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Abstract

Backpropagation through (neural) SDE solvers is traditionally approached in two1

ways: discretise-then-optimise, which offers accurate gradients but incurs pro-2

hibitive memory costs; and optimise-then-discretise, which achieves constant3

memory cost by solving an auxiliary backward SDE, but suffers from slower evalu-4

ation and gradient approximation errors. Algebraically reversible solvers promise5

both memory efficiency and gradient accuracy, yet existing methods such as Re-6

versible Heun are often unstable under complex models and large step sizes, and7

their non-standard auxiliary-state structure obstructs extension to manifold-valued8

SDEs. Building on the recently introduced Explicit and Effectively Symmetric9

(EES) schemes – a class of stable, near-reversible explicit Runge–Kutta methods –10

we address both limitations of existing schemes. We extend EES schemes from11

ODEs to SDEs and show that they admit an efficient Williamson 2N -storage12

realisation. Bazavov’s commutator-free construction then lifts these schemes to13

arbitrary Lie groups and homogeneous spaces. To our knowledge, this is the first14

explicit (near-)reversible integrator in this setting, unlocking the reversible adjoint15

approach for manifold-valued problems. On Euclidean neural SDE benchmarks,16

our schemes improve stability under stiff drift and large steps compared with other17

reversible solvers, while the commutator-free lift reduces memory by up to an18

order of magnitude on manifold-valued problems versus other baselines. These19

results establish effectively symmetric integration as a unified, geometry-aware20

foundation for memory-efficient and stable training of neural SDEs.21

1 Introduction22

Neural stochastic differential equations (NSDEs) have recently emerged as a flexible tool for mod-23

elling stochastic dynamics, with training typically cast as a distribution-matching problem between24

generated and observed trajectories. Several approaches have been proposed in the literature, dif-25

fering mainly in the choice of discriminating divergence. SDE-GANs [49] use the 1-Wasserstein26

distance, while Latent SDEs [56] optimise with respect to the KL divergence via variational inference.27

Another alternative proposed by [41] trains neural SDEs non-adversarially using maximum mean28

discrepancies (MMD) with signature kernels [50, 80, 55], a recently introduced family of efficient29

kernels on path space [81, 54, 72, 64]. Across these formulations, training requires differentiating30

through an SDE solver, making the numerical method a central part of the learning algorithm.31

A second pressure on the design of an SDE integrator comes from the geometry of the state space.32

Many stochastic dynamics of practical interest evolve in non-Euclidean spaces. In biology, torus-33

valued processes underpin peptide design and torsion-angle prediction [57, 97, 24]. In motion capture,34

articulated poses evolve on products of rotations [90, 94, 2]. In finance, asset-return covariances35

evolve on the SPD manifold [68, 43]. These geometries share a common structure: they are Lie36

groups, products of Lie groups, or are generated by Lie-group actions. In such settings, leaving the37
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manifold breaks the required geometric constraints, and training therefore requires differentiating38

through a geometry-preserving solver.39
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Figure 1: Growth in memory requirement for one
forward and backward solve of a batch of 1024
SDEs on the 7-torus T7. Our method is in red.

Adjoint methods provide a family of approaches40

to perform this backpropagation through the41

solver. A first approach, known as discretise-42

then-optimise, directly backpropagates through43

the solver’s internal operations. This yields44

the exact gradient of the discretised computa-45

tion and is computationally efficient, but re-46

quires storing all intermediate states, making47

it memory-intensive (O(n)); we refer to this48

method as the Full adjoint. A second ap-49

proach, optimise-then-discretise, instead derives50

a backward-in-time adjoint equation and solves51

it numerically using another call to the solver.52

This avoids storing the full forward trajectory,53

resulting in constant memory with respect to the54

number of solver steps. However, it generally does not return the exact gradient of the discretised55

solver and is often slower due to the need to recompute forward trajectories during the backward pass.56

Practical implementations use recursive checkpointing [88] to balance memory and recomputation,57

yielding an intermediate O(
√
n) memory regime; we refer to this hybrid as the Recursive adjoint.58

A third option leverages algebraically reversible solvers, which enable exact reconstruction of59

the solution trajectory from the terminal state, and hence permit accurate and memory-efficient60

backpropagation in O(1) memory; we refer to this as the Reversible adjoint. In the setting of an61

autonomous ODE62

dyt = f(yt) dt, (1)

a one step method yn+1 = yn + Φh(yn) is said to be reversible or symmetric if a step of the63

method starting from y1 with a negative step size exactly recovers the initial condition y0, that is,64

Φ−h = Φ−1
h . While reversible schemes offer an efficient approach to backpropagation through65

differential equations, such schemes are difficult to construct. It is well known that Runge–Kutta66

schemes are reversible only if they are implicit, making them unsuitable for applications to Neural67

ODEs. More generally, symmetric parasitism-free general linear methods cannot be explicit [15].68

To overcome this problem, existing reversible methods proposed in literature, such as the Reversible69

Heun method [48] and the McCallum-Foster methods [60], track auxiliary states as part of the70

integration. While this allows explicit reversible schemes, it comes at the cost of stability, with71

both methods known to be unstable and prone to failure when integrating complex equations [95].72

In addition to these stability concerns, the non-standard constructions of these schemes make it73

unclear how to generalise them to non-Euclidean spaces. To our knowledge, there are no efficient74

reversible numerical schemes on Lie groups, making such O(1) memory efficiency unattainable for75

manifold-valued NSDEs.76

A potential solution to the difficulties of reversible solvers comes with the class of Explicit and77

Effectively Symmetric (EES) Runge–Kutta schemes [87]. EES schemes relax exact reversibility to78

reversibility within a controlled tolerance, giving stable explicit methods that are empirically indistin-79

guishable from truly symmetric schemes while retaining stability comparable to classical schemes80

such as RK3 and RK4. Importantly, unlike auxiliary-state reversible solvers, EES schemes retain81

the structure of ordinary Runge–Kutta methods making them more suited to geometric integration.82

However, the existing formulation in Shmelev et al. [87] is limited to Euclidean ODEs: it does not83

treat stochastic dynamics, establish low-storage 2N realisations, or provide a construction capable of84

geometric integration over Lie groups.85

Building on this prior work, we extend EES schemes to SDEs and derive Williamson 2N realisations,86

halving the constant-factor memory footprint of the resulting reversible solvers. We then use this 2N87

structure to construct a commutator-free lift to Lie groups. The resulting schemes, denoted EESR in88

Euclidean space and CF-EES on Lie groups, improve the stability of reversible Euclidean NSDE89

training and, to our knowledge, provide the first explicit near-reversible route to constant-memory90

training of manifold-valued NSDEs.91
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Concretely, we make three main contributions:92

1. Stable, reversible SDE integration. We extend EES schemes to SDEs, obtaining explicit93

effectively symmetric integrators applicable to neural SDE training, with substantially better94

stability than existing explicit reversible solvers.95

2. Geometric reversible integration. We show that EES schemes admit a low-memory 2N96

formulation which naturally lifts to a commutator-free Lie group integrator family, CF-EES.97

We then rigorously prove the convergence and order of these new SDE schemes.98

3. Practical training benefit. Practically, the improved stability of EES schemes enhances99

the accuracy of Euclidean NSDEs; while CF-EES cuts the memory requirements of Lie-100

group-valued NSDEs by an order of magnitude, or more.101

We release open-source implementations of the standard, low-memory, and Lie group EES schemes102

in JAX, and Julia to facilitate adoption by the broader research community.103

The paper is organized as follows. Section 2 reviews reversible ODE solvers and their stability.104

Section 3 develops EES schemes for SDEs, including low-storage, adaptive, and manifold-valued105

variants, with convergence, stability, and backpropagation results. We compare our EES schemes106

against other reversible methods in Section 4, before concluding in Section 5.107

2 Preliminaries108

Existing reversible ODE and SDE solvers. The major drawback of classical reversible schemes is109

their low efficiency. It is well known that Runge–Kutta schemes are reversible only if they are implicit.110

More generally, symmetric parasitism-free general linear methods cannot be explicit [15]. A limited111

number of efficient reversible solvers have been proposed in the literature. The asynchronous leapfrog112

integrator (ALF) [98] for Neural ODEs overcomes the barrier of implicit schemes by tracking an113

additional state v as part of the integration. Reversible Heun takes a similar approach for SDEs of the114

form dyt = g(t, yt)dt+ f(t, yt)dWt. Although efficient, requiring only one evaluation of the drift g115

and the diffusion f per step, Reversible Heun is known to be inherently unstable.116

Theorem 2.1. [48, Theorem D.19] Suppose that the Reversible Heun method is used to obtain a117

solution {yn, vn}n≥0 to the linear test ODE dy = λy dt, where λ ∈ C and y0 ̸= 0. Then {yn, vn}n≥0118

is bounded if and only if λh ∈ [−i, i].119

As remarked in [48], this domain is also the absolute stability region for the reversible asynchronous120

leapfrog integrator [98]. This instability has proven to be a significant bottleneck in certain practical121

applications [95, 60]. McCallum and Foster [60] proposed a method to transform any ODE integration122

method yn+1 = yn +Ψh(t, yn) into one which is reversible, by coupling the action of the integrator123

with both positive and negative step sizes. The method offers a way of constructing reversible schemes124

with larger stability domains than those of the ALF and Reversible Heun integrators [60, Theorem125

2.3]. However, the resulting stability domain of the transformed method is typically much smaller126

than that of the underlying method Ψ, and depends additionally on the coupling parameter. The127

McCallum-Foster methods were subsequently extended by [7] to REX solvers – a class of algebraically128

reversible exponential RK/SRK solvers specifically designed for diffusion-model inversion.129

EES schemes for ODEs. EES schemes [87] are a class of explicit Runge–Kutta methods which130

offer an efficient approach to reversible integration without compromising on stability. Given positive131

integers m ≥ n, an explicit Runge–Kutta scheme Φh is said to be an EES(n,m) scheme if Φh is132

of order n and Φ−h ◦ Φh recovers the initial condition of the ODE up to order m. When m is large,133

such schemes exhibit near-reversible behaviour, which is often sufficient in practice. In [87], Butcher134

tableaux are derived for 3-stage EES(2, 5) and 4-stage EES(2, 7) schemes. Although the emphasis135

there is mostly on EES(2, 7), for our Neural SDE applications, we restrict attention to EES(2, 5) as136

the additional accuracy of EES(2, 7) does not justify the extra stage in the NSDE setting, as shown137

in Figure 9. Proposition 2.1 gives the general one-parameter family of EES(2, 5;x) tableaux.138
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Figure 2: Stability domains for EES(2, 5)
and EES(2, 7) compared to RK4, MCF Eu-
ler, and Reversible Heun.

Proposition 2.1 ([87, Proposition 8.4]). For x ∈139

R \ {1,± 1
2}, the 3-stage EES(2, 5;x) Runge–Kutta140

scheme has Butcher tableau141
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x 1
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2 − x

142

The stability region for EES(2, 5) is comparable to143

that of classical methods such as Kutta’s RK4, but144

significantly larger than those of Reversible Heun and145

the MCF methods. Theorem 2.2 gives the exact form146

of this region for EES(2, 5;x).147

Theorem 2.2. Suppose that, for x ̸= 1,±1
2 ,148

EES(2, 5;x) is used to obtain a solution {yn}n≥0 to149

the linear test equation dy = λy dt, where λ ∈ C and150

y0 ̸= 0. Then yn → 0 as n → ∞ if and only if151 ∣∣∣∣1 + ρ+
1

2
ρ2 +

1

8
ρ3
∣∣∣∣ < 1, ρ = λh.

This follows by a direct computation of the stability function R(ρ) = 1 + ρ+ 1
2ρ

2 + 1
8ρ

3, which is152

independent of x. Following Shmelev et al. [87, Section 8.1], we fix x = 1/10 to minimise leading153

error, and refer to EES(2, 5; 1/10) as the EES(2, 5) scheme.154

3 Explicit and Effectively Symmetric Schemes for SDEs on Lie Groups155

This section develops the main technical contributions of the paper. We extend the Euclidean EES156

schemes of Shmelev et al. [87] from the ODE setting to SDEs, establish their mean-square stability,157

show that all EES(2, 5;x) and EES(2, 7;x) schemes admit an efficient Williamson 2N -storage form,158

and lift them via Bazavov’s commutator-free construction to a new family of effectively symmetric159

CF-EES integrators on arbitrary homogeneous spaces. To our knowledge, CF-EES is the first160

explicit (near-)reversible integrator in this setting, unlocking the reversible-adjoint backpropagation161

pipeline for manifold-valued neural SDEs.162

EES schemes for SDEs. We apply EES schemes to SDEs in the canonical way. Given an SDE163

dyt = f(yt)dt+ g(yt) ◦ dWt, we rewrite the equation as being driven by Xt := (t,Wt) with vector164

field (f, g) and apply the Runge–Kutta scheme with increments dXt in place of h. For Brownian165

drivers, this gives the usual strong order 1/2, and weak order 1. More generally, the same construction166

applies to differential equations driven by rough paths (RDEs) following [74], with the convergence167

rate governed by the driver regularity. For a detailed description of EES schemes applied to RDEs, we168

refer the reader to Appendix B. Convergence rates for EES schemes applied to RDEs (of which SDEs169

are a special case) are given in Appendix B.3, followed by convergence experiments in Appendix G.170

Stability. As discussed in the introduction, EES schemes offer a stable alternative to reversible171

integration. While the stability of EES in the case of ODEs has been studied in Shmelev et al.172

[87] and Section 2, we are interested in the stability of EES when applied to stochastic drivers for173

our applications to Neural SDEs. To evaluate the stability in the context of SDEs, we consider the174

mean-square stability, which is widely used for analysis of stochastic integration methods in the175

literature [38, 25, 36, 53, 52, 73, 78, 79, 84]. Given the test equations dyt = λytdt+µytdWt, where176

λ, µ ∈ C and y0 ̸= 0 almost surely, a solution {yn}n≥0 derived from a numerical integrator is said to177

be mean-square stable if limn→∞ E(|yn|2) = 0. It follows in a similar fashion to Theorem 2.2 that178

EES(2, 5;x) applied to this test equation is mean-square stable if and only if179

E

[∣∣∣∣1 + ρ+
1

2
ρ2 +

1

8
ρ3
∣∣∣∣2
]
< 1,
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where ρ = λdt+ µdWt ∼ N(λdt, µ2dt). Figure 3 shows 4 cross-sections of the stability domain,180

compared to those of RK3 and RK4. Along most cross-sections, EES(2, 5) achieves similar or181

greater stability than RK3 and RK4.182
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Figure 3: Cross sections of the mean-square stability domains of EES(2, 5), RK3 and RK4.

