4),
which does not match with our assumption on ®, for
our lower bound (Theorem 4.1), i.e., we cannot claim
(near) instance-wise optimality here. We leave this to
a future direction.

Remark 3 (Comparison to Rohde and Tsybakov
(2011)). For linear matriz completion with fixed de-
sign (i.e., ™ is a mizture of Diracs), Rohde and
Tsybakov (2011, Corollary 1, Theorem 5) establish a
minimaz optimal error rate of ||vec(® — 6*)”%/(77) =

T(dlil\\[/dz’), with the lower bound holding under re-

stricted isometry. Our bound is weaker in this case,
as they achieve a tight characterization in the Maha-
lanobis norm. Whether similar rates can be derived
for generalized linear matrixz completion involving

||z (@, @ an interesting future direction.

5.2 Bilinear Dueling Bandits
5.2.1 Problem Description

In bilinear dueling bandits, A C B¢(1) is considered
to be a fixed vector-valued arm-set that is compact, i.e.,
X may be infinite as in continuous dueling bandits (Ku-
magai, 2017). At each timestep ¢, the learner chooses
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Algorithm 2: BETC-GLM-LR
1 fort=1,2,---,N; + N> do
2 t Run GL-LowPopArt(Ny, N3) and obtain ©;

3 Obtain the estimated Borda winner:

¢ « arg max {E(‘b) = Eg/nUnif(4) [,u (¢T@¢’)} }

peA

4 fort=N;+ Ny+1,---,T do
5 | Pull (¢,6);

a pair of arms (¢w,, ¢i11) € A X A, and receives a
feedback sampled as

o = L[@w,t = ¢1¢] ~ Ber(p (¢$7t®*¢l,t)),

for an unknown, skew-symmetric ®, of rank 27, and
a known link function p : R — [0, 1] that additionally
satisfies the following (Wu et al., 2024):

Assumption 4. In addition to Assumption 3, u :
R — [0,1] satisfies p(z) + p(—2) =1, z € R.

Some examples of p that satisfies the above include

w(z) = 1—52 and p(z) = (1 + e *)~! (Bernoulli).

The learner’s goal is to minimize the Borda regret (Saha
et al., 2021; Wu et al., 2024):

Reg(T) =} {B(d’*) _ B(¢uws) ;— B(wy) } |

t=1

where the (shifted) Borda score of ¢ € A is defined as

B(¢) = Egraumita) (¢ ©0)],

and ¢, = argmaxe 4 B(¢) is the Borda winner. Note
that when X is finite, it reduces to the usual definition
of Borda regret/winner in the finite-armed dueling ban-
dits (Jamieson et al., 2015; Saha et al., 2021). Unlike
the Condorcet winner, the Borda winner always exists
for any preference model (Bengs et al., 2021).

Remark 4 (Significance of the Setting). We em-
phasize that this is a novel dueling bandits setting,
motivated by recent progress in contextualizing gen-
eral preference learning with item-wise features in
RLHF (Zhang et al., 2025). We defer further dis-
cussions on the proposed setting to Appendiz K.

5.2.2 BETC-GLM-LR and Regret Upper Bound

We consider an explore-then-commit approach, where
the exploration is done via our GL-LowPopArt (Algo-
rithm 2). It attains the following Borda regret bound:

Theorem 5.1 ((Informal)). With appropriate
choices of N1 and Ns in GL-LowPopArt and large
enough T', BETC-GLM-LR attains the following Borda
regret bound with probability at least 1 — 0

I\ /3 2/s
RegB (T) 5 (GLmin(X) log 5) (HET) ,

where X :={¢ip] : 1 <i<j< K} C B 1) and
Ky = Egrunit(a) (@] ©¢)].

Proof Sketch. We deviate significantly from Wu et al.
(2024) by using the self-concordance of ;1 as in Abeille
et al. (2021, Theorem 1) for the regret bound to scale
with kB. Refer to Appendix L.1 for the full proof. [

We believe T2/3 dependency of the Borda regret is
unavoidable, as there are already Q(T2/%) Borda regret
lower bounds (omitting other dependencies) for entry-
wise (Saha et al., 2021, Theorem 16) and generalized
linear dueling bandits (Wu et al., 2024, Theorem 4.1).

Two quantities make our regret bound truly instance-
specific. One is GLyin (X)), which, as discussed previ-
ously, captures the geometry of X and the associated
nonlinearity via the Hessian. Another is xZ, which
captures the average curvature of the preference model
when compared against the Borda winner. Analogous
to recent findings in generalized linear bandits (Abeille
et al., 2021; Lee et al., 2024a), our Borda regret can
benefit from the “flatness” of the link function. Intu-
itively, we enjoy lower regret in highly flat landscapes,
provided that the worst-case flatness across all item
pairs is comparable to the flatness around the Borda
winner. However, if there exists a hard pair elsewhere
in the arm set, the estimation difficulty dominates and
we lose this variance-reduction benefit. We defer a
more in-depth discussions, including comparisons with
Wu et al. (2024), to Appendix L.2.

6 CONCLUSION

This work addresses the critical gap in prior work
by explicitly considering instance-specific curvature
in generalized low-rank trace regression. We introduce
GL-LowPopArt, a novel estimator that achieves state-of-
the-art performance, adapting to both the nonlinearity
of the model and the underlying arm-set geometry. We
establish the first instance-wise minimax lower bound,
demonstrating the near-optimality of GL-LowPopArt.
We showcase its benefits through applications to gen-
eralized linear matrix completion and bilinear dueling
bandits, a novel setting of independent interest for
general preference learning (Zhang et al., 2025). In
Appendix N, we collect further future directions.
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A RELATED WORK

Generalized Linear Matrix Completion. This has been extensively studied in the early 2010s under various
noise assumptions: Gaussian (Koltchinskii et al., 2011; Rohde and Tsybakov, 2011), Bernoulli (Alquier et al.,
2019), multinomial (Klopp et al., 2015; Lafond et al., 2014), general exponential family (Lafond, 2015), and even
with the only assumption of bounded variance (Klopp, 2014). We refer interested readers to Davenport and
Romberg (2016) for an overview of works on matrix completion. Note that our model implicitly implies that
for each (7,7) € [d1] X [d2] may be observed multiple times, which is often the case in recommender systems
and bandits where the same item can be recommended multiple times for exploration, or it may be that “users
are more active than others and popular items are rated more frequently.” (Klopp et al., 2015). On a slightly
different note, many works have explored the same setting under the assumption that each entry of ®, can
be sampled at most once (Alaya and Klopp, 2019; Cai and Zhou, 2013; Candeés and Plan, 2010; Cao and Xie,
2016; Davenport et al., 2014; Gunasekar et al., 2014; McRae and Davenport, 2020). When @, is additionally is
skew-symmetric (@] = —@,), this is also related to learning the low-rank preference model (Gleich and Lim,
2011; Lu and Negahban, 2015; Rajkumar and Agarwal, 2016; Wu et al., 2024; Zhang et al., 2025).

Low-Rank Matrix Bandits. Researchers in low-rank bandits have long focused on fundamental and specific
models. For example, Jedra et al. (2024); Katariya et al. (2017a,b); Sentenac et al. (2021); Trinh et al. (2020) studied
a bilinear bandit setting (which means X = {zz" : x € A C R%}) with canonical basis (A = {e; : i € [d1]} and
Z ={ej : j € [ds]}). Katariya et al. (2017a,b); Sentenac et al. (2021); Trinh et al. (2020) added an assumption that
rank(®,) = 1 over a bilinear bandit setting. Stojanovic et al. (2023) presents an entry-wise matrix estimation for
low-rank reinforcement learning, including low-rank bandits. Another popular assumption on arm sets in low-rank
bandits is a unit ball (or a unit sphere) assumption Huang et al. (2021); Kotlowski and Neu (2019); Lattimore
and Hao (2021). For bilinear bandits, Kotlowski and Neu (2019) assumed that X = {zz ' : € S¥~1(1)} and
©, should be also symmetric. Lattimore and Hao (2021) even added an assumption that ©, is a symmetric
rank-1 matrix. For low-rank bandits, Huang et al. (2021) assumed X = B%&*¥(1). These tailored algorithms often
outperform general approaches significantly, yet extending these algorithms to other settings has generally proven
challenging due to the highly specialized nature of their settings.

The first study on low-rank bandits with general arm sets is Jun et al. (2019). This work introduced the first
general bilinear low-rank linear bandit algorithm that could be applied flexibly to any d-dimensional arm set X
and Z. Subsequently, Lu et al. (2021) extended this approach beyond bilinear settings, proposing a generalized
low-rank linear bandit algorithm applicable to all matrix arm sets. Later, Kang et al. (2022) introduced a novel
method leveraging Stein’s method, and Li et al. (2022) developed a general framework for high-dimensional
linear bandits, including low-rank bandits. However, none of these studies explicitly addressed experimental
design; rather, they handled the issue of experimental designs by assuming that their arm sets are sufficiently
well-distributed in all directions. As a result, they failed to fully capture how the regret bound varies with the
geometry of the arm set. For example, Jun et al. (2019) and Lu et al. (2021) conjectured that the lower bound
for the bilinear low-rank bandit problem should be Q(v/rd3T), based on results from trace regression. However,
Jang et al. (2021) later demonstrated that by considering the structure of the arm set in the bilinear setting, this
bound could be further improved, highlighting the importance of optimal design tailored to the arm set.

Recent work by Jang et al. (2024) systematically addresses arm set geometry and experimental design in the
low-rank linear bandits. This work applied thresholding at the subspace level called LowPopArt and proposed
a novel experimental design for this new regression method. They then analyzed the experimental design
assumptions underlying previous studies and successfully proved that their LowPopArt with their experimental
design outperforms the previous works, even order-wise improvements in some cases. Our paper further extends
the LowPopArt to the generalized linear scenario and provides performance guarantees in both upper and lower
bounds that are nearly optimal even in terms of instance-specific, curvature-dependent quantities.

Generalized Linear Bandits (GLBs). GLB is a natural nonlinear extension of linear bandits, first proposed
by Filippi et al. (2010), and later studied by much works (Jun et al., 2017; Lee et al., 2024a; Li et al., 2017;
Sawarni et al., 2024). GLBs encompass a wide range of bandits, including linear, logistic, Poisson, logit, and
more. Out of these, especially logistic bandits (LogB) (Abeille et al., 2021; Faury et al., 2020, 2022; Lee et al.,
2024b; Mason et al., 2022) has garnered much attention, as it can naturally model binary feedback (‘click’ or ‘no
click’; Li et al. (2012)). Also, owing to its similarity to the Bradley-Terry model-based RLHF, the confidence
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sets of logistic bandits have been used for quantifying the uncertainty of the linear reward model (Das et al.,
2025; Xiong et al., 2024; Zhong et al., 2025). In GLBs, the key quantity describing the problem difficulty is*
K = [((x4, 04)), where 0, is the unknown vector and @, is the optimal arm vector. Abeille et al. (2021) showed
a regret lower bound of Q(dv/Tk,) for LogBs, which was matched by various UCB-type algorithms (Abeille
et al., 2021; Faury et al., 2022; Lee et al., 2024b). Despite the lack of a generic lower bound for general GLBs,
recent breakthroughs (Lee et al., 2024a; Liu et al., 2024; Sawarni et al., 2024) showed that for self-concordant

GLBs, regret upper bound of (’3(d\/T/<;*) can be attained.

Remark 5 (Different Definitions of Self-Concordance). In the optimization literature, the original definition
of the self-concordance takes the form of |1i'(2)| < 2ji(2)3/? Vz € R, originally motivated for convergence
analysis of Newton’s method by Nesterov (1988). Bach (2010) was the first to adapt the concept to extend the
M-estimator results of squared loss to logistic loss, later further extended by Ostrovskii and Bach (2021). Later,
the bandit community further adapted it for logistic and generalized linear bandits (Abeille et al., 2021; Faury
et al., 2020; Russac et al., 2021), which is the form we consider here (Assumption 3(a))

Burer-Monteiro Factorization The Burer-Monteiro factorization (BMF, Burer and Monteiro (2003, 2005))
approach has been extensively studied for noiseless low-rank matrix recovery from deterministic linear measure-
ments (Candes and Recht, 2009; Candeés and Plan, 2011), primarily from an optimization perspective (Bhojanapalli
et al., 2016; Bi et al., 2022; Boumal et al., 2016; Ge et al., 2017; Kim and Chung, 2023; Park et al., 2017; Stoger
and Soltanolkotabi, 2021; Yalgin et al., 2022; Zhang et al., 2024). In contrast, our work focuses on noisy matrix
completion under a generalized linear model (GLM) framework, aiming to achieve accurate estimation with
high probability as the sample size increases. This fundamental difference in problem settings implies that the
optimization complexity measures used to analyze BMF methods, such as the optimization complexity metric
(OCM) introduced by Yalcin et al. (2022) and Zhang et al. (2024), are not directly comparable to our statistical
analysis. Specifically, their OCM quantifies the non-convexity of the BMF landscape, which is related to the
success of local search methods (e.g., gradient descent), while our “statistical complexity metric”, arguably
Amax (H (7;0,)) that pops up in our lower bound (Theorem 4.1), is information-theoretic and dictates the
minimum sample size required for any estimator to obtain a desired accuracy with high probability.

