Preference-based Reinforcement Learning beyond
Pairwise Comparisons: Benefits of Multiple Options

Joongkyu Lee Seouh-won Yi Min-hwan Oh
Seoul National University Seoul National University Seoul National University
jklee0717@snu.ac.kr uniqueseouh@snu.ac.kr minoh@snu.ac.kr
Abstract

We study online preference-based reinforcement learning (PbRL) with the goal
of improving sample efficiency. While a growing body of theoretical work has
emerged—motivated by PbRL’s recent empirical success, particularly in align-
ing large language models (LLMs)—most existing studies focus only on pairwise
comparisons. A few recent works [92}49,[76] have explored using multiple compar-
isons and ranking feedback, but their performance guarantees fail to improve—and
can even deteriorate—as the feedback length increases, despite the richer informa-
tion available. To address this gap, we adopt the Plackett—Luce (PL) model for
ranking feedback over action subsets and propose M-AUPQ, an algorithm that selects
multiple actions by maximizing the average uncertainty within the offered subset.

We prove that M-AUPO achieves a suboptimality gap of o (%4 /23;1 \Siltl)’ where

T is the total number of rounds, d is the feature dimension, and |S;| is the size of
the subset at round ¢. This result shows that larger subsets directly lead to improved
performance and, notably, the bound avoids the exponential dependence on the
unknown parameter’s norm, which was a fundamental limitation in most previous

works. Moreover, we establish a near-matching lower bound of {2 (KL\/?) , where

K is the maximum subset size. To the best of our knowledge, this is the first
theoretical result in PbRL with ranking feedback that explicitly shows improved
sample efficiency as a function of the subset size.

1 Introduction

The framework of Preference-based Reinforcement Learning (PbRL) [12} 79,180, [70]] was introduced
to address the difficulty of designing effective reward functions, which often demands substantial
and complex engineering effort [78, [80]. PbRL has been successfully applied in diverse domains,
including robot training, stock prediction, recommender systems, and clinical trials [30}165}[18L137,152].
Notably, PbRL also serves as a foundational framework for Reinforcement Learning from Human
Feedback (RLHF) when feedback is provided in the form of preferences rather than explicit scalar
rewards. This preference-based approach has proven highly effective in aligning Large Language
Models (LLMs) with human values and preferences [[18} 57, 62].

Given its practical success, the field has also seen significant theoretical advances [16} 47,70, (92, |85|
90, 89, 182, [72, 151} 1311641 22| 19, 149, [74, 71} 76\ 184, (14, 138]]. However, despite this progress, most
existing models remain limited to handling only pairwise comparison feedback. A few works [92 49|
76] explore the more general setting of multiple comparisons, offering a strict extension beyond the
pairwise case. Zhu et al. [92] study the offline setting, where a dataset of questions (or contexts) along
with corresponding ranking feedback over K answers (or actions), labeled by human annotators,
is available. Mukherjee et al. [49] investigate the online learning-to-rank problem [61]], where a
dataset of questions with K candidate answers is provided, but no feedback is initially available.
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Table 1: Comparisons of settings and theoretical guarantees in related works on PbRL with ranking
feedback. Here, T" denotes the number of rounds (or the number of data points in the offline setting),
K is the (maximum) size of the offered action set (i.e., assortment), and d is the feature dimension.
p represents the unknown context distribution. Here, O hides logarithmic factors and polynomial
dependencies on B. “Pred. Error” refers to the prediction error.

Setting Context Assortment Measure Result
Zhu et al. [92) Offline Accessible X Given  Suboptimality O («51’2\@)
Mukherjee et al. [49] Online Accessible X Given Pred. Error O (P Kf‘%
Thekumparampil et al. [76] Online No context Select K Pred. Error O (P "3\/”%3
This work (Theorem Online Sampled z ~ p  Select < K Suboptimality 1) (% Zthl I Sld)
This work (Theorem Lower Bound Sampledz ~ p Select < K Suboptimality Q (ﬁ)

Thekumparampil et al. [76] consider a context-free setting (i.e., a singleton context), and the goal is
to learn the ranking of N > K answers based on ranking feedback obtained from subsets of size K.
However, all of their theoretical performance guarantees fail to show that using multiple comparisons
provides any advantage over the pairwise setting (see Table[I)). This is counterintuitive, as ranking
feedback is inherently more informative than pairwise feedback. Specifically, since a ranking over K
actions provides (12( ) pairwise comparisons, it should, in principle, enable faster learning and lead to
stronger performance guarantees. Thus, the following fundamental question remains open:

Can we design an algorithm that achieves a strictly better theoretical guarantee under
multiple-option feedback compared to the pairwise comparisons in the online PbRL setting?

In this paper, we assume that the ranking feedback follows the Plackett-Luce (PL) model 60} 45]],
where, in each round, the learner receives ranking feedback over a subset of up to K actions (with
K < N) selected from a universe of IV actions. This problem setup is closely related to that of
Thekumparampil et al. [76]; however, unlike their work, which focuses solely on a context-free
setting (or equivalently, a fixed singleton context), we study a more general setting where contexts
are diverse and drawn from an unknown distribution.

Under this problem setup, we provide an affirmative answer to the above question by introducing
a novel algorithm, Maximizing Average Uncertainty for Preference Optimization (M-AUPQ), which
explicitly exploits the richer information available from ranking feedback under the Plackett—Luce
(PL) model. M-AUPO selects action subsets by maximizing average uncertainty and achieves a
suboptimality gap that strictly improves upon what is attainable with pairwise comparisons. In
particular, we show that its suboptimality gap decreases with longer ranking feedback.

Furthermore, our suboptimality gap eliminates the exponential dependence on the parameter norm
bound, O(e?), in the leading term. This improvement stems from analytically dividing the total
rounds into warm-up and non—warm-up phases (see the proof sketch in Section[5.1). This repre-
sents a significant improvement over most prior works, where performance guarantees depend on
(’)(eB) [l66l [70% 192} 185), 190, (19, 84 76, [38]]. Very recently, a few works [14} 20] have successfully
avoided the O(e?) dependency by relying on auxiliary techniques or additional information—such as
specialized sampling schemes [14] or prior knowledge of s [20]—which, however, are often imprac-
tical. Moreover, their methods are limited to pairwise comparison settings. In contrast, our approach
eliminates the O(e?) dependency without using any auxiliary techniques and considers more general
ranking feedback beyond pairwise comparisons. Our main contributions are summarized as follows:

* Improved sample efficiency via larger subsets: We propose M-AUPOQ, a novel algorithm
for online PbRL (or RLHF) with PL ranking feedback, which achieves a suboptimality gap

of O (%4 /Zthl ‘Siltl) , where | S| is the size of the action subset offered at round ¢. This

result provides the first rigorous theoretical guarantee that larger subsets directly improve
sample efficiency. To the best of our knowledge, this is the first theoretical work in PbRL
that explicitly demonstrates performance improvements as a function of the subset size |.S;|.



+ Improvement on O(e”) dependency: Our result eliminates the exponential dependence
on the parameter norm bound, O(e®), in the leading term—without relying on any auxiliary
techniques—through a fully refined analysis. This shows that the O(e?) dependence widely
observed in PbRL (or RLHF) and dueling bandit analyses is not inherent but rather an artifact
of loose analysis. Moreover, our key technique for removing the O(e?) dependence—by
dividing the rounds into warm-up and non—warm-up phases only in the analysis—can be
seamlessly incorporated into existing PbRL or dueling bandit analyses, including regret-
minimization frameworks without altering the underlying algorithms (see Appendix [G.T).
To the best of our knowledge, this is the first PbRL work with ranking feedback beyond
pairwise comparisons that avoids the O(e?) dependence.

* Efficiency of rank-breaking (RB): We present both naive PL loss—based and rank-breaking
(RB) loss—based learning approaches, and show that the RB formulation achieves superior
computational efficiency and empirical performance compared to the PL counterpart.

* Lower bound: We establish a near-matching lower bound of Q(ﬁ) under the PL

model with ranking feedback, matching our upper bound up to a K factor. This shows that
leveraging richer ranking information (larger K') provably improves sample efficiency.

* Experiment: We empirically evaluate M-AUPO on both synthetic and real-world datasets,
showing its improved performance for larger K and its superiority over existing baselines.

2 Related Works

Fueled by the remarkable success of LLMs [18} 157, 162], the theoretical study of PbRL has rapidly
emerged as a central focus within the research community. Early work in this area traces back to the
dueling bandits literature |87} 94, |68, 8]].

Dueling bandits. The dueling bandit framework, introduced by Yue et al. [87], departs from the
classical multi-armed bandit setting by requiring the learner to select two arms and observe only
their pairwise preference. For general preferences, a single best arm that is globally dominant may
not exist. To address this, various alternative winners have been proposed, including the Condorcet
winner [93] [35]], Copeland winner [94, 81} 136], Borda winner [31} 25|28} 169\ |83]], and von Neumann
winner [63} 24} 7], each with its own corresponding performance metric.

To address scalability and contextual information, Saha [66] proposed a structured contextual dueling
bandit setting in which preferences are modeled using a Bradley—Terry—Luce (BTL) model [[11]
based on the unknown intrinsic rewards of each arm. In a similar setting, Bengs et al. [9]] studied a
contextual linear stochastic transitivity model, and Di et al. [21] proposed a layered algorithm that
achieves variance-aware regret bounds. However, most prior dueling bandit works suffer from an
O(eP) dependence. Only a few recent studies [20; [14] have succeeded in removing this O(e?) term,
either by introducing additional complex subroutines [[14] or by relying on prior knowledge of « [20].

Preference-based reinforcement learning (PbRL). Building upon this line of work, subsequent
research has extended the dueling bandit framework to the RL, considering both online [86} 152, |16
701 182] and offline settings [92, 90} 44]. More recently, under the active learning framework—where
the full set of contexts X is accessible—many studies aim to improve sample efficiency by selecting
prompts either based on the differences in estimated rewards for their responses [50] or through
D-optimal design methods [47, (71} 19} 149, (76l 138]. However, most of these works focus exclusively
on pairwise preference feedback and cannot be extended to more general ranking feedback cases.
Mukherjee et al. [49] study the online learning-to-rank problem when prompts are given along with
K candidate answers, while Thekumparampil et al. [76] investigate learning to rank N > K answers
from partial rankings over K answers, but under a context-free setting. In this paper, we consider
a stochastic contextual setting (more general than Thekumparampil et al. [[76]), where contexts are
sampled from an unknown but fixed distribution, and aim to minimize the suboptimality gap using
ranking feedback of up to length K. For further related work, see Appendix [A]

3 Problem Setting and Preliminaries

Notations. Given a set X', we use |X'| to denote its cardinality. For a positive integer n, we denote
[n] := {1,2,...,n}. For areal-valued matrix A, we let |A[2 := sup,.|,,-1 [Az|]2 which is the



maximum singular value of A. We write A > A" if A — A’ is positive semidefinite. For a univariate
function f, we denote f as its derivative.

We have a set of contexts (or prompts), denoted by X, and a set of possible actions (or answers),
denoted by A := {ay,...,a N}ﬂ We consider preference feedback in the form of partial rankings
over subsets of .4, and model this feedback using the Plackett-Luce (PL) distribution:
Definition 1 (PL model). Let S := {S < A | 2 < |S| < K} be the collection of all action subsets
whose sizes range from 2 to K. For any S € S, let o denote the labeler’s ranking feedback—that is,
a permutation of the elements in S. We write o; for the j-th most preferred action under o. We model
the distribution of such rankings using the Plackett-Luce (PL) model [60| |45)], defined as:
151 exp (ro«(z,0;))
P(o|x, S;0%) = H J ,  where (,5)e X x S. )
-1 S exp (rox (z, 0%))
Here, rg« represents a reward model parameterized by the unknown parameter 0*.

When K =2, this reduces to the pairwise comparison framework considered in the Bradley-Terry-
Luce (BTL) model [11]]. The probability that a is preferred to @’ given  can be expressed as:

exp (ro«(z, a)) _ —rgs(z,d
oD o @.0) T exp (o @@y " (re+(z,a) — o+ (z,d")),  (2)

is the sigmoid function. In this work, we assume a linear reward model:

P(a > d|z;0*) =
where p(w) = H%
Assumption 1. Let ¢ : X x A — R? be a known feature map satisfying max, , |¢(z,a)|2 < 1,
and let 0* € RY denote the true but unknown parameter. The reward is assumed to follow a linear
structure given by rg«(x,a) = ¢(x,a)T 0*. We further assume realizability, i.e., 0* € © := {0 €
R | |02 < B}. Without loss of generality, we assume B > 1.

At each round ¢ € [T], a context z; € X" is drawn from a fixed but unknown distribution p. Given
the context x;, the learning agent selects a subset of actions S; € S—referred to as an assortment
throughout the paper—and receives a ranking over S; as feedback, generated according to the PL
model. Let 7*(z) = argmax, rg(x, a) be the optimal policy under the true reward rg-. After T
rounds of interaction with the labeler, the goal is to output a policy 7 : X — A that minimizes the
suboptimality gap, defined as:

SubOpt(T') :=E,, [re« (x,7*(x)) — ro~ (z, Tr(x))] .
3.1 Loss Functions and Rank-Breaking

In this paper, we consider two different losses for estimating the parameter: one directly induced by
the PL model, and the other obtained by splitting the ranking feedback into pairwise comparisons.