A 2N realization of EES Schemes. The memory footprint of a classical Runge–Kutta step is183

proportional to the number of stages and thus becomes costly when the problem dimensionality184

is large. In [91], Williamson proposed a memory-efficient restructuring of the operations of a185

Runge–Kutta scheme into the following form186

∆Yi = Ai∆Yi−1 + h f(Yi−1),

Yi = Yi−1 +Bi∆Yi,
i = 1, . . . , s. (2)

Thus, for a state of size N , an s-stage implementation requires only 2N registers, compared with187

(s+ 1)N for a standard explicit Runge–Kutta method. The conditions under which a Runge–Kutta188

scheme admits a Williamson 2N representation were formulated by Bazavov [4].189

Theorem 3.1 ([4, Theorem 2]). An explicit Runge–Kutta method admits a Williamson 2N represen-190

tation if and only if191

aij(bj−1 − aj,j−1) = (ai,j−1 − aj,j−1)bj , i = 3, . . . , s, j = 2, . . . , i− 1. (3)

In particular, a direct check of the conditions (3) for EES(2, 5;x) and EES(2, 7;x) shows that both192

of these classes admit the Williamson 2N form.193

Proposition 3.1. EES(2, 5;x) and EES(2, 7;x) are Williamson 2N for any admissible parameter x.194

This formulation reduces the memory requirements of EES(2, 5) and EES(2, 7) from 4N and 5N ,195

respectively, to 2N . As we will see in the following sections, the Williamson 2N formulation not196

only significantly reduces the memory footprint of the scheme but also allows lifting the scheme to197

commutator-free methods over Lie groups, or, more generally, homogeneous spaces.198

Homogeneous spaces. A homogeneous space is a smooth manifold M together with a transitive199

action Λ: G × M → M of a Lie group G. Equivalently M ∼= G/H for the isotropy subgroup200

H ≤ G at any chosen base point. We write g = TeG for the Lie algebra of G. A vector field F on201

M is represented through a state-dependent generator ξ : M → g via the fundamental vector field202

ξ(y)M(y) :=
d

dt

∣∣∣∣
t=0

Λ
(
exp(t ξ(y)), y

)
, F (y) = ξ(y)M(y),

the infinitesimal version of the group action (see Appendix C.1).203

Commutator-free methods. A natural strategy to integrate F on M is the Munthe-Kaas (RKMK)204

approach [67], which uses the exponential map to pull each step back to an equation on the Lie205

algebra and integrates it there with a classical Runge–Kutta scheme. However, achieving an order206

higher than two requires evaluating nested commutators of the stage generators, which is compu-207

tationally expensive. Crouch–Grossman (CG) methods [21] avoid this by composing single-slope208

exponentials of the form exp(hαijKj), with Kj = ξ(Yj−1) ∈ g, so that no Lie brackets appear.209

Commutator-free (CF) methods [19] generalise this by allowing each exponential’s argument to be a210

real linear combination
∑

j al;ijKj of stage generators. More efficient CF variants further minimise211

the number of exponentials and storage required per step by reusing exponentials across stages [3].212

Full descriptions of RKMK, CG, and CF methods are given in Appendices C.2–C.4.213
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Bazavov’s 2N commutator-free lift. Bazavov [3] showed that any explicit Williamson 2N Runge–214

Kutta scheme can be lifted to a commutator-free method on a homogeneous space. The Euclidean215

update Yl = Yl−1 + Blδl is replaced by the action Yl = Λ(exp(Blδl), Yl−1), while the increment216

recurrence δl = Alδl−1 + hKl on the Lie algebra is unchanged. Concretely, given a Williamson 2N217

scheme with coefficients (Al, Bl)
s
l=1 with A1 = 0, the update rule from yn ∈ M to yn+1 is218

Y0 := yn, δ0 := 0,

Kl = ξ(Yl−1),

δl = Al δl−1 + hKl,

Yl = Λ
(
exp(Bl δl), Yl−1

)
, l = 1, . . . , s,

(4)

and yn+1 := Ys. Here Yl ∈ M are the internal stage values and δl ∈ g is the current Lie-algebra219

increment; only these two quantities are stored at any time, preserving the two-register low-storage220

pattern. On a flat manifold (Λ(exp(v), y) = y + v, ξ(y) = f(y)), the recurrence collapses to (2).221

The CF-EES family. Since EES(2, 5;x) and EES(2, 7;x) are Williamson 2N for every ad-222

missible x (Proposition 3.1), Bazavov’s lift (4) applies and produces the CF-EES(2, 5;x) and223

CF-EES(2, 7;x) schemes on any homogeneous space M. Substituting the 2N coefficients of Sec-224

tion 3 into (4) gives the explicit recurrences with s = 3 and s = 4 stages respectively; the explicit225

reused-stage form of CF-EES(2, 5;x) is recorded in Appendix E.1 and memory-compute optimality226

is shown in C.6.227

Remark. We note that, among existing explicit reversible solvers, the above lift to a commutator-228

free method is unique to EES thanks to its Runge–Kutta form and Williamson 2N properties. As229

Reversible Heun and McCallum-Foster methods are not of Runge–Kutta form, they do not admit an230

analogous lift. A manifold extension of those schemes would require replacing affine state operations231

with non-canonical group operations.1232

Order and reversibility of CF-EES on homogeneous spaces. The order and near-reversibility233

properties of the Euclidean EES schemes carry over to the manifold lift.234

Theorem 3.2. For every admissible x and every homogeneous space M = G/H , CF-EES(2, 5;x)235

applied to an ODE on M is of order 2, and Φ−h ◦ Φh recovers the initial condition up to order 5.236

The analogous statement holds for CF-EES(2, 7;x) with recovery up to order 7.237

The proof follows a symbolic computation of the Lie-Butcher series for CF-EES(2, 5;x) and238

CF-EES(2, 7;x) in terms of the free parameter x, which is compared to the Lie-Butcher series of239

the true solution to the ODE to extract the local order of the scheme. For the recovery of the initial240

condition, the LB series of Φ−h ◦ Φh is computed similarly and compared to 0. For further details,241

the reader is referred to Appendix E.242

Remark. The corresponding statement for the local order of the SDE schemes follows naturally via243

the formalism of rough path theory. The argument follows that of [74] for Euclidean spaces, and is244

detailed in Appendix F.245

Backpropagation through EES and CF-EES. Algorithm 1 of Appendix B.4 describes backprop-246

agation through the Euclidean EES integrator for general RDEs. The commutator-free analogue247

(Algorithm 2, Appendix F.3) differs mainly in that the adjoint evolves on the cotangent bundle.248

4 Experiments249

We evaluate the performance of CF-EES(2, 5) on a range of problems covering Euclidean spaces,250

Lie groups and homogeneous spaces. Suitable reversible SDE baselines are limited in these settings.251

At the time of writing, Reversible Heun [48] is the only widely adopted explicit reversible solver. To252

broaden this comparison, we adapt the construction of McCallum and Foster [60] for reversible ODE253

solvers to the SDE versions of the Euler and Explicit Midpoint methods. Algorithm 1, together with254

the backpropagation procedure of McCallum and Foster [60], then enables efficient differentiation255

through the resulting schemes. The focus of our Euclidean experiments is the superior stability of256

EES schemes compared to these schemes.257

1Affine combinations are not well-defined on a general manifold. On a Lie group, logarithmic coordinates supply a
substitute, but only after fixing a base point or trivialisation.
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Neither method admits a lift to Lie group integrators, and we are not aware of other explicit reversible258

schemes for Lie groups. Therefore, for problems on Lie groups or homogeneous spaces, we compare259

against non-reversible methods using memory-intensive full adjoints and emphasize the memory260

advantages of CF-EES over these schemes. We report metrics with two standard deviations, as well261

as runtimes and memory, in the Lie-group case. Appendix H contains additional experiments on262

unstable/stiff dynamics, finance, and molecular dynamics.263

0 50 100 150 200 250
Epoch

10 1

100

101

M
SE

Reversible Heun
MCF Euler
MCF Midpoint
EES(2,5)

Figure 4: Training MSE for OU dynam-
ics with a fixed f, g evaluation count.

High volatility Ornstein–Uhlenbeck process. Consider264

learning the Ornstein–Uhlenbeck (OU) dynamics dyt =265

ν(µ − yt)dt + σdWt, y0 ∈ R, under a high-volatility266

regime σ ≫ 0. Specifically, we take ν = 0.2, µ = 0.1267

and σ = 2. Motivated by Oh et al. [69], we take a Neural268

Langevin SDE (LSDE) defined by269

dzt = g(zt; θg)dt+ f(t; θf ) ◦ dWt,

with z0 = h(x, θh) ∈ Rdz , where h is a learnable affine270

function of the input data x = {xn}n≥0, xn ∈ R2, sam-271

pled from the true OU dynamics, and g, f are neural net-272

works parametrised by θg, θf respectively. Architecture,273

training schedule, and loss are detailed in Appendix I.2.274

Figure 4 shows the training loss using Reversible Heun,275

McCallum-Foster (MCF) methods, and EES(2, 5), with the step size chosen such that the number276

of evaluations of f, g is fixed between solvers. Such a choice yields comparable runtimes across277

all solvers, enabling a fair comparison. Table 1 gives the number of evaluations of f, g per step278

of the solvers, the chosen step size, the terminal MSE, and the total runtime of each solver. From279

Figure 4, we see that for the initial ∼ 50 epochs, the methods perform similarly. After this, EES(2, 5)280

significantly outperforms the other methods, suggesting the model has begun to learn high-volatility281

dynamics which cause instability in the Reversible Heun and McCallum-Foster methods.282

Table 1: Metrics for OU dynamics. The step size is chosen such that the total number of evaluations
of f, g per integration is fixed.

Method # Eval. / Step Step Size Terminal MSE Runtime (s)

Reversible Heun 1 1/12 1.02 368.2
MCF Euler 2 1/6 1.30 307.5
MCF Midpoint 4 1/3 1.17 279.5
EES(2, 5) 3 1/4 0.05 261.3

Stochastic Volatility. Following the empirical observations of Gatheral et al. [29], rough volatility283

models posit that log-volatility behaves as a rough fractional process, with Hurst parameter H ≪ 1
2 .284

In direct discretisations of the rough driver, reduced regularity sharply increases the timestep budget285

required to attain a target error ε, from ε−2 in the Brownian case to ε−6.25 when H = 0.33 [28].286

While finite-dimensional Markovian lifts can mitigate this, they do so at the cost of a substantially287

enlarged state space. This makes rough volatility a natural stress test for reversible solvers: long288

trajectories are required, and the benefit of O(1) adjoint memory grows with more timesteps.289

We therefore train a neural SDE with the same architecture and hyperparameters as in (23) on rough290

Bergomi dynamics using a signature kernel score-matching objective [41]. We use a generous fixed291

total evaluation budget to ensure good path fidelity and to reveal the runtime advantages of the 2N292

recurrence at high evaluation counts. Table 2 shows that, in this regime, all methods attain comparable293

terminal MSE, while EES(2, 5) is the fastest by a clear margin. Thus, in the long-horizon setting,294

EES(2, 5) preserves the accuracy of the reversible baselines while achieving the most favourable295

runtime among the reversible methods considered. We present additional results in Appendix H.2296

for Black-Scholes, classical Bergomi, a local stochastic volatility model, the Heston model, rough297

Heston model, and quadratic rough Heston model.298
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Table 2: Metrics for rough Bergomi dynamics. The step size is chosen such that the total number of
evaluations of f, g per integration is fixed.

Method # Eval. / Step Step Size Terminal MSE Runtime (s)

Reversible Heun 1 1/504 7.81±1.06 999.3
MCF Euler 2 1/252 7.81±1.06 928.9
MCF Midpoint 4 1/126 7.81±1.06 519.4
EES(2, 5) 3 1/168 7.81±1.06 405.4

0
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3 /2
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(a) 200 Kuramoto oscillators on T200 at par-
tial synchronisation. At full synchronisation,
the arrows would be superimposed.
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(b) Memory complexity of CFEES and CG2
on the stochastic Kuramoto problem on
TT1000 using different adjoints.

Stochastic Kuramoto network on TTN . The Ku-299

ramoto model [1] describes a network of N coupled os-300

cillators with phases θi ∈ S1 that interact through their301

pairwise differences. The model captures synchronisation302

phenomena across a wide range of physical and biolog-303

ical systems, such as circadian rhythms [58], neuronal304

oscillations [51, 10], and the rotor-angle dynamics of syn-305

chronous machines on a power grid [26]. Stochastic vari-306

ants [83, 82] add the ability to model noise in the sys-307

tem. We use the second-order stochastic form of Olmi and308

Torcini [70, eq. (1) with K2 = 0],309

mθ̈i = −θ̇i + Ωi + K
N

∑
j sin(θj − θi) + ξi(t),

⟨ξi(t)ξj(s)⟩ = 2D δijδ(t− s).
(5)

with bimodal natural frequencies Ωi ∈ {+P,−P} as310

in the power-grid generator/consumer split of Filatrella311

et al. [26]. Equation (5) evolves on the product Lie group312

TTN ∼= TN × RN . We train a neural SDE on TTN , with313

MLP drift and diffusion fields whose inputs are the peri-314

odic encoding (sin θ, cos θ, ω) ∈ R3N and whose outputs315

lie in the Lie algebra R2N . We train against synthetic316

trajectories of (5) in the partial-synchronisation regime317

(K = 2, P = 0.5, D = 0.05), using a multi-horizon318

wrapped energy score [30]. Figure 5b shows the observed319

memory complexity of the training using CF-EES(2, 5)320

with the reversible adjoint and CG2 with the recursive and321

full adjoints. Table 3 reports the test energy score of each322

method. CF-EES(2, 5) attains a test energy score within323

roughly one standard deviation of the CG2 baselines whilst324

maintaining O(1) memory complexity. Architecture, train-325

ing, and adjoint diagnostics are in Appendix I.5.326

Table 3: Test energy score on the stochastic Kuramoto problem. Step sizes are chosen so that all
methods use the same number of vector-field evaluations per integration.