While BMF methods offer computational efficiency and have been shown to perform well empirically, especially
in large-scale problems, they all rely on some non-convex optimization, whose landscape is not always guaranteed
to be benign, especially in the presence of noise (Ma and Fattahi, 2025). Our GL-LowPopArt only involves convex
optimization subroutines and thus is computationally tractable, but inefficient: for instance, GL-LowPopArt
requires computing the SVD and inverting d? x d? matrices. Therefore, while BMF and our work both address
low-rank matrix recovery, their respective advantages depend on the specific problem context.

4In the mentioned literature, the quantity is denoted as x,. To keep our notation consistent with the dueling bandits’
literature, we chose to denote this as k; .
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B TABLE OF NOTATION

Table 2: Summary of notation used in this paper.

Notation Description
1l e Nuclear norm
lop Operator (spectral) norm
(A, B) for A, B € R™*" tr(AT B)
Ai(A) The i-th largest eigenvalue of a symmetric matrix A
Amax The largest eigenvalue, same as \;
Amin The smallest eigenvalue, same as A,

B&>*42(8) for i € {op, nuc, F'}
vec : Rfixdz 5 Rrd2
vec™! : R%dz — Rd1xdz
[n] for n € N
P(X)

Q
O, € Rhixd
X C Rhxd
p(y|X;©,)

m:R— R

T

U
w € P(A)

{X e R X, < 5}

Column-wise stacking operation of a matrix into a vector

Reshape operation of a vector to a matrix

{1,2,...,n}

The set of all probability distributions on X

Parameter space

An unknown reward matrix of rank at most r < d; A da

Arm-set (e.g., sensing matrices).

Probability density function of the generalized linear model of the reward y

Y(X,0,)-m(X,0,)) )
9(7)

when X is chosen by the learner, x exp (

log-partition function of GLM

Dispersion parameter

m, Inverse link function.

Sampling policy (design)

Design matrix, Ex . [vec(X )vec(X)T]

Hessian matrix Ex - [1((X, ©))vec(X)vec(X)]
Parameters on p, check Assumption 3

Hermitian Dilation (Check Eq. (3))

Influence function (Check Eq. (3)

%Ql)(VH(A))ht, where for M € R(d1+d2)x(d1+d2), My = Ml:dl,d1+1:d1+d2
Our new experimental design objective (See Definition 3.1)
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C PROOF OF THEOREM 3.1 - ERROR BOUND OF STAGE 11

Recall the Hessian at the initial estimator ®g:
H(m;00) = Ex.r [((X, Og))vec(X)vec(X) '],

and the one-sample estimators (line 9 of Algorithm 1): for each ¢t € [IVy],

©, = vecy!, (91) 0, = H(m: 00) ! (y — (X1, ©0))) vee(X,),

We will also denote E := ||©, — ©q|>..., and will track any requirements on E in violet throughout the proof.

nuc?

First observe that

E[6,| X, = X] = H(m;00) "' [u({X,0,)) — u((X,00))] vec(X)

Y H(m;00)" [1((X,00))(O, — O, X) + (0, — O, X)2G(Oy, ©,; X)] vec(X)

(first-order Taylor expansion with integral remainder)
=H(m;00)" " [u((X, ©))vec(X)vec(X) Tvec(®, — @) + (O, — O, X)2G(0Oy, O,; X)vee(X)],

where at (x), we define
1
G(0,0,: X) ::/ (1= 2)ji((20, + (1 — 2)O, X))dz.
0
By taking the expectation over X ~ 7, we have that

E[6:] = vec(®, — @) + Ex~r [(©. — ©0, X)2G(®, ©,; X)H (r; ©p) ~vee(X)]

Note that ;s are biased estimators of vec(®, — ©p). This is the key difference from Jang et al. (2024).

With ©; as the matrix Catoni estimator for @, — @ (line 14 of Algorithm 1), we utilize the following error
decomposition:

1©1 - ©.,, < (&1 - ©) ~E®,]

t|E®) - @. - e

op

(a)

< (a) +||E[®.] - (©. — ©0)|

= (a) + |[Ex~r [(©x — @, X)*G(Oy, ©,; X)H(7;0¢) 'vec(X)]
()

I

We first control the unbiased error term (a) using the following error rate for the matrix Catoni estimator due to
Minsker (2018):

Lemma C.1 (Corollary 3.1 of Minsker (2018)). Let {A;}™, C R%*4 pe independent with E[A;] = A, and
define their matriz variance statistics as

n

> E[A;A]]

i=1

n

> E[A] A}

=il

)

op op

< —_ =7
op n2 )



Junghyun Lee, Kyoungseok Jang, Kwang-Sung Jun, Milan Vojnovié, Se-Young Yun

where

S 1 (& 2. 2(di+d
T:= - (Zlby(Al)) , V= \/02 log %
i=1 ht "

Remark 6. The significance of the Catoni-type robust estimator (Catoni, 2012; Minsker, 2018) is that the
guarantee does not assume the boundedness of the matrices, yet it still gives a Bernstein-type concentration.
This has been successfully utilized in obtaining tight, instance-specific guarantees for various reinforcement
learning problems, such as sparse linear bandits (Jang et al., 2022), low-rank bandits (Jang et al., 2024), linear
MDP (Wagenmaker et al., 2022), and more.

To apply the above lemma, we bound the matrix variance statistics of the one-sample estimators ét’s, whose
proof is deferred to Appendix C.1: recalling that x, := minxcx 2((X,0,)) > 0,°

Lemma C.2. Suppose that B2 < "9 Then,

4L?
max ¢ (Y E[©:0/]| Y E[©;6/] < 5g(7)GL(m; ©g) Ny,
t=1 op llt=1 a5
where GL(7; Op) := max{H ") (1; @), HV (1;@0)} with
dy
HE) (71;00) := Amax (Z D,,, ") (; @o)> Dy (1;00) = [(H (75 00) ™)kl ke, o s
m=1
and
do
HY(1;00) = Amax <Z D, (; @0)> , Dy (m;04) := (H(m;00) ")z, con 7, cons
m=1

where the index sets defined as T, ") := {dy({ — 1) + m : £ € [dp]} and o) = [di(m —1)4+1:dym].

Then, we have that by Lemmas C.1 and C.2,

P (a) = H(91 —©y) — E[6,]

op

We now control the bias term (b). For notational simplicity, we denote & = vec(X) and & £ vec(©, — Oy).

HIE[@t] — (e, - GO)HF = ||E [(8,2)2G(®0, ©,; X)H (m; ©) '],

= | H(r:©0)'E; [G(©0, ©.: X)(8,2)’x]

< [H(x:©0) 7, [Es [G(©0,©.; X)(8,2)°a] |,

< Amin(H (7 ©0)) "By [|G(@0, ©4; X)|(8, ) ||, (Jensen’s inequality)
RSL‘u 2 . 1

S 2)\min(H(7T;®0))Em [<(57$> ] (|G(®O7®*’X)| S QRSLu)
R,L, 9

= 2Amin(H (73 0¢)) (C.1)

where the last inequality follows from Holder’s inequality:

E. [(6,2)%] = Ex [(©. - 0, X)?] < Ex [|©. — @l | XI5, | < 2.

nuc

5Note that this holds because X is bounded.
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Thus, with RsE? < Apin (H (3 ©p))/ L0ELTO0) 146 ditdz the following holds with probability at least 1 — 4:
~ N2 9

H@l _6*”

A
op < Othres = 4

\/ 9(r)CL(x: O0) | Alds + )
N, 5

As the last step of the proof, we recall Weyl’s inequality for singular values:

Lemma C.3 (Problem 7.3.P16 of Horn and Johnson (2012)). For any A, A € R4*%  we have
|O'k(A+A)—O'k(A)|SO'1(A), VkE[dl /\dg}.

As 0x(©,) =0 for k > r + 1, we have that 0;(01) < Othres for the same k’s as well. This proves that the

~

thresholding part of Algorithm 1 (line 10) indeed yields rank(@®) < r.

The final error bound follows from the triangle inequality and Lemma C.4, which implies that GL(7; ®¢) <
2GL(7; ©,). O

C.1 Proof of Lemma C.2 — Controlling the Matrix Variance Statistics

Throughout, we utilize the following self-concordance control formalizing the intuition that H (m; ®¢) ~ H (7; ©,):

Lemma C.4 (Lemma 5 of Jun et al. (2021), adapted to our notations). Suppose R,E < %. Then, we have that

SH(r:©,) < H(r;©y) < 2H(r;©,).

We will bound HE[été;]

only, as the other one follows analogously.
op

For y ~ p(-| X; ©,),

El(y — n({X,©)))*|X] < 2E[(y — n((X,©,))*] +2(u((X, ©.)) — u((X, ©y)))*
< 29(n)((X, ©4)) +2L5(X, O, — ©)?
2E2

g2<g<r>+ . )ﬂ(<X,®*>)- (€2

*

For notational simplicity, we further introduce Ax := vec™! (H(’/T; @0)*1vec(X)) € R%*d2 Then, we have

|e@.8/)

= B [ - X 0)* Ax A% ]|

= |Exr [Eymp(ix:00)[(y — 1((X,©0)))*| X]Ax Ax] Hop (Tower property)

2 12

<2 <g<7> 42 ) [Exr [((X,©.) Ax AX]|

op’

We largely follow the proof of Jang et al. (2024, Lemma B.2) as follows: denoting S%~! as the unit sphere in R%:,

HEX’VT" I:M(<X’ ®*>)AXA}} Hop
= max u'Ex.. [0((X,0,)AxA%]|u

uceSd1—1
da
T . T T
= Exx X,0,)A emeém Ax|u
Jnax uEx lu(< ))Ax <Z::1 ) x]

(let {€m}mefdy) be the standard basis vectors of R%)
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) N
o . T 2
= max Ex.n #((X,®*>)m§;l (u"Axen,) ]

ueSd—1
m=1

- &
= max Ex.r p((X,G)Q)Z(em®u,veC(Ax)>21

(T Ay = (y @ ¢, vec(A)); Eqn. (40) of Minka (1997))

~ d
= max Exr [A((X,0.) Y (en ®u, H(m; 0) 'vec(X))’ (Definition of Ax)
ueSh ! L m=1
da
= max (em @u) H(m; Q) ' H(m;©,)H(1;00) (e, ®u)
ueS*
m=1
da
<2 max (em @ u)" H(m;00) (e, ®u)
ueSd1—1 oo’
(Lemma C.4, ABA < AC A for positive semi-defnite A, B, C)
do
=2 max u' (H(m00) ™)1, con 7, con) 4 (see Lemma C.2 for the definition of 7, (“°")
ueS - ) o
m=1
da
=2 /\max (Z (H(Tr; @O)_I)I‘m(gol%l‘m’(L,Ul)) .
m=1
=:H (D (7;0)
All in all, we have that
o L2 E2
|E©:6]1] <4 {g(r)+ == ) HCD(x; ).
op Rx
Similarly, one can obtain
o L2 E2
[E©7@4| <a{g(r)+=E=) HO™)(x; 00).
op *
We then conclude by plugging in the bound for E2. O

C.2 A Glimpse of Unbounded Arm-Set: The Linear Case

Scrutinizing the above proof, Eqn. (C.2) is the only part where we explicitly use k4, which requires the boundedness
of X. When u(z) = z, this requirement vanishes, which is something that even Jang et al. (2024) has seemingly
missed. Moreover, in this case, the requirement for @ to be asymptotically consistent is not needed as well.

To showcase this, we compare the Frobenius norm squared error rate of GL-LowPopArt when u(z) = z with
Negahban and Wainwright (2011, Corollary 3) in multivariate regression setup, which is equivalent to linear trace
regression with X = {e;2,/ } with z; ~ N, (0,X) and 7 = Unif([d;]) ® Ny, (0, %) (Negahban and Wainwright,
2011, Example 1). Then it is easy to see that x; ~ 7 satisfies &; ~ d% Z?;l Ni,ya,(0,2 ® e;e; ), and thus,
Elziz/)] = d%E ® I,. Suppose that the underyling GLM is A/(0, v?).

By Theorem 3.1 and Proposition 3.1 with d;7T" observations, GL-LowPopArt attains

2 < VQT(dl V dg) log di Vds
PN T (®) 5

o-o.

Negahban and Wainwright (2011, Corollary 3) shows the following error rate for nuclear penalized estimator:

2 V2 Amax (X) 1
o S l
RN T/\min(E)Q ((dl V dg) + IOg 6) .

Note that unless 3 is well-conditioned, our rate is strictly better than the nuclear penalized estimator by a factor
of the condition number Apax(2)/Amin(X).

