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Abstract001

Large Language Models (LLMs) have demon-002
strated remarkable proficiency in English math-003
ematical reasoning, yet a significant perfor-004
mance disparity persists in multilingual con-005
texts, largely attributed to deficiencies in lan-006
guage understanding. To bridge this gap, we007
introduce Translation-Augmented Policy Opti-008
mization (TAPO), a novel reinforcement learn-009
ing framework built upon GRPO. TAPO en-010
forces an explicit alignment strategy where011
the model leverages English as a pivot and012
follows an understand-then-reason paradigm.013
Crucially, we employ a step-level relative ad-014
vantage mechanism that decouples understand-015
ing from reasoning, allowing the integration016
of translation quality rewards without introduc-017
ing optimization conflicts. Extensive experi-018
ments reveal that TAPO effectively synergizes019
language understanding with reasoning capa-020
bilities and is compatible with various models.021
It outperforms baseline methods in both multi-022
lingual mathematical reasoning and translation023
tasks, while generalizing well to unseen lan-024
guages and out-of-domain tasks.025

1 Introduction026

Large language models (LLMs) (Hurst et al., 2024;027

Comanici et al., 2025; DeepSeek-AI et al., 2024;028

Yang et al., 2025) have achieved great progress in029

English tasks like mathematical reasoning (Jaech030

et al., 2024; Guo et al., 2025), even surpassing031

humans in competitions (Liu et al., 2025), while032

the multilingual disparity still exists (Huang et al.,033

2025b, 2023). Driven by the imbalance in the quan-034

tity and quality of training corpora across different035

languages, LLMs exhibit uneven language-specific036

capabilities including understanding and genera-037

tion. With respect to the multilingual mathematical038

reasoning task, Kang et al. (2025) find that the039

multilingual gap of large reasoning models mainly040

stems from the language understanding.041

A promising strategy (Zhu et al., 2024; She 042

et al., 2024) to bridge this gap is multilingual align- 043

ment, where LLMs leverage a dominant language 044

(typically English) as a pivot for processing low- 045

resource languages. The model maps the input 046

into the dominant language’s representation for 047

reasoning, and maps the generated output back 048

to the original source language. As the multilin- 049

gual understanding is still a bottleneck, we mainly 050

focus on understanding and reasoning in English 051

in this work for investigating the foundation of 052

alignment. While some previous works (Li et al., 053

2024a; Bu et al., 2025) try to align the language 054

representations directly, they have a high risk of 055

catastrophic forgetting when applied to post-trained 056

models, and lack the human-understandable inter- 057

pretability of alignment. Other works (Yoo et al., 058

2025; Wang et al., 2025) train models with code- 059

switching data in the (continual) pre-training stage, 060

yet they still cannot fully leverage the capabilities 061

of post-trained models. 062

To address the above issues, we propose a 063

novel approach called Translation-Augmented 064

Policy Optimization (TAPO). We build our algo- 065

rithm upon the online reinforcement learning (RL) 066

method GRPO (Shao et al., 2024) to alleviate the 067

catastrophic forgetting (Shenfeld et al., 2025). We 068

adopt an explicit alignment strategy in which the 069

model first generates an English representation of 070

its understanding of the problem, followed by rea- 071

soning conducted in English. This explicit sepa- 072

ration between the understanding and reasoning 073

stages decouples the two processes, enabling more 074

effective guidance and control during training. In- 075

tuitively, translating the input into English can be 076

viewed as a manifestation of the model’s compre- 077

hension, given that English serves as the dominant 078

language. Consequently, we can leverage existing 079

translation metrics to provide explicit rewards for 080

the understanding stage, thereby sharpening the 081

model’s semantic understanding. Furthermore, to 082
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Figure 1: Accuracy grouped by ChrF++ score intervals.
The scores are calculated from the outputs of Qwen2.5-
3B-Instruct prompted with Translate-Test. The data is
divided into five equal-sized bins (n=3994).

effectively integrate these signals without causing083

reward conflicts, we implement a step-level rela-084

tive advantage strategy within the GRPO frame-085

work that calculates advantages for translation and086

reasoning tokens separately.087

Extensive experiments are conducted on both088

in-domain and out-of-domain multilingual mathe-089

matical benchmarks across two different models.090

We also evaluate the understanding capability by as-091

sessing the translation quality of multilingual prob-092

lems. Results show that our proposed method can093

synergize both the understanding capability and the094

reasoning capability, exhibiting better performance095

on both tasks compared to naive GRPO. Further096

analysis indicates that our model can generate more097

faithful Chain-of-Thought (CoT) process. We also098

provide some interesting findings in post-training099

the multilingual LLMs.100

The main contributions of our work can be sum-101

marized as follows:102

• We propose a novel method TAPO that jointly103

optimizes the multilingual understanding and104

reasoning capabilities.105

• Experiments show that our method achieves106

best performance on both reasoning and trans-107

lation tasks, and generalizes effectively to un-108

trained languages and out-of-domain tasks.109

• Our analyses provide deeper insights into the110

multilingual alignment and multilingual post-111

training strategies.112

2 Preliminary Studies113

2.1 Multilingual Understanding Bottleneck114

To investigate the impact of language understand-115

ing on multilingual reasoning, we first examine116
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Figure 2: The performance of Qwen2.5-3B-Instruct on
MGSM with different prompts. The full prompts are in
Appendix A. The last two are the same as Translate-Test,
but the model’s translation is replaced with Gemini2.5-
Flash’s and the reference, respectively.

