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Abstract

Backpropagation through (neural) SDE solvers is traditionally approached in two
ways: discretise-then-optimise, which offers accurate gradients but incurs pro-
hibitive memory costs; and optimise-then-discretise, which achieves constant
memory cost by solving an auxiliary backward SDE, but suffers from slower evalu-
ation and gradient approximation errors. Algebraically reversible solvers promise
both memory efficiency and gradient accuracy, yet existing methods such as Re-
versible Heun are often unstable under complex models and large step sizes, and
their non-standard auxiliary-state structure obstructs extension to manifold-valued
SDEs. Building on the recently introduced Explicit and Effectively Symmetric
(EES) schemes — a class of stable, near-reversible explicit Runge—Kutta methods —
we address both limitations of existing schemes. We extend EES schemes from
ODEs to SDEs and show that they admit an efficient Williamson 2/N-storage
realisation. Bazavov’s commutator-free construction then lifts these schemes to
arbitrary Lie groups and homogeneous spaces. To our knowledge, this is the first
explicit (near-)reversible integrator in this setting, unlocking the reversible adjoint
approach for manifold-valued problems. On Euclidean neural SDE benchmarks,
our schemes improve stability under stiff drift and large steps compared with other
reversible solvers, while the commutator-free lift reduces memory by up to an
order of magnitude on manifold-valued problems versus other baselines. These
results establish effectively symmetric integration as a unified, geometry-aware
foundation for memory-efficient and stable training of neural SDEs.

1 Introduction

Neural stochastic differential equations (NSDEs) have recently emerged as a flexible tool for mod-
elling stochastic dynamics, with training typically cast as a distribution-matching problem between
generated and observed trajectories. Several approaches have been proposed in the literature, dif-
fering mainly in the choice of discriminating divergence. SDE-GANSs [49] use the 1-Wasserstein
distance, while Latent SDEs [56] optimise with respect to the KL divergence via variational inference.
Another alternative proposed by [41] trains neural SDEs non-adversarially using maximum mean
discrepancies (MMD) with signature kernels [50, 80, 55], a recently introduced family of efficient
kernels on path space [81, 54, 72, 64]. Across these formulations, training requires differentiating
through an SDE solver, making the numerical method a central part of the learning algorithm.

A second pressure on the design of an SDE integrator comes from the geometry of the state space.
Many stochastic dynamics of practical interest evolve in non-Euclidean spaces. In biology, torus-
valued processes underpin peptide design and torsion-angle prediction [57, 97, 24]. In motion capture,
articulated poses evolve on products of rotations [90, 94, 2]. In finance, asset-return covariances
evolve on the SPD manifold [68, 43]. These geometries share a common structure: they are Lie
groups, products of Lie groups, or are generated by Lie-group actions. In such settings, leaving the
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manifold breaks the required geometric constraints, and training therefore requires differentiating
through a geometry-preserving solver.

Adjoint methods provide a family of approaches ] —e— CREES2.5) (Reversible) o

to perform this backpropagation through the 107 5 T e
solver. A first approach, known as discretise- ]

then-optimise, directly backpropagates through
the solver’s internal operations. This yields
the exact gradient of the discretised computa-
tion and is computationally efficient, but re- )
quires storing all intermediate states, making I
it memory-intensive (O(n)); we refer to this (¥ e o0 s
method as the Full adjoint. A second ap- 10! 102 103 10*
proach, optimise-then-discretise, instead derives Nsteps

a backward-in-time adjoint equation and solves Figure 1: Growth in memory requirement for one

it numerically using another call to the solver. forward and backward solve of a batch of 1024
This avoids storing the full forward trajectory, “sprc on the 7-torus T7. Our method is in red
resulting in constant memory with respect to the ' '

number of solver steps. However, it generally does not return the exact gradient of the discretised
solver and is often slower due to the need to recompute forward trajectories during the backward pass.
Practical implementations use recursive checkpointing [88] to balance memory and recomputation,
yielding an intermediate O(y/n) memory regime; we refer to this hybrid as the Recursive adjoint.
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A third option leverages algebraically reversible solvers, which enable exact reconstruction of
the solution trajectory from the terminal state, and hence permit accurate and memory-efficient
backpropagation in O(1) memory; we refer to this as the Reversible adjoint. In the setting of an
autonomous ODE

dy: = f(ys)dt, (D

a one step method y,+1 = yn + Pr(yy,) is said to be reversible or symmetric if a step of the
method starting from y; with a negative step size exactly recovers the initial condition yg, that is,
®_,; = @;1. While reversible schemes offer an efficient approach to backpropagation through
differential equations, such schemes are difficult to construct. It is well known that Runge—Kutta
schemes are reversible only if they are implicit, making them unsuitable for applications to Neural
ODE:s. More generally, symmetric parasitism-free general linear methods cannot be explicit [15].

To overcome this problem, existing reversible methods proposed in literature, such as the Reversible
Heun method [48] and the McCallum-Foster methods [60], track auxiliary states as part of the
integration. While this allows explicit reversible schemes, it comes at the cost of stability, with
both methods known to be unstable and prone to failure when integrating complex equations [95].
In addition to these stability concerns, the non-standard constructions of these schemes make it
unclear how to generalise them to non-Euclidean spaces. To our knowledge, there are no efficient
reversible numerical schemes on Lie groups, making such O(1) memory efficiency unattainable for
manifold-valued NSDEs.

A potential solution to the difficulties of reversible solvers comes with the class of Explicit and
Effectively Symmetric (EES) Runge—Kutta schemes [87]. EES schemes relax exact reversibility to
reversibility within a controlled tolerance, giving stable explicit methods that are empirically indistin-
guishable from truly symmetric schemes while retaining stability comparable to classical schemes
such as RK3 and RK4. Importantly, unlike auxiliary-state reversible solvers, EES schemes retain
the structure of ordinary Runge—Kutta methods making them more suited to geometric integration.
However, the existing formulation in Shmelev et al. [87] is limited to Euclidean ODE:s: it does not
treat stochastic dynamics, establish low-storage 2N realisations, or provide a construction capable of
geometric integration over Lie groups.

Building on this prior work, we extend EES schemes to SDEs and derive Williamson 2NV realisations,
halving the constant-factor memory footprint of the resulting reversible solvers. We then use this 2/V
structure to construct a commutator-free lift to Lie groups. The resulting schemes, denoted EES% in
Euclidean space and CF-EES on Lie groups, improve the stability of reversible Euclidean NSDE
training and, to our knowledge, provide the first explicit near-reversible route to constant-memory
training of manifold-valued NSDE:s.
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Concretely, we make three main contributions:

1. Stable, reversible SDE integration. We extend EES schemes to SDEs, obtaining explicit
effectively symmetric integrators applicable to neural SDE training, with substantially better
stability than existing explicit reversible solvers.

2. Geometric reversible integration. We show that EES schemes admit a low-memory 2N
formulation which naturally lifts to a commutator-free Lie group integrator family, CF-EES.
We then rigorously prove the convergence and order of these new SDE schemes.

3. Practical training benefit. Practically, the improved stability of EES schemes enhances
the accuracy of Euclidean NSDEs; while CF-EES cuts the memory requirements of Lie-
group-valued NSDEs by an order of magnitude, or more.

We release open-source implementations of the standard, low-memory, and Lie group EES schemes
in JAX, and Julia to facilitate adoption by the broader research community.

The paper is organized as follows. Section 2 reviews reversible ODE solvers and their stability.
Section 3 develops EES schemes for SDEs, including low-storage, adaptive, and manifold-valued
variants, with convergence, stability, and backpropagation results. We compare our EES schemes
against other reversible methods in Section 4, before concluding in Section 5.

2 Preliminaries

Existing reversible ODE and SDE solvers. The major drawback of classical reversible schemes is
their low efficiency. It is well known that Runge—Kutta schemes are reversible only if they are implicit.
More generally, symmetric parasitism-free general linear methods cannot be explicit [15]. A limited
number of efficient reversible solvers have been proposed in the literature. The asynchronous leapfrog
integrator (ALF) [98] for Neural ODEs overcomes the barrier of implicit schemes by tracking an
additional state v as part of the integration. Reversible Heun takes a similar approach for SDEs of the
form dy; = g(¢t,y:)dt + f(t,y:)dW;. Although efficient, requiring only one evaluation of the drift ¢
and the diffusion f per step, Reversible Heun is known to be inherently unstable.

Theorem 2.1. [48, Theorem D.19] Suppose that the Reversible Heun method is used to obtain a
solution {yy,, vy, } >0 to the linear test ODE dy = Ay dt, where A € C and yo # 0. Then {y,,, vy }n>0
is bounded if and only if M\ € [—i,4].

As remarked in [48], this domain is also the absolute stability region for the reversible asynchronous
leapfrog integrator [98]. This instability has proven to be a significant bottleneck in certain practical
applications [95, 60]. McCallum and Foster [60] proposed a method to transform any ODE integration
method ¥, 11 = yn + Y (¢, y,) into one which is reversible, by coupling the action of the integrator
with both positive and negative step sizes. The method offers a way of constructing reversible schemes
with larger stability domains than those of the ALF and Reversible Heun integrators [60, Theorem
2.3]. However, the resulting stability domain of the transformed method is typically much smaller
than that of the underlying method W, and depends additionally on the coupling parameter. The
McCallum-Foster methods were subsequently extended by [7] to REX solvers — a class of algebraically
reversible exponential RK/SRK solvers specifically designed for diffusion-model inversion.

EES schemes for ODEs. EES schemes [87] are a class of explicit Runge—Kutta methods which
offer an efficient approach to reversible integration without compromising on stability. Given positive
integers m > n, an explicit Runge—Kutta scheme @y, is said to be an EES(n, m) scheme if ®}, is
of order n and ®_j, o &, recovers the initial condition of the ODE up to order m. When m is large,
such schemes exhibit near-reversible behaviour, which is often sufficient in practice. In [87], Butcher
tableaux are derived for 3-stage EES(2, 5) and 4-stage EES(2, 7) schemes. Although the emphasis
there is mostly on EES(2, 7), for our Neural SDE applications, we restrict attention to EES(2, 5) as
the additional accuracy of EES(2, 7) does not justify the extra stage in the NSDE setting, as shown
in Figure 9. Proposition 2.1 gives the general one-parameter family of EES(2, 5; x) tableaux.
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Proposition 2.1 ([87, Proposition 8.4]). For © € 3| === Reversible Heun
R\ {1, :I:%}, the 3-stage EES(2,5; x) Runge—Kutta — MCF Euler
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The stability region for EES(2, 5) is comparable to
that of classical methods such as Kutta’s RK4, but
significantly larger than those of Reversible Heun and 4 3 1 2 0
the MCF methods. Theorem 2.2 gives the exact form Re(z)

f thi ion for EES(2, 5; ).
o s Teglon for (2,5;2) Figure 2: Stability domains for EES(2,5)

Theorem 2.2. Suppose that, for =z # 1, :i:%, g
EES(2,5; x) is used to obtain a solution {y,, },>0 to ?efidigﬁz‘;:r)sfbol’:% r;;i fo RK4, MCF Eu

the linear test equation dy = Ay dt, where A € C and
yo # 0. Then y,, — 0 as n — oo if and only if

1 1
1—|—p+§p2—|—§p3 <1, p = Mh.

This follows by a direct computation of the stability function R(p) =1+ p + % Pt + épB, which is
independent of z.. Following Shmelev et al. [87, Section 8.1], we fix = 1/10 to minimise leading
error, and refer to EES(2, 5;1/10) as the EES(2, 5) scheme.

3 Explicit and Effectively Symmetric Schemes for SDEs on Lie Groups

This section develops the main technical contributions of the paper. We extend the Euclidean EES
schemes of Shmelev et al. [87] from the ODE setting to SDEs, establish their mean-square stability,
show that all EES(2, 5; x) and EES(2, 7; x) schemes admit an efficient Williamson 2N -storage form,
and lift them via Bazavov’s commutator-free construction to a new family of effectively symmetric
CF-EES integrators on arbitrary homogeneous spaces. To our knowledge, CF-EES is the first
explicit (near-)reversible integrator in this setting, unlocking the reversible-adjoint backpropagation
pipeline for manifold-valued neural SDEs.