H@—G*
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D PROOF OF PROPOSITION 3.1 —- UPPER AND LOWER BOUNDS OF GL
Here, we largely follow the proof strategies of Appendix C.2 and D.2 of Jang et al. (2024).

D.1 Upper Bound of Definition 3.1

We have that

do
HD(71;0,) = Amax (Z D, (; @J)

m=1
da
< Z Amax (Dm(c"l)(w; @Q) (Amax 18 convex and 1-homogenous)
m=1
da

= max wu' D,, (m;0,)u
1 ueSh 1!
m—

= max 1(em ® u)TH(ﬂ'; @*)71(67”, ®u) (see proof of Lemma C.2)

da
T ) -1
< E max u H(m0,) ‘u
luesdld'Q_l
m=

= dodmax (H(m;,0,)71)
B
Amin(H(ﬂ-; 6*)) .

One can similarly prove that H (%) (7 0,) < m, and the desired conclusion follows.

D.2 Lower Bound of GL(7; ©,)

Again, by definition,

m=1

da
GL(W; 9*) > )\max <Z [(H(Tﬂ 9*)_1)jk]j,k€{£+d1(m—l):[é[dﬂ})

1
> -
1

do
4" (Z [(H (; @o)_l)jk]j,ke{udl(m1)zfe[d1]}>

m=1

(Amax(4) > étr(A) for any symmetric A € R4*%)
= itr (H(m;0,)™ ")
dy
1 (dydy)?

= EW, (AM—HM lnequahty on the eigenvahles of 11(7'('7 6*))

and similarly,
(dydy)?

1
. S StV
GL(m; ©,) = do tr (H (7 ©,))’

. . (d1d2)? (d1d2)(d1Vds)
Le., GL(m ©,) > (dl/\dg)tr(lz-l(ﬂ';Q*)) > 2t11r(12LI(7r;1®*§)' 0
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E DEFERRED DETAILS REGARDING OPTIMAL GL-DESIGN

E.1 Proof of Proposition 3.2

First, by Proposition 3.1, we have that

d1 V d2
) ST —Hm—a
GL(m ©,) < Amin (H (73 ©4))’

and thus, by definition, it suffices to solve the following convex optimization problem:

dl d2
ma Ami i, )i vec(eié] Yvec(e;e] )T | = min(i, )1
ﬂGP([dl]);[dQ]) min ;;W(ZJ)W,]V (i i Jvec(e; _]) 1lj (4, J) fi g
where we denote fi; ; := [1((©.); ), and the equality holds because the matrix is diagonal. Thus, we have a
convex optimization problem of the following form:

dy  do
max minm(i,j)iij, subj. to Y Y w(i,j) =1, w(i,j) > 0.

di+dz 4
meR 5] Pt

To solve this max-min problem, we introduce an auxiliary variable ¢ € R such that ¢ < 7(7, 7)1, ; for all
i € [d1],J € [d2]. The optimization problem can be equivalently reformulated as a linear program:

di do2

max ¢ subj. to E E w(i,j) =1, 7(i,5) >0, w(i,j)f,; > c.
,c
i=1 j=1

Assuming fi; ; > 0 for all (4, 7) (as the minimum would otherwise be trivially bounded by zero), the constraint
m(4, ) fi,; > c implies that

w(t,5) > —.
(4,7) oy
Summing this over all ¢ € [d1] and j € [d2], we obtain

-1
dl d2 d1 d2 dl d2

1= 7= 5 = < [ i)

i=1 j—1 =1 g1 Mg i=1 j—1

To demonstrate that this upper bound is achievable, we define a specific distribution 7* where the inequalities
hold tightly as equalities:

-1
Hij

ZZ:l 7:1 /u'k,%

T (1,5) =

Since fi;,; > 0, it is clear that 7*(4,j) € [0,1] and >, . 7*(4,5) = 1, confirming that 7* is a valid probability
distribution on [d;] X [d2]. Evaluating the objective at this optimal allocation 7*, we find:

ey di do -1
. N . i, i .
min 7 (4, j)fii,; = min —g—2 = = (ZZ%%) :

1in —-
, 2 .
J I et 212 Py k=11=1

-1
Thus, the maximum value of the objective function is exactly (Zf;l 2?2:1 ﬂ;jl) . This completes the proof. [
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F PROOF OF THEOREM 3.2 - ERROR BOUND OF STAGE I

We denote N = N; and 7w = 71, and we recall/introduce the following notations:

N
£x(0) = 3 (m({X.,0)) ~ n(X,, ©)}

H(m;0) :=Ex.r [1((X, ©))vec(X)vec(X) ]
© := argmin {Ln(©) + AN (1O}

The proof here follows the standard M-estimation theory in high-dimensional statistics (Wainwright, 2019, Chapter
9 & 10), which we reproduce here for completeness.

Let 6 € (0,1) be given. We collect all requirements on N in violet to be aggregated at the end of the proof.
We begin with the following proposition, whose proof is provided in Appendix F.3, that provides Ay’s for different
GLMs such that the gradient of Ly at the true parameter @, is well bounded:

Proposition F.1 (Choosing Ay). Denote the centered random wvariable & := y — p((X,0,)) and Ry :=

Ex~r [1((X,©4))]. By setting An as described below, we have P(|VLN (O, < ANy >1-32:

(i) || <M a.s.: A\xy = 4\/9(71\)]7-@* log 4(011;-012)7 gien that N > 9,?%?7) log 4(d1;’d2)’

(i) I€ll,, < K:* Ay =6K %logw, given that N > logw.

“Here, |||, is the subexponential norm, defined as [|£]|,,, := inf{K > 0 : E[exp(|{|/K)] < 2}. This encompasses
Gaussian and Poisson distributions among others.

We then define the distribution-dependent constant C' > 0 as follows:
_ ) 16g(7)Ry, if the GLM is M-bounded
- | 36K2, if the GLM has finite subexponential norm of K

Throughout, we will suppose that the event [[VLy(©,)]|,, < ATN holds.

We now recall the definition of restricted strong convexity (RSC):

Definition F.1 (Definition 9.15 of Wainwright (2019)). We say that Ly satisfies the restricted strong
convexity (RSC) with a, 7N, R > 0 if

VA : |Allp < R.

a
Ly(©.+A4) =~ Ln(©.) = (VLN (OK),A) 2 5 IAIG = 78 1Al e
The next lemma shows that RSC holds with high probability:

Lemma F.1. Suppose that N 2 logd. Then, there exists a constant R, >0 (that only depends on Rs) such
that w.p. at least 1 — 2, RSC holds with a = Rdmin(H(7;©,)), 7% = L,/ + log d1+d2, and R = ﬁ.

As the subspace Lipschitz constant (Wainwright, 2019, Definition 9.18) of ||-||,,,. is v/, we conclude by invoking
the “master theorem” for nuclear-norm regularized estimator (Wainwright, 2019, Corollary 9.20):

~ d1+d2) 0
r[e-e. < ¢ >1-8
( @ @ nuc )\mm ) - 2

given that L,/ log 2492y < A (H(m;©,)) and m Cr log drtd2 < \/m These conditions




Junghyun Lee, Kyoungseok Jang, Kwang-Sung Jun, Milan Vojnovié, Se-Young Yun

hold when N 2 CApin(H (7;0,))"2(dy + d2)rlog dloﬂ, and we conclude by taking the union bound with
Proposition F.1. O

Remark 7. We believe that our analysis can be extended to the general {y-constraint on the singular values of
O, for q €10,1) as in Fan et al. (2019), and to the case where Q is a smooth matriz manifold (Absil et al.,
2007) using tools from manifold optimization (Boumal, 2023; Yang et al., 2014).

F.1 Proof of Lemma F.1: Restricted Strong Convexity

By Taylor’s expansion with integral remainder, we have

LN(G')* + A) - EN(G*) - <VEN(®*)’ A>

= %Z{ (O, + A, Xy)) = m((O, X3)) — (O, Xe)m' (O, X))}

~ )
Z A, Xy) / (1—2)m"” (O« + zA, X)) dz

t= =a((@,+240,Xy))

Z\H

=

As p is self-concordant, we can utilize the following self-concordance control lemma:

Lemma F.2 (Lemma 9 of Abeille et al. (2021)). For any Rs-self-concordant p that is monotone increasing,
the following holds: for any z1,z2 € R,

f1(z2) exp(—Rs|z1 — 22]) < fuz1) < f1(22) exp(Rs|z1 — 22]).

We choose R = %, Le., [[Allp < ﬁ. Then, Cauchy-Schwarz inequality and || X¢[,, < 1 imply [(A, X¢)| < 1.
Thus, by the above self-concordance lemma,

| @i+ oA X))z [ 1= (0. X)) d: 2 (0., X)),

1
R bR RS =0
= —Ryg
B R.>0

where we define the constant

Let us denote the empirical Hessian of Ly at ©, as
- 1 X
Hy(m0,) =+ D (X, ©,))vee( X )vee(Xy) "

t=1

Thus, we have that
Ln(©, + A) — Ln(©,) — (VLN (©,), A)
> Rgvec(A)T HN(7r O, )vec(A)
= Ryvec(A)T H(r; ©,)vec(A) + Ryvec(A)T (ﬁN(m ®,) — H(m; e*)) vec(A)

L vec
(Aﬁm) (Hx(r:®.) - H(m0.)) |A|(|A)

Z Rs>\min (H(’/Ty @*)) ||A||F R HA”

nuc

nuc nuc

Len (D)

Using the standard empirical process theory and peeling argument over the Frobenius ball, the following lemma
establishes the uniform boundedness of £y, whose proof is provided in Appendix F.2:
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Lemma F.3. P ( ) S L \/ s VA AL e = 1) >1— 2, provided that N 2 logd.

Combining everything gives the desired result. O

F.2 Proof of Lemma F.3: Uniform Bounding of &y

This proof is based on the peeling argument over the Frobenius ball in Wainwright (2019, Theorem 10.17), as well
as the standard empirical process theory tools such as Rademacher symmetrization and contraction inequalities;
see Wainwright (2019, Chapter 3.4 & 4). We will introduce the tools as we go along.

For notational simplicity, we will denote f AH as A satisfying | A||

nuc
nuc

First note that

N
—~ 1 . .
vee(A)T (Hy(m:©.) = H(m ©.) ) vee(d) = + > {ji(©., Xi))(A, X0) — E [fi(©., X0))(A, X1)?]}
t=1
Let us define fa(X) := 1((®,, X))(A, X)?, and F := {fa : || A 1uc
unit nuclear norm. Note that by Hélder’s inequality and || X¢|[,, < 1, we have [(A, X¢)| < [|A|
Thus, F is uniformly bounded by L,.

= 1} be the function class indexed by A of
12X

nuc op —

We now recall the following standard result from empirical process theory:

Lemma F.4 (Glivenko-Cantelli Property via Rademacher Complexity, Theorem 4.10 of Wainwright (2019)).
Let F be a function class uniformly bounded by b. For any 6 € (0,1), with probability at least 1 — ¢,

N
1 21log(1/0)
sup |— X:) —E[f(X)]| <2RN(F) + b\ ——,
sup |y D (X0) ~ ELS(X0)]| < 2R () X
where R (F) is the Rademacher complezity, defined as
1 N
Ry (F) = FEix (e LSCIEIP ;Qf(xt) ] ;
where € i Unif({—1,+1}) are Rademacher random variables.
With this, we have that with probability at least 1 — %,
2log % '

sup |5N(A)| <2RN(F)+ L,
Asla]

N

We now recall the seminal Ledoux-Talagrand contraction inequality (Ledoux and Talagrand, 1991) for bounding
RN (]:)

Lemma F.5 (Ledoux-Talagrand Contraction, Theorem 4.12 of Ledoux and Talagrand (1991)). If the functions
¢+ : R = R are L-Lipschitz and satisfy ¢+(0) = 0, then

Define ¢ (2) := 1((Xy, ©4))2?. For |z| < 1, the function ¢ is locally Lipschitz with constant Ly = 2L,. Applying
Lemma F.5, we obtain:

N

ZQf(Xt)

t=1

3 edn(F(X0))

=l

) |

E{x,1.{c,} | SUP < 2LE{x,}.4c,} | SUD
{Xe3{ }LE]: { }{}Lef

N
1
RN(.F) S 2(2L L) E{Xt},{et} sup - A Xt
! NN N Z::

nuc
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Mow )]

N
1
:4LME{Xt},{Et} HN E EtXt
t=1

:4L#E{Xt}7{€t} [ sup

Al e =

op
We now invoke the following expectation version of the matrix Bernstein inequality:
Lemma F.6 (Matrix Bernstein Inequality, Theorem 6.1.1 of Tropp (2015)). Let A1, ..., An be dy X dy matrices

with | Aill,, < L, E[A;] = A and Vy = NmaX{HZZ (E[4,AT]| (AT A,

variance statistics. Then,

el } be the matriz

op

- \/QVN log(dy + da) N Llog(dy + d)
= N 3N '

1N
B |lv 24

Applying the above with L = 1 and Viy < 1, we have that

Ru(F) < 4L, ( 2logd logd>.