Method Adjoint #Eval. / Step Step size Test ES ↓ Runtime (s)

CG2 Full 2 1/75 370.30±0.78 2,988
CG2 Recursive 2 1/75 370.27±0.76 3,994
CF-EES(2, 5) Reversible 3 1/50 392.77±15.55 2,892

Latent SDE on the sphere. We reproduce the experiment of Zeng et al. [94] and train a variational327

latent SDE on the unit sphere Sn−1, viewed as the homogeneous space SO(n)/SO(n − 1), for328

human-activity classification on the UCI Human Activity benchmark [76]. This dataset comprises329

12-dimensional time series of wearable motion sensor readings, each labelled with one of seven330

activity classes at each time point. An mTAN attention encoder summarises the input sequence into331
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Figure 6: Memory complexity of CFEES
and Geo E-M on the UCI Human Activity
problem on S15 using different adjoints.

a fixed-length context vector h that conditions both the332

initial-state distribution q(z0 | h) and the time-varying333

drift of a latent SDE on S15. An MLP decoder maps334

each resulting latent state zt back to a Gaussian like-335

lihood over the observed sensors, and a per-timepoint336

head predicts the activity class from zt. Zeng et al. [94]337

use the geometric Euler-Maruyama integrator (Geo E-338

M), with the discretise-then-optimise (full) adjoint. We339

instead test the performance of CF-EES(2, 5) with the340

reversible adjoint and also examine a stochastic RKMK341

(SRKMK) [65] form of ShARK [27] with strong order 1342

to see whether improved stochastic order aids learning.343

Figure 6 shows the observed peak memory requirement344

of one forward and backward pass of the model as a345

function of the number of steps taken by the latent SDE.346

As expected, the memory requirement of Geometric Euler-Maruyama grows linearly in the number347

of steps, while CF-EES(2, 5) with the reversible adjoint retains O(1) memory complexity. At the348

same network-evaluation budget, SRKMK ShARK gives only a marginal accuracy improvement over349

CF-EES(2, 5), despite its higher nominal stochastic order. This suggests that the lower strong order350

of CF-EES(2, 5) is not a limiting factor in latent SDE learning.351

Table 4: UCI Human Activity classification accuracy. The step size is chosen to keep the total number
of NN evaluations per integration fixed.

Method Adjoint #Eval. / Step Step Size Test accuracy (%) Runtime (s)

Geo E-M [94] Full 1 1/30 86.25±0.76 366.3
CG2 Full 2 1/15 88.17±1.23 734.6
CF-EES(2, 5) Reversible 3 1/10 88.30±0.37 405.5
SRKMK ShARK Full 3 1/10 88.66±0.59 657.2

5 Conclusions, limitations and future work352

In this paper, we have extended Explicit and Effectively Symmetric (EES) schemes [87] to SDEs using353

the rough RK framework of Redmann and Riedel [74]. We have shown that the resulting schemes are354

stable via mean-square stability analysis, and that the resulting integrators admit clean generalisation355

to homogeneous spaces while retaining their 2N memory-optimality. These developments enable356

more stable training of Euclidean neural SDEs and unlock stable, constant-memory training of357

manifold neural SDEs, with applications in finance, biology, and robotics.358

Limitations. Our constructions are fixed-step, and adaptive step sizing is nontrivial: step rejection359

requires restoring the previous state, which is incompatible with the two-register reversible implemen-360

tation and would require a 3S∗ reformulation [44]. Additionally, on homogeneous spaces, local error361

estimates must be compared in a common linear space, e.g. via logarithmic maps or tangent-space362

trivialisations [40, Chapter. 10]. A second structural limitation is that CF-EES relies intrinsically on363

a homogeneous-space representation with a transitive group action and tractable exponential map,364

and so does not apply to general Riemannian manifolds lacking such algebraic structure. Recent365

work [11] suggests that such a generalisation is possible, albeit with different technical machinery.366

Future directions. There are several potential extensions to this paper that are left for future367

research. Applications of EES schemes to more complicated models, including but not limited to368

Neural Jump SDEs [42, 37], Neural CDEs [47] may be of interest, as would further examination369

of EES for accelerating Neural RDEs [63]. An extension of EES schemes to include partitioned or370

adaptive step-size schemes would be valuable for training stiff neural differential equations. Further371

extension of our rough RK construction to higher levels of the signature suggests the possibility of a372

log-ODE-free neural RDE, escaping the primary cost of such methods [75].373

Reproducibility. All experiments are available at this anonymised GitHub repository, and the three374

released packages can be found at the links provided in Table 10.375
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A Algebraic Background685

A.1 The Connes-Kreimer Hopf Algebra686

We give a brief account of non-planar (labelled) rooted trees and the Connes-Kreimer Hopf algebra.687

We refer the reader to [39] for a comprehensive presentation. A non-planar labelled rooted tree is688

defined as a graph τ = (V,E, r) with vertex set V , edge set E and a root vertex r ∈ V , together689

with a set of vertex decorations drawn from {1, . . . , d}. We denote the empty tree by ∅. Given690

trees τ1, . . . , τm, we write [τ1, . . . , τm]a to denote the tree formed by connecting the root vertices of691

τ1, . . . , τm to a new root, which receives the label a ∈ {1, . . . , d}. Non-planarity means tree order in692

[τ1, . . . , τm]a is irrelevant. Repeated trees will be denoted using power notation, for instance693

[τ1, τ1, τ2, τ3, τ3, τ3]a = [τ21 , τ2, τ
3
3 ]a.

We write |τ | to denote the number of vertices in a tree. Additionally, we define the following694

combinatorial quantities, defined on unlabelled trees:695

∅! = 1, •! = 1, [τ1, . . . , τm]! = |[τ1, . . . , τm]|
m∏
i=1

τi!,

σ(∅) = 1, σ(•) = 1, σ([τk1
1 , . . . , τkm

m ]) =

m∏
i=1

ki!σ(τi)
ki ,

β(∅) = 1, β(•) = 1, β([τk1
1 , . . . , τkm

m ]) =

(
[τk1

1 , . . . , τkm
m ]

|τ1|, . . . , |τm|

) m∏
i=1

1

ki!
β(τi)

ki .

We will refer to the commutative juxtaposition of trees as a forest. We write T to denote the set696

of all non-planar labelled rooted trees, and TN ⊂ T to denote the trees τ with |τ | ≤ N . The697

free commutative R-algebra generated by T will be denoted H. The Connes-Kreimer [20] Hopf698

algebra on H is defined as follows. Multiplication µ : H⊗H → H is defined as the commutative699

juxtaposition of two forests, extended linearly to H. The multiplicative unit is defined to be the empty700

forest ∅. The counit map ε : H → R is defined by ε(∅) = 1 and ε(τ) = 0 for all non-empty trees701

τ ∈ H. The coproduct map is defined recursively by702

∆(∅) = ∅ ⊗ ∅, ∆[τ1, . . . , τm]a = [τ1, . . . , τm]a ⊗ ∅+ (id⊗Ba
+)(∆τ1 · · ·∆τm),

where Ba
+(τ1 · · · τm) := [τ1 · · · τm]a for a forest τ1 · · · τm. The definition extends to a linear multi-703

plicative map on H. We will occasionally use Sweedler’s coproduct notation ∆τ =
∑

(τ) τ
(1) ⊗ τ (2)704

and omit the definition of the antipode S here, instead referring the reader to [59, 39]. We denote705

the dual of the Connes-Kreimer Hopf algebra by H∗. For φ1, φ2 ∈ H∗, the convolution product is706

defined by φ1 ∗ φ2 = µR ◦ (φ1 ⊗ φ2) ◦∆, with µR : R⊗ R → R denoting multiplication in R.707

A.2 B-Series Expansions of ODEs708

For any tree τ ∈ T , the so-called elementary differential F (τ)(y) [18] is defined recursively by709

F (∅)(y) = y, F (•i)(y) = fi(y),

F ([τ1, τ2, . . . , τm]i)(y) = f
(m)
i (y)(F (τ1)(y), F (τ2)(y), . . . , F (τm)(y)).

Given a map φ : T → R, the associated B-series is defined710

Bh(φ, y0) :=
∑
τ∈T

h|τ |

σ(τ)
φ(τ)F (τ)(y0).

A key property of B-series is closure under composition [32, 17]: for two B-series,711

Bh(φ2, Bh(φ1, y0)) = Bh(φ1 ∗ φ2, y0), where φ1 ∗ φ2 denotes the convolution product defined712

above. The exact solution of (1) has the B-series representation y(h) = Bh(e, y0), with e(τ) = 1/τ !.713

Likewise, a Runge–Kutta method with coefficients {aij}1≤i,j≤s and {bi}1≤i≤s has the B-series714

representation Bh(φ, y0), where [18, Lemma 312B]715

φ(τ) :=
∑

i1,...,in

bi1
∏

(k,ℓ)∈E

aik,iℓ
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for a tree τ = (V,E, r) with |τ | = n. We refer the reader to [33, 61, 16] for a detailed account of716

B-series and the Butcher group.717

A.3 Branched Rough Paths718

Let H be the Connes-Kreimer Hopf algebra of non-planar labelled rooted trees defined above.719

Definition A.1. Let α ∈ (0, 1]. An α-Hölder branched rough path is a map X : [0, T ]2 → H∗ such720

that721

1. for all s, t ∈ [0, T ] and τ1, τ2 ∈ H,722

⟨Xs,t, τ1⟩⟨Xs,t, τ2⟩ = ⟨Xs,t, τ1τ2⟩,

2. for all τ ∈ H,723

⟨Xs,t, τ⟩ =
∑
(τ)

⟨Xs,u, τ
(1)⟩⟨Xu,t, τ

(2)⟩,

where ∆τ =
∑

(τ) τ
(1) ⊗ τ (2).724

3. for all τ ∈ H,725

sup
s̸=t

|⟨Xs,t, τ⟩|
|t− s|α|τ |

< ∞.

Remark. As remarked in [34, 31], the components ⟨Xs,t, τ⟩ with |τ | > N are determined by those726

with |τ | ≤ N , where N is the largest integer such that Nα ≤ 1.727

The space of α-Hölder branched rough paths is a complete metric space under the metric728

ϱα(X,Y) :=
∑
τ∈TN

sup
s̸=t

|⟨Xs,t −Ys,t, τ⟩|
|t− s|α|τ |

,

where N = ⌊1/α⌋.729

A.4 The Munthe-Kaas–Wright Hopf algebra730

Given a finite alphabet A, let Fpl
A denote the set of A-decorated ordered planar rooted forests,731

and write HMKW for the free R-vector space on Fpl
A . As before, for ordered trees τ1, . . . , τm,732

[τ1, . . . , τm]a denotes the planar tree formed by grafting τ1, . . . , τm in the given order onto a new733

root labelled a. The MKW Hopf algebra structure on HMKW [66] is given by:734

• Product: the shuffle product ⨿⨿ : HMKW ⊗HMKW → HMKW, summing all interleavings735

of two ordered forests preserving the relative order within each.736

• Coproduct on trees: the left-admissible-cuts coproduct737

∆MKW(τ) = τ ⊗ ∅+ ∅ ⊗ τ +
∑

c∈C≪(τ)

P c(τ)⊗ T c(τ),

where C≪(τ) is the set of non-trivial cuts whose root-level edges form a left prefix of the738

children at each vertex; P c(τ) is the ordered forest of pruned subtrees, and T c(τ) is the739

trunk. The coproduct is extended to forests via ∆MKW(ω) = (id⊗B−)
(
∆MKW(B+(ω))−740

B+(ω)⊗ 1
)
, where B− extracts the children of a tree as an ordered forest.741

• Counit: ε(∅) = 1 and ε(τ) = 0 for any non-empty τ .742

B RDE Framework and Convergence743

We transform EES ODE schemes into RDE schemes using the framework of Redmann and Riedel744

[74]. Similarly to classical RK schemes for ODEs, the study of these methods is conducted through745

the formalism of B-series (see Appendix A). A natural consequence of this analysis is that a general746
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Runge–Kutta method for RDEs is given in terms of tree-iterated integrals of the underlying driving747

process. In practice, these tree-iterated integrals cannot be simulated directly as their distributions748

are often intractable. Following [23], [74] replaced these tree-iterated integrals with products of749

increments of the driving path. This substitution simplifies the derivation of Runge–Kutta coefficients750

and makes it feasible to establish order conditions up to any desired order.751

B.1 Simplified Runge–Kutta Methods for RDEs752

We consider rough differential equations (RDEs) of the form753

dyt = f(yt) dXt, (6)

where X is an α-Hölder branched rough path, α ∈ (0, 1], and f is smooth and bounded with bounded754

derivatives; see Appendix A.3. Following Redmann and Riedel [74], we specialise to the geometric755

setting by assuming that there exist smooth approximations {Xh}h>0 whose natural lifts {Xh}h>0756

satisfy ϱgα(X
h,X) = O(hr0) for some r0 > 0, where ϱgα is the inhomogeneous geometric rough757

path metric. Such rates are known for Gaussian processes; see Friz and Riedel [28]. Letting yh solve758

(6) driven by Xh, a simplified Runge–Kutta scheme on an equidistant grid with stepsize h is759

yhn+1 = yhn +

d∑
m=1

s∑
i=1

bifm(ki)X
(m)
tn,tn+1

,

ki = yhn +

d∑
m=1

s∑
j=1

aijfm(kj)X
(m)
tn,tn+1

,

(7)

where X(m)
tn,tn+1

denotes the m-th component increment of Xh over [tn, tn+1]. Thus an ODE Runge–760

Kutta tableau induces an RDE scheme by weighting each tableau coefficient by the corresponding761

driver increment. Convergence rates for schemes of the form (7) from Redmann and Riedel [74] are762

recalled in Appendix B.3.763

B.2 Order Conditions for General RDE Runge–Kutta Methods764

The simplified scheme (7) is a special case of the general Runge–Kutta class considered by Burrage765

and Burrage [13, 14, 12], Redmann and Riedel [74]. Namely, consider methods of the form766

yn+1 = yn +

d∑
m=1

s∑
i=1

z
(m)
i fm(ki),

ki = yn +

d∑
m=1

s∑
j=1

Z
(m)
ij fm(kj),

(8)

where Z(1), . . . , Z(d) ∈ Rs×s and z(1), . . . , z(d) ∈ Rs. In particular, (7) is recovered by taking767

z
(m)
i = biX

(m)
tn,tn+1

and Z
(m)
ij = aijX

(m)
tn,tn+1

. We recall the local and global error rates for (8), as768

formulated in Redmann and Riedel [74], based on the adaptation of B-series to RDEs presented769

above.770

Definition B.1. Given h > 0, define the maps a, φ recursively over non-planar labelled rooted trees τ771

by setting φ(∅)(h) := (1, . . . , 1)T ∈ Rs, where ∅ denotes the empty tree. For a tree τ = [τ1 · · · τn]i772

formed by joining τ1, . . . , τn by a new root labelled i, set773

φ(τ)(h) :=

n∏
j=1

(Z(i)φ(τj)(h)),

a(τ)(h) :=

〈
z(i),

n∏
j=1

φ(τj)(h)

〉
.

Theorem B.1 ([74]). The general Runge–Kutta method given by (8) has a local error of order (p+1)α774

if and only if775

⟨Xt0,t0+h, τ⟩ = a(τ)(h)

for all non-planar labelled rooted trees τ with p or fewer nodes, i.e. |τ | ≤ p.776
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Proposition B.1 ([74, Proposition 4.1]). Let y(t, y0) denote the solution to (6) at time t starting at y0.777

Suppose the Runge–Kutta method (8) has a local error of order (p+ 1)α, and there exists a constant778

C1 > 0 such that779

|y(h, y0)− y(h, ỹ0)| ≤ C1|y0 − ỹ0|,
for h sufficiently small. Then there exists C > 0 such that780

max
n=0,...,N

|y(tn)− yn| ≤ Ch(p+1)α−1.

