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Abstract

When and why representations learned by different deep neural networks are
similar is an active research topic. We choose to address these questions from
the perspective of identifiability theory, which suggests that a measure of repre-
sentational similarity should be invariant to transformations that leave the model
distribution unchanged. Focusing on a model family which includes several popular
pre-training approaches, e.g., autoregressive language models, we explore when
models which generate distributions that are close have similar representations. We
prove that a small Kullback-Leibler divergence between the model distributions
does not guarantee that the corresponding representations are similar. This has
the important corollary that models with near-maximum data likelihood can still
learn dissimilar representations—a phenomenon mirrored in our experiments with
models trained on CIFAR-10. We then define a distributional distance for which
closeness implies representational similarity, and in synthetic experiments, we find
that wider networks learn distributions which are closer with respect to our distance
and have more similar representations. Our results thus clarify the link between
closeness in distribution and representational similarity.

1 Introduction

How to compare and relate the internal representations learned by different deep neural networks is a
long-standing and active research topic [3, 29, 32, 37, 44, 48, 64]. Understanding when and why var-
ious kinds of representational similarity emerge has implications for model stitching [11, 15, 35, 40,
45], knowledge-distillation [52, 57, 72, 73] and interpretability for concept-based and neuro-symbolic
models [5, 14, 41], see [60] for a review. A theory of when similarity occurs will chiefly depend on
how similarity is measured. As argued by Bansal et al. [3], a similarity measure “should be invariant
to operations that do not modify the ‘quality’ of the representation, but it is not always clear what
these operations are”. Indeed, this depends on how one defines the ‘quality’ of a representation, and
previous works have debated the pros and cons of different choices [3, 13, 29, 30, 44, 48, 64, 66].

We choose to address these questions from the perspective of identifiability theory. In identifiability
of probabilistic models, representations are called equivalent if they result in equal likelihoods, and
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Figure 1: When closeness in distribution does and does not imply representational similarity. On the left,
we show two distributions ps g, pe/ o7 € Pe which are closer than € w.r.t. the distance dﬁw ( ),
as illustrated by the shaded blue ball. We use [(f, g)] € ©/ ~. to denote the identifiability class ( )
of a ~ -identifiable model with embedding f and unembedding g ( ). implies that the
identifiability classes [(f, g)] and [(f’, g’)], within the shaded area, will have similar representations—i.e.,
their dissimilarity under d¢ g ( ) is bounded above by 2Me. We also consider a third distribution
Pi g € Po which, while e-close in dk1, (in magenta), falls outside the blue region and has representations that
are very dissimilar from those of [(f, g)] and [(f', g’)], as described by our . On the right, we plot
the three model embeddings: Taking f as reference, we find the best linear fit to f’ and f, and then color each of
the points according to the residual error (brighter colors denote larger errors). The embeddings f’ are nearly a
linear transformation of f, while f shows substantial deviation—yvisibly farther from being linearly related.

all models with equivalent representations together form an identifiability class [26].” Therefore, to
preserve the ‘quality’ of representations, our notion of representational similarity needs to be invariant
to precisely those transformations which leave the model likelihood unchanged. We focus on a model
family including many popular pre-training approaches, e.g., autoregressive language models [7, 47],
contrastive predictive coding [46], as well as standard supervised classifiers. Identifiability results for
this model class show that, under a diversity condition, equal-likelihood models yield representations
which are equal up to certain invertible linear transformations [27, 33, 50, 51].

As a first step toward a theory of representational similarity, we ask: For what distributional and
representational distances is it true that models whose output distributions are close have simi-
lar internal representations? Addressing this requires going beyond classical identifiability, which
assumes exact likelihood equality. We do so by proving in that a small Kullback-Leibler
(KL) divergence does not guarantee that the corresponding representations are similar—i.e., close
to the identifiability class of our model family. As an important corollary, two models which are
arbitrarily close to maximizing the data likelihood can still have dissimilar representations (

). We then introduce a new distributional distance ( ) and prove ( )
that closeness in this distance bounds representational dissimilarity ( ).

We conduct classification experiments on CIFAR-10 and find substantial representational dissimilarity
between some trained models with similarly good performance ( ). This dissimilarity
appears to stem from a mechanism analogous to that identified in our KL divergence theory. We
also run synthetic experiments showing that wider neural networks tend to learn distributions
closer under our distance and have more similar representations ( ). This suggests that
the inductive biases of larger models may promote representational similarity, something already
observed in previous works.” Altogether, our findings indicate that the robustness of identifiability
results [27, 50, 51] under the KL divergence may require additional assumptions, and that whether
distributional closeness implies representational similarity depends critically on the choice of
distributional and representational distance.

The structure and main contributions of our paper are as follows:

* We prove that small KL divergence between two models from our considered class ( )
does not guarantee similar representations ( , ); as a corollary, models with
near-maximum data likelihood can have entirely dissimilar representations ( ).

3 For a model family © and an equivalence relation ~1,, ©/ ~, denotes the quotient space whose elements
are the identifiability classes [(f,g)] = {(f',g') € © : (f,g) ~r (f',g')} [18, 26].

“E.g., Roeder et al. [51]: “as the representational capacity of the model and dataset size increases, learned
representations indeed tend towards solutions that are equal up to only a linear transformation.”



* We define a distance between probability distributions ( ) and a dissimilarity measure
between representations ( ), and prove that small distributional distance implies represen-
tational similarity up to a specific class of invertible linear transformations ( ).

* We empirically show that: (1) models trained on CIFAR-10 can exhibit dissimilar representations
despite similarly good performance through a mechanism similar to that in the proof of

( ); (2) on synthetic data, wider networks yield lower mean and variance of our
distributional distance, and also have more similar representations ( ).

2 Model Class and Identifiability

We consider input variables x € X', which can be real-valued (e.g., images) or discrete (e.g., text
strings). We assume that the input data is sampled i.i.d. from a distribution pp(x). Given an input x,
we consider the task of defining a conditional distribution over categorical outputs y € ), which can
be class labels in classification tasks or next-tokens following a context in language modeling.

Model class. Following Roeder et al. [51], we consider a model to be a pair of functions (f, g) € O,
where the codomain of both f and g is a vector space R, which we will also refer to as the
representation space. Here, © entails the space of all such pairs that can be generated by arbitrarily
large neural networks.” We will refer to f(x) as the model embedding and to g(y) as the unembedding.
The conditional distribution” defined by the model is given by

exp(f(x) "g(y))
ey exp(f(x)Tg(y))

We will also indicate the model distribution with p¢ ¢ € Pe, where Pg is the space of conditional
distributions that can be constructed as in using models in ©. This model family captures
a variety of models for different learning contexts [51] among which: (i) auto-regressive language
models like GPT-2 [47] and GPT-3 [7]; (ii) supervised classifiers like energy-based models [27] and
models trained with DIET [25]; (iii) pretrained language models like BERT [12]; (iv) self-supervised
pretraining for image classification with Contrastive Predictive Coding (CPC) [46].

prg(ylx) = T ey

Identifiability. It is useful to fix a pivot input point xg € X and a pivot label yy € ) and consider
the displaced embeddings f((x) := f(x) — f(x¢) and unembeddings g, (y) := g(y) — g(yo). The
conditional probability distribution generated by the model can then be rewritten as

Prg(ylx) o exp(f(x) "g(y)) exp(—£(x) "g(y0)) ©)
= exp(f(x) "go(y)) - 3
Next, we review identifiability of the model class in . Identifiability theory characterizes

the set of transformations of representations that leave a model’s output distribution unchanged;
two models are therefore deemed equivalent when one can be obtained from the other by such a
transformation. To proceed, we introduce an assumption about our considered models. This condition,
also known as diversity [27, 33, 51], corresponds to only considering models that span the whole
representation space, in the sense that there is no proper linear subspace of RM containing the
embeddings or the unembeddings [42]. Formally, this can be written as:

Definition 2.1 (Diversity condition). A model (f,g) € © satisfies the diversity condition if there exists
X1,...,Xy € X and yy, ..., ynr € Y such that both the displaced embedding vectors {f(x;)}M,
and the displaced unembedding vectors {go(y;)}L, are linearly independent.

The diversity condition can hold when the total number of unembeddings in ) is strictly higher
than the representation dimension M [51]. For example, in GPT-2 [47], while the representation
dimensionality varies in the order of thousands (depending on the model size), the number of tokens
in Y is of the order of ten thousands (~ 50k tokens), implying that diversity may be easily satisfied.
With this assumption, we can prove the identifiability of the model in up to invertible
linear transformations (a detailed proof can be found in ):

Both f and g are therefore treated as nonparametric functions in the following, similar to [27, 33, 42, 51].
We use the term “distribution” generically. In , pr,g (y|x) is a softmax over a finite label set,
i.e., a probability mass function.
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Figure 2: Two models with small KL divergence but highly dissimilar representations. We construct two
models (f,g), (f',g’) € © whose representations are related by a non-linear transformation: The embeddings
and unembeddings of the (f’, g’) model are constructed by permuting the embedding clusters and the corre-
sponding unembedding vectors of the (f, g) model. As a result, the nearest unembedding vectors in g(-) (dashed
lines) are mapped away from each other in g’(+). In , we show that as the norm of the unembedding
vectors p grows for both models, their distributions pg ¢ and pe/ g become closer in KL divergence, whereas
their representations remain dissimilar—i.e., far from being equal up to a linear transformation, see also

Theorem 2.2 (Linear Identifiability [27, 33, 51]). Let (f,g),(f',g’) € ©, and (f,g) satisfy the

diversity condition ( ). Let L (resp. L) be the matrix with columns go(y) (resp. g,(y)),
andlet A =L~ TL'T € RM*XM_ Then:
Peg(y | X) =prg(y]x), V(x,y) € X xY = (f,g) ~1 (f',g) )

where the equivalence relation ~, is defined by

(F.g) ~p (. g) = {f(’o = Af(x)

go(y) = A" Tgl(y)

The result of is central to the scope of our analysis because it shows that representa-

tions of two models generating the same conditional distribution are related by an invertible linear

transformation. This also means that, under the diversity condition, to each probability distribution

Pr.g € Peo corresponds a unique (up to equivalence) choice of embeddings and unembeddings. See
for an illustration.

&)

Representational similarity. suggests that a natural notion of similarity between
representations for our model class should account for the linear equivalence relation in
Hereafter, we say two models (£, g), (f', g) € © have equivalent representations if their embeddlngs
and unembeddmgs are related by an 1nvert1ble linear transformation of the kind in

, (f,g) ~r (f',g'), and we call representations similar if they are ‘close’ to having such a
relation—which we will make precise in . We note that several measures of representa-
tional similarity [29, 44, 48] are based on Canonical Correlation Analysis (CCA) [21], and are thus
invariant to any invertible linear transformation. They thus attain their maximum when applied to rep-
resentations that are equivalent in the sense above, but also for other invertible linear transformations.
We discuss alternative choices of similarity measures in

3 Models Close in KL Divergence Can Have Dissimilar Representations

Given , we next ask whether a similar conclusion holds approximately when the models
have nearly the same distributions. More precisely, we ask: For a given choice of divergence between
distributions, does a small difference in distributions imply representational similarity?

As a natural starting point, we consider the widely used Kullback-Leibler (KL) divergence. Specifi-
cally, we quantify the difference between two models by the KL divergence between their conditional
distributions, averaged over the data distribution pp(x). This is equivalent to the KL divergence
between the corresponding joint distributions, assuming both share the marginal pp(x). Formally:

kL (p,P') = Exnpp [Dx (p(yx) |2 (y1%))] = Dxw (p(x,9) [ 2/(%,9)) - ©)

When Dkr,(p(y|x) || 2’ (y|x)) = 0 for all x, we obtain models that are ~ -equivalent, as specified in
. However, only making the KL divergence small is insufficient to conclude much about
the similarity of representations. The following result formalizes this claim (proof in ):



Theorem 3.1 (Informal). Let k = |Y| and assume k > M + 1. Then Ve > 0, there exist models
(f,g),(f",g') € © for which dki(pr.g,pr.g) < € and whose embeddings are far from being
linearly equivalent." More precisely, one can construct a sequence of model pairs, depending
smoothly on a real-valued parameter p, such that, as p — oo, the KL divergence between the models
tends to zero while their embeddings remain fixed and not equal up to any linear transformation.