the relationship between the model’s understand- 117

ing level of the problem and its reasoning accuracy. 118

We quantify the model’s understanding level of a 119

problem by evaluating the model’s translation per- 120

formance based on Translate-Test prompt (shown 121

in Table 6), where translation quality is measured 122

using the ChrF++ score (Popović, 2017). The re- 123

sults in Figure 1 show that higher understanding 124

levels correspond to higher reasoning accuracy, in- 125

dicating that improving a model’s language under- 126

standing capability is a key factor for enhancing 127

multilingual reasoning. 128

Furthermore, we examine the extent of the mul- 129

tilingual understanding bottleneck in LLMs for 130

multilingual reasoning. As shown in Figure 2, 131

Translate-Test, in which the model self-translates 132

the problem into English before reasoning, yields 133

only marginal gains compared to directly provid- 134

ing multilingual input and requiring an English 135

response (En-CoT). Its performance remains far be- 136

low that achieved using stronger model translations 137

(Gemini-Trans) or standard translations (Oracle), 138

indicating that multilingual understanding remains 139

a key bottleneck for further reasoning. 140

2.2 Limited Improvement with Naive GRPO 141

A feasible way to train multilingual reasoning is 142

applying GRPO (Shao et al., 2024) directly with 143

multilingual data, similar to Huang et al. (2025a). 144

The objective function of GRPO we used in this 145
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work is146

JGRPO(θ) = Eq,oi∼πθold

[
1∑G

i=1 |oi|

G∑
i=1

|oi|∑
t=1

min
(
ri,tÂi,t, clip(ri,t, 1− εl, 1 + εh

)
Âi,t

]
,

(1)

147

where ri,t is the importance sampling ratio, Âi,t148

is the advantage, and q is a problem. Following149

DAPO (Yu et al., 2025), we remove the KL diver-150

gence loss and apply the techniques of Clip-Higher151

and Token-Level Policy Gradient Loss. The clip-152

ping thresholds are εl = 0.2 and εh = 0.28.153

We train Qwen2.5-3B-Instruct by GRPO with154

the Swahili subset of MGSM8KInstruct (Chen155

et al., 2024). Although the reasoning perfor-156

mance increases steadily, achieving 38.95% ac-157

curacy (compared to 12.95% before training) in158

MGSM-sw, we find that the model can generate159

an unfaithful reasoning process while still obtain-160

ing the correct answer. As shown in the exam-161

ple below, the trained model almost completely162

misunderstands the problem. However, it predicts163

the numbers and the logical relationships between164

them correctly.165

Problem: Joho hutumia komeo 2 za ufumwele wa buluu na
nusu ya kiasi hicho cha ufumwele mweupe. Huwa inatumia
jumla ya komeo ngapi? (A robe takes 2 bolts of blue fiber
and half that much white fiber. How many bolts in total
does it take?)
Output: ... The problem states that there are 2 cages for
the birds and half as much space for the pet birds. We need
to find the total number of cages used....\boxed{3}