EES schemes for SDEs. We apply EES schemes to SDEs in the canonical way. Given an SDE
dy: = f(ye)dt + g(y:) o AWy, we rewrite the equation as being driven by X := (¢, W;) with vector
field (f, g) and apply the Runge—Kutta scheme with increments d X; in place of h. For Brownian
drivers, this gives the usual strong order 1/2, and weak order 1. More generally, the same construction
applies to differential equations driven by rough paths (RDEs) following [74], with the convergence
rate governed by the driver regularity. For a detailed description of EES schemes applied to RDEs, we
refer the reader to Appendix B. Convergence rates for EES schemes applied to RDEs (of which SDEs
are a special case) are given in Appendix B.3, followed by convergence experiments in Appendix G.

Stability. As discussed in the introduction, EES schemes offer a stable alternative to reversible
integration. While the stability of EES in the case of ODEs has been studied in Shmelev et al.
[87] and Section 2, we are interested in the stability of EES when applied to stochastic drivers for
our applications to Neural SDEs. To evaluate the stability in the context of SDEs, we consider the
mean-square stability, which is widely used for analysis of stochastic integration methods in the
literature [38, 25, 36, 53,52, 73, 78, 79, 84]. Given the test equations dy; = Ay.dt + py,dWy, where
A, p € Cand yo # 0 almost surely, a solution {y,, },,>0 derived from a numerical integrator is said to
be mean-square stable if lim,,_, o E(|y,|?) = 0. It follows in a similar fashion to Theorem 2.2 that
EES(2, 5; x) applied to this test equation is mean-square stable if and only if

2
]<1,

1 1.
E |1 -2 -3
‘ +p+ 500+ 5p
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where p = \dt + pdW; ~ N (\dt, u?dt). Figure 3 shows 4 cross-sections of the stability domain,
compared to those of RK3 and RK4. Along most cross-sections, EES(2, 5) achieves similar or
greater stability than RK3 and RK4.

(Adt, p2d) = (a, ) (dt, u2dt) = (ai, Bi) (dt, p2dty=(a(1 +i), f1+i))  (Adt, pdt) = (a(1 +i), (1 — i)

1.0
2
1 N A 1
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Py v Pol 7 3 o P o0
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-2 ) -2 C 2 -2 —1 1o -2
a a a a
—— EES(2,5 --- RK3 = RK4

Figure 3: Cross sections of the mean-square stability domains of EES(2,5), RK3 and RKA4.

A 2N realization of EES Schemes. The memory footprint of a classical Runge—Kutta step is
proportional to the number of stages and thus becomes costly when the problem dimensionality
is large. In [91], Williamson proposed a memory-efficient restructuring of the operations of a
Runge—Kutta scheme into the following form

AY; = LAY+ h f(Yier), 1
Y; = Yi1 + BiAY;, T
Thus, for a state of size IV, an s-stage implementation requires only 2V registers, compared with
(s 4+ 1)N for a standard explicit Runge—Kutta method. The conditions under which a Runge-Kutta
scheme admits a Williamson 2N representation were formulated by Bazavov [4].

Theorem 3.1 ([4, Theorem 2]). An explicit Runge—Kutta method admits a Williamson 2N represen-
tation if and only if

s. 2)

i=3,... 3)

In particular, a direct check of the conditions (3) for EES(2, 5; ) and EES(2, 7; z) shows that both
of these classes admit the Williamson 2N form.

Proposition 3.1. EES(2,5; ) and EES(2, 7; z) are Williamson 2N for any admissible parameter x.

This formulation reduces the memory requirements of EES(2, 5) and EES(2,7) from 4N and 5N,
respectively, to 2N. As we will see in the following sections, the Williamson 2N formulation not
only significantly reduces the memory footprint of the scheme but also allows lifting the scheme to
commutator-free methods over Lie groups, or, more generally, homogeneous spaces.

aij(bj—1 —ajj-1) = (aij-1— ajj-1)b;

Homogeneous spaces. A homogeneous space is a smooth manifold M together with a transitive
action A: G x M — M of a Lie group G. Equivalently M = G/H for the isotropy subgroup
H < @G at any chosen base point. We write g = 7. G for the Lie algebra of G. A vector field F' on
M is represented through a state-dependent generator £ : M — g via the fundamental vector field

EDm) = | Meplt), ).

the infinitesimal version of the group action (see Appendix C.1).

Commutator-free methods. A natural strategy to integrate F' on M is the Munthe-Kaas (RKMK)
approach [67], which uses the exponential map to pull each step back to an equation on the Lie
algebra and integrates it there with a classical Runge—Kutta scheme. However, achieving an order
higher than two requires evaluating nested commutators of the stage generators, which is compu-
tationally expensive. Crouch—Grossman (CG) methods [21] avoid this by composing single-slope
exponentials of the form exp(h o;; K;), with K; = £(Y;_1) € g, so that no Lie brackets appear.
Commutator-free (CF) methods [19] generalise this by allowing each exponential’s argument to be a
real linear combination ) ; a;;;; K; of stage generators. More efficient CF variants further minimise
the number of exponentials and storage required per step by reusing exponentials across stages [3].
Full descriptions of RKMK, CG, and CF methods are given in Appendices C.2—-C.4.
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Bazavov’s 2N commutator-free lift. Bazavov [3] showed that any explicit Williamson 2N Runge—
Kutta scheme can be lifted to a commutator-free method on a homogeneous space. The Euclidean
update Y; = Y, + B;d; is replaced by the action Y; = A(exp(B;d;), Y;—1), while the increment
recurrence 6; = A;8;_1 + hK; on the Lie algebra is unchanged. Concretely, given a Williamson 2N
scheme with coefficients (A4;, B;);_, with A; = 0, the update rule from y,, € M t0 Yy, 41 i8

YO = Yn, 60 = 07
K; =¢&(Yi-),
_ 4
0y = A 61 +h K,
Y, :A(exp(Bl 1), Yl,l), l=1,...,s,

and y,,+1 = Y. Here Y; € M are the internal stage values and §; € g is the current Lie-algebra
increment; only these two quantities are stored at any time, preserving the two-register low-storage
pattern. On a flat manifold (A(exp(v),y) =y + v, £(y) = f(y)), the recurrence collapses to (2).

The CF-EES family. Since EES(2,5;z) and EES(2,7;z) are Williamson 2N for every ad-
missible x (Proposition 3.1), Bazavov’s lift (4) applies and produces the CF-EES(2,5; ) and
CF-EES(2,7; x) schemes on any homogeneous space M. Substituting the 2N coefficients of Sec-
tion 3 into (4) gives the explicit recurrences with s = 3 and s = 4 stages respectively; the explicit
reused-stage form of CF-EES(2, 5; ) is recorded in Appendix E.1 and memory-compute optimality
is shown in C.6.

Remark. We note that, among existing explicit reversible solvers, the above lift to a commutator-
free method is unique to EES thanks to its Runge—Kutta form and Williamson 2N properties. As
Reversible Heun and McCallum-Foster methods are not of Runge—Kutta form, they do not admit an
analogous lift. A manifold extension of those schemes would require replacing affine state operations
with non-canonical group operations.'

Order and reversibility of CF-EES on homogeneous spaces. The order and near-reversibility
properties of the Euclidean EES schemes carry over to the manifold lift.

Theorem 3.2. For every admissible x and every homogeneous space M = G/H, CF-EES(2, 5; x)
applied to an ODE on M is of order 2, and ®_;, o &} recovers the initial condition up to order 5.
The analogous statement holds for CF-EES(2, 7; x) with recovery up to order 7.

The proof follows a symbolic computation of the Lie-Butcher series for CF-EES(2, 5; x) and
CF-EES(2, 7; z) in terms of the free parameter x, which is compared to the Lie-Butcher series of
the true solution to the ODE to extract the local order of the scheme. For the recovery of the initial
condition, the LB series of ®_j o ®;, is computed similarly and compared to 0. For further details,
the reader is referred to Appendix E.

Remark. The corresponding statement for the local order of the SDE schemes follows naturally via
the formalism of rough path theory. The argument follows that of [74] for Euclidean spaces, and is
detailed in Appendix F.

Backpropagation through EES and CF-EES. Algorithm 1 of Appendix B.4 describes backprop-
agation through the Euclidean EES integrator for general RDEs. The commutator-free analogue
(Algorithm 2, Appendix F.3) differs mainly in that the adjoint evolves on the cotangent bundle.

4 Experiments

We evaluate the performance of CF-EES(2, 5) on a range of problems covering Euclidean spaces,
Lie groups and homogeneous spaces. Suitable reversible SDE baselines are limited in these settings.
At the time of writing, Reversible Heun [48] is the only widely adopted explicit reversible solver. To
broaden this comparison, we adapt the construction of McCallum and Foster [60] for reversible ODE
solvers to the SDE versions of the Euler and Explicit Midpoint methods. Algorithm 1, together with
the backpropagation procedure of McCallum and Foster [60], then enables efficient differentiation
through the resulting schemes. The focus of our Euclidean experiments is the superior stability of
EES schemes compared to these schemes.

! Affine combinations are not well-defined on a general manifold. On a Lie group, logarithmic coordinates supply a
substitute, but only after fixing a base point or trivialisation.



258
259
260
261
262
263

264
265

267
268
269

270
271
272
273
274

275
276
277
278
279
280
281
282

284

294

Neither method admits a lift to Lie group integrators, and we are not aware of other explicit reversible
schemes for Lie groups. Therefore, for problems on Lie groups or homogeneous spaces, we compare
against non-reversible methods using memory-intensive full adjoints and emphasize the memory
advantages of CF-EES over these schemes. We report metrics with two standard deviations, as well
as runtimes and memory, in the Lie-group case. Appendix H contains additional experiments on
unstable/stiff dynamics, finance, and molecular dynamics.

High volatility Ornstein—-Uhlenbeck process. Consider
learning the Ornstein—Uhlenbeck (OU) dynamics dy; =
v(p — yp)dt + odWy,yo € R, under a high-volatility 10'

g —————

regime o > (. Specifically, we take v = 0.2, x = 0.1
and o = 2. Motivated by Oh et al. [69], we take a Neural :yj,’; ______
Langevin SDE (LSDE) defined by g o S Ny T~
dzy = g(z;04)dt + f(t;05) 0 AW, 77 Reveble g
Jo-1 | ==~ MCF Midpoint \
with 29 = h(x,0;,) € R?, where h is a learnable affine — EES@Y)
function of the input data x = {z,, }n>0, T, € R?, sam- 0 S0 100 150 200 250

pled from the true OU dynamics, and g, f are neural net- Epoch

works parametrised by 6y, 0y respectively. Architecture, Figure 4: Training MSE for OU dynam-
training schedule, and loss are detailed in Appendix L2.  jes with a fixed f, g evaluation count.

Figure 4 shows the training loss using Reversible Heun,

McCallum-Foster (MCF) methods, and EES(2, 5), with the step size chosen such that the number
of evaluations of f, g is fixed between solvers. Such a choice yields comparable runtimes across
all solvers, enabling a fair comparison. Table 1 gives the number of evaluations of f, g per step
of the solvers, the chosen step size, the terminal MSE, and the total runtime of each solver. From
Figure 4, we see that for the initial ~ 50 epochs, the methods perform similarly. After this, EES(2, 5)
significantly outperforms the other methods, suggesting the model has begun to learn high-volatility
dynamics which cause instability in the Reversible Heun and McCallum-Foster methods.

Table 1: Metrics for OU dynamics. The step size is chosen such that the total number of evaluations
of f, g per integration is fixed.

Method # Eval. /Step Step Size Terminal MSE  Runtime (s)
Reversible Heun 1 1/12 1.02 368.2
MCF Euler 2 1/6 1.30 307.5
MCF Midpoint 4 1/3 1.17 279.5
EES(2,5) 3 1/4 0.05 261.3

Stochastic Volatility. Following the empirical observations of Gatheral et al. [29], rough volatility
models posit that log-volatility behaves as a rough fractional process, with Hurst parameter H < %
In direct discretisations of the rough driver, reduced regularity sharply increases the timestep budget
required to attain a target error ¢, from £~ 2 in the Brownian case to £75-2° when H = 0.33 [28].
While finite-dimensional Markovian lifts can mitigate this, they do so at the cost of a substantially
enlarged state space. This makes rough volatility a natural stress test for reversible solvers: long
trajectories are required, and the benefit of O(1) adjoint memory grows with more timesteps.

