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ABSTRACT

Deep latent variable models have achieved significant empirical successes in model-
based reinforcement learning (RL) due to their expressiveness in modeling complex
transition dynamics. On the other hand, it remains unclear theoretically and empiri-
cally how latent variable models may facilitate learning, planning, and exploration
to improve the sample efficiency of RL. In this paper, we provide a representa-
tion view of the latent variable models for state-action value functions, which
allows both tractable variational learning algorithm and effective implementation
of the optimism/pessimism principle in the face of uncertainty for exploration. In
particular, we propose a computationally efficient planning algorithm with UCB
exploration by incorporating kernel embeddings of latent variable models. The-
oretically, we establish the sample complexity of the proposed approach in the
online and offline settings. Empirically, we demonstrate superior performance over
current state-of-the-art algorithms across various benchmarks.

1 INTRODUCTION

Reinforcement learning (RL) seeks an optimal policy that maximizes the expected accumulated
rewards by interacting with an unknown environment sequentially. Most research in RL is based
on the framework of Markov decision processes (MDPs) ( , ). For MDPs with finite
states and actions, there is already a clear understandlng with sample and computatlonally efﬁc1ent
algorithms (

, ). However, the cost of these RL algorlthms quickly becomes unacceptable for large
or infinite state problems. Therefore, function approximation or parameterization is a major tool
to tackle the curse of dimensionality. Based on the parametrized component to be learned, RL
algorithms can roughly be classified into two categories: model-free and model-based RL, where the
algorithms in the former class directly learn a value function or policy to maximize the cumulative
rewards, while algorithms in the latter class learn a model to mimic the environment and the optimal
policy is obtained by planning with the learned simulator.

Model-free RL algorithms exploit an end-to-end learning paradigm for policy and value function
training, and have achieved empirical success in robotics ( , ), video-games ( s
), and dialogue systems ( s ), to name a few, thanks to flexible deep neural network
parameterizations. The flexibility of such parameterizations however, also comes with a cost in
optimization and exploration. Specifically, it is well-known that temporal-difference methods become
unstable or even divergent with general nonlinear function approximation ( , ;
, ). Uncertainty quantization for general nonlinear function approximators
is also underdeveloped. Although there are several theoretically interesting model-free exploration
algorithms with general nonlinear function approximators ( , ; ;
), a computationally-friend exploration method for model-free RL is still mlssmg

>

Model-based RL algorithms, on the other hand, exploit more information from the environment during
learning, and are therefore considered to be more promising in terms of sample efficiency (
). Equipped with powerful deep models, model-based RL can successfully reduce

>
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approximation error, and have demonstrated strong performance in practice ( , ;b;
s ), following with some theoretical justifications ( ;

, ). However, the reduction of approximation error brings new challenges in plannlng
and exploration, which have not been treated seriously from the empirical and theoretical aspects.
Specifically, with general nonlinear models, the planning problem itself is already no longer tractable,
and the problem becomes more difficult with an exploration mechanism introduced. While theoretical
analysis typlcally assumes a planning oracle providing an optimal pohcy, some approximations are

necessary in practice, mcludmg dyna-style planning ( , ), random
shooting ( , ; , ), and policy search w1th backpropagation through
time ( ; , ). These may lead to sub-optimal policies,

even with perfect models, wastmg potentlal modeling power.

In sum, for both model-free and model-based algorithms, there has been insufficient work consid-
ering both statistical and computation tractability and efficiency in terms of learning, planning and
exploration in a unified and coherent perspective for algorithm design. This raises the question:

Is there a way to design a provable and practical algorithm to remedy both the statistical and
computational difficulties of RL?

Here, by “provable” we mean the statistical complexity of the algorithm can be rigorously character-
ized without explicit dependence on the number of states but instead the fundamental complexity
of the parameterized representation space; while by “practical” we mean the learning, planning and
exploration components in the algorithm are computationally tractable and can be implemented in
real-world scenarios.

This work provides an affirmative answer to the question above by establishing the representation
view of latent variable dynamics models through a connection to linear MDPs. Such a connection
immediately provides a computationally tractable approach to planning and exploration in the linear
space constructed by the flexible deep latent variable model. Such a latent variable model view also
provides a variational learning method that remedies the intractbility of MLE for general linear
MDPs ( s ; , ). Our main contributions consist of the following:

* We establish the representation view of latent variable dynamics models in RL, which naturally
induces Latent Variable Representation (LV-Rep) for linearly representing the state-action
value function, and paves the way for a practical variational method for representation learning
(Section 3);

* We provide computation efficient algorithms to implement the principle of optimistm and pes-
simism in the face of uncertainty with the learned LV-Rep for online and offline RL (Section 3.1);

* We theoretically analyze the sample complexity of LV-Rep in both online and offline settings,
which reveals the essential complexity beyond the cardinality of the latent variable (Section 4);

* We empirically demonstrate LV-Rep outperforms the state-of-the-art model-based and model-
free RL algorithms on several RL benchmarks (Section 6)

2 PRELIMINARIES

In this section, we provide brief introduction to MDPs and linear MDP, which play important roles in
the algorithm design and theoretical analysis. We also provide the required background knowledge
on functional analysis in Appendix D.

2.1 MARKOV DECISION PROCESSES

We consider the infinite horizon discounted Markov decision process (MDP) specified by the tuple
M = (S, A, T* r ~,dy), where S is the state space, A is a discrete action space, T* : S x A —
A(S) is the transition, 7 : S x A — [0, 1] is the reward, v € (0,1) is the discount factor and
dp € A(S) is the initial state distribution. Following the standard convention (e.g. , ),
we assume r (s, a) and dy are known to the agent. We aim to find the policy 7 : S — A(A), that
maximizes the following discounted cumulative reward:
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We define the state value function V' : § — [O, ﬁ} and state-action value function @) : S x A —

[07 = } following the standard notation:

Q?*,T(Sa CL) = E’T*Jr [Zfo() ’YiT(Suai) So = S§,a09 = a:| ’ V’ZE*,T(S) = E’awﬂ'(-\s) [Q?*,r<s7a)] )
It is straightforward to see that V. | = Es.q, [VT”*VT(S)], as well as the following Bellman equation:

Q- 1 (5,@) = 7(s,0) + VEurre (o) [V ()]
We also define the discounted occupancy measure d7.. of policy 7 as follows:

df.(s,a) = Eps - {Z?ﬁo V' 1s,=s,a:=a|S0 ~ dO] :

By the definition of the discounted occupancy measure, we can see V7. . = E; o)~ar, [r(s,a)]-
Furthermore, with the property of the Markov chain, we can obtain

dp+(s,a) = (1 = )do - 7(als) + VEEa)~dz. (s,0) [T (s]5,a) x m(als)] .

2.2 LINEAR MDP

In the tabular MDP, where the state space |S| is finite, there exist lots of work on sample- and

computation-efficient RL algorithms (e.g. , , ). However, such methods

can still be expensive when |S| becomes large or even 1nﬁn1te which is quite common for in real-

world applications. To address this issue, we would like to introduce function approximations into

RL algorithms to alleviate the statistical and computational bottleneck. The linear MDP ( ,
; , ) is a promising subclass admits special structure for such purposes.

Definition 1 (Linear MDP ( R ; s ). An MDP is called a linear MDP
if there exists ¢* : S X A — H and p* : S — H for some proper Hilbert space H, such that

T*(s'|s,a) = (¢* (s, a), ™ (s)) -

The complete definition of linear MDPs require ¢* and p* satisfy certain normalization conditions,
which we defer to Section 4 for the ease of presentation. The most significant benefit for linear MDP
is that, for any policy 7 : S — A, Q7. .(s, a) is linear with respect to [r(s, a), $*(s, a)], thanks to
the following observation: ’

QT .(s,a) = 1(s,a)+VEg o1+ (|s.0) [VT”*’T(S')] r(s, a)+<¢>*(s,a),/Sp*(s’)VT”*yr(s’)ds’>

H

)

Plenty of sample-efficient algorlthms have been developed based on the linear MDP structure with
known ¢* (e.g. , , ). This requirement limits their

practical applications. In fact in most cases, we do not have access to ¢* and we need to perform
representation learning to obtain an estimate of ¢*. However, the learning of ¢ relies on efficient
exploration for the full-coverage data, while the design of exploration strategy relies on the accurate
estimation of ¢. The coupling between exploration and learning induces extra difficulty.

Recently, ( ) designed UCB-style exploration for iterative finite-dimension repre-
sentation updates with theoretical guarantees. The algorithm requires the computaiton oracle for the
maximum likelihood estimation (MLE) to the conditional density estimation,

max Y log(o (s, 00), s} st ¥(s,a), (5.0, [y =1 @
oyT P S H

which is difficult as we generally do not have specific realization of (¢, 1) pairs to make the constraints
hold for arbitrary (s, a) pairs, and therefore, impractical for real-world applications.