Proof sketch. We here sketch the construction used for £ > M + 2 (see for a
construction which holds with k = M + 1). Let (f, g) € © be a model which has unembeddings
with fixed norm, i.e., ||g(y)|| = p, forally € Y and p € R*. Assume the unembeddings have
non-zero angles between them and let the unembeddings satisfy diversity ( ). For
x € X, let the embedding f(x) have strictly largest cosine similarity with one g(¢), for some
§ € Y, and such that § = argmax,cy (pr.g(y[x)). As a consequence, note that the model (f, g)
also satisfies the diversity condition for the embeddings. Let (f,g’) € © be another model which
is constructed starting from (f, g) and considering a permutation, 7, of the label indices such that
g (yi) = & (yx(i)) fori = 1,... .k, with a corresponding shift of the embedding clusters.” For
every x € X, we let ||f'(x)|| = ||£(x)]|| and let the angle between f’(x) and g’ () be equal to that
between f(x) and g(g). We illustrate this construction in for f(x), g(y) € R2. One can then
find a permutation 7 for which f(x) is not a linear transformation” of f’(x) (thus the KL divergence
between pg ¢ and pe o is non-zero). However, as p — oo, we have that dKL(pf,gapf',g’) — 0,
although the embeddings stay constant and not linearly equivalent.

shows that, even when dir,(pe g, Pr/g/) < €, there is no guarantee that the models
are close to being ~-equivalent. The proof constructs a p-parameterized sequence in which the
embeddings remain fixed and not equal up to a linear transformation; consequently, the error of the
best linear regression of one embedding set onto the other is strictly positive and stays constant as
p — 00, while dky, — 0.

In , we consider the KL divergence between two distributions from our model family.
However, when practitioners study representational similarity in trained models, they fit each model
to the data distribution—usually by maximum-likelihood estimation—and then compare their repre-
sentations. We therefore also formulate the following corollary which is closer to the usual setup:

Corollary 3.2 (Informal). Let k = |Y| and assume k > M + 1. Consider a dataset of (x,y) pairs,
where only one label is assigned to each unique input. Then, we can find two models that obtain
an arbitrarily small cross-entropy loss on the data while having representations which are far from
being linearly equivalent in the same sense as in

The proof is in , and an illustration through synthetic experiments can be found in
. This corollary shows that two models having close to optimal classification loss on
training data, possibly also equal, may not possess similar representations at all. Importantly, we find
that this situation can arise in practice with discriminative models trained on CIFAR-10 ( ),
which can have dissimilar representations despite assigning high probability to the same labels.

4 When Closeness in Distribution Implies Representational Similarity

In this section, we introduce a distance between probability distributions ( ) and measure
of representational similarity ( ) and prove that, for our model family ( ), small
values of the former imply high similarity under the latter ( ).

"We show in how the construction from our proof can lead to high dissimilarity both according to

mcca [48, 51] and under the measure introduced in .
8This is not a permutation of the representation dimensions—i.e., it is not f’(x) = Pf(x) for some permuta-
tion matrix P. The permutation of label indices, and corresponding shift of embedding clusters, is in general not
a linear transformation of the representations (see ); it also changes the model’s output distribution, since it
alters the rank—Dby predicted probability—of every label except the highest-probability one for each input x.
°In , we show that one can construct models this way and such that the mean canonical correlation is
close to zero, whereas it would be equal to one if their representations were linear transformations of each other.



4.1 A Distance Between Probability Distributions

We start by studying what relation holds between models in © which need not have the same
probability distributions. Hereafter, we will also consider the variance over input samples and outputs
and denote it with Vary[-] := Varx~p, [-] and Var,[-] := Var, unit(y)[], respectively. With this in
mind, it is useful to introduce the following functions:
U (i) = \/Varx[log p(yi[x) —log p(yo[x)] and vy (x;5p) = \/Vary[log p(y[x;) —log p(ylxo)] .
(N
We also denote with S € RM*M the diagonal matrix with entries S;; = ¥y (y;; )71 We now have
everything we need to state a Lemma relating any two model embeddings (the full statement and

proof, including the relation between the unembeddings can be found in ):
Lemma 4.1. Let (f,g), (f',8') € © be models satisfying the diversity condition ( ). Let
L, L’ be defined as in .Let A =L~ TS7IS'L'" and h¢(x) := L~ 'S~ 1€, (x), where

the i-th entry of €,(x) is given by

€, (x) = log pe g (yi[X) — log pe.g(yolx)  logpe g (yilx) — log pe g (yo|x)
v Ux(is Prg) U (Yis Pergr)

®)

Then, we have
f(x) = Af'(x) 4+ he(x) . )

Remark 4.2. In the special case where the two models (f,g), (f',g') € © have the same distribution,
the error term in vanishes and we recover (f,g) ~1, (f',g') (see ).

We note that the error term in depends entirely on differences of log probabilities. We also
see that if €,, (x) is a constant (or equivalently, Varle,, (x)] = 0), the embeddings will be invertible
linear transformations of each other. This suggests that if we want a distance between distributions
which is related to the similarity of the embeddings, we can measure how far this error is from being a
constant. We therefore define a distance which includes these weighted differences of log-likelihoods.

To proceed, we restrict our analysis to a subset of distributions that satisfy the following assumption:

Assumption 4.3. We consider probability distributions p such that for sets Xy 1y C X and Yyiv C Y
containing all labels except one, the following conditions are satisfied: (1) For all x € Xy we have
that log p(y|x) — log p(y|xo) is not constant in y and pp(x) > 0; and (2) For all y € YL1v we have
that log p(y|x) — log p(yo|x) is not constant in x.

Note that this assumption guarantees that, for any such p, the terms ¢ (y;;p), and ¢, (x;; p) are
non-zero for x; € Ay and y; € Vprv. Under , we exclude those probability
distributions that assign the same distributions over the labels for all inputs, that is, we need at least
one input to result in a different distribution. We also exclude those distributions which assign equal
probability to two or more labels for all inputs.

Definition 4.4 (Log-likelihood variance distance between distributions). For any two probability
distributions p,p’ for which there exists a common choice of X 1y C X and Yy1v C Y such that
they both satisfy , for a fixed A € R™, and by considering the following terms:

_ log p(y[x) logp’(yIX)} [1ogp(yo|><) B 1ogp’(yo|><)]

LR {\/Varx [ Ux(yip)  Ux(yip) ’\/Varx Ux(y; D) Ux(y; ')
_ logp(yx) logp’(yIX)] [logp(yIXo) B logp’(yle)}

2 e ) {\/V&r” { Yy(xip)  y(xsp)) ’\/Vary ¥y (x;p) Py (%5 7)

t3i=  max |Ux(y;p) —Ux(y; P, ta= max [y (xp) — Py (x;0)]

yEVrrv \{vo} xeXLrv \{xo0}

the log-likelihood variance (LLV) distance between p and p’ is given by
iy (p,p') = max {t1, ta, Az, Aa} . (10)

In , we show that df;; is a distance metric between sets of conditional probability
distributions.'” The non-zero weighting constant A is introduced because, as we will show in

1Specifically, diyy (p, ') is non-negative; zero iff p = p/, symmetric; and it satisfies the triangle inequality.



, t1 and t5 can be used alone to bound the similarity between model representations, but
t3 and 4 need also to be considered to make d;+, a distance metric. In our experiments, we set A to
a small non-zero value, so that the ¢; and ¢, terms dominate (see for details).

Note that the log-likelihood variance distance, dﬁLV, requires a choice of input, A1 1y, and label,
YL1v, sets, and the exact value of the distance depends on this choice when the distributions are
not equal. However, dﬁw is a metric for any choice satisfying . Therefore in the
experiments, we draw a sample of possible sets and choose the ones which give the smallest value.

4.2 A Dissimilarity Measure Between Representations

Having defined a distance between distributions, we turn to a distance between representations which
is related to invertible linear transformations. We define a dissimilarity measure based on the partial
least squares (PLS) approach called PLS-SVD [53, 59]. For two random vectors z, w, let 3, denote
the covariance matrix whose (i, j)-th entry is

(EZW)ij = Covaw [ziij] = ]E(Z,W)~pz,w [(Zz — Eznp, [ZZ])(w7 — Ewnpy [wy])] ) (11)
where p, v is the joint distribution of z,w, and p,, py, are the respective marginals. PLS-SVD
seeks pairs of unit-length vectors u, € R% and v, € R (¢ = 1,...,r) that maximize the
covariance between the one-dimensional projections uZz and VZW, subject to mutual orthogonality
of successive directions. This is equivalent to finding the left and right singular vectors of 3., (more
about PLS-SVD in ). Leveraging this procedure by PLS-SVD, we introduce a similarity
and a dissimilarity measure:

Definition 4.5 (PLS SVD distance between vectors). Let z, w be two M -dimensional random
/

vectors, and define z', w' by standardizing their components: z, = (z; — E[z;])/std(z;), w} =
(w; — E[w;])/ std(w;). Let {u;}M | and {v;}M | be the left and right singular vectors of the cross-
covariance matrix X, v. We define
M

msvp(z, W) = 714 Soimy Covyw [u) 2/, v W], dsyp(z,w) :=1—mgyp(z, w). (12)
Since mgyp(z, w) < mgyp(z,2) = 1, it follows that dsyp(z, w) > 0 for all random vectors z, w.
We also have that the dissimilarity measure is invariant to rotation followed by dimension-wise
scaling (see ): if mgyp(z,w) = 1 or, equivalently, dsyp(z, w) = 0, then there
exist an orthonormal matrix R and diagonal matrices S, S’ scaling z, w to unit variance such that

z=S"'RSw.

With this distance between vectors, we can define a dissimilarity between representations for models
from our model family by seeing the embeddings and unembeddings as random vectors.

Definition 4.6 (Representational dissimilarity measure d ¢). Let (f,g), (f',g’) € ©. Let L, L’ be
defined as in . Let N (resp. N') be the matrix with columns fy(x) (resp. £3(x)). The
representational dissimilarity measure dg ¢ is defined as follows:

drg((£.8). (£,8) = max {dsvn (LT#(x), LT/ (x)), dsvn(NTg(y). N Tg/(s) } - (13)

4.3 Bounding Representation Dissimilarity via Distributional Distance

We now prove that it is possible to relate a bound on the distance metric dj;,, between model

distributions ( ) to a bound on the dissimilarity measure d¢ ; between model repre-
sentations ( ). For the result below, We denote with z; = LT f(x), zp = L' Tf/(x),
w1 = NTg(y) and wy := N'Tg/(y) (proof in ).

Theorem 4.7. Let (f,g), (f',g') € © be two models such that: (1) There exist X,y C X and
Yorv C Y, consisting of a pivot point and all labels but one, such that all L, L’ and N, N’ matrices
constructed from these sets are invertible;' (2) Both pg g and pe o1 satisfy for
Xrv and Yiiv; (3) The covariance matrices X, 5, , Xw,w, and the cross-covariance matrices
3 20, Dw,w,, are non-singular. Then, for any weighting constant A € R, we have

déLV(pf,ngf/,g’) S € —> dﬂg((fa g)7 (flag/)) S 2Me . (14)

"This is slightly stronger than the diversity condition ( ) in the sense that we need diversity to
hold for all sets using labels from Y1,y and the chosen pivot point.
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Figure 3: (Left) Embedding representations of two models trained on CIFAR-10. Representations for some
of the labels are permuted, and mcca (f(x), f/(x)) = 0.55. (Right) Mean d71~ and ds ¢ vs network width.
Shaded area is standard deviation. Both mean and standard deviation decrease as the network width increases.

Remark 4.8. It can be shown ( ) that dsyp (L' f(x), L’Tf/(x)) remains constant for
models that are linearly equivalent fo the members in the expression. That is, for any (f*,g*) € ©,

such that (£*,g*) ~1, (£,g), we have that dsyp (LTf(x), L' Tf'(x)) = dgyp (L* T £*(x),L'Tf'(x)).
A similar argument also holds for dsyp(NT g(y),N'Tg’(y)).

shows that for the measures di;,; and dg g, closeness in distribution (i.e., small values
of d1,,) bounds representational dissimilarity (as measured by dg ).

Notice that in , we can freely choose any set of inputs A1y C & as long as they satisfy
(1) and (2). Hence, if there is a choice making s in as small as possible, it will also

make dgvp (N Tg(y), N Tg'(y)) small. There is also some flexibility for Y.y C ), where a careful
choice of pivot point 3y and the left-out label can make the term ¢; in small and, as a

consequence, dsyp (LT f(x), L T f/(x)) also small.

S Experiments

In this section, we present our key experimental findings: (1) For models trained for classification
on CIFAR-10 [31], we observe cases of similarly well-performing models with highly dissimilar
representations, arising from a mechanism analogous to the constructive proof of

( ); (2) On synthetic data, training wider neural networks results in a reduction of both
the mean and variance of d7 [+, between models and leads to higher representational similarity
( ). Additional experiments illustrating the phenomena in and visualizing the
bound in are summarized in . For all experiments we use A = 107°. See

for implementation details. Code can be found on github

5.1 Dissimilar Representations in CIFAR-10 Models with Similar Performance

Experimental setup. We trained classification models on CIFAR-10 [31] with two-dimensional
embedding and unembedding representations. The embedding network is a ResNet18 [20], and the
unembedding network consists of three fully connected layers of width 128, followed by the final
representation layer.

Results. Embeddings of images with the same labels form clusters, and certain label pairs—such as
“truck” and “automobile”’—consistently appear as neighbors across retrainings (See ).
However, some clusters are permuted: (Left) shows two retrainings where, in the first model, the
“truck” cluster lies between “automobile” and “ship”, while in the second it lies between “automobile”

and “horse”. This mirrors the construction in , where models close in KL divergence
have dissimilar representations. The models in (Left) have dir, of 1.13 (0—1) and 1.12 (1—0),
similar test losses (1.19 and 1.18), but a large d/L\LV (~ 1.55) and small mcca (0.55).