N

Combining everything, we have that with probability at least 1 — g,

2logd logd 2 log %
A)| < 8L L
N En ( )_8u< N +3N>+ W\ N
log d 210g
LH N + LN/ 2 ’
where the last inequality holds as long as N > logd O

F.3 Proof of Proposition F.1: Choosing Ay

We significantly deviate from the original proof of Lee et al. (2024a) in two ways. First, we only need to bound
the Lipschitz constant of Ly at @, instead of globally. Second, using this and the fact that the covariates are
bounded (|| X¢[[,, < 1), we can utilize appropirate matrix Bernstein inequalities (Tropp, 2012, 2015) instead of

covering arguments, which saves us additional dimension dependencies, leads to Ay scaling as \/1/N for a wide
range of GLMs, and gives simpler proofs.

For notational simplicity, we denote the centered random variable & := u({X;, ©,)) — y;. Then note that

N
VLN (© NZ 1(©) — y) Xy = %thxr

Let us prove each part separately:

F.3.1 Proof of (i) — GLM bounded by M

Here, “bounded by M” means |y — (X, 0,)| < M a.s.. The original proof of Lee et al. (2024a) is too loose, and
thus we instead utilize the matrix Bernstein inequality for bounded random matrices, as stated in Lemma F.6.
Let A; = & X, which satisfies A = E[A;] = 0 and ||A7g||Op < M. Its matrix variance statistics is bounded as

1
VN = Nmax QXtTXt]

N
> EEX X,
t=1

op op
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N

Y E[X.X/[EE | Xi]]

N

ZE (X, X E[§] | X,]]

t=1

2=

max )

(Tower property of expectation)

op op

IN
‘aa
2

N 1((X¢, ©4))] (B[§7] = Var[y| X,] = g(m) (X3, ©,)), [ Xill,, < 1)

<g(7) an[ (X, 0,))].

We now recall the high-probability version of the matrix Bernstein inequality:

Lemma F.7 (Matrix Bernstein Inequality, Theorem 6.1.1 of Tropp (2015)). Let A1, ..., An be dy X dy matrices

with || A, < M, E[A;] = 0 and Vy = 1max{HZij\il ]E[AiAT] AN ElA] A Op} be the matrix
variance statistics. Then, for any § € (0,1), as long as N > 1 og M,
1 & Vv, A(dy +dy) 5
Pll<=Y A4 < 2\/ Mg =220 ) > -2
N Zl =VN®T s = 71
= op
The above lemma implies that as long as N > 994(];1; log 4(d1;“d2>, the following holds w.p. at least 1 — g:

9(T)Rw 4(dy + da)
< .
VLN (©)l,, < 2\/ N o8 5

Remark 8. Klopp (2014); Klopp et al. (2015); Lafond (2015) have utilized similar proof techniques involving
matriz Bernstein inequalities for bounded random variables. In the next section, we show how to extend the
proof beyond boundedness.

F.3.2 Proof of (ii) — GLM with Finite SubExponential Norm

Here, we utilize the following subexponential version of matrix Bernstein inequality, whose proof we provide in
Appendix F.3.3 for completeness:

Lemma F.8. Let Aq,..., Ay be di X do random matrices with ||At||0p <1, and let &,--- ,&n be real-valued
random variables with E[§¢|A¢] = 0 and |||, < K conditionally on Ay. Then, for any § € (0,1), as long as
N > log 74('11;'@)

)

<3K\/ M >1,§.

Z & A,

The statement then immediately follows from the above lemma with A4; = X;. O

F.3.3 Proof of Lemma F.8

We largely follow the proof of Tropp (2012, Theorem 4.1), but adopt to rectangular matrices via Hermitian
dilations. Unlike the remark in Tropp (2012, Remark 6.3), as we deal with scalar-valued random variables with
matrix-variate coefficients, the rectangular extension is rather straightforward.

First, by definition and Taylor series expansion, ||&| 4, < K conditionally on A implies that

&P
2 [Z e \At] <1 E[&l | Al <pIE?, Vp> 1.
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Now, we consider the Hermitian dilation of & A;, which gives

H(gtAt) = [&g;r ftét] = ftH(At)~

Thus, note that for each p > 2, we have the following moment bound:

E[H(&A)") 2 E[I& 7T (M (Ao = [Aellop < 1)
=E[E[|&P | X¢]] (Tower property of expectation)
< p!KPI. (Eqn. (F.3.3))
Then, the moment generating function is bounded as follows: for any 6 € (0, K1),
> gr P
E {een(gtAt)} I OR[H(EAY) +Z 0 ]E[H(é"tAt) ]
p=2 P
<I+ IZ(GK)p (The above moment bound)
p=2
(0K)?
=1 I
10K
K 2
< exp (1(9 H)KI> . (Eqn. (2.3) of Tropp (2012))

We then apply the Master Tail Bound for the sum of independent random matrices (Tropp, 2012, Corollary 3.7)
to obtain

K 2
>z | <(dy —|—d2)0 inf  exp| —0ONz-+ 1(9_ H)K

N
1
P~ A
HN;M&O (0.5

N
ZI
t=1

op op

()

With HZivzl IH = N and optimizing for 6, we have that
op

o (- (i 2Y).

4(d1+dz)
B

Reparametrizing and assuming that N > log we have:

1 N

NZH(&At)

t=1

1, 4(dy +dy)
> — ~ - “7 <
> 3K\/ log 5 <

op

)
P 1

Finally, we conclude by noting that

1 N
~ 2 H(& A
N; Ay

1 N
=D &A,
N t=1

op op
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G SUMMARY OF PRIOR WORKS ON GENERALIZED TRACE
REGRESSION

Here, we review two relevant prior works on generalized trace regression (Fan et al., 2019; Kang et al., 2022),
with focus on their problem setup, assumptions, and results.

G.1 Nuclear Penalized MLE of Fan et al. (2019)
We first list their assumptions:

Assumption C’s. Assume the following conditions hold:
(C1) |lvec(Xy)lly, < K < oo for some constant K >0
(C2) |u(2)| < L, for any z € R
(C3) Amin(H(7;0,)) >0
(C4) 1O4llF = a/dy V dy for some constant o > 0
(C5) |ji(2)] < 2|7+ for any |2] > 1°

“This slightly resembles the general self-concordance condition with a stretch function (Liu et al., 2024).

Fan et al. (2019, Lemma 1) shows that under (C1-C2), Ay, < K4/ levldQ suffices to control the gradient of the
log-likelihood loss; Fan et al. (2019, Lemma 2) shows that under (C1-C5), local restricted convexity holds with
curvature Apin (H (75 ©,.)).

Compared to our setting, our bounded covariate assumption is stronger than their (C1), but we do not require
(C4) nor (C5), and by utilizing the boundedness, we obtain tighter guarantees. Moreover, the condition (C5)
excludes many GLMs, such as Poisson distribution.

G.2 Stein’s Lemma-based Estimator of Kang et al. (2022)

Their Stein’s lemma-based estimator achieves the following error bound (Kang et al., 2022, Theorem 4.1):

2 < M(’/T)(dl \/dQ)T

@Kang,l_g*
| S o

where (1) := Ex - [1({X, O.))], given that the following assumption holds:

Assumption 3.3. m has a continuously differentiable density p = (p;;) supported over X such that
E[(SP(X))};] < M(n) for all i,j, where the matriz-valued score function is defined as SP(X) :=
(—VX”. log p;; (Xij))ij' Moreover, the columns or rows of random matriz X are pairwisely independent.

We note that M () often scales with the dimension. For X = BE*%(1) and 7 ~ N(0, i ogr 1) for a constant
¢ > 0, it can be computed that M (7) < dyds (Jang et al., 2024, Appendix H.2), which is what we use in Table 1.
Otherwise, we set M < (dy V d3)? as suggested by Kang et al. (2022).

The continuous differentiability assumption is in place because they rely on the generalized Stein’s lemma (Stein
et al., 2004, Proposition 1.4). This limits their applicability to discrete arm-sets, while our framework is applicable
for both continuous and discrete arm-sets. Also, from the perspective of optimal experimental design, it is not
clear how to optimize their bound for 7 while satisfying the conditions above. Even without those conditions, the

J\g((:)) is likely to be nonconvex. On the other hand, we mention that their result is applicable to the

semiparametric setting of y; = u((Xy, ©,)) + n; for some subGaussian noise 7;.

function 7
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G.3 Nuclear Penalized MLE of Kang et al. (2022)
We also briefly elaborate on the nuclear penalized MLE as analyzed in Kang et al. (2022, Appendix J.4):

2 (dy V do)ro(m)?
F ™ 2 Amin(V(1))2N’

H @Kang,Q _ 9*

given that the following assumptions hold:

Assumption J.1. m € P(A) is such that vec(X) is o(m)-subGaussian® for X ~ .

®This means that for any unit vector u € S~ 4 vec(X) is o(r)-subGaussian.

Assumption J.2. There is two (dimension-independent) constants So < S such that A C B *d2 & BdF1 xdz (S)n
ng,xdz (S2) and likewise for ©,.

Assumption J.3. There is a constant cag > 0 such that

= mi inf (X inf J .
Cn — (XeA,éneBdlxdz AlX, 8)), IZ\S(ISrir2)062 M(Z)> >0

Kang et al. (2022, Assumption J.1) assumed that A, (V (7)) < o(7)? = ﬁ, which was also the assumption
made by Lu et al. (2021, Assumption 2). Indeed, as argued by the two works, one can easily find 7 that satisfies
the above conditions, e.g. Unif(B%*%2(1)) or require for “the convex hull of a subset of arms to contain a ball
with radius R < 1 that does not scale with d; or ds.” Similarly, it is unclear how to optimize for 7 in the
optimal experimental design setup. Moreover, the above assumption may fail even for a simple arm-set. Consider
7 ~ Unif (M), where recall that M is the matrix completion basis (see Proposition 3.2). Then, one can show that
Amin (V (7)) = ﬁ while o(7)? = 1, leading to a suboptimal guarantee. Another point is that their bound scales
inversely with theglobally worst-case curvature c,,, while our bound scales inversely with the instance-specific
curvature k,. We note that depending on the arm-set geometry, it may be that x. > ¢, (Abeille et al., 2021).
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H COMPUTATIONAL COMPLEXITY OF GL-LowPopArt

Note that there are three computational bottlenecks of GL-LowPopArt: Computing the nuclear penalized estimator
©y in Stage I (line 4, Section 3.5), solving the optimal GL-design in Stage II (line 5, Section 3), and inverting
the vectorized Hessian (line 8, Section 3.2). The last component incurs O((d;dz)?) time and O((d1d2)?) space
complexities via standard Gauss-Jordan elimination or LU decomposition (Golub and Van Loan, 2013); in high
dimensions, one could use more efficient algorithms such as the Strassen algorithm (Strassen, 1969) that incurs
O((d1d2)™827) time. We now provide theoretical discussions of the computational complexity of the other two
components.

Computational Complexity of Nuclear Penalized MLE. Recall the definition of nuclear penalized MLE:

©0 := argmin {9(©) £ L, (©) + Aw, 0],
ec

where Ay, = ,/N% log dl'gi‘h as in Proposition F.1.

From optimization viewpoint, although ¢(-) is not globally strongly convex, it satisfies Restricted Strong Convexity
(RSC); see Lemma F.1. Thus, if the optimization iterates somehow stay within the restricted set of directions where
the RSC condition holds, the algorithm achieves a geometric contraction rate, requiring only O(log 61—1) iterations

to yield an approximate minimizer ©, that satisfies ¢(éo) — (;5((:)0) < e, for e; 2 m, / % log %.6

Agarwal et al. (2012, Theorem 2) proved that the composite gradient descent (CGD) (Nesterov, 2007) satisfies
such property, and attains the geometric contraction rate. Note that per time and space complexity of CGD
is O(d1d2 (N1 + min(dy, ds))) and O(d1da), respectively, i.e., the total time and space complexity for CGD to
obtain €;-optimal nuclear penalized MLE is O (dldg (N1 + min(dy, dz)) log efl) and O(dds), respectively.

We now discuss the required level of €1 to ensure that our error rates remain in-tact. First, by definition, we have
that R R
< Ly, (®g) + A, [|©o

nuc

[,Nl(éo)-i-)\]vl (:)0 +e < Ly, (O4) + An, ||®*||nuc+61'

nuc

Let A = @y — ©,. Rearranging the terms, subtracting (VLy, (0,), A) from both sides, and applying the RSC
condition yields:

Ly, (©0) = L,(0.) = (VL, (©.),A) < —(VLy,(©,), A) + A, (|©.]]