166

We argue that training by naive GRPO on mul-167

tilingual data can only improve the understanding168

capability to a very limited extent. Additional learn-169

ing signals are necessary to enhance understanding.170

3 Methodology171

In this section, we will present our novel method,172

TAPO, to tackle the aforementioned problems. Our173

main idea is to enhance the comprehension of the174

problem by introducing a new rewards that quanti-175

fies the level of understanding, in conjunction with176

the existing reasoning reward. This raises two fun-177

damental questions: How should the reward for178

understanding be designed? (§ 3.1) How to utilize179

the reward in the current RL pipeline? (§ 3.2)180

3.1 Reward Modeling 181

Given the challenges associated with extracting the 182

understanding component and quantifying its level, 183

we regard the English translation of the problem as 184

a surrogate for understanding, because most LLMs 185

are proficient in English. And then we can use 186

translation metrics to measure its quality. We opt to 187

require the model to translate the question initially 188

by using the Translate-Test prompt (Table 6). 189

Format Reward. The rollout trajectory o of 190

each sample is the concatenation of the trans- 191

lation of the problem τtrans and the reason- 192

ing process τreason containing the final an- 193

swer, denoted as o = [τtrans, τreason]. Ac- 194

cording to the prompt, the translation should 195

be enclosed by <english_translation> and 196

</english_translation> for ease of extraction. 197

Thus, the format reward is defined as: 198

Rformat =

{
1, if the translation exists
0, otherwise

(2) 199

We do not require the model to generate a CoT for 200

the translation because there is no strong evidence 201

that CoT can help translation (Wu et al., 2025). 202

Translation Reward. Following MT-R1- 203

Zero (Feng et al., 2025b), we use the translation 204

metrics as the translation reward. We choose 205

ChrF++ (Popović, 2017) as the n-gram based 206

metric and XCOMET-XL (Guerreiro et al., 2024) 207

as the model-based metric. However, we find that 208

xCOMET is very easy to be hacked in Swahili 209

and it is not trained low-resource languages such 210

as Telugu on evaluation tasks. As a result, we 211

develop an adaptive metric according to the source 212

language. In experiments, the adaptive metric use 213

ChrF++ for Swahili and Telugu, and XCOMET 214

for other languages. 215

Rtrans = M(τtrans, q, qen)×Rformat, (3) 216

where q and qen are the non-English problem and 217

the corresponding English problem. M represents 218

the metric function that can be ChrF++, xCOMET 219

or the adaptive one. 220

Reasoning Reward. We use the outcome cor- 221

rectness as the reasoning reward, which has proven 222

its effectiveness in mathematics (Guo et al., 2025). 223
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Figure 3: The illustration of the calculation process of
advantages.

We evaluate the correctness by Math-Verify1.224

Rreason =

{
1, if correct
0, if wrong or Rformat = 0

.

(4)225

3.2 Step-level Relative Advantage226

One naive approach to utilizing the rewards is227

to add them all together, and then directly apply228

GRPO. However, we identify a problem of reward229

conflict if we directly aggregate the rewards by ad-230

dition, which hinders the reasoning. Imagine that231

if all trajectories in a group are right or wrong, the232

advantages are solely determined by the transla-233

tion rewards which are real numbers. In this sce-234

nario, the advantages of half of the reasoning traces235

τreason possess the incorrect signs. Conversely,236

low-quality translations are likely to receive posi-237

tive advantages if the answer is guessed correctly.238

Thanks to the explicit separation of the transla-239

tion step and the reasoning step, we can apply the240

step-level relative advantages separately, as shown241

in Figure 3. Inspired by Zhang et al. (2025b) and242

Feng et al. (2025a), the translation rewards and rea-243

soning reward are grouped separately, and the ad-244

vantages within each group are subsequently com-245

puted.246

Âtrans
i =

Rtrans
i −mean({Rtrans

i }Gi=1)

std({Rtrans
i }Gi=1)

Âreason
i =

Rreason
i −mean({Rreason

i }Gi=1)

std({Rreason
i }Gi=1)