12 , DOL:


https://github.com/bemigini/close-dist-rep-sim
https://zenodo.org/records/17250818

5.2 Wider Networks Learn Closer Distributions and More Similar Representations

Experimental setup. We train models on a 2D classification task with 4, 6, 10 or 18 labels. Data
are samples from a 2D Gaussian (1 = 0, 0 = 3), and labels are based on the angle to the first axis,
consisting of a slice of the circle and the opposite slice (see ). We train twenty random
seeds of models with two-dimensional representations. Each model consists of three fully connected
layers with widths 16, 32, 64, 128 or 256. We retain only models achieving over 90% accuracy. For 4
classes, this yields 19 models at width 16 and 20 models for all other widths. For 6 classes, we retain
16, 17, 19, 19, and 20 models across the five widths, respectively.

Results. We find that d3;,, and d¢ & between the models trained with wider networks have smaller
both mean and standard deviation. In (Right) we show the trend for models with 4 and 6 classes.
Similar plots for 10 and 18 classes can be seen in . While the bound in

is only non-vacuous when dr ¢ ((f, g), (f',8’)) < 2Me < 1 (i.e., when € < 1/2u) our plots suggest
that there is a broader relationship between d o and d7+, since the values of df';,; and df ¢ seem to
be related even before the bound becomes non-vacuous.

5.3 Visualizing Representation Dissimilarity and the Bound from

Following the construction in , We simu-
late two models with fixed embeddings and unembed-

Table 1: Kullback-Leibler divergence
rapidly vanishes while other measures stay

constant. Cells in the dkr column are
shaded red in proportion to their magnitude
(darker = larger value). As the unembed-
ding norm p grows, dxi, drops by almost
four orders of magnitude, whereas dj'1, and
the maximal dsvp between embeddings re-
main virtually unchanged.

dings with increasing norm. We measure the KL diver-
gence and dj ., between distributions; between repre-
sentations, we measure the mean canonical correlation
(mcca) [44, 48, 51] and the maximum dgyp of the em-
beddings over the input and label sets for dy, (since this
is what bounds). The results are in :
We find that as the unembeddings’ norm, p, increases, dxr,

decreases, while dj;,; and dsyp remain high and mcca p dxn  ddy  meca  maxdsvp
remains low and almost constant. This aligns with the

. o > 3 [JO8BGEN 13176  0.0006 0.9996
result in , while it displays that df;; is robust c OBl 13160 00007 0.9998
to these model constructions. 9 00369 13171 0.0004 0.9995
Also, for these model pairs and models trained on synthetic ﬁ 8:88(5)2 iii;ﬁ 8:8882 8j§§§§
data, we find that the bound in is always 18 00001 13172  0.0010 0.9998

satisfied (refer to for details and to
for a visualization). However, for models trained on CIFAR-10, the distributions are not close enough
for the bound to be non-vacuous.

6 Discussion

Limitations. To the best of our knowledge, this work provides the first theoretical result that upper-
bounds representational dissimilarity by a distributional distance ( )—a relationship
that shows is far from obvious. The bound is nonetheless not tight: it grows linearly
even though the empirical trend of max dgyp is clearly sub-linear ( ), and it presently requires
the label set to contain every class but one. We conjecture that a tighter, potentially non-linear
bound could be obtained and that d;, would remain a valid distance when computed on a suitably
diverse subset of labels. The distributional distance itself ( ) inherits the same label-
diversity assumption ( ), which prevents its applicability to the whole model family of

: diversity is more likely to hold in language models, but may fail in standard image
classifiers—especially when the number of classes is smaller than the representation dimension [51].
It was recently proved by Marconato et al. [42] that, when relaxing the diversity assumption, the model
family in can be identified up to an extended-linear equivalence relation. Extending our
theory to that setting would enable comparing models with different representation dimension [42].

Alternative similarity measures. The invariances of our dissimilarity measure, dg g, comprise
a subset of all invertible linear transforms and always consider embeddings and unembeddings in
combination with each other (see ). By contrast, much prior work employs CCA-based
measures that are invariant to any linear transformation [44, 48] and only measures (dis)similarity



between embeddings. Kornblith et al. [30] argue that similarity measures should be invariant only
to orthogonal transformations, based on the task-relevance of relative activation scales and the
invariance of gradient-descent dynamics [34]. What measure best captures representational similarity
is still an open question [3], with different approaches reflecting distinct goals and trade-offs [29].
Our goal is not to claim our measure is the right one, but to present a pairing of dissimilarity
measure and distributional distance that enables theoretical analysis and captures key empirical
aspects of representational similarity. Extending such guarantees to other (dis)similarity measures
and distributional divergences is an important direction for future work.

Do similarly retrained models learn similar representations? This has been extensively explored
in empirical studies [30, 37, 45, 50, 51, 55, 64]. Retraining with a different seed can result in different
likelihoods, and we show that even models with near-zero KL divergence can have dissimilar internal

representations. While the existence of constructions such as the one in does not imply
that a model will learn them during training, we find it interesting that a mechanism resembling our
construction actually emerged in our CIFAR-10 experiments ( ), where we observe large

representational dissimilarity despite close distributions in terms of KL divergence. Such dissimilarity
can arise when most output labels have negligible probability—for example, an image might be
confidently classified as a “cat” or “dog”, with all other classes (e.g., “spaceship”, “chair”’) having
near-zero probabilities; and in language modeling, often only few next-tokens are plausible. Overall,
these observations suggest that similar performance alone is insufficient to ensure representational

similarity, though higher network capacity may help, see and [51, 55].

Identifiability and robustness. Innonlinear ICA [9, 17, 19, 23, 27, 56, 71], disentangled and causal
representation learning [2, 6, 10, 36, 38, 39, 43, 62, 63, 68-70] models are typically constructed so
that their likelihood-maximising solutions are unique up to a fixed (and ‘small’) set of ambiguities,
as guaranteed by identifiability [23, 67]. Robustness when the likelihood is only approximately
maximized has been studied less, though Buchholz and Scholkopf [8] analyzed isometric-mixing
ICA; Sliwa et al. [54] empirically probed independent mechanism analysis [18]; and Trauble et al. [61]
showed that independence-based disentanglement lacks robustness when true factors are correlated.
Our results further highlight the importance of understanding robustness in nonlinear representation
learning.'” In particular, our suggests that relying solely on identifiability results—such
as those by Reizinger et al. [5S0]—may be insufficient to guarantee that similar representations are
practically attainable when optimizing the cross-entropy loss: additional assumptions may be needed.

Conclusion and Outlook. We have studied the link between distributional closeness and repre-
sentational similarity for the embedding and unembedding layers of our model family, focusing on
different instances of the same model class. Extending our analysis to earlier layers would first require
identifiability results for intermediate network representations, which remains an open problem in
representation learning [24, 27]. In practice, learned representations often appear surprisingly robust
across datasets, architectures, and training objectives [3, 4, 16, 22, 30, 45], and explaining this broader
robustness is an exciting direction for future work. By clarifying when distributional closeness does—
and does not—imply representational similarity for embeddings and unembeddings within our model
family, we take an initial step toward a principled theory of representational similarity.
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* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.

6. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]

Justification: In we provide the necessary details to understand the results and in
and we provide the details important for implementation. The code
is also available at github,

Guidelines:

» The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.

7. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer:
Justification: We do not have error bars in our plots.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
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run with given experimental conditions).
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* The assumptions made should be given (e.g., Normally distributed errors).

e It should be clear whether the error bar is the standard deviation or the standard error
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of Normality of errors is not verified.

¢ For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

o If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.
Experiments compute resources
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puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?
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Justification: We report computing resources in
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* The answer NA means that the paper does not include experiments.
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experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

. Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics ?

Answer: [Yes]

Justification: This work conforms with the principles outlined in the NeurIPS Code of
Ethics.
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¢ The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).
Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [NA]

Justification: Our work focuses on improving our understanding a popular class of discrim-
inative models including autoregressive language models. We hope our work can lead to
safer deployment of such models in the future, however for now this is fundamental research
that has no direct societal impact.
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(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
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to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification: We do not release anything with a high risk of misuse.
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* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
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* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?
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Justification: We cite original creators when relevant. Available licence information is in

Guidelines:
» The answer NA means that the paper does not use existing assets.
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* The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.
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service of that source should be provided.

 If assets are released, the license, copyright information, and terms of use in the
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license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
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* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.
New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [Yes]

Justification: We describe how to generate the synthetic data used in . Our
code also includes the necessary documentation.

Guidelines:

» The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.
Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: The work does not involve crowdsourcing nor research with human subjects.
Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with

human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional review board (IRB) approvals or equivalent for research with human
subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justification: The work does not involve crowdsourcing nor research with human subjects.
Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.
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* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.
16. Declaration of LLLM usage

Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigorousness, or originality of the research, declaration is not required.

Answer: [NA]
Justification: LLMs have not been used for any core components of this research.
Guidelines:

* The answer NA means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

* Please refer to our LLM policy ( )
for what should or should not be described.
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A Notation

We here present a table ( ) with the notation used in the paper.

Table 2: Notation. We use bold letters for vectors and non-bold letters for scalars.

Symbol  Description Reference
X vector and vector-valued variables
Y scalar-valued variable
(f,g) a model with embedding and unembedding functions f and g, see
Dt g distributions of a model (f, g)
fo(x) the displaced embedding functions f(x) — f(xg)
go(y) the displaced unembedding functions g(y) — g(yo)
L the matrix with columns g (y), see
dkr, the distance between distributions arising from the KL divergence
Vary|['] the variance over the inputs from some input distribution, px
Unif(Y) the uniform distribution over the elements of )
dP iy the log-likelihood variance distance with weighting parameter A
dsvp the mean PLS-SVD distance between random vectors
de g the distance between representations for our model class

W the cross-covariance matrix of random vectors z, w
N the matrix with columns £ (x)
MCCA the mean canonical correlation coefficient
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B Identifiability Result and Proof

We present a unified and slightly adapted version of the identifiability results from [27, 33, 51], see
also [42, Corollary 6].

Theorem 2.2 (Linear Identifiability [27, 33, 51]). Let (f,g), (f',g') € ©, and (f,g) satisfy the

diversity condition ( ). Let L (resp. L') be the matrix with columns go(y) (resp. g,(y)),
andlet A ==L~ TL'T € RM*XM Then:
Peg(y | X) =pprg(y|x), V(x,y) € X x Y = (f,g) ~r (f, &) O]

where the equivalence relation ~, is defined by

f(x) = Af'(x)

5
go(y) = A~ Tgh(y) ®)

(f.g) ~L (f',g)) = {
Proof. We first prove that pe ¢ (y | X) = per o/ (y | X), V(x,y) € X x Y = f(x) = Af'(x) for
A =L LT invertible.
By assumption, the models (f, g), (f’, g’) have equal likelihoods. Moreover, by construction, the

two models have representations in R . Let Z(x,)) = Zyj ey exp(f (x) Tg(y;)), and similarly for
Z'(x,Y). Then

Peg(y | x) =pe g (y | x) (15)

f(x)"g(y) —log(Z(x,¥)) = '(x)"g'(y) — log(Z'(x,)) (16)

forall x € X and all y € Y. In particular, this equation holds for any fixed y. From the diversity con-
dition ( ), we can choose M + 1 y’s, yo, - . ., Yar, such that the displaced unembeddings

{go(y:)} M, are linearly independent. By subtracting the log-conditional distribution for the pivot
Yo € ), we obtain for each y; € ) the following:

£(x) "g(y:) — £(x) "g(yo) +1og(Z(x,)) — log(Z(x,))
=1'(x) "g'(y:) — £'(x) "8 (o) +10g(Z'(x,Y)) ~log(Z'(x,¥)) (A7)
£(x) "g(yi) — £(x) "&(yo) = £'(x) &' (v:) — £'(x) & (v0) (18)
f(x) "go(yi) = £'(x) g5 (i) . (19)
where the last passage holds by definition of go(y), g((y), see . Let L be the matrix which
has g (y;) as columns and L’ be the matrix which has g{(y;) as columns. Notice that the diversity
condition ( ) implies that L is an invertible matrix. We can then stack the equations to
get
L'f(x) =L"f'(x) (20)
and since L is invertible,
fx) =L "L Tf(x). 1)

If we set A := (L’L~') T, we only need to show that A is invertible. Using the diversity condition,
we pick points Xg, ..., zys € X such that the displaced embedding vectors {fy(x;)}}, are linearly
independent. Let N be the matrix with f5(x;) as columns and N’ be the matrix with f/(x;) as
columns. Notice that, from the diversity condition N is an invertible matrix. Then

N = AN'. (22)

Since any two matrices, B, C € RM*M 'have the property rank(BC) < min(rank(B), rank(C)),
and N has rank equal to M, we have that necessarily also A and N’ have rank M. In particular, A is
an invertible matrix.