3 LATENT VARIABLE MODELS AS LINEAR MDPs

In this section, we first reveal the linear representation view of the transitions with a latent vari-
able structure. This essential connection brings several benefits for learning, planning and ex-
ploration/exploitation. More specifically, the latent variable model view provides us a tractable
variational learning scheme, while the linear representation view inspires computational-efficient
planning and exploration/exploitation mechanism.
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We focus on the transition operator 7 : S x A — A(S) with a latent variable structure, i.e., there
exist latent space Z and two conditional probability measure p*(z|s, a) and p*(s’|z), such that

T*(s'|s,a) = /Z p* (23, @)p* (5']2)du, 3)

where u is the Lebesgue measure on Z when Z is continuous and y is the counting measure on Z
when Z is discrete.

Assume that p*(-|s, a) € Lao(u), p*(s'|-) € La(1), we have the equivalent formulation of (3) as
T(s'[s,a) = (p*(|5,a): " (') 1y () »

which obviously demonstrates the linear MDP structure following Defintion 1, and immediately

implies ¢*(s,a) = p% (-|s, a), and p* (s") = p*(s'|-). We call p% (-|s, a) as Latent Variable Repre-

sentation (LV-Rep).

Connection to ( ). To provide a concrete example of LV-rep, we consider the
stochastic nonlinear control model with Gaussian noise ( s ), which is widely used in
most of model-based RL algorithms. Such a model can be understood as a special case of LV-Rep.
In ( ), the transition operator is defined as

T (s']s,0) = (270%) " exp (= |Is' = J* (s, 0) | /(20%)) = " (5.0, 0" () 1> )

where p* (z|s,a) o exp (—2 lz = f* (s,a)|? /02) and p* (s'|z) x exp (—2 lz =& /02), both
following the Gaussian distributions. The proposed LV-Rep can exploit more general distributions
beyond Gaussian for p* (+|s, a) and p* (s’|z), that introduces more flexibility in transition modeling.

Our definition of LV-Rep is more general than the original definition (Definition 2) in
( ) which assumes | Z| is finite. As shown by ( ), block MDPs ( ,
, ) with finite latent state space Z have a latent variable representation where
S corresponds to the set of observation, Z corresponds to the set of latent state, and p*(2’|s,a) is a
composition of deterministic p(z|s) and a transition p(z’|z, a). ( ) also remarks
that, compared with the latent variable representation, the original low-rank representation relaxes
the simplex constraint on the p*(z|s, a), and thus, can be more compact with fewer dimensions.
However, the ambient dimension may not be a proper measure of the representation complexity. As
we will show in Section 4, even we work on the infinite Z, as long as p(z|s, a) € Hy and k satisfies
standard regularity conditions, we can still perform sample-efficient learning. A proper measure of
the representation complexity is still an open problem to the whole community.

The LV-Rep with p*(+|s, a) and p* (s'|-) naturally satisfies the distribution requirements, which brings
the benefits of efficient sampling and learning.

Efficient Simulation from LV-Rep. Specifically, we can easily draw samples from the learned
model T'(s'|s,a) = Sz p(z]s,a)p(s'|z)dp by first sampling z; ~ p(z|s,a), then sampling
s} ~ p(s’|#;), without the need to call other complicated samplers, e.g., MCMC, for the general un-
normalized transition operator in linear MDPs. Such a property is important for computation-efficient
planning on the learned model.

Variational Learning of LV-Rep. Another significant benefit of the LV-Rep is that, we can leverage
the variational method to obtain a tractable surrogate objective of MLE, which is also known as the

evidence lower bound (ELBO) ( s ), that can be derived as follows:
* * (o
log T(sls.a) =1 [ " els.0) (21 = log [ DT )5 00
= qénAa()Z(,’) Ilazwq( |s,a,s") [logp*(s’|z)] - DKL (Q(Z‘& a, S/)||p*<Z|S, a’)) ; (5)

where ¢(z|s, a, s’) is an auxiliary distribution. The last equality comes from Jensen’s inequality, and
the equality only holds when ¢ (z|s, a, s") = p (z|s, a, s") x p(z|s,a) p (s'|2).

Compared with the standard MLE used in ( ; , ), maximizing
the ELBO is more computation-efficient, as it avoids the computatlon of integration at any time.
Meanwhile, if the family of variational distribution g is sufficient flexible that contains the optimal

(z|s,a, ") for any possible (p(z|s,a),p(s’|z)) pair, then maximizing the ELBO is equivalent to
perform MLE, i.e., they share the same solution,
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Algorithm 1 Online Exploration with LV-Rep
1: Input: Model class P = {(p(z|s,a),p(s'|z))}, @ = {q(z|s,a,s’)}, Iteration V.
2: Initialize 7o (s) = U(.A) where U(.A) denotes the uniform distribution on .A; Dy = 0; Df, = 0.
3: for episoden=1,--- | N do
4: Collect the transition (s, a, s',a’,3) where s ~ d;27", a ~ U(A), s ~ T*(|s,a),a’ ~
U(A), s ~T*(-|¢',a’). Dy, = D1 U {s,a,s'}, D), = D' L U{s,d, 5}
Learn the latent variable model p,, (z|s, a) with Dn U D;L via maximizing the ELBO in (5),
and obtain the learned model Tn

b

6: Set the exploration bonus b,, (s, a) as (7).
7: Update policy m,, = argmax_ V;f by

8: end for

9: Return 7, --- ,7nN.

3.1 REINFORCEMENT LEARNING WITH LV-REP

As the transition operator is linear with respect to LV-Rep, the state-action function for arbitrary
policy can be linearly represented by LV-Rep. Once the LV-Rep is learned, we can execute planning
and exploration in the linear space formed by LV-Rep. Due to the space limit, we mainly consider
online exploration setting, and the offline policy optimization is explained in Appendix B.

Practical Parameterization of () function. With the linear factorization of dynamics through
latent variable models (1), we have

QT+ (s,a) = 1(s,a) + YEp- (2]5,0) [W™ (2)], (6)
where w™ (z) = [sp*(2]s') VT* (s')ds’ can be viewed as a value function of the latent state. When

the latent Varlable is in finite dimension, i.e., | Z| is finite, we have w = [w(2)].cz € RIZl, and the
expectation - |5,y [w”™ (2)] can be computed exactly by enumerating over Z.

However, when Z is not a finite set, generally we can not exactly compute the expectation, which
makes the representation of @ function through p*(z|s, ) hard. Particularly, under our normalization
condition Assumption 2 shown later, we have w™ € H;, where H}, is a reproducing kernel Hilbert
space with kernel k. When k admits a random feature representation (see Definition 13), we can then
express w™ as:

uﬂd=LW%wm&W©,

where the concrete P(§) depends on the kernel k. Plug this representation of w” (z) into (6), we
obtain the approximated representation of Q}*m(s, a) as:

Q%A&M—MS®+W/ w™ ()" (2]s, a)dy

Sa+¢// dP(€) - p*(:]s,a)dn

~ ( ) + E (gz)¢(zzvfz)
i€[m]
which shows that we can approximate Q)7...,.(s, a) with a linear function on top of the random feature
©(s,a) = [Y(2i;&)]icim) Where z; ~ p*(z|s,a) and & ~ P(§). This can be viewed as a two-layer
neural network with fixed first layer weight £; and activation ¢ and trainable second layer weight
W = [w(&)];Z, € R™

Planning and Exploration with LV-Rep. Following the idea of REP-UCB ( ),
we introduce an additional bonus to implement the principle of optimism in the face of uncertalnty.
We use the standard elliptical potential for the upper confidence bound, which can be computed
efficiently as below,

@n(sa Cl) = W(Zz» gi)]ze[m] s where {Zz}le[m] ~ ﬁn(2|8, Cl), {gl}ze[m] ~ P(§)7

b (s,a) =an@n(s,a)S; ' Gn(s,a), with %, = Z (86,03 Pn(si,a:) T + N, ()
(siaai)EDn
where o, and \ are some constants, and D,, is the collected dataset.
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The planning can be then completed by Bellman recursion with bonus, i.e.,

Q™ (s,a) =1 (s,a) + by (s,a) +vEr [V™ (s)]. (8)
We can exploit the augmented feature [r(s, a), ¢ (s, a), b, (s,a)] to linearly represented Q™ after
bonus introduced. However, there will be an extra O (mz) due to the bonus in feature. There-
fore, we consider a two-layer MLP upon ¢ to parametrize Q(s,a) = wor(s,a) + W] (s, a) +
W, o (w3 ¢(s,a)), where o (-) is a nonlinear activation function, used for complement the effect of

the nonlinear b,,. We finally conduct approximate dynamic programming style algorithm (e.g.
, ) with the @) parameterization.