(5)247

where Âtrans
i is the advantage of tokens in the trans-248

lation step, and Âreason
i is the advantage of tokens249

in the reasoning step. Furthermore, to circumvent250

the reward hacking of translation metrics and pro-251

vide more signals, the final translation advantage is252

derived as the weighted average of the translation253

advantage and the reasoning advantage:254

Âtrans∗
i = αÂtrans

i + (1− α)Âreason
i (6)255

where α ∈ [0, 1].256

1https://github.com/huggingface/Math-Verify

4 Experiments 257

4.1 Experimental Setup 258

Base Models. We verify our method on Qwen2.5- 259

3B-Instruct (Qwen Team, 2024) and Llama3.2-3B- 260

Instruct (Dubey et al., 2024). For simplicity, we 261

refer to them as Qwen and Llama in the following 262

paper. 263

Datasets. We mainly use MGSM8KIntruct 264

(Chen et al., 2024) as the training set. Besides, 265

we translate the training set of GSM8K (Cobbe 266

et al., 2021) into Telugu using Gemini2.5-Flash, 267

using the same prompt in Huang et al. (2025a). 268

We select 5 languages to train each model: Ben- 269

gali (Bn), Japanese (Ja), Swahili (Sw), Telugu (Te), 270

Thai (Th) for Qwen, and Bn, German (De), Sw, Th, 271

Chinese (Zh) for Llama. The number of samples 272

in each language is about 7.4k. 273

Benchmarks and Metrics. To evaluate the math- 274

ematical reasoning capability, we use MGSM (Shi 275

et al., 2023) as the in-domain testset. Note that 276

there are eleven languages in MGSM, so 6 lan- 277

guages are not seen in our training data. We 278

also include MMATH (Luo et al., 2025) and 279

MSVAMP (Chen et al., 2024) as the out-of-domain 280

(OOD) testsets. We evaluate each sample eight 281

times and compute the average accuracy. We also 282

assess the translation quality by leveraging non- 283

English problems from MGSM as sources and En- 284

glish problems as references. Each source is also 285

translated eight times and we compute the average 286

score. The inference temperature is set to 0.6 for 287

all tasks. Since ChrF++ and XCOMET have been 288

used as rewards in training, LLM-as-a-judge with 289

Gemini2.5-Flash is employed to evaluate transla- 290

tions (Lavie et al., 2025), denoted as Gemini Score. 291

The prompt (Appendix A) ask the model to gener- 292

ate a score ranging from 0 to 100. 293

Baselines. 294

• Base: The original instruction models. 295

• SFT-TransTest: We use the same multilin- 296

gual training data mentioned above to build 297

the SFT dataset. The output is similar to the 298

format of Tranlation-Test, where each answer 299

concatenates the English translation and the 300

English reasoning process from the original 301

GSM8K training set. 302

• QAlign (Zhu et al., 2024): QAlign proposes 303

a two-step SFT pipeline, including a ques- 304

tion alignment stage and a response alignment 305
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Models Trained Languages Avg Untrained Languages Total
AvgBn Ja Sw Te Th De En Es Fr Ru Zh

Qwen 56.5 67.2 13.2 19.9 67.5 44.8 77.7 85.5 78.0 75.0 79.0 73.6 44.8
SFT-TransTest 1.2 0.7 1.0 1.1 0.9 1.0 0.9 7.2 1.0 0.9 1.1 1.0 1.5
QAlign 28.4 36.9 10.5 12.5 41.6 25.9 50.8 64.5 56.8 53.2 54.0 55.7 42.2
GRPO-EnCoT 75.2 78.7 39.0 51.0 82.2 65.2 84.0 89.4 84.7 82.7 85.8 81.4 75.8
GRPO-TransTest 75.7 78.2 40.9 51.2 82.9 65.8 84.6 90.5 87.2 83.9 85.4 80.6 76.4

TAPO-xCOMET 74.1 77.5 43.9 52.2 80.9 65.7 84.5 89.6 84.6 81.5 85.3 80.8 75.9
TAPO-ChrF++ 74.3 76.6 48.5 57.5 80.5 67.4 84.7 89.9 83.4 82.0 83.8 78.6 76.3
TAPO-Adapt 73.7 75.8 53.0 58.2 80.5 68.2 82.2 89.1 84.1 80.2 84.3 80.1 76.5

Table 1: The performance of each model based on Qwen2.5-3B-Instruct.

Models Trained Languages Avg Untrained Languages Total
AvgBn De Sw Th Zh En Es Fr Ja Ru Te

Llama 34.7 56.8 27.1 48.7 54.6 44.4 73.6 61.6 56.7 44.1 58.3 31.0 49.7
SFT-TransTest 45.3 45.6 49.1 44.5 50.9 47.1 55.4 64.8 59.4 54.2 54.8 53.3 52.5
QAlign 30.2 29.1 31.8 27.4 38.2 31.3 43.5 57.5 47.0 44.1 43.1 41.6 39.4
GRPO-EnCoT 66.2 76.7 68.8 71.3 73.0 71.2 86.7 79.7 76.4 69.2 76.6 60.4 73.2
GRPO-TransTest 67.6 79.7 70.3 74.8 75.6 73.6 86.0 81.5 77.8 70.0 78.9 64.4 75.1

TAPO-xCOMET 68.7 78.7 71.7 76.1 77.2 74.5 87.6 81.4 77.6 71.4 79.3 66.3 76.0
TAPO-ChrF++ 69.7 80.0 72.1 73.8 79.7 75.0 87.3 84.6 78.7 72.0 78.6 64.3 76.4
TAPO-Adapt 68.4 79.4 71.8 75.3 77.0 74.3 87.4 81.3 78.6 70.3 79.0 64.5 75.7

Table 2: The performance of each model based on Llama3.2-3B-Instruct.