Next we prove that peg(y | ) = pr g/ (y | X), V(x,9) € X x YV = go(y) = A~ "gy(y) for
A =L TL'T invertible.
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As before, we have that

f(x) "g(y) —log(Z(x,¥)) = '(x)"g'(y) — log(Z'(x,)) (23)
holds for all x € X and all y € ). In particular, this equation holds for any specific x. From the
diversity condition ( ), we can choose M + 1 x’s, Xq, . . . , Xps, such that the displaced

embeddings {fo(x;)}}, are linearly independent. By subtracting the log conditional distribution for
the pivot xg € X, we obtaln for each x; € X the following:

f(x:) " g(y) — f(x0) ' g(y) + log(Z(x0,Y)) — log(Z(xi,y))

=f'(x;) g (y) — F'(x0) " &' (y) +10g(Z' (x0,)) — log(Z'(x;,Y)) (24
f(x;) ' g(y) — f(x0)) "&g(y) =f'(xi) & (y) — f( 0) &' (y) + ¢ (25)
fo(xi) "g(y) = fo(xi) &' (y) + ¢, (26)
where
_ Z'(x0,Y) Z(x:,Y)
o (Za )+ (T3 @

Let N be the matrix with f5(x;) as columns, let N’ be the matrix with £/(x;) as columns and let ¢ be
the vector with ¢; as entries. Then, since N is invertible

NTg(y) =N'"g'(y) +c (28)
g(y) =N"'N'Tg'(y) + N Tc. (29)
Since we found in that A is invertible, we have that
N =A"'N. (30)
Therefore, we get
gy) =N""N""g/(y) + N~ e (31)
gly) =N"T(AT'N)"g'(y) + N~ Tc (32)
gy) =N"'NTA Tg/(y) + N "c (33)
gly)=A""g'(y) +b, (34)
where b = N~ "c. So, considering the displaced unembedding vectors, we get:
8o(y) = 8(y) — &(vo) (35)
=A"Tg'(y) +b— A" g () - b (36)
= A" Tgy(y) (37)
This proves the claim. O
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C Models close in KL divergence can have dissimilar representations - details

C.1 KL goes to Zero but Representations are Dissimilar

Here, we restate in full detail:

Theorem (Formal statement of ). Let (f,8,) € © be a model with representations in

RM_ Assume M > 2. Let k = | V| be the total number of unembeddings and assume k > M + 1.
Assume the model satisfies the following requirements:

i) The unembeddings have fixed norm, that is ||g,(y:)|| = ||g,(y;)|| = p, for all y;,y; € Y,
where p € RT.

ii) For every x; € X, let there be one element y; € ) for which the cosine similarity
cos(f(x;),8,(y;)) > 0and cos(f(x;),8,(y;)) > cos(f(x;), g(ye)) for all y; # y;.

Let (', g},) be a model which also satisfies i) and ii) and which is related to (£, g,,) in the following
way:

iii) Foreveryx; € X, ||f'(x;)]| = |[f(x:)]| = e(x:).

iv) For y; = argmax,cy(p(y|xi)) we have that the angle between f'(x;) and g,(y;)
is equal to the angle between f(x;) and g,(y;), in particular, cos(f(x;),g,(y;)) =

cos(f'(x;), g,(Y;))-

Then, making pairs of models satisfying assumptions i) to iv) and with increasing values of p gives us
a sequence of pairs of models for which we have:

dr(pe.g, e g,) =0 for p—oo. (38)

Also, it is possible to construct a model (f', g;) € © which satisfies the requirements above, but

where as p — 0o, the embeddings stay fixed and t'(x) is not an invertible linear transformation of
f(x).

Proof. Let the models (f,g,), (f',g,) € © be as described above. Below, we use the shorthand
p = pf,gp and p/ = pf/,g

P

We prove the results in two parts. (1) We show that, for any two models satisfying the requirements i)
to iv) above, we get that dkr,(p, p’) — 0 as p — oco. (2) We then specifically show how construct a
model (f, g,) and a model (f', g/,), which satisfies the requirements i) to iv) but where as p — oo,
the embeddings stay fixed and f’(x) is not an invertible linear transformation of f(x).

(1) Since Dkr,(p(y|x:)||p' (y|xi)) — 0 for all x; € X implies that dkr,(p,p’) — 0, we will show
that Dky, (p(y|x:)||p’ (y|x;)) — 0 for all x; € X. Fix x; € X. For notational brevity, we denote
with ¢; € RT the value of the norm of the embeddings on x;, i.e., ||f(x;)|| = ||f'(x:)]| = e(x:)
(assumption iii)). We then consider the KL divergence

k
Dxw(p(ylx:)|IP (ylx:)) =Y p(y;|x:) log m :

j=1

(39)

Since D1 (p(y|x:)||p’ (y]x:)) involves a sum over j, Dk, (p(y|x:)||p’ (y|x:)) will go to zero if each
term in the sum goes to zero. To show that each term of this sum goes to zero, we first consider the
term for y; = argmax, cy,(p(y[x;)). In this case, we have that

ey — (i) "go(y;) 40
plysi) S exp(£(x:) Tg,(ye)) w
. -1
= |1+ D exp(f(x) Tgolur) — £(xi) Tgoy) | - (1)
0=1,0%£7

27



From iii) we have ||f(x;)|| = ¢; and from i) we have that ||g,(y;)|| = p. We can therefore write

£(x;) " 8, (y;) = cos(E(xi), go(y;)) - ci - p, (42)
and substituting this into , we see that
N -1
plysba) = [ 14 D exp (e p- (cos(f(x), go(ue)) — cos(f(xi), 8, (y5)))) . 43)
0=1,0#]

Now since by assumption ii) cos(f(x;), g,(y;)) > 0 and for all y, # y;

cos(f(xi), 8,(y;)) > cos(f(x:), 8o (ye)) (44)
we have that
cos(f(xi), 8,(ye)) — cos(f(x:), 8o (y;)) <0, (45)
Taking the limit in p, we get
exp(c- p- (cos(f(x:), 8o (ye)) — cos(f(xi), 8,(y;)))) = 0 for p— o0 (46)
Since every term of the sum in goes to zero for p — oo, the whole sum goes to zero,
which means that from we get that
1
p(yj|Xz‘)—>71+0 =1 for p— 0. (47)

Similarly, we also have that

p'(yjlx;) =1 for p—oo. (48)
This means that for y; = argmax, y, p(y|x;), from combining , and
we get that
p(yj\xi)logM—)Llogf =0 for p— . (49)
P (y;1xi) 1

Next, we consider the case where y; # argmax, ¢y, p(y|x;). In this case, we consider

| x;
plu ) 1o P 1) (log (o 1) — log ' (31x,)) (50)
P (y;xi)
= ply;lxi) (F(xi) "8, (y;) —log Z(x:) — £'(x:) "), (y;) + log Z'(x;))
(51)
T / T/ Z/(Xi)
= py;lx:) (F(xi) " 8, (y;) — £'(xi) " &, (y;)) + p(y;x:) log 7)) 2
We will consider the two terms in separately. First, we consider
py;lx) (F(x:) "gp(y;) — £/ (%) ") () - (53)
Similarly as for , we have
£(x;) g, (y;) = cos(£(xi), o (y5)) - ci - p- (54)
We use this to rewrite and see that
1£0¢:) "o (ys) — £ (xi) ", (y)| = [ cos(£(x:), 8,(y5)) - i - p — cos('(xi), &), (y;)) - ¢i - p| (55)
= |ei - p - (cos(f(xi), 8,(y;)) — cos(f'(xi), g, (y;)))] (56)
<2c-p. (57)
This gives us that
pyslx) [£(xi) g, (ys) — £/ (x:) " g, (y;)] < 2¢ip - ply;1xi) (58)
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Since |z| — 0 implies that  — 0 and we have shown that the absolute values of the term is upper
bounded by 2¢;p - p(y;|x;), we will show that the term goes to zero by showing that 2¢;p - p(y;|x;)
goes to zero. We see that

2¢; - p-exp(f(xi) " g,(y5))

2P = (£ x) T ) Y
2¢; - p

= - (60)

L+ 30y gy exp(F(xi) T, (ye) — £(xi) T8, (1))

2¢; - p
= - (61)
L+ Zé:l,é;ﬁj exp(c; - p - (cos(£(x:), 8p(ye)) — cos(f(xi), 8o (y5))))
k

o, / ps 3 P Lep (conlEl) gy(w0) — cos(f0) &) | (g

0=10+#j P

Consider now y, = argmax, ¢y, p(y|x;), recall we have y; # y,. Considering this y,., we have by
assumption ii) that cos(f(x;), g,(y»)) > 0 and

cos(f(xi),8p(yr)) — cos(f(x;),8,(y;)) >0, (63)
Since for o € RT, we have exp(ax)/x — oo for x — oo, for this .., we have that

exp(ci - p - (cos(f(xi), 8,(yr)) — cos(f(xi), 8,(y;))))

— o0 for p—o0. (64)
p
We can now define the denominator of as
sy L EpACap(cOs(E0x) () — cos(Ex0). 8,(3,))))
p p
k (65)
exp(cip(cos(f(xi), g (ye)) — cos(f(xi), 85(y5))))
+ >
0=1, L#4,r P
and see that the first term of goes to zero, the second term goes to infinity
and the third term is always positive since exp(x) is always positive. Therefore we have that
d(p) = oo for p— o0 (66)
which means that
QCi
2¢cip-p(yilx;) = —— —0 for p— o0 (67)
Thus, we get for the first term of that
pyslxi) (£(xi) g, () — £'(xi) " &, (y;)) = 0 for p— oo (68)
which was the desired result.
We now consider the second term in
Z'(xi)
i|x;) 1o . (69)
We see that
k
Z'(xi) _ 2 op= exp(cos(f'(xi), 8, (ye) - ¢i - p) 70
Z(X‘) Ef;l:l eXp(COS(f/(Xi), g;)(y'm)) TGt p)
k
2= exp(l-¢i - p)
< £ (71)
> m—1 exp(=1-ci-p)
_ exp(ci - p) (72)
exp(—c;  p)
= exp(2¢; - p) . (73)
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Which means we have that

p(yjlxi) log < p(y;lx:) logexp(2¢; - p) = 2¢ip - p(y;1%i) - (74)

‘We also have that
k
Z'(xi) _ Dopmr oxp(cos(f’(xi), g, (ye)) - ¢i - p)

(75)
Z(xi) 3,y expleos(f!(x:), g (Ym)) - ¢ - )
k
B
Zm:l exp(l c G p)
_ op(=aip) 77
exp(c; - p)
= exp(—2¢; - p) . (78)
Which means we have that
Z'(x)
p(y;j|xi)log > p(y;lxi) log exp(—2¢; - p) (79)
Z(xi)
= —2¢ip - p(y;|xi) - (80)
which gives us
Z'(xi)
—p(y;[xi)log Ty = 2P p(y;1xi) - (81)
Now and together give us that
Z'(x)
p(y;lxi) log Z(X:) < 2cip - p(y;|xi) (82)
Thus, we have upper bounded the absolute value of the term with 2¢;p - p(y;|x;) like in
Using again that 2¢;p - p(y;|x;) — 0 for p — oo ( ), we get that
7' (x;
p(yj|x;)log ((X )) —0 for p— 0. (83)
X
Since both terms in the sum ( ) go to zero for p — oo, the entire sum goes to zero and
for y; # argmax, <, p(y|x;), we have that
p(y;|x;) log M —0 for p— 0. (84)
P'(y;1xi)
Since we now have this result for both y; = argmax, oy, p(y|x;) and y; # argmax, c, p(y|x;), the
sum over all j in Dk, (p(y|x:)||p’ (y]x:)) ( ) also goes to zero. Thus,
Dy (p(ylxi)llp’ (yxi)) =0 Vx; € X, (85)

which means that

kL (P, P") = Expo [Pk (p(y[x) [P (y[x))] = 0 for p— o0 (86)
proving the first claim of the theorem.

(2) We now present two constructions which satisfy the requirements i) to iv) above, but where ' (x)
is not an invertible linear transformation of f(x). In the following, we use e; to denote the i-th unit
vector in RM | whose i-th component is equal to 1, and all other components are equal to zero.

Construction for k > M + 2. Fori =1,..., M, letg,(y;) = p-e;. Let 8,(yamr+1) = —p - €1
and g,(yrm+2) = —p - €. For any remaining labels with index j > M + 2, let them be such
that g,(y;) # 8,(y¢) for j # ¢ and more than 7/2 radian angle away from ey, —e; and —es. Let
{xn 152, C X and {x,,}22_; C X be two sets of inputs. We define

cos(m — (1 — %))

sin(m — %(1 — %))
0

f(x,) = (87)
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Now {f(x,)}52 is a sequence with a well-defined finite limit, which we for ease of reference shall
calla

cos(2T)
: 3T
) sin(<)
a= lim f(x,)= 0 (88)
n— oo
‘We now define f for the other set.
cgs((jf - ﬁn))
sin(3r —
foem) = | g (89)

{f(x:n)}2°_, is now a sequence with the same limit, that is,

cos(2F)
) sin(%")
lim f(x,,) = 0 =a (90)

m—r0o0

For every remaining x € X, construct f(x) such that there exists a label y; € Y such that we have the
cosine similarities cos(f(x), g,(y;)) > 0 and cos(f(x),g,(y;)) > cos(f(x),g,(ye)) for y, # y;.
With this (f, g) satisfies 1) and ii).