Plackett-Luce (PL) loss. The PL loss function for round ¢ is defined as follows:

|St] ) AT
Z e ’ where Ef‘j)(e)?:—log (leetxp (¢(xt70tj) 0) > ) 3)

S exp (6(wr.0) 10))

Here, E,Ej ) (0) denotes the negative log-likelihood loss under the Multinomial Logit (MNL) model [46],
conditioned on the assortment being the remaining actions in S, after removing the previously selected
actions oy1, . .., 0y(j—1)—that is, over the set S;\{os1, ..., 04(;—1)}-

Rank-Breaking (RB) loss. In addition to this standard approach, one can replace the full |S;|-action

ranking with its (IS;\) pairwise comparisons. This technique, referred to as rank-breaking (RB),
decomposes (partial) ranking data into individual pairwise comparisons, treating each comparison as
independent [6} 34|32, 167]]. Thus, the RB loss is defined as:

[Se|=1 [S¢|

AT
Z Z 09 (),  where égj’k)(H):——log( exp ($(z1, 915)"6) ) 4)

j=1 k=j+1 Zme{ng}eXp (d(xe,00m)70)

This approach is applied in the current RLHF for LLM (e.g., Ouyang et al. [57]) and is also studied
in the theoretical RLHF paper [92] under the offline setting.

"For simplicity, we assume a stationary action space .4, though it may depend on the context z € X.



Procedure 1 0MD-PL, OMD for PL Loss Procedure 2 0MD-RB, OMD for RB Loss

Input: 0At(1), Sy, Hy Input: 0At(1’2), Sy, Hy

for j = 1to|S;| do for each (j, k) such that j < k < |S;| do
Update I:It(J), 0§j+1) via (9) Update ﬁt(J’k), Ot(J’kH) via

end for end for

[+1) |—1,|8:]+1)

return 0(|S’ return 0(|S’

3.2 Online Parameter Estimation

Motivated by recent advances in Multinomial Logit (MNL) bandits [91} 39, 41]], we adopt an online
mirror descent (OMD) algorithm to estimate the underlying parameter 8*, instead of relying on
maximum likelihood estimation (MLE). This enables a constant per-round computational cost, in
contrast to the MLE-based approach, whose cost grows linearly with the number of rounds ¢.

OMD update for PL loss. For the the PL loss (E]) we estimate the true parameter 8™ as follows:
. ] N 1 _
0" = argmin (V4 (07),0) + 510 = 6717, =115, ®)
EE) n

where we write ét(lst‘ﬂ) = 0151)1, and 7 is the step-size parameter to be specified later. The matrix

AP is givenby A := H, + D V20 (6"), where
t—1|5s] o
H, — Z Z V2D (0UTY) 4 ALy, A > 0. (6)

s=1j=1

The optimization problem () can be solved using a single projected gradient step [53]], which enjoys
a computational cost of only O (K d*)—independent of ¢ [48]], unlike MLE—and requires only O(d?)

storage, thanks to the incremental updates of H t(j ) and H, ¢
OMD update for RB loss. Similarly, for the RB loss (@), we estimate the underlying parameter as:

67 = argmin (Ve (07),0) + - ||9 0|

O I<j<k<I[S], O
6€O

where we set §(j |Sel+1) §§j+1’j+2) forall j < |S¢| — 1 and for the final pair, let ét(ls“_l’ls“H) =
0&12) The matrix H(]’ ) is defined as FNIt(J’k) = Hy 023 ky<(ik) v%f o+ )(GAt(] ) , where

—1]8a]-1 |8,
Z Z Z 09R)(@UHFTDY 1 AT, A > 0. ®)
s=1 j=1 k=j+

Remark 1 (Computational cost of OMD). The per-round computational cost of the PL parameter
update is O(K2d?), since the parameter is updated |S;| < K times per round. Similarly, the cost for

the RB parameter update is O(K>d®), as the parameter is updated (‘Sztl) times per round.

4 M-AUPO: Maximizing Average Uncertainty

In this section, we propose a new algorithm, M-AUPO, which selects an assortment that maximizes
the average uncertainty of Sy, thereby exploiting the potential benefits of a larger K. For clarity of
presentation, we first define the MNL probability [46] for a given assortment S at round ¢ as follows:

exp (¢($t, a)Te)
Dwes exp (d(ar,a’)T6)’

>We write (j', k') < (4, k) to indicate lexicographic order, i.e., j < jor j' = j and k' < k.

P,(alS;0) := Va e S. )




Algorithm 3 M-AUPO: Maximizing Average Uncertainty for Preference Optimization

1: Inputs: maximum assortment size K, regularization parameter A, step size 7

2: Initialize: H; = A , 0, € ©

3: forroundt = 1to 7T do

4 Observe x; ~ p and select S; via (1))

5: Observe ranking feedback o, for Sy

6 §t+1 «— OMD—PL(BAt, Sy, Hy) (Proc = or OMD—RB(§t7 S, Hy) (Proc. if RB loss
7 Update Hy 1 «— H, + lefl VQE (0 jH)) via (6) = or via (8) if RB loss
8: end for R

9: Return: 77 (z) < argmax . 4 #(z,a) O 1

Given an assortment S and ranking feedback o, let S ) = {0j,..., 05} denote the remaining
actions in S after removing the first j — 1 actions. Let P(0|S;0) = P(z¢, 0|S; 0), for simplicity.
Then, the PL model in Equation (T]) can be expressed as follows:
5]
Pi(0|S;0) = Pi(01]5;0) - Pi(02|S\{01};0) - ... - Pi(o15[{o)s/};6) = HPt S(J) 0),

Greedy assortment selection for PL loss. Given H,; and ét, we define the function f;(.5) as follows:
S|

2
f(S) == |S\Z a~19>t (-15:6:) [H¢xt, - aNpt(,S{gj);gt)[qb(xt,a’)]’Ht1], (10)

Py (- |S(7>

Intuitively, finding S that exactly maximizes f;(S) amounts to maximizing the average (mean-
centered) uncertainty—that is, the Mahalanobis dispersion of the feature vectors evaluated under
H;'. However, computing the exact maximizer of Equation (TO) is generally NP-hard. In our setting,
it is sufficient to add actions sequentially in a greedy manner. This is because our analysis centers on
the suboptimality gap between two actions—one optimal and one chosen by the policy. As a result,
the suboptimality gap is (approximately) upper bounded by a term involving f;(S) for pairwise action
sets (i.e., |S| = 2). Therefore, greedily adding actions that increase f;(.5) is sufficient.

We initialize S with a pair of actions (|.S| = 2) that maximizes the average information gain, as
defined in Equation (I0). Then, iteratively add one action at a time by

a* € argmax A.(a | S), where A(a | S) := fi(S v {a}) — fi(5), (11)

acA\S

and accept a* if Ay(a | S) = 0, until |S| = K or no non-negative gain remains. This selection rule
is central to our algorithm, as it facilitates a rapid decrease in the reward estimation error by favoring
assortments that provide more informative feedback, especially when the assortment size | S| is large.
Notably, the greedy variant of the selection rule can be implemented efficiently with a computational
costof O(N%d® + LNK 2dQ)F_;] where L denotes the (approximate) expectation cost over the ranking

o. This implementation avoids enumerating all ( ) possible subsets.

Greedy assortment selection for RB loss. Analogous to Equation (I0), we define the following
function to select an assortment that maximizes the average uncertainty:

1 N 2
ft(S) = |S| Z EaNPt( |{a,a’}; Gt |:H¢ T, Q ) E&th( {a,a’}; et)[(b(ifha)]‘Hl]
a,a’eS t
1 ~
~ 2|9 Z 1 ((¢($t,a) — (a1, a/))T6t> |p(as,a) — (b(xha’)H;;l : (12)
a,a’eS

We then perform greedy assortment selection according to Equation (TT)). Note that, unlike in the PL
loss case, assortment selection under the RB loss does not require taking expectations over rankings,
as all pairs within .S are directly compared. Therefore, the RB-based assortment selection is both
exact and computationally efficient, without any additional expectation-approximation cost L, and
incurs a total computational cost of O (N2d® + NK 3d2)ﬂ

3O(N?d?) to choose the first pair, followed by at most /& — 2 additions, each of which requires O (LN K d?).
*O(N?d?) to choose the first pair, followed by up to K — 2 additional steps, each costing O(N K2d?).



Once the assortment S, is selected, the algorithm receives the ranking feedback o, from the labeler
(Line [5) and updates the parameter using Procedure [I] for the PL loss or Procedure [2| for the RB
loss (Line[6). After 7' rounds, the algorithm returns the final policy 77, which selects actions by

maximizing the estimated reward under the final parameter estimate 67,1 (Line .

5 Main Results

5.1 Suboptimality Gap of M-AUPQ

We begin by presenting the online confidence bound for the PL loss, derived by extending the results
of Lee and Oh [41]], who analyzed the MNL model [46]. Since the PL model constructs ranking
probabilities as a product of MNL probabilities, their confidence bound can be directly applied to our

setting by replacing the round ¢ with the cumulative number of updates Zi=1 |Ss|.

Corollary 1 (Online confidence bound for PL loss). Let § € (0,1]. We set n = (1 + 3v/2B)/2 and
A\ = max{12v/2Bn, 144nd, 2}. Then, under Assumption with probability at least 1 — §, we have

16 — 8" 00 < 5i(6) = O (By/dlog(tK/0) + BVA), Ve =>1,j <[Si,

where HY := H, + Y, w2999+ + AL,

This confidence bound is free of any polynomial dependency on K, which is primarily made possible
by the improved self-concordant-like properties proposed by Lee and Oh [41]]. Moreover, for the RB
loss, we can derive a confidence bound of the same order (see Corollary@l). Based on this confidence
bound, we derive the suboptimality gap for M-AUPO, with the proof deferred to Appendix [C]

Theorem 1 (Suboptimality gap for PL loss). Let & € (0,1]. Ser A = Q(dlog(KT/d) + n(B + d))
andn = %(1 + 3v/2B). Define k := e~B. If Assumption holds, then for any T > ™/, with
probability at least 1 — 6, M-AUPQ (Algorithm[3)) achieves the following suboptimality gap:

SubOpt(T) = O

Discussion of Theorem[T} For sufficiently large 7', the second (non-leading) term becomes negligible,
and Theorem [1| shows that the suboptimality gap of M-AUPO decreases as the assortment size |.S;|
increases. This establishes a strict advantage of receiving ranking feedback over larger assortments.
Moreover, our result does not involve any O(e?) dependency in the leading term, a harmful depen-
dency that commonly appears in prior works [66} (70,92, 85,190, |19, [76} 38]. Although very recent
studies [20 [14] also achieve O(e?)-free performance in the leading term, they rely on auxiliary
techniques and are restricted to pairwise preference feedback. To the best of our knowledge, this
is the first theoretical study that simultaneously establishes (i) the performance benefits of utilizing
richer ranking feedback over larger assortments, and (ii) the elimination of the O(e?) dependence in
the leading term of the PbRL framework when accommodating multiple (i.e., more than two) options.

Proof sketch of Theorem I} We provide a proof sketch for Theorem|[I] For simplicity, we define
Viae = O(x4,a) — ¢(xy,a’). We begin by defining the set of warm-up rounds, denoted by T,
which consists of rounds with large (non-centered) uncertainty:

TY = {t e[T]: Jnax, l¥t.a0 g2 =1/ (3\/§KBT+1(5))}.

1) Regret decomposition and assortment selection. The proof begins by decomposing the subopti-
mality gap into two components: the realized regrets and a martingale difference sequence (MDS).
Since the MDS term can be readily bounded using the Azuma—Hoeffding inequality, the analysis
focuses on bounding the realized regrets.



T T
, 1
SubOpt(T) = 2 Gimr ey n(an)) | O+ 7 > MDS,
=t realized regret of 7 at round ¢ \—t:—i,——/
=0(1/VT)
1 ~ ~ (1 d’K*
< = (@) R (@ 1 || — 6 Ol —=+ ——
T tgTw Hwt} ( t)’ T( t)HHt ! L T—_'+1HHT * <\/T M KT >

<B:(8)=0(Vd)

In the inequality, we first use the fact that — (¢t w,(xt)mT(m))TéTH > 0, which follows from
definition of 7. We then apply Holder’s inequality together with the inequality Hp 1 > H;.
Moreover, we invoke Lemma [C.4] which states that the rret incurred during the warm-up rounds

T is a non-leading term. Finally, by applying Corollary|l} we bound |6* — §T+1 | e, by O(Vd).
2) Avoiding O(e?) for non-warm-up rounds. For ¢ ¢ 7%, we have

Bid)
3V2KBri(6)

which implies that 1/71( (¥« (z1).2r.(2n))  0*) < (1+ €)2. Thus, we obtain

(1+e)? . T o
= Z [t @) 70 @) [ < T Z (Ve mr (@) 70 () O )Hwt,w*(mt),%r(wt)HH;1
T 7 T

T * * N
(Vtme @) zr@) 0" < Wome @) pr@ol g-110" = Or11]Hy <

e(l1+e)? . TA
< % 2 (W@ ) Ot [$rm o) e ool

t¢7’ul

where the last 1nequa11ty follows from Lemma together with the fact that for any a, a’ € A and

tE T 1) 00 (0" = 00)| < [Yrawl g 10" = Ouir iy < Bi(6)/Brs1(6) = 1. Then, by the
Cauchy—Schwarz inequality, and ignoring constants, we have

1 1 . ~
f\/ Z [EA Z ‘St|'/1'((wt,ﬂ*(xt),ﬁT(zt))Tet-kl)H'(/)t,rr*(xt),?rq«(zt)uil—l
tgTw 1P\ g '

1 1| &1
ST IS fl{m* (), R ()}) < T > 151 1S fi(Sh)
tgTw t=1 1P\ g 7w
(.S; selection)
T 1 [St] 2
S t_Zl 15 Z Z Ep,s,:6* [(b Ty, Ept(.|st<ﬂ'>;§t)[¢($t7a/)])Mt1]7 (Lemmal|C.2)

T j=1 P,(-|S{");0, )

where My = > 17 Zj:“l Ey p,(s.,0%) [v%g{?, (ég)] + AL, is the expected version of H;.
Finally, applying the elliptical potential lemma (Lemma|C.3), we concludes the proof.