B.3 Convergence of simplified Runge–Kutta methods781

Given an ODE Runge-Kutta scheme Φ, we will write R(Φ) to denote the RDE scheme of the form in782

(7) with the same coefficients {aij}1≤i,j≤s and {bi}1≤i≤s as the ODE scheme.783

Theorem B.2 ([74, Theorem 3.3]). Let Φ be an ODE Runge–Kutta scheme. The Runge-Kutta method784

R(Φ) approximating yh has a local error of order (p+ 1)α, i.e.785

yh(t0 + h)− yh1 = O(h(p+1)α),

if and only if the ODE Runge–Kutta method Φ is of order p.786

Theorem B.3 ([74, Theorem 4.2]). Let Φ be an ODE Runge–Kutta method of order p. Suppose that f787

is Lipγb for some γ > 1/α. Then R(Φ) has a global error rate of η = min{r0, (p+ 1)α− 1}, where788

r0 is the convergence rate of the Wong-Zakai approximation. That is,789

max
n=0,...N

|y(tn)− yhn| = O(hη).

B.4 Backpropagation through explicit Runge–Kutta methods790

The algorithm for backpropagation through an explicit Runge–Kutta scheme Φ of the form in (7) is791

given in Algorithm 1. We assume the solver is applied to a (neural) RDE of the form792

dyht = f(yht ; θ)dX
h
t , (9)

where θ are learnable parameters requiring backpropagation, trained with respect to a loss793

L({yhn}Nn=0). As with all reversible schemes, a reverse step Φrev is used to recover yn from yn+1,794

followed by a backpropagation through the internal operations of the solver Φ. The latter step is795

achieved by defining zi = f(ki; θ) and computing the derivatives ∂L/∂zi and ∂L/∂ki in reverse796

through the stages i = s, s− 1, . . . , 1. At each stage, a backpropagation algorithm is called to back-797

propagate the derivative ∂L/∂zi through f , resulting in the derivative ∂L/∂ki and a local derivative798

with respect to θ, dθ.799

Algorithm 1 Backpropagation through Explicit Runge–Kutta Schemes
Input: yn+1, ∂yn+1

L
Input: Running derivative with respect to θ, ∂θL
Input: Explicit RK method Φ of the form in (7) with coefficients {aij}1≤i,j≤s and {bi}1≤i≤s.
yn = Φrev(yn+1, dX)
for i = s, . . . 1 do

∂ziL = bidX · ∂yn+1
L+

∑s
j=i+1 ajidX · ∂kj

L

dθ, ∂ki
L = backpropf (∂ziL)

∂θL += dθ
end for
∂yn

L = ∂yn+1
L+

∑s
i=1 ∂ki

L
return yn, ∂yn

L, ∂θL

C Integrators on Homogeneous Spaces800

This section introduces geometric numerical integration over homogeneous spaces as an extension801

of the well-known Lie group case and describes an example based on the manifold of symmetric802

positive definite (SPD) matrices. We then provide some background on commutator-free methods, of803

which our CF-EES(2, 5;x) belongs, and show its memory-compute optimality.804
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C.1 Symmetric Integration over Homogeneous Spaces805

For chart-based homogeneous space integrators, self-adjointness depends not only on the Butcher806

tableau of the underlying method, but also requires that the chosen local coordinates be compatible807

with time reversal. There are two natural ways to enforce this:808

(i) use symmetric coordinates, centered at a geodesic or flow midpoint, in the style of self-809

adjoint Lie-group methods [93], or810

(ii) use an embedded frozen-flow model whose frozen dynamics already integrate to an exactly811

reversible map on M .812

The first route is intrinsic, but generally leads to midpoint-centered constructions and hence away813

from the present explicit frozen-flow framework. The second route is the one used here, which works814

for arbitrary homogeneous spaces.815

Consider a homogeneous space M endowed with a transitive action Λ: G×M → M of a Lie group816

G. Rather than working with vector fields on M directly, the key idea is to represent them through817

elements of the Lie algebra g = TeG: each v ∈ g acts on M via the fundamental vector field818

vM (y) :=
d

dt

∣∣∣∣
t=0

Λ(exp(tv), y), (10)

the infinitesimal version of the group action. A vector field F on M is then represented through819

a state-dependent generator ξ(y) ∈ g via F (y) = ξ(y)M (y), replacing the role that Lie-algebra820

multiplication vy plays on the group itself:821

gh⇝ Λ(g, y), vy ⇝ vM (y), (11)

for g ∈ G, v ∈ hy/g, y ∈ M . This substitution lifts standard Lie-group integration schemes from G to822

M . In general, this construction is only unique up to the isotropy algebra hy = {A ∈ g : Am(y) = 0},823

the set of generators whose induced vector field at y is zero and thus produce no tangent motion. An824

example is given in Example C.1. To avoid this one fixes a representative of each tangent direction,825

typically by choosing a complement to the isotropy algebra and lifting only through that subspace.826

Example C.1 (Example of degenerate choices due to the isotropy algebra). Consider the
sphere S2 ≃ SO(3)/SO(2) with the standard transitive action of SO(3) on S2 ⊂ R3. At the
north pole p = e3, the isotropy subgroup is

Hp = {R ∈ SO(3) : Rp = p} ≃ SO(2),

namely the rotations about the vertical axis. Its Lie algebra consists of the infinitesimal
rotations that leave p fixed to first order.
Equivalently, if K ∈ so(3) generates a rotation about the e3-axis, then its fundamental vector
field vanishes at p:

KS2(p) =
d

dt

∣∣∣∣
t=0

exp(tK)p = 0.

Hence, if A ∈ so(3) represents some tangent vector at p, then so does A+K for any such
K, since

(A+K)S2(p) = AS2(p) +KS2(p) = AS2(p).

Thus the lift of a tangent vector from TpS
2 to so(3) is not unique: one may add any element

of the isotropy algebra without changing the induced tangent motion at p.
827

The reverse of a frozen homogeneous-space flow is obtained by changing the sign of t. Indeed, for a828

fixed generator v ∈ g, by the group action identity Λ gives829

Λ(exp(−tv),Λ(exp(tv), y0)) = Λ(exp(−tv) exp(tv), y0) = Λ(e, y0) = y0. (12)

Hence the frozen flow is exactly reversible: its adjoint is obtained by time reversal, that is, by830

replacing t with −t. This is a property of the frozen flow itself, before any recomputation of the831

generator along the trajectory.832
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C.2 Runge–Kutta–Munthe-Kaas (RKMK) methods833

Runge–Kutta–Munthe-Kaas (RKMK) methods [67] extend classical explicit Runge–Kutta schemes834

to manifolds by transforming the original equation ẏ = F (y) on M into an equivalent equation on835

the linear space g. Writing the local solution as y(t) = Λ(exp(σ(t)), yn) with σ(0) = 0, the curve836

σ : I → g satisfies837

σ̇ = dexp−1
σ

(
f(Λ(exp(σ), yn))

)
, (pulled-back equation)

where dexpσ : g → g is the differential of the exponential map and admits the Bernoulli expansion838

dexp−1
σ (v) =

∑
k≥0

Bk

k!
adkσv, B2k+1 = 0 for k ≥ 1. (Bernoulli expansion)

A classical Runge–Kutta tableau (aij , bi) is then applied directly to the pulled-back equation. The839

stage values ui = h
∑

j aijkj ∈ g and slopes840

ki = dexp−1
ui

(
f(Λ(exp(ui), yn))

)
∈ g, i = 1, . . . , s,

combine to give the manifold update yn+1 = Λ
(
exp(h

∑
i biki), yn

)
.841

Achieving order p requires truncating the Bernoulli expansion through adkσ for k ≤ p− 2 [67], since842

each adkσv is a k-fold nested Lie bracket of stage generators. As a result, an order-p RKMK method843

incurs a per-stage cost that grows with p through nested commutator evaluations. Eliminating these844

nested commutators is the central motivation for the commutator-free constructions that follow.845

C.3 Crouch–Grossman (CG) methods846

Crouch–Grossman (CG) methods [21] were the first explicit Runge–Kutta-style integrators on Lie847

groups to dispense with commutators entirely. Each stage and the final update are realized as848

compositions of exponentials, but each exponential’s argument involves only a single stage slope.849

With left-trivialized stage slopes850

Ki = f(Yi) ∈ g, i = 1, . . . , s,

the stage values and update take the form851

Yi = Λ

T


i−1∏
j=1

exp
(
hαij Kj

) , yn

 , i = 1, . . . , s,

yn+1 = Λ

(
T

{
s∏

i=1

exp
(
hβi Ki

)}
, yn

)
,

with T denoting ordered multiplication in G. Because every exponential argument is a scalar multiple852

of a single stage slope, no Lie brackets appear, but the cost saving over RKMK comes at the price853

of additional exponential evaluations per step. CG methods are precisely the special case of the854

commutator-free framework of Section C.4 in which each linear combination
∑

j al;ijKj collapses855

to a single term.856

C.4 Commutator-Free Integrators857

Commutator free (CF) [19] generalize Crouch-Grossman (CG) [21] methods by allowing multiple858

exponentials per stage, while still avoiding the explicit evaluation of commutators as in Runge–Kutta859

Munthe–Kaas methods [67]. For simplicity, we present the autonomous case; the non-autonomous860

case is handled by the standard augmentation in time. Given internal stage values Yi ∈ M , we861

evaluate the left-trivialized stage slopes862

Ki = f(Yi) ∈ g, i = 1, . . . , s. (left-trivialized slope)
Each stage is then formed by acting on the current state yn with an ordered product of exponentials863

of linear combinations of previously computed slopes864

Yi = Λ

T


Li∏
l=1

exp

h

i−1∑
j=1

al;ij Kj

 , yn

 , i = 1, . . . , s.
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where Yi is the stage value and yn+1 is the next solution point. The step update then takes the form,865

yn+1 = Λ

(
T

{
L∏

l=1

exp

(
h

s∑
i=1

βl;i Ki

)}
, yn

)
,

where Li and L denote the numbers of exponentials used in stage i and in the final update, respectively,866

and T denotes ordered multiplication in G, with smaller indices appearing to the right.867

Order conditions for the coefficients αl;ij and βl;i are derived in [71] via a Lie–Butcher / planar tree868

calculus, the non-commutativity of group composition forcing ordered rather than unordered trees.869

The canonical order-4 CF construction of Celledoni et al. [19] uses 5 exponentials per step, with one870

stage value reused across two stage exponentials.871

C.5 Adjoint Sensitivities for Commutator-Free Neural ODEs872

The continuous adjoint system underlying CF-EES is obtained by applying Wotte et al. [92, Theo-873

rem 4.5] through the homogeneous-space lift introduced in Section C.1.874

C.6 Theoretical Compute and Memory Requirements of Lie Group Integrators875

The per-step cost of an s-stage Lie group integrator can be decomposed as876

Cstep = sCeval +Nexp Cexp,

where Ceval is the cost of one vector-field evaluation and Cexp is the cost of one group exponential.877

Since all methods considered below use s stage evaluations, the main distinction in compute is the878

number of exponentials per step. On the memory side, generic Runge–Kutta-style Lie group methods879

typically retain several intermediate stage quantities, whereas low-storage constructions aim to keep880

this requirement fixed. The key comparison is therefore not only the exponential count, but whether881

this count can be achieved without increasing the number of stage registers with s.882

For an s-stage Crouch–Grossman (CG) method, stage i uses i− 1 exponentials and the final update883

uses s more, giving884

NCG
exp (s) =

s∑
i=1

(i− 1) + s =
s(s+ 1)

2
.

Thus, the exponential count of CG grows quadratically with the number of stages.885

A general commutator-free (CF) method instead exponentiates linear combinations of previously886

computed stage slopes [19]. Writing Li for the number of exponentials used in stage i and L for the887

number used in the final update, its total exponential count is888

NCF
exp(s) =

s∑
i=1

Li + L.

CG is recovered as the special case Li = i − 1 and L = s. In practice, CF methods are designed889

so that Li and L remain small, reducing the exponential count from quadratic to linear in s. For890

example, the 3-stage and 4-stage commutator-free schemes of Celledoni et al. [19] require 3 and 5891

exponentials per step, respectively.892

A particularly efficient instance arises for 2N-storage methods. In the commutator-free formulation893

of Bazavov [3], exponentials are reused across stages and only two quantities are stored: the current894

updated state and the current stage increment. In this representation, each stage uses exactly one895

exponential applied to an accumulated linear combination of previously computed slopes. Conse-896

quently, whenever a classical Runge–Kutta scheme admits 2N form, the induced commutator-free897

implementation uses898

N2N-CF
exp (s) = s

exponentials per step while retaining the two-register storage pattern. In this sense, 2N-CF simulta-899

neously achieves linear exponential complexity and minimal storage within this Runge–Kutta-style900

commutator-free design space.901
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Table 5: Per-step group-exponential count and forward stage-storage for s-stage Lie group integrators.
All methods use s vector-field evaluations so the comparison isolates exponential costs NexpCexp.
We denote the methods of Celledoni et al. [19] by CMO CF and show their best-case scaling.

Method Nexp per step Scaling of Nexp Forward stage storage

CG s(s+1)
2 O(s2) O(s)

CMO CF
∑s

i=1 Li + L O(s) O(s)
2N-CF s O(s) 2 registers

D New EES Solvers902

We now record the general 2N representations of the schemes EES(2, 5;x) and EES(2, 7;x) identi-903

fied by Shmelev et al. [87], valid for every admissible parameter x.904

For x ∈ R \ {1,± 1
2}, the Williamson 2N coefficients of 2N-EES(2, 5;x) are905

B1 =
2x+ 1

4(1− x)
, B2 =

1− x

1− 4x2
, B3 =

1− 2x

2
,

A1 = 0, A2 =
4x2 − 2x+ 1

2(x− 1)
, A3 = − 4x2 − 2x+ 1

(2x− 1)2(2x+ 1)
.