We now construct the second model (f', g’). Let g}, (v:) = g,(y;) fori =1,..., M and i > M + 2.
Let g, (yr41) = —p - €2 and g, (yar42) = —p - e1. Note that we swapped the unembeddings for g’
of yar41 and yps 42 compared to g. For all x € A’ and the corresponding y; = argmax, ¢y, p(y|x)
such that y; # yary1, Yo, let £'(x) = f(x). However, for all x € & and the corresponding
y; = argmax, .y p(y|x) such that y; = M + 1, let [|[f'(x)|| = [[f(x)|| and let f'(x) be rotated
counterclockwise with respect to the first two axes (i.e., the first two components of the representa-
tions) such that cos(f'(x), g}, (y;)) = cos(f(x), g, (y;))- Also, for all x; € X" and the corresponding
y; = argmax,y p(y[x;) such that y; = M + 2, let [|f'(x;)|| = [|f(x;)|| and let f'(x;) be rotated
clockwise with respect to the first two axes such that cos(f’(x;), g/,(y;)) = cos(f(x;), g,(y;)). This
construction satisfies the requirements i) to iv).

We will show that f’(x) is not an invertible linear transformation of f(x) by showing that any function
7:RM — RM with 7(f(x)) = f/(x), Vx € X cannot be continuous.

Let 7 : RM — RM be such that 7(f(x)) = f'(x), Vx € X. We recall that a function h : RM — RM
is by definition continuous at ¢ € RM if

h(x) —» h(c) for x —c¢ 1)

Therefore, we consider the limits of the sequences {7(f(x,))}52; and {7(f(x))}>°_,. We first
note that by our construction, we have for the rotation matrix

cos(5) —sin(5) 0 ---
sin(%) cos(gz) 0o -
R = 0 0 1 ... (92)
that
f'(x,) = Rf(x,) 93)
Which means that since 7(f(x,,)) = f'(x, ), we have that
cos(%’r - 51— %))
sin(F - 5(1-3))
T(f(xn)) = RE(xn) = 0 94)
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and we see that when n — oo,
cos(2F)
sin(
7(f(x,)) > b= 0 for f(x,) —a (95)

e
o

However, we also have that 7(f(x,,)) = f'(x;,) = f(X,,,). This means that for m — oo, we have
T(f(x)) > a for f(x,) —a (96)

Now since for b from , we have b # a, 7 cannot be continuous. In particular, it cannot
be an invertible linear transformation, and thus f’(x) is not an invertible linear transformation of
f(x).

Note that if either f or f’ is not injective, then both f and f’ can be smooth. However, if both f and f’
are injective, then either f or ' has to be non-continuous.

Notice also that we can permute additional labels to bring the embeddings further from a linear
transformation. See for example which has been constructed by permuting multiple labels.

Construction for k = M + 1. Fori=1,... M,letg,(y;) = p-e; and g,(yar+1) = —p - €1. Let
{x, 152, C X and {x,,}32_; C X be two sets of inputs. We define

cos(m — (1 — %))
sin(m — Z(1— 2))

f(xn) = o7

Now {f(x,,)}22, is a sequence with a well-defined finite limit, which we for ease of reference shall
calla

cos(31)
) sin(%’r)
a= nlgr;o f(x,) = 0 (93)
We now define f for the other set.
cos(‘%’r — =)
sin(?’—” - =)
f(x) = o ! (99)

{f(x:,) }5°_; is now a sequence with the same limit, that is,

cos(2F)
) sin(21)
lim f(x,,) = 0 =a (100)

m— o0

For every remaining x; € X, construct f(x;) such that there exists a label y; € Y such that we
have the cosine similarities cos(f(x;), g,(y;)) > 0 and cos(f(x;), g, (y;)) > cos(f(x;),g,(ye)) for
ye # y;. With this (f, g) satisfies i) and ii).

We now construct the second model (f’,g’). Let g, (yi) = g,(y;) fori = 1,..., M and let
g,(yrm41) = —p - €. Forall x; € X' and the corresponding y; = argmax, ¢y, p(y|x;) such that
Yj # ym1, let £/(x;) = £(x;). For all x; € & and the corresponding y; = argmax, .y, p(y|x;)
such that y; = yas41, construct f’(x;) from f(x;) by rotating it counterclockwise with respect to
the first two axes such that cos(f'(x;), g/, (y;)) = cos(f(x;),g,(y;)). This construction satisfies the
requirements i) to iv) and by the same argument as used for the case with & > M + 2, f'(x) is not an
invertible linear transformation of f(x).

O
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C.2 Loss goes to Zero but Representations are Dissimilar

We denote the negative log-likelihood for a model p with respect to a data distribution pp as:
NLLyp (P) = Egx,y)mpn [~ log p(y [ x)]- (101)

In the following, it is useful to establish the link between the negative log-likelihood and the Dk,
divergence with the empirical distribution. To this end, we introduce the empirical distribution over
inputs and outputs pp(x, y), whose marginal on the input is given by pp(x). This can be rewritten
as:

po(%,y) = pp(y | X)pp(%). (102)
Notice that the conditional distribution underlies how labels are associated with the input. We can
connect the negative log-likelihood to the KL divergence with the empirical distribution, a well-known
fact in the literature, as shown in the next Lemma:

Lemma C.1. Let pp(x,y) = pp(y|X)pp(x) be the ground-truth data distribution. Let p(y|x) be
a model such that, for all x in the support of pp(x), we have pp(y | x) < p(y | x)."” Define the
negative log-likelihood as NLL,, (p) = E(x y)~pp [— log p(y | X)]. Then:

NLLy, (p) = dxcr.(pp, ) + Expn [H(pp(y | X)), (103)
where H(q) = —E,~q[log g(x)] denotes the entropy of a distribution q.

Proof. From the definition of KL divergence and entropy:
Drr(po(y [ %)|p(y [ %)) = Eynpp(yix) [logpo(y | x) —logp(y | x)] (104)
= —Hpp(y [ %)) +Eynppix [=logp(y [¥)] . (105)
Moving the entropy to the other side and taking expectations w.r.t. pp(x), we get:

Exy)mpp [=1082(y | X)] = Expp [Dxr(pp(y | X)[1p(y [ )] + Ex~pp [H(po(y [ x))] (106)
The statement follows by the definition of dk, ( ) and NLL. O]

Notice that, when the conditional distribution pp(y | x) is degenerate, i.e., to each x € X’ a single
y € Y is associated, the expectation of the conditional Shannon entropy vanishes.
Next, we restate and prove in full details:

Corollary (Formal version of ). Assume we have a data distribution where only one
label is associated with each unique input. Let (f,g) € © be a model with representations in RM.
Assume M > 2. Let k := || be the total number of unembeddings and assume k > M + 1. Assume
the model satisfies the following requirements:

i) The unembeddings have fixed norm, that is ||g(y:)|| = ||lg(y;)|| = p, for all y;,y; € Y,
where p € RT,

ii) For every x; € X, let there be one element y; € Y for which the cosine similarity

cos(f(x;),g(y;)) > 0 and cos(f(x;),g(y;)) > cos(f(x;),g(ye)) for all yo # y;. Also,
assume y; is the only label associated with x;.

Let (f',g') be a model which also satisfies i) and ii) and which is related to (f,g) in the following
way:

iii) Foreveryx; € X, ||f'(x;)]| = ||f(x:)]].

iv) For ) = argmax, .y, (p(y|x;)) we have that the angle between f'(x;) and g' (7)) is equal to
the angle between f(x;) and g (7)), in particular, cos(f(x;),g(9)) = cos(f' (x;), &' (9)).

Then, making a sequence of pairs of models indexed by p, we have

NLL(p¢g) = 0 for p— oo (107)
and
NLL(pgrg/) = 0 for p— 0. (108)

'SHere < denotes absolute continuity.
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Proof. Below, we use the shorthand p := pg g and p’ := pg/ /. We make use of the same calculations
as for the proof of . We consider p(y,|x;) for y; the label assigned to x; according to
the data. We denote with ¢; € R the value of the norm of the embeddings on x;, i.e., [|£(x;)|| =

|If'(x;)|| = ¢;. In this case we have that

exp(f(x:) "g(y)))

Sh_ exp(f(x;) Tg(ye))
1

p(yjlxi) =

T exp(E(x) () — £(x:) T 8(y,)

By construction, ||f(x;)|| = ¢;. We use that
f(x:) "g(y;) = cos(f(x:), 8(y;)) - ci - p
and see that

k

plyjlxi) = | 1+ D exples - p- (cos(f(xi), g(ye)) — cos(E(xi), g(y;)))

0=1,0#]
Now since by construction, cos(f(x;), g(y;)) > 0, and for all £ # j
cos(f(x;), g(y;)) > cos(f(xi), g(ye))
we have for all ¢ that

cos(f(x;), g(ye)) — cos(f(x:), 8(y;)) <0

and
exp(c; - p - (cos(f(xi), g(ye)) — cos(f(xi), g(y;)))) = 0 for p— o0
which means that combined with we get
p(yjlxi) — 170 1 for p— o0

Similarly, we have that
p'(yj|xi) =1 for p— oo.
Therefore, we have for the NLL:

NLL(p) = — ZIng(yﬂxi) —0 for p— o0
=1

and

n

NLL(p') = =Y logp/(y;[xi) = 0 for p— oo.

i=1
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D Partial Least Squares (PLS) and Canonical Correlation Analysis (CCA)

Partial least squares (PLS) algorithms are techniques that, for two random variables z and w, derive
the cross-covariance matrix 3., using latent variables. We give here a short description of the two
variants that are relevant to our work. A more detailed description can be found in [65].

In our case, we will work with random variables of the same dimension. So in the following, we
consider z, w € RM . We will mostly work with the centered and normalized versions of the random
variables. So if z; is the ¢’th dimension of the original random variable, we will consider

o ZiBlal (120)

! / Var[z] ’
D.1 PLS-SVD

PLS-SVD [53, 59] is a variant of PLS where the latent vectors are simply the left and right singular
vectors in the singular value decomposition of the cross-covariance matrix, Y, .

In , we report the algorithm in the case where we have n samples of our M -dimensional
random variables. In this case, we work with (n x M) matrices Z, W, where each row is a sample.
The aim of the algorithm is to get projection vectors u"), v(") such that Covzw[Zu™, Wv ("] is
as large as possible under the constraint that ||[u|| = ||v|| = 1. The original algorithm includes a
choice of signs for the covariances. In this version of the algorithm, we have chosen all signs to be
positive. R > 0 denotes the maximal rank of the algorithm.

Algorithm 1 Iterative SVD Projection Extraction from Cross-Covariance Matrix

—_

Setr <1
Center and scale Z and W
Compute cross-covariance matrix: C < Z'W
SetCY « C
while C™) £ 0 and r < R do
Perform SVD: C") = UDV T
Extract leading singular vectors: uY) < first column of U, VY) < first column of V
(r) (r)
1

Save u; ’ and v, ’ as the r-th projection vectors

Let 0, < leading singular value of cm

Update matrix: C7+Y « ¢ — g, u{"v{
r—r+1

T)T

AN e R U o

—_—

Considering this algorithm, we see that the projection vectors we get, u(™, v(") are exactly the first
m singular vectors of Z "W corresponding to the largest m singular values, where m is the value of
r at the exit point. Note that this relates to principal component analysis (PCA) in the sense that when
doing PCA, one uses the singular value decomposition of the covariance matrix to obtain components
that capture the variance in a dataset (a random variable). When doing PLS-SVD, one uses singular
value decomposition of the cross-covariance matrix to obtain components that capture the covariance
between two random variables.

D.2 Canonical Correlation Analysis

Canonical Correlation Analysis (CCA) [21] seeks pairs of unit-length vectors u, € R%z and v, €
R (¢ = 1,...,r) that maximize the correlation between the one-dimensional projections u, z
and VZW, subject to mutual orthogonality of successive directions. In other words, CCA finds the
singular value deconposition of the matrix Q = 3,,¥,w X ww, consisting of a cross-covariance
matrix X, and two covariance matrices X, 3ww. The results of CCA and PLS-SVD will differ if
there are high covariances between the z;’s or the w;’s.