Remark 2 (Generality of our technique for avoiding O(e?)). Our approach of dividing the total
rounds into warm-up and non-warm-up phases to improve the O(e?) dependency is broadly appli-

cable. In particular, this technique can be readily incorporated into most existing PbRL and dueling
bandit algorithms without modifying their original algorithms. See Appendix for more details.

Furthermore, under the rank-breaking (RB) parameter update (7) and assortment selection rule (I2)),
we establish a comparable suboptimality gap for the RB loss. The proof is provided in Appendix D}
Theorem 2 (Online confidence bound for RB loss). Under the same setting as Theorem |l if the
parameter is updated and the assortment is selected according to the RB loss setting, then for any
T = K14 with probability at least 1 — §, M-AUPQ (Algorithm satisfies

=02 4
SubOpt(T) = O o5




Discussion of Theorem 2] For sufficiently large 7', the suboptimality gap in Theorem [2] matches
the leading-order term of Theorem [I] while its second (non-leading) term is tighter by a factor of
O(K*?). In addition, the assortment selection cost for RB (T2) is lower, since it avoids the expensive
expectation over rankings required in the PL loss case (Equation (I0)). This leads to a useful
insight: under ranking feedback, breaking the ranking and updating pairs independently can be more
computationally efficient—and even more stable—than learning directly from the PL loss. Moreover,
this provides a theoretical explanation for the empirical success of RLHF in LLMs (e.g., Ouyang et al.
[57]), where ranking feedback is decomposed into pairwise comparisons for parameter estimation.

5.2 Lower Bound

Theorem 3 (Lower bound). Suppose T > d?/(8K?). Define the feature space as ® := S, the

unit sphere in RY, and let the parameter space be © = {—u, u}?, where i = /d/(8K2T). Then,
for any final policy T € N\ returned after collecting T samples (using any sampling policy), the
expected suboptimality gap is lower bounded as:

SubOpt(T) = 2 <Kilﬁ) .

Discussion of Theorem [3| The proof is deferred to Appendix [F] Theorem [3| provides theoretical
support for our upper bounds, especially in their dependence on K; in particular, it matches the upper
bound in Theorem 2] when |S;| = K. To the best of our knowledge, this is the first lower bound on
the suboptimality gap that incorporates PL ranking feedback in PbRL and formally shows that the
suboptimality gap can diminish as K grows, highlighting the advantage of utilizing ranking feedback
over simple pairwise comparisons.

6 Numerical Experiments

We conduct two sets of experiments to empirically validate our theoretical findings: (i) one using
synthetic data (Subsection [6.1)), and (ii) another using two real-world datasets (Subsection[6.2)). We
compare our proposed algorithm, M-AUPO, against three baselines: (i) DopeWolfe [76], which selects
K actions in a non-contextual setting; (ii) Uniform, which uniformly samples assortments of size
K atrandom; and (iii) Best&Ref constructs an action pair (|.S;| = 2) by combining the action that
maximizes the current reward estimate with another sampled from a reference policy (e.g., uniform
random or SFT), following the setup in Online GSHF [85]] and XPO [84]. In our experiments, the
reference policy for Best&Ref is set to the uniform random policy.

6.1 Synthetic Data

In the synthetic data experiment, for each instance, we sample the underlying parameter 8* ~
N(0,1,;) and normalize it to ensure that |6* |2 < 1. Atevery round ¢, a context z € X is drawn
uniformly at random, and its feature vector ¢(z, -) lies within the unit ball. We set d = 5, |A| =
N =100, and |X| = 100. We measure the suboptimality gap every 25 rounds and report the mean
over 20 independent runs, together with one standard error.

The first two plots in Figure [T] show the suboptimality gap of M-AUPO under both the PL loss (3) and
RB loss (4) as the maximum assortment size K varies. The results clearly show that performance
improves as K increases, supporting our theoretical findings. In the third plot of Figure [T} we
compare the performance of M-AUPO with three baseline methods at the final round for K = 5,
showing that our algorithm significantly outperforms all baselines. While DopeWolfe also considers
the selection of K actions from [V actions, it treats each context = independently and is specifically
designed for the context-free setting (i.e., a singleton context). As a result, DopeWolfe cannot
leverage information sharing across varying contexts and performs poorly in our setting. Furthermore,
M-AUPO outperforms naive assortment selection strategies such as Uniform and Best&Ref, as it
explicitly chooses assortments that maximize the average uncertainty, thereby achieving more efficient
exploration. Finally, the results also show that the RB version of M-AUPO empirically outperforms the
PL-based approach, since RB does not incur approximation errors when computing expectations. See
Appendix for additional experimental results.
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Figure 1: Synthetic data experiment: suboptimality gap of M-AUPO under varying K, evaluated with
PL loss (left) and RB loss (middle), along with comparison against other baselines (right).
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Figure 2: Real-world dataset experiment: suboptimality gap of M-AUPQ under varying K on the
TREC-DL dataset (left) and the NECTAR dataset (middle), along with comparison against other
baselines (right). The results are rescaled to align the performances between the two datasets.

6.2 Real-World Dataset

We also conduct experiments using real-world datasets from TREC Deep Learning (TREC—DLE]
and NECTARE} The TREC-DL dataset provides 100 candidate answers for each question, while the
NECTAR dataset offers 7 candidate answers per question. We sample |X'| = 5000 prompts from
each dataset, with the corresponding set of actions (100 or 7 actions, respectively).

We use the gemma—2lﬂ [75]] LLM to construct the feature ¢(x, a). Specifically, ¢(x, a) is obtained by
extracting the embedding of the concatenated prompt and response from the last hidden layer of the
LLM, with size d = 2048. Additionally, we use the Mistral-7B [33]] reward modeﬂ as the true reward
model rg« to generate ranking feedback and compute the suboptimality gap accordingly. We measure
the suboptimality gap every 2,500 rounds and report the average over 10 independent runs, along
with the standard error. In these experiments, we report results only for the RB version of M-AUPQ, as
it is computationally more efficient and empirically performs better, as shown in Figure [I]

The first two plots in Figure 2] show that the performance improves as K increases on two real-world
datasets In the third plot of Figure 2} we compare the performance of M-AUPO with other baselines
with K = 3 at the final round, showing that M-AUPO outperforms baselines by a large margin. See
Appendix for additional experimental details and results.

7 Conclusion

To the best of our knowledge, this work provides the first theoretical result in online PbRL showing
that the suboptimality gap decreases as more options are revealed to the labeler for ranking feedback.
Our analysis also removes the O(e”) dependency in the leading term without modifying the algorithm,
implying that existing PbRL and dueling bandit methods can similarly avoid this dependence through
our refined analysis. Together, these results advance the theoretical understanding of PbRL, revealing
both the value of richer feedback and the opportunity for more refined and efficient analysis.

>https://microsoft.github.io/msmarco/TREC-Deep-Learning
Shttps://huggingface.co/datasets/berkeley-nest/Nectar
"https://huggingface.co/google/gemma-2b-it
8https://huggingface.co/Ray2333/reward-model-Mistral-7B-instruct-Unified-Feedback
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A Further Related Work

In this section, we provide additional related work that complements Section 2}

Logistic and MNL bandits. Our work is also closely related to logistic bandits and multinomial logit
(MNL) bandits. The logistic bandit problem [23] 26} [2, 27, [42] 43] is a special case of the MNL bandit
model in which the agent offers only a single item (i.e., K = 1) at each round and receives binary
feedback indicating whether the item was selected (1) or not (0). Faury et al. [26] examined how the
regret in logistic bandits depends on the non-linearity parameter « of the logistic link function and
proposed the first algorithm whose regret bound eliminates explicit dependence on 1/x = O(e?).
Abeille et al. [2] further improved the theoretical dependency on 1/ and established a matching,
problem-dependent lower bound. Building on this, Faury et al. developed a computationally
efficient algorithm whose regret still matches the lower bound established by Abeille et al. [2].

Multinomial logit (MNL) bandits tackle a more sophisticated problem than logistic bandits. In-
stead of offering a single item and observing binary feedback, the learner chooses a subset of
items—underscoring the combinatorial nature of the task—and receives non-uniform rewards driven
by an MNL choice model [3} 4. [56} [13] 53 [3, 39, 41]]. A recent breakthrough by Lee and
Oh [39] closed a long-standing gap by providing a computationally efficient algorithm that attains
the minimax-optimal regret for this setting. Building on this result, Lee and Oh further re-
duced the regret bound by a factor polynomial in B and logarithmic in K, and established the first
variance-dependent regret bounds for MNL bandits.

24



Our work extends the online confidence bound analysis of Lee and Oh [41]] to the Plackett-Luce (PL)
model. This extension is natural because the PL probability distribution decomposes into a sequence
of MNL probabilities over successive choices. Crucially, we leverage their key insight—that the
MNL loss exhibits an £,,-self-concordant property—to eliminate the harmful O(e?) dependence.
This is one of the main contributions of our work (see Lemma[C.2).

RL with MNL models. Recent work has extended the Multinomial Logit (MNL) framework beyond
bandit formulations to reinforcement learning. Lee and Oh [40] introduced combinatorial RL with
preference feedback, a framework in which an agent learns to select subsets of items so as to maximize
long-term cumulative rewards.

Another line of research incorporates MNL models directly into the transition dynamics. Hwang and
Oh [29] proposed MNL-MDPs, a class of Markov decision processes whose transition probabilities
follow an MNL parameterization. Building upon this formulation, Cho et al. [17]] improved the regret
bounds by improving the exponential dependence on B, and Park et al. [58] extended the analysis to
the infinite-horizon setting.

B Notation

Let T denote the total number of rounds, with ¢ € [T'] representing the current round. We use N for
the total number of items, K for the maximum assortment size, d for the feature vector dimension,
and B as an upper bound on the norm of the unknown parameter. For notational convenience, we
provide Table B.T}

For clarity, we derive the first- and second-order derivatives (i.e., gradients and Hessians) of the loss

functions. For the PL loss at round ¢ for the j’th ranking, let y(]) =1ifi = j, and yfg) = 0 for

otherwise. Then, we have

To [Stl T
égj)(G) C ( exp (¢(z4,045)" 0 ) o < exp (¢(x4,00:) " 6) )
Sl exp (6(ze, 008) T0) "L os Sl exp (é(z1, 018) T0)

i=j
=:Pt,j8)(a“')
[St]
= —Zy logP (04),
() o) ()
Ve (8) = Z (Pt o (01) — Yei ) P(xt, 04i),
i=j
G [Stl G [Se| |St] ) G
VZét])(o) = Z Pt,je) (04:) (e, 043) P(Te, 00) | — Z Z Pt%) (Uti)Pt,]a)(gtk)(b(xhUti)¢’(xt70tk)T
imj imj k=j
IR " .
= 9 Z Z Pt,]e (Uti)Pt,Je (Utk)(ff)(xt,ffti) — (4, Utk)) (¢(xt70ti) — ¢(x, Utk))
imj k=j

For the RB loss at round ¢ for the pairwise comparison between o;; and oy, let y(J ")

and yt(J k) = 0 for otherwise (i.e., when ¢ = k). Then, we have

G exp (¢(z4,045)"6)
o) = s (exp (¢(x1,015) T0) + exp (P(1, 01k) T 0)
1

= —10gﬂ<(¢($t70tj) - ¢($ta‘7t’f))T0) » where pu(w) = 1+4e v’
Vﬁgj’k)(B) = (,u((ﬁb(wugtj) - ¢($t70tk))T0) - ) (@(@s,005) = blwe, our)),
V2N 0) = (6w, 005) = 91, 00)) ' 0) (61, 05) = Blww, o)) (6w, 015) = S, o)

=1ifi = j,
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Table B.1: Symbols

X, AS context (prompt) space, action (answer) space, assortment space
¢(x,a) e R?  feature representation of context-action pair (, a)
Ztjk = ¢(24,045) — (24, o4, feature difference between o; and oy, under context x4
St assortment chosen by an algorithm at round ¢
) . ‘ exp(¢(z, ot )TB) . .

477(0) = —log ST cxp (o m;tk)w)) , PL loss at round ¢ for j’th ranking

ik xp( p(zt,0 To .
éEJ k) (9) = —log Zm:] E}(Sip(t¢(;t),am)7)79) > , RB loss at round ¢ for comparison o vs o

. T
w209 (g il S5l op((¢(weom) té@ow)0) T
SV Sy 2(x exp<¢(zt,otk/m>)z SRR Ztk

V2é§.i,k)(0) = (th},ﬁ) thkZzT,-k, where pu(w) = 1+ — 1s sigmoid function
§§J 1) online parameter estimate using PL loss at round ¢, after j’th update
ét(f h+1) online parameter estimate using RB loss at round ¢, after (j, k)’th comparison update
n = %(1 + 3v/2B), step-size parameter
A := Q(dlog(KT/5) + n(B + d)), regularization parameter
H, = N0 35 VR (07 Y) 4 ALy (or T SIS VRO (67Y) 4 ALy
aY = H; + 7725,:1 v2097(97) (for PL loss)
hZii = He + 020 ky<(iok) V207K (99 K)) (for RB loss)
B4(0) =0 (B«/dlog(tK/zS) + Bﬁ), confidence radius for 8, at round ¢
TV = {t € [T] : maxq,arca |¢(zs, a) — Py, /)HH 1= 3[}(;“1(5) }’ warm-up rounds
M, = Yeetp 7o D5 Bonr, 15,0 [ V29 @, )} + L

C Proof of Theorem [1]

In this section, we present the proof of Theorem|[I}

C.1 Main Proof of Theorem[T]

PL loss and OMD. We begin by recalling the loss function and the parameter update rule. Specifically,
we use the PL loss defined in Equation (B) and update the parameter according to Equation (3)).

|S¢] |St]
2 _ (Z;Tp (Qb(l‘t,dtj) ) 2 f(])

j=1 k jeXP( (xtaatk) 0)

=:£(7(0)
and

9(J+ —argrgm(Vﬁ(J)( )0>+ HO B(J)HH(J), J=1,...,15,
€

where 9 (Sel+1) 9( ) ,and 7 : (1 + 34/2B) is the step-size parameter. The matrix H ) i given

%
6y

by AY) = H, + T]Zj, N V2€(J) ) where
t—1|Ss] o
Hyi= Y Y VD07 ) + Mg, A >0.
s=1j5=1

Online confidence bound for PL loss. Now, we present the confidence bound for online parameter
estimation in MNL models, as recently proposed by Lee and Oh [41].