We therefore train a neural SDE with the same architecture and hyperparameters as in (23) on rough
Bergomi dynamics using a signature kernel score-matching objective [41]. We use a generous fixed
total evaluation budget to ensure good path fidelity and to reveal the runtime advantages of the 2V
recurrence at high evaluation counts. Table 2 shows that, in this regime, all methods attain comparable
terminal MSE, while EES(2, 5) is the fastest by a clear margin. Thus, in the long-horizon setting,
EES(2, 5) preserves the accuracy of the reversible baselines while achieving the most favourable
runtime among the reversible methods considered. We present additional results in Appendix H.2
for Black-Scholes, classical Bergomi, a local stochastic volatility model, the Heston model, rough
Heston model, and quadratic rough Heston model.
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Table 2: Metrics for rough Bergomi dynamics. The step size is chosen such that the total number of

evaluations of f, g per integration is fixed.

Method # Eval. / Step  Step Size

Terminal MSE  Runtime (s)

Reversible Heun
MCEF Euler
MCF Midpoint
EES(2,5)

1/504
1/252
1/126
1/168

WA N~

7.81+1.06
7.81+1.06
7.81+1.06
7.81+1.06

999.3
928.9
519.4
405.4

Stochastic Kuramoto network on 7TY. The Ku-
ramoto model [1] describes a network of N coupled os-
cillators with phases 6; € S that interact through their
pairwise differences. The model captures synchronisation
phenomena across a wide range of physical and biolog-
ical systems, such as circadian rhythms [58], neuronal
oscillations [51, 10], and the rotor-angle dynamics of syn-
chronous machines on a power grid [26]. Stochastic vari-
ants [83, 82] add the ability to model noise in the sys-
tem. We use the second-order stochastic form of Olmi and
Torcini [70, eq. (1) with K = 0],

(€ (1)E;(s)) = 2D 6456(t — s). )

with bimodal natural frequencies §2; € {+P,—P} as
in the power-grid generator/consumer split of Filatrella

/2

372

® generators (+P) @ consumers (—P)

(a) 200 Kuramoto oscillators on T2 at par-
tial synchronisation. At full synchronisation,
the arrows would be superimposed.

et al. [26]. Equation (5) evolves on the product Lie group
TTN = TN x RY. We train a neural SDE on T'TY, with
MLP drift and diffusion fields whose inputs are the peri-
odic encoding (sin 6, cos §, w) € R3*M and whose outputs
lie in the Lie algebra R?Y. We train against synthetic
trajectories of (5) in the partial-synchronisation regime
(K =2, P = 0.5, D = 0.05), using a multi-horizon
wrapped energy score [30]. Figure 5b shows the observed
memory complexity of the training using CF-EES(2, 5)
with the reversible adjoint and CG2 with the recursive and 10° 10 10°
full adjoints. Table 3 reports the test energy score of each Msteps

method. CF-EES(2, 5) attains a test energy score within
roughly one standard deviation of the CG2 baselines whilst
maintaining O(1) memory complexity. Architecture, train-
ing, and adjoint diagnostics are in Appendix L.5.

S o
10° 4 —e— CF-EES(2,5) (Reversible)

—&— CG2 (Full)
—& - CG2 (Recursive)

10* o
10° o

10% o

A Memory (MiB)

(b) Memory complexity of CFEES and CG2
on the stochastic Kuramoto problem on
TT'% ysing different adjoints.

Table 3: Test energy score on the stochastic Kuramoto problem. Step sizes are chosen so that all
methods use the same number of vector-field evaluations per integration.

Method Adjoint #Eval. / Step  Step size Test ES | Runtime (s)
CG2 Full 2 1/75 370.30+0.78 2,988
CG2 Recursive 2 1/75 370.27+0.76 3,994
CF-EES(2,5) Reversible 3 1/50 392.77+15.55 2,892

Latent SDE on the sphere. We reproduce the experiment of Zeng et al. [94] and train a variational
latent SDE on the unit sphere S™~!, viewed as the homogeneous space SO(n)/SO(n — 1), for
human-activity classification on the UCI Human Activity benchmark [76]. This dataset comprises
12-dimensional time series of wearable motion sensor readings, each labelled with one of seven
activity classes at each time point. An mTAN attention encoder summarises the input sequence into

8
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360
361
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364
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366

367
368
369
370
371
372
373
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a fixed-length context vector h that conditions both the e CREES@S) (Reversible)
initial-state distribution ¢(zg | h) and the time-varying 10° 4 —a— Geomerric Euler (Full
drift of a latent SDE on S'5. An MLP decoder maps @ 10* 4
each resulting latent state z; back to a Gaussian like- 2 10° 4
lihood over the observed sensors, and a per-timepoint 5 ¢
head predicts the activity class from z;. Zeng et al. [94] é 0!

3
use the geometric Euler-Maruyama integrator (Geo E- « "
M), with the discretise-then-optimise (full) adjoint. We E
instead test the performance of CF-EES(2, 5) with the ' 3 . .
reversible adjoint and also examine a stochastic RKMK 102 108
(SRKMK) [65] form of ShARK [27] with strong order 1 Rsteps

to see whether improved stochastic order aids learning. Figure 6: Memory complexity of CFEES

Figure 6 shows the observed peak memory requirement and Geo E-M on the UCI Human Activity
of one forward and backward pass of the model as a problem on S'° using different adjoints.
function of the number of steps taken by the latent SDE.

As expected, the memory requirement of Geometric Euler-Maruyama grows linearly in the number
of steps, while CF-EES(2, 5) with the reversible adjoint retains O(1) memory complexity. At the
same network-evaluation budget, SRKMK ShARK gives only a marginal accuracy improvement over
CF-EES(2, 5), despite its higher nominal stochastic order. This suggests that the lower strong order
of CF-EES(2, 5) is not a limiting factor in latent SDE learning.

Table 4: UCI Human Activity classification accuracy. The step size is chosen to keep the total number
of NN evaluations per integration fixed.

Method Adjoint #Eval. / Step  Step Size  Test accuracy (%) Runtime (s)
Geo E-M [94] Full 1 1/30 86.25+0.76 366.3
CG2 Full 2 1/15 88.17+1.23 734.6
CF-EES(2,5) Reversible 3 1/10 88.30+0.37 405.5
SRKMK ShARK Full 3 1/10 88.66+0.59 657.2

5 Conclusions, limitations and future work

In this paper, we have extended Explicit and Effectively Symmetric (EES) schemes [87] to SDEs using
the rough RK framework of Redmann and Riedel [74]. We have shown that the resulting schemes are
stable via mean-square stability analysis, and that the resulting integrators admit clean generalisation
to homogeneous spaces while retaining their 2N memory-optimality. These developments enable
more stable training of Euclidean neural SDEs and unlock stable, constant-memory training of
manifold neural SDEs, with applications in finance, biology, and robotics.

Limitations. Our constructions are fixed-step, and adaptive step sizing is nontrivial: step rejection
requires restoring the previous state, which is incompatible with the two-register reversible implemen-
tation and would require a 35™* reformulation [44]. Additionally, on homogeneous spaces, local error
estimates must be compared in a common linear space, e.g. via logarithmic maps or tangent-space
trivialisations [40, Chapter. 10]. A second structural limitation is that CF-EES relies intrinsically on
a homogeneous-space representation with a transitive group action and tractable exponential map,
and so does not apply to general Riemannian manifolds lacking such algebraic structure. Recent
work [11] suggests that such a generalisation is possible, albeit with different technical machinery.

Future directions. There are several potential extensions to this paper that are left for future
research. Applications of EES schemes to more complicated models, including but not limited to
Neural Jump SDEs [42, 37], Neural CDEs [47] may be of interest, as would further examination
of EES for accelerating Neural RDEs [63]. An extension of EES schemes to include partitioned or
adaptive step-size schemes would be valuable for training stiff neural differential equations. Further
extension of our rough RK construction to higher levels of the signature suggests the possibility of a
log-ODE-free neural RDE, escaping the primary cost of such methods [75].

Reproducibility. All experiments are available at this anonymised GitHub repository, and the three
released packages can be found at the links provided in Table 10.
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A Algebraic Background

A.1 The Connes-Kreimer Hopf Algebra

We give a brief account of non-planar (labelled) rooted trees and the Connes-Kreimer Hopf algebra.
We refer the reader to [39] for a comprehensive presentation. A non-planar labelled rooted tree is
defined as a graph 7 = (V, E, r) with vertex set 1/, edge set F and a root vertex r € V, together
with a set of vertex decorations drawn from {1,...,d}. We denote the empty tree by (. Given
trees 71, . . ., Tm, We Write [T1, ..., Tin]4 to denote the tree formed by connecting the root vertices of
T1,...,Tm to anew root, which receives the label a € {1, ..., d}. Non-planarity means tree order in
[T1,...,Tm]a is irrelevant. Repeated trees will be denoted using power notation, for instance

[71,71,72773773,73]a = [712’72»79?](1'

We write |7| to denote the number of vertices in a tree. Additionally, we define the following
combinatorial quantities, defined on unlabelled trees:

m
N=1, e =1, [r,....7]'=|[T1, -, Tm]| Hn!,
i=1

m

o) =1, o(e)=1, o([rF,... 7F]) = Hki!a(n)k"’,

B(r)ki.

s

T rhm
BO) =1, Ble)=1, 5([751,...,%):([17 »m]>

‘Tl|7"-7‘7m|

1

1

%

We will refer to the commutative juxtaposition of trees as a forest. We write 7 to denote the set
of all non-planar labelled rooted trees, and 7y C 7T to denote the trees 7 with 7| < N. The
free commutative R-algebra generated by 7 will be denoted H. The Connes-Kreimer [20] Hopf
algebra on H is defined as follows. Multiplication p : H ® H — H is defined as the commutative
juxtaposition of two forests, extended linearly to /. The multiplicative unit is defined to be the empty
forest (). The counit map € : H — R is defined by () = 1 and e(7) = 0 for all non-empty trees
7 € H. The coproduct map is defined recursively by
AD)=0®0, Alr,....mmla=[T1,--,Tmla @0+ (1d @ BL) (AT - - - ATyp,),

where BY (71 -+ Ty ) i= [T1 - - - Tin] o for a forest 7y - - - 7,,,. The definition extends to a linear multi-
plicative map on H. We will occasionally use Sweedler’s coproduct notation A1 = Z(T) M @7

and omit the definition of the antipode S here, instead referring the reader to [59, 39]. We denote
the dual of the Connes-Kreimer Hopf algebra by H*. For (1, 92 € H*, the convolution product is
defined by 1 * o = pr o (p1 ® wa2) o A, with ug : R ® R — R denoting multiplication in R.

A.2 B-Series Expansions of ODEs

For any tree 7 € T, the so-called elementary differential F'(7)(y) [18] is defined recursively by
F)(y) =y, Fleo:)(y) = fily),
(7)) W) = £ @)(F () (@), F(m)(w), - () ()):

Given amap ¢ : 7 — R, the associated B-series is defined

[7]
Bu(e.n) i= 3 S plr) P ().
TET

A key property of B-series is closure under composition [32, 17]: for two B-series,
Br(¢2, Br(¢1,90)) = Br(e1 * 2, y0), where 1 * @9 denotes the convolution product defined
above. The exact solution of (1) has the B-series representation y(h) = By (e, yp), with e(7) = 1/7!.
Likewise, a Runge—Kutta method with coefficients {a;;}1<; j<s and {b;}1<i<, has the B-series
representation By, (¢, yo), where [18, Lemma 312B]

30(7—) = _ Z bi, H Qi yig

ityesin (K L)EE
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for a tree 7 = (V, E, r) with |7| = n. We refer the reader to [33, 61, 16] for a detailed account of
B-series and the Butcher group.

A.3 Branched Rough Paths

Let H be the Connes-Kreimer Hopf algebra of non-planar labelled rooted trees defined above.
Definition A.1. Let « € (0, 1]. An a-Hélder branched rough path is a map X : [0, T]? — H* such
that

1. forall s,t € [0,7] and 79,72 € H,

<Xs,t77_1><Xs,t77—2> = <Xs,t77—17—2>7

2. forall 7 € H,
<Xs,t7 T> = Z<Xs,u77(1)><xu,t77(2)>v
()
where AT = 3" ) W@,

3. forallT € H,
(X, 7)]

sup —mMmMmM < X0
it |t — ]l

Remark. As remarked in [34, 31], the components (X ¢, 7) with |7| > N are determined by those
with |7| < N, where N is the largest integer such that No < 1.