We can use CCA to define a similarity measure between random variablesz and w, known as the mean
canonical correlation mcca (z, w), which is the mean of the maxima correlations for the centered
and rescaled random variables. Because of this centering and rescaling operations, mcca will be
invariant to any invertible linear transformation.
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E When Closeness in Distribution Implies Representational Similarity -
Details

‘We here include all the technical details of

E.1 The Connection Between Representations and Log-Likelihoods

Let (f,g) € O be a model satisfying the diversity condition ( ) and consider
X1,...,Xy € X and yp,...,ypr € Y such that both the vectors {fo(x)}, and {g,(y;)}4,
are linearly independent. We recall some notation for use in the Lemma. We denote with L and N
the following matrices:

L= (go(y1),---,80(ynr)), N:= (Fo(x1),...,fo(xnr)). (121)
We recall the definition of the following functions:

Uy (yis p) = \/Varx[log p(yi[x) —log p(yo[x)] and <y (x;;p) := /Var,[log p(y[x;) — logp(ylx%)llzz-)

We also denote with S, S’, D, D’ € RM*M the diagonal matrices with entries S;; :== m, D;y;
_ 1 qgr . _ 1 oy 1 .

TG Sii e DT Dj, : ket We now have everything we need to state a Lemma
relating any two model representations.

Here, we provide the full statement for and prove it:
Lemma (Complete version of ). Forany (f,g),(f',g') € O satisfying the diversity

condition ( ). Let A == L= TS™IS'L/T and h¢(x) = L~ TS~ te,(x), where the i-th
entry of €,(x) is given by

ey (x) = log pr ¢ (yi|x) — log pr ¢ (yo|x) _ log per g/ (yi]x) — log per g/ (yo|x)
. Ux(is P.g) Vs (Yi5 Per o)
Let B == N""D 'D'N'T and hg(y) :== N~ T D~ lex(y), where the j-th entry of ex(y) is given by
e (y) = log pe.g(y[x;) — logpeg(ylxo)  logper g (ylx;) —log pe g (ylx0)
’ by (Xj; Pr.g) by (%55 Prrgr)

Then we have:

f(x) = Af'(x) + he(x),  g(y) =Bg'(y) + hg(y). (123)

Proof. Using the definition of €(x), we can relate the embeddings of the two models as follows:
SLf(x) = S'L'f'(x) + SLf(x) — S'L'f’(x) (124)
= S'L'f'(x) + €,(x) . (125)

Therefore, multiplying by the inverse of S and of L, we get

f(x) =L 'ST'S'L/Tf'(x) + L™ 'S e, (x) (126)
= Af'(x) + hg(x). (127)
With similar steps, we obtain the relation between the unembeddings of the two models, proving
O

Notice that the error term €, (x) is a function of x and comprises the y;’s from the diversity condition
( ). Also, B results from the product of the scaling matrices and those constructed from
the diversity condition applied to f. hg(y) depends on ex(y), which is a function of y using the x;’s
from the diversity condition.

The following corollary connects to the identifiability results of :
Corollary E.1. Under the same assumptions of , if we assume that the distributions of the
models (£,g), (f',g") € © are equal, then we get (as in ):
f(x) = Af'(x) (128)
go(y) =A™ "gh(y), (129)

where A =L~ TL'T.
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Proof. Below, we use the shorthand p := pg g and p’ = pg/ g/.

When the two models entail the same distribution, we get that

V(i3 p) = \/Vary[log p(y;|x) — log p(yo|x)] = ¥x(vi; p') - (130)
which means that
_ ) Tgoly) () "go(wi)

VVarLTEGO] ) var (L T8 ()

_ log peg(yi|x) —logprg(yo|x)  logpe g (yi|x) — log per g (yolx)

€y; (X)

Vs (Yi; Prg) Vs (Yis e gr)
1
= ———(log pr g (yi[x) — log pr g (yi[x) + log e & (yo[x) — log pe,g(yolx))
Q/Jx(yzy pf,g)
=0.
Also, since
\/ Var [L] £(x)] = /Varx[log p(y:[x) — log p(yox)] (131)
= \/Varx [log p’ (yi|x) — log ' (yo|x)] (132)

= \/ Var,[L, " /()] (133)

and S is a diagonal matrix, we have that

S™'§'=8"'s=1I. (134)
Finally, we get
A=LTs7'sLT=L"TL'T. (135)
and since the error term vanishes, we obtain:

f(x) = Af'(x), (136)
showing the identifiability of the embeddings. The result for the unembeddings proceeds in a similar
way, by noticing that also ey is zero, therefore getting the same result of . O
The result of also gives us the following corollary, showing a connection between the
distributions and the representations:

Corollary E.2. Under the same assumptions as in , we have:
Vary ey, (x)] = 2(1 — Corr[L;f(x), Lif' (x)]). (137)
Proof. We can write
SLTf(x) = S'L'Tf'(x) + SLTf(x) — S'L T f'(x) . (138)
So setting
€,(x) = SLTf(x) — S'L'Tf'(x) (139)
gives €, (x) as in . Since LT and S are invertible, the inverses exist, and we can left
multiply with these inverses. We now consider the variance of €, (x). Recall that
Var ., [z + w] = Var,[z] + Var, [w] + 2 Cov [z, ] (140)
This results in
L;f LIt
Varg[eyi(x)] = Varg| f(x) - if (%) ] (141)
/Vary[L;f(x)]  /Var[L/f'(x)]
L.f Lif’
= Varx[—(x) | + Vary [ ———rr—— ) ] (142)
Vary[L;f(x)] Vary [LLf (x)]
L;f Lif’
9 Cov ) L) (143)
V/Var[L;f(x)] /Var[L}f(x)]
L;f Lif
— 2 — 2 Covay| ) Lif) (144)
v/ Var[L;f(x)]  /Var[Lf’ (x)]
= 2(1 = Corr[L;f (x), Lif'(x)]) , (145)
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where we use for the second equality and that Var, [z/std(z)] = 1 in the third equality.
We thus have the result. O

There are three things that are important from this result.

Firstly, as seen in , when the distributions are equal, the error term becomes zero and
we are back in the case of

Secondly, the shape of the error term suggests what a distance should measure if we want it to give a
guarantee for how far representations are from being invertible linear transformations of each other.
We notice that can be rewritten as

log p(y;|x) log p' (yi|x)
€y, (%) = - (146)
wl v/ Vary[log p(yi[x) —log p(yolx)] v/ Vary[logp (y:[x) — log p' (yo|x)]
log p’(yo|x) log p(yo|x) (147)

Varx[log / (yix) — log p/(yolx)]  /Varx[log p(y:[x) — log p(yolx)]

that is, entirely in terms of the logarithm of distributions. We also see that if ¢,, (x) is a constant
(or equivalently, Varle,, (x)] = 0), the embeddings will be invertible linear transformations of each
other.

Thirdly, fits with the observation made in . The KL divergence depends on the
difference of the logarithms of distributions, but it also multiplies that difference by the likelihood of
the label. Which means that we can have a relatively large difference in logarithms of distributions,
even though the KL divergence would result in a small value.

A similar result for the unembeddings can be found below.
Corollary E.3. Under the same assumptions as in , we have:

Vary [exi(y)] = 2(1 — Corr[Nig(y), Nig'(y)]). (148)

Proof. We can write
SN'g(y) = S'N Tg'(y) + SN g(y) - S'N Tg/(y). (149)
So setting
ex(y) = SN g(y) - S'N "¢/ (1) (150)
gives ex;(y) as the error term for the unembeddings.

We now consider the variance of ex, (y).

Nig(y) Nig'(y)
Vary, [ex; = Var, - 151
0 /Vary[Nig(y)]  +/Var,[Nig/(y)] (5h
— Var Nig(y) . Nig'(y)
=Vl e Newn N, N ] (152
Nig(y) Nig'(y)
—2Covy, , 153
e NaT Ve, NGl (159
Nig(y) Nig'(y)
=2 —2Cov,, , i 154
e, gl Ve, N o) (59
= 2(1 — Corr[N;g(y), Nig'()]) , (155)
which gives us the result. O

E.2 Distance Between Distributions
Recall that we use the following notation:

Wx(yiip) = \/ Varx[log p(ys|x) — log p(yo[x)] and vy (x;;p) = \/Vary[logp(ylxj) — log p(y[xo)] -

We restate and then prove its a distance metric.
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Definition 4.4 (Log-likelihood variance distance between distributions). For any two probability
distributions p,p’ for which there exists a common choice of XLy C X and Yr1v C Y such that
they both satisfy , for a fixed \ € RT, and by considering the following terms:

_ logp(ylx) logp/(yIX)} [1ogp(yo|X) B logp’(yo|X)]

e {\/Varx [ Ux(yip)  Ux(yip) ’\/Varx Ux(y;p) Ux(y;p')
_ logp(yx) logp’(yIX)] {logp(yIXo) B logp’(yIXo)}

2 el ) {\/V&ry { vy(xip)  Py(xip') ’\/Vary Yy (x;p) Uy (x3p")

t3 := ma (D) — Uk (y;P)|, ta:=  ma x;p) — by (x;0')]
3 yeymi({yo}w (yip) = Ux(y; )l ta xewai({xo}‘%( p) — by (x|

the log-likelihood variance (LLV) distance between p and p’ is given by
diry (p, p') = max {t1, ta, Az, Aa} . (10)

To show that dy;,; is a distance metric between sets of conditional probability distributions, we
have to prove that: i) it is non-negative, ii) it is zero if and only if the models are equal (that is, the
distributions are equal for all labels and all inputs) iii) it is symmetric and iv) it satisfies the triangle
inequality.

Proof. 1) Since variance is non-negative, the first two terms are non-negative. The second two terms
are absolute values, so also non-negative. Thus, the maximum of these four terms is also non-negative.

ii) From the expression of dyy, if the distributions are equal for all x € X’ and all y € ), then the
distance becomes zero.

Now, assume the distance is zero. Then, in particular, 4 = 0. So we have

/Var[log plylx;) — log plylxo)] = |/ Var[log p (y]x;) — logp'(ylx0)]  (156)

forall x; € Xy \ {Xo}. Sosince ty = 0, we have

Var,, [log p(y|x;) — logp’(yx;)] =0, (157)

for all x; € Appv. This means that for each x;, we have that the log difference of the distributions is
a constant for all y; € Vv, and so

log p(yilx;) — log p(vilx;) = ¢; , (158)
for all y;. This means that
log p(yi[x;) = logp(yi[x;) + ¢; (159)
p(yilx;) = P'(yilx;) - exp(c;) . (160)
Now since p and p’ are probability distributions over the y;’s, we have
1= "puilx;) = exp(c;) > _p'(uilx;) = exp(c)) (161)
i=1 i=1

This means that p(y|x;) = p'(y|x;) forally € Y and for the x; € Xy1y. Since we have t; = ¢35 = 0,
we get that

Vary [log p(y;[x) —log p'(yi|x)] = 0, (162)
for all y; € Vv and all inputs x € X'. Thus, we have
log p(yi|x) —logp'(yilx) = c; (163)
for every choice of y; except one left out of the label set and all x. This results in
p(yilx) = p'(yilx) - exp(cs) (164)
for all x € X. In particular, this is true for x; € Azryv. So we have

p(yilx;) = p'(yilx;) - exp(ci) = p'(vilx;) (165)
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and thus, exp(c;) = 1 for all y; € YVipy. Since the probability of the last label, yy is fixed by the
other labels, i.e.

plylx) = 1= p(yilx) (166)
ik
this gives us that
p(yilx) = p'(yilx) (167)

forally; € YVandall x € X.

iii) di';y, is symmetric because it depends on variances and on absolute values, which are symmetric.

iv) We prove that dp |, satisfies the triangle inequality by showing that all terms in it satisfy the
triangle inequality. Assume we have three random variables X, Y, Z, then

VVar[X — Z] = \/Var[X - Y +Y — Z] (168)
= /Var[X — Y]+ Var[Y — Z] + 2Cov[X — Y,Y — Z] (169)

< \/Var[X — Y]+ Var[Y — Z] + 2y/Var[X — Y]/ Var[Y — Z] (170)

- \/(\/Var[X—Y]+\/Var[Y—Z])2 (171)
= /Var[X — Y]+ /Var[Yy - Z]. (172)

So the square root of the variance of differences of random variables satisfies the triangle inequality.
Taking the maximum also preserves the triangle inequality. Therefore, ¢; and ¢5 satisfy the triangle
inequality. Concerning the last two terms t3 and t4, we see that for models p, p’, p* we have

Vil ;) oz p(upea)] - Var, g/ o) — o o)

= \/Vary log p(ylx;) — log p(ylxx)] — \/Vary [log p* (y[x;) — log p* (ylxx)]

+ \/Vary[logp*(y\xj) —log p*(y|xx)] — \/Vary[logp’(y|xj) — logp’(yxk)]‘

<[ Vor, oz ptyis) ~ 0w ptalen] ~ /Var, o (5bs) — o ()]

+ ‘\/Vary[logp*(yIXj) — log p*(y[xk)] — \/Vary [log p'(y|x;) — Ing/(y|Xk-)]‘ :

So the second two terms also satisfy the triangle inequality. Thus, the sum of these four terms satisfies
the triangle inequality. O

E.3 Implementation of the Log-Likelihood Variance Distance

Here, we collect the implementation details of d7 ;. We set the weighting constant A to 1075, To
choose the best pivot yy € ) and the left-out label yo € ), we evaluate ¢, for all possible choices of
(Y0, Yo ), then select those giving the smallest value of dﬁLv- For the input set X1y, we use M + 1
inputs. In our experiments, the representational dimension is 2, so we collect 3 inputs. We randomly
draw 200 samples of sets from X’ containing 3 inputs, and choose the set giving the smallest 5.