The Complete Algorithm. We show the complete algorithm for the online exploration with LV-Rep
in Algorithm 1. Our algorithm follows the standard protocol for sequential decision making. In each
episode, the agent first executes the exploratory policy obtained from the last episode and collects
the data (Line 4). The data are later used for training the latent variable model by maximizing the
ELBO defined in equation 5 (Line 5). With the newly learned p,,(z|s, a), we add the exploration
bonus defined in equation 7 to the reward (Line 6), and obtain the new exploratory policy by planning
on the learned model with the exploration bonus (Line 7), that will be used in the next episode. Note
that, in Line 4, we requires to sample s ~ d;’l‘l , which can be obtained by starting from sy ~ dy,
executing 7,1, stopping with probability 1 — v at each time step ¢ > 0 and returning s;. LV-Rep
can also be used for offline exploitation, and we defer the corresponding algorithm to Appendix B.

4 THEORETICAL ANALYSIS

In this section, we provide the theoretical analysis of representation learning with LV-Rep. Before

we start, we introduce the following two assumptions, that are widely used in the community (e.g.
; ; ; )-

Assumption 1 (Finite Candidate Class with Realizability). |P| < oo and (p*(z|s,a),p*(s'|z)) € P.

Meanwhile, for all (p(z|s,a),p(s'|z)) € P, p(z|s,a,s’) € Q.

Remark 1. The assumption on P is widely used in the community (e.g. ;

, ), while the assumption on Q is to guarantee the estimator obtained by max1mlzmg the
ELBO defined in equation 5 is identical to the estimator obtained by MLE. We would like to remark
that, the extension to other data-independent function class complexity (e.g. Rademacher complexity
( , )) can be straightforward with a refined non-asymptotic generalization
bound of MLE.

Assumption 2 (Normalization Conditions). VP € P, (s,a) € S x A, ||p(-|s, a)||ln, < 1. Further-
more, Vg : S — R such that ||g||c < 1, we have Hfsp(s’|-)g(s’)ds’HHk <C.

Remark 2. Our assumptions on normalization conditions is substantially different from standard
linear MDPs. Specifically, standard linear MDPs assume that the representation ¢(s, a) and p(s’) are
of finite dimension d, with ||¢(s, a)||2 < 1 and V||g|c0 < s’)ds’H2 < d. When |Z| is
finite, as || f||z, () < I|fll%, our normalization conditions are more general than the counterparts
of the standard linear MDPs and we can use the identical normalization conditions as the standard
linear MDPs. However, when | Z| is infinite, if we assume ||p(z|s, )|/, () < 1, we cannot provide
a sample complexity bound without polynomial dependency on |P|, which can be unsatisfactory.
Furthermore, we would like to note that, the assumption [ p(s’|2)g(s")ds" € Hj, is mild, which is
necessary for justifying the estimation from the approximate dynamic programming algorithm.

Theorem 1 (PAC Guarantee for Online Exploration, Informal). Assume the reproducing kernel k
satisfies the regularity conditions in Appendix E.1. If we properly choose the exploration bonus
I;n(s, a), we can obtain an e-optimal policy with probability at least 1 — § after we interact with the
environments for N = poly (C,|A[, (1 — )™, ,1og(|P|/d)) episodes.

Remark 3. Although | Z| may not be finite, we can still obtain a sample complexity independent w.r.t.
|S|, while has polynomial dependency on C, |A|, (1 —~)~! and ¢ and log |P| with the assumption
that p(+|s,a) € Hj, and some standard regularity conditions for the kernel k. This means that we
do not really need to assume a discrete Z with finite cardinality, but only need to properly control
the complexity of the representation class, by either the ambient dimension | Z|, or some “effective
dimension” that can be derived from the eigendecay of the kernel k (see Appendix E.1 for the details).
The formal statement for Theorem 1 and the proof is deferred to Appendix E.2. We also provide the
PAC guarantee for offline exploitation with LV-Rep in Appendix E.3.



Published as a conference paper at ICLR 2023

Remark 4. Our proof strategy is based on the analysis of REP-UCB ( , ). However,
there are substantial differences between our analysis and the analysis of REP-UCB, as the representa-
tion we consider can be infinite-dimensional, and hence the analysis of REP-UCB, which assumes that
the feature is finite-dimensional, cannot be directly applied in our case. As we mentioned, to address
the infinite dimension issue, we assume the representation p(z|s,a) € Hj and prove two novel
lemmas, one for the concentration of bonus (Lemma 17) and one for the ellipsoid potential bound
(Lemma 19) when the representation lies in the RKHS. We further note that, different from the work
on the kernelized bandit and kernelized MDP ( s ; ;

) that assume the reward function and () function lies in some RKHS, we assume the cond1t10n
density of the latent random variable lies in the RKHS and the () function is the Lo () inner product
of two functions in RKHS. As a result, the techniques used in their work cannot be directly adapted to
our setting, and their regret bounds depend on the alternative notions of maximum information gain
and effective dimension of the specific kernel, which can be implied by the eigendecay conditions we
assume in Appendix E.1 (see ( ) for the details).

5 RELATED WORK

There are several other theoretically grounded representation learning methods under the assumption
of linear MDP. However, most of these work either consider more restricted model or totally ignore
the computation issue. ( ); ( ) focused on the representation learning in
block MDPs, which is a special case of linear MDP ( s ), and proposed to learn
the representation via the regression. However, both of them used policy-cover based exploration
that need to maintain large amounts of policies in the training phase, which induces a significant
computation bottleneck. ( ) and ( ) exploit UCB upon learned
representation to resolve this issue. However, their algorithms depend on some computational oracles,
i.e., MLE for unnormalized conditional distribution in (2) or a max — min — max optimization
solver motivated from ( ), respectively, that can be hard to implement in practice.

A variety of recent work have been proposed to replace the computational oracle with more tractable
estimators. For example, ( ) exploited representation with the structure of Gaussian
noise in nonlinear stochastic control problem with arbitrary dynamics, which restricts the flexibility.
( ); ( ) proposed to use a contrastive learning approach as an alternative.
However, similar to other contrastive learning approach, both of their methods require the access to a
negative distribution supported on the whole state space, and their performance highly depends on
the quality of the negative distribution. ( ) designed a new objective based on the idea
of the spectral decomposition. But the solution for their objective is not necessarily to be a valid
distribution, and the generalization bound is worse than the MLE when the state space is finite.

Algorithmically, many representatlon learning methods have been developed for different purposes,

such as state extractor from vision-based features ( s ;b; s ),
bi- 51mulat10n ( s ; s s ), successor feature ( s

S ; s ), spectral representatlon from transition operator
decomposition( s ; s ; s ), contrastive
learning ( ; ; , ), and so on. However, most of

these methods are demgned for state-only feature 1gn0r1ng the action dependency, and learmng from
pre-collected datasets, without taking the planning and exploration in to account and ignoring the
coupling between representation learning and exploratin. Therefore, there is no rigorously theoretical
characterization provided.

We would like to emphasize that the proposed LV-Rep is the algorithm which achieves both statistical
efficiency theoretically and computational tractability empirically. For more related work on model-
based RL, please refer to Appendix A.

6 EXPERIMENTS

We extensively test our algorithm on the Mujoco ( , ) and DeepMind Control Suite
( , ). Before presenting the experiment results, we first discuss some details towards a
practical implementation of LV-Rep.
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Table 1: Performance on various MuJoCo control tasks. All the results are averaged across 4 random seeds and
a window size of 10K. Results marked with * is adopted from MBBL. LV-Rep-C and LV-Rep-D use continuous
and discrete latent variable model respectively. LV-Rep achieves strong performance compared with baselines.