stage. We use the same multilingual data to306

build the translation training set, and the origi-307

nal GSM8K training set as the reasoning task.308

• GRPO-EnCoT: We use directly GRPO train309

the models with En-CoT prompt. Only the310

reasoning reward is given.311

• GRPO-TransTest: Same as the GRPO-312

EnCoT, but training with the Translation-Test313

prompt.314

All baseline models are evaluated using the train-315

ing prompts, while Base models directly use the316

Translation-Test prompt.317

Training details. For RL training, we use318

verl (Sheng et al., 2024) to conduct experiments.319

The learning rate is set to 1e-6. The global batch320

size is 256 and the mini batch size is 64. The321

maximum response length is set to 2048 and the322

rollout temperature is 1.0. We train Qwen2.5-3B-323

Instruct and Llama3.2-3B-Instruct for 5 epochs and324

2 epochs, respectively. The hyper-parameter α is325

set to 0.5 for training Qwen, and 0.25 for training326

Llama. For SFT training, we deploy LlamaFac-327

tory (Zheng et al., 2024). The learning rate is set to328

1e-6, with 3% linear warm-up steps, followed by329

cosine decay to 1e-7. The global batch size is 64.330

4.2 Main results331

TAPO demonstrates superior performance in332

trained languages and comparable performance333

in untrained languages. Table 1 and Table 2 334

demonstrate the results on MGSM. In trained 335

languages, the Qwen trained by TAPO-Adapt 336

achieve the best average scores. The main contribu- 337

tions come from the two low-resource languages, 338

Swahili and Telugu, increasing by 12.1 and 7.0 339

compared to GRPO-TransTest, respectively. Its 340

performance in untrained languages is a bit lower 341

than GRPO, but the gaps are minor. The Llama 342

model trained by TAPO-ChrF++ demonstrate more 343

substantial performance gain in both trained and 344

untrained languages. The effectiveness in trained 345

languages suggests that enhancing the understand- 346

ing capability is indeed beneficial for downstream 347

reasoning, especially in low-resource languages. 348

TAPO enhances the translation performance 349

more effectively, indicating better understand- 350

ing capabilities. We evaluate the problem trans- 351

lation mainly using the Gemini Score. The detailed 352

Chrf++ scores can be found in Appendix B. The 353

translations are extracted from the whole trajec- 354

tory if using the Translate-Test prompt, or obtained 355

through a separate translation prompt. The results 356

in Table 3 demonstrate that the proposed method 357

enhances the translation quality substantially across 358

nearly all languages, including the untrained lan- 359

guages. Qwen with TAPO-Adapt achieves the 360

highest average score of 75.86, a significant im- 361

provement over the GRPO baselines. Particularly, 362
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Models Bn De Es Fr Ja Ru Sw Te Th Zh Avg

Qwen 58.60 84.07 87.30 85.89 81.10 87.28 7.72 17.82 77.68 86.72 67.42
GRPO-EnCoT 62.97 83.58 87.88 86.66 80.26 88.88 18.18 29.31 77.99 83.66 69.94
GRPO-TransTest 62.59 82.69 86.76 85.89 79.91 86.85 19.94 33.67 79.09 83.87 70.12
TAPO-xCOMET 68.70 79.73 82.20 81.00 83.11 89.64 2.74 43.93 80.72 87.58 69.93
TAPO-ChrF++ 68.79 86.30 90.18 87.55 82.54 89.03 34.30 47.89 81.76 85.88 75.42
TAPO-Adapt 70.67 87.98 90.16 88.38 84.12 89.03 33.17 45.49 83.84 85.79 75.86

Llama 59.59 74.88 81.14 76.92 59.90 76.75 50.17 55.55 59.44 65.67 66.00
GRPO-EnCoT 56.90 64.54 71.26 66.40 53.91 64.92 47.86 54.32 54.96 57.92 59.30
GRPO-TransTest 66.38 78.76 81.44 81.30 69.55 78.35 54.99 62.74 70.76 75.58 71.98
TAPO-xCOMET 72.52 84.60 87.86 85.30 74.71 84.28 61.84 68.49 76.13 81.87 77.76
TAPO-ChrF++ 72.89 85.87 89.25 85.60 75.96 85.77 63.62 68.28 77.30 83.71 78.82
TAPO-Adapt 72.82 85.18 89.32 85.84 75.41 85.31 63.72 69.61 78.28 82.62 78.81

Table 3: The Gemini Scores of each model on the task of translating the MGSM problems from non-English to
English. The score of each sample is averaged by eight random runs.

Models MMATH MSVAMP

Qwen 54.25 77.55
GRPO-EnCoT 55.36 77.28
GRPO-TransTest 57.63 76.39
TAPO-Adapt 55.82 78.41

Llama 28.07 61.43
GRPO-EnCoT 42.22 73.75
GRPO-TransTest 42.34 76.02
TAPO-ChrF++ 43.78 77.25

Table 4: The performance of each model on OOD tasks.
The scores are averaged across all the languages in the
benchmarks.