At x = 1
10 these evaluate to (B1, B2, B3) = (13 ,

15
16 ,

2
5 ) and (A2, A3) = (− 7

15 ,−
35
32 ).906

For EES(2, 7;x) the explicit closed form of the 2N coefficients involves
√
2 and quartic polynomials907

in x, and is most compactly expressed in terms of the Butcher entries of the 4-stage tableau itself [87]:908

for either sign choice ±
√
2,909

B1 = a21, B2 = a32, B3 = a43, B4 = b4,

A2 =
a31 − a21

a32
, A3 =

a42 − a32
a43

, A4 =
b3 − a43

b4
,

where (aij , bi) are the entries of the EES(2, 7;x) Butcher tableau. At x = 1
14 (5−3

√
2) with the +

√
2910

branch these evaluate to (B1, B2, B3, B4) =
(
2−

√
2

3 , 4+
√
2

8 , 3(3−
√
2)

7 , 9−4
√
2

14

)
and (A2, A3, A4) =911 (−7+4

√
2

3 ,− 4+5
√
2

12 , 3(−31+8
√
2)

49

)
.912

Unrolling the Williamson recurrence as in Bazavov [3] turns the 2N coefficients (Ai, Bi) above into913

explicit weight vectors βl ∈ Rs that specify the arguments of each exponential in the commutator-free914

lift. This makes the induced homogeneous-space integrator CF-EES(2, 5; 1
10 ) fully explicit.915

Proposition D.1 (CF-EES(2, 5; 1
10 ) tableau). Let M = G/H be a homogeneous space with transitive916

action Λ : G × M → M and generator map ξ : M → g (as in Section C.1). One step of917

CF-EES(2, 5; 1
10 ) from yn ∈ M to yn+1, with Y0 := yn, is918

Kl = ξ(Yl−1), Vl = h

l∑
i=1

βl,i Ki, Yl = Λ
(
exp(Vl), Yl−1

)
, l = 1, 2, 3, (13)

with yn+1 := Y3 and weight vectors given by919

i = 1 i = 2 i = 3

β1,i
1
3 0 0

β2,i − 7
16

15
16 0

β3,i
49
240 − 7

16
2
5∑

l βl,i = bi
1
10

1
2

2
5

Row l gives the coefficients of K1, . . . ,Ks inside the lth exponential exp(Vl); the final row is the920

Euclidean consistency check
∑

l βl,i = bi, so that on a linear manifold (§C.1) the three exponentials921

collapse to the classical update yn+1 = yn + h
∑

i biKi of EES(2, 5; 1
10 ).922
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Proof. From the 2N recurrence δl = Alδl−1 + hKl with δ0 = 0 and A1 = 0, iteration gives923

δl = h
∑

i≤l AlAl−1 · · ·Ai+1Ki (empty product = 1). The frozen step Yl = Λ(exp(Blδl), Yl−1) is924

therefore the exponential of Vl = h
∑

i≤l βl,iKi with βl,i = BlAlAl−1 · · ·Ai+1 for i < l, βl,l = Bl,925

and βl,i = 0 for i > l. Substituting (Ai) = (0,− 7
15 ,−

35
32 ) and (Bi) = (13 ,

15
16 ,

2
5 ) from the preceding926

proposition gives the tabulated values. The identity
∑

l βl,i = bi follows by telescoping the unrolling927

and matches the classical weights b = ( 1
10 ,

1
2 ,

2
5 ) of EES(2, 5; 1

10 ).928

Both recurrences additionally admit a three-register low-storage implementation with a first-order929

embedded estimator, obtained by storing the final internal stage and advancing it over the remaining930

fraction of the step by a single Euler update; specifically, one stores the stage at c3 = 5
6 for931

EES(2, 5; 1/10) and the stage at c4 = 4+
√
2

6 for EES(2, 7; 1
14 (5− 3

√
2)) [91, 44]. In common with932

other Diffrax solvers, adaptive stepping requires a fourth auxiliary register holding yn to permit933

restart on step rejection.934

E Order conditions for CF-EES935

This section gives a brief account of how the Lie–Butcher (LB) series character of CF-EES(2, 5;x)936

is computed on the Munthe-Kaas–Wright (MKW) Hopf algebra of planar rooted forests, lists the937

closed-form Williamson 2N coefficients of the family, and tabulates the symbolic character ϕ(τ) for938

every planar tree of order at most 5. From this table the planar order conditions and the antisymmetric-939

order conditions of CF-EES(2, 5;x) can be read off as identities in x. All expressions in this section940

are produced symbolically by the kauri package [85].941

E.1 General form of CF-EES(2, 5;x)942

For completeness, we record the explicit reused-stage form of CF-EES(2, 5;x) for arbitrary admis-943

sible x. The underlying EES(2, 5;x) Butcher tableau (Proposition 2.1) admits the Williamson 2N944

reduction945

B1 =
2x+ 1

4(1− x)
, B2 =

1− x

1− 4x2
, B3 =

1− 2x

2
, (14)

946

A2 =
4x2 − 2x+ 1

2(x− 1)
, A3 = − 4x2 − 2x+ 1

(2x− 1)2(2x+ 1)
, (15)

valid for x ∈ R \ {1,± 1
2}. Following the Bazavov 2N commutator-free lift [3], one step of947

CF-EES(2, 5;x) from yn ∈ M to yn+1 on a homogeneous space M = G/H with action Λ and948

generator ξ : M → g is the two-register recurrence949

Y0 := yn, δ0 := 0,

Kl = ξ(Yl−1),

δl = Al δl−1 + hKl,

Yl = Λ
(
exp(Bl δl), Yl−1

)
, l = 1, 2, 3,

(16)

with A1 := 0, and yn+1 := Y3. Only the current state Yl ∈ M and the current stage increment δl ∈ g950

are stored at any time, hence the “2N” descriptor.951

Unrolling (16) expresses the exponential argument Blδl as a linear combination of the slopes952

K1, . . . ,Kl,953

Blδl = h

l∑
i=1

βl,iKi, βl,i = BlAlAl−1 · · ·Ai+1 (i < l), βl,l = Bl,

yielding the generic weight matrix954

i = 1 i = 2 i = 3

β1,i B1 0 0

β2,i B2A2 B2 0

β3,i B3A3A2 B3A3 B3

bi =
∑

l βl,i x 1
2

1
2 − x

(17)
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The bottom row recovers the Butcher weights of EES(2, 5;x), so that on a flat manifold955

(Λ(exp(v), y) = y + v, ξ(y) = f(y)) the three exponentials collapse to the classical update956

yn+1 = yn + h
∑

i biKi. At x = 1
10 , (14)–(17) reduce to the numerical coefficients of Proposi-957

tion D.1.958

It is the reused-stage feature of (16), in which the same accumulated increment δl supplies the959

argument of every exponential and the slope Kl = ξ(Yl−1) is evaluated at the previously computed960

stage value Yl−1 rather than at yn, that introduces the substitution-and-pseudo-stage subtlety in the961

LB-series analysis below.962

E.2 LB character of CF-EES via Owren’s pseudo-stage construction963

Each of the three exponentials exp(Vl) (l = 1, 2, 3) in one step of CF-EES(2, 5;x) has an associated964

single-exponential character ϕl,exp : HMKW → R, defined on a planar tree by the shuffle-symmetric965

formula ϕl,exp([τ1, . . . , τk]) =
1
k!

∏
i Vl(τi), with Vl(τ) =

∑s
i=1 βl,i gi(τ) encoding the fact that the966

argument of the l-th exponential is a linear combination of the slopes Ki, each of which has its own967

row character gi described below.968

Because CF-EES(2, 5;x) is a reused-stage method, the slope Kl = ξ(Yl−1) is evaluated at the969

previously computed stage value Yl−1, so the LB character of Kl is itself a Lie–Butcher series that970

must be propagated through the construction. Following Owren [71, Theorem 2.5], the row character971

gl at stage l satisfies the substitution recursion972

gl
(
[τ1, . . . , τk]

)
=

k∑
j=0

gl
(
B+(τ1, . . . , τj)

)
· ϕl,exp

(
B+(τj+1, . . . , τk)

)
, (18)

with base case gl(•) = 0 for l = 1 and gl(•) = 1 for l ≥ 2 (so that the first stage is the identity and973

each later stage contributes one additional exponential). The output of the method is the result of974

applying the final exponential to the previous stage value, and its LB character is obtained by treating975

this final update as a pseudo-stage: on a planar tree τ , one grafts τ to a new root via B+ and evaluates976

the final row character g3 at the result,977

ϕ(τ) := g3
(
B+(τ)

)
. (19)

E.3 The LB character of CF-EES(2, 5;x) on planar trees of order ≤ 5978

Substituting (14)–(15) into the pseudo-stage construction (19) gives, for every planar rooted tree τ of979

order at most 5, an explicit rational function ϕ(τ) ∈ Q[x]. Table 6 lists every value, organised by980

tree order. The first three rows (|τ | ≤ 2) match 1/τ ! identically in x, confirming the classical order981

condition; deeper rows give the x-dependent values that encode the antisymmetric-order cancellations982

proven below.983

E.4 Order theorem984

Theorem E.1. For every x ∈ R \ {1,± 1
2}, the LB character ϕ of CF-EES(2, 5;x) defined by (19)985

satisfies, on HMKW:986

1. Planar order 2: ϕ(τ) = 1/τ ! for every planar τ with |τ | ≤ 2.987

2. Antisymmetric order 5: the symmetric defect D := (sign · ϕ) ⋆MKW ϕ, where sign(τ) =988

(−1)|τ |, satisfies D(τ) = ε(τ) for every planar τ with |τ | ≤ 5.989

The same construction applies to CF-EES(2, 7;x). The explicit symbolic table for that family990

contains 1 + 1 + 2 + 5 + 14 + 42 + 132 = 197 entries with
√
2 throughout the rational expressions991

and is too large to reproduce here, but the analogous statement holds:992

Theorem E.2. For every x in the admissible domain of EES(2, 7;x) and either sign choice ±
√
2 in993

its tableau, CF-EES(2, 7;x) has planar order 2 and antisymmetric order 7 on HMKW.994
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Table 6: LB character ϕ(τ) of CF-EES(2, 5;x) on every planar rooted tree τ with |τ | ≤ 5, computed
from the pseudo-stage construction (19) with the symbolic Williamson coefficients (14)–(15).

τ ϕ(τ) τ ϕ(τ) τ ϕ(τ)

Orders 0–2 (matching 1/τ ! identically in x):

∅ 1 1 1
2

Order 3:

2x−5
32(x−1)

1
8

Order 4:

− 2x+7
192(x−1) − x+2

32(x−1)
1
32

− 2x+1
64(x−1) 0

Order 5:

8x3+24x2+36x−41
6144(x−1)3

4x2+10x+13
768(x−1)2 − 4x+5

384(x−1)

(2x+1)(x+2)
256(x−1)2 0 1

192

− 1
64(2x−1) − 2x+1

256(x−1)
(2x+1)2

768(x−1)2

0 0 0

0 0

F RDEs on Homogeneous spaces995

The order conditions verified in Section E were stated as algebraic identities on the LB character of996

CF-EES(2, 5;x). We sketch here why these identities yield the corresponding local error rates when997

CF-EES(2, 5;x) is applied to a rough differential equation998

dyt =

d∑
i=1

ξi(yt)M dXi
t , ys = y ∈ M = G/H, (20)

driven by an α-Hölder planarly branched rough path X above a control X ∈ Cα([0, T ];Rd) in the999

sense of Curry et al. [22]. The argument splits cleanly into two parts: the forward (classical) order1000

condition requires a comparison with the exact rough-path expansion of Curry et al. [22], while the1001

antisymmetric-order condition is purely algebraic and inherits unchanged from Section E.1002

F.1 Forward order1003

By Curry et al. [22, Theorem 8.1], the exact solution of (20) admits the LB-series representation1004

Yst =
∑

τ∈Fpl
A

⟨Xst ◦ a≪, τ ⟩ τ, (21)
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where the sum is over A-decorated planar rooted forests and a≪ : HMKW → H⨿⨿ is the planar1005

arborification, the Hopf-algebra morphism that maps each planar tree to the formal sum of its linear1006

extensions. The exact LB character of the RDE on planar trees is therefore1007

eX(τ) := ⟨Xst ◦ a≪, τ ⟩,

which is multiplicative in the shuffle sense and depends on the driving rough path X.1008

Applying CF-EES(2, 5;x) to (20) via the simplified Redmann–Riedel-style embedding (each hKi1009

replaced by
∑

l X
l
0,h K

l
i) gives a one-step LB character of the form1010

ϕX(τ) = ϕ(τ) · ⟨X0,h, τ ⟩, ⟨X0,h, τ ⟩ :=
∏

v∈V (τ)

X
ℓ(v)
0,h ,

where ϕ(τ) is the path-independent character of Section E.3 and ℓ(v) is the label of vertex v. For1011

a geometric planarly branched rough path, the planar arborification factorises as ⟨Xst ◦ a≪, τ ⟩ =1012

⟨X0,h, τ⟩/τ !, so the local order condition ϕX(τ) = eX(τ) on every planar τ with |τ | ≤ p is equivalent1013

to the algebraic identity1014

ϕ(τ) = 1/τ !, |τ | ≤ p.

By Theorem E.1 (i) this holds for |τ | ≤ 2, identically in x, so CF-EES(2, 5;x) has local error of1015

order (2 + 1)α = 3α when applied to (20); the same argument with Theorem E.2 gives local order1016

3α for CF-EES(2, 7;x).1017

F.2 Backward order1018

The symmetric defect D := (sign ·ϕ)⋆MKWϕ is the LB character of the composition ΦXrev ◦ΦX, that1019

is, one step of CF-EES(2, 5;x) under X followed by one step under the time-reversed driver Xrev.1020

D(τ) can be computed entirely from the Butcher tableau of EES(2, 5;x) and the MKW coproduct,1021

without depending on the driving rough path. The path-applied character of the composition factorises1022

in the same way as the forward character,1023

DX(τ) = D(τ) · ⟨X0,h, τ ⟩,

so that vanishing of D(τ) at the algebra level implies vanishing of DX(τ) for any rough path X and1024

any tree of the same order. Theorem E.1 (ii) gives D(τ) = ε(τ) on every planar τ with |τ | ≤ 5,1025

identically in x. Hence ΦXrev ◦ ΦX recovers the identity to local order (5 + 1)α = 6α, for any1026

geometric planarly branched rough path. The same argument with Theorem E.2 gives local order 8α1027

for CF-EES(2, 7;x).1028

F.3 Backpropagation through homogeneous-space 2N commutator-free methods1029

The algorithm for backpropagation through a homogeneous-space commutator-free scheme is given1030

in Algorithm 2. We assume that the solver is at least approximately reversible, so the backward1031

pass recovers the preceding stage states and the low-storage Lie-algebra register by applying the1032

reverse recurrence. Unlike the Euclidean case, the adjoints with respect to stage states are covectors1033

λYl
∈ T ∗

Yl
M , and each reverse stage applies the pullback of the homogeneous-space action. Thus the1034

backward sweep may be viewed as a discrete evolution on the cotangent bundle T ∗M .1035

For1036

Ψl(Y, δ) = Λ(exp(Blδ), Y ) ,

we write DY Ψ
∗
l and DδΨ

∗
l for the adjoints of the differentials with respect to the state and Lie-algebra1037

arguments.1038
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Algorithm 2 Backpropagation through Homogeneous-Space 2N Commutator-Free Schemes
Input: yn+1, λYs = ∂yn+1L
Input: Running derivative with respect to θ, ∂θL
Input: Homogeneous-space commutator-free method Φ with {Al}s−1

l=1 and {Bl}sl=1.
Ys = yn+1, λδ = 0
for l = s, . . . , 1 do

Recover Yl−1, δl, and Kl by the algebraic reverse recurrence Φrev

λYl−1
= DY Ψl(Yl−1, δl)

∗λYl

λδl += DδΨl(Yl−1, δl)
∗λYl

λKl
= λδl

dθ, ηl = backpropξ(dX, λKl
)

λYl−1
+= ηl

∂θL += dθ
λδl−1

= Alλδl
end for
∂yn

L = λY0

return yn, ∂ynL, ∂θL

G Convergence experiments1039

We verify the global error rates given in Theorem B.3 experimentally by reproducing the example1040

given in [74, 23] for EES(2, 5; 1/10) and EES(2, 7; (5− 3
√
2)/14). We take the RDE1041

dyt = cos(yt)dX
(1)
t + sin(yt)dX

(2)
t , y0 = 1

for t ∈ [0, 1], where X is the geometric lift of a 2-dimensional fractional Brownian motion (fBm)1042

with Hurst index H . We compute the average of the maximal discretisation error over M = 101043

realisations of the RDE,1044

E(h) := 1

M

M∑
i=1

max
n=0,...,N

|yi(tn)− yi,n|,

where yi(t) denotes the solution to the ith realisation of the RDE and yi,n denotes the discretisation1045

of the ith solution using an EES scheme. Additionally, we evaluate the average error when recovering1046

the initial condition,1047

E⃖(h) := 1

M

M∑
i=1

|y0 − y⃖i,n|.