The space of a-Holder branched rough paths is a complete metric space under the metric

‘<Xs,t - Ys,h T>|

[t — s|el7]

)

0(X,Y) := Z sup
TETN s#t

where N = [1/«].
A.4 The Munthe-Kaas—Wright Hopf algebra

Given a finite alphabet A, let ]-'Xl denote the set of A-decorated ordered planar rooted forests,

and write Hykw for the free R-vector space on }‘Zl. As before, for ordered trees 7y,...,Tm,
[T1,...,Tm]a denotes the planar tree formed by grafting 71, . .., 7,, in the given order onto a new
root labelled a. The MKW Hopf algebra structure on Hyxw [66] is given by:

* Product: the shuffle product w : Hyxw @ Hvxkw — Humkw, summing all interleavings
of two ordered forests preserving the relative order within each.
* Coproduct on trees: the left-admissible-cuts coproduct
AMKW<T):T®®+®®T+ Z PC(T)®TC(T),
ceCK(T)

where C<(7) is the set of non-trivial cuts whose root-level edges form a left prefix of the
children at each vertex; P¢(7) is the ordered forest of pruned subtrees, and T°(7) is the
trunk. The coproduct is extended to forests via Aykw (w) = (id® B_) (Amkw (B4 (w)) —

Bi(w)® 1) , where B_ extracts the children of a tree as an ordered forest.

¢ Counit: () = 1 and ¢(7) = 0 for any non-empty 7.

B RDE Framework and Convergence

We transform EES ODE schemes into RDE schemes using the framework of Redmann and Riedel
[74]. Similarly to classical RK schemes for ODEs, the study of these methods is conducted through
the formalism of B-series (see Appendix A). A natural consequence of this analysis is that a general
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Runge—Kutta method for RDEs is given in terms of tree-iterated integrals of the underlying driving
process. In practice, these tree-iterated integrals cannot be simulated directly as their distributions
are often intractable. Following [23], [74] replaced these tree-iterated integrals with products of
increments of the driving path. This substitution simplifies the derivation of Runge—Kutta coefficients
and makes it feasible to establish order conditions up to any desired order.

B.1 Simplified Runge-Kutta Methods for RDEs

We consider rough differential equations (RDEs) of the form

dyr = f(yr) dXy, (6)
where X is an a-Ho6lder branched rough path, o € (0, 1], and f is smooth and bounded with bounded
derivatives; see Appendix A.3. Following Redmann and Riedel [74], we specialise to the geometric
setting by assuming that there exist smooth approximations { X"}~ whose natural lifts {X"},,~¢
satisfy o9 (X", X) = O(h™) for some 79 > 0, where @Y, is the inhomogeneous geometric rough
path metric. Such rates are known for Gaussian processes; see Friz and Riedel [28]. Letting 3" solve
(6) driven by X", a simplified Runge—Kutta scheme on an equidistant grid with stepsize h is

g = yﬁZZb Fu k)X

m=1 i=1

k —yn+zzazgfm mn+17

m=1j=1

(N

where Xt( 2 it denotes the m-th component increment of X b over [tn, tn+1]. Thus an ODE Runge—
Kutta tableau induces an RDE scheme by weighting each tableau coefficient by the corresponding
driver increment. Convergence rates for schemes of the form (7) from Redmann and Riedel [74] are

recalled in Appendix B.3.

B.2 Order Conditions for General RDE Runge—Kutta Methods

The simplified scheme (7) is a special case of the general Runge—Kutta class considered by Burrage
and Burrage [13, 14, 12], Redmann and Riedel [74]. Namely, consider methods of the form

d s
Yn4+1 = Yn + Z Z Zz(m)fm(k )

m=1i=1
(®)
S S
m=1 j=1
where Z(M ..., Z(® ¢ R**s and 2(V,. .., 2(4) € R®. In particular, (7) is recovered by taking

(m) = b X(m) .., and Z(m) = WX(m) 11+ We recall the local and global error rates for (8), as

formulated in Redmann and Riedel [74], based on the adaptation of B-series to RDEs presented
above.

Definition B.1. Given h > 0, define the maps a, ¢ recursively over non-planar labelled rooted trees 7
by setting (@) (h) := (1,...,1)T € R*, where () denotes the empty tree. For a tree 7 = [ry - - - 7,

formed by joining 7y, ..., 7, by a new root labelled 7, set
p(r)(h) = [](2De(m)(1),
j=1

a(t)(h) = <Z<”, II @(Tj)(h)> -
j=1

Theorem B.1 ([74]). The general Runge—Kutta method given by (8) has a local error of order (p+ 1)«

if and only if
<Xt0,t0+h7 T> = a(T)(h)
for all non-planar labelled rooted trees 7 with p or fewer nodes, i.e. |7| < p.
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Proposition B.1 ([74, Proposition 4.1]). Let y(¢, yo) denote the solution to (6) at time ¢ starting at .
Suppose the Runge—Kutta method (8) has a local error of order (p + 1)a, and there exists a constant
C4 > 0 such that

ly(h,yo) — y(h,9o)| < Cilyo — Yol
for h sufficiently small. Then there exists C' > 0 such that

max [y(tn) — yn| < CHPFDA,
n=0,...,N

B.3 Convergence of simplified Runge-Kutta methods

Given an ODE Runge-Kutta scheme ®, we will write R(®) to denote the RDE scheme of the form in
(7) with the same coefficients {a;; }1<; j<s and {b; }1<i<s as the ODE scheme.

Theorem B.2 ([74, Theorem 3.3]). Let ® be an ODE Runge—Kutta scheme. The Runge-Kutta method
R(®) approximating y" has a local error of order (p + 1)a, i.e.

y"(to +h) = yi = O(R@HD?),

if and only if the ODE Runge—Kutta method @ is of order p.

Theorem B.3 ([74, Theorem 4.2]). Let ® be an ODE Runge—Kutta method of order p. Suppose that f
is Lip, for some v > 1/«. Then R(®) has a global error rate of 7 = min{ro, (p + 1)ov — 1}, where
ro is the convergence rate of the Wong-Zakai approximation. That is,

_h) n
B3 ) = ] = 00,

B.4 Backpropagation through explicit Runge—Kutta methods

The algorithm for backpropagation through an explicit Runge—Kutta scheme ® of the form in (7) is
given in Algorithm 1. We assume the solver is applied to a (neural) RDE of the form

dyp = f(yi;0)dX}, )

where 6 are learnable parameters requiring backpropagation, trained with respect to a loss
L({y"}N_). As with all reversible schemes, a reverse step ®™" is used to recover y,, from y,, 1,
followed by a backpropagation through the internal operations of the solver ®. The latter step is
achieved by defining z; = f(k;;€) and computing the derivatives 0L/0z; and L/0k; in reverse
through the stages ¢ = s,s — 1, ..., 1. At each stage, a backpropagation algorithm is called to back-
propagate the derivative 9L /0z; through f, resulting in the derivative 0L /0k; and a local derivative
with respect to 6, dy.

Algorithm 1 Backpropagation through Explicit Runge—Kutta Schemes

Input: y, 41,0y, ., L
Input: Running derivative with respect to 6, 9y L
Input: Explicit RK method & of the form in (7) with coefficients {a;; }1<i j<s and {b; }1<i<s.
Yn = Prev (yn-i-la dX)
fori=s,...1do
0:, L =b;dX -0y, L+ a;dX -0 L
dg, Ok, L = backprop (0., L)
OgL +=dy
end for
Oy, L = ayn+1L + Zi:1 Ok, L
return y,,, 0, L, 0pL

C Integrators on Homogeneous Spaces

This section introduces geometric numerical integration over homogeneous spaces as an extension
of the well-known Lie group case and describes an example based on the manifold of symmetric
positive definite (SPD) matrices. We then provide some background on commutator-free methods, of
which our CF-EES(2, 5; ) belongs, and show its memory-compute optimality.
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C.1 Symmetric Integration over Homogeneous Spaces

For chart-based homogeneous space integrators, self-adjointness depends not only on the Butcher
tableau of the underlying method, but also requires that the chosen local coordinates be compatible
with time reversal. There are two natural ways to enforce this:

(i) use symmetric coordinates, centered at a geodesic or flow midpoint, in the style of self-
adjoint Lie-group methods [93], or

(i1) use an embedded frozen-flow model whose frozen dynamics already integrate to an exactly
reversible map on M.

The first route is intrinsic, but generally leads to midpoint-centered constructions and hence away
from the present explicit frozen-flow framework. The second route is the one used here, which works
for arbitrary homogeneous spaces.

Consider a homogeneous space M endowed with a transitive action A: G x M — M of a Lie group
G. Rather than working with vector fields on M directly, the key idea is to represent them through
elements of the Lie algebra g = T.G: each v € g acts on M via the fundamental vector field

v (y) : A(exp(tv), y), (10)

dt],_g
the infinitesimal version of the group action. A vector field F' on M is then represented through
a state-dependent generator £(y) € g via F(y) = &(y)m(y), replacing the role that Lie-algebra
multiplication vy plays on the group itself:

gh ~ A(g,y), vy ~ var(y), (11)

forg € G,v € b,/g,y € M. This substitution lifts standard Lie-group integration schemes from G to
M . In general, this construction is only unique up to the isotropy algebra b, = {A € g: A,,(y) = 0},
the set of generators whose induced vector field at y is zero and thus produce no tangent motion. An
example is given in Example C.1. To avoid this one fixes a representative of each tangent direction,
typically by choosing a complement to the isotropy algebra and lifting only through that subspace.

Example C.1 (Example of degenerate choices due to the isotropy algebra). Consider the
sphere S% ~ SO(3)/SO(2) with the standard transitive action of SO(3) on S? C R3. At the
north pole p = es, the isotropy subgroup is

H, ={R € SO(3) : Rp =p} ~ S0(2),

namely the rotations about the vertical axis. Its Lie algebra consists of the infinitesimal
rotations that leave p fixed to first order.

Equivalently, if K € s0(3) generates a rotation about the e3-axis, then its fundamental vector
field vanishes at p:

d
Ks2(p) = 3| exp(tK)p=0.
t=0

Hence, if A € s0(3) represents some tangent vector at p, then so does A + K for any such
K, since
(A+ K)s2(p) = As2(p) + Ks2(p) = Asz(p).

Thus the lift of a tangent vector from 7},52 to so(3) is not unique: one may add any element
of the isotropy algebra without changing the induced tangent motion at p.

The reverse of a frozen homogeneous-space flow is obtained by changing the sign of ¢. Indeed, for a
fixed generator v € g, by the group action identity A gives

A(exp(—tv), Alexp(tv),yo)) = Alexp(—tv) exp(tv), yo) = Ale, y0) = yo- (12)

Hence the frozen flow is exactly reversible: its adjoint is obtained by time reversal, that is, by
replacing ¢t with —¢. This is a property of the frozen flow itself, before any recomputation of the
generator along the trajectory.
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C.2 Runge—Kutta—Munthe-Kaas (RKMK) methods

Runge—Kutta—Munthe-Kaas (RKMK) methods [67] extend classical explicit Runge—Kutta schemes
to manifolds by transforming the original equation ¢y = F(y) on M into an equivalent equation on
the linear space g. Writing the local solution as y(t) = A(exp(c(t)), yn) with ¢(0) = 0, the curve
o : I — gsatisfies

& = dexp, ' (f(A(exp(), yn))), (pulled-back equation)

where dexp, : g — g is the differential of the exponential map and admits the Bernoulli expansion
B

dexp, ' (v) = Z k—f ad®v, Bogy1 =0fork > 1. (Bernoulli expansion)
k>0

A classical Runge—Kutta tableau (a;;, b;) is then applied directly to the pulled-back equation. The
stage values u; = h'y ; @ij k; € g and slopes

k; :dexp;il(f(A(exp(ui),yn))) €g, i=1,...,s,
combine to give the manifold update ¢, 1 = A (exp(h > biki), yn).

Achieving order p requires truncating the Bernoulli expansion through ad’; for k < p — 2 [67], since

each ad’;v is a k-fold nested Lie bracket of stage generators. As a result, an order-p RKMK method
incurs a per-stage cost that grows with p through nested commutator evaluations. Eliminating these
nested commutators is the central motivation for the commutator-free constructions that follow.

C.3 Crouch-Grossman (CG) methods

Crouch—Grossman (CG) methods [21] were the first explicit Runge—Kutta-style integrators on Lie
groups to dispense with commutators entirely. Each stage and the final update are realized as
compositions of exponentials, but each exponential’s argument involves only a single stage slope.
With left-trivialized stage slopes

K,:f(Yz)eg, 1=1,...,s,

the stage values and update take the form

Y,=A|T Hexp(hainj) s Yn | s 1=1,...,s,

Yn+1 = A<T{H6Xp(hﬁz Kz)} ) yn) )
i=1

with 7~ denoting ordered multiplication in GG. Because every exponential argument is a scalar multiple
of a single stage slope, no Lie brackets appear, but the cost saving over RKMK comes at the price
of additional exponential evaluations per step. CG methods are precisely the special case of the
commutator-free framework of Section C.4 in which each linear combination }_; a;;; K; collapses
to a single term.