the improvements of Qwen in lower-resource lan-363

guages such Sw and Te, are more than 14 points364

compared to baselines. One exception is that the365

performance of Qwen trained by TAPO-xCOMET366

in Sw deteriorates due to the fragility of the metric.367

Interestingly, although not receiving any translation368

rewards, GRPO-TransTest increases the translation369

quality slightly. This indicates that the reasoning370

reward is also advantageous to the translation to371

a certain degree, which supports the design of the372

final translation advantage.373

TAPO possesses the generalizability to OOD374

tasks. We choose the best performing TAPO vari-375

ants and evaluate them on OOD tasks. As shown376

in Table 4, TAPO brings consistent improvement377

on most of tasks, while the Qwen’s GRPO variants378

even exhibit performance degradation in MVSAMP.379

The relatively small gains from TAPO-Adapt on380

MMATH is likely because the benchmark contains381

many languages not seen during training, which382

aligns with our earlier findings.383

SFT induces catastrophic forgetting in post-384

trained models. The results of SFT-TransTest385

and QAlign in Table 1 and Table 2 decrease the 386

original performance of the post-trained models 387

in many languages, especially high-resource ones. 388

Surprisingly, the performance of the Qwen al- 389

most drops to zero after SFT-TransTest. We cross- 390

validate the unexpected results, and also find that 391

the translation SFT in QAlign leads to similar trans- 392

lation performance drop. In contrast, online meth- 393

ods such as GRPO and TAPO demonstrate efficacy 394

in averting catastrophic forgetting and ensuring 395

consistent enhancement. 396

5 Analysis 397

In this section, we provide some ablation studies 398

along with further analysis. 399

5.1 Faithfulness of CoT 400

Despite having evaluated the translation quality, 401

we still want to confirm the faithfulness of the 402

CoT. We define faithfulness as the semantic align- 403

ment between the math problem and the CoT, inde- 404

pendent of the reasoning correctness. We prompt 405

Gemini2.5-Flash to provide a faithfulness score 406

ranging from 0 to 5 (Appendix A). One sample of 407

each problem is chosen to compute the score. As 408

shown in Figure 4, TAPO can effectively improve 409

the faithfulness of the CoT, significantly2 better 410

than pure GRPO variants. 411

5.2 Reward Conflict in the Trajectory-level 412

Reward 413

We compare our step-level reward with the 414

trajectory-level reward, which directly apply the 415

sum of Rtrans and Rreason to the whole trajec- 416

tory. The results in Table 5 demonstrate the con- 417

2We use T-test with p = 0.05.

6



Qwen Llama
Base model

3.50

3.55

3.60

3.65

3.70
Fa

ith
fu

ln
es

s

3.535 3.531

3.606 3.599

3.678

3.648

GRPO-EnCoT
GRPO-TransTest
TAPO

Figure 4: The average faithfulness scores across lan-
guages on MGSM. The results of TAPO are from TAPO-
Adapt for Qwen and TAPO-ChrF++ for Llama.

sistent superiority of the step-level reward over the418

trajectory-level one across different models and419

benchmarks. Furthermore, we identify the reward420

conflict problem introduced by the trajectory-level421

reward that hinders the effectiveness of training.422

The advantages normalized from rewards can have423

the wrong signs if the translation reward is dom-424

inant. The advantage assigned to a trajectory is425

considered a false positive if it is positive despite426

the answer being incorrect, and a false negative if427

it is negative despite the answer being correct. As428

illustrated in Figure 5, we count the proportions of429

false positive and false negative advantages across430

the training steps of Qwen with the adaptive metric.431

The overall conflict proportions are approximately432

0.3, which may exert a negative influence on the433

learning process.434

Type MGSM MMATH MSVAMP

Qwen
Traj-level 75.33 54.82 79.59
Step-level 76.45 55.82 78.41

Llama
Traj-level 74.11 42.13 75.87
Step-level 76.41 43.78 77.25

Table 5: The comparison between the trajectory-level
reward by addition and our step-level reward. Scores
are averaged across all languages.

5.3 Impacts of Translation Metrics435

The selection of translation metrics demonstrates436

varying degrees of influence across different lan-437

guages. As shown in Table 1, TAPO-ChrF++ more438

often benefits the low-resource languages such as439

Sw and Te, while TAPO-xCOMET tends to per-440

form better in high-resource languages like En and441

Ru. The model-based metric XCOMET is easier to442

be hacked during RL. We find that just copying the443

source problem in Sw as the translation can receive444
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Figure 5: The proportions of false positive and false
negative advantages across each training step. The over-
all proportion is the sum of the two proportions.

high XCOMET scores, yielding incorrect signals. 445

The N-gram based metric ChrF++ is more robust 446

in all kinds of languages, although it may fail to 447

differentiate high-quality translations. The adap- 448

tive metric can combine the advantages of both to 449

some extent, exhibiting comparable performance 450

in Sw and Te with ChrF++, and in other languages 451

with XCOMET. 452

5.4 Influence of the Hyper-parameter α 453

The Hyper-parameter α controls the weights of 454

advantages from the translation metric and the out- 455

come correctness. As illustrated Figure 6, the im- 456

pacts of α on both tasks reveals a trade-off between 457

reasoning capabilities and translation quality. The 458

reasoning accuracy follows a non-monotonic trend, 459

initially rising to achieve a global peak of 76.41% 460

at α = 0.25 before declining sharply to a minimum 461

of roughly 73.22% at α = 0.75. The overall trend 462

is an initial increase followed by a decrease. Con- 463

versely, the Gemini Score exhibits a strong positive 464

correlation with α, exhibiting a steep increase when 465

α is small and a gradual rise when α exceeds 0.25. 466

This indicates that a small amount of translation 467

signal can yield substantial reasoning improvement, 468

while a further escalation in translation signal will 469

influence the learning of reasoning ability. 470

5.5 Convergence of Different Languages 471

By observing the validation results on MGSM, we 472

find that different languages exhibit varying speed 473

of convergence. As illustrated in Figure 7, the 474

scores of the three mid-resource languages are con- 475

verged at the early stage of training. The score of 476

Bn achieve the plateau at the step 300, and even de- 477

creases slightly in the following training steps. On 478

the contrary, the scores of the two low-resource lan- 479
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Figure 6: The impacts of α on the reasoning and the
translation. Acc is the average accuracy of Llama
trained by TAPO-ChrF++ on MGSM. Gemini Score
evaluates the model’s translation quality.