From [28], the rate r0 can be chosen arbitrarily close to 2H − 1/2 for a fractional Brownian motion1048

with Hurst parameter H . It follows that we expect η1 = 2H−1/2 in Theorem B.3 for both EES(2, 5)1049

and EES(2, 7), and η2 = 6H − 1 for EES(2, 5) and η2 = 8H − 1 for EES(2, 7). We show the rates1050

for H ∈ (0.4, 0.5, 0.6) in Figure 7.1051

The same convergence orders are observed for CF-EES(2, 5) and CF-EES(2, 7); see Figure 8. We1052

consider the SO(3) rough differential equation1053

dXt =

2∑
a=1

Xt ξa(Xt) dX
a
t , X0 = I,

driven by a two-dimensional fractional Brownian motion X with Hurst parameter H ∈ {0.4, 0.5, 0.6}.1054

Writing X = (Xij)
3
i,j=1, the coefficient maps ξa : SO(3) → so(3) are affine in the entries of X:1055

ξ1(X) =

(
0 −0.1− 0.3X31 0.25 + 0.2X23

0.1 + 0.3X31 0 −0.9− 0.2X11

−0.25− 0.2X23 0.9 + 0.2X11 0

)
,

ξ2(X) =

(
0 −0.8− 0.15X33 −0.35 + 0.2X22

0.8 + 0.15X33 0 −0.15− 0.25X12

0.35− 0.2X22 0.15 + 0.25X12 0

)
.
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Figure 7: Convergence rates for EES with H ∈ (0.4, 0.5, 0.6)
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Figure 8: Convergence rates for CF-EES with H ∈ (0.4, 0.5, 0.6)
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H Additional Experiments1056

H.1 High-dimensional GBM with stiff drift1057

Consider learning the dynamics of a high-dimensional geometric Brownian motion (GBM)1058

dyt = Aytdt+ σytdWt, y0 ∈ Rd,

where A ∈ Rd×d and σ ∈ R. We introduce a stiff drift component by choosing A = QDQT , where1059

D = diag(λ0, λ1, . . . , λd−1), λi = −20(1 + i
d ), and Q is a randomly generated orthogonal matrix,1060

and take d = 25 and σ = 0.1. We choose to learn the dynamics using a Neural SDE of the form1061

dzt = g(zt; θg)dt+ f(zt; θf ) ◦ dWt, z0 = h(x, θh) ∈ Rdz ,

where f, g are neural networks with the same architecture as in the OU experiment of Section 4. We1062

integrate the SDEs over t ∈ [0, 1] for 1,000 epochs, sampling 10,000 realisations of the dynamics at1063

every epoch. The Adam optimiser is used with a fixed learning rate of 2× 10−1.1064

As in the previous example, Table 7 and Figure 10 show the results of training using various reversible1065

methods, with the step size chosen such that the number of evaluations of f, g is fixed. We see that1066

the instability caused by the stiff drift results in diverging MSE for all solvers except EES(2, 5),1067

which manages to retain moderate stability for the entire 1,000 epochs of training.1068

Table 7: Metrics for stiff GBM dynamics. The step size is chosen such that the total number of
evaluations of f, g per integration is fixed.

Method # Eval. / Step Step Size Terminal MSE Runtime (s)

Reversible Heun 1 1/60 – 1283.6
MCF Euler 2 1/30 – 1119.9
MCF Midpoint 4 1/15 – 1270.1
EES(2, 5) 3 1/20 1.1803× 10−4 1050.0

Figure 11 shows the MSE of the gradient of the loss during training, where the true gradient is1069

computed by autodifferentiation through a discretise-then-optimise solution, using the same solver1070

and step size. Despite its near-reversibility, EES(2, 5) achieves a lower gradient MSE compared to1071

other solvers. This effect is likely the result of the superior stability of EES(2, 5), in combination1072

with the linear nature of the target SDE.1073
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Figure 10: Training MSE for GBM dynam-
ics with a fixed number of evaluations of
f, g.
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Figure 11: Gradient MSE for GBM dy-
namics with a fixed number of evaluations
of f, g.
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H.2 Stochastic Volatility1074

We present results for the remaining stochastic volatility models in Table 8. EES(2, 5) remains the1075

lowest runtime integrator, while maintaining identical terminal MSE performance.1076

Table 8: Metrics for benchmark stochastic volatility models.

Model Method #Eval. / Step Step Size Terminal MSE (±2σ) Runtime (s)

Black–Scholes

Reversible Heun 1 1/504 6.46±1.01 999.8
MCF Euler 2 1/252 6.46±1.01 937.1
MCF Midpoint 4 1/126 6.44±1.01 514.9
EES(2, 5) 3 1/168 6.44±1.01 405.6

Classical Bergomi

Reversible Heun 1 1/504 19.97±1.39 1001.2
MCF Euler 2 1/252 19.97±1.39 922.7
MCF Midpoint 4 1/126 19.98±1.39 522.3
EES(2, 5) 3 1/168 19.97±1.39 401.8

Local stoch vol

Reversible Heun 1 1/504 6.66±1.02 1010.5
MCF Euler 2 1/252 6.66±1.02 924.7
MCF Midpoint 4 1/126 6.64±1.02 521.1
EES(2, 5) 3 1/168 6.64±1.02 414.0

Heston

Reversible Heun 1 1/504 5.68±0.82 986.1
MCF Euler 2 1/252 5.69±0.82 928.0
MCF Midpoint 4 1/126 5.69±0.82 521.7
EES(2, 5) 3 1/168 5.69±0.82 409.1

Rough Heston

Reversible Heun 1 1/504 6.54±2.16 983.4
MCF Euler 2 1/252 6.54±2.16 914.8
MCF Midpoint 4 1/126 6.55±2.16 511.8
EES(2, 5) 3 1/168 6.55±2.16 402.8

Quadratic
rough Heston

Reversible Heun 1 1/504 5.38±1.21 977.2
MCF Euler 2 1/252 5.39±1.21 866.2
MCF Midpoint 4 1/126 5.39±1.21 478.8
EES(2, 5) 3 1/168 5.39±1.21 410.7

H.3 Molecular Dynamics1077

Figure 12: Initial configuration of the
64-molecule water system

We investigate whether EES(2, 5) can train a neural molec-1078

ular dynamics force field from long Langevin rollouts under1079

a fixed force-evaluation budget while retaining low-memory1080

adjoint differentiation. This setting is motivated by force-1081

field objectives defined on trajectory-level ensemble observ-1082

ables, such as vibrational spectra, rather than only on static1083

energy-surface quantities. The central difficulty is therefore1084

to obtain useful gradients through long stochastic trajectories1085

without storing the full rollout.1086

We benchmark on a 64-molecule (192-atom) water system1087

with a pre-trained embedded atom neural network (EANN)1088

force field [96]. The Langevin state is yt = (rt, vt) ∈1089

R6Natom = R1152, where rt ∈ R3Natom and vt ∈ R3Natom1090

denote the atomic positions and velocities at time t. All1091

solvers are compared under matched total evaluations of the drift and diffusion fields. In contrast to1092

the full IR-spectrum fitting pipeline of Han and Yu [35], our benchmark optimizes a differentiable1093

proxy for the spectral objective: the normalized squared dipole-velocity signal accumulated along1094

finite-temperature Langevin trajectories.1095
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For each batch b, we simulate paired trajectories from velocities ±v0 and minimize the empirical1096

mean1097

L(B)
MD(θ) =

1

B

B∑
b=1

1

T Nmol

∫ T

0

∥∥∥µ̇(b)
θ (t)

∥∥∥2
2
dt. (22)

Here µ̇θ is a charge-weighted molecular dipole-velocity proxy computed along the simulated trajec-1098

tory, so the experiment retains the main computational bottleneck of spectral fitting: differentiating a1099

neural force field through long stochastic rollouts of large state vectors.1100

Table 9: Metrics for molecular dynamics. The step size is chosen so that each solver uses 252
evaluations per integration over the same rollout time. MCF midpoint became unstable.

Method # Eval. / Step Step Size Terminal MSE (×10−2) Runtime (s)

Reversible Heun 1 1/2520 44.85±0.90 1083.5
MCF Euler 2 1/1260 44.66±0.42 984.1
MCF Midpoint 4 1/630 – 757.6
EES(2, 5) 3 1/840 45.04±1.09 577.7
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Figure 13: Training proxy MSE for
Langevin MD.

Under this fixed-budget comparison, EES(2, 5) attains a1101

terminal proxy error statistically indistinguishable from1102

the stable baselines while reducing wall-clock time by1103

roughly 47% relative to Reversible Heun and 41% rel-1104

ative to MCF Euler. MCF Midpoint diverged at the1105

prescribed step size and is therefore omitted from the1106

accuracy comparison. We note one limitation: the1107

present subsection evaluates a differentiable Langevin1108

proxy rather than the full experimental IR spectral loss,1109

and full-spectrum fitting together with memory-scaling1110

measurements should be reported separately before any1111

stronger end-to-end IR-fitting claim is made.1112

I Experimental and Implementation Details1113

I.1 Hardware and Software Details1114

Software details. Experiments use Python 3.13 with CUDA 13.1. Models are implemented in JAX1115

0.10.0 [9] and Equinox 0.13.7 [46]. Differential equation solves use Diffrax 0.7.1 [45], dataloading1116

uses Cyreal 0.2.1 [62], and path-signature losses use Stochastax 0.5.0 and Pysiglib 3.0.0 [86] in the1117

manifold and Euclidean cases, respectively. The implementation of the Reversible adjoint used in our1118

experiments is sourced from Sam McCallum’s Diffrax fork (ReversibleAdjoint).1119

The writing of this work required the creation of three software packages to support EES, 2N , and1120

geometric numerical integration in Diffrax and Julia. We present these packages here and the license1121

under which they are released.1122

Table 10: New packages introduced to support the present work
Package Ecosystem Functionality License
Diffrax-lowstorage Jax 2N integrators, incl. EES Apache-2.0
Georax Jax Geometric integrators, incl. CF-EES Apache-2.0
EffectivelySymmetric.jl SciML Standard, 2N , and CF-EES methods Apache-2.0

Hardware details. All training and evaluation runs were conducted on a single workstation1123

equipped with one NVIDIA RTX 5080 GPU with 16GB of GPU memory, an AMD Ryzen 91124

9950X3D CPU, and 64GB of system memory, running Ubuntu 24.04 LTS.1125
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I.2 Additional Details for OU Experiments1126

Dynamics. We learn the Ornstein–Uhlenbeck (OU) dynamics1127

dyt = ν(µ− yt) dt+ σ dWt, y0 ∈ R,

under the high-volatility regime ν = 0.2, µ = 0.1, σ = 2.1128

Model. We use a Neural Langevin SDE (LSDE) [69],1129

dzt = g(zt; θg) dt+ f(t; θf ) ◦ dWt, z0 = h(x, θh) ∈ Rdz ,

where h is a learnable affine function of the input data x = {xn}n≥0, xn ∈ R2, sampled from the1130

true OU dynamics, and g, f are neural networks parametrised by θg, θf respectively. We take latent1131

dimensionality dz = 32, and parametrise f, g as 2-layer neural networks of width 32 with LipSwish1132

activations.1133

Training. The SDEs are integrated over t ∈ [0, 10] and the LSDE is trained for 250 epochs using1134

the Adam optimiser with a fixed learning rate of 10−3. At each epoch, 50,000 realisations of the1135

trained dynamics are sampled and the MSE loss is computed against the true OU dynamics.1136

I.3 Additional Details for GBM Experiments1137

Dynamics. We learn the dynamics of a high-dimensional geometric Brownian motion (GBM)1138

dyt = Ayt dt+ σyt dWt, y0 ∈ Rd,

where A ∈ Rd×d and σ ∈ R. We introduce a stiff drift component by choosing A = QDQT , where1139

D = diag(λ0, λ1, . . . , λd−1) with λi = −20 (1+ i
d ) and Q a randomly generated orthogonal matrix;1140

we take d = 25 and σ = 0.1.1141

Model. We use a Neural Langevin SDE (LSDE) [69],1142

dzt = g(zt; θg) dt+ f(zt; θf ) ◦ dWt, z0 = h(x, θh) ∈ Rdz , (23)

where h is a learnable affine function of the input data x = {xn}n≥0, xn ∈ R2, sampled from the1143

true dynamics, and g, f are neural networks parametrised by θg, θf respectively.1144

Training. We integrate the SDEs over t ∈ [0, 1] for 1,000 epochs, sampling 10,000 realisations of1145

the dynamics at every epoch. The Adam optimiser is used with a fixed learning rate of 2× 10−1.1146

I.4 Additional Details for Stochastic Volatility Experiments1147

Model. We use an unconditional Euclidean neural SDE dxτ = f(xτ , τ)dτ+g(xτ , τ)dWτ , x0 = 1,1148

for the stochastic-volatility benchmarks. The drift is a 4-layer MLP (width 16, LipSwish), while1149

the diffusion is a 3-layer MLP (width 16, LipSwish, softplus output scaled by 0.2). Both take1150

(τ, xτ ) ∈ R1+d as input, and g is interpreted as the diagonal matrix diag(σ(xτ , τ)), giving learned1151

state- and time-dependent coordinatewise volatility.1152

Dataset. We embed all stochastic volatility models in the RDE framework of Bonesini et al. [8],1153

which spans classical Black–Scholes [6] to contemporary rough volatility models [29]. Numerically,1154

we form the lead–lag path on a uniform noise grid of Nnoise = 128 intervals and integrate the1155

Wong–Zakai ODE on a finer uniform grid of NRDE = 768 fixed steps with linear interpolation1156

using Tsitouras’ 5(4) Runge–Kutta method [89], recording states at the noise times. The underlying1157

Riemann-Liouville volatility process is simulated with the hybrid method of [5]. Parameter selections1158

are shown in Table 11. We adopt the rBergomi parameter values of Rough [77], namely v0 = 0.04,1159

ν = 1.991, H = 0.25, and ρ = −0.848. For SPX options on 30/05/2022, this calibration gives a1160

model-implied volatility surface with mean-squared error 3.73 × 10−5 relative to market implied1161

volatilities. The remaining coefficients are fixed to standard benchmark values in plausible financial1162

ranges. Since we use the model in its standard form, we refer to [8, Equation 1.2] for the full1163

specification.1164
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Table 11: Parameters for the rough volatility model configurations. Missing entries indicate parame-
ters not used by the model.