In our experiments, we only make pairwise comparisons of models. Notice that, in the case where
one would like to compare three or more models, the same pivot yg, left-out label yz, and input set
A’r,1v must be chosen for all models.

E.4 Using PLS SVD to Define a Dissimilarity Measure

We restate and then prove some important properties.
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Definition 4.5 (PLS SVD distance between vectors). Let z, w be two M -dimensional random

vectors, and define z', w' by standardizing their components: z, = (z; — E[z;])/std(z;), w} =

(w; — Elw;])/ Std(wl) Let {u;}M, and {v;}, be the left and right singular vectors of the cross-
covariance matrix X, v. We define

msvp(z, W) = 1 Zl 1 Covary: [u'z' v/w], dsyp(z,w):=1-mgsyp(z,w). (12)

We show that this measure is zero from a vector to itself and is invariant to multiplications of the
scaled variables with orthonormal matrices. Before proceeding, we recall the following property of
the trace of two matrices:

tr(AB) =tr(BA). (173)

In the next Proposition, we prove that dsyp(z,z) = 0.

Proposition E4. Let z be an M -dimensional random variable and assume that the covariance
matrix X4, of the centered and scaled variable z' is non-singular. Then

msvp(z, z) = Zl Covywlu 2, ujz'| =1, (174)

where u; is the i’th singular vector of 3,/ ,.

Proof. Let
Y,» =UDU' (175)

be the singular value decomposition of the covariance matrix of z’ with itself. Then, using
, we have that

tr(Bgp) = tr(UDU ") = tr(U'UD) = Z i (176)
where o; are the singular values of X,,/. Since Var[z]] = 1 forall i € {17 ..., M}, we also have
that

Z Varg[2]] = M. a77)
Combining the two results, we get
M
Y oi=M. (178)
i=1
Therefore, the mean of the covariances becomes
| M
msvp (2, z) Z Covyry|u) 2/, u/ 2] (179)
=1
1
= —tr(U" Covyyz,2|U) (180)
M
M
1 M
- = —=1 181
i ; 0i =17 (181)
which proves the claim. ]

Next, we prove the invariance to translation and orthogonal transformations of the members in mgyp:
Proposition E.5. Let z and w be M -dimensional random variables. Then, the measure

mgyp(z, W) = Z Covyrwr [ujz’ VZTW'] (182)

is invariant to translations and multiplications wzth an orthonormal matrix after the scaling.
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Proof. Invariance to translations. Since mgyp(z, w) is based on covariances, and covariances are
invariant to translations, mgyp (2, w) is invariant to translations.

Invariance to multiplication with orthonormal matrix. Assume T and R are orthonormal matrices.
Let h = Tz’ and k = Rw’. Let the singular value decomposition of X,/ be:

Y, w = UDVT (183)

then
Sk = TUDV'RT (184)
= (TU)DRV)". (185)

Since T and R are orthonormal, TU and RV are also orthonormal, so Covpk[h, k] has the same
singular values as 3,/y,. Thus, the measure is invariant to multiplications with orthonormal matrices
(rotations) after the scaling. [

E.5 Lower Bound on Mean PLS-SVD

To show how the probability distributions are connected to the representations, we need an intermedi-
ate result, where we bound mgvyp. To prove this bound, we will make use of Weyl’s Inequality and
we therefore restate it from [58].

Theorem E.6 (Weyl’s Inequality). Let A be a n x m matrix. Let B = A + E. Let 0; be the i’th
singular value of A and let ; be the i’th singular value of B (ordered from largest to smallest). Then

lo; — &l < || Els, (186)
where ||.|| s is the spectral norm defined as

IElls = max |[Ev> (187)

and ||.||2 is the Euclidean vector norm. Or equivalently:
|Ells = omax(E) , (188)

where omax(E) is the largest singular value of E.

‘We now state and prove a bound on mgvyp.

Lemma E.7. Let z, w be two M -dimensional random vectors, and define z’, w' by standardizing
their components: z, = (z; — E[z;])/ std(z;), w} = (w; — E[ ])/std(wz) Assume the M x M
matrices X, and Ez € RMXM gpp full- rank Let {uZ 1 and {vl 2, be the left and right
singular vectors of X,vw. Then, the following bound holds:

msvp(z, W) ZCOVZW u/ 7, ;rw’} >1—,|M ZVarz/’w/[zl’ — w) (189)

where Var, [, — wj] denotes the variance over the joint distribution over z’ and w’.

Proof. For ease of notation, assume z and w are M -dimensional random variables which are already
centered and scaled. So Var[z;] = 1 for all components ¢ = 1,..., M. Below we will make use of
the covariance inequality, which says that for scalar variables z, w,

—/Var, [z]\/Var,[w] < Cov., [z, w] < \/Var,[z]\/Var,[w] . (190)

Let A = X, be the cross-covariance matrix of z and w, and let B := X, be the covariance matrix
of z. Then

B=A+(B-A), (191)
and we define E := B — A. We can write the 4, j’th entry of E as

(E);ij = Covazlzi, 2j] — Covaw|2i, wj] = Covawlzi, 2; — w;], (192)
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because of the bilinearity of the covariance, see section 13.2.7 of Adhikari and Pitman [1], "The Main
Property: Bilinearity".

The singular value decompositions of A and B always exist and can be written as follows:
A=UDV', B=WIW', (193)

where U,V and W are orthonormal matrices and D and ¥ are diagonal matrices containing the
singular values. Note that since B is symmetric and positive definite, the left and right singular
vectors coincide. Let 7; be the 7’th singular value of A (sorted from largest to smallest) and let o; be
the ¢’th singular value of B. Now Weyl’s inequality gives us that

loi — il < [|E[s. (194)
Since the spectral norm of E is the largest singular value of E
IE||s = omax(E) (195)

and the frobenius norm is the square root of the sum of the squared singular values

trace(ETE) , (196)
we have that
IE|s < |E||F = +/trace(ETE). (197)
Next, we bound the trace of ETE:
M M
trace(BTE) = ) Covawl[zk, 21 — wi]? (198)
1=1 k=1
M M
ZZ (v/Varg[zi,]y/ Varg wlzi — wi])? (199)
1=1 k=1
M
= MVar, wlz — wi], (200)
=1
where in the first step we use the covariance inequality ( ) and in the second we use
that Var[z,] = 1 by construction. Combining the inequalities from , and
we obtain
M
o = 63 < | > MVarg [z —wi], (201)

=1

which means that the difference between o; and &; is at most \/ Zﬁl MVar, w[z — w]. This
means that if &; < o;, we still have :

G > 07— 4| > MVar, [z — w]. (202)
=1
and if 6; > o;, we also have
M
G, >0 — Z MVar, w[z —w] . (203)
=1

since \/Zl]\il MVar[z, — w;] > 0. Let v; be the ¢’th column of V and recall that from the SVD of
we have

M M

0; = UZTAVZ‘ = Covzw [Z W2k, Zvilwl] (204)
k=1 =1

= Covyw [uTz v:w] , (205)
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because of the bilinearity of the covariance. Thus, gives us the bound

M
Covyw [u;rz, V;-FW] >0 — Z MVar, w[z — wi] (206)

1=1

and therefore
1M M

== [Covyw[u] >1— MVar, wlz — w], 207
mgvp (2, W) — ;[ oVaw[U; 2z, v, W] ; arywlz — wi) (207)
where we used that % wal o; = 1 from . O

E.6 Bounding Representational Similarity with Distribution Distance

We can now use and and to show how a bound on the distance
between probability distributions can give us a bound on the distance between representations. For
the result below, let L, L’ be defined as in . Let N (resp. N’) be the matrix with

columns fy(x) (resp. f}(x)). We denote with z; == LT f(x), zo := L' T f’(x), w; .= N ' g(y) and
wy =N Tg/(y).

Theorem 4.7. Let (f,g), (f',g') € © be two models such that: (1) There exist Xp1y C X and
Yoy C Y, consisting of a pivot point and all labels but one, such that all L, L’ and N, N’ matrices
constructed from these sets are invertible;'" (2) Both pg g and pe g1 satisfy for

Xy and Yuiv; (3) The covariance matrices Xy, 5, , Xw,w, and the cross-covariance matrices
320, Dw,w, are non-singular. Then, for any weighting constant A € RY, we have

Ay (Peg: P ) <€ = deg((f,g),(F,g') < 2Me . (14)

Proof. We start from
dsyp(LTE(x), LT (x)) =1 — mgyp(LTf(x), L Tf'(x)) (208)

and consider the components L;, L), which are I’th row of LT, L', respectively. In the following,
notice that

Use (13 p) =/ Varg[log p(yi[x) — log p(yo|x)] = /Var[Lyf (x)] (209)

Using , we have that
msvp(LTE(x), L Tf (x MVar |2 LX) 1 . (210
svp(L f(x) Z JVarLif(x)]  \/Var[Lif (x)] 10

Therefore, we have

dsyp(LTf(x),L'Tf'(x)) < ZMVa

Lf(x) Lf(x) @11)
\/VarLlf( ) VVarLiF(x)] |

16This is slightly stronger than the diversity condition ( ) in the sense that we need diversity to
hold for all sets using labels from Y1,y and the chosen pivot point.
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Considering the variance term, we can rewrite it as follows:

I (GO N 77 cY ]VM llogp(ymlogp(yom1ogp'<ylx>1ogp'<yo|x>]
 Var[Lf(x)] /Var[Ljf’(x)] / Var[L;f (x)] / Var[Ljf’(x)]
_ vap | togp(yl) logp’(yz:v)]
VVar[Lif(x)]  +/Var[Ljf'(x)]
log p'(yolz) log p(yo|z)
Var -
- \/Var[Ljf'(x)] \/Var[Llf(x)]]
9 Gy | JosP(lz)  losp(wlz)  logp(wolr) 1ogp<yox>]
/Var[Lf (x)] \/VarLf’ " /VarLif (x)]  +/Var[Lf(x)]
< Var | Jogplulz) __logp/(yilr) ]
VVar[Lif(x)]  +/Var[Ljf(x)]
log p'(yo|z) log p(yo|z)
Var —
! VVarlLif (x)] - \/Var[Lif (x)] 1

VVar[Lif(x)]  +/Var[L)f' (x)]

+2¢ Var

By assumption, dev (p,p") < €, which means that for all y; € Vprv:

log p(yi]x) log p/ (y1]x) ] J Var

logp/(yolz)  logp(yolz) 1
SVarlLf (x)]  \/Var[Lf(x)]

/
Var | Jogp(ulz)  logp'(yle) < 212)
V/Var[Lif(x)]  +/Var[Ljf’(x)]
Hence, we obtain
, M Lf(x) Lf'(x)
dsyp(LTf(x), L Tf'(x)) < | Y MVar - L (213)
VVar[Lif(x)]  +/Var[Ljf(x)]
<D M(e+ e+ 2¢2) (214)
— VA4S = 2Me, (215)
giving the first part of the result. Next, we consider
dsvp(NTg(y), N Tg'(y) = 1 = msvn(Ng(y), N "g'(y)). (216)
Let Nj, N;- be the j’throw of N7, N'T. Using , we obtain:
N’ g’
msvp(NTg(y), N Tg/(y)) > 1— ZMVar (y) - B . @217
War W]\ Var[Njg ()
This implies the following:
N’.g’
dsvp(NTg(y), N Tg/( Z MVar (y) - &Y . (218)
\/ Vaf y)l \/ Var(N'g'(y)]
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Considering the variance term, we can rework it as follows:

Var Njg( ) - NiEg'() v | 1082(I%;) —logp(ylxo)  logp'(y]x;) —logp'(ylxo)
Vv Var[N;g(y)] \/Var[N; g'(y)] Var[N;g(y)] Var[N'g’(y)]
— Var logp(ylxj) _logp'(ylx)
V/ Var[N;g(y)] \/Var[N;g/(y)}
logp'(y|xo)  logp(ylxo)
\/Var [Ng'(y)] V/ Var[N
+9Coy logp(ylxj) _ logp'(y \XJ) logp'(y|xo)  logp(y|xo)
v/ Var[N;g( \/Var L/ (x \/Var Lt(x)  vVarlN;g(y
< Var logp(ylxg) ~logp'(ylx,)
VVarlNgW)l - Var[Njg/(y)]
log p'(y[xo0) log p(y|x0)
Var —
! \/Var[N;g/(y)] v/ Var[N;g(y)]
Lo | var | losPy IXJ) ~ logp/(y[x;) logp/(ylxo)  logp(ylxo)
VVarlNgW)]l | VarlNg/ (y)] \/Var N'g/(y)] v VarlN

Since by assumption dﬁw (p,p’) < e, this implies that 5 < ¢ and that for x; € Apy:

/ .
Var logp(yIXg) _logp/(ylx;) <e 219)
VVarlNje@W)] | [Var[Njg/(y)]
and
/
Var | 108P(y \Xo) _logp'(ylxo) <e. (220)
V/ Var[N;g(y)] \/Var[N;g/(y)
Therefore, we get:
/ N; Ng'(y)
dsvp(NTg(y),N Tg'(y)) < Z MVar Jg( ) o (221)
v/ Var[N;g(y)] \/Var[N9 g'(y)]
M
< \ Z M (€2 + €2 + 2¢2) (222)
=1
=V M?4e? = 2Me (223)
showing the second part of the result. Taking the maximum between and
, we get the result of the claim. O

To see how this result connects to how far the embedding functions f(x),f’(x) are from being

invertible linear transformations of each other, notice that if LT and L'T are both invertible, then
if there exists an invertible linear transformation, B, such that L' f(x) = BL " f’(x), then we also

have an invertible linear transformation A = L~ T BL'T such that f(x) = Af’(x).
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Since msyp (X, y) is always non-negative, for this bound in to be non-vacuous, we need
/ 1
dsyp(LTf(x),L Tf(x)) <2Me<1 = €< S (224)
This means that for higher dimensional representations, we need the variance of the differences of
log-likelihoods to be smaller, if we want a guarantee from this result.