guages, Sw and Te, continuously rise until the end480

of training, showing no convergence. This suggests481

that overtraining the converged languages is point-482

less, and more computational resources should be483

allocated to training low-resource languages. This484

can be implemented by better training data distribu-485

tion or dynamic sampling (Yu et al., 2025), which486

we leave as future work.487

6 Related Works488

Multilingual Reasoning. Despite the dominant489

performance in English, prior studies demonstrate490

that LLMs retain substantial potential for multilin-491

gual reasoning (Ye et al., 2023; Kew et al., 2024).492

To exploit this potential, existing methods primar-493

ily enhance cross-lingual alignment through addi-494

tional SFT (Zhu et al., 2024; Zhang et al., 2024) or495

RL (Zhang et al., 2025a; Hwang et al., 2025), aim-496

ing to improve multilingual reasoning while pre-497

serving established reasoning behaviors. However,498

recent analyses show that LLMs exhibit signifi-499

cantly stronger semantic understanding in English500

than in non-English languages (Park et al., 2025;501

Tam et al., 2025), suggesting that reasoning directly502

in non-English impairs performance.503

In contrast to prior approaches that rely on504

reasoning natively, we adopt an understand-then-505

reason paradigm, expressing non-English inputs in506

English to reduce comprehension difficulty before507

reasoning. Similarly, Huang et al. (2023) encour-508

age translation before reasoning via prompting, but509

limited by the model’s intrinsic translation ability.510

In contrast, we explicitly train translation and rea-511

soning with reward design.512

Multilingual Alignment. To reduce the multilin-513

gual disparity, a variety of alignment methods have514

been proposed in recent years. Some approaches515

inject multilingual knowledge by training on code-516

switched data (Yoo et al., 2025; Wang et al., 2025),517
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Figure 7: The validation scores of Qwen trained by
TAPO-Adapt. The bold lines are smoothed by Exponen-
tial Moving Average.

while others employ contrastive learning to map 518

representations into a shared semantic space (Li 519

et al., 2024b; Bu et al., 2025; Li et al., 2024a). Ad- 520

ditional works activate language-related parameters 521

through latent disentanglement (Zhao et al., 2025; 522

Ye et al., 2025), or incorporate external models 523

to assist multilingual understanding (Yoon et al., 524

2024; Huang et al., 2024). These methods effec- 525

tively achieve multilingual representation align- 526

ment, while offering limited attention to the en- 527

hancement of reasoning behaviors. 528

RL has been widely validated as an effec- 529

tive approach for enhancing reasoning capabilities 530

in LLMs (Shao et al., 2024; Guo et al., 2025), 531

and its benefits extend to multilingual settings 532

as well (Huang et al., 2025a; Lee et al., 2025; 533

She et al., 2024). However, existing RL-based 534

approaches largely overlook the distinction be- 535

tween multilingual understanding and reasoning 536

processes. To address the limitation, we propose an 537

RL framework that jointly optimizes multilingual 538

understanding and reasoning, further unlocking the 539

potential of LLMs for multilingual reasoning. 540

7 Conclusion 541

In this paper, we propose a novel method TAPO 542

to enhance the reasoning capability. We leverage 543

the form of explicit alignment by decoupling the 544

understanding and reasoning process, and employ a 545

step-level relative advantage to optimize both capa- 546

bilities more effectively. Experiments demonstrate 547

the superiority of our method on both reasoning 548

and translation tasks with different models, gen- 549

eralizable to OOD tasks and untrained languages. 550

Further analyses provide deeper insights into mul- 551

tilingual post-training and alignment. 552
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Limitations553

The limitations of our work are discussed below:554

• We do not utilize the more advanced transla-555

tion metrics like LLM-as-a-judge by strong556

models due to the cost and efficiency. As the557

metric has great influence in our framework,558

better metrics may bring more improvement.559

• The reasoning trace and the answer are still in560

English, which may not be friendly to users561

not familiar with English.562

• We do not train bigger models which have al-563

ready had multilingual capabilities to a great564

extent. Also, we do not train the large rea-565

soning models which may exhibit different566

behaviour.567
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[System]
Please solve the following problem by providing a
detailed, step-by-step response.

Your output **must** be structured into the following
three sections:

### 1. Translation

* Translate the provided problem into English.
* If the problem is already in English, simply
reproduce the original problem statement.
* Enclose the final English text within
`<english_translation>` and `</english_translation>`
tags.

### 2. Thought

* Present your comprehensive, step-by-step reasoning
process for arriving at the solution.
* This reasoning must be transparent, logical, and
easy to follow. Break down your process to cover
problem analysis, strategy & Planning, step-by-step
execution, and verification.