Lemma C.1 (Online confidence bound, Theorem 4.2 of Lee and Oh 41)). Let § € (0,1]. We set
n = (14 3v2B)/2 and A = max{12+/2Bn, 144nd, 2}. Then, under Assumption with probability
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at least 1 — 0, we have

16, — 6* |, < Bi(5) = O (B«/d log(1/8) + Bﬁ) T

We now extend this result to our setting. Since the total number of updates up to round ¢ is Zi=1 |Ss,
the corresponding confidence bound can be expressed as follows:

Corollary C.1 (Restatement of Corollary 1] Online confidence bound for PL loss). Let § € (0,1].

We set 1 = (1 + 3v/2B)/2 and \ = max{12v/2Bn, 144nd, 2}. Then, under Assumpnonl with
probability at least 1 — §, we have

16 = 67,0 < Bi(6) = O (B/dlog(tK/3) + BVX), Ve =1,j < S,
where HY = H, + Zj/ ! v24Y (0 U H)) + A and 6V = 6,

Useful definitions. For clarity, we write ¢; ,(6) to make explicit that the loss function is random with
respect to the ranking o. When the ranking is realized as o, we simply denote it by £;(0). We define
the set of warm-up rounds, denoted by T*, which consists of rounds with large uncertainty, as:

1
TY = {t € [T]: max ||¢(zs,a) — d(xg,a)] -1 = }, (C.1)
a,a’e A H, 3\/§KﬁT+1 ()
where S741(9) denotes the confidence radius as defined in Corollary

Furthermore, we define the expected version of the Hessian matrix (taken with respect to the
randomness of the ranking feedback) as follows:
S|

My= > D Eour(is..00) [V 09 (@, )] L (C2)
se[t—1\Tw j=1

Note that v%&{),(es) is a random matrix conditional on the assortment S, where the randomness
arises from the ranking feedback o.

Key lemmas. We now present key lemmas needed to prove Theoreml 1] The following lemma, one
of our main contributions, is crucial for avoiding the 1/x = O(e?) dependency in the leading term.

Lemma C.2 (Empirical-to-expected Hessian lower bound). Let M; be defined as in Equation (C.2)).
Set A = Q(dlog(KT/0)). Then, for all t € [T, with probability at least 1 — §, we have

1
H, > —M,.
t 362 t
The proof is deferred to Appendix [C.2.T}

The following lemma is the elliptical potential lemma adapted to our setting.
Lemma C.3 (Elliptical potential for expected mean-centered uncertainty). Let M, be defined as in

Equation (C.2). Let Py(a | St(j ); 0) denote the MNL probability for the subset of remaining actions in
Sy after removing the first j — 1 actions according to the ranking o. Then, for any \ > 0, we have

[S¢]

Z min ZEU%’% (15::60%) [H(b e Ea~Pt('|S£j);ét)[¢(zt’al)]jv[tl:|

T i=1 a~P:(-|5;6;

KT
< 2d1 14+ —
og (1457

The proof is deferred to Appendix [C.2.2]

The size of the set 7™ is bounded as described in the following lemma.

Lemma C4. Let T% = {t € [T] : maxq,aea | ¢(zs,a) — (a4, )| = m} Define
k= e 9B, Set X\ = 1. Then, the size of the set T" is bounded as follows:

288 K4 2KT
58 Bry1(8)*dlog (1 + dA) :

|Tw| <
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The proof is deferred to Appendix [C.2.3]
We are now ready to provide the proof of Theorem [I]

Proof of Theorem[I] To begin, we define a martingale difference sequence (MDS) (; as follows
* ~ T * * ~ T *
Gt :=Epnp [(‘i’ (z,7*(x)) — ¢(CU,7TT(x))) 0 ] - (¢ (g, 7" (24)) — ¢($t77TT(~Tt))) 0%,

which satisfies |(;| < 2B. Then, by the definition of the suboptimality gap, we have

B

(6 (.7 @) = 0 (@, 70 (2))) 07

SubOpt(T) =E, .
T 1 &
) 0" + 7 t;g (Def. of ¢;)

— ¢ (e, Tr(24))

(¢ (e, 7 (24))
(6 ot w* (@) — 6 (oo, () (0 = Orsa) + 2 2o

(7r(wy) = argmax e 4 ¢(x¢,a) Or41)

(C.3)

I
Nl
L=

...
I
—_

N
Nl
L=

...
I
—

(6 o1 (00) — 0 o Frten)) (67 = Bra) +.0( 72,

Nl
ol

. o~
Il
—

<
=1,

where the last inequality follows from the Azuma—Hoeffding inequality. Specifically, for any T'
with probability at least 1 — §, we have

% diGa< %«/8BQTlog(1/6) =0 <\/1T> .

To complete the proof, it remains to bound the first term in Equation (C.3)

0 (e r(e)" (0~ Or)

T Z xt7

=S (6 e @) — 6 (e Fr(e)) (0~ Br)

e
#7350 o) - o lanrre) (00 Br)
%IT““l +% D1 (¢ (@, (20) — ¢ (x, 7 (z0)) ) (9* - ém) (Assumption [T)
tgTw
<0 (ifﬁﬂl(é)?dlog (1 + ;;)) (Lemmal[C.4)
b 2 (6l @)~ 0w tr) " (00 - ren) 4

t¢Tw
To further bound the last term of Equation (C.4), we get

T Z (ze, 7" (@1)) = & (21, Tr(220)) )T (0* - §T+1)
(Holder’s ineq.)

t¢Tw
1 * ~ * N
ST Z | (z¢, 7" (2)) —¢(ﬂ7t,7TT($t))HH;}rl ‘9 _0T+1‘
T+1
teTw
<7 2 l6 (@ @) = ¢ (@ fr(e)l | (Hr1 > H)
T t¢T'“’ t Hria
< 1O S g (e (@) — 6 e P () g
t$‘7"ul
(Corollary [C.1} with prob. 1 — 6)
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1

Tfe w- Then, we have

Define the sigmoid function p(w) =

2 I (@em* (@) = & (e, A ()|

tgTw

o (6 @7 (20) = ¢ (w0, Fr(22)) ) 0%
- [6 (00,7 (@) = 6 (a1 R (@) |
t;w % ((¢ (zt, 7 (1)) — ¢ (w4, T (24)) )Ta*) ' "

— (1402 Y i (6 e @) = 6 (oo Fr(@)) ) 67) 16, (w0) = 6 a0, Rl g

T

where the last equality holds due to the fact that

1
/:L (((rZS (I'ta W*(xt)) - ¢ (fﬂt, %T(wt)) )Te*)
(1 + e(¢(zt,7r*(mt))—¢(zt,%T(wt)))Te*)2

(¢><zm(mf>>—¢<ztﬁT<zt)))To*

(1 +e (th (@) — (ﬂﬂtﬂ?T(wt)))Te*)Q ((¢ (20, 7 (22)) — & (20, 7 (22)) )Te* > 0)

~ 2 ~
1+ 6 Oz, (1)) — b (24, ﬂT(zt))) (9*9T+1)> (%T(If) — argmax,. 4 ¢(1't,a)T0T+1)

<
(i
<

Br41(5) 2
14 estﬁT+1(5)> (t ¢ T and Corollary [C.1)

_|_

e

[9(zem* (@)= (ae Ao (@), 19*6T+1HT+1>2 (Holder’s ineq. and Hr1 > Hy)

= (1452 < (1+e)>

Recall that Sy @, {aj, N S|} denotes the subset of remaining actions in S after removing the
firstj — 1 actlons given S and 0. We denote the Multinomial Logit (MNL) model at round ¢ by
Pi(a | S;0) (see Equation (9)). Then, by our assortment selection rule in Equation (TT)), we obtain

f ((¢ (we, 7 (1)) — & (4, Tr () )TO*) [¢ (e, 7" (24)) = & (w2, T (24)) |
< (6 o () = 0 s Fr(20))) 8,) 000 =0t n ) (0r=07)
N (@, 7 (1)) — & (e, T (@) | 1 (Lemma [E.2)

<e-f ((¢> (ze, 7 (1)) — ¢ (w4, T (241)) )Tét) |6 (e, 7" (1)) = @ (@4, T (24)) |
(Eqn.[C3)

9]

=5 ]EGNPt('|S:§é\t) |:‘¢($t’a) - EGINPt('|S:59 ) xt7 H

(=) = (=) (L — (=) and let S = {* (). R (0)})

[\]

5¢]
= |SZ‘|EUNP"("S:;&) Z]lEa~Pt('\S:"(])§9t) “d)(l't,a) Ea’««Pt(-\S:'(]);Ht)[¢(xt’a’ )] ’Hf_l:| )
J= t

(571 =2
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where the second inequality holds since, for any ¢ ¢ 7 and a, a’ € A, the following property holds:

|(@er, ) — o)) (6~ 6|

< Hfﬁ(ﬂft, a) — ¢(xt, a/)HH;l Hét - G*HHt (Holder’s inequality)
1 ~

<—— 6, - 06" t 2T

3V2K Bri1(6) Ie: HHt ( )
B:(9)

X m (Corollarylc;f[)
1

<% (C5)

Combining the above results, we get

Z | (z¢, 7" (24)) — & (ItﬁT(l’t))”H;l

tgTw

1+e Z

t¢7”m

1571

FXE g |60 By o @], | o

j=1 P(.‘S:a(j);é\t)

‘St Z Py (-5} :0t) ["¢<xt’ a) - EPt('\S:'(j);ét)[¢(xt’ a’)] )i]t_l]

J LoP(lsy9):6,)

2 - 1
<e(l+e) t;@ Z

t¢7’w
(Cauchy-Schwartz ineq., and 7% < [T1)

T g S| 2
<e(l+e)? ;@ Z EZEM (15::61) [H¢ Tt @)~ ('Sﬁ");@t)[qs(xt’a/)]HHt1]

t¢Tw j=1 Py(- \S(J) 0,)

(Assortment selection rule, Equation (TT))

T ISt ] 2
e2(1+ 6)2\J Z |St|d Z Z E p, (5,6 “cb Tt,a) — EP&(-ISE'f);ét)[QS(mt’a/)]’Ht1]

t¢Tw j=1 Pp,(|S9); et)
(Eqn. (C7))

T St 2
<V3eA(1+e) JZSJ 2 2 Erisio U‘f) Tt @ _]EPA-\SE”;@)W(””“a/)]H ]

tgTw j=1 P,(-|SY e

(Lemma|[C.2] with prob. 1 — §)

where the second-to-last inequality holds because, for any ¢t ¢ 7%, S € S, and a € S, we have

exp (qﬁ(a:t, a)Tét)
Dlwes €XP (‘b(ﬂ?u a')Tét)
- xp ((qﬁ(xha) 6(z1,a)) Bt) — (any @ € S)
I+ Za/es\{a} exp ((d’(xt, a') — ¢(xy, d)) Ot)
exp ((¢($t7a) P(x¢, )) 0* + 1/K>
< 1+ Za’ES\{&} exp ((qﬁ(xt,a) dxy,a )) 1K ) (Eqn. (C3))
= eQ/KPt(a|S; 0%),

Py (alS; ét) =
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which implies that, for the ranking o = (o071, ..., O’|S|),

S| S|
Pt(0'|s;0t 1_[ Pt O—J|S(J) 0 ) < 62‘S|/K HP ,0* < 62 Hpt S(]) 0*)
j=1 j=1
= eZIP’t(a\S;O*). (C7)

Moreover, by setting A = dlog T and T > /¢, for any ¢, we have

5| 2 2K

§ Ep.(15,:0%) [H¢ (1,0) =Ep, 1504 )[¢(fft,a/)]H _1] < —|— <2 (C.8)
(1577501 M, A

i=1 P(-|S{):6,) ¢

Hence, by the elliptical potential for expected mean-centered uncertainty (Lemma[C.3)), we obtain

= 3 (@ @) — o (o wr@) " (67— bri1)

t¢gTw

< P10 5 g (wrw (20) — 6 0 P ) o

tgTw

[S¢]

2 2 Ercisien “¢’ Ty, 0 Eaclsé-’);@)[‘ﬁ(xt’a/)]‘ju1]

tgTw j=1 P.(-|S7);6,)

<offra® s 1

T \t:l | tJ
T
-0 Br41(9) Z 1\/d log (1 + g) (Lemma[C-3] with Eqn. (C:8))

T

T
_ o Pral) Zi- dlog (KT) |. (C.9)

T \t:1| ¢l

By combining Equations (C3), (C4), and (C9), and setting Br41(8) = O(By/dlog(KT) +
B\/X), we derive that, with probability at least 1 — 3 (omitting logarithmic terms and polynomial
dependencies on B for brevity),

d’K*

Substituting § « %, we conclude the proof of Theoreml

C.2 Proofs of Lemmas for Theorem [I

C.2.1 Proof of Lemmal[C.2
Proof of Lemma|[C.2} Recall the definition of H;.