2>\tnin(H(ﬂ—;®*))”AHi—'

nuc ||®* + A||1’1uc) + €1,

2

ue into the curvature term by assuming that IV; is

where we absorb the tolerance term L/~ log % Al
1
sufficiently large.

For the right-hand side, we condition on the event that An, > 2[|VLy, (©4)],,, which holds with high probability
by Proposition F.1. Applying the decomposability of the nuclear norm with respect to the rank-r subspace M of
©, (Wainwright, 2019, Chapter 10.2), we obtain:

/\miH(H(ﬂ—;g*)) ||A||§7 S.z /\Nl HA”nuc + )\NI(HAMHHUC - HAJV[L Hnuc) + €1 S )‘Nl HAM”nuc + €1-
Since rank(A ) < 2r, we have [|Ay|| . < V27 |Aun|l < V2 |Af . This gives a simple quadratic inequality:
2
Amin (H (7;0,)) Al = Anv vV [Allp — e 0.

Solving for A and plugging in Ay, gives

|Al- = || - .

< b Ot [ e
P e (Hm O VN, 75 N (H (1, 0,))
(*)

5This lower bound on €; is intuitively such that the geometric contraction holds until the optimization error hits the
inherent statistical noise floor of the problem.
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To ensure the optimization error (x) does not dominate, it suffices to set

< Cr o di + ds
DN Nm(H(mO))N, 27§

which results in the following time and space complexities:

)\min(H(ﬂ—; 9*))N1
T

O <d1d2(N1 + min(dy, d2)) log ( )) time and O (d1ds) space.

Computational Complexity of Optimal GL-Design. First, recall the optimal GL-design problem:

: . _ (row) (.. (col) /.
ﬂén;(g(){GL(w,Q*) max{H ") (r;©,), H (7r,®*)}},

where

da
H(row) (7'('; ®*> = )\max (Z Dm(row) (77; @*)) 5 DnL(rOW) (7"2) = [(H(Tl', 6*)71)jk]j,kel(mw)7

m=1

dy

H(COI) (71'; @*) ‘= Amax (Z Dm(col) (TT; 6*)> 5 Dm(COl) (7r; 6*) = (H(7U @*)71)1“*’1),1("“1)3
m=1

and the index sets defined as Z(°%) := {dy (I — 1) +m : | € [do]} and Z(°°V := [dy(m — 1) + 1 : dym).

We elaborate on how to equivalently reformulate the GL-design as a Semidefinite Program (SDP). To do so,
we first introduce an auxiliary positive semidefinite matrix variable Z € Sildz to upper bound the inverse of
principal submatrices of the inverse Hessian, and a scalar w € R to bound the maximum eigenvalue.

By applying the Schur complement (Boyd et al., 1994), the condition Z = H (m; ®,)~! is strictly equivalent to
the Linear Matrix Inequality (LMI):
(H(ﬂ'; @*) Id1d2> -0

14,4, Z
()
Defining the principal submatrix extraction operators Pi")(Z) := Gow) (row) and Pl (z) = (eol) (col)

(which are linear operators), the exact SDP reformulation of the GL-design is given by:
min w
TeRIX ZeSd1d2 weR

subject to Z m(z)=1, w(x)>0 Vredl,
zeEX

(Crex w0 Ty g

14,

da

> PENZ) = wlay,
m=1

dy

> PEeN(Z) < wl,.
m=1

By employing standard interior-point methods (Nesterov and Nemirovski, 1994), the time complexity to solve
this SDP to an ez-optimal solution scales polynomially with the number of variables and the size of the LMI,
yielding O (poly(|X [,di,dz2)loges 1). The space complexity is dominated by the augmented matrix (xx), requiring
O((dyd2)?) memory.
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I E-OPTIMAL DESIGN FOR STAGE I

Here, we briefly elaborate on the use of E-optimal design for Stage I. As discussed in Remark 2, from the
error rate of Stage I (Theorem 3.2), the natural optimal design is arg max,¢p(x) Amin (H (7; ©4)). However, as
we do not have any prior knowledge about ©,, the best one could do is to consider a naive lower bound of
Amin (H (75 0,)) > K Amin(V (7). This motivates the following optimal design:

TE $— arg max Apyin (V (7)),
TeEP(X)

known as the F-optimal design (Pukelsheim, 2006), previously considered in sparse linear bandits (Hao et al.,
2020) and bandit phase retrieval (Lattimore and Hao, 2021). This is a convex optimization problem, and can be
solved efficiently. Below, we collect some results regarding the computation aspects of 7.

Unlike G-optimal (or equivalently, D-optimal) design where it is guaranteed that one can obtain an optimal
design with support size at most % + 1 (Kiefer and Wolfowitz, 1960; Todd, 2016), there is no analogous
guarantee on the support size of 7g. One could however obtain an approximate E-optimal design with guaranteed
bounded support size.

First, if X is discrete, then one can use the polynomial-time algorithm of Allen-Zhu et al. (2021) to obtain 7g
satisfying |supp(7g)| < dida and Apin (V (7)) > %)\min(V(wE)).

Now suppose that X is continuous. For this, we employ two-stage approach: first solve the E-optimal design,
then sparsify its support via e-approzimate Carathéodory solver (Barman, 2015; Combettes and Pokutta, 2023;

Mirrokni et al., 2017),” ® which outputs a 7g such that |V (7g) — V(7E)| » < € and |supp(7g)| < (dlﬁ#)g. The
approximation error in the objective Apmin(V'(7)) is controlled via the Hoffman-Wielandt inequality for eigenvalue
perturbations (Hoffman and Wielandt, 1953):

Amin(V(72)) = Amin(V (78))| < |V (75) = V(TE)|p <€
The sensible choice for € is € = M, but in practice, it is often difficult to know Apin(V (7g)) beforehand.

But for special arm-sets, this is possible. For instance, when X = BgéX@(l), we have that Anin(V(7g)) =

ﬁ (Jang et al., 2024, Appendix D.2).

"Recently, Combettes and Pokutta (2023) showed that the Frank-Wolfe algorithm (Frank and Wolfe, 1956) is effective
in solving the approximate Carathéodory problem, making it as efficient as solving the G-optimal design with bounded
support (Todd, 2016).

8The approximate Carathéodory theorem (Barman, 2015, Theorem 2) states that |supp(7x)| < ¢ ?diam(vec(X))?
where vec(X) := {vec(X)vec(X)" : X € X'}, and we have that diam(vec(X))? < 4(di A d2)® when X C B2 ?2(1).
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J PROOF OF THEOREM 4.1 - LOCAL MINIMAX LOWER BOUND

WLOG assume that d; = max(dy, dy). For given ©,, let UDV " be its SVD.

Inspired by Rohde and Tsybakov (2011, Theorem 5) and Abeille et al. (2021, Theorem 2), we consider the
following set of d; X do matrices:

Orepi={(1-2) @, +eU'VT e RUXE U € {0,517},

where € € (0,1) and 8 > 0 will be specified later. By construction, we have that for any ® € 0, 5, rank(®) < r
and

18] ae < (1= &) @4 le + = [TV,
=(1-9)Si+¢e||U']], 4 (unitary invariance of ||| )
<(1—e)Si+evr U5 (Cauchy-Schwartz inequality on the singular values of U”")
< (1—¢)Ss+efry/ds. (by construction)

Thus, it can be verified that 3 < r\S/ZTI implies || ©||

By construction, ||©; — @2||§: is closely related to the Hamming distance of the vec(U’)’s, which are basically
binary sequences. With this, we recall the Gilbert-Varshamov bound:

<8, ie, O,.53 CN(Oye,1,85,).

nuc —

Lemma J.1 (Gilbert—Varshamov bound; Lemma 2.9 of Tsybakov (2009); Theorem 1 of Gilbert (1952);
Varshamov (1964)). Let m > 8 and Q := {0,1}™. Then there exists {w® w® ... oM} C Q with M > 2m/8
such that w® = (0,---,0) and

m

dig (W@, w®)y = Zﬂ[(w(j))e # (W™ 2

{=1

%, VO<j<k<M.

Thus, we can find a ©) _ 5 C O, g such that [ _ 4] > 25" and for any ©; = (1 — )@, + cU/DVT € SRS
with 7 € {1,2} and U; 7é UQ,

2rd
01— ©ulft = | W] ~ UV |}, = 2 (U} - Ul 2 2,

where we denote omin = omin(O4) to be the minimum non-zero singular value of ;.

Furthermore, we have that for any ® = (1 —¢)®, + U’V € @?.,8”3,
0.~ (11~ 0. +=0 V) = 0.~V
> ¢? (||@*||§: - ||U'H§> (triangle inequality and unitary invariance of |||| )
> g2 (||G)*||% - B2rd1) (by construction)

527’611
>g2E
Z € g

which in turn holds when ||®*||§; > WT”h We will see that this indeed holds with our § specified later.
For ©® € R4*% et Pg be the probability distribution of the observations {(X¢, Yt) beeiny, With gy ~ p(-| X; ©).

We now compute the KL between P(; .y, 1.0/ and Pg, for any @ =UV'Tc O, .3 by connecting it with the
Bregman divergence:

Definition J.1. For a m : R — R, the Bregman divergence D,,(-,-) is defined as follows:

Dy (21,22) :==m(21) — m(z2) — m'(22)(21 — 22).
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We recall the following well-known lemma from information geometry, which simplifies the computation of KL
between two GLMs by implicitly making use of their dually flat structure (Amari, 2016; Brekelmans et al., 2020;
Nielsen, 2020):

Lemma J.2. Consider two GLMs p; = p(-|X;01) and ps = p(-|X; ©3) with the same log-partition function
m. Then, we have that Dy (p2,p1|X) £ Dkr(p(-| X, ©5), )* L. D,n(X,01),(X,0,)).

— g9(n)
We then have that

1
Dxr(Pu-oe,+c0/,Po,|X) = g(ijKX,@*), (1-e)(X,0,)+(X,0")

1 1
- X, @'>2/ Vil((X,©,) + £(X, 0 — ©,)v)dv.

T 0
(Taylor expansion with integral remainder)

We recall a useful self-concordance control lemma from Abeille et al. (2021); Faury et al. (2020):

Lemma J.3 (A Modification of Lemma 9 of Abeille et al. (2021)). Let i : R — R be a strictly increasing function
satisfying |ji| < Rsfi for some Rs > 0. Then, for any z1,22 € R and € > 0, fi(z1 + £22) < [1(z1) exp(Rse|22]).

With this, we have that

DxiL(Pu-ce,+c0/,Po,|X) < ! 62/2(<X,®*>)<X,®*—®’>2/ vexp(Rse[(X, 0" — ©,)[v)dv
9(7) 0
< Qgtr) (X, 0,))(X, 0, — ©) exp(Rse|(X,0" — ©,)))
Y 29;) 24((X,0,))(X, 0, — @) 2exp (Rse(l + 5\/@)5*)
= 29?7) 2u((X,0,))(X, 0, - 0')%,

given that R.e(1+ 8v/d,r)S. < 1. Note that (%) holds regardless of whether we assume X C BE*®(1) (which is
what we assume in the statement) or X C B2, (1) (which is implied from the first case). To see this, if the first
case holds, then

(X,0,-0) <[IX[[p]|© = O.]p <[|© = O,y < (1+Bvdir)S.,

and if the second case holds,

<X7®* - ®/> S ||XHop ||® - ®*||nuc S (1 + ﬁ \% d]T)S

Remark 9. Lee et al. (2024b, Lemma 4) has utilized a similar argument (Taylor integral remainder with
self-concordance) to provide a lower bound on the KL divergence during the online learning regret analysis.
However, they restricted their attention to the Bernoulli distribution.