C.4 Commutator-Free Integrators

Commutator free (CF) [19] generalize Crouch-Grossman (CG) [21] methods by allowing multiple
exponentials per stage, while still avoiding the explicit evaluation of commutators as in Runge—Kutta
Munthe—Kaas methods [67]. For simplicity, we present the autonomous case; the non-autonomous
case is handled by the standard augmentation in time. Given internal stage values Y; € M, we
evaluate the left-trivialized stage slopes

K; = f(\}) € g, i=1,...,s. (left-trivialized slope)

Each stage is then formed by acting on the current state y,, with an ordered product of exponentials
of linear combinations of previously computed slopes

L,; 1—1
Yi=A|T Hexp hZal;inj JYn | i=1,...,s.
1=1 j=1
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where Y; is the stage value and y,, 1 is the next solution point. The step update then takes the form,

L s
Yni1 = A(T{Hexp (hZBm KZ) } y) 7
=1 i=1

where L; and L denote the numbers of exponentials used in stage ¢ and in the final update, respectively,
and 7 denotes ordered multiplication in G, with smaller indices appearing to the right.

Order conditions for the coefficients oy;,;; and 3;.; are derived in [71] via a Lie—Butcher / planar tree
calculus, the non-commutativity of group composition forcing ordered rather than unordered trees.
The canonical order-4 CF construction of Celledoni et al. [19] uses 5 exponentials per step, with one
stage value reused across two stage exponentials.

C.5 Adjoint Sensitivities for Commutator-Free Neural ODEs

The continuous adjoint system underlying CF-EES is obtained by applying Wotte et al. [92, Theo-
rem 4.5] through the homogeneous-space lift introduced in Section C.1.

C.6 Theoretical Compute and Memory Requirements of Lie Group Integrators

The per-step cost of an s-stage Lie group integrator can be decomposed as
C’step =S Ceval + Nexp Cexp7

where Ceva is the cost of one vector-field evaluation and Ceyp, is the cost of one group exponential.
Since all methods considered below use s stage evaluations, the main distinction in compute is the
number of exponentials per step. On the memory side, generic Runge—Kutta-style Lie group methods
typically retain several intermediate stage quantities, whereas low-storage constructions aim to keep
this requirement fixed. The key comparison is therefore not only the exponential count, but whether
this count can be achieved without increasing the number of stage registers with s.

For an s-stage Crouch—Grossman (CG) method, stage 7 uses ¢ — 1 exponentials and the final update

uses s more, giving
S

Necxg’(s) = Z(z —1)+s=

=1

s(s+1)
—

Thus, the exponential count of CG grows quadratically with the number of stages.

A general commutator-free (CF) method instead exponentiates linear combinations of previously
computed stage slopes [19]. Writing L; for the number of exponentials used in stage 7 and L for the
number used in the final update, its total exponential count is

S
NSF(s)=> Li+L.
1=1

CG is recovered as the special case L; = ¢ — 1 and L = s. In practice, CF methods are designed
so that L; and L remain small, reducing the exponential count from quadratic to linear in s. For
example, the 3-stage and 4-stage commutator-free schemes of Celledoni et al. [19] require 3 and 5
exponentials per step, respectively.

A particularly efficient instance arises for 2N-storage methods. In the commutator-free formulation
of Bazavov [3], exponentials are reused across stages and only two quantities are stored: the current
updated state and the current stage increment. In this representation, each stage uses exactly one
exponential applied to an accumulated linear combination of previously computed slopes. Conse-
quently, whenever a classical Runge—Kutta scheme admits 2N form, the induced commutator-free
implementation uses

N2N—CF(S) —

exp

exponentials per step while retaining the two-register storage pattern. In this sense, 2N-CF simulta-
neously achieves linear exponential complexity and minimal storage within this Runge—Kutta-style
commutator-free design space.
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Table 5: Per-step group-exponential count and forward stage-storage for s-stage Lie group integrators.
All methods use s vector-field evaluations so the comparison isolates exponential costs NexpCoxp.
We denote the methods of Celledoni et al. [19] by CMO CF and show their best-case scaling.

Method Nexp per step  Scaling of Neyp,  Forward stage storage

CG o(et1) O(s?) O(s)
CMOCF Y% Li+L O(s) O(s)
2N-CF s O(s) 2 registers

D New EES Solvers

We now record the general 2N representations of the schemes EES(2, 5; x) and EES(2, 7; x) identi-
fied by Shmelev et al. [87], valid for every admissible parameter x.

Forz € R\ {1,+1}, the Williamson 2N coefficients of 2N-EES(2, 5; z) are

2¢ + 1 1—x 1—2x
By = — 1T~ By= — " By =
TR 2Tl 4x? ° 2
4?2 — 22 + 1 422 — 22+ 1
Ay =0, A2:&7 As = — z T+ )
2(z —1) (22 —1)2(2z + 1)

Atz = 5 these evaluate to (By, By, B3) = (3,15, 2) and (A3, A3) = (— %, —32).

For EES(2, 7; x) the explicit closed form of the 2NV coefficients involves v/2 and quartic polynomials
in x, and is most compactly expressed in terms of the Butcher entries of the 4-stage tableau itself [87]:

for either sign choice +/2,

By = aan, By = ass, B3 = aus, By = by,
0y — —a b — Qu
Ay = asi a217 As = a42 (lsz’ A, = 3 6l437
as2 43 by
where (a;;, b;) are the entries of the EES(2, 7; ) Butcher tableau. Atz = - (5—3v/2) with the ++/2

branch these evaluate to (By, By, Bs, By) = (2’3\@, 4+8‘/§, 3(3_7\/5), 9’144‘/5) and (Ag, Az, Ay) =
(77+4\/§ _445V2 3(—31+8\/§))
3 0T 12 19 .

)

Unrolling the Williamson recurrence as in Bazavov [3] turns the 2N coefficients (4;, B;) above into
explicit weight vectors 5; € R? that specify the arguments of each exponential in the commutator-free
lift. This makes the induced homogeneous-space integrator CF-EES(2, 5; %0) fully explicit.

Proposition D.1 (CF-EES(2, 5; {5) tableau). Let M = G/ H be a homogeneous space with transitive
action A : G x M — M and generator map £ : M — g (as in Section C.1). One step of

CF-EES(2, 5; 15) from y,, € M t0 yp41, with Yy := yy,, is

l
K =¢Wim1),  Vi=hY BuiKi,  Yi=Aexp(V), Y1), 1=123 (13
=1

with y,,4+1 := Y3 and weight vectors given by

i=1 i=2 i=3
B1,i % 0 0
B2,i -= B 0
Bs.i 49 _7 2
3,1 240 16 5
> Bri=bi % % %
Row [ gives the coefficients of K7, ..., K, inside the /th exponential exp(V}); the final row is the

Euclidean consistency check Ez B1,: = by, so that on a linear manifold (§C.1) the three exponentials

collapse to the classical update y, 1 = yn + h Y, b;K; of EES(2,5; 1—10)
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Proof. From the 2N recurrence §; = A;0;—1 + hK; with g = 0 and A; = 0, iteration gives
S =h)Y ., AtAi—1 - Ay K; (empty product = 1). The frozen step Y; = A(exp(B;6;), Yi—1) is
therefore the exponential of V; = hZigl B1:K; with 8y ; = BiAiAj_1 -+ Ajpq fori < 1, B, = By,
and 3, ; = 0 for i > [. Substituting (A4;) = (0, — 1=, —35) and (B;) = (%, 33, 2) from the preceding

157 32 371675
proposition gives the tabulated values. The identity > ", 5;; = b; follows by telescoping the unrolling
and matches the classical weights b = (35, 3, 2) of EES(2,5; 15 ). O

Both recurrences additionally admit a three-register low-storage implementation with a first-order
embedded estimator, obtained by storing the final internal stage and advancing it over the remaining

fraction of the step by a single Euler update; specifically, one stores the stage at cs3 = % for
EES(2,5;1/10) and the stage at ¢y = 52 for EES(2, 7; £ (5 — 3v/2)) [91, 44]. In common with

other Diffrax solvers, adaptive stepping requires a fourth auxiliary register holding ¥, to permit
restart on step rejection.

E Order conditions for CF-EES

This section gives a brief account of how the Lie-Butcher (LB) series character of CF-EES(2, 5; x)
is computed on the Munthe-Kaas—Wright (MKW) Hopf algebra of planar rooted forests, lists the
closed-form Williamson 2N coefficients of the family, and tabulates the symbolic character ¢(7) for
every planar tree of order at most 5. From this table the planar order conditions and the antisymmetric-
order conditions of CF-EES(2, 5; z) can be read off as identities in z. All expressions in this section
are produced symbolically by the kauri package [85].

E.1 General form of CF-EES(2, 5; x)

For completeness, we record the explicit reused-stage form of CF-EES(2, 5; x) for arbitrary admis-
sible . The underlying EES(2, 5; ) Butcher tableau (Proposition 2.1) admits the Williamson 2N

reduction 2+ 1 1 1—3
x - — 2z
Bl = —— By = — Bs = 14
1 4(1_x)a 2 1—4$27 3 2 ) ( )
422 —2x + 1 472 — 22 + 1
Ay = ——————— Az = — 15
2 20z —1) ST T e — 122z + 1) 1%

valid for z € R\ {1,£3}. Following the Bazavov 2N commutator-free lift [3], one step of
CF-EES(2, 5; x) from y,, € M to y,+1 on a homogeneous space M = G /H with action A and
generator £ : M — g is the two-register recurrence

Yo := yn, do :=0,

Ky =¢(Yi-1),

0 = A1 01+ h Ky,

Yi=Alexp(Bi &), Yioy),  1=1,23,

with A; := 0, and y,,41 := Y3. Only the current state Y; € M and the current stage increment §; € g
are stored at any time, hence the “2N”’ descriptor.

(16)

Unrolling (16) expresses the exponential argument B;d; as a linear combination of the slopes
Ki,...,K,

l
Bi6; = h25l,iK¢7 Bri=BAA 1A (1<), B = By,
i=1
yielding the generic weight matrix

i=1 1=2 1=3
B, By 0
Ba,i By Ay By 0 (17)
B3 BsA3Ay, BsAs  Bs
bi =" B x 3 3
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The bottom row recovers the Butcher weights of EES(2,5;x), so that on a flat manifold
(Alexp(v),y) = y + v, &(y) = f(y)) the three exponentials collapse to the classical update
Ynt+l = Yn + h ZZ b K;. Atx = %, (14)—(17) reduce to the numerical coefficients of Proposi-
tion D.1.

It is the reused-stage feature of (16), in which the same accumulated increment §; supplies the
argument of every exponential and the slope K; = £(Y;_1) is evaluated at the previously computed
stage value Y;_; rather than at y,,, that introduces the substitution-and-pseudo-stage subtlety in the
LB-series analysis below.

E.2 LB character of CF-EES via Owren’s pseudo-stage construction

Each of the three exponentials exp(V;) (I = 1,2, 3) in one step of CF-EES(2, 5; x) has an associated
single-exponential character ¢; oxp : Hmxw — R, defined on a planar tree by the shuffle-symmetric
formula ¢y exp ([71, - - - k) = 7 [1; V(7). with Vi(7) = 37| Bii 9:(T) encoding the fact that the
argument of the [-th exponential is a linear combination of the slopes K, each of which has its own
row character g; described below.

Because CF-EES(2, 5; x) is a reused-stage method, the slope K; = £(Y;_1) is evaluated at the
previously computed stage value Y;_1, so the LB character of K is itself a Lie—Butcher series that
must be propagated through the construction. Following Owren [71, Theorem 2.5], the row character
g at stage [ satisfies the substitution recursion

k
gl([Tl7 . ')Tk]) = Zgl (B+(Tl7 L] 7Tj>) : ¢l,eXp(B+(Tj+17 LY )Tk))? (]8)

=0

with base case g;(¢) = 0 forl = 1 and g;(e) = 1 for I > 2 (so that the first stage is the identity and
each later stage contributes one additional exponential). The output of the method is the result of
applying the final exponential to the previous stage value, and its LB character is obtained by treating
this final update as a pseudo-stage: on a planar tree 7, one grafts 7 to a new root via B and evaluates
the final row character g3 at the result,

(1) == g3(B+(T)). (19)

E.3 The LB character of CF-EES(2, 5; ) on planar trees of order < 5

Substituting (14)—(15) into the pseudo-stage construction (19) gives, for every planar rooted tree 7 of
order at most 5, an explicit rational function ¢(7) € Q[z]. Table 6 lists every value, organised by
tree order. The first three rows (|7| < 2) match 1/7! identically in z, confirming the classical order
condition; deeper rows give the x-dependent values that encode the antisymmetric-order cancellations
proven below.