Hy= Y Y VAD@OUT) + My = )] Z V2D (YD) + A1,

s=1j=1 se[t—1]\Tw j=1
Here, we can equivalently express the MNL loss at step j and round s, denoted by v%j ) (§§J +1)),
as follows:

NTpU+1)
() (HU+1) P <¢(xs’0”) 0s ) _ exp (as;)
Es (05 ) - _1Og A ~G+1) = —lOg V
Zk =j exXp ( (xsv Jsk)Tosj )) Zk = exp (ask)
=9 (@), (C.10)
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where a,; = ¢(x4,04,)T0Y ™, a) = (a, )‘S ‘| € RIS:I=3+1, Define the matrix

¢(x57 Jsj)T
@gj) _ . ER(\SS\—J'H)Xd’

¢($5,US|SS|)T

where each row corresponds to the feature vector of an action ranked from position j to |S;| in the
ranking ;. Moreover, we define G; = ¢(z,04;) 0, and A5 = (ask)',f;j'. € RI%sI=i+1

Then, using the ¢,,-norm self-concordant property of the MNL loss [41]], for any s € [t — 1|\T*, we
obtain

VA @YD) = (21)) V2D (a) B (Eqn. (C-10)
. N T .
> ¢—3V2[al) 8|, <q;.£])) 270 (30)) V) (Lemma[E-T)
1 ~N N
> (o)) Viev@Ey) ey (o =& < 325)
1 N A
= SV (6,), (Eqn. (CT0))

where the last inequality holds because, for any s € [t — 1]\7® and j < |S;|, the following holds:

| d(zn, o) (55“” - é\s)‘

=jyees| Ss
k+1 * n *
< max [0k o)l (0( +1) _g S H)
(Holder’s inequality)
1 ~
< ———— max Hngﬂ) A )
3v2B741(8) k=j.-... |ss< ‘ HFHY H,

(s¢ T, Hy, < HFY)

2Br+1(6) : .
< —F—7= (Corollary|C.1} 3¢() is non-decreasing)
3V257.41(6) C1 5
2
3v2
Therefore, we get
sl ) 15|
Hy>= > > VOO0 + N, = = DT D VvED(6,) + M.
se[t—1\Tw j=1 se[t—1]\Tw j=1

Recall the definition of the MNL choice probability (9):

exp (¢(m8, a)TH)

, Vaes.
Za/es eXp (¢(xsa a‘/)Ta)

Pi(alS;0) :=

Given S, = {0.1,...,04g,|} and the ranking feedback o, we define S((,i) = {0sj. ., 045.1}
as the subset of remaining actions in Sy after removing the first j — 1 actions. For simplicity, let

32



]33( Py(- |S((,{)7 6;). Then, we can express the Hessian of the loss as follows:
15.] 18118 18] exp ((¢(xs7gsk) + ¢(ms,gsk,))T§s>
D VAHI(0,) = —
jo1 islk=jk=j 2 (Z‘k,i‘] exp (¢(x5, ask,)Tes))

s

T
" Zskk! Zskk

)
o’
v
%)

s

P (Usk‘sgj); é\s)Ps (Usk’/|S§j); é\s)zskk’z;rk-k/

| —

’

-
9]

2 i
—_
0

w

J
\

= <.
P
N

E )50 50 | (8(25,0) = 0(20,0)) (6, @) = by, a") |

J

DO =

’

fut
bl
Il

<.
g

j=

[Ss]

— Z E
j=1

20 [(dﬁ(ws, a) = Epw [6(zs,a)]) (¢(as, a) — Ep [d(as, a')])T] >0,
C.11)

where zgpr = O(xs,05:) — ¢(ws,04). Therefore, leszll V%S)(os) is a random PSD ma-
trix conditional on the assortment S, where the randomness arises from the realized ranking
0s. Note that the true PL distribution P4(:|Ss; 0*) is measurable with respect to the filtration
Fs—1 = o(x1,S51,01,...,25,Ss). Moreover, the maximum eigenvalue of the Hessian satisfies

Amax (le =l w2l )( )) < K. Then, by the PSD matrices concentration lemma (Lemma ,
with probability 1 — §, we have

EX
Hy>=— > Y vAb(e,) + AL
se[t—1\Tw j=1

|Ss]
LS RS

e <
se[tq]\Tw j

| —

1 15!

K
7 D Eoep.(1s..60) Z V209)(85) | + ALy
(&

SE[t—1\T™

2
&)

(Lemma[E.3] with prob. 1 — §)

1 |Ss]

= 3e2 Z Z EG~PS(.\SS,Q* [V g(])(e )] FL, | = %Mt.
se[t—1]\Tw j=1 B

This concludes the proof of Lemma|[C.2} O

C.2.2 Proof of Lemma[C.J3
Proof of Lemma|C.3| By the definition of M, (C.2) and Equation (C.I1)), for ¢ ¢ 7, we have

| Se] A
det (My11) = det | M; + Z E0~Pt(~\St,9*) [V2£§’]3(0t)]
j=1
| St o o
—det | M+ 21 E 15,0 |98 (@) | (Eqn. (CTT))

i=1 a~Pi(-|SY9):6,)

t,o?
St

—det (M) [ 14+ 2B s 0n) [1687 (@), ]
j=1 a~Pf,(\s§’;,et)

15|

>det (M) [ [14+mind 1, Y E e 5,00 [Hé?)(a)\&;l] »

se[t\T® i=1 a~Ps(|S):0.)
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where, for simplicity, we denote égj)(a) = p(zt,0) —E_, _, (1598 )[Qﬁ(xt, a')].
t ([0 530t

Fort € T, itis clear that det (M) = det (M;).
Hence, using the fact that a < 2log(1 + a) for any a € [0, 1], we get

S|

> min 1Y B gurisio |16 @)1, 1]

tET™ J=1 a~Py(|SY);0:)
St )
<2 Z log [ 14+ min < 1, Z E s p,(|5..6%) [H@btj (a)|\?vf;1]
tgTw Jj=1 GNPt(‘\St(',j;%ét) /
det (MT+1)

<21 B
08 ( det ()\Id)
4KT)

< 2dlog | 14+ ——
og< 0

where the last inequality holds because

At

a4
det (M741) < (d+d> (A1, - -+, Ag are eigenvalues of Mp, 1, AM-GM ineq.)

< (trace(MTH) > ¢

d
(i d
M+ ST SR (b(j) a)ll2 KT\ o
_ Zt—l Zg—l H t ( )”2 <N+ 22 . (E”QSE])(Q)H% <1
d d
This concludes the proof of Lemma|[C.3} O

C.2.3 Proof of Lemmal[C4

Proof of Lemma Let

(G¢,a;) = argmax fi ((@5(1’:&,&) — (1, a'))T§t> lp(as, a) — ¢($tval)HiI[“

a,a’e A

where p(w) = Hﬁ denote the sigmoid function. Note that, by our assortment selection rule in
. . L TA
Equation (TT)), the two actions a,a’ € A that maximize /i ((gb(act, a) — ¢(z¢,a)) Bt) (2, a) —

o(xy, )Hilfl are always included in S;. It is because

g ((fﬁ(ift,a) — P(@e, a/))Tét) |p(zt, a) — (b(xtaa/)H?{;l

2
H?

2
= 2E0~Pt(-|{a,a'};9:t) |:H¢(37t; a’) - Ea’~Pt(~\{a,a’};§t) [d)(mt’ a/>] 'Hl] = 2ft<{a’ a/}>’
a~Py(-[{a,a'};0,) ’

= 2B, _p,(J{aa}:6) [Hqﬁ(xt’ @) =By p,(j{a,ay:00) 002t a/)]‘

which directly implies that a;, a; € S;.
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For simplicity, we denote zsxr = ¢(xs, 05x) — @(xs, 05k ). Then, by the definition of H;, we have

T
L
@

H, = Z Z V209 (0Y+D)) + AL,

Sl 18:18:] exp (9w, 008) + 0z, 001:) T OTV)
- . Zskk’z;rkk/ + Ay

~ 2
s=1j=1k—j k'=j (Zk, exp( (xs,ask/)Teﬁj“)))

e
> skk' Zgp + AL
2K2 s=1j=1k=j kgj H Z o ‘
e—4B 11
OK2 ((b(l'syaa) P(zs, as)) ((b(l'w&a’) P(zs, as)) + Ay (as,as € Ss)
s=1
—4B ~
=S |2 (0 a) = o, a,)) 10, (9 ) — Bles, a0) (6, ds) — o)
seTM
+ )\Id>, (C.12)

where the last inequality holds since /1(((;5(;105, a) — ¢(xs, d ))Tés) < i. In addition, we denote
T = TY\{t,...,T} in the last inequality. To better presentation, we define

A;U = Z M((¢($5, ds) - (b(xs,as))—ré\s) (Qb(xs, ds) - ¢((ES, ds)) (Qb(xs, ds) - ¢((ES, ds)>T

seT™
+ A,
On the other hand, by setting A > 1, for any ¢, we can ensure that
. . _ T2 . _ 1 2 .
f ((¢($t7at) — (x4, ay)) ‘9t) |p(zs, @) — ¢(fﬂt7at)\|2(Aw)fl <SIy () <9
< 1L (C.13)
Then, we can derive that
2, max ¢z, a) — ¢la, )3
teTw O !
. TA
] ((¢($t,a) — ¢(z,a")) t) -
— > max - L6, 0) = §ls @)
&7 i (Bl @) = Sl @) '8y
T/\
< 4623 teZ,T“, argae);'u (((b(xh a) - QZS(.Tt, a,)) 0t> ”QS('Tta a) - (b(xh a/)Hi];l
(Assumption|[T)
e*P Z ( (¢, ar) ¢(39t7(_1t))T§t> lp(2e, ae) — ¢(=’Et,at)|ﬁ{t—l
teTw
<82 3 i (0o a0) = dlon ) '6:) 1otan @) = e anlf, y -
teTw b

(Eqn. (C.12))
_ 8K25B Z min {l,ﬂ ((qb(xt,dt) — ¢($t,&t))T§t) (e, ar) — ¢($t7at)|2(Aw)1}
teTw t
(Eqn. (C.13))

< 16K?e%Pdlog (1 + zi) (Lemma|[E.6)
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On the other hand, for ¢t € 7%, we know that

Z max, l¢(ze,a) — ¢(ar, d)|?

teTw ¢

> &,
T 18K 2B (0)?

6

By combining the two results above, and setting k = e~ ", we obtain

2884 , 2KT
w < -
[T - Bri1(8)*dlog <1 + ) )

which concludes the proof. O

D Proof of Theorem

D.1 Main Proof of Theorem

In this section, we present the proof of Theorem 2} which is obtained by using the RB loss () instead
of the PL loss (3). Note that this approach is based on the concept of rank-breaking (RB), which
decomposes (partial) ranking data into individual pairwise comparisons, treats each comparison as
independent, and has been extensively studied in previous works [0, 34, 32, 67]. Moreover, this
RB approach is applied in the current RLHF for LLM (e.g., Ouyang et al. [S7]) and is also studied
theoretically in Zhu et al. [92] under the offline setting.

RB loss and OMD. We begin by recalling the loss function and the parameter update rule. Specifically,
we use the PL loss defined in Equation (@) and update the parameter according to Equation (7).

S €Xp (¢($t Utj)Te) e ( k)
£:(0) := —log ’ €j
+(0) j; k§+l (eXp (¢(xt,015)70) + exp (¢(z¢, 01) 1O ) ;1 kZJ;A

=9 (9)

and

§7§j’k+1):argmin(Vﬁ&j’k)(égj’k)),9>+ 16 0|2

H(Jk)7 1<]<k<|5t|,
6cO

where if k = | S|, we set é(j’kﬂ) = §(j+1’j+2) and for the final pair, let 5 [Sel=LISe [ +1) ét(if)

Also, the matrix H""*) is defined as A" := H, + N2 k)< (o) V209 g t(j"k/))ﬂ, where

(b(x1,05) — Do, 00)) (0, 05) — Dlae,01)) | + M.

Online confidence bound for RB loss. Now, we introduce the online confidence bound for RB loss.

Since the t.otal number of updates up to round ¢ is Zzzl (lS;'), a modification of Lemmayields
the following result:

Corollary D.1 (Online confidence bound for RB loss). Let & € (0,1]. We set n = (1+ 3+v/2B)/2 and
A\ = max{12v/2Bn, 144nd, 2}. Then, under Assumption with probability at least 1 — 0, we have

199k 0" | o < By(6 (B«/dlog tK /) + B\F) VE=1,1<j<k<|S

where Ht(j,k) — H, + Z(j/,kf)<(j,k) VZEEj/,k')(é\gj’,k/-ﬁ-l)) + M and §§1,2) -0,

"We write (j', k') < (j, k) to indicate lexicographic order, i.e., j' < jorj’ = jand k' < k.
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Useful definitions. We define the set of warm-up rounds T in a similar manner to the analysis of
Theorem [Tk

Tw . — {t e[T]: Iax, | (e, a) — ¢($t’a/)HHt_1 > M} (warm-up rounds)

Moreover, we define the matrix
M= Y Y (0 a) = 6w ) 8 (8len, @) = blar, ) ((a10) — bl a)) T
se[t—1\Twa,a’eSs
+ A\, (D.1)
Key lemmas. The relationship between H; and A; is as follows:
Lemma D.1. Let A, be defined as in Equation (D.1)). Then, for all t € [T'], we have

1
Ht > @At

The proof is deferred to Appendix [D.21]

The size of the set 7" is bounded as described in the following lemma:
Lemma D.2. Let T% = {t € [T] : maxq,aea [¢(zi,a) — d(y, a’)HHt_l = m} Define
k= e 9B, Set X = 1. Then, the size of the set T" is bounded as follows:

32 2T
|7-w| 6T+1( ) dlog (1 + d)\)

The proof is deferred to Appendix[D.2.2] Note that the bound on the cardinality of 7 is tighter than
in the PL loss case (Lemmau ), by up to a factor of K* (and up to logarithmic factors in K).