Model S0 v0 ρ ν H λ v̄

Black–Scholes 1.0 0.04 – – – – –
Classical Bergomi 1.0 0.04 -0.7 – – – –
Local stoch volatility 1.0 0.04 -0.3 – – 1.0 0.04
Heston 1.0 0.04 -0.7 0.5 – 1.5 0.04
Rough Heston 1.0 0.04 -0.7 0.5 0.1 1.5 0.04
Quadratic rough Heston 1.0 0.04 – – 0.1 1.0 –
Rough Bergomi 1.0 0.04 -0.848 1.991 0.1 – –

Training. The model is trained with truncated (time-augmented) path-signature MMD2 loss, vanilla1165

SGD at learning rate 10−3, batch size 4,096, 100 epochs, no schedule or gradient clipping at a1166

fixed NFE budget of 504. Test-time paths are single-rollout trajectories from x0 = 1, evaluated via1167

two-sample KS statistic at step t = 55.1168

I.5 Additional Details for the Stochastic Kuramoto Experiments1169

Data-generating dynamics. Trajectories are simulated from equation (5) with bimodal natural1170

frequencies Ωi ∈ {+P,−P} [26], default parameters m = 1, K = 2.0, P = 0.5, D = 0.05.1171

The deterministic N = 2 subsystem admits a unique stable phase-locked equilibrium at ∆θ∞ =1172

arcsin(2P/K) for K > 2P [1], used as a verification anchor for the simulator (Appendix below).1173

The integration horizon is T = 5 s, sub-sampled to nobs = 200 uniform observation timepoints from1174

a fine integration grid of nfine = 16,384 steps using diffrax’s Heun solver. Splits are 5,000 / 1,000 /1175

1,000 trajectories (train / val / test) per network size N ∈ {2, 4, 8}, each with an independent initial1176

condition and Brownian path.1177

Simulator verification. At σ = 0, N = 2, the deterministic 2-oscillator phase difference at1178

T = 5 s is independent of nfine for nfine ≥ 1024 (relative variation < 10−4 across nfine ∈1179

{1024, 2048, 4096, 8192, 16384}), confirming Heun convergence at the chosen production grid.1180

Residual ∼ 7.7% deviation from arcsin(2P/K) = π/6 is consistent with the analytical decay1181

constant of the linearised dynamics around the phase-locked equilibrium (∼ 0.5 s−1) at finite T rather1182

than integrator error. At σ > 0, the per-trajectory order parameter r(t) =
∣∣N−1

∑
j e

iθj
∣∣ saturates1183

to a stationary mean r∞ ≈ 0.70± 0.24 over an ensemble of 128 trajectories, placing the operating1184

point in the partial-synchronisation regime as designed.1185

Model. The neural SDE on TTN = TN × RN uses MLP drift and diffusion fields of width 1281186

over the feature embedding (sin θ, cos θ, ω) ∈ R3N , with depths 3 (drift) and 2 (diffusion), SiLU1187

activation, and a softplus-output diffusion scaled by 0.1. The diffusion is decoupled (additive noise1188

on ω only). Integration uses CFEES(2,5) on the product Lie group TTN , lifted via Bazavov’s1189

commutator-free construction [3].1190

Loss. Multi-horizon energy score evaluated at horizons h ∈ {T/8, T/4, T/2, T} with1191

m = 4 Monte Carlo rollouts per horizon, using the wrapped-on-θ, plain-on-ω distance1192

d((θa, ωa), (θb, ωb)) =
∑

i |wrap(θia − θib)| +
∑

i |ωi
a − ωi

b|. Optimisation uses AdamW at peak1193

learning rate 10−3, gradient clipping at global norm 1, 30 epochs, batch size 64.1194

Adjoint pilot (Table 12). Before any training sweep, we verify that the three adjoints under test1195

compute mathematically equivalent gradients. Using a fixed (model, data, Brownian-path) cell at1196

N = 2, nsteps ∈ {200, 1000, 5000}, batch 32, we compute the relative ℓ2 distance between each1197

adjoint’s gradient and a fine-dt reference at nsteps,ref = 10,000 under CFEES(2,5) with the Reversible1198

adjoint. Differences across adjoints at the same nsteps are at the float32 round-off floor; the residual1199

gap to the fine-dt reference reflects the discretisation difference between the test cell and reference1200

grid (and uses an independent Brownian path), not adjoint error.1201
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Table 12: M3.1 + M3.3 gradient fidelity. Values are relative ℓ2 distance to a fine-dt CFEES(2,5) with
the Reversible adjoint reference at nsteps,ref = 10,000. The three adjoints agree to 4 significant figures
at every nsteps (the reported gap is shared discretisation error vs the fine grid).

nsteps Reversible Full Recursive

200 9.251× 10−2 9.251× 10−2 9.251× 10−2

1000 9.290× 10−2 9.290× 10−2 9.290× 10−2

5000 9.378× 10−2 9.378× 10−2 9.378× 10−2

Memory scaling (Figure 5b). Table 13 gives the absolute peak GPU memory measurements that1202

underlie Figure 5b: one forward+backward solve through the Kuramoto neural SDE at N = 1000,1203

batch 64, hidden width 128, on a single GPU, with each cell run in an isolated subprocess.1204

Table 13: Peak GPU memory (MiB) for one forward+backward solve of the Kuramoto NSDE,
N = 1000, batch 64.

nsteps CF-EES(2,5) (Reversible) CG2 (Full) CG2 (Recursive)

50 356 670 648
100 356 696 650
200 352 743 653
500 355 891 658

1,000 355 1,134 663
2,000 355 2,040 674
5,000 355 4,970 690

10,000 352 OOM 712

I.6 Additional Details for Sphere Latent SDE Experiments1205

Setting. Zeng et al. [94] parametrise the drift of the latent SDE as a Chebyshev polynomial in t of1206

an MLP applied to the encoder output, and integrate the resulting Stratonovich SDE with one-step1207

geometric Euler–Maruyama: at every step a Lie-algebra increment ω = K(t) dt+ σ dW ∈ so(n)1208

is formed and lifted to SO(n) via exp(ω), which then acts on the current state zt ∈ Sn−1 by left1209

multiplication. Their ELBO combines reconstruction at observed times with a closed-form Girsanov1210

path-KL on the sphere; both terms reparameterise through every integrator step, so backpropagation1211

must traverse the entire trajectory—the regime in which a reversible adjoint pays off.1212

Backbone. The standard backbone setup for the UCI Human Activity benchmark of Zeng et al.1213

[94] uses z ∈ S15, batch 64, and N = 228 integration steps per trajectory. We replace the geometric1214

Euler–Maruyama step with CF-EES(2, 5) and route backpropagation through the Reversible adjoint;1215

the encoder, Chebyshev drift, decoder, and classification head are left unchanged.1216

Memory. Figure 6 reports peak GPU memory for one forward+backward through the integrator1217

alone. The matrix exponential on so(16) is heavier per step than the elementwise lift on Td, so the1218

memory ratio at a given N is larger than for the Kuramoto benchmark (Figure 5b). Table 14 gives the1219

underlying measurements.1220

Table 14: Peak GPU memory (MiB) for one forward+backward solve of the latent SDE on S15,
batch 64. The reversible measurement at nsteps = 5,000 was not collected; the figure extrapolates
from the constant trend at lower step counts.

nsteps CF-EES(2,5) (Reversible) Geometric Euler (Full)

50 22 212
200 23 802
800 28 3,166

2,000 40 7,894
5,000 – 19,711
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Compute parity. Table 4 reports test accuracy after 30 training epochs at a fixed total NN-evaluation1221

budget per trajectory B = 30 (geometric Euler–Maruyama uses N = B steps; CF-EES(2, 5) uses1222

N = B/3), averaged over two seeds. The published 990-epoch accuracy of Zeng et al. [94] at the full1223

N = 228 grid is 90.56± 0.45%; both solvers in our 30-epoch parity sweep land within the expected1224

range for the truncated training and reduced step count.1225

I.7 Additional Details for Molecular Dynamics Experiment1226

Model. The EANN potential uses nGTO = 12 radial Gaussian-type orbitals per species pair with a1227

6 Å cutoff, followed by a per-element MLP of two hidden layers of width 64 with SiLU activations1228

and LayerNorm [96]; pre-trained weights are loaded from params_eann4.pickle. Forces are1229

obtained by automatic differentiation of the total energy. The Langevin SDE is integrated with1230

friction γ = 1.0 ps−1 and fluctuation–dissipation noise σ =
√

2γkBT/m at T = 298.15 K, with all1231

quantities expressed in GROMACS units (nm, ps, g/mol). The dipole-velocity proxy uses charge1232

weights wO = 1, wH = −1/2 and is accumulated as an augmented coordinate of the integrator state1233

so its gradient flows through the full rollout.1234

Dataset. Initial configurations are drawn from the bundled water64.pdb structure (cubic periodic1235

box, edge 1.86 nm). Per training step we sample a batch of 6 initial conditions: positions are1236

the reference geometry perturbed by N (0, 10−3 nm) and velocities are drawn from the Maxwell–1237

Boltzmann distribution at T . Each batch element is duplicated under time reversal v0 7→ −v0, giving1238

12 effective trajectories. Pair lists are rebuilt at every force evaluation with a 0.6 nm neighbour-list1239

cutoff.1240

Training. We rollout for tend = 0.1 ps and train for 250 optimization steps with Adam at learning1241

rate 5× 10−4, gradients clipped to global norm 1.0. All non-reversible base solvers (Euler, Midpoint)1242

are lifted to the reversible setting via the algebraically reversible wrapper of McCallum and Foster1243

[60] with coupling parameter λ = 0.999, and every solver uses the Reversible adjoint. The reported1244

terminal proxy MSE is the loss of (22) averaged over the batch at the final training step; runtime is1245

wall-clock time for the full 250-step run on a single GPU with fixed random seed across solvers.1246

I.8 Memory Benchmark for Figure 11247

Figure 1 reports peak XLA scratch memory (temp_bytes) for one forward+backward solve of an1248

SDE on the 7-torus T7, batch 1,024, hidden width 128. Each cell is run in an isolated subprocess.1249

Table 15 gives the underlying measurements in MiB.1250

Table 15: Peak XLA scratch memory (MiB) for one forward+backward solve of an SDE on T7,
batch 1,024.

nsteps CF-EES (Reversible) CG2 (Full) CG2 (Recursive) CG4 (Full) CG4 (Recursive)

5 390 384 673 402 708
10 391 385 673 403 708
20 391 385 673 404 708
50 390 386 673 405 708

100 390 387 673 406 708
200 390 390 673 408 708
400 390 395 673 413 708
800 391 406 674 425 709

2,000 390 439 674 458 709
5,000 391 522 675 540 710

10,000 390 658 676 676 712
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NeurIPS Paper Checklist1251

1. Claims1252

Question: Do the main claims made in the abstract and introduction accurately reflect the1253

paper’s contributions and scope?1254

Answer: [Yes]1255

Justification: We verify our claims with both theoretical proofs regarding solver order,1256

integration spaces, and convergence. We then numerically validate our accuracy/runtime1257

claims.1258

Guidelines:1259

• The answer [N/A] means that the abstract and introduction do not include the claims1260

made in the paper.1261

• The abstract and/or introduction should clearly state the claims made, including the1262

contributions made in the paper and important assumptions and limitations. A [No] or1263

[N/A] answer to this question will not be perceived well by the reviewers.1264

• The claims made should match theoretical and experimental results, and reflect how1265

much the results can be expected to generalize to other settings.1266

• It is fine to include aspirational goals as motivation as long as it is clear that these goals1267

are not attained by the paper.1268

2. Limitations1269

Question: Does the paper discuss the limitations of the work performed by the authors?1270

Answer: [Yes]1271

Justification: There is a dedicated section in the discussion entitled limitations.1272

Guidelines:1273

• The answer [N/A] means that the paper has no limitation while the answer [No] means1274

that the paper has limitations, but those are not discussed in the paper.1275

• The authors are encouraged to create a separate “Limitations” section in their paper.1276

• The paper should point out any strong assumptions and how robust the results are to1277

violations of these assumptions (e.g., independence assumptions, noiseless settings,1278

model well-specification, asymptotic approximations only holding locally). The authors1279

should reflect on how these assumptions might be violated in practice and what the1280

implications would be.1281

• The authors should reflect on the scope of the claims made, e.g., if the approach was1282

only tested on a few datasets or with a few runs. In general, empirical results often1283

depend on implicit assumptions, which should be articulated.1284

• The authors should reflect on the factors that influence the performance of the approach.1285

For example, a facial recognition algorithm may perform poorly when image resolution1286

is low or images are taken in low lighting. Or a speech-to-text system might not be1287

used reliably to provide closed captions for online lectures because it fails to handle1288

technical jargon.1289

• The authors should discuss the computational efficiency of the proposed algorithms1290

and how they scale with dataset size.1291

• If applicable, the authors should discuss possible limitations of their approach to1292

address problems of privacy and fairness.1293

• While the authors might fear that complete honesty about limitations might be used by1294

reviewers as grounds for rejection, a worse outcome might be that reviewers discover1295

limitations that aren’t acknowledged in the paper. The authors should use their best1296

judgment and recognize that individual actions in favor of transparency play an impor-1297

tant role in developing norms that preserve the integrity of the community. Reviewers1298

will be specifically instructed to not penalize honesty concerning limitations.1299

3. Theory assumptions and proofs1300

Question: For each theoretical result, does the paper provide the full set of assumptions and1301

a complete (and correct) proof?1302
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Answer: [Yes]1303

Justification: We prove all theoretical claims: (1) that EES(2, 5;x) and EES(2, 7;x) are 2N1304

schemes, (2) that EES(2, 5;x) retains its forward and backward orders after lifting to CF,1305

(3) that both orders are retained in the RDE cases.1306

Guidelines:1307

• The answer [N/A] means that the paper does not include theoretical results.1308