Thus, recalling that mx = (7¢ )] and using the chain rule for KL (Lattimore and Szepesvéri, 2020, Exercise
14.12),

N
DkL(Pi—cye,+c0,Po,) = Y Ex,~m [DxL(Pi-c0.+:0/ Po. | X1)]

=1
< 29( )6 vec(©, — @) (ZH e © )vec((a* - @)
eN 2 /
< P max(H(73:0,))|©, — @7, (H(wy;0©,) = £ Y H(m;0,))

29(7)
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eN

< — e hax (H(7n; ©,)) (1 + B/dyr)?S2.
2g(7)
Then we have that
2 ) 2a2
1 Z D1 (Per,Po.) < ee*Nmax(H (mwn; ©,)) (1 + Bv/di7r)? Sz
1O ’ 2g(7)
= eeel

_ 4eNe*Anax (H (7n; ©4)) (1 + BV dir)*SZ rdy
o g(T)rdy 8

As log ‘62@6| > log(Q%) = % log 2,

1 1
— Dk1(Per,Pe,) < — log |©°
o] Y Dxu(Pe,Pe,) < 16 108107
nellereel
. 2 rdig(T)alog 2 1
holds with = < 266N>\max(H(7er;®*))(H—ﬁm)zsf where oo = i5-
We choose
52— L2 alog?2 rdyg(T)
rd; 26e(1 + /7)? NAmax(H(7n; ©,))S2
We now check the requirements:
S S2
< =y < =
= rv/dy = r
gﬂg’l"dl

2
1©x7 >

8 2
—7< 9 1O+ %

R%log?2 rd1g(T)
<e(1 d <1l N>_32 .
Rse(1+ 5y dir)$ 30 ¢ e (H(n:©,))

8

The proof concludes by invoking Tsybakov (2009, Theorem 2.5) with o« = 1—16,9 which we recall here for completeness:

Lemma J.4 (Theorem 2.5 of Tsybakov (2009)). Let © be a subset of a metric space with metric d(-,-), and let
6 — Pg be the probability measure parametrized by 6. Suppose that there exists {6,071, ,0p} C O for some
M > 2 such that

(i) d(8,,6,) >2b>0, YO<j<k<M,
(ZZ) I[ng<<]PJ007 Vi=1,2,--- M, and
(iti) there exists a o € (0,1/8) such that 57 Z]M:1 DxL(Ps,, Pg,) < alog M.

Then, we have the following high-probability minimazx lower bound:

~ vV M ( 20 )
inf sup Pg, (d(0,0,) >b) > ———— (1 —2a — > 0.
6 0*6% o.(d(6,6.) ) 1+vVM \ log M

We now provide the proofs of the missing lemmas:

Proof of Lemma J.2. This follows from brute-force computation:

sl

Dxv(p2,p1) = Eyep, [log

9No efforts were made to optimize the constants.
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~ 5B (X, 02— ©) + (X, 1)) ~ m((X. ©:)
(recall the probability density of GLMs)
— m(<X> ®1>) — m(<X7 ®2>?q(:-;nl(<Xa ®2>)<X7 91 B ®2> (E[y] _ m’((X, ®2>))

_ %Dm(<X,®1>,<X,@2>)~

Q

O

Proof of Lemma J.3. We provide the slightly modified proof of Abeille et al. (2021, Lemma 9) for completeness.
Starting from the self-concordance, we have that for any z1, 20 € R
f1(z14+ez2)Vz1 M(Z)

(z) < R, Vz€e€R= —Rge|z| < / ——<dz < Rge|za).
ILL(Z) (z1+€2z2)N21 U(z)

=:

_Rs S

A((z1+ez2)Vz)
A((z1+ez2)Az1)

=log
If z > 0, then we have that from the upper bound,
fi(z1 4 €22) < fu(z1) exp(Rse22) = fi(21) exp(Rse|z2]).

If z5 < 0, then we have that from the lower bound,

f(z1 + e22) exp(Rsez2) < fi(z1) = (21 + €22) < fu(21) exp(—Rsez2) = [i(z1) exp(Rse|22|).
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K ADDITIONAL DETAILS FOR BILINEAR DUELING BANDITS: SETTING

K.1 Motivation

Transitivity — the property that if ¢ > j and j > k, then 7 = k — is one of the key assumptions that distinguish
the dueling bandit setting (Bengs et al., 2021; Sui et al., 2018; Yue and Joachims, 2009; Yue et al., 2012).
Within this stochastic transitivity framework, the most commonly considered model is the Bradley-Terry-Luce
(BTL) model (Bradley and Terry, 1952): each arm k has an unknown utility(reward) r, € R such that for each
(i,7) € [K] x [K], pi,j :==P(i = j) = p(r; —r;) with p(z) := (1+e*)~1. When K is large, without any additional
structural assumption, the statistical guarantees (e.g., regret in dueling bandits) often increase polynomially in
K. One very natural way of bypassing this issue is to impose a linear structure on the utility, resulting in the
so-called linear BTL model: each arm k is endowed with a known feature vector ¢, € R% and 7, = (¢, 0y)
for some unknown 6, € R%. This model has been successfully applied in various domains, with reinforcement
learning with human feedback (Rafailov et al., 2023) being one of the most prominent applications. Coming back
to dueling bandits, with such linear structure, the regret of dueling bandits has been improved from poly(K) to d
or y/dlog K by exploiting the linear BTL model (Bengs et al., 2022; Saha, 2021).

However, the literature has two main gaps, both of which we intend to fill with our newly proposed setting and
new analyses.

Linear-like Structure in Dueling Bandits with General Preferences. The (linear) BTL model cannot
model nontransitive preferences, which hinders its applicability in various scenarios, from simple nontransitive
games such as rock-paper-scissors, Blotto-style games (Balduzzi et al., 2018, 2019; Bertrand et al., 2023), and
even human preferences (Azar et al., 2024; May, 1954; Munos et al., 2024; Swamy et al., 2024; Tversky, 1969;
Zhang et al., 2025).

In most of the prior literature on dueling bandits and general preference learning (i.e., not assuming linear BTL
model), the learner must either learn or adapt to the entire unstructured preference matrix P € [0, 1]5*¥. This
means that, again, the statistical guarantees are expected to depend polynomially in K. Given that the linear
structure has enabled the development of efficient algorithms for linear and dueling bandits with large action
spaces and contextual information, the question of how to impose linear-like structure to arbitrary preference
matrix P has been a significant and longstanding open question.

There have been two notable advancements in this direction, one theoretical and one practical. The first
advancement is by Wu et al. (2024), whose setting we briefly describe here. The learner has access to a
feature map (i,7) € [K] x [K] — ¢;; € R? satisfying ¢; ; = —¢;,. The preference probability is defined as
pij = p((dij, 04)), where 6, € R? is unknown. With this model, the authors have improved the Borda regret’s
dependency on K from polynomial to logarithmic. However, it is unrealistic to know all item pair-wise features
that linearly encode the underlying preferences. Arguably, a more realistic scenario is knowing only item-wise
features, namely, ¢y € R? for k € [K].

One may wonder if there is a contextual preference model that incorporates item-wise features while being
potentially nontransitive. The second advancement, due to Zhang et al. (2025), tackles this by proposing the
contextual bilinear preference model: for each item pair (i, ) € [K] x [K], the preference model is defined as

pij = k(@] O.d;),

where O, is a d X d skew-symmetric matrix of low rank. However, their paper does not provide any statistical
guarantees when this is used in dueling bandits, or even regarding the estimation error of the preference model;
rather, their main focus is experimentally validating this model in modeling human preferences and its implications
for the downstream RLHF task. Note that we adopt the same preference model, exept we allow for the underlying
arm-set A to be continuous.

Although not discussed further in Zhang et al. (2025), we believe this is a very natural way of incorporating some
sort of linearity into general preferences, and that it deserves more attention from the dueling bandits community
as well. Indeed, such bilinear model has been used in modeling interaction of two items, with applications to drug
discovery (Luo et al., 2017), server scheduling (Kim and Vojnovié, 2021), personalized recommendation (Chu
and Park, 2009), link prediction (Menon and Elkan, 2011), relational learning (Nickel et al., 2011), and more.
The bandit community was introduced to this model by bilinear bandits (Jang et al., 2021; Jun et al., 2019),
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later extended to low-rank matrix-armed bandits (Jang et al., 2024; Kang et al., 2022; Lu et al., 2021); refer to
Appendix A for further related works on low-rank bandits. Roughly speaking, the learner now only needs to
learn ©(d?) parameters of @, instead of ©(K?) parameters of P. Furthermore, using the low-rank structure of
©,, the learner can further improve the regret’s dependency in d. Although not discussed in Zhang et al. (2025),
we also note that this is the rank-d version of the low-rank preference model of Rajkumar and Agarwal (2016), as
one can write "} (P) = ® ' ©,® where ® = [¢; - - - px] € R*K and p~! is applied entry-wise.

Variance-Aware Borda Regret Bound. The Borda regret resembles the strong regret (Yue et al., 2012),
and it “respects” the inherent problem of the difficulty of dueling bandits where two arms are chosen rather than
a single arm (Saha et al., 2021; Wu et al., 2024). Its original motivation is from search engine, in which the regret
corresponds to “the fraction of users who would prefer the best retrieval function over the selected ones.” (Yue
and Joachims, 2009).

All the existing guarantees for the Borda regret either assume a fixed gap (Saha et al., 2021) or incur a 1/c,
dependency (Wu et al., 2024), where ¢, can be thought of as the worst-case badness of linear approximation of
the true preference signal. In other words, the current Borda regret bound seems to suggest that the lower the
variance (which roughly corresponds to the derivative of the inverse link function in the context of GLMs), the
higher the regret. However, the vast literature on logistic and generalized linear bandits (Abeille et al., 2021;
Lee et al., 2024a,b) suggest otherwise. Abeille et al. (2021) first proved a O(dv/Tk,) regret bound for logistic
bandits as well as a matching (local minimax) lower bound, the correct dependency on the variance-dependent
quantity. Thus, it should be expected that a similar variance-dependent quantity should pop up in the optimal
Borda regret bounds.

K.2 A Sufficient Condition for the Bilinear Preference to be Stochastic Transitive

A preference model is stochastic transitive w.r.t. p (Bengs et al., 2022) if there exists a f : [K] — R such
that (P);; = p(f(¢) — f(j)). Here, we prove that certain collinearity between the features ¢,;’s in the bilinear
preference model (Eqn. (K.1)) implies stochastic transitivity:

Proposition K.1. If there exists an orthonormal Q € R™4 such that {((Q" ¢x)2m—1, (QTQSk)Qm)}kE[K] 18
collinear in R? for each m € [r], then the bilinear preference model is stochastic transitive w.r.t. . When r =1
(i.e., rank(®,) = 2), this is also a necessary condition.

Proof. The proof is heavily inspired by Jiang et al. (2011), where the authors provide a decomposition of the space
of preferences via combinatorial Hodge theory; this has been also utilized in later machine learning literature on
ranking with potentially nontransitive components (Balduzzi et al., 2018, 2019; Bertrand et al., 2023).

From the combinatorial Hodge decomposition (Jiang et al., 2011, Theorem 2), a f that satisfies the stochastic
transitivity exists if and only if for any (4, j, k) € [K]?,

¢ ©.¢; + &) O + P O.¢; =0.
The quantity on the LHS is known as the combinatorial curl (Jiang et al., 2011).
Let ©, = QAQT be its canonical form (Lemma K.1), and let ¢; := QT ;. Let {Am}mef) € Rso be the nonzero

components of A. Then, the above curl-free requirement boils down to
1 1 1

>\m ((Pi)mel ((toj)mel (‘Pk)mel =0.
mz—:l (Pi)om  (@j)em  (@r)2m

2v,,

One sufficient condition for above to hold (necessary as well if r = 1) is if V,,, = 0 for all m € [r]. Geometrically,
V, is the signed volume of the parallelopipe in R?, spanned by the three column vectors. For the volume to
be zero, it must be that {((@i)2m—1, (®i)2m), ((¥5)2m—1,(@5)2m), (@k)2m—1, (Pk)2m)} is collinear in R As
this must hold for any 4, j,k € [K]?, it must be that {((¢x)2m—1, (@r)2m)}re[k] is collinear as well, for each
m € [r]. O
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Remark 10. We believe that the above result is extendable to the general case via decomposing the general
preference into its transitive and cyclic components Jiang et al. (2011). But then, geometrically, it is unclear
how to choose the right features such that the non-transitive and transitive components are compatible with each
other, which corresponds to the “harmonic” component from the combinatorial Hodge decomposition (Jiang
et al., 2011).

K.3 Miscellaneous Mathematical Preliminaries

Here, for completeness and to foster future directions, we provide a bit orthogonal, yet interesting (and hopefully
useful) mathematical preliminaries regarding skew-symmetric matrices and anti-symmetric tensor product space.

K.3.1 Skew-Symmetric Matrix

A matrix A € R™4 is skew-symmetric (or anti-symmetric) if AT = —A. It is known that the rank of a
skew-symmetric matrix must be even (Hoffman and Kunze, 1971, Section 10.3), and it admits the following
decomposition, which is its canonical form:

Lemma K.1 (Corollary 2.5.11 of Horn and Johnson (2012)%). A is a skew-symmetric of rank 2r < d if
and only if there exists a (unique) orthogonal Q (i.e., Q'Q = QQT = I,;) and {Ae}eer € Roo such that
A =QAQT, where

A=|PNS| D04,
Le(r]

where @ 1s the matrixz direct sum and S := {_1 0

v 1}. Moreover, {+\¢i}ic[r) are the eigenvalues of A.

?A fun(?) historical note: this decomposition has been repeatedly rediscovered and renamed: Murnaghan-Wintner
decomposition (Murnaghan and Wintner, 1931), Youla decomposition (Youla, 1961), or the Schur decomposition (Balduzzi
et al., 2018), although the latter name is a bit inaccurate as the “usual” Schur decomposition should result in an upper
triangular matrix in the middle (Horn and Johnson, 2012).