We are now ready to provide the proof of Theorem 2}
Proof of Theorem[2] The overall proof structure is similar to that of Theorem [[, We start from

Equation (C:4), but apply Lemma|[D-2)instead of Lemma[C.4] Then, with probability at least 1 — 4,
we have

SubOPH(T) = Epv [ (6 (2,7 (1)) — 6 (2, 72()) ) 6]

<@<\/1T)+O<B5T+1( )2dlog (14—3;\)) (Lemma[D2)
= t;w (z, 7 (1)) — & (w4, T (1)) )T (9* - §T+1) : (D.2)

To further bound the last term of Equation (D.2), by following the similar reasoning from Equa-
tion (C:4) to Equation (C.6), with probability at least 1 — §, we obtain

2 6 @ m* (20) = & (@, 7r (20) ]

tgTw

<e(l+e)? Z ;*‘ Z i1(te(a,a’)"6,) |}¢t(a7al)HH;1

t¢Tw t a,a’eSy

(St = {m*(2¢), 7r(2z¢)}, and let P (a, a’) = ¢(z¢, a) — p(z,a’))

I |St
2igial 2 Te Z ((a, ') T8)) [ebe(a, a) [}y

t:1| ¢l t¢Tw| a’es

e(l+ 6)2\

(Cauchy-Schwartz ineq., and 7% < [T])

(e (a, @/ T9t) [¥¢(a,a )HH*

A 1. (Lemma[D:)
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Moreover, by setting A = dlogT and T' > Pl d for any t, we have
. ~ 2 2K?
Z u(wt(a,a/)Tgt) ‘|1/)t(a,a/)||A:1 < T < 2. (D.3)
a,a’€St )
Hence, by the elliptical potential lemma (Lemma [E.6)), we derive that

T Z ¢ (we, " (1)) — ¢(l‘t,7ATT(J?t)))T <0* —§T+1>

t¢7’w

< P10 S o (.t (@1)) — 6 (@ () s

t$‘7"1u

Jdlog (KT |. (D.4)

Brii(d) | <
-0 +T ;

By plugging Equation (D-4) into Equation (D-2) and setting 8741 () = O(B+/dlog(KT) + BV/)),

then, with probability at least 1 — 29, we derive that

SubOpt(T) = O | —

Substituting § « g, we conclude the proof of Theorem O

D.2 Proofs of Lemmas for Theorem

D.2.1 Proof of Lemma[D.1|

Proof of Lemma([D.]] Recall that, under the Bradley—Terry-Luce (BTL) model defined in Equa-
tion (2), the probability that action a is preferred over action a’ is given by:

exp (rj)(xt, a)TH)
exp (¢(x1,a)"6) + exp (¢(xy, o/

Then, we can derive a lower bound on the matrix H; as follows:

P(a > d'|z,;0) =

gy = # (66 0) ~ 6lz.a)6).

> . | V2GR (9URHD) 4 AT,

- X i (ijkeﬁj’k“)) ZsjhZagi + Ald

(g(J k1) _ g,

sJk

Zsj szTj e+ Mg (LemmalE-2))

se[t—1\Tw j=1 k=j+1
|Sb'|_1 ‘Sbl ~
-2 . T
>e I’ <ngk9 ) zgjkzg]k + A
se[t—1\T* j=1 k=j+1
—2
e
> TAt,
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where the second-to-last inequality holds because, for any s ¢ 7, the following property is satisfied:

‘z;—]k (égj’kH) - és)‘ = ‘((b(xs,asj) - (b({[;s’o-sk))—r (égj,kﬂ) _ 55)

<[5, 045) = 35, 008) | -1 (Hggj,km —6"|, + 6.6 m)
(Holder’s inequality)
1 . ~
< —— ([89++D) — 0% uin + [0 — O )
) bgron +1 s |
(s # T, Hy < HEMY)
2
M (Corollary[D.1]and 3;(0) is non-decreasing)
= Bra(9)
< 2.
This concludes the proof of Lemma [D.T] O

D.2.2 Proof of Lemma[D.2]

Proof of Lemma[D.2] The proof follows the same structure as the analysis of Lemma|[C.4] with the
main difference that we use the Hessian corresponding to the RB loss. Let

L . TA

(G¢,ay) = argmix/t ((¢($t7a) — ¢(z4, a')) 9t> lo(xt,a) — ¢($t7al)”?qt—1-
a,a’e

By the assortment selection rule in @), the two actions a¢, a; are always included in .S;. It is because,

for any pair {a, a’}, we have

. TA
i (0, 0) = dlwr, @) 6,) 61, 0) = b, a) |2 = 2/l{a, ),
which directly implies that a;, a; € S;.
For simplicity, we denote zsxx = ¢(xs, 0sk) — d(s, 0sp). Recall that by the definition of Hy,

t—1Ss[=1 |Ss]

Ho=3 3 3 v20h g0k 41,

s=1 j=1 k=j+1
_ —118s|—1 |Ss
4Bt 118s|-1 |Ss]

> Z Z Zsjkz;rjk + My
4 H J=1 k=j+1
B t—1
Z Z 1‘57(13 - (x& C_Ls)) (¢($S7d8) - ¢(x87 C_Ls))—r + Mg (as,as € S5)
Z ( (x5, as) — (s, ‘_Is))Tés) ((j)(xs,ds) — ¢(zs, ds)) (¢($575LS) — ¢(zs, ds))T
567—w

+ )\Id> , (D.5)

where in the last inequality, we use the fact that () < T and let 7, = T*\{t, ..., T}. Define

Ay = 2 N<(¢(x5a dS) - ¢(msva5))T§S> (¢(x57 &S) - ¢(xs, ds)) (¢(x57 &S) - ¢(xs, C_lS))T

SE7;7H
+ A\,

Furthermore, by setting A > 1, for any ¢, the following holds

f ((¢(ztaf~1t) - ¢($ta&t))T§t) | (e, ar) — ¢(xt,dt)\|2(Aw)71 < i : % ()<
< 1. (D.6)
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Then, we obtain

Z maX H¢ Y ) QS(xtva/)”?qt—l

teTw ©°

>

) it (0, a) — o)) '6)) o
B teZTw naeA ft <(¢($t’ a) — ¢($taa/))TAt) W)l

2B Z max u( (x,a) — ¢(ﬂct7a/))T§t> | (e, a) — ¢(xtaal)“§{;1

o~

a,a’e A
(Assumption|[T)
_\W\Ta - _
8N i (@) = deea) ' 8:) 6w, @) — élea)l?
teTw !
_\W\Ta - _
< 16¢°” Z ( o(we,ar) — P4, ar)) 0t) lp(e, @r) — ¢(9Ct,at)||2( y-1 (Eqn. (D3))
teTw A )
. . - N - _
= 16e%P Z min {LM <(¢($t,at) - ¢($t7at)) 9t) H¢($t7at) - ¢($t7at)|2(Aw)1}
teTw t
(Eqn. (D.6))
2T
< 32¢%Bdlog (1 + d)\) (LemmalE.6)
On the other hand, for ¢ € 7%, we know that
7]
max_|é(z¢, dxy,d)|?y = ——.
t;w‘“‘e I (ea 0 = )HH‘ Br1(0)?
By combining the two results above, and setting k = =%, we derive that
32 2T
v dl 14+ —
701 < ZoraaoPaios (14 57
which concludes the proof. O

E Technical Lemmas
Lemma E.1 (Proposition B.5 of Lee and Oh 41). The Hessian of the multinomial logistic loss
¢ :RM - R satisfies that, for any a1, as € RM, we have:

6_3‘6”31_32”°°V22(a1) < V%(ay) < egﬂual_aznwvzf(al).

Lemma E.2 (Lemma 9 of Abeille et al.2). Let f be a strictly increasing function such that | f| < f,
and let Z be any bounded interval of R. Then, for all z1, zo € Z, we have

F(z2) exp (—|22 — 21]) < f(21) < f(22) exp (|22 — 1) .

We also provide a concentration lemma for positive semi-definite (PSD) random matrices.

Lemma E.3 (Concentration of PSD matrices). Let u; denote the conditional distribution of a
posmve semi-definite M € R*4 conditioned on the filtration F;_1. Assume Apax(M) < 1. Define
A Enrep M. If X = Q(dlog(n/6)), then with probability at least 1 — 6, for any n > 1,

(nM + A\g) < Z M; + N < g (nM + ML) .

i=1

Wl

Proof of Lemma[E.3] The overall structure of the proof closely follows that of Lemma 39 in Zanette
et al. [88]]. For completeness, we provide the full proof below.

Fix z € R? such that |z|y = 1. Let M; = Epg~,, M and M = L 37" | M;. Then, we have

EMNMxTMx = a?TIEMN,“Mx = a:TMiat.
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Since M is a positive semi-definite matrix, the random variable x Mz is non-negative, and it satisfies
2T M2z < Apax(M)|z||2 < 1. Thus, the conditional variance is at most | M;2 because
Varysp, (2" Mz) < Eyey, (27 M2)? < Epyey,z Mz = 2! Mz,

Applying Lemma[E-4] with the filtration F;, we obtain that, with probability at least 1 — &, there exists

a universal constant ¢ such that
1 & 22T M. log(2/4
- Z (2" Mz — 2" M;z) Z " Mz — 2" Mz| < \/ T log(2/6) + log(2/9) :
n = = n 3n
Now, we will show that if A = Q(log(1/4)), we can derive
22T M log(2/4 1 — A
c \/ eI M oossy + 080N ) LAY (E.1)
n 3n 2 n
Casel.z" Mz < 2
In this case, it is sufficient to satisfy for some constants ¢/, ¢’
21og(2/9)
el ) \f s Qog(1)8)) <
IOg(2/6) "
— —  Qlog(1/d
<o (2 (105(1/6)) <

Case2. z' Mz > 2
In this case, it is sufficient to satisfy for some constants ¢”, ¢

\/2x Mxlog@/é) <2) s Qlog(1/6)) < A

log(2/9)
3n
Therefore, Equation (E-I)) is satisfied. Since ||z|2 < 1, this implies

1 n
. -
— E M., — M < =
("z‘=1 Z )x

We denote the boundary of the unit ball by 0B = {|x|2 = 1}. Then, for any x € 03, we know there
exists a 2’ in the e-covering such that |z — 2’|z < e. Let N, be the e-covering number of 0. Then,
by the covering number of Euclidean ball lemma (Lemma [E3)), we get

d
N, < (f) . (E.3)

Taking a union bound over ' and the number of samples n, with probability at least 1 — nN.J, we

obtain
<;M M) (z — ') (ZM M)

T(Ly Mi—M>
[ Sww)s

<" <’\) > Q(log(1/9)) < A

n

T (M + /\Id) x. (E.2)
n

1 ¢ —
NT /
“NMm - M _
el (3 3= 3) e
1 & —
<@ =Y M, — M| 2| +4e
() (n; + 4e
(lz — 2|2 < eand M;, | M|z <
1 — A
< i(x’)T (M + nId) '+ 4e (Eqn. (E.2))
1 (= A 9 , _
Sz | MA+-—Ig)z+ e (Jo —2'|2 < eand |[M|2 < 1)
2 n 2
2 — A
< ng (M + Id> T, (sete = O(3))
n



where A = Q (log (22=)). By substituting & < &/(nN, + 1) and combining this with Equa-
tion (E.3), we obtain:

A Ay 5 (g A
M+ 7T Ly, Slo< g (M

which concludes the proof. O

Lemma E.4 (Bernstein for martingales, Theorem 1 of Beygelzimer et al.[10/and Lemma 45 of Zanette
et al.88). Consider the stochastic process { X, } adapted to the filtration { F,,}. Assume EX,, = 0
and cX,, < 1 for every n; then for every constant z # 0 it holds that

(ZX Z (X2 | Fn) + 1og(1$)>1—6.

By optimizing the bound as a function of z, we also have

N N 1 1
Z X, <c ZE(X%|]—"n)logg +1og5 =>1-4.

n=1
Lemma E.5 (Covering number of Euclidean ball). For any ¢ > 0, the e-covering number of the
Euclidean ball in R? with radius R > 0 is upper bounded by (1 + 2R/¢)>.
Lemma E.6 (Elliptical potential lemma Abbasi-Yadkori et al.[1). Let {z;}¢>1 be a bounded sequence

in R? satisfying max;>1 |22 < X. Foranyt > 1, we define Ay := Zi 11 25z + Mg with A > 0.
Then, we have

T 2
X-T

E min<1 2 }<2d1 1+ .

t=1 ln{ 7HZtHAt1 Og( d\ )

F Proof of Theorem 3

F.1 Main Proof of Theorem

Throughout the proof, we consider the setting where the context space is a singleton, i.e., X = {z}.
As a result, the problem reduces to a context-free setting, and we focus solely on the action space A.
Note that this is equivalent to assuming that p is a Dirac distribution.

We first present the following theorem, which serves as the foundation for our analysis.

Theorem F.1 (Lower bound on adaptive PL model parameter estimation). Let ® = S*~! be the unit

sphere in RY, and let © = {—p, u}® for some € (0,1/+/d]. We consider a query model where, at
eachroundt = 1,...,T, the learner selects a subset Sy = ® of feature vectors, with cardinality
satisfying 2 < |S¢| < K, and then receives a ranking feedback oy drawn from the Plackett—Luce (PL)
model defined as:

| St ] exp( T _0)

]P)(O't|St; 0) = H

Jj= IZL&] exp( Utke)

where oy = (041, . ..,0ys,|) is a permutation of the actions in Sy, ¢, € ® denotes the feature vector
associated with action a € A in the selected subset at round t, and 0 € ©. Then, we have

. A2 du 2K2T u?
inf oo [ 10— 0[5 > 55 (1 - d> ’

where the infimum is over all measurable estimators 6 and measurable (but possibly adaptive) query
rules m, and Eg[-] denotes the expectation over the randomness in the observations and decision

rules if 0 is the true instance. In particular, if T > K2 , by choosing pn = A/d/(8K?2T), we obtain
d2
32K2T"

1nfmaX]E9 [HG BH ]
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Proof of Theorem[F1| The analysis of this result closely follows the proof of Theorem 3 in Shamir
[73]. The key distinction lies in the input structure: our setting involves a set of feature vectors, while
theirs is restricted to a single feature vector.