E.4 Order theorem

Theorem E.1. For every x € R\ {1,+3}, the LB character ¢ of CF-EES(2, 5; ) defined by (19)
satisfies, on Hykw:

1. Planar order 2: ¢(7) = 1/7! for every planar 7 with |7| < 2.

2. Antisymmetric order 5: the symmetric defect D := (sign - ¢) *mxw ¢, Where sign(7) =
(—1)I71, satisfies D(7) = &(7) for every planar 7 with |7| < 5.

The same construction applies to CF-EES(2, 7;x). The explicit symbolic table for that family
contains 1 + 1 + 2 + 5 4 14 + 42 + 132 = 197 entries with /2 throughout the rational expressions
and is too large to reproduce here, but the analogous statement holds:

Theorem E.2. For every x in the admissible domain of EES(2, 7; x) and either sign choice ++/2 in
its tableau, CF-EES(2, 7; x) has planar order 2 and antisymmetric order 7 on Hykw-
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Table 6: LB character ¢(7) of CF-EES(2, 5; ) on every planar rooted tree 7 with |7| < 5, computed
from the pseudo-stage construction (19) with the symbolic Williamson coefficients (14)—(15).

T $(7) T o(7) T (1)
Orders 0-2 (matching 1/7! identically in x):

0 1 o 1 : 4
Order 3:

2z—5
s 32(z—1)

Order 4:
2x+7
D2 192(:—1)

Y o 62(9;+—11)

V “mGon

§ 0

Order 5:

8z°4+24z°4+360—41
\'2 6144(z—1)3

J (2z+1)(z+2)
256(x—1)2

I )
Y’o

4z%4+10z+13

768(x—1)2
\} 0
Y w6
{x 0

& iy
Lr

(2z+1)?
768(z—1)2

1{-0

\{0 io

F RDEs on Homogeneous spaces

The order conditions verified in Section E were stated as algebraic identities on the LB character of
CF-EES(2, 5; ). We sketch here why these identities yield the corresponding local error rates when
CF-EES(2, 5; z) is applied to a rough differential equation

d
dyr =Y &Gy mdX],
i=1

ys=y e M=G/H, (20

driven by an a-Holder planarly branched rough path X above a control X € C®([0, T]; R?) in the
sense of Curry et al. [22]. The argument splits cleanly into two parts: the forward (classical) order
condition requires a comparison with the exact rough-path expansion of Curry et al. [22], while the
antisymmetric-order condition is purely algebraic and inherits unchanged from Section E.

F.1 Forward order

By Curry et al. [22, Theorem 8.1], the exact solution of (20) admits the LB-series representation

Yo=Y (Xyo0a<, 7)1, 1)

Te}'ﬁl
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where the sum is over A-decorated planar rooted forests and a< : Hyxw — Hu is the planar
arborification, the Hopf-algebra morphism that maps each planar tree to the formal sum of its linear
extensions. The exact LB character of the RDE on planar trees is therefore

ex(1) == (Xg0a<, 1),

which is multiplicative in the shuffle sense and depends on the driving rough path X.

Applying CF-EES(2, 5; ) to (20) via the simplified Redmann-Riedel-style embedding (each hK;
replaced by >, X(ZL n K !y gives a one-step LB character of the form

¢x (1) = (1) - (Xo,ns 7)s (Xon, 7) = H Xff}j),
veV(r)

where ¢(7) is the path-independent character of Section E.3 and ¢(v) is the label of vertex v. For
a geometric planarly branched rough path, the planar arborification factorises as { X4 0 a<, 7) =
(Xo,n, )/ 7!, so the local order condition ¢x(7) = ex(7) on every planar 7 with |7| < p is equivalent
to the algebraic identity

o(r) =1/7!, [ <p.

By Theorem E.1 (i) this holds for |7| < 2, identically in z, so CF-EES(2, 5; z) has local error of
order (2 + 1)a = 3 when applied to (20); the same argument with Theorem E.2 gives local order
3a for CF-EES(2, 7; z).

F.2 Backward order

The symmetric defect D := (sign- ¢)*nkw ¢ is the LB character of the composition X o ®*, that
is, one step of CF-EES(2, 5; ) under X followed by one step under the time-reversed driver X™V.
D(7) can be computed entirely from the Butcher tableau of EES(2, 5; ) and the MKW coproduct,
without depending on the driving rough path. The path-applied character of the composition factorises
in the same way as the forward character,

Dx(7) = D(7) - (Xo.n, 7),

so that vanishing of D(7) at the algebra level implies vanishing of Dx(7) for any rough path X and
any tree of the same order. Theorem E.1 (ii) gives D(7) = &(7) on every planar 7 with |7]| < 5,
identically in =. Hence ®* o ®* recovers the identity to local order (5 + 1)a = 6a, for any

geometric planarly branched rough path. The same argument with Theorem E.2 gives local order 8«
for CF-EES(2, 7; x).

F.3 Backpropagation through homogeneous-space 2N commutator-free methods

The algorithm for backpropagation through a homogeneous-space commutator-free scheme is given
in Algorithm 2. We assume that the solver is at least approximately reversible, so the backward
pass recovers the preceding stage states and the low-storage Lie-algebra register by applying the
reverse recurrence. Unlike the Euclidean case, the adjoints with respect to stage states are covectors
Ay; € Ty, M, and each reverse stage applies the pullback of the homogeneous-space action. Thus the
backward sweep may be viewed as a discrete evolution on the cotangent bundle 7™ M.

For

U,(Y,0) = Alexp(Bid),Y),

we write Dy W} and Ds ¥ for the adjoints of the differentials with respect to the state and Lie-algebra
arguments.
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Algorithm 2 Backpropagation through Homogeneous-Space 2N Commutator-Free Schemes
Input: y,,11, Ay, =0 L

Input: Running derivai/t?\tfl: with respect to 6, 9y L
Input: Homogeneous-space commutator-free method ® with {A;}:~ and {B;};_, .
Y, = Yn+1, Aé =0
forl=s,...,1do
Recover Y;_1, §;, and K by the algebraic reverse recurrence $*°V
)\yl_1 = DY\I’l(lefhél)*)\Yl
As, += DsU(Yi_1,8)* Ay,

Ak, = A5,
dp,m = backprop, (dX, Ak, )
)\’/L—l +=n
OgL +=dy
Aoy = Aids,
end for
Oy, L = Ay,

return y,,, 0y, L, Oy L

G Convergence experiments

We verify the global error rates given in Theorem B.3 experimentally by reproducing the example
given in [74, 23] for EES(2,5;1/10) and EES(2, 7; (5 — 3v/2)/14). We take the RDE

dy; = cos(yt)ngl) + sin(yt)dX§2), Yo =1

for ¢t € [0,1], where X is the geometric lift of a 2-dimensional fractional Brownian motion (fBm)
with Hurst index H. We compute the average of the maximal discretisation error over M = 10
realisations of the RDE,

M

Z :HOI ‘y’L n)_yi,n|a

where y;(t) denotes the solution to the i*” realisation of the RDE and y; ,, denotes the discretisation
of the i*" solution using an EES scheme. Additionally, we evaluate the average error when recovering

the initial condition,
1M
=M Z 1Yo — Finl.
i=1

From [28], the rate ro can be chosen arbitrarily close to 2H — 1/2 for a fractional Brownian motion
with Hurst parameter H. It follows that we expect 7, = 2H — 1/2 in Theorem B.3 for both EES(2, 5)
and EES(2,7), and n; = 6 H — 1 for EES(2, 5) and 1 = 8H — 1 for EES(2, 7). We show the rates
for H € (0.4,0.5,0.6) in Figure 7.

The same convergence orders are observed for CF-EES(2, 5) and CF-EES(2, 7); see Figure 8. We
consider the SO(3) rough differential equation

2
dX; =Y Xy (X0 dXy,  Xo=1,
a=1
driven by a two-dimensional fractional Brownian motion X with Hurst parameter H € {0.4,0.5,0.6}.
Writing X = (Xj;)? ,_,, the coefficient maps &, : SO(3) — so(3) are affine in the entries of X

0 —0.1-0.3X3  0.25+0.2X53
&(X) = ( 0.1+ 0.3X3; 0 —0.9 - 0.2X1; > ,
—0.25—-0.2X53  0.9+0.2X7; 0

0 —0.8—0.15X33 —0.35+0.2X2,
£(X) (0.8 +0.15X33 0 ~0.15 — 0.25X12>
0.35—0.2X5,  0.1540.25X 7, 0
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Figure 8: Convergence rates for CF-EES with H € (0.4,0.5,0.6)
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H Additional Experiments

H.1 High-dimensional GBM with stiff drift
Consider learning the dynamics of a high-dimensional geometric Brownian motion (GBM)
dy; = Ay,dt + oy dWs,  yo € R,

where A € R%*? and o € R. We introduce a stiff drift component by choosing A = QDQ”, where
D = diag(Xo, A1y -5 Aa—1)s A = —20(1 + 5), and @ is a randomly generated orthogonal matrix,
and take d = 25 and o = 0.1. We choose to learn the dynamics using a Neural SDE of the form

dzy = g(z;0g)dt + f(24505) 0 dWy, 29 = h(x,0p) € R%,

where f, g are neural networks with the same architecture as in the OU experiment of Section 4. We
integrate the SDEs over ¢ € [0, 1] for 1,000 epochs, sampling 10,000 realisations of the dynamics at
every epoch. The Adam optimiser is used with a fixed learning rate of 2 x 1071,

As in the previous example, Table 7 and Figure 10 show the results of training using various reversible
methods, with the step size chosen such that the number of evaluations of f, g is fixed. We see that
the instability caused by the stiff drift results in diverging MSE for all solvers except EES(2, 5),
which manages to retain moderate stability for the entire 1,000 epochs of training.

Table 7: Metrics for stiff GBM dynamics. The step size is chosen such that the total number of
evaluations of f, g per integration is fixed.

Method #Eval. / Step Step Size  Terminal MSE  Runtime (s)
Reversible Heun 1 1/60 - 1283.6
MCF Euler 2 1/30 - 1119.9
MCF Midpoint 4 1/15 - 1270.1
EES(2,5) 3 1/20 1.1803 x 1074 1050.0

Figure 11 shows the MSE of the gradient of the loss during training, where the true gradient is
computed by autodifferentiation through a discretise-then-optimise solution, using the same solver
and step size. Despite its near-reversibility, EES(2, 5) achieves a lower gradient MSE compared to
other solvers. This effect is likely the result of the superior stability of EES(2,5), in combination
with the linear nature of the target SDE.

10° 4 ] k] 1075 4
: —==Reversible Heun
H === MCF Euler 10- 4
107! ! -—- MCF Midpoint
! m 107"
! —— EES(2,5) 2
! —14
@ 1072 : E 10
1 L2
H g 107
3 ’ G === Reversible Heun
1o 10720 1 === MCF Euler
102 === MCF Midpoint
10~ —— EES(2.5)
T T T T T T 10726 T T T T T
0 200 400 600 800 1000 0 200 400 600 800 1000
Epoch Epoch

Figure 10: Training MSE for GBM dynam-  Figure 11: Gradient MSE for GBM dy-
ics with a fixed number of evaluations of  namics with a fixed number of evaluations

[ 9 of f, 9.
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1074 H.2 Stochastic Volatility

1075 We present results for the remaining stochastic volatility models in Table 8. EES(2, 5) remains the
1076 lowest runtime integrator, while maintaining identical terminal MSE performance.

Table 8: Metrics for benchmark stochastic volatility models.