We also remark that the above form can be quite efficiently computed (Penke et al., 2020; Ward and Gray, 1978).

Let Skew(d) := {® € R¥*?: @7 = —@}. It is a well-known that Skew(d) is a linear subspace of R¥*? and that
the mapping A — (A — AT) is an orthogonal projection onto Skew(d) (Hoffman and Kunze, 1971, Chapter 6.6).
We will also consider rank-constrained Skew(d), defined as Skew(d; 2r) := {® € R¥*?: @7 = —@, rank(®) = 2r}.
This is a matrix manifold whose dimension is given as follows (see Appendix K.4 for the proof):

Proposition K.2. dim(Skew(d;2r)) = 2dr — (2r% + 7).

K.3.2 2nd-Order Tensor Product Space

Here, we largely follow the exposition of Section 2 of Garcia et al. (2023) and Section 1.5 of Bhatia (1997), to
which we refer interested readers for an overview of general tensor algebra over Hilbert space.

We define the 2nd-order tensor power of R? as (R9)®? := {x @ y : x,y € R?}, where the inner product'® is
such that (z; ® x2,y1 ® ya2) = (1, y1)(22,y2). Then, its orthonormal basis is given as {e; ® €;}(; j)e[a?-

Consider the symmetrization and antisymmetrization operators, defined as Pgs(x @ y) = * Oy =
%(m Qytyex) and Palx @y) = x Ay = %(m ® y — y ® ). Then, one can orthogonally decom-
pose (R)®2 = (RY)©2? @ (R?)"2, where the two spaces are spanned by their respective orthonormal basis:

(Rd)QQ = span ({61 O] ei}ie[d] U {\/i(ei O] ej)}1§i<j§d) y and (Rd)/\Q = span ({\/i(eZ A ej)}1§i<j§d) )

Let us focus on the antisymmetric part. It is known that P4 is an orthogonal projection onto R"? with the

10Such inner product is unique (Bhatia, 1997, Proposition 3.8.2).
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following idempotent, full row-rank matrix representation of Py4:

d
2

PA::\/i[el/\eg et Neg - ed,l/\ed]GRdzx().

It satisfies P} Py = I(d) and PP (z®@y)=x Ay.
2

K.4 Proof of Proposition K.2

The proof utilizes some tools from topology, Lie group theory and matrix theory. Our main references are Munkres
(2018), Chapter 21 of Lee (2012) and Horn and Johnson (2012).

Consider the generalized linear group GL4(R) := {X € R4*? : det(X) # 0}, which is a Lie group of dimension
d?. We then define the group action of GL4(R) on Skew(d;2r) as the following:

(X,A)— XAXT, X €GL4(R), A € Skew(d;2r).

We now utilize the following lemma:

Lemma K.2 (Theorem 21.20 of Lee (2012)). Let X be a set and G be a Lie group that acts on X transitively,
i.e., for any x,y € X there exists a g € G such that (g,x) = y. Suppose that there exists a point p € X such
that the stabilizer group G), is closed in G. Then, X has a unique smooth manifold structure w.r.t. which the
given action is smooth. With this structure, dim X = dim G — dim G,,.

We first show that our group action indeed satisfies the assumptions of the above lemma. For simplicity, let us

denote
0 1
Saor 5:@ 1 0 D042
Le(r]

=:85,

Claim K.1. The action as defined in Eqn. (K.4) is transitive.

Proof. To see this, consider two A, B € Skew(d;2r). Then by Lemma K.1, there exists Ua,Up € O(d) and
{)\%)A, )\%’B}@E[T] such that A = UAAASd72rA:£U:4r and B = UgApSy2-AgUg, where

AA = diag(Al,AvAl,Af" a)‘T,Aa)‘T,Aa 0703"'70 )
— —_—
twice twice remaining entries

and similarly for Ag. Then, defining X = (UgAp)(UaAa)~! € GL4(R), it can be seen that (X, A) = B. O

For the point p in the above lemma, we choose Sg2, € Skew(d;2r). Let us denote its stabilizer group as
Sd’g,« = {X S GLd,QT(R) : )(Sdgr)(—r = Sd’gr}.

Claim K.2. Sy, is closed in GLg4(R).

Proof. Consider a mapping p : X +— XSd’QT-XT7 which is continuous. Noting that Sg o, = p_l({Sd’Q»,‘}) and that
{S4,2r} is closed (in Hausdorff space, which GL4(R) is), Sg.2, is also closed by continuity. O

We now characterize Sq 2.

X1 X2

X, ng] such that X is invertible and X S5, X T =

Using block matrix notation, we need to characterize X = [
Ss5,.. After some tedious computations, we have that

XllsQTX;; XIISQTX;—1:| _ |: SQT 02r><(d—27’):|

X182 X, X2155,. Xy, O@—2ryx2r  O2rx2r
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Consider the first block. Taking the determinant, we can deduce that det(X1;)? = 1 # 0, i.e., X1; should be
invertible. As Sy, is also invertible, the antidiagonal blocks implies that Xa1 = 0(g—2,)x2;-

So far, we have that X should be of the form

_ X1 X2
0(d—27') X 27 X227

where X1; € Sym(2p) := {X € GL,(R) : XS5.X" = X}. By Schur’s determinant formula, as X must be
invertible, we must have that
det(X) = det(Xll) det(XQQ) # O,

i.e., Xoo should also be invertible.

We now derive the dimension of GLg4_2,(R) Sym(2r).

Claim K.3. dim(GLg_2,(R)) = (d — 2r)2.

Proof. Let n = d — 2r. Then, note that GL,(R) = det™*(R \ {0}). As det is continuous and R \ {0} is open,
GL,(R) C R™*"™ is open, and we are done. O

Claim K.4. dim(Sym(2r)) = 2r% +r.

Proof. We do this by counting the number of independent constraints, then subtracting it from dim(GLs,.(R)) =

4r2. Let us denote S := [ 0 1

1 0} for simplicity. First, for a A € R2%2, note that

ASA" =det(A)S.

Now consider a X € GLq,.(R), consisting of » number of 2 x 2 blocks:

X1 X2 -0 Xy

Xo1 Xoo -0 Xy
X =1 . ) . :

Xrl Xr2 X’I‘T

Then, by the block matrix multiplication and the above result, we have that
. th’L S7 .:'7 S7 ‘:’7
(X80, XT),; = { 2 (UKD S 070 o
m > k=1 Xikd X i # ] O2x2, 7]
where here, (-); ; refers to the 2 x 2 block at the (7, 5) location.

There are r constraints for ¢ = j and 4(;) = 2r(r — 1) constraints for ¢ # j, which amounts to 2r? — r constraints
in total. Thus, the dimension of Sym(2r) becomes 412 — (2r? — r) = 2r2 + 7. O

All in all, we have that

dim(Sg.) =  dim(Sym(2r)) 4+ dim(R**@"2)) 4 dim(GLg_2.(R))
degrm X111 degrees of freedom for X2 degmgg
= (2r% 4 7) 4+ 2r(d — 2r) + (d — 2r)*
=d®+2r% +r — 2dr.

Applying Lemma K.2, we have that
dim(Skew(d; 2r)) = dim(GLg4(R)) — dim(Sq.2,.) = 2dr — (21 + 7).
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L ADDITIONAL DETAILS FOR BILINEAR DUELING BANDITS: REGRET
ANALYSIS

L.1 Proof of Theorem 5.1 — Borda Regret Upper Bound for Bilinear Dueling Bandits

We state the full version of the Borda regret bound and give its proof:

Theorem L.1 (Full Statement of Theorem 5.1). Let us denote GLpyin = GLpin(X), R(m) =
Ex~r [1((X,0O,))], and 7, € argmin_.p GL(7;©,). Choose N1 and Ny as

k(m,)dr d R(m,)r? Na log ¢
Ny < log —
L o H s 002 85V ey H (1,000 || GLom(X)”

d\ /3
N, = <GLmin log 5> (kBT)2/3,

and let us assume that T > Ny + Ny. Then, the following Borda regret bound of BETC-GLM-LR® holds with
probability at least 1 — 0

B

d\"? QL. d\*?
RegB(T) hS (GLmin log 5) (HET)Q/S +R,L, ( Emm Tog 5) T3 4 Ny
Here, it is clear that the first term dominates when T is sufficiently large.

“This is an acronym for Borda Ezplore-Then-Commit for Generalized Linear Models with Low-Rank structure.

Proof. We naively bound the instantaneous regret from the exploration phase with 1, and thus, the cumulative
regret up to the forced exploration is N; + Ns.

-~

After the exploration phase, the instantaneous regret is the same as B(¢,) — B(¢). This is bounded as follows:

-~

B(¢x) — B(¢p) = Eg/~unit(x) {M (¢, ©,9) — N(GET@*(ﬁ/)}
< Egrvmitx) |1 (6] ©.¢') — u(¢] ©¢)] (Definition of ¢)

* ~ ~ 2
Y g o) it (6] ©:8) 61 (0, = ©)8'| + Byt { (¢7(@.-8)¢) 0<¢’>]

@ Qs
(First-order Taylor expansion with integral remainder)

where at (x), we define

0(¢') = /01(1 —2)ji (¢I ((1 —2)@, + z(?)) ¢') dz.
Q1 can be bounded as

Q1 = Eg/~unit(x) {ﬂ (¢ 0©.¢8") )] (O, — @)Qy}

< (moy [0 (©. - 810/ ) Egrorunin) i (0] ©.9)

dEX

< KB H@ -0, (rectangular quotient relation for [|-||,, & ¢y, @’ € B?(1) & definition of x2)

op

GLmin d
S ’ff\/ Ny log 3 (Theorem 3.1)

By self-concordance, we have that |0(¢’)| < iR,L, for any ¢’ € X, and thus, Q> can be bounded as

1 . ~ \?] _ RyL,GLym . d
Q2 < iRsLuE¢’~Unif(X) {(Qb* (O, — @)Cbl) } S *A;Tlog 3
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Combining everything, we have that

GL; d  RsL,GLp; d
< B min 1 “ st min 1 )
) ~ KJ* N2 Og 6 + N2 Og 6

<)

B(d)*) _B(

All in all, we have

GLymi d RsL,GLu d
Reg?(T) < Ny + Ny + (T — Ny — N. B | Jog — 4 ——E T Jog —.
eg” (T) S N1+ Nao+( 1 2)<'<5* Ny og5—|— Ny ogé
GLyy; d [GL d
<Ny +No+T M Jog = | kB L I Jog = | .
< Nj+ Ngy+ N, Og6 (ﬂ* + RsL, N, og6>

Let us optimize for Ny using the last expression.

If we choose Ny = (GLmin log %)1/3 (kBT)?/3, we have

d\ /3 GL.. d\2/3
Reg®(T) < Ny + (GLmin log (5> (kBT)?3 + R,L, ( = log 6) T3,
K:*

With this, we have the following requirement on Nj, as stated in Eqn. (3.5): recalling that &(w) =
Ex~r [1({(X,0O,))] and 7, € argmin_p GL(7; O,),

R(my)dr d R(me)r? Ny log %
N, > log —
PR o (H 02 8 5V ey H (r:0.)7 \| G (X)

L.2 Relations to Wu et al. (2024)

Reduction to Wu et al. (2024). To our knowledge, Wu et al. (2024) is the only comparable competitor in
our setting of Borda regret minimization. To do that, we first describe how to reduce our bilinear dueling bandits
to their setting. Recall that Wu et al. (2024) require vector-valued features for each pair of items, ¢; ; = —¢, ;.

s

As®, =0, — é:);'— for some @)* € R¥*4_ one can rewrite the bilinear preference as
i (6] (0. -00)e;) = 1 ((O. 105 — 4507 ).

One may be tempted to set ¢; ; = Vec(qﬁid>;r — @ d);'—) However, recalling the discussions from Appendix K.3.2,

one must set ¢; ; = P){vec(@d);r — ;) for ¢ ;’s to be able to fully span R"2. Setting 6, = P;{vec((:)*) € R
and the reduction is complete.

Comparing Regret Upper Bounds. A naive application of the algorithm of Wu et al. (2024) using the
above reduction attains a Borda regret bound of 0(0;1d4/ 372/3) up to some epsilon-net error (see their Remark

5.3), where
fi((z,0)) > 0.

They have also assumed that Ayuin(V(7Y)) > )¢ for some constant \g > 0, where 7Y ~ Unif(A x A) (Wu
et al., 2024, Assumption 3.1). We remark that in many cases, Ag is not constant and can be arbitrarily small
dimension-wise. In particular, both Wu et al. (2024) and our work assumes ||¢; ;|2 < 1, one can prove that
Ao < d% for any A under this assumption and it is impossible to make Ay as a constant, since

Cp = min
lzll,<1,][6—6.]I<1

wr(V(m) =tr [ S w(eij)biidl;

.3

= Zﬂ'(d)i,j)tr (¢z’,j¢¢T,j) (Linearity of tr)

,J
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< ZW(@J) =1 (For a vector v, tr(vv ") = ||[v||3 and ||¢i ;]2 < 1)

and tr(V(m)) = Z?il Ai(V (7).