To begin with, since the worst-case expected regret with respect to 8 can be lower bounded by the
average regret under the uniform prior over ©, we have:

max Eg [HG - éH;] = Eg unit(e)Ee [HG - éH;]

d N2
= Eg~unite)Eo lE (9 B 0) 1
i=1

i=1

d
> 12 - Egvmit(o)Eo [Z I {ei@ < o}] . (E.1)

As in Shamir [73], we assume that the query strategy is deterministic conditioned on the past: that is,
St is a deterministic function of the previous queries and observations, i.e., S1,01,...,5t_1,0¢—1.
This assumption is made without loss of generality, since any randomized querying strategy can be
viewed as a distribution over deterministic strategies. Therefore, a lower bound that holds uniformly
for all deterministic strategies also applies to any randomized strategy. Then, we use the following
lemma.

Lemma F.1 (Lemma 4 of Shamir (73). Let @ be a random vector, none of whose coordinates is
supported on 0, and let y1,Y2, . . .,y be a sequence of queries obtained by a deterministic strategy

returning a point 0 (that is, 1y is a deterministic function of ¥1,vy1,...,Pi_1,Yi—1, and 0 is a
deterministic function of y1, . . ., yr). Then, we have

d
Eg~unit(o)Ee [Z I {HZ-BAZ- < 0}] >
i=1

N

1—

where

Uii = GSU_I;DKL(P(%\& > 0,{0;}2 {ys}o20) | P(yel0; < 0,{6;} 24, {ys}21)) -
RV Eak]

In our setting, we interpret y; = o, and ¥; = {@q }ees, S P. Then, we can write Uy; as follows:

Uii = S DxL(P (4] St; 0: > 0,{0;} i, ) [P (0¢|St;0; < 0,{0;} i, )) -
1 J #T

For simplicity, let Pg(c|S) = P (c]S; @). Then, we can upper bound Uy; using the following lemma.

Lemma F.2. Forany 0,0’ € R%, let Pg(- | S) denote the PL distribution over rankings induced by
the action set S and parameter vector 6. Then, we have

Dic (Bo(19) o/ (15)) < 5 (67(6' ~0))°

aesS
The proof is deferred to Appendix [F2.1]
By applying Lemma[F.2] we have

d K d d
VU< 5D Y @10 = 2602 Y D ([0l

i=1a€eS; aeS; i=1
=1
= 2K” - | Sy (¢q € S*7H)
< 2K%u2. (1S < K)
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Hence, by Lemma|[F.I] we get

d
Eg~vnit(e)Eo [Z H{Oz@i < 0}] > g

i=1
d 2K2T 142

=z [1—-A/—F—7—]. F2

() w2

Combining Equation (FI) and (F2), we prove the first inequality of Theorem [FI] The second

inequality directly follows by choosing p = +/d/(8K?2T). O

We are now ready to present the proof of Theorem 3]

Proof of Theorem[3] The structure of our proof is similar to that of Theorem 2 in Wagenmaker et al.
[77]. However, while they consider the linear bandit setting, we focus on the Plackett—Luce (PL)
bandit setting.

We adopt the same instance construction as in Theorem where ® = S !and © = {—u, u}?.
Define ¢*(6) = argmax,. 4 ¢} 6. Then, since ¢*(0) € ® and 6 € ®, it is clear that

¢*(0) = 0/|6] = 6/(Vdp), and ¢*(6)'6 = V. (F3)

Fix the suboptimality gap € > 0. By definition, a policy m € Ag is said to be e-optimal if it satisfies
T *

Epr [¢070] = (Egun [¢]) 0= 0*(0)70 — ¢ =Vdu—e (F4)

Moreover, by Jensen’s inequality, we have

|63 < Egnr [l013] =
Let A = ¢ — ¢*(6). Then, we get

1= o] = |¢*(0) + A3 = 1+ A3 + 20" (6)TA
. 1
— ¢"(0)"A < -5 |Al3

A< Vd
— A< “HAHQ (Eqn. (F3))
Hence, if a policy 7 is e-optimal for a parameter 8, then the following bound holds:
\/7
—e< YA (Eqn. (FA)
26
— ||A|2 < ==, where 0 = Vdu(¢r — A).
Al < = ulon = A)
We now assume that we are given an e-optimal policy 7. Define QAS := ¢z and the following estimator
6 o’ if 30’ € © with @' = v/du($ — A’) for some A’ e R4 | A/[2 < \/QEGM;
any ' € © otherwise.

If 7 is indeed e-optimal for some 0 € O, then the first condition is satisfied, and we have:

16— 6|, = |Vdu(é — A) — Vdu(é — A)], < 2\/@\/}71 = W. (E5)
We denote £ as the event that 7 is e-optimal for @ € ©. Then, we get
Eo (10— 6]3] = Eo |[6— 0] 1e} + |0 - 0]; - 1}
< 8vdpe + Eo [[6 - 6] - 1(°}] (Eqn. (F3))
< 8Vdpe + 2dp? - Pol£°). (max{|6]3,0[3} < du?)
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On the other hand, by Theorem [F1} there exists a parameter 6 € © such that, if we collect 7" samples
and set 4 = 4/d/(8K2T'), then the following lower bound holds:

A 2 d?
o [16-0f2] > -0
o166 >
To satisfy both inequalities, we require:
24/2d, d? : d?
L+7.pg[50]27
VEK2T  4AK?T 32K2T
1 4V2KVT
— P[] > - — M
8 d
It follows that if
2 2
1 4V2KVTe S0 e 0025° d T
8 d 32 K2¢?

then we have that Pg[£¢] = 0.1. In words, this means that with constant probability, any algorithm
must either collect more than ¢ - KdTiQ samples, or output a policy that is not e-optimal. This implies

that T = Q(KdT;) samples are necessary to guarantee an e-optimal policy. Equivalently, after T’
rounds, the suboptimality gap e is lower bounded as

SubOpt(T) = Q2 <Kilﬁ) .

This concludes the proof of Theorem 3] O

F.2 Proof of Lemmas for Theorem

F.2.1 Proof of LemmalE2l
Proof of Lemma|F2] By the definition of KL divergence, we have

El SISl edai 0
DKL (P9(|S)HP9/(|S)) = EU’”PG('ls) Z ;.rj (0 - 0/) - log W . (F6)
j=1 k=5 € 7%

Fix a stage 7 and a ranking 0. We define
exp ( Ik, 0)

= IS

Sl exp (64,0)
which corresponds to the Multinomial Logit (MNL) probability of selecting action oy at position j,
given the parameter 8 and the choice set .S. Moreover, we define

, where k" € {j,...,]5|},

pk/(O) :

Then, by applying the mean value form of Taylor’s theorem, there exists @ = (1 — ¢)@ + c8’ for
some ¢ € (0, 1) such that

‘
S efnif

—log S = [(6) — £(0)
D €7k

=Vof(0)" (0 —6) + % C O)T V§f(6) (0’ —6) (Taylor’s theorem)
S|
<Vof(O) (6~ 0) + 5 >, pel0) (61,(6 ~ )’
k=3
5] 1 2
< D p(0)s], (0 —6) + 3 > (600"~ 9)", (E7)
k=j aeS
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where the first inequality holds because

T
S| 15| 5] 5]

= Z Pk ¢Uk or Z pk ¢0'k Z pk d)o‘k 2 pk Qba'k okt

Plugging Equation (F.7) into Equation @), we get
Dx1(Po(-[9)|Por (-]S))

15| S|
<Ererain| 3 (41 0-0) - Lol (0-0) +} 3 (0 -0)' )|
j=1 aesS
15| 5]
=EU~P9(-|S)lZEaj[ IJ Zpk CEXA) ‘01, ~-,Uj—1H
j=1
=0
(Tower rule)
|S| T 2
(¢ (
K T/ 2
<5 2 (@0 -9), (S| < K)
aesS
which concludes the proof. O

G Additional Discussions

This section provides further discussion of our approach. In Subsectlon [G.1] we show how it extends
to the regret-minimization setting and improves the existing O(e?) dependence. In Subsectlon
we describe how the approach also applies to the active-learning setting considered in [19].

G.1 Avoiding ¢” Scaling in Regret Minimization

In this subsection, we show that our technique for eliminating the O(e?) dependence in the leading
term—primarily by dividing the total rounds into warm-up and non—warm-up phases—can also be
applied in the regret-minimization setting (e.g., Bengs et al. [9).
First, we formally define the cumulative regret as:

T

Reg, := Z (7‘9* (zg, 7" (x4)) — Max 7¢- (x4, a))7

€
=1 aest

where the contexts x; can be given arbitrarily (in contrast to the main paper, where they are drawn
from a fixed distribution). We assume the linear rewards (Assumption [I)) as in the main paper.
Moreover, we use the RB update rule (Procedure [2) in this subsection.

Next, we define
ge(S) = |S\ Z ( d(z4,a ¢(:Et7at))75t) [p(xs, a) — (b(xt’at)H?{;M

where a; := argmax,¢ 4 ¢(z4, a)TBt. The quantity measures the average uncertainty between the
feature vectors of actions in S and that of the current best action a;.

We then select the assortment S; in a greedy manner, following the procedure in Equation (TT)). We
initialize S = {a.}, and subsequently add actions one by one. Specifically, at each step, we select

a* € argmax Ay(a | S), where Ay(a | S) := g:(S v {a}) — 9:(5), (G.1)
acA\S

and include a* in S if A;(a | S) = 0. The process continues until either |S| = K or no action yields
a non-negative gain. Since g:({a:}) = 0, this rule guarantees that the selected set satisfies | S| = 2.

46



Theorem G.1 (Regret upper bound). In the same setting as Theorem suppose T > e/ Then,
with probability at least 1 — §, the assortment selection rule in Equation (G:1), combined with the
RB loss update strategy (Procedure[2), guarantees

Proof of Theorem|G.1} By the definition of the cumulative regret, we have

T T
Regr = 37 (6l (2)) — maxolana)) 0°

t=1 ¢
T

< 2 (6(xe, 7 () — G(r,dr)) | 0* (@ € Sy)
t=1
T

< 3 (6@ (@) = dlen ) (00 =6,). (@ = argmax,eq d(wr,a) 0)

~+
=

Recall the definition of the set of warm-up rounds, i.e., T* = {t € [T] : maxqaea |¢(2s,a) —
¢(x4,a")| -1 = 1/B7(6)}. Then, we get

Regy < 4B|T"[+ Y. (¢(xr, 7 () — plxe. ar)) (9* _ ét)

tgTw

<0 <55T+1(5)2d10g (1 " dﬁ)) + Z lo(ze, 7" (2¢)) — G2, @)

t¢Tw

.

(Lemma|[D.2)and Cauchy-Schwartz ineq.)
B T ~
<0 (HﬂT+1(5)2dlog (1 + d)\)> + Br(9) Z [p(ae, 7 (x2)) — qzﬁ(mt,at)HH;l .

tgTw
(Corollary [D.T)

For simplify the presentation, let ¢);(a, a’) = ¢(x¢,a) — ¢(x¢,a’). Then, for t ¢ T%, we have

2
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3T(5)) < (1+e) (t ¢ T and Corollary[D.T)
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Therefore, the same line of reasoning used in the proof of Theorem [2) applies here as well.

N e, 7 (1)) — ¢(xt,at)th_1

tgTw

2 (e(a,30) " 61) [ve(a, @) (S; = {m* (1), @)

t¢7w aES*

T
ey D e S o S el )70,) [
\t:1 | t‘\ tETw |5 |aGS*
(Cauchy-Schwartz ineq., and 7% < [T])
Ty J)%
(1+e)? o S > (e, a0)T0:) Jv(a, an)
N TSI B2 s & e a0 e a0l
> D i(thi(a,@) T8y [vi(a, @)y (Lemma[Dd)

(LemmalE.6)

where, in the last inequality, we introduce ¥, =Zse[t VT Dacs, H (%(a a,)7 e, ) Yi(a, @) e(a, ay) T+
Ay, and use the relation H; > LA > Y (A4 is defined in Equation (D:I)). In the final

262

equality, we apply the fact that if A = dlog T and T’ > e*/9, then, for any ¢,
. ANTA ~ 2K
f1(ve(a, )" ;) Wt(a,at)”;;l < Y <2

Therefore, using Sr(6) = (’)(B« /dlog(KT) + B\/X), we obtain, with probability at least 1 — 4,

This completes the proof of Theorem[G.T} O

G.2 Extension to Active Learning Setting

In this subsection, we consider a different setting—referred to as the active learning setting—where
the learner has access to the entire context set X', and the objective is to minimize the following
worst-case suboptimality gap, defined as:

WorstSubOpt(T) := max [ro« (z, 7" (x)) — ro+ (x,7(x))].

This setting has received increasing attention in recent work [50, 147} 71} 19, 149,176, 138]]. However,
most existing approaches focus exclusively on pairwise preference feedback. Mukherjee et al. [49]
study an online learning-to-rank problem where, for each context, a fixed set of K actions is provided,
and the goal is to recover the true ranking based on feedback over these K actions. In contrast,
we consider a more general setting in which, for each context, a set of N actions is available. The
learner selects at most K actions from this set and receives ranking feedback over the selected subset.
Thekumparampil et al. [76] investigate the problem of ranking N > K items using partial rankings
over K candidates, but under a context-free setting. In contrast, we study a stochastic contextual
setting, where contexts are drawn from an unknown (and fixed) distribution.

In the active learning setting, the algorithm jointly selects the context x;—which is no longer given
but actively chosen—and the assortment S; by maximizing the average uncertainty objective. For
each candidate context x, it first constructs the assortment .S (x) by solving Equation (IT). It then
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selects z; = argmax, .y f+(S:(x)), and sets Sy = S; (). The rest of the algorithm proceeds in the
same manner as Algorithm 3]

For simplicity, we focus on the RB loss and its corresponding update rule (Procedure [2). Then, we
can obtain the following bound on the worst-case suboptimality gap.