Next, we prove that the dissimilarity between representations induced by is invariant to
substituting the members with models that are ~,-equivalent.

Lemma E.8. For any two models (f,g), (f',g') € ©, and for any other model (f*,g*) € © such
that (f*,g*) ~, (f,g), we have that:

dsyp (L £(x), L' '£'(x)) = dsvp(L" £ (x), L' '£'(x)) (225)
T #T T
dsvp(N"g(y),N' g'(y)) = dsvp(N" 'g" (), N’ g'(1)). (226)
Proof. The proof follows using the linear equivalence relation . For any two models
(f,g) ~ (f*, g*) we have that:
go(y) " £(x) = go(y) "f'(x), (227)
forall x € X and y € ). By considering M elements in ), we get
LTf(x) =L f(x), (228)

where L, L' € RM™*M are the matrices constructed with columns the vectors g,(y) and gj(y),
respectively. Therefore, we get :

dsvp(LT£(x), L’ £ (x)) = dsvp(L* £*(x), L’ £'(x). (229)
To obtain , notice that with similar steps we can write
T
N'g(y) =N g'(y) +b. (230)
where b € R is a displacement vector. We have
T «T % T
dsvp(N'g(y),N''g'(y)) = dsvp(N* "g*(y) + b,N" ' g'(y)) (231)
and given that dgy p is invariant to translations, we arrive at the final result
T T« T
dsvp(Ng(y),N'"g'(y)) = dsvp(N*"g*(y), N " g'(1)). (232)
This shows the claim. O

E.7 Invariances of our Representational Distance and CCA

As noted in , moca (£, £) is invariant to any invertible linear transformation of f
and f’. In contrast, when considering our dissimilarity measure, ds g, and the transformations to
which it is invariant, it is important to note that it relies on both dgyp (LT f(x), L' Tf/(x)) and
dsvp(NTg(y),N'Tg'(y)). In both these expressions, embeddings and unembeddings are coupled,
since the matrices L, L’ (resp. N, N’) depend on the unembeddings g, g’ (resp. the embeddings f, ).
By contrast, mcca (f, f) can be computed independently of the unembeddings g, g’.

Consequently, the two similarity measures (dissimilarity in the case of d¢ ) differ in their invariance
properties, as demonstrated below. Consider two models (f, g), (', g’) € © such that f(x) = Af'(x)
and g,(y) = Bgj(y), with A and B invertible matrices but such that B # A~ ", i.e., (f,g) and
(f',g’) are not in the same identifiability class. Since A and B are invertible matrices, we have
mcca(f,f') = mcca(g, g') = 1. In contrast, we get:

e g((£,8), (F',8) = max {dsyp (LTE(x), L ¥ (x)), dsvo (N g(y), N g'(y) } = 0,
(233)
where the equality holds if and only if there exist orthogonal matrices O, O’ and diagonal ma-
trices 8,8, D, D’ € RM*M with entries Si; == (¥x(vi;p)) "1, Dii = (Yy(x5;p))7 1, Sh =
(Yx(yi;0')) 1, Dl == (¢y(x5;p')) 1, and displacement vectors a, b such that:

L'f(x) =S 'OS'L'f'(x) +a, N'g(y)=D 'O'D'Ng/(y)+b. (234)
Because the set of matrices described above is a subset of all linear invertible transformations, it is
then possible to find cases where, in , the equality does not hold for a careful choice of

(f,g),(f',g') € ©.
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F Experimental Details

This section contains details of the implementation of all our experiments. A repository with code for
reproducing the experiments is available at github

F.1 Constructed Models

In the following, we will detail how to construct the models which we will use to illustrate
and generate ; and to illustrate the bound in (see ).

We choose classification models with a representation space equal to R2. To construct the reference
model (f,g) € O, we distribute its unembeddings uniformly on the unit circle, ensuring that the
angle between any two adjacent unembeddings is equal. We then sample its embeddings such that
each embedding corresponding to a given label lies closer—measured by angular distance—to its
associated unembedding than to any other.

We construct another model (f'g’) € © by permuting the unembeddings and their associated
embeddings. For both models, we then vary the norm of the unembeddings and measure dky, and
d} 1+ between models and the maximum of dgyp between embeddings.

To illustrate how df;,, and the bound derived in increase with increasing differences
in representations, we compare a reference model with a perturbed version constructed by adding a
small amount of Gaussian noise to the reference model’s embeddings. By increasing the amount of
noise, d’L\LV grows, as well as the maximum of dgyp.

F.2 Models Trained on Synthetic Data

Synthetic data generation. We consider data with two-dimensional input and with c classes, where
each class consists of a slice of the circle together with the opposite slice. See for an example
with ¢ = 6. We construct the data by drawing 20, 000 samples from a two-dimensional Gaussian
(u = 0,0 = 3) and assigning labels based on angle to the first axis.

Model training. We trained classification models with
¢ € {4,6,10,18} classes, using a representation space
equal to R2. Each model consists of three fully-connected
layers, with layer sizes chosen from {16, 32, 64, 128, 256}.

We use LeakyReL U activation functions. We train four °
types of models: one where the norms of both the embed-
dings and unembeddings are constrained to be equal to 0

20, one where the norm of the embeddings are equal to
20 and with unconstrained unembeddings, one where the o
norm of the embeddings is unconstrained and the norm
of the unembeddings is 20, and one with no constraints
on the norms. To obtain the results in , We
only consider models with unconstrained norms. For each
combination of the number of classes, the layer size, and -lo - 0 5 10 15
whether the restriction is applied or not, we train with 20
random seeds. All models are trained with a batch size of
128 for 15, 000 steps using the ADAM optimizer [28].

Figure 4: Illustration of training data for 6
classes. Each color represents a different
class label.

F.3 Models Trained on CIFAR-10

We trained classification models on CIFAR-10 [31], where the embedding network consisted of
a ResNet18 [20]'° but choosing the representation space to be 2, 3 or 5-dimensional. For each
dimension we trained 10 seeds. The unembedding network consisted of three fully connected layers
of width 128, followed by an output layer of size 2, 3 or 5, thus giving us representations in the
desired number of dimensions. The models were trained for 20, 000 steps with a batch size of 32

17

8For this, we used code based on
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Figure 5: For models trained on CIFAR-10 with representational dimensions of 2, 3 and 5, difference in test loss
vs mcca of the embeddings of the models. We see that there can both be a small difference in loss and a larger
difference in representations or a larger difference in loss and a smaller difference in representations.
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Figure 6: Illustration of representations of model trained on CIFAR-10, seed 0.

using the ADAM optimizer [28]. The ResNet model used ReLLU activation functions, while the
networks for the unembeddings used LeakyReLU activation functions.

F.4 Loss Difference vs Embedding mcca

To illustrate and that a small difference in test loss does not guarantee similar represen-
tations for our models trained on CIFAR-10, we present . Here we compare difference in test
loss with mcca of embeddings of models, where the dimension of the representations are 2, 3 and 5.
We see that there can both be a small difference in loss and a larger difference in representations or a
larger difference in loss and a smaller difference in representations.

F.5 All Two-dimensional Representations of CIFAR-10 Models

We here present all the embedding and unembedding representations of our models trained on CIFAR-
10 with 2-dimensional representations: seed 0 in ,seed 1 in ,seed 2 in ,seed 3 in
,seed 4 in ,seed 5in ,seed 6 in ,seed 7 in , seed 8 in , seed
9in
We see that some labels are neighbours for all ten models. For example, “automobile” and “truck”
are neighbours for all seeds and “cat” and “dog” are neighbours for all seeds. However, other labels
sometimes have varying neighbours. For example “airplane” and “bird” are neighbours for seeds 2, 3,
5, 6, 7, but not for the remaining seeds. In seeds 1, 4, 8 and 9, the “frog” label is put between them,
and in seed O the labels are permuted even further. This behaviour might arise because inputs for
some labels are so similar that it would aversely affect the performance of the model to place them
far apart, while the embeddings of inputs for other labels can be placed in several equally good ways.
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Figure 7: Illustration of representations of model trained on CIFAR-10, seed 1.
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Figure 8: Illustration of representations of model trained on CIFAR-10, seed 2.
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Figure 9: Illustration of representations of model trained on CIFAR-10, seed 3.
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Figure 10: Illustration of representations of model trained on CIFAR-10, seed 4.
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Figure 11: Illustration of representations of model trained on CIFAR-10, seed 5.
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Figure 12: Illustration of representations of model trained on CIFAR-10, seed 6.
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Figure 13: Illustration of representations of model trained on CIFAR-10, seed 7.
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Figure 14: Illustration of representations of model trained on CIFAR-10, seed 8.
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Figure 16: (Left) We evaluated;, and ds g for a reference model and a constructed one where we progressively

increase the noise added to the embeddings. As more noise is injected, the two models display higher dp+ (up

to 0.25), while the representation dissimilarity de ¢ does not exceed 0.1. (Right) We observe a similar trend

for trained models, with a slight increase in d¢ ¢ when d7'1, approaches 0.25. We note that the bound given by
remains valid for both cases.

F.6 Illustration of Bound on Constructed and Trained Models

Experimental setup. We compare both constructed models and models trained on synthetic data. For
the constructed models, we compare a reference model to a perturbed version constructed by adding
Gaussian noise to the reference model’s embedding representations (as described in ).
For models trained on synthetic data, the setup is the same as described in

Results. In (left), we observe that the maximum distance between representations gradually
increases with the distance between probability distributions while staying below the bound of the

. We find that not all the trained models have distance d;, small enough for the bound
to be non-vacuous. In this case, we report only those distances that are small enough for the bound to
be non-vacuous between trained models in (right) and see that the bound remains valid.

F.7 Wider Models Have more Similar Distributions - Extra Plots

We here report the empirical trend that wider networks induce more similar distributions and more
similar representations for models with 10 classes ( dp v (left) and max dgyp(right)) and 18
classes ( dy v (left) and max dgyp(right)). Note that with more classes, we have less models
among the most narrow networks which achieve more than 90% accuracy. We have therefore left out
results in the plots where we had fewer than 5 models for the comparison. For 10 classes, this means
that starting at a width of 32, we have 9, 16, 19, and 19 models for the comparisons in the plot. For
18 classes, starting at a width of 64, we have 10, 12, and 19 models for the comparisons in the plot.
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Figure 17: We display how mean di,rv and max drpv varies with increasing the neural network width for
models trained to classify among 10 classes. (Left) We observe decreasing mean di,1 as the network width
grows. The shaded area represents the standard deviations evaluated from different random seeds retraining.
(Right) A similar trend is also observed for max dr1,v when increasing the network width.
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Figure 18: We display how mean drryv and max dppyv varies with increasing the neural network width for
models trained to classify among 18 classes. (Left) We observe decreasing mean drrv as the network width
grows. The shaded area represents the standard deviations evaluated from different random seeds retraining.
(Right) A similar trend is also observed for max dr1,v when increasing the network width.

G Computing Resources

Each model was trained using a single NVIDIA RTX A5000. For each number of classes (4, 6, 10,
18), training 20 seeds on the synthetic data took about 34 hours, summing to a total of 136 hours to
train the models on synthetic data. For the models on CIFAR-10, training 10 seeds took ~27 hours.

The distances are calculated on a CPU-only machine: computing the distances for the models on
synthetic data required less than 2 hours, whereas the evaluation on models in CIFAR-10 required
around 4 hours. Evaluating the accuracy of models on synthetic data was also done on the CPU,
taking less than 20 minutes in total.

H Assets
CIFAR-10. We used the CIFAR-10 dataset as loaded with torchvision package''. The dataset
from[31] and contains 50, 000 images for train and validation, and 10, 000 images for testing.

Python Packages. All experiments are conducted with Python 3.11 and used pytorch 2.5.1. Other
packages are reported in the repository at .
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