### 3. Solution

* After reasoning, provide the final, clear, and
accurate answer.
* If the result is a closed-form answer (such as a
numerical value, formula, or multiple-choice
selection), please enclose it using the `\boxed{}`
format.

[User]
{question}

Table 6: The prompt of Translate-Test.

[System]
Please solve the following problem by providing a
detailed, step-by-step response.

Your output **must** be structured into the following
two sections:

### 1. Thought

* Present your comprehensive, step-by-step reasoning
process in English for arriving at the solution.
* This reasoning must be transparent, logical, and
easy to follow. Break down your process to cover
problem analysis, strategy & Planning, step-by-step
execution, and verification.

### 2. Solution

* After reasoning, provide the final, clear, and
accurate answer.
* If the result is a closed-form answer (such as a
numerical value, formula, or multiple-choice
selection), please enclose it using the `\boxed{}`
format.

[User]
{question}

Table 7: The prompt of En-CoT

Score the following translation from {source_lang} to
{target_lang} on a scale from 0 to 100, where a score
of 0 means a broken or poor translation; 33 indicates
a flawed translation with significant issues; 66
indicates a good translation with only minor issues in
grammar, fluency, or consistency; and 100 represents
a perfect translation in both meaning and grammar.

Answer with only a whole number representing the
score, and nothing else.

{source_lang} source text: {source_seg}
{target_lang} translation: {target_seg}
{target_lang} reference: {reference_seg}

Table 8: The prompt of LLM-as-a-judge for translation
evaluation.

You are a strict Cross-Lingual Logic Auditor. Your
task is to verify **Semantic Alignment** between a
math problem written in {tgt_lang} and a reasoning
trace written in English. Determine if the Reasoning
Trace is based on a **faithful understanding** of the
Problem. Do NOT evaluate if the math is correct.
Evaluate ONLY if the *translation of premises* is
accurate.

**Input:**
<Problem>
{problem}
</Problem>

<Reasoning>
{reasoning}
</Reasoning>

**Audit Checklist:**
1. **Numerical & Entity Fidelity:** Do all
quantities, variable definitions, and actor names in
the Reasoning map exactly to the {tgt_lang} text?
2. **Constraint Fidelity:** Are logical
relationships (e.g., "more than," "distributed
equally," "integers only") preserved?
3. **No Information Leakage:** Did the reasoning
invent premises not found in the source text?

**Scoring Rubric:**
* **5 (Perfect):** The reasoning is based on an exact,
flawless interpretation of the {tgt_lang} premises.
* **4 (High):** Interpretation is correct, but minor
nuance in phrasing is lost (without affecting logic).
* **3 (Mixed):** Key premises are correct, but a
secondary constraint is missed or slightly altered.
* **2 (Low):** A primary constraint or numerical
value is misinterpreted.
* **1 (Critical):** Fundamental misunderstanding of
the problem's goal or setup.
* **0 (Hallucination):** The reasoning is unrelated
to the problem.

**Output:**
Return **ONLY** the integer score (0-5). Do not
include formatting, explanation, or text.

Table 9: The prompt for evaluating the faithfulness.
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Models Bn De Es Fr Ja Ru Sw Te Th Zh Avg

Qwen 56.37 70.69 73.35 65.95 60.47 68.29 34.36 41.90 59.11 63.07 59.36
GRPO-Encot 57.54 71.09 73.39 65.63 60.09 68.72 41.86 45.21 59.76 61.13 60.44
GRPO-Transtest 55.39 69.29 71.61 64.05 57.80 66.88 41.32 45.42 58.01 60.20 59.00
TAPO-xCOMET 59.04 66.37 67.72 60.71 61.40 67.97 18.38 51.48 60.73 61.87 57.57
TAPO-ChrF++ 65.64 74.62 76.41 68.26 65.64 72.14 54.67 59.97 64.89 66.02 66.83
TAPO-Adapt 62.98 73.70 74.96 67.15 63.23 70.25 54.51 59.40 63.06 63.26 65.25

Llama 54.75 67.33 70.55 61.48 52.01 63.76 55.25 54.04 51.00 52.14 58.23
GRPO-Encot 50.27 56.85 60.70 51.86 45.26 51.65 48.66 49.86 45.18 41.66 50.19
GRPO-Transtest 56.08 68.25 70.35 62.30 54.76 63.20 55.95 56.12 54.13 54.81 59.59
TAPO-xCOMET 61.12 71.79 73.01 65.21 58.85 67.11 59.80 60.82 59.25 60.53 63.75
TAPO-ChrF++ 65.36 75.74 76.61 67.23 62.47 70.82 65.30 65.27 63.35 64.89 67.70
TAPO-Adapt 62.45 73.44 75.35 66.05 59.93 69.12 64.59 62.57 61.39 61.73 65.66

Table 10: The Chrf++ scores of each model on the task of translating the MGSM problems from non-English to
English. The score of each sample is averaged by eight random runs.
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