Still, for a fair comparison, let us first compare with our bound under the same assumption and various arm-sets:
utilizing Proposition 3.2,

e When A = B%(1) (X = BZX%(1)), our regret bound becomes o ( T3k de)2/3>. This is a strict improve-

ment by a factor of d2/3 and curvature-dependent quantities.

e When A = {e; : i € [d]} (X = M), our regret bound becomes O (Harm(©,)~/3d(kPT)?/3). This is a strict
improvement by a factor of d'/3 and curvature-dependent quantities.

e For general A C B%(1) (X C ngXd(l)), by Proposition 3.1, our regret bound can be upper bounded with
o (n?l/g(/{fT)w?’(d)\o)l/?’). This is a strict improvement by a factor of (dXo)'/3, when Ag > .

Remark 11 (Dependency on r). A keen reader may notice that our regret bound is independent of the rank r of
the matriz O, which is also the case for bilinear bandits (Jang et al., 2021, Theorem 4.6), albeit for a different
reason. This is because our GL-LowPopArt exploits the low-rankness of A (which induces a matriz-valued
arm-set of operator norm at most 1) and the parameter space Skew(d; 2r), analogous to bilinear bandits (Jang
et al., 2021; Jun et al., 2019) and low-rank bandits (Jang et al., 2024; Kang et al., 2022; Lu et al., 2021).

B\2
We now elaborate on the curvature-dependent quantity % in our Borda regret bound, an instance-specific
scaling not previously reported in the dueling bandits literature. Let us first recall their definitions:

Ky 1= ¢Ig,ln (1 (@70.¢"), KE :=Eyumitali(d] Od).

Here, k, represents the worst-case flatness (minimum derivative) across all possible pairs of arms, while x2
represents the average flatness when playing the true Borda winner ¢, against a uniformly drawn arm. By
definition, we have x, < k2. The dueling nature of the regret reveals an interesting dichotomy depending on the
relationship between these two quantities:

e Uniform Flatness (. =< x2): If the landscape’s flatness is relatively uniform —meaning the hardness of
estimating the preference for the worst-case pair is of the same order as estimating preferences involving the

(9)?
K

Borda winner — then the curvature-dependent factor simplifies to = Ky. Consequently, our permanent

regret scales as 6(/@1(/ 312/ 3). This implies that a flatter problem (smaller x,, which corresponds to smaller
variance in the feedback) strictly reduces the permanent regret, analogous to the findings in generalized
linear bandits (Abeille et al., 2021; Lee et al., 2024a).

e Adversarial Flatness (k, < £2): Conversely, if there exists an adversarial pair of arms that is signiﬁcantly

flatter (and thus much harder to learn) than the pairs involving the Borda winner, the ratio 27 plows
up. In this regime, the difficulty of identifying the parameters in the worst-case flat region overwhelmmgly
dominates the variance-reduction we would otherwise enjoy around the Borda winner. As a result, the
permanent regret no longer benefits from the general flatness of the problem.

Regret Lower Bound. Wu et al. (2024, Theorem 4.1) obtain a regret lower bound of Q(d?/3T2/3) for
bi;,0, € R?, and a similar lower bound for unstructured dueling bandits has been obtained by Saha et al. (2021,
Theorem 16); T%/3 stems from the fact that the exploration and exploitation cannot be mixed. This suggests
that at least in terms of 7', our BETC-GLM-LR is also optimal.

1 Of course, if the geometry of A is ill-distributed, then Ao can be arbitrarily small, and we do not claim that ours is
always good. Rather, when A is sufficiently well-distributed (which is arguably the usual case). our GL-LowPopArt shows
the benefit of exploiting the geometry and curvature.
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However, their lower bound cannot be directly applied to our setting, as our bilinear dueling bandits, in essence,
constrain the matrix arm to be of rank-1. It is clear that their hard instance, based on the lower bound for
stochastic linear bandits (Dani et al., 2008), cannot be instantiated as our setting. We leave obtaining a tight
lower bound to future work, considering how even in stochastic bilinear bandits (non-dueling), the lower bound
remains open (Jang et al., 2021; Jun et al., 2019; Kottowski and Neu, 2019). It would also be interesting from
the curvature perspective on whether the above dichotomy is fundamental, i.e., whether one can derive a regret
lower bound that depends on (ng A potential starting point may be from the regret lower bound of Jang et al.
(2024, Theorem 6.1), although tﬁey do not consider the Borda regret nor nonlinear link function.
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M PRELIMINARY EXPERIMENTS: 1-BIT MATRIX
COMPLETION/RECOVERY

In this appendix, we present preliminary numerical results on 1-bit matrix completion and recovery (Davenport
et al., 2014) to demonstrate the empirical effectiveness of GL-LowPopArt. For results in the Gaussian (i.e., linear)
setting, we refer readers to the experiments in Jang et al. (2024). The source code to reproduce these experiments
is publicly available on our GitHub repository.'?

M.1 Experimental Setting

Dataset. We set the dimensions d; = do = 3, the rank » = 1, and the tolerance level § = 0.001. We evaluate
three different choices for the action set X

1. Matrix Completion: X = {eiejT :1 <14,5 < 3}, where e; denotes the standard basis vector in R%:.
2. Matrix Recovery (Random): K = 50 arms sampled uniformly at random from the unit sphere S%192-1(1).

3. Matrix Recovery (Hard): A hard instance proposed by Jang et al. (2024, Appendix C.3), defined as:

1 1
Xhard = {\/;%c_l(el)} U {Vec_1 (”d+161 +4/ dilei> ci=2,.. .,d2} .

For each experimental setting, we repeat the process 30 times across a wide range of sample sizes N. In
each repetition, the underlying true parameter is generated as @, = 2UU ", where U is obtained via the QR
decomposition of U’ ~ N(0,1)%*". For the random matrix recovery setting, the arm set X is also resampled
independently for each repetition.

Algorithms. We compare the following algorithms: (i) nuclear-penalized MLE with the uniform design
(‘U’), (ii) GL-LowPopArt with a uniform Stage IT design (‘U+4U’), and (iii) GL-LowPopArt with an optimal
GL-design in Stage II (‘U+GL’). We employ the theoretically prescribed hyperparameters without further

tuning: Ay = ,/% log 15—2 for the nuclear-penalized MLE (Proposition F.1), and v = \/m log % for
GL-LowPopArt.

To solve the Stage I nuclear-penalized MLE, we use a restarted FISTA-style proximal gradient method with a
backtracking line search (Beck and Teboulle, 2009; Cai et al., 2010; O’Donoghue and Candes, 2015). For Stage II
and the optimal design computations, we use CVXPY (Agrawal et al., 2018; Diamond and Boyd, 2016) equipped
with the MOSEK solver.

To ensure a fair comparison, we fix the total sample budget N across all methods, enforcing Ny + No = N, where
N; denotes the number of samples allocated to Stage i. Specifically, we set Ny = | N/10] and No = N — N;.13

Remark 12. We also experimented with the Burer-Monteiro factorization (BMF) approach using a small
random initialization (Kim and Chung, 2023; Stéger and Soltanolkotabi, 2021), factoring the parameter as
® =UU". However, this method yielded the worst performance across all scenarios. This suggests that the
non-convex loss landscape is highly non-benign in the noisy setting, corroborating the observations of Ma and
Fattahi (2025). We have omitted these results for brevity.

M.2 Results & Discussion

We report the mean operator norm error for each algorithm alongside 95% two-sided confidence intervals, computed
using the empirical standard error over the 30 independent repetitions (using the Student’s ¢-distribution or
normal approximation) (Student, 1908).

2https://github. com/nick-jhlee/GL-LowPopArt

13While the main text establishes that N; =< /N suffices asymptotically, we allocate a larger proportional budget to Ny
here to account for finite-sample effects and ensure sufficient initial exploration.
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Figure 1 summarizes the updated results.'* Across all three tasks, GL-LowPopArt substantially outperforms the
nuclear-penalized MLE baseline. In particular, the baseline error decreases much more slowly and exhibits a
long finite-sample plateau (e.g., up to N =~ 10° for Matrix Recovery (Hard) and N =~ 10 for other tasks),
whereas both Stage-II variants of GL-LowPopArt improve much more rapidly as N grows. We now elaborate on
the difference in performance between uniform and optimal GL-design for Stage II.

For matrix completion, the gain from using the optimal GL-design in Stage II is negligible: the uniform and
GL-design perform very similarly, and the uniform Stage-II design is slightly better in the small-sample regime.
For matrix recovery (random), the gain is also somewhat modest, but in the same small-sample regime, the
GL-design is slightly better than uniform design. All in all, the two Stage-1I variants can be extremely close, with
only a small edge for the GL-design in parts of the range. The clearest benefit of the optimal GL-design appears
in matrix recovery (hard), where it consistently outperforms the uniform design by the largest margin in the
small sample regime, but the gap narrows down as IV increases. Thus, the empirical benefit of GL-design is most
pronounced on geometrically anisotropic instances, but still modest compared to our initial expectations. We
leave a more systematic empirical study of this phenomenon to future work.
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Figure 1: Log-log plots of operator norm errors across a wide range of sample sizes N, averaged over 30 independent
repetitions. The first, second, and third rows correspond to the matrix completion, random matrix recovery, and
hard matrix recovery settings, respectively.

M After the camera-ready submission, we revised the experiments in two ways: we now report the operator norm error,
and we fixed an indexing bug in the previous implementation of optimal GL-design. We then re-ran all experiments, which
led to some changes in the empirical trends, reflected in the new discussion.
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N ADDITIONAL FUTURE DIRECTIONS

(1) Computational Efficiency. Although GL-LowPopArt is computationally tractable, it is not efficient. The
main bottleneck stems from two O((d1dz2)?) operations in Stage II: inverting the Hessian H (mg; ©g) for matrix
one-sample estimators and performing SVD on @;. Improving the computational efficiency of these steps while
retaining statistical efficiency remains an important future direction.

(2) Beyond Single-Switch Designs. We derived our estimation rate using a single-switch design, where the
data collection policy is fixed within each of the two stages. An interesting question is whether granting the
learner full control over a history-dependent adaptive policy would enable a statistical rate that fundamentally
outperforms the GL-Design bound achieved by our GL-LowPopArt. The study of valid statistical inference under
such general adaptive data collection mechanisms is an active research front (Bibaut and Kallus, 2025; Zhang
et al., 2021; Zrnic and Candes, 2024). Investigating the precise trade-off between the frequency and flexibility of
adaptive control and the theoretical limits of the error rate is an important direction for future work.

(3) Hard Instances under Fixed Passive Designs. One may wonder whether the bounds in our Propo-
sitions 3.1 and 3.2 are tight for those specific arm-sets. Moreover, readers familiar with Jang et al. (2024)
may wonder if, similar to their Lemma 3.6, we could construct a hard arm-set instance Ayp..q such that
GLmin (Ahard) =< m where Hpin (Anard) = MaX;cp(4) Amin(H (7; ©,)) is the E-optimal design related
to the true Hessian. These questions, although we leave to future work, would help us understand better the
tightness and importance of our proposed optimal GL-design

(4) Beyond Low Rank. Our estimator naturally adapts to low-rank structure, but many problems of interest
exhibit additional or alternative structures, such as row/column sparsity (Zhao and Leng, 2014), joint low-rank
and sparse decompositions (Oymak et al., 2015; Richard et al., 2012; Yang and Ravikumar, 2013; Zhao et al., 2017),
or other structured priors. Extending PopArt-style estimators (Jang et al., 2022) to these settings could yield
analogous instance-wise optimality guarantees, and may have immediate impact in high-dimensional applications
such as genomics, recommender systems, and structured bandits.

(5) Robustness to Model Misspecification. Our analysis assumes a well-specified GLM, as is standard in
statistical learning and bandits (Lattimore and Szepesvdri, 2020, Chapter 24.4). Under misspecification, however,
the Stage I estimator converges not to the true ®,, but to the KL projection of the true distribution onto the
assumed GLM class (White, 1982). This may introduce a persistent bias that Stage II cannot eliminate, leading
to degraded performance. While mild forms of misspecification (e.g., variance misestimation in the Gaussian case)
may only result in conservative but still consistent estimates—see, e.g., adaptive procedures such as the square-root
LASSO (Klopp, 2014)—more severe mismatches remain challenging. An important future direction is to develop
GL-LowPopArt variants that explicitly account for GLM uncertainty, either through Bayesian approaches (Walker,
2013) or misspecification-robust estimators (Fortunati et al., 2017; Robins et al., 1994).
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