Theorem G.2. Under the same setting as Theorem|[2} with probability at least 1 — §, the selection
rule for (x¢, St) described above achieves:

WorstSubOpt(T) = O

Proof of Theorem By the definition of the worst-case suboptimality gap, we have
WorstSubOpt(T) — masx [(¢ (z,7(2)) — 6 (z, 7 () )Te*]
xTE

< max [(QS (z,7*(z)) — ¢ (z,7r(x)) )T (0* - §T+1)]

reX
(Tr(x) = argmax, 4 ¢(z,a) " Or41)

1 & - . 3
-7 2 (6@ @) — o2 (@) T (6 ~bra ).
We adopt the same definitions for 7% := {t € [T] : maxgqea |d(x,a) — (b(xt,al)HH;I >
1/Br+1(6)}. Thus, we get
T
* S| o)) (000

<O 25 (6)%dlog (1 + T (Lemma|[D.2)

S ST

b S max (67t @) 0w Ar@) (00 —6ra)]. G2

T

To further bound the last term of Equation (G.2)), we get

= 3 max (6,7 @) — 6 (0,7 (@))) (6~ )]

tETw zeX
! T * 0. . y .
<7 t;w max [H¢ (@, 7" (x)) — ¢ (z, WT(x))HH;L] HB - 0T+1)HT+1 (Holder’s ineq.)
5 ~
< ﬂﬂTl() S mae [[6 e, ) — 6 . Fr () g .

t¢’7"ﬂ)
(Hr41 > Hy and Corollary [C.T] with prob. 1 — §)

For simplicity, let x; = argmax,, |¢ (x,7*(z)) — ¢ (z, 7r(z))| w1 It therefore suffices to bound
Dl (xr, 7 (x) — ¢ (a7, 7r(x)) HH:1 . From here, the same argument as in the proof of Theorem

applies, with the only modification that the procedure now selects both z; and S;. This completes the
proof of Theorem [G.2] O

H Experimental Details and Additional Results

H.1 Synthetic Data
Setup. In the synthetic data experiment, we sample the true but unknown parameter 8* € R? from

a d-dimensional standard normal distribution, i.e., 0* ~ N (0, 1), and then normalize it to ensure
[6*|2 < 1. We consider four different types of context sets X:
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Figure G.1: Performance comparisons for Instance 1 (Stochastic contexts) with K = 2, 3, and 5,
evaluated under the PL loss (first row) and RB loss (second row).

1. Instance 1 (Stochastic contexts): For each x € X, the feature vectors ¢(z, -) are sampled
from a standard normal distribution and then normalized to satisfy |¢(z,-)|2 < 1. Here,

|X| = 100.
2. Instance 2 (Non-contextual): A single shared context is used for all rounds, i.e., X = {z1}
and |X| = 1. The corresponding feature vectors ¢(z1,-) are sampled from a standard

normal distribution and then normalized to satisfy |¢(z1, )|z < 1.

3. Instance 3 (Hard-to-learn contexts): For each x € X, the feature vectors ¢(x, ) are
constructed such that most of them are approximately orthogonal to the true parameter 6.
Here, |X'| = 100.

4. Instance 4 (Skewed stochastic contexts): For each = € X, the feature vectors ¢(x, -) are
sampled in a skewed or biased manner and then normalized to satisfy ||¢(z, -)||2 < 1. Here,
| X'| = 100. This is our main experimental setup in Section

Additionally, we set the feature dimension to d = 5 and the number of available actions to |A| =
N = 100. The suboptimality gap is measured every 25 rounds. All results are averaged over 20
independent runs with different random seeds, and standard errors are reported to indicate variability.
The experiments are run on a Xeon(R) Gold 6226R CPU @ 2.90GHz (16 cores).

Baselines. We evaluate our proposed algorithm, M-AUPQ, against three baselines: (i) DopeWolfe [76],
a method designed for non-contextual K -subset selection; (ii) Uniform, which selects assortments
of size K uniformly at random; and (iii) Best&Ref, which forms a pair of actions (|S;| = 2) by
combining one action from the current policy with another from a reference policy (e.g., uniform
random or SFT), following the setup in Online GSHF [85] and XPO [84].

When using the PL loss—based update in our algorithm, M-AUPQ, the exact expectation over rankings
is computationally expensive. To mitigate this, we approximate the expectation via Monte Carlo
sampling with 5 samples. Consequently, the computational cost of the PL-based approach is higher
than that of the RB-based approach (see Table [H.T).

Thekumparampil et al. [76] propose a D-optimal design approach for the Plackett-Luce objective
to efficiently select informative subsets of items for comparison. Recognizing the computational
complexity inherent in this method, they introduce a randomized Frank-Wolfe algorithm, named
DopeWolfe, which approximates the optimal design by solving linear maximization sub-problems
on randomly chosen variables. This approach reduces computational overhead while maintaining
effective learning performance. However, their approach is specifically tailored to the single-context
setting (e.g., Instance 2) and may not generalize well to the multiple-context scenarios (e.g., Instances
1, 3, and 4). While their original implementation updates the model parameters using a maximum
likelihood estimation (MLE) procedure, we instead adopt an online update strategy (as described in
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Figure H.1: Performance comparisons for Instance 2 (Non-contextual) with K = 2, 3, and 5,
evaluated under the PL loss (first row) and RB loss (second row).

Procedures [T]and 2 to ensure a fair comparison across all methods. For sampling size parameter R,
we set R = min{(}), 100, 000}.

The uniform random selection strategy, Uniform, selects K actions uniformly at random from the
available action set A at each round, without utilizing any uncertainty or reward-based information.

Best&Ref constructs an action pair (|.S;| = 2) by combining two distinct sources of actions. The
first action is chosen to maximize the current reward estimate, while the second is sampled from a
reference policy—such as a uniform random policy or a supervised fine-tuned (SFT) model. This
pairing mechanism follows the framework introduced in Online GSHF [85]] and XPO [84]. In our
experiments, we use the uniform random policy as the reference.

Performance measure. Since computing the exact suboptimality gap is challenging under a general
distribution p, we instead evaluate the realized regret, which serves as a slightly relaxed proxy for the
suboptimality gap.

SubOpL(T) < 7: 3} (6 (o1, (20)) — 0 (o Fr(a))) 07+ O (=)

incurred by MDS terms

Nl
Nl

t=1

1
<

S * Tow ~f 1
3 (6 (@7 (1)) — & (2, m(20)) ) 0% +O (ﬁ)

t=1

N

_

=:realized regret

where we define 7;(x) := argmax, ¢(z, a)Tét, and let 77 denote the best policy among {m;}7_,,
possibly selected using a validation set.

Results. We present performance comparisons in Figures|G.T|through[H.3] corresponding to Instances
1 through 4, respectively. Overall, our algorithm, M-AUPO, consistently outperforms other baseline
methods. The only exception is in Instance 2 (Figure [H.T)), a special case of the non-contextual
setting, where M-AUPO performs slightly worse than DopeWolfe. This is an expected outcome, as
DopeWolfe leverages a D-optimal design strategy, which is known to be highly effective in the
single-context setting. However, it is important to note that DopeWolfe completely fails in more
general contextual scenarios (Figures[G.T} [H.2] and[H.3)), and its computational cost is significantly
higher than that of our approach (see Table[H.I)).

The uniform random assortment selection strategy, Uniform, shows reasonable performance—though
consistently inferior to M-AUPO—in Instances 1, 2, and 4, as presented in Figures|G.T] and[H.3]
respectively. In contrast, for Instance 3 (Figure|H.2)), where most features are uninformative (being
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Figure H.2: Performance comparisons for Instance 3 (Hard-to-learn contexts) with K = 2, 3, and 5,
evaluated under the PL loss (first row) and RB loss (second row).
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Figure H.3: Performance comparisons for Instance 4 (skewed stochastic contexts) with K = 2, 3,
and 5, evaluated under the PL loss (first row) and RB loss (second row).

K DopeWolfe Uniform Best&Ref M-AUPO (PL) M-AUPO (RB)
2 728s  0.10s 0.10s 1.09 s 1.04 s
3 99.6s  0.18s 0.10s 2.35s 1.06 s
5 150.5s  035s 0.10s 2.71s 1.10s
7 2188s  0.58s 0.10s 4.10's 1135

10 331.1s 0995 0.10s 6.89 s 1.31s

Table H.1: Runtime comparison over 200 rounds (seconds)

nearly orthogonal to the true parameter) and thus careful action selection becomes crucial, Uniform
performs substantially worse than M-AUPO.

The Best&Ref algorithm performs consistently worse than our algorithm and does not benefit from
larger K, since it always selects only a pair of actions.
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Moreover, the suboptimality gap consistently decreases with larger K across the three algo-
rithms—M-AUPO, Uniform, and DopeWolfe—whereas Best&Ref shows no such improvement,
as it always selects only two actions regardless of K. For M-AUPQ, this trend is consistent with
our theoretical results (Theorems [I]and [2). In contrast, the improvement observed for DopeWolfe
suggests that its current theoretical guarantees may be loose, as their bound actually deteriorates with
increasing K (recall that their theoretical guarantee worsens for larger ). This suggests that tighter
bounds could be obtained by incorporating techniques similar to those introduced in our work.

Table[H.2] presents the average assortment size |S;| of M-AUPQ for various values of the maximum
assortment size K. In most cases, the algorithm selects the full K actions, i.e., |S;| = K. An
exception occurs when K is large (e.g., 30 or more), which may be impractical in real-world
applications due to the increased annotation burden on human labelers.

K | 2 3 5 7 10 30 50

PL loss, |S| | 2.00 3.00 5.00 7.00 10.00 16.21 18.78
RB loss, [S¢| | 2.00 3.00 5.00 7.00 10.00 19.87 22.37

Table H.2: Assortment size |S;| of M-AUPO with varying K in the synthetic experiment

H.2 Real-World Dataset

Setup. In our real-world dataset experiments, we evaluate performance on two widely used benchmark
datasets: TREC Deep Learning (TREC-DL) and NECTAR. The TREC-DL dataset provides 100
candidate answers for each query, offering a rich and diverse set of responses suitable for learning
from listwise feedback. In contrast, the NECTAR dataset presents a more concise setup, with only 7
candidate answers per question. From each dataset, we randomly sample |X'| = 5000 prompts, each
paired with its corresponding set of candidate actions—100 for TREC-DL and 7 for NECTAR.

We use the Gemma-2B language model [75] to construct the feature representation ¢(x, a). To obtain
o(x, a), we first concatenate the input prompt x and the candidate response « into a single sequence,
which is then fed into Gemma-2B. The resulting feature vector is extracted from the last hidden layer
of the model and has a dimensionality of d = 2048. We then apply ¢; normalization to enhance
numerical stability and ensure consistent scaling. For each round ¢, we sample the context index from
an exponential distribution with rate A = 0.1, which assigns higher probability to smaller indices
and thus biases the selection toward earlier contexts. To generate ranking feedback and evaluate the
suboptimality gap, we use the Mistral-7B reward model [33]] as the ground-truth reward function.

We measure the suboptimality gap every 2,500 rounds throughout the training process and report the
average performance over 10 independent runs, each with a different random seed. Along with the
average, we also include the standard error to indicate variability across runs. In these experiments,
we report results under the RB loss only, due to its superior performance, as demonstrated in the
synthetic data experiments. The experiments are conducted on a Xeon(R) Gold 6226R CPU @
2.90GHz (16 cores) and a single GeForce RTX 3090 GPU.

Baselines. We use the same set of baselines as in the synthetic data experiments. For DopeWolfe [76],
we set the sampling size parameter R as R = min{ (%), 1000}. Although a small value of R < 1000
may introduce significant approximation error—since the theoretically minimal-error choice is
R = O((}))—we adopt this smaller value in our experiment to reduce computational overhead.

Performance measure. We measure the realized regret as in the synthetic experiment.

Results. We present performance comparisons in Figure[H.4] Our algorithm, M-AUPO, consistently
outperforms all baselines by a significant margin. As in the synthetic data experiments, the subop-
timality gap for all methods decreases as K increases. Notably, DopeWolfe performs particularly
poorly on the TREC-DL dataset. This may be attributed to the use of a small sampling size R,
which is insufficient compared to the full subset space of size (II\(Z) = O(N¥) » 1000 > R. This
result highlights an important practical limitation of DopeWolfe: despite its use of approximate
optimization to reduce runtime, the method still depends on combinatorial sampling to perform
well, which becomes computationally infeasible in large-scale settings. In contrast, our algorithm,
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Figure H.4: Performance comparisons on the TREC-DL dataset (top row) and the NECTAR dataset
(bottom row) for varying values of K = 2, 3, and 5.

M-AUPQ, achieves consistently strong performance while incurring only polynomial computational
cost, demonstrating superior scalability and practicality for real-world deployment.

Table [H.3|reports the actual assortment size |:S; | selected by M-AUPO on both datasets. In the TREC-
DL experiment, |.S;| is nearly equal to K for all values of K, as the number of available actions is large
(N = 100). In contrast, in the NECTAR experiment, where the number of available actions is much
smaller (N = 7), the actual assortment size |S;| is often smaller than K, especially when K = N.
This reduction occurs because the limited action space constrains the potential informativeness of

larger assortments—for example, it becomes difficult to achieve high average uncertainty when there
are too few actions to choose from.

K 2 3 5 7

TREC-DL dataset, |S;| | 2.00 3.00 5.00 6.98
NECTAR dataset, |S:| | 2.00 2.99 445 4.76

Table H.3: Assortment size |S¢| of M-AUPO with varying K in the real-world dataset experiment

I Limitations

In this paper, we primarily focus on the online PbRL setting, where contexts are drawn stochastically
from a fixed distribution. However, we do not explore the offline setting [92], which may involve
a different set of challenges. As a result, it remains an open question whether similar improve-
ments—such as better performance with larger K—can be achieved in the offline setting. We view
this as a promising direction for future research and leave it as an open problem.
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