Model Method #Eval. / Step  Step Size Terminal MSE (£20) Runtime (s)

Reversible Heun 1 1/504 6.46+1.01 999.8

MCF Euler 2 1/252 6.46+1.01 937.1

Black=Scholes - \1 ok Midpoint 4 1/126 6.44+1.01 514.9
EES(2,5) 3 1/168 6.44+1.01 405.6
Reversible Heun 1 1/504 19.97+1.39 1001.2

Classical Bereomi MCF Euler 2 1/252 19.97+1.39 922.7
5 MCF Midpoint 4 1/126 19.98+1.30 522.3

EES(2,5) 3 1/168 19.97+1.30 401.8

Reversible Heun 1 1/504 6.66+1.02 1010.5

Local stoch vol MCEF Euler 2 1/252 6.66+1.02 924.7
MCF Midpoint 4 1/126 6.64+1.02 521.1

EES(2,5) 3 1/168 6.64:£1.02 414.0

Reversible Heun 1 1/504 5.68+0.82 986.1

Heston MCEF Euler 2 1/252 5.69+0.82 928.0
MCF Midpoint 4 1/126 5.69+0.82 521.7

EES(2,5) 3 1/168 5.69+0.82 409.1

Reversible Heun 1 1/504 6.54+2.16 983.4

Roush Heston MCEF Euler 2 1/252 6.54+2.16 914.8
& MCF Midpoint 4 1/126 6.55+2.16 511.8
EES(2,5) 3 1/168 6.55+2.16 402.8

Reversible Heun 1 1/504 5.38+1.21 977.2

Quadratic MCEF Euler 2 1/252 5.39+1.21 866.2
rough Heston MCF Midpoint 4 1/126 5.39+1.21 478.8
EES(2,5) 3 1/168 5.39+1.21 4107

1077 H.3 Molecular Dynamics

1078 We investigate whether EES(2, 5) can train a neural molec-

1079 ular dynamics force field from long Langevin rollouts under w9

1080  a fixed force-evaluation budget while retaining low-memory e <7 A Y

1081 adjoint differentiation. This setting is motivated by force- L R Y
1082 field objectives defined on trajectory-level ensemble observ- /.3 / J?, e 2

1083 ables, such as vibrational spectra, rather than only on static rad o 4 &

1084 energy-surface quantities. The central difficulty is therefore ; ol 4 .,f $
1085  to obtain useful gradients through long stochastic trajectories ) ...»)nt( o

1086 without storing the full rollout. o ‘/? Y i - Af'

1087 We benchmark on a 64-molecule (192-atom) water system ’ A “’r » lﬂ

1088 with a pre-trained embedded atom neural network (EANN)

1089 force field [96]. The Langevin state is y; = (ry,v) € . . .
1090 RONatom — R1152 \where 1, € R3Natom and v, € R3Natom Figure 12: Initial configuration of the

1091 denote the atomic positions and velocities at time ¢. All 0%-molecule water system

1002 solvers are compared under matched total evaluations of the drift and diffusion fields. In contrast to
1003 the full IR-spectrum fitting pipeline of Han and Yu [35], our benchmark optimizes a differentiable
1004 proxy for the spectral objective: the normalized squared dipole-velocity signal accumulated along
1005 finite-temperature Langevin trajectories.
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For each batch b, we simulate paired trajectories from velocities vy and minimize the empirical
mean

(B) (RS S NIV ONTE
Lan(6) = Ebz_:l TNmO]/0 H"9 (t)Hz dt. @2)

Here [ip is a charge-weighted molecular dipole-velocity proxy computed along the simulated trajec-
tory, so the experiment retains the main computational bottleneck of spectral fitting: differentiating a
neural force field through long stochastic rollouts of large state vectors.

Table 9: Metrics for molecular dynamics. The step size is chosen so that each solver uses 252
evaluations per integration over the same rollout time. MCF midpoint became unstable.

Method #Eval. / Step  Step Size Terminal MSE (x1072)  Runtime (s)
Reversible Heun 1 1/2520 44.85+0.90 1083.5
MCEF Euler 2 1/1260 44.66+0.42 984.1
MCF Midpoint 4 1/630 - 757.6
EES(2,5) 3 1/840 45.04+1.09 577.7

Under this fixed-budget comparison, EES(2, 5) attains a 1071
terminal proxy error statistically indistinguishable from T e
the stable baselines while reducing wall-clock time by | ——- MCF Midpoint
roughly 47% relative to Reversible Heun and 41% rel- ! — EESQS)
ative to MCF Euler. MCF Midpoint diverged at the
prescribed step size and is therefore omitted from the
accuracy comparison. We note one limitation: the
present subsection evaluates a differentiable Langevin oo
proxy rather than the full experimental IR spectral loss,

7
F === Reversible Heun
3
i
1
|

MSE (x1072)
=
S
3

0 50 100 150 200 250

and full-spectrum fitting together with memory-scaling Epoch

measurements should be reported separately before any

stronger end-to-end IR-fitting claim is made. Figure 13: Training proxy MSE for
Langevin MD.

I Experimental and Implementation Details

I.1 Hardware and Software Details

Software details. Experiments use Python 3.13 with CUDA 13.1. Models are implemented in JAX
0.10.0 [9] and Equinox 0.13.7 [46]. Differential equation solves use Diffrax 0.7.1 [45], dataloading
uses Cyreal 0.2.1 [62], and path-signature losses use Stochastax 0.5.0 and Pysiglib 3.0.0 [86] in the
manifold and Euclidean cases, respectively. The implementation of the Reversible adjoint used in our
experiments is sourced from Sam McCallum’s Diffrax fork (ReversibleAdjoint).

The writing of this work required the creation of three software packages to support EES, 2N, and
geometric numerical integration in Diffrax and Julia. We present these packages here and the license
under which they are released.

Table 10: New packages introduced to support the present work

Package Ecosystem Functionality License

Diffrax-lowstorage Jax 2N integrators, incl. EES Apache-2.0
Georax Jax Geometric integrators, incl. CF-EES ~ Apache-2.0
EffectivelySymmetric.jl ~ SciML Standard, 2NV, and CF-EES methods Apache-2.0

Hardware details. All training and evaluation runs were conducted on a single workstation
equipped with one NVIDIA RTX 5080 GPU with 16GB of GPU memory, an AMD Ryzen 9
9950X3D CPU, and 64GB of system memory, running Ubuntu 24.04 LTS.
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.2 Additional Details for OU Experiments

Dynamics. We learn the Ornstein—Uhlenbeck (OU) dynamics
dys = v(p—yp) dt + o dWi,  yo € R,
under the high-volatility regime v = 0.2, y = 0.1, 0 = 2.

Model. We use a Neural Langevin SDE (LSDE) [69],
dze = g(2e;0,) dt + f(t;07) 0 dWy, 29 = h(x,0) € R,

where h is a learnable affine function of the input data x = {zy, }»>0, Tn € R2, sampled from the
true OU dynamics, and g, f are neural networks parametrised by 6, 6 ¢ respectively. We take latent
dimensionality d, = 32, and parametrise f, g as 2-layer neural networks of width 32 with LipSwish
activations.

Training. The SDEs are integrated over ¢ € [0, 10] and the LSDE is trained for 250 epochs using
the Adam optimiser with a fixed learning rate of 10~3. At each epoch, 50,000 realisations of the
trained dynamics are sampled and the MSE loss is computed against the true OU dynamics.

L.3 Additional Details for GBM Experiments
Dynamics. We learn the dynamics of a high-dimensional geometric Brownian motion (GBM)
dy; = Ay, dt + oy, dW;, yo € RY,

where A € R%*? and o € R. We introduce a stiff drift component by choosing A = QDQ”, where
D = diag(Ao, A1, ..., Ag—1) with \; = —20 (1 + 3) and @ a randomly generated orthogonal matrix;
we take d = 25 and 0 = 0.1.

Model. We use a Neural Langevin SDE (LSDE) [69],
dz = g(z;04) dt + f(z;05) 0 dWy, 2o = h(x,0)) € R, (23)

where h is a learnable affine function of the input data x = {zy, }n>0, Tn, € R2, sampled from the
true dynamics, and g, f are neural networks parametrised by 6, 6 respectively.

Training. We integrate the SDEs over ¢ € [0, 1] for 1,000 epochs, sampling 10,000 realisations of
the dynamics at every epoch. The Adam optimiser is used with a fixed learning rate of 2 x 1071,

1.4 Additional Details for Stochastic Volatility Experiments

Model. We use an unconditional Euclidean neural SDE dz, = f(z,, 7)d7+g(z,, 7)dW,, ¢ = 1,
for the stochastic-volatility benchmarks. The drift is a 4-layer MLP (width 16, LipSwish), while
the diffusion is a 3-layer MLP (width 16, LipSwish, softplus output scaled by 0.2). Both take
(7,2,) € R4 as input, and g is interpreted as the diagonal matrix diag(o(z,, 7)), giving learned
state- and time-dependent coordinatewise volatility.

Dataset. We embed all stochastic volatility models in the RDE framework of Bonesini et al. [8],
which spans classical Black—Scholes [6] to contemporary rough volatility models [29]. Numerically,
we form the lead-lag path on a uniform noise grid of Npise = 128 intervals and integrate the
Wong-Zakai ODE on a finer uniform grid of Ngpg = 768 fixed steps with linear interpolation
using Tsitouras’ 5(4) Runge—Kutta method [89], recording states at the noise times. The underlying
Riemann-Liouville volatility process is simulated with the hybrid method of [5]. Parameter selections
are shown in Table 11. We adopt the rBergomi parameter values of Rough [77], namely vy = 0.04,
v =1.991, H = 0.25, and p = —0.848. For SPX options on 30/05/2022, this calibration gives a
model-implied volatility surface with mean-squared error 3.73 x 10~ relative to market implied
volatilities. The remaining coefficients are fixed to standard benchmark values in plausible financial
ranges. Since we use the model in its standard form, we refer to [8, Equation 1.2] for the full
specification.

36



1165
1166
1167
1168

1169

1170
171
1172
1173
1174
1175
1176
1177

1178
1179
1180
1181
1182
1183
1184
1185

1186
1187
1188
1189
1190

1191
1192
1193
1194

1195
1196
1197
1198
1199
1200
1201

Table 11: Parameters for the rough volatility model configurations. Missing entries indicate parame-
ters not used by the model.

Model So v P v H X v
Black—Scholes 1.0 0.04 - - - - -
Classical Bergomi 1.0 004 -0.7 - - - -
Local stoch volatility 1.0 0.04 -03 - - 1.0 0.04
Heston 1.0 004 -0.7 0.5 - 15 0.04
Rough Heston 1.0 0.04 -0.7 05 0.1 1.5 0.04
Quadratic rough Heston 1.0 0.04 - - 0.1 1.0 -
Rough Bergomi 1.0 0.04 -0.848 1.991 0.1 - -

Training. The model is trained with truncated (time-augmented) path-signature MMD? loss, vanilla
SGD at learning rate 1073, batch size 4,096, 100 epochs, no schedule or gradient clipping at a
fixed NFE budget of 504. Test-time paths are single-rollout trajectories from xy = 1, evaluated via
two-sample KS statistic at step ¢t = 55.

I.5 Additional Details for the Stochastic Kuramoto Experiments

Data-generating dynamics. Trajectories are simulated from equation (5) with bimodal natural
frequencies ; € {+P, —P} [26], default parameters m = 1, K = 2.0, P = 0.5, D = 0.05.
The deterministic N = 2 subsystem admits a unique stable phase-locked equilibrium at Af,, =
arcsin(2P/K) for K > 2P [1], used as a verification anchor for the simulator (Appendix below).
The integration horizon is T' = 5 s, sub-sampled to nops = 200 uniform observation timepoints from
a fine integration grid of ng,. = 16,384 steps using diffrax’s Heun solver. Splits are 5,000 / 1,000 /
1,000 trajectories (train / val / test) per network size N € {2, 4, 8}, each with an independent initial
condition and Brownian path.

Simulator verification. At o = 0, N = 2, the deterministic 2-oscillator phase difference at
T = 5s is independent of ng,e for ng,e > 1024 (relative variation < 10~ across ngpe €
{1024, 2048, 4096, 8192, 16384}), confirming Heun convergence at the chosen production grid.
Residual ~ 7.7% deviation from arcsin(2P/K) = 7/6 is consistent with the analytical decay
constant of the linearised dynamics around the phase-locked equilibrium (~ 0.5 s~1) at finite 7" rather
than integrator error. At o > 0, the per-trajectory order parameter r(t) = ’N Y j e’ | saturates
to a stationary mean 7, ~ 0.70 &£ 0.24 over an ensemble of 128 trajectories, placing the operating
point in the partial-synchronisation regime as designed.