• All the theorems, formulas, and proofs in the paper should be numbered and cross-1309

referenced.1310

• All assumptions should be clearly stated or referenced in the statement of any theorems.1311

• The proofs can either appear in the main paper or the supplemental material, but if1312

they appear in the supplemental material, the authors are encouraged to provide a short1313

proof sketch to provide intuition.1314

• Inversely, any informal proof provided in the core of the paper should be complemented1315

by formal proofs provided in appendix or supplemental material.1316

• Theorems and Lemmas that the proof relies upon should be properly referenced.1317

4. Experimental result reproducibility1318

Question: Does the paper fully disclose all the information needed to reproduce the main ex-1319

perimental results of the paper to the extent that it affects the main claims and/or conclusions1320

of the paper (regardless of whether the code and data are provided or not)?1321

Answer: [Yes]1322

Justification: We provide a algorithm blocks for backpropagation, the Butcher tableaux of1323

each method, and a complete description of the geometry for manifold experiments. Model1324

architectures are described in the main text, and further detailed with hyperparameters and1325

training descriptions in the appendices.1326

Guidelines:1327

• The answer [N/A] means that the paper does not include experiments.1328

• If the paper includes experiments, a [No] answer to this question will not be perceived1329

well by the reviewers: Making the paper reproducible is important, regardless of1330

whether the code and data are provided or not.1331

• If the contribution is a dataset and/or model, the authors should describe the steps taken1332

to make their results reproducible or verifiable.1333

• Depending on the contribution, reproducibility can be accomplished in various ways.1334

For example, if the contribution is a novel architecture, describing the architecture fully1335

might suffice, or if the contribution is a specific model and empirical evaluation, it may1336

be necessary to either make it possible for others to replicate the model with the same1337

dataset, or provide access to the model. In general. releasing code and data is often1338

one good way to accomplish this, but reproducibility can also be provided via detailed1339

instructions for how to replicate the results, access to a hosted model (e.g., in the case1340

of a large language model), releasing of a model checkpoint, or other means that are1341

appropriate to the research performed.1342

• While NeurIPS does not require releasing code, the conference does require all submis-1343

sions to provide some reasonable avenue for reproducibility, which may depend on the1344

nature of the contribution. For example1345

(a) If the contribution is primarily a new algorithm, the paper should make it clear how1346

to reproduce that algorithm.1347

(b) If the contribution is primarily a new model architecture, the paper should describe1348

the architecture clearly and fully.1349

(c) If the contribution is a new model (e.g., a large language model), then there should1350

either be a way to access this model for reproducing the results or a way to reproduce1351

the model (e.g., with an open-source dataset or instructions for how to construct1352

the dataset).1353

(d) We recognize that reproducibility may be tricky in some cases, in which case1354

authors are welcome to describe the particular way they provide for reproducibility.1355

In the case of closed-source models, it may be that access to the model is limited in1356
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some way (e.g., to registered users), but it should be possible for other researchers1357

to have some path to reproducing or verifying the results.1358

5. Open access to data and code1359

Question: Does the paper provide open access to the data and code, with sufficient instruc-1360

tions to faithfully reproduce the main experimental results, as described in supplemental1361

material?1362

Answer: [Yes]1363

Justification: All code for our reversible integrations, baseline models, and experiments is1364

provided in the anonymous GitHub repositories.1365

Guidelines:1366

• The answer [N/A] means that paper does not include experiments requiring code.1367

• Please see the NeurIPS code and data submission guidelines (https://neurips.cc/1368

public/guides/CodeSubmissionPolicy) for more details.1369

• While we encourage the release of code and data, we understand that this might not1370

be possible, so [No] is an acceptable answer. Papers cannot be rejected simply for not1371

including code, unless this is central to the contribution (e.g., for a new open-source1372

benchmark).1373

• The instructions should contain the exact command and environment needed to run to1374

reproduce the results. See the NeurIPS code and data submission guidelines (https:1375

//neurips.cc/public/guides/CodeSubmissionPolicy) for more details.1376

• The authors should provide instructions on data access and preparation, including how1377

to access the raw data, preprocessed data, intermediate data, and generated data, etc.1378

• The authors should provide scripts to reproduce all experimental results for the new1379

proposed method and baselines. If only a subset of experiments are reproducible, they1380

should state which ones are omitted from the script and why.1381

• At submission time, to preserve anonymity, the authors should release anonymized1382

versions (if applicable).1383

• Providing as much information as possible in supplemental material (appended to the1384

paper) is recommended, but including URLs to data and code is permitted.1385

6. Experimental setting/details1386

Question: Does the paper specify all the training and test details (e.g., data splits, hyperpa-1387

rameters, how they were chosen, type of optimizer) necessary to understand the results?1388

Answer: [Yes]1389

Justification: The body sections describe the model, dataset, and training regimes employed.1390

We then provide a complete description of the model, dataset and training scheme used in1391

each experiment in Appendix I.1392

Guidelines:1393

• The answer [N/A] means that the paper does not include experiments.1394

• The experimental setting should be presented in the core of the paper to a level of detail1395

that is necessary to appreciate the results and make sense of them.1396

• The full details can be provided either with the code, in appendix, or as supplemental1397

material.1398

7. Experiment statistical significance1399

Question: Does the paper report error bars suitably and correctly defined or other appropriate1400

information about the statistical significance of the experiments?1401

Answer: [Yes]1402

Justification: We report 2 standard deviations on our accuracy metrics throughout our1403

experiments. We were unable to add them for the molecular dynamics and Kuramoto1404

experiments as each run was computationally expensive.1405

Guidelines:1406

• The answer [N/A] means that the paper does not include experiments.1407
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• The authors should answer [Yes] if the results are accompanied by error bars, confidence1408

intervals, or statistical significance tests, at least for the experiments that support the1409

main claims of the paper.1410

• The factors of variability that the error bars are capturing should be clearly stated (for1411

example, train/test split, initialization, random drawing of some parameter, or overall1412

run with given experimental conditions).1413

• The method for calculating the error bars should be explained (closed form formula,1414

call to a library function, bootstrap, etc.)1415

• The assumptions made should be given (e.g., Normally distributed errors).1416

• It should be clear whether the error bar is the standard deviation or the standard error1417

of the mean.1418

• It is OK to report 1-sigma error bars, but one should state it. The authors should1419

preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis1420

of Normality of errors is not verified.1421

• For asymmetric distributions, the authors should be careful not to show in tables or1422

figures symmetric error bars that would yield results that are out of range (e.g., negative1423

error rates).1424

• If error bars are reported in tables or plots, the authors should explain in the text how1425

they were calculated and reference the corresponding figures or tables in the text.1426

8. Experiments compute resources1427

Question: For each experiment, does the paper provide sufficient information on the com-1428

puter resources (type of compute workers, memory, time of execution) needed to reproduce1429

the experiments?1430

Answer: [Yes]1431

Justification: We report memory requirements and wall-clock times for each experiment.1432

Hardware used is reported in Appendix I.1.1433

Guidelines:1434

• The answer [N/A] means that the paper does not include experiments.1435

• The paper should indicate the type of compute workers CPU or GPU, internal cluster,1436

or cloud provider, including relevant memory and storage.1437

• The paper should provide the amount of compute required for each of the individual1438

experimental runs as well as estimate the total compute.1439

• The paper should disclose whether the full research project required more compute1440

than the experiments reported in the paper (e.g., preliminary or failed experiments that1441

didn’t make it into the paper).1442

9. Code of ethics1443

Question: Does the research conducted in the paper conform, in every respect, with the1444

NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?1445

Answer: [Yes]1446

Justification: We do not involve human subjects, or datasets with any identifying components1447

or non-free licenses. We disclose experimental procedures for reproducibility, and have1448

anonymised code submissions.1449

Guidelines:1450

• The answer [N/A] means that the authors have not reviewed the NeurIPS Code of1451

Ethics.1452

• If the authors answer [No], they should explain the special circumstances that require a1453

deviation from the Code of Ethics.1454

• The authors should make sure to preserve anonymity (e.g., if there is a special consid-1455

eration due to laws or regulations in their jurisdiction).1456

10. Broader impacts1457

Question: Does the paper discuss both potential positive societal impacts and negative1458

societal impacts of the work performed?1459
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Answer: [N/A]1460

Justification: As our work concerns fundamental methods for improving the efficiency of1461

neural SDE training, we do not expect any adverse societal impacts or harms.1462

Guidelines:1463

• The answer [N/A] means that there is no societal impact of the work performed.1464

• If the authors answer [N/A] or [No], they should explain why their work has no societal1465

impact or why the paper does not address societal impact.1466

• Examples of negative societal impacts include potential malicious or unintended uses1467

(e.g., disinformation, generating fake profiles, surveillance), fairness considerations1468

(e.g., deployment of technologies that could make decisions that unfairly impact specific1469

groups), privacy considerations, and security considerations.1470

• The conference expects that many papers will be foundational research and not tied1471

to particular applications, let alone deployments. However, if there is a direct path to1472

any negative applications, the authors should point it out. For example, it is legitimate1473

to point out that an improvement in the quality of generative models could be used to1474

generate Deepfakes for disinformation. On the other hand, it is not needed to point out1475

that a generic algorithm for optimizing neural networks could enable people to train1476

models that generate Deepfakes faster.1477

• The authors should consider possible harms that could arise when the technology is1478

being used as intended and functioning correctly, harms that could arise when the1479

technology is being used as intended but gives incorrect results, and harms following1480

from (intentional or unintentional) misuse of the technology.1481

• If there are negative societal impacts, the authors could also discuss possible mitigation1482

strategies (e.g., gated release of models, providing defenses in addition to attacks,1483

mechanisms for monitoring misuse, mechanisms to monitor how a system learns from1484

feedback over time, improving the efficiency and accessibility of ML).1485

11. Safeguards1486

Question: Does the paper describe safeguards that have been put in place for responsible1487

release of data or models that have a high risk for misuse (e.g., pre-trained language models,1488

image generators, or scraped datasets)?1489

Answer: [N/A]1490

Justification: As our contribution regards foundational methods, and we do not release any1491

pretrained models or datasets as part of our work, we do not believe there is substantial risk1492

for misuse.1493

Guidelines:1494

• The answer [N/A] means that the paper poses no such risks.1495

• Released models that have a high risk for misuse or dual-use should be released with1496

necessary safeguards to allow for controlled use of the model, for example by requiring1497

that users adhere to usage guidelines or restrictions to access the model or implementing1498

safety filters.1499

• Datasets that have been scraped from the Internet could pose safety risks. The authors1500

should describe how they avoided releasing unsafe images.1501

• We recognize that providing effective safeguards is challenging, and many papers do1502

not require this, but we encourage authors to take this into account and make a best1503

faith effort.1504

12. Licenses for existing assets1505

Question: Are the creators or original owners of assets (e.g., code, data, models), used in1506

the paper, properly credited and are the license and terms of use explicitly mentioned and1507

properly respected?1508

Answer: [Yes]1509

Justification: We provide citations to the baseline models used and abide by the license1510

terms when one is provided.1511

Guidelines:1512
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• The answer [N/A] means that the paper does not use existing assets.1513

• The authors should cite the original paper that produced the code package or dataset.1514

• The authors should state which version of the asset is used and, if possible, include a1515

URL.1516

• The name of the license (e.g., CC-BY 4.0) should be included for each asset.1517

• For scraped data from a particular source (e.g., website), the copyright and terms of1518

service of that source should be provided.1519

• If assets are released, the license, copyright information, and terms of use in the1520

package should be provided. For popular datasets, paperswithcode.com/datasets1521

has curated licenses for some datasets. Their licensing guide can help determine the1522

license of a dataset.1523

• For existing datasets that are re-packaged, both the original license and the license of1524

the derived asset (if it has changed) should be provided.1525

• If this information is not available online, the authors are encouraged to reach out to1526

the asset’s creators.1527

13. New assets1528

Question: Are new assets introduced in the paper well documented and is the documentation1529

provided alongside the assets?1530

Answer: [Yes]1531

Justification: All new packages are presented in Table 10, which also document the licenses1532

under which they are released. Documentation and a brief usage guide is provided in the1533

ReadMe files available on the anonymised repositories.1534

Guidelines:1535

• The answer [N/A] means that the paper does not release new assets.1536

• Researchers should communicate the details of the dataset/code/model as part of their1537

submissions via structured templates. This includes details about training, license,1538

limitations, etc.1539

• The paper should discuss whether and how consent was obtained from people whose1540

asset is used.1541

• At submission time, remember to anonymize your assets (if applicable). You can either1542

create an anonymized URL or include an anonymized zip file.1543

14. Crowdsourcing and research with human subjects1544

Question: For crowdsourcing experiments and research with human subjects, does the paper1545

include the full text of instructions given to participants and screenshots, if applicable, as1546

well as details about compensation (if any)?1547

Answer: [N/A]1548

Justification: Our experiments do not employ crowdsourced data or research with human1549

subjects.1550

Guidelines:1551

• The answer [N/A] means that the paper does not involve crowdsourcing nor research1552

with human subjects.1553

• Including this information in the supplemental material is fine, but if the main contribu-1554

tion of the paper involves human subjects, then as much detail as possible should be1555

included in the main paper.1556

• According to the NeurIPS Code of Ethics, workers involved in data collection, curation,1557

or other labor should be paid at least the minimum wage in the country of the data1558

collector.1559

15. Institutional review board (IRB) approvals or equivalent for research with human1560

subjects1561

Question: Does the paper describe potential risks incurred by study participants, whether1562

such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)1563

approvals (or an equivalent approval/review based on the requirements of your country or1564

institution) were obtained?1565
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Answer: [N/A]1566

Justification: Our experiments do not employ crowdsourced data or research with human1567

subjects.1568

Guidelines:1569

• The answer [N/A] means that the paper does not involve crowdsourcing nor research1570

with human subjects.1571

• Depending on the country in which research is conducted, IRB approval (or equivalent)1572

may be required for any human subjects research. If you obtained IRB approval, you1573

should clearly state this in the paper.1574

• We recognize that the procedures for this may vary significantly between institutions1575

and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the1576

guidelines for their institution.1577

• For initial submissions, do not include any information that would break anonymity (if1578

applicable), such as the institution conducting the review.1579

16. Declaration of LLM usage1580

Question: Does the paper describe the usage of LLMs if it is an important, original, or1581

non-standard component of the core methods in this research? Note that if the LLM is used1582

only for writing, editing, or formatting purposes and does not impact the core methodology,1583

scientific rigor, or originality of the research, declaration is not required.1584

Answer: [N/A]1585

Justification: LLM usage was limited to grammar checking, stylistic advice, plotting im-1586

provements, and assistance in implementing standard methods from the literature.1587

Guidelines:1588

• The answer [N/A] means that the core method development in this research does not1589

involve LLMs as any important, original, or non-standard components.1590

• Please refer to our LLM policy in the NeurIPS handbook for what should or should not1591

be described.1592
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