HalfCheetah Reacher Humanoid-ET Pendulum I-Pendulum
ME-TRPO* 2283.74900.4 -13.445.2 72.9+8.9 177.3+1.9 -126.21+86.6
Model-Based RL PETS-RS* 966.91+471.6 -40.1+6.9 109.64102.6 167.9435.8 -12.14+25.1
odel-base PETS-CEM* 2795.3+879.9 123452 110.8+90.1 167.4£53.0 20.54+28.9
Best MBBL 3639.0+11358  -4.140.1 1377.0+£150.4  177.3+1.9 0.0£0.0
PPO* 17.2+84.4 -17.2+0.9 451.4439.1 163.4£8.0 -40.84+21.0
Model-Free RL TRPO™* -12.01+85.5 -10.14+0.6 289.845.2 166.7+7.3 -27.6+15.8
SAC™ (3-layer) 4000.74+202.1 -6.410.5 1794.4+458.3 168.249.5 -0.240.1
DeepSF 4180.4+113.8 -16.8+3.6 168.6+5.1 168.6+5.1 -0.240.3
SPEDE 4210.3+92.6 -7.2+1.1 886.9+95.2 169.540.6 0.0£0.0
Representation RL  LV-Rep-C 5557.61+439.5 -5.8+0.3 1086+278.2 167.143.1 0.0£0.0
LV-Rep-D 4616.51+261.5 -6.01+0.2 1359.2 £198.6 170.2 £ 4.2 0.0£0.0
Ant-ET Hopper-ET S-Humanoid-ET CartPole Walker-ET
ME-TRPO* 42.6421.1 1272.54+500.9 -154.94534.3 160.1£69.1 -1609.3+£657.5
Model-Based RL PETS-RS™ 130.0+148.1 205.8+36.5 320.74+182.2 195.0+£28.0 312.54493.4
s PETS-CEM™ 81.6+£145.8 129.34+36.0 355.1£157.1 195.543.0 260.24536.9
Best MBBL 275.44309.1 1272.54+500.9 1084.3+77.0 200.040.0 312.54+493.4
PPO* 80.1£17.3 758.04+62.0 454.31+36.7 86.5+7.8 306.14+17.2
Model-Free RL TRPO™ 116.84+47.3 237.4433.5 281.34+10.9 47.3+15.7 229.5427.1
SAC™ (3-layer) 2012.74+571.3 1815.54655.1 834.61+313.1 199.41+0.4 2216.41678.7
DeepSF 768.1444.1 548.94253.3 533.84+154.9 194.5+5.8 165.6+£127.9
Representation RL SPEDE 806.2+60.2 732.24263.9 986.44154.7 138.2+39.5 501.64204.0
pres LV-Rep-C 2511.81+460.0 2204.81+496.0 963.1445.1 200.740.2 2523.54+333.9
LV-Rep-D 2436.01+603.1 2187.5+453.6 956.84+ 87.5 198.5 + 2.0 2209.0+589.2

6.1 IMPLEMENTATION DETAILS

As discussed, the latent variable representation is learned by minimizing the ELBO (5). We consider
two practical implementations. The first one applies a continuous latent variable model, where the
distributions are approximated using Gaussian with parameterized mean and variance, similarly to
( , ). We call this method LV-Rep-C. The second implementation considers using a
discrete sparse latent variable model ( , ), which we call LV-Rep-D. As discussed
in line 7 of Algorithm 1, we apply a planning algorithm with the learned latent representation to
improve the policy. We use Soft Actor Critic (SAC) ( R ) as our planner, where the
critic is parameterized as shown in (6). In practice, we find that it is beneficial to have more updates
for the latent variable model than critic. We also use a target network for the latent variable model to
stabilize training.

6.2 DENSE-REWARD MUJOCO BENCHMARKS

We first conduct experiments on dense-reward Mujoco locomotion control tasks, which are commonly
used test domains for both model-free and model-based RL algorithms. We compare LV-Rep with

model-based algorithms, including ME-TRPO ( s ), PETS ( s ),
and the best model-based results from ( s ), among 9 baselines ( R ;
s ; s ), as well as model-free algorithms, including PPO (
, ), TRPO ( , ) and SAC ( ,

We compare all algorithms after running 200K environment steps. Table 1 presents all experiment
results, where all results are averaged over 4 random seeds. In practice we found LV-Rep-C provides
comparable or better performance (see Figure 1 for example), so that we report its result for LV-Rep
in the table. We present the best model-based RL performance for comparison. The results clearly
show that LV-Rep provides significant better or comparable performance compared to all model-based
algorithms. In particular, in the most challenging domains such as Walker and Ant, most model-
based methods completely fail the task, while LV-Rep achieves the state-of-the-art performance
in contrast. Furthermore, LV-Rep show dominant performance in all domains comparing to two
representative representation learning based RL methods, Deep Successor Feature (DeepSF) (

, ) and SPEDE ( , ). LV-Rep also achieves better performance than the
strongest model-free algorithm SAC in most challenging domains except Humanoid.
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Table 2: Performance of on various Deepmind Suite Control tasks. All the results are averaged across four
random seeds and a window size of 10K. Comparing with SAC, our method achieves even better performance

on sparse-reward tasks.

cheetah_run walker_run humanoid_run hopper_hop
Model-Based RL Dreamer  542.0 £ 27.7 337.7+67.2 1.0£0.2 46.1£17.3
Model-Free RL PPO 227.7£57.9 51.6k1.5 1.1£0.0 0.74+0.8
SAC 453.44579 488.5+40.2 1.1£0.1 10.8+6.6
DeepSF ~ 295.3+43.5 27.942.2 0.9+0.1 0.310.1
Representation RL ~ Proto RL  305.5£37.9 433.5+56.8 0.3+0.6 1.0£0.2
LV-Rep  639.3+24.5 724.2+37.8 11.8+6.8 72.9+£40.6

Finally, we provide learning curves of LV-Rep-C and LV-Rep-D in comparison to SAC in Figure 1,
which clearly shows that comparing to the SOTA model-free baseline SAC, LV-Rep enjoys great
sample efficiency in these tasks.

HalfCheetah Walker2d Hopper Ant

—— LV-Rep-C 3000
— LV-Rep-D

— SAC

— LV-RepC
2500 —— LV-Rep-D

— SsAaC
2000
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2500

— LV-RepC
— LV-RepD
— SAC

3000
2500

2000 2000
1500
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20 00 20

10 5 05 10 5 10 15
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05 10 5
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Figure 1: We show the learning curves in Mujoco control compared to the baseline algorithms. The
x-axis shows the training iterations and y-axis shows the performance. All plots are averaged over 4
random seeds. The shaded area shows the standard error. We only compare to SAC as it has the best
overall performance in all baseline methods.

6.3 SPARSE-REWARD DEEPMIND CONTROL SUITE
In this experiment we show the effectiveness of our proposed methods in sparse reward problems.

We compare LV-Rep with the state-of-the-art model-free RL methods including SAC and PPO.
Since the proposed LV-Rep significantly dominates all the model-based RL algorithms in MuJoCo

from ( ), we consider a different model-based RL method, i.e., Dreamer (
s ), and add another representation-based RL methods, i.e., Proto-RL ( , ),
besides DeepSF ( s ).

We compare all algorithms after running 200K environment steps across 4 random seeds. Results
are presented in Table 2. We report the result of LV-Rep-C for LV-Rep as it gives better empirical
performance. We can clearly observe that LV-Rep dominates the performance across all domains. In
relatively dense-reward problems, cheetah-run and walker-run, LV-Rep outperforms all baselines by
a large margin. Remarkably, for sparse reward problems, hopper-hop and humanoid-run, LV-Rep
provides reasonable results while other methods do not even start learning.

We also plot the learning curves of LV-Rep with all competitors in Figure 2. This shows that LV-Rep
outperforms other baselines in terms of both sample efficiency and final performance.

cheetah_run walker_run humanoid_run hopper_hop
—— LV-Rep 48
18— sac
—— PPO
DeepSF
Dreamer

—— ProtoRL 24

—— LV-Rep
— sac
— PPO
32 DeepSF

—— Dreamer

560 —— LV-Rep
— sAC

— LV-Rep
— sac
600 — PPO
DeepSF
500 —— Dreamer
—— ProtoRL

— PPO

400 DeepSF
— Dreamer
—— ProtoRL

~—— ProtoRL

0. 1.0 15 05 1.0 15
training steps (1e5) training steps (1e5)

10 15
training steps (1e5)

Figure 2: We show the results in DeepMind Control Suite compared to the baseline algorithms. The
z-axis shows the training iterations and y-axis shows the performance. All plots are averaged over 4
random seeds. The shaded area shows the standard error.
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7 CONCLUSION

In this paper, we reveal the representation view of latent variable dynamics model, which induces
the Latent Variable Representation (LV-Rep). Based on the LV-Rep, a new provable and practical
algorithm for reinforcement learning is proposed, achieving the balance between flexibility and
efficiency in terms of statistical complexity, with tractable learning, planning and exploration. We
provide rigorous theoretical analysis, which is applicable for LV-Rep with both finite- and infinite-
dimension and comprehensive empirical justification, which demonstrates the superior performances.
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A MORE RELATED WORK

Our method is also closely related to the model-based reinforcement learning. These methods maintain
an estimation of the dynamics and reward from the data, and extract the optimal policy via planning
modules. The major differences among these methods are in terms of i), model parameterization and
learning objectives, and ii), the approximated algorithms used for planning.

Specifically, Gaussian processes are exploited in ( , ). A stochastic
deep dynamics with restricts Gaussian noise assumption is widely used ( , ;
, ; , ; ) ; , ). ( ;b;
); ( ) recently exploits recurrent latent state space model, but focused on Partially

Observable MDP setting, which is beyond the scope of our paper. Different approximated planning
algorithms, including Dyna-style, shooting, and policy search with backpropagation through time,
have been tailored in these methods. Please refer to ( , ) for detailed discussion.

As we discussed in Section 1, these algorithms did not balance the flexibility in modeling and
tractability in planning and exploration, which may lead to sub-optimal performances. While the
proposed LV-Rep not only is more flexible beyond Gaussian noise assumption, but also lead to
provable and tractable learning, planning, and exploration, and thus, achieving better empirical
performances.

B ALGORITHMS AND THEORETICAL ANALYSIS FOR OFFLINE EXPLOITATION

Algorithm 2 Offline Exploitation with LV-Rep
1: Input: Model class P = {(p(z|s,a),p(s'|z))}, Q = {q(z|s, a, s’)}, Offline Dataset D,,.
2: Learn the latent variable model p(z|s, a) with D,, via maximizing the ELBO defined in equation 5,

and obtain the learned model T'.
Set the exploitation penalty b(s, a) as equation 7.
: Obtain policy © = arg max, fo

aw

r—b
5: Return 7.

In this section, we show the algorithms for offline exploitation. For offline exploitation, we have
the access to a offline dataset, which we assume is collected from the stationary distribution of the
fixed behavior policy 7, which we will denote as p. And we are not allowed to interact with the
environments to collect new data. The only difference between the algorithms for offline exploitation
and online exploration is that, as we do not have access to the new data from the environment, we
cannot further explore the state-action pair that the offline dataset do not cover. Hence, we need to
penalize the visitation to the unseen state action pair to avoid the risky behavior.

C IMPLEMENTATION DETAILS

Our algorithm is implemented using Pytorch. For DeepMind control, we use an open source
implementation as our SAC baseline ( s ). As discussed in Section 6.1, we
find it is beneficial to have more updates for the latent variable model than critic in practice. We use
a parameter feature-updates-per-step that decides how many updates are performed for the latent
variable model at each training step. For all Mujoco and DeepMind Control experiments, we tune
this parameter from {1, 3,5, 10,20} and report the best result. Finally, in Table 3, we list all other
hyperparameters and network architecture we use for our experiments.

For evaluation in Mujoco, in each evaluation (every 5K steps) we test our algorithm for 10 episodes.
We average the results over the last 4 evaluations and 4 random seeds. For Dreamer and Proto-RL,
we change their network from CNN to 3-layer MLP and disable the image data augmentation part
(since we test on the state space). We tune some of their hyperparameters (e.g., exploration steps in
Proto-RL) and report the best number across our runs.
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Table 3: Hyperparameters used for LV-Rep in all the environments in MuJoCo and DM Control Suite.

Hyperparameter Value

Actor Ir 0.0003

Model Ir 0.0003

Actor Network Size (MuJoCo) (256, 256)
Actor Network Size (DM Control) (1024, 1024)
LV-Rep Feature Embedding Dim (MuJoCo) 256

LV-Rep Feature Embedding Dim (DM Control) 1024

ERP Embedding Network Size (DM Control) (1024, 1024, 1024)
Critic Network Size (MuJoCo) (256, 256, 1)
Critic Network Size (DM Control) (1024, 1024, 1)
Discount 0.99

Critic Target Update Tau 0.005

Latent Variable Target Update Tau 0.005

Batch Size 256

D TECHNICAL BACKGROUNDS

In this section, we introduce several important concepts from functional analysis that will be repeat-
edly used in our theoretical analysis. We start from the concept of the R-vector space.

Definition 2 (R-vector space ( , ). An R-vector space is defined as
a triple (E,+, "), where E is a non-empty set, + : E x E — E and - : R x E — E satisfies the
following properties:

*Va,y,2€E, (s +y)+z=x+ (y+ 2).
Ve,ye B, x+y=y+ux

e Janelement 0 € E, such thatVx € E, x + 0 = x.
e Ve € E,3—x € E, such that z + (—z) = 0.
Vo, eR,z€E (aff) -z =a- (B ).
eVrxekL 1l z=u2.

s Va,feER,z€E (a+0) z=a-z+ -2
*VYaeRz,ye F,a-(z+y)=a-x+a-y.

The - denotes the scalar multiplication will be omitted if there will be no confusion.

Definition 3 (Norm and Banach Space (
Amap || -||: E — [0,00) is a norm on E if

R ). Let E be a R-vector space.

s lz[ =0z =0.
s VaeR x € E,|az] = afz].
* Va,y € B flz +yll < ol + llyll

In this case, the pair (E, || - ||) is called a Banach space, and we use E to denote the Banach space
for simplicity if there will be no confusion.
Definition 4 (Bounded Linear Operator (
Banach spaces. Amap S : E — F is a bounded linear operator if

, ). Let E and F be two

* Va,y € E,S(x+y) =Sz + Sy.
s Vae R,z € E, S(ax) = a(Sx).
* S0=0.

Furthermore, S satisfies the following properties
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* Je € [0,00], such thatVz € E, ||Sz||r < c|z| &.

Note that, all of the bounded linear operator itself can define an R-vector space, and we can define
an operator norm of S as ||S||op = sup,ep,, |Sz||F, where Bp = {x € E : ||z||g < 1} is the unit
ball of E.

Definition 5 (Compact Operator ( , ). A bounded linear operator
S : E — F is compact if the closure of SBg is compact in F.
Definition 6 (Inner Product and Hilbert Space ( , ). A map (-,-) :

H x H — R on a R-vector space is an inner product if
s Va,y,z € H, (x+y,2) = (x,2) + (y, 2).
s VaeR,z,y € H, (az,y) = afz,y).
o Va,y € H, (z,y) = (y, ).

s Ve eH, (x,z) >0, and (x,x) =0 & x = 0.

If the norm induced by the inner product ||z||4 := /{x, z) is complete, the pair (H, (-, -)) is called
a Hilbert space. We sometimes use H to denote the Hilbert space and use (-,-)3 to distinguish
between different inner products. Note that, the inner product satisfies the following Cauchy-Schwartz
inequality:
Ve,y € H, o [z y)ul < llzllallylln.
Definition 7 ((Self-)Adjoint Operator ( , ). Let Hy and Hy be two
Hilbert spaces, For the operator S : H1 — Ha, the adjoint operator S* : Ho — H is defined by
Vo € Hi,y € Hay, (Sz,y)3, = (2, S"Y)n, -
Furthermore, S is a self-adjoint operator, if S : H1 — H1, and
vJ;ﬂl/e;,-th <S(E,y>7-[1 = <$7Sy>?-11
For self-adjoint operator S, if (Sx,z) > 0, S is called a positive semi-definite operator, and if
(Sx,x) > 0, S is called a positive definite operator.
Remark 5. Note that, the definition of the adjoint operator can be generalized to Banach spaces. But
adjoint operators for Hilbert spaces are sufficient for our purposes. So we omit the definition of the
adjoint operators on Banach spaces.
Definition 8 (Orthonormal System and Orthonormal Basis ( , ). For the
Hilbert space H, the family {e;}icr, e; € H is an orthonormal system if (e;, e;) = 1, and (e;, e;) = 0
ifi # j. Furthermore, if the closure of the linear span of {e; }ic1 equals to H, it is an orthonormal
basis. Note that, each Hilbert space H has an orthonormal basis, and if H is separable, H has a
countable orthonormal basis. Furthermore, Vx € H, we have
x = Z<:L’, ei)e;.
iel
Theorem 2 (Spectral Theorem ( , ). Let H be a Hilbert space and
T : H — H is compact and self-adjoint. Then their exists at most countable {1;(T) }icr converging
to 0 such that |1 (T)| > |u2(T)| > -+ > 0 and an orthonormal system {e; };c 1, such that

VeeH, Tr= ZM(T)@? €i)Hei-
i€l
Here {11;(T) }icr can be viewed as the set of eigen-value of T', as Te; = p;(T).

Definition 9 (Trace and Trace class ( , ). For a compact and self-adjoint
operator T, if Z;’il wi(T) < oo, we say T is nuclear or of trace class, and define the nuclear norm

and the trace as:
T = Te(T) = wi(T).
i€l
Definition 10 (Hilbert-Schmidt Operator ( s ). Let H1i,Ho be two
Hilbert spaces. An operator S : Hy1 — Ho is Hilbert-Schmidt if

1/2
IS lls = (ZSein%Q) <o,

iel
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where {e;}icr is an arbitrary orthonormal basis of H1. Furthermore, the set of Hilbert-Schmidt
operators defined on H — H where H is a Hilbert space is indeed a Hilbert space with the following
inner product:

<T1,T2>H5(H) = Z<T1€i7T2ei>7-la T17T2 € HS(H)7
iel
where {e;}icr is an arbitrary orthonormal basis of H.
Definition 11 (L?(u) space). Let (X, A, 1) be a measure space. The L*(u) space is defined as the
Hilbert space consists of square-integrable function with respect to u, with inner product

(f,9) L) :=/ngdu,

1/2
1l = ( /X fzd@ .

Throughout the paper, 1 is specified as the Lebesgue measure for continuous X and the counting
measure for discrete X. Specifically, when X is discrete, we can represent | as a sequence [f(x)]zcx,
and the corresponding Lo (1) inner product and Lo (1) norm is identical to the (2 inner product and
02 norm, which is defined as

1/2
(f,0e =Y f@g(x), [Iflle= <Z f2(x)> ;

TeEX TEX
that is closely related to the inner product and norm of the Euclidean space.
Definition 12 (Kernel and Reproducing Kernel Hilbert Space (RKHS) ( ,
, ). A function'k : X x X — R is a kernel on non empty set X, if there exists a
Hilbert space H and a feature map ¢ : X — H, such thatVx,x' € X, k(z,z') = (¢(x), ().
Furthermore, if Vn > 1,{a;}icn) C R and mutually distinct {xi}ie[n]!

Z Z aiajk(mi7mj) 2 0,

i€[n] j€[n]
the kernel k is said to be positive semi-definite. And if the inequality is strict, the kernel k is said to
be positive definite.

and the norm

Given the kernel k, the Hilbert space Hy consists of R-valued function on non-empty set X is said to
be a reproducing kernel Hilbert space associated with k if the following two conditions hold:

e Vo e X, k(x,-) € Hy.
* Reproducing Property: Yz € X, f € Hy, f(z) = (f, k(z,))n,

Here k is also called the reproducing kernel of Hy. The RKHS norm of f € Hy, is defined as
Hf”ch = /A, f>Hk

Some of the well-known kernels include:

* Linear Kernel: k(z,2') = 2" 2/, where z, 2’ € R%;

¢ Polynomial Kernel: k(z,z') = (1 + 2 "2')", where z,2’ € R%, n € NT.

* Gaussian Kernel: k(z,2') = exp <7Hm;7:§'”§)’ where z, 2/ € R?% o > 0 is the scale
parameter.

* Matérn Kernel: k(z,z') = %TVBD( ), where z, 2/ € R, v > 0 is the smoothness
parameter, [ > 0 is the scale parameter, r = \/ﬂ |z — x

B, (+) is the modified Bessel function of the second kind.

Theorem 3 (Mercer’s Theorem ( , ; , ). Let (X, A, 1) be
a measure space with compact support X and strictly positive Borel measure ¢. k is a continuous
positive definite kernel defined on X x X. Then there exists at most countable {y; }icr with p >
to > -+ > 0and {e;};c; where {ei}iel is the set oforthonormal basis of La(1), such that

Vo, 2’ € X, (z,2)) g wiei(x)e; (),
iel

(+) is the Gamma function and
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where the convergence is absolute and uniform.

Remark 6 (Spectral Characterization of RKHS). With the representer property, we know that

Zuiei(x)ei(-) = k(z,-) € Hg.
i€l
Note that, for S-finite spectrum, we can choose I such that p; > 0. If we define the inner product

b
aie; (- bie; (- = & L
<Z )2 >H D

i€l i€l i€l
then we have the reproducing property

<Zaiei(-),k($w)> = <Zai€i('),ZMz‘6i($)€i(')> = aiei(x)
iel H iel iel H, i€l
With the spectral characterization, we know that

> aiei()

el

_ Z a; S Dic1 O _ [ ier aiei(')HLz(y)

Hi o p1 H1

Hye iel
Hence, we know Vf € Hy, f € Lo(p). Furthermore, note that

7) = <Zuiei<x>ei<->7Zuiei<x>ei<~>> =2 miel(@)
H

i€l i€l . €l
Hence,
> = / > pied( / k(a,x)dp.
icl icl X
The following Hilbert-Schmidt integral operator is useful in our analysis:
Ty : Lo(u) — La(p), Tif = /k:cx z')dp.

Obviously, T} is self-adjoint. Use the fact that k(ac, x') =3 miei(x)ei(x), weknow Tre; = e,
which means e; is the eigenfunction of T}, with the corresponding eigenvalue as p;.

With the spectral characterization of T}, we can define the power operator T}, by
TEf: La(w) = Do), TEf =) _pi{f,eiei
icl
And these power operators are all self-adjoint. Note that, || f|%, = (f, Ty ' f)1,(u)- Throughout

the paper, we work on the Lo (1) space, and all of the operators are deﬁned on Lo(p) — Lo(p). As
Hj C La(p), all of these operators can also operator on the elements from Hy,.

The power RKHS induced by the following kernel will be helpful in our analysis:

Yo,z GXk:xx Zuzel
i€l
And it is straightforward to see || f||n, = (f, T}, ®£) Lo (4)» Which will be useful in the proof.

Definition 13 (Kernel with Random Feature Representation). A kernel k : X x X — R is said to
have a random feature representation if there exists a function ) : X x = — R and a probability
measure P over = such that

Haa') = [ (€0’ dP(E).
We then show that, Hy, coincides with the foﬁowing R-valued function space
{riasr]sw /f xEdP(ﬁ)feLz(P)},

with the inner product defined as (f, g) fH dP(&). Note that, %(x, ) = ¥(x;€). Hence,
it is straightforward to show that Vx € X k(x,-) G Hk Furthermore, we have

/ F(&)(a: 6)dP(e) = / FOk(z, )aP(€) = (f, Kz, )y
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which shows the reproducing property. As a result, we obtain an equivalent representation of the
RKHS Hj,, which means ¥V f € Hy, we can obtain a random feature representation.

Examples of such kernel % includes the Gaussian kernel and the Matérn kernel. See
( ); ( ); ( ) for the details.

Definition 14 (c-net and e-covering number and i-th (dyadic) entropy number (

, ). Let (T, d) be a metric space. S C T is an e-net fore > 0, if Vt € T, s € S, such that
d(s,t) < e. Furthermore, the e-covering number N (T, d, €) is defined as as the minimum cardinality
of the e-net for T under metric d, and the i-th entropy number e;(T, d) is the minimum ¢ that there
exists an € cover of cardinality 2' 1.

E MAIN PROOF

E.1 TECHNICAL CONDITIONS

Assumption 3 (Regularity Conditions for Kernel). Z is a compact metric space with the Lebesgue
measure p if Z is continuous, and fz k(z,z)dp < 1.

Remark 7. Assumption 3 is mainly for the ease of presentation. The assumption that Z is compact
when Z is continuous can be relaxed to Z is a general domain but requires much more involved
techniques frome.g. ( ). Furthermore, with Mercer’s theorem (see Theorem 3
and Remark 6 for the details), we know ., p; = fz k(z,2)dp < 1. AsVi € I, u; > 0, we know
pr < 1,and || fllz,¢u) < |l fll3, without any other absolute constant, that can keep the eventual
result clean. We can relax the assumption [ k(z, z)dp < 1to [ k(z, z)dp < ¢ for some positive
constant ¢ > 1, at the cost of additional terms at most poly(c) in the sample complexity.

Assumption 4 (Eigendecay Conditions for Kernel). For the reproducing kernel k, we assume (1;, the
i-th eigenvalue of the operator Ty, : Lo () — Lo(p), Trf = [ f(2')k(z, 2")du(2"), satisfies one of
the following conditions:

e [-finite spectrum: p; = 0, Vi > [, where [ is a positive integer.
o B-polynomial decay: j1; < Coi~P, where Cy is an absolute constant and 3 > 1.

e [B-exponential decay: p; < C exp(—Cgiﬁ ), where Cy and Cy are absolute constants and
8> 0.

For ease of presentation, we use Cpq1y to denote constants appeared in the analysis of 3-polynomial
decay that only depends on Cy and 8, and Ceyp, to denote constants appeared in the analysis of
B-exponential decay that only depends on C, Cy and (3. Both of them can be varied step by step.

Remark 8. We remark that, most of the existing kernels satisfy one of these eigendecay conditions.
Specifically, as discussed in ( ); ( ), the linear kernel and the
polynomial kernel satisfy the 3-finite spectrum condition, the Matérn kernel satisfies the 5-polynomial
decay and the Gaussian kernel satisfies the 5-exponential decay. Furthermore, for discrete Z, we can
directly observe that it corresponds to the case of S-finite spectrum with 5 < |Z]|.

E.2 PROOF FOR THE ONLINE SETTING

Theorem 4 (PAC Guarantee for Online Exploration, Formal). If we choose the bonus Bn(s, a) as:

bn ) = i {nAn' ) S 52}7
(5.0) = min {5 (15,0 50

where
Snge i La() = La(u), Snp, o= Y [Palzlsiai)pa(zlsia) ] + AT,
(si,a:)€EDn
Hf||L2(M)7E = /[, 2f) Lo(u) for self-adjoint operator X, X for different eigendecay conditions is
given by:

o [-finite spectrum: A = ©(Blog N + log(N|P|/9))
s B-polynomial decay: \ = ©(Cypoly N/ H5) 4 10g(N|P|/6));

20



Published as a conference paper at ICLR 2023

s B-exponential decay: \ = O(Coyp(log N)Y/? +1og(N|P|/5));

and o, = © ( \/|A\ log(n|P|/d) + AC) then with probability at least 1 — 6, After interacting
with the enwmnments for N episodes where

«e N=06 (Cﬁ AP log(1P1/3) 1,43 (053\A|210g<|7>\/6>>) for B-finite spectrum;

1—7)te? (1—7)%e?
2(148)
RN o (Ahﬁ(flig)gpva log¥/2 (\FlAI:g(IZ’I/ﬁ))) "\ for B-polynomial de-
cay;
e N=06 (Cexpc(lfl\v;og(lpl/é) 3428 (W))JCOF B-exponential decay;

we can obtain an e-optimal policy with probability at least 1 — 6.

Notation Following the notation of ( ), we define
1 n—1 _
puls) i= — > di(s),
i=1

and with slight abuse of notation, we overload the above notation and define

n—1
1 _
pn(s,a) = - Z dri(s,a).

i=1

Furthermore, we define p}, (s’) as the marginal distribution of s’ for the following joint distribution
(s,a,8") ~ pn(s) x U(A) x T*('|s,a).
Finally, we define the following operators in the space of La(1) — Lo(p):
Ep” xU(A),p :nEs~pn,a~L{(A) [¢(Sa a)¢T(8v a)} + /\Tk_l
Epnmb :nE(s,a)an [¢(S, a)¢T (87 a)] + >‘Tl:1

Note that, by the spectral theorem, if HT’l/ 2! || Lo(uy <00 for 2’ € Lo(u), we have the following
Cauchy-Schwartz inequality for weighted Lo () norm: Va € La(u),

/ _ 1/2 —-1/2, /
(0,8 = (T2 T2 < s 10 2

Lemma 5 (One Step Back Inequality for the Learned Model). Assume g : S x A — R such that
lg9lloc < B, then conditioning on the event that the following MLE generalization bound holds:

Eomp ottty ||T(5,0) = T*(5,0)|1| < G,
V7, we have
‘E(s,a)wd; [g(s,a)]

<’}/E(§ a)wd7T Hpn( |S a)”Lz(u \/n|~’4|Es~pgl,a~U(.A) [92(87 a)] + AB2C + nB2Cn

><M(A) Pn

+ \/ I—vy |A‘Es~pn,a~u(,4)[g (s,a)l.

Proof. We start from the following equality:
Ea~iz [905,0)] =BGz ar ot (5 ,amm (191905 O+ (1 = 1Esdo ann1s) [9(5, 0],
9)

which is obtained by the property of the stationary distribution. For the second term, with Jensen’s
inequality and an importance sampling step, we have that

(1= DBy a1 905 0)] < /(0= DA, antil62(5, 0)]
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Now we consider the first term. With Cauchy-Schwartz inequality of Lo(p) inner product, we have
that

VE(g,a)Nd; s~ T (-3,8),a~(-|5) [9(s, a)]

=BG a)~ar <Pn |s,a / > sl (s,a)d5>
acA La(p)
/an w(als)g(s, a)ds

acA

<Eza )z, 15 (-5, @)l 1, (1, =

La(1),2,,, xt1(A),pn
Note that

/ > bls )g(s,a)ds

acA

2

La (1), xu(A),

[ 3 putshimtalats.anis

EéNPn»aNu(A) {ESNT (-|s,a),a~vm (- |s) [ (S a)]} +A
acA

Hi
<nEzep, artt(A) {Bsmt (5.3),amm(|s) [9(5, @) } + AB%C + nB?¢,
<NEsmp, G th(A), 5T (-[5.3) 0~ (1s) [9°(8,a)] + AB*C 4+ nB?(,
<n|A[Ezep, aoui(A),smT(-53),a~uA) [9°(5,0)] + AB*C + nB(,
=n|AEswpr amui(a) [9°(s,0)] + AB*C + nB?(,

Substitute back, we obtain the desired result. O

Lemma 6 (One Step Back Inequality for the True Model). Assume g : S x A — R such that
llgllco < B, then

E(s.a)mdg.fo(s.0] SEGa~ag, [P7C18 @051 \/nV|A\IEs~pn,a~u(A) [92(s,a)] + M2 B2C

/(1= DIAEany, ata[9%(5,0)]

Proof. By the property of the stationary distribution, we have

E(s,0)~dz. [9(5,0)] = VEG @)~z som= (58,0~ (15)[9(8, )] + (1 = V)Esndg,amn(15)[9(s, a)]-
(10

For the second term, we still use the following upper bound:

(1= DBty a1 [9(5: @] < /(1= D AEany, atiy6(s, )]
For the first term, with the Cauchy-Schwartz inequality, we have

’YE(K,’d)Nd;* ,s~T*(-3,@),a~m (-] s) [9(s,a)]

=BG a)~dg, (P < (|s,a) / ZP (S,a)ds>
acA La(p)
/ ZP )g(s,a)ds

acA

<"}/E ~d7r

p ([, G)HLQ(M) =

2
La(p),%% s

Note that
2

/ Zp )g(s,a)ds

acA 2
L2(M)7an,p*

/ Z P (s )g(s,a)ds

acA

_’I’LE(S a)~pn {ESNT*( |5,a),a~m (- \s) 5 a } + A

Hi
<NE5.3)mpn smT (15.3) 0~ (|s) [9°(8,a)] + AB*C
<n|A|Ez a)~pn 5T (-[5.8),a~ti(A) [9°(5,0)] + AB*C
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n|A
:|7|]Es~pn,a~um) [92(8,a)] + A\B%C

Substitute back, we obtain the desired result. O

Lemma 7 (Almost Optimism at the Initial Distribution). Consider an episode n € [N], if we set
(h=0 (W) (such that the MLE generalization bound holds by Lemma 16), X for different

eigendecay condition as follows:
* (B-finite spectrum: A = O(Flog N + log(N|P|/9))
* B-polynomial decay: \ = ©(Cypo1y N*/ 15 +log(N|P|/d));

s B-exponential decay: \ = ©(Cexp(log N)Y/? 4+ 1og(N|P|/5));

and o, = © (ﬁ VA log(n|P|/8) + AC), the following events hold with probability at least
1—4:
[Al¢n

Vne[N], V&, VI . —VE >_, ]2
o N e

Ty, r+b

Proof. With Lemma 17 and a union bound over P, we know using the chosen A, VTn € P, with
probability at least 1 — 4,

R . -1
||pn(~|87a)||L2(#)72;’;n =0 (||pn(~|8,G)HLQ(H),EMXL{(A)@") .
With Lemma 18, we have that

=) (VE, s, ~ Vi)
=E(sa)may, [bn(saa) +YE4 (sr15,0) [VEr ()] = TEP(s7]5,0) [VTW,T-(S/)H
iE(s,a)w:}n {mm {an [IZACQERO1 PP ST }+7E:ﬁn(s/\s,a) [VEe ()] = 1B (s7]s,0) [V:Fr*,r(sl)ﬂ :
Denote f,,(s,a) = TV(T*(s|s,a), Tn(s'|s, a)) with || f]|oe < 2, with Holder’s inequality, we have

that
v fn(s’ a)
P@x@~@i{Eﬁxy@@[Vnﬂgﬂ‘—ETwymw[V%r }‘<HQSMNMH{:L_7'
With Lemma 5, we have that
fn(sa a)
E(S,a)Nd;n {1—7
n’72|A“Es~p/ a~U(A) [fg(sa a)] 4)\'720 4”'72Cn
<E ol " _ n’
(3,@)~dz, ||P (s, a)||L2 D Ay \/ (1— )2 + (I—7)2 " (1—7)2
|A|Es~p" aNZ/{(.A [f (S CL)]
-7

By [0(13.0) 1005 \/ M | PTC il [
205, L, \| 1= T (1= " (1-9)2 1—v
Note that, we set «,, such that
\/ A | PC A,
1=7)2 (1=9)2 (Q-92~"
which concludes the proof. O

Lemma 8 (Regret). With probability at least 1 — §, we have that
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* For B-finite spectrum, we have

e < BPANVCN log (NP /6)
Z T=r = YT~ (1—7)2 :
n=1

* For B-polynomial decay, we have

N 1 1
SV, v 5 CoonVOUUNET T g NIPI/0)
= (1=9)?

* For (B-exponential decay, we have

o < CoxplAIVCN (log N) 5 log(N[P)/5)
ZVT*,T‘_VT* ~ (1_7)2 .
n=1

Proof. With Lemma 7 and Lemma 18, we have that
Vi, = Vrr,

* |‘A‘<n

Tn
<V rton (1—7)3% Vri,
Tn |A‘<n Tn
SVThmen + e Ve,

1 Tn / T /
ST Bl [b0(5:@) + 9, (1o VE" 1y (D) = VB (w1 VE" L, (51)]] + e
Applying Lemma 6 and note that b,, = O(1), we have that
E(s,a)wd;’; [bn (S’ a)]

s [min {anlPnCls oy 0 2]

o~ ~ A 2
SE(g,a),\,d;& Y4 ('|57a)||z;;i,p* \/n’y|A|a%Es~pn,aNu(A) |:||pn(.|57a’)”Lz(N)vZ;”lxM(A),i)n:I + e
R 2
- \/ (1= DIAIOZEonp anieit) [[n 15 @) s, -
Note that,
~ 2
nEszn,aNu(.A) |:||pn(.‘8’a)||L2(N)7E;1xu(A).;3 }

~ N N N _1\—1
=Tr (nEswpn,aNZ/t(.A) [pn('|57a)pn('|8aa)T} (nEswpn,aNZ/l(.A) [pn('|87a)pn("3,a)T] + ATk 1) )
-1
Ty (nEswm,aNum (722515, @)pu 15, @) T | (REamp, amtuy T2 Ba(Cls, ) (15, @) TT/%) 4 AT) )

n N ~
< log det (I + 3B anti() {Tkl/ “bu(-ls,a) T pn(-ls, a)Tkl/QD )

where the first equality is due to the definition of Hilbert-Schmidt inner product and the expecta-
tion operator is a linear operator, the second equality is due to the fact that Tr(A(A + B)~!) =
Tr ((B’l/QAB’lﬂ) (I + B’1/2AB*1/2)_1> for positive semi-definite operator A and posi-
tive definite operator B, and the last inequality is due to the fact that if A has the eigensystem
{ui,e;}, then A(A + M)~! has the eigensystem {Hf‘_h,ei}, and 7 < log(l + x). Here
det denotes the Fredholm determinant. Note that, if x € By, Tk1 / 2r € BH%, and we know

Egnp, anti(A) [Tkl/zﬁnC Is,a) " pn(-|s, a)Tkl/z} is in the trace class and the Fredholm determinant is
well-defined. Invoking Lemma 19, we have that

* For (-finite spectrum, as A = ©(8log N + log(N|P|/d)), we have n/\ = O(n)

n . .
log det (I + XESan,er(A) [Tkl/zpn(~|s,a)Tpn(~|s,a)Tkl/2}) =0 (Blogn),
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which means
E(say~aze [bn(s,0)] SV Ala2 Blog(n) + M2C - Bz a)mare 1P (13, @)lls

N \/(1 — )| Alo3 Blog(n)

n

p*

* For B-polynomial decay, as A = ©(Cpoly N/ 1) 4 1log(N|P|/5)) and n < N, we have
n/A=0 (Cpol n%) and
1
log det (I+ )\ESNM,QNM(A) { k/ Pn(-ls,a) pnl-|s, a)Tkl/QD =0 (C’polynuu‘@) log(n)> ,
This leads to
1 %/ |~ ~
E(s,a)wd;ii [bn(s,a)] 5\/’)’|~A|Cpolya%n2(l+6) logn + \y2C - E(?,&')Nd;’i lp* (-5, a)||271

n,p*

(1= A Cpogn™ T log(n)a
* For 3-exponential decay, as A = O (Cexp(log N)/# +1og(N|P|/6)), we have n/\ =
O (Cexpn) and
log det (I +
This leads to
E(s.a)~amn [bn(s, a)] 5\/7|A|Cexp(10g n)HBaZ + X2C - Egay~arn
A el

n

TEqmpanttt) |Thpuls, @) ThulCls )12 ] ) = O (Copllogn) +1/7).

P 5 @)y

p*

For the remaining terms, denote f,, (s, a) = TV(T*(s'|s,a), Tn(s')|s,a) with || fnllee < 2. With
Holder’s inequality, we have
fa(s, a)}

Tn, / T /
Etarags [t wion [Virpan, )] = Brwise Vi, o, 6] £ B [ 1
With Lemma 6, we have that

fu(s,a)

S/ I~ ~ n7|A|Es~ n,a~U (A [fr%(sva)] 420
(15 @)y gy ¢ ponn i)

<E(z3)~dr
1= } o (1=7)? (1=

E(s,a)~dzn {

|A|]Es~pn,a~bl (A) [f (570’)]
-7

o e~ ny|Al¢, | 42C |AlGn
p <'|57a)”Lz(u),E;§,p* ’ \/(1 — )2 + (1—~)2 + 1—7

ol ~ [|Al¢n
QRO s T

Combine with the previous results and take the dominating terms out, we have that

<E(s,a)~dz..

SonEEa)~dr,

* For g-finite spectrum,
VL = Vi
<7\/’Y|A|O¢ Blogn + \y2C - E @)~d

IA\a25logn |AlGn
(L=

* For -polynomial decay,
V= Vi

P[5, @)l g1
Pn

p*
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VAo 2T g+ 202 B I (Dl
pn,p

*

wﬂ%wanumwbm# Al
(1—=7)°
* For -exponential decay,
VL = Vi

7\/7|A|Cexpa%(log n)+1/8 + \y2C - Ez 4

IA\Cexpoc2 log n)”l/ﬁ n |AlCn
(1=

Finally, with Cauchy-Schwartz inequality, we have

N
> EGana:

n=1

Note that
Eaymazz (P (15,0), 5, o™ (5.) 0
* P * * 3 B " 5,4
=EGa)~arz <p (15,@), ("B (s,a)~p [P* (L3, @)p" (s 0) ']+ M) p (.|S,a)>

P*("ga @) ||2;1

.p*<

N
p*(|§7 a)”LQ(,u),E;;p* S N Z ]E(E,E)Nd;"i <p*(|§, 5)7 2;n17p*p*(.|§7 a>>L2(

'

L2(M)

=Ea)~dm <Tkl/2p*(-|§, a), (nE(S,a)an {Tklmp*( ‘s,a)p*(.|5,a)TTkl/2} 4 )J) 1/2 p(-J3, a)>
La(p)

1 Egayeam | T 2p (15, @)p* (5, @)1
n 1/2 & % 1/2 1 (Sva)Nd*{kp ,a)D ) &
=Tr (;Ew,a)w [Tk/ P (Js,a)p (ls,a) T, } +I) , - X

<log det ((%E(Sﬂl)’\‘pn {T,i/2p*(~|s,a)p*('|s,a)TTkl/Q] + I))

-1
— log det (("AE(M)N,JM (7220 (s, )y (s, @) 17 +1>) ,

where in the last inequality, we use the fact that log det(X) is concave with positive definite operators
X and dlogdet(X) (XT)

Telescoping and applying Lemma 19, we have that:
* For [-finite spectrum' as N/A = O(N), we have
Z E(s a)wd"” (|§7 5), Z;nl,p*p*('lgv Zi)>L2(u) = 0(6 log N)

* For j3-polynomial decay: as A = ©(Cpoy N/ H8) 4 log(N|P|/5)), we have N/\ =
O (C’polyN%> and

JUNUNIN o~ ~ 1
ZJE(;@)Nd;Q <p (|5, @), Epnl’p*p (~|s,a)>L2(M) =0 (CpolyN2<1+ﬁ> log N) .
* For g-exponential decay:
N
Z E(g’,a)’\/dgﬁ <p*(|§a 6)7 Z;nlﬁp*p*('|§7 a)>L2(p,) =0 (Cexp(log N)1+1/6) .
Hence, after we substitute «,, and A back and take the dominating term out, we can