Model. The neural SDE on 7T = TV x RY uses MLP drift and diffusion fields of width 128
over the feature embedding (sin 6, cos #,w) € R3*Y, with depths 3 (drift) and 2 (diffusion), SiLU
activation, and a softplus-output diffusion scaled by 0.1. The diffusion is decoupled (additive noise
on w only). Integration uses CFEES(2,5) on the product Lie group 7'TY, lifted via Bazavov’s
commutator-free construction [3].

Loss. Multi-horizon energy score evaluated at horizons h € {T/8,7/4,T/2,T} with
m = 4 Monte Carlo rollouts per horizon, using the wrapped-on-0, plain-on-w distance
d((0a,wa), (Op,wp)) = >, [wrap(0: — 6:)| + >, |w’ — wi|. Optimisation uses AdamW at peak
learning rate 10~3, gradient clipping at global norm 1, 30 epochs, batch size 64.

Adjoint pilot (Table 12). Before any training sweep, we verify that the three adjoints under test
compute mathematically equivalent gradients. Using a fixed (model, data, Brownian-path) cell at
N = 2, ngeps € {200,1000, 5000}, batch 32, we compute the relative ¢, distance between each
adjoint’s gradient and a fine-dt reference at nggeps ref = 10,000 under CFEES(2,5) with the Reversible
adjoint. Differences across adjoints at the same 7eps are at the float32 round-off floor; the residual
gap to the fine-dt reference reflects the discretisation difference between the test cell and reference
grid (and uses an independent Brownian path), not adjoint error.
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Table 12: M3.1 + M3.3 gradient fidelity. Values are relative {5 distance to a fine-dt CFEES(2,5) with
the Reversible adjoint reference at ngieps e = 10,000. The three adjoints agree to 4 significant figures
at every ngeps (the reported gap is shared discretisation error vs the fine grid).

Nisteps Reversible Full Recursive

200 9.251x 1072 9.251x 1072 9.251 x 1072
1000 9.290 x 1072 9.290 x 1072 9.290 x 1072
5000 9.378 x 1072  9.378 x 1072 9.378 x 1072

Memory scaling (Figure 5Sb). Table 13 gives the absolute peak GPU memory measurements that
underlie Figure 5b: one forward+backward solve through the Kuramoto neural SDE at N = 1000,
batch 64, hidden width 128, on a single GPU, with each cell run in an isolated subprocess.

Table 13: Peak GPU memory (MiB) for one forward+backward solve of the Kuramoto NSDE,
N = 1000, batch 64.

nsteps CF-EES(2,5) (Reversible) CG2 (Full) CG2 (Recursive)

50 356 670 648

100 356 696 650
200 352 743 653
500 355 891 658
1,000 355 1,134 663
2,000 355 2,040 674
5,000 355 4,970 690
10,000 352 OOM 712

1.6 Additional Details for Sphere Latent SDE Experiments

Setting. Zeng et al. [94] parametrise the drift of the latent SDE as a Chebyshev polynomial in ¢ of
an MLP applied to the encoder output, and integrate the resulting Stratonovich SDE with one-step
geometric Euler-Maruyama: at every step a Lie-algebra increment w = K (t) dt + o dW € so(n)
is formed and lifted to SO(n) via exp(w), which then acts on the current state 2, € S™~! by left
multiplication. Their ELBO combines reconstruction at observed times with a closed-form Girsanov
path-KL on the sphere; both terms reparameterise through every integrator step, so backpropagation
must traverse the entire trajectory—the regime in which a reversible adjoint pays off.

Backbone. The standard backbone setup for the UCI Human Activity benchmark of Zeng et al.
[94] uses z € S5, batch 64, and N = 228 integration steps per trajectory. We replace the geometric
Euler-Maruyama step with CF-EES(2, 5) and route backpropagation through the Reversible adjoint;
the encoder, Chebyshev drift, decoder, and classification head are left unchanged.

Memory. Figure 6 reports peak GPU memory for one forward+backward through the integrator
alone. The matrix exponential on s0(16) is heavier per step than the elementwise lift on T, so the
memory ratio at a given N is larger than for the Kuramoto benchmark (Figure 5b). Table 14 gives the
underlying measurements.

Table 14: Peak GPU memory (MiB) for one forward-+backward solve of the latent SDE on S'°,
batch 64. The reversible measurement at ngcps = 5,000 was not collected; the figure extrapolates
from the constant trend at lower step counts.

nsteps CF-EES(2,5) (Reversible)  Geometric Euler (Full)

50 22 212
200 23 802
800 28 3,166

2,000 40 7,894
5,000 - 19,711
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Compute parity. Table 4 reports test accuracy after 30 training epochs at a fixed total NN-evaluation
budget per trajectory B = 30 (geometric Euler—-Maruyama uses N = B steps; CF-EES(2, 5) uses
N = B/3), averaged over two seeds. The published 990-epoch accuracy of Zeng et al. [94] at the full
N = 228 grid is 90.56 =+ 0.45%; both solvers in our 30-epoch parity sweep land within the expected
range for the truncated training and reduced step count.

1.7 Additional Details for Molecular Dynamics Experiment

Model. The EANN potential uses ngro = 12 radial Gaussian-type orbitals per species pair with a
6 A cutoff, followed by a per-element MLP of two hidden layers of width 64 with SiLU activations
and LayerNorm [96]; pre-trained weights are loaded from params_eann4.pickle. Forces are
obtained by automatic differentiation of the total energy. The Langevin SDE is integrated with
friction v = 1.0 ps~! and fluctuation—dissipation noise ¢ = /2vkgT/m at T = 298.15 K, with all
quantities expressed in GROMACS units (nm, ps, g/mol). The dipole-velocity proxy uses charge
weights wo = 1, wy = —1/2 and is accumulated as an augmented coordinate of the integrator state
so its gradient flows through the full rollout.

Dataset. Initial configurations are drawn from the bundled water64. pdb structure (cubic periodic
box, edge 1.86 nm). Per training step we sample a batch of 6 initial conditions: positions are
the reference geometry perturbed by NV (0, 10~2 nm) and velocities are drawn from the Maxwell—
Boltzmann distribution at T'. Each batch element is duplicated under time reversal vy — —v, giving
12 effective trajectories. Pair lists are rebuilt at every force evaluation with a 0.6 nm neighbour-list
cutoff.

Training. We rollout for ¢, = 0.1 ps and train for 250 optimization steps with Adam at learning
rate 5 x 10~4, gradients clipped to global norm 1.0. All non-reversible base solvers (Euler, Midpoint)
are lifted to the reversible setting via the algebraically reversible wrapper of McCallum and Foster
[60] with coupling parameter A = 0.999, and every solver uses the Reversible adjoint. The reported
terminal proxy MSE is the loss of (22) averaged over the batch at the final training step; runtime is
wall-clock time for the full 250-step run on a single GPU with fixed random seed across solvers.

1.8 Memory Benchmark for Figure 1

Figure 1 reports peak XL A scratch memory (temp_bytes) for one forward+backward solve of an
SDE on the 7-torus T7, batch 1,024, hidden width 128. Each cell is run in an isolated subprocess.
Table 15 gives the underlying measurements in MiB.

Table 15: Peak XLA scratch memory (MiB) for one forward-+backward solve of an SDE on T7,
batch 1,024.

nsteps CF-EES (Reversible) CG2 (Full) CG2 (Recursive) CG4 (Full) CG4 (Recursive)

5 390 384 673 402 708

10 391 385 673 403 708

20 391 385 673 404 708

50 390 386 673 405 708
100 390 387 673 406 708
200 390 390 673 408 708
400 390 395 673 413 708
800 391 406 674 425 709
2,000 390 439 674 458 709
5,000 391 522 675 540 710
10,000 390 658 676 676 712
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NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: We verify our claims with both theoretical proofs regarding solver order,
integration spaces, and convergence. We then numerically validate our accuracy/runtime
claims.

Guidelines:

e The answer [N/A] means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A or
[N/A] answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

. Limitations

Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]

Justification: There is a dedicated section in the discussion entitled limitations.
Guidelines:

* The answer [N/A] means that the paper has no limitation while the answer means
that the paper has limitations, but those are not discussed in the paper.

 The authors are encouraged to create a separate “Limitations” section in their paper.

* The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

* If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory assumptions and proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?
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Answer: [Yes]

Justification: We prove all theoretical claims: (1) that EES(2, 5; ) and EES(2, 7; ) are 2N
schemes, (2) that EES(2, 5; z) retains its forward and backward orders after lifting to CF,
(3) that both orders are retained in the RDE cases.

Guidelines:

* The answer [N/A] means that the paper does not include theoretical results.

* All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

* Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.

. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification: We provide a algorithm blocks for backpropagation, the Butcher tableaux of
each method, and a complete description of the geometry for manifold experiments. Model
architectures are described in the main text, and further detailed with hyperparameters and
training descriptions in the appendices.

Guidelines:

* The answer [N/A] means that the paper does not include experiments.
* If the paper includes experiments, a answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.
If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.
* Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-

sions to provide some reasonable avenue for reproducibility, which may depend on the

nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
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some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [Yes]

Justification: All code for our reversible integrations, baseline models, and experiments is
provided in the anonymous GitHub repositories.

Guidelines:

* The answer [N/A] means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://neurips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not

be possible, so is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//neurips.cc/public/guides/CodeSubmissionPolicy) for more details.

 The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.

6. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyperpa-
rameters, how they were chosen, type of optimizer) necessary to understand the results?

Answer: [Yes]

Justification: The body sections describe the model, dataset, and training regimes employed.
We then provide a complete description of the model, dataset and training scheme used in
each experiment in Appendix L.

Guidelines:

* The answer [N/A] means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.

. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes]

Justification: We report 2 standard deviations on our accuracy metrics throughout our
experiments. We were unable to add them for the molecular dynamics and Kuramoto
experiments as each run was computationally expensive.

Guidelines:

* The answer [N/A] means that the paper does not include experiments.
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8.

10.

* The authors should answer [Yes] if the results are accompanied by error bars, confidence
intervals, or statistical significance tests, at least for the experiments that support the
main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

¢ It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

* It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

* For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g., negative
error rates).

e If error bars are reported in tables or plots, the authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.

Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]

Justification: We report memory requirements and wall-clock times for each experiment.
Hardware used is reported in Appendix I.1.

Guidelines:

* The answer [N/A] means that the paper does not include experiments.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

 The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

. Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]

Justification: We do not involve human subjects, or datasets with any identifying components
or non-free licenses. We disclose experimental procedures for reproducibility, and have
anonymised code submissions.

Guidelines:

e The answer [N/A| means that the authors have not reviewed the NeurIPS Code of
Ethics.

o If the authors answer , they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?
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12.

Answer: [N/A]

Justification: As our work concerns fundamental methods for improving the efficiency of
neural SDE training, we do not expect any adverse societal impacts or harms.

Guidelines:

» The answer [N/A] means that there is no societal impact of the work performed.

e If the authors answer [N/A] or , they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

* The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate Deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pre-trained language models,
image generators, or scraped datasets)?

Answer: [N/A]

Justification: As our contribution regards foundational methods, and we do not release any
pretrained models or datasets as part of our work, we do not believe there is substantial risk
for misuse.

Guidelines:

* The answer [N/A] means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]

Justification: We provide citations to the baseline models used and abide by the license
terms when one is provided.

Guidelines:
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14.

15.

* The answer [N/A] means that the paper does not use existing assets.

 The authors should cite the original paper that produced the code package or dataset.

* The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

 If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.

New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [Yes]

Justification: All new packages are presented in Table 10, which also document the licenses
under which they are released. Documentation and a brief usage guide is provided in the
ReadMe files available on the anonymised repositories.

Guidelines:

* The answer [N/A] means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

 The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [N/A]

Justification: Our experiments do not employ crowdsourced data or research with human
subjects.

Guidelines:

* The answer [N/A]| means that the paper does not involve crowdsourcing nor research
with human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional review board (IRB) approvals or equivalent for research with human
subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?
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16.

Answer: [N/A]

Justification: Our experiments do not employ crowdsourced data or research with human
subjects.

Guidelines:

* The answer [N/A]| means that the paper does not involve crowdsourcing nor research
with human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.

Declaration of LLM usage

Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigor, or originality of the research, declaration is not required.

Answer: [N/A]

Justification: LLM usage was limited to grammar checking, stylistic advice, plotting im-
provements, and assistance in implementing standard methods from the literature.

Guidelines:

* The answer [N/A] means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

* Please refer to our LLM policy in the NeurIPS handbook for what should or should not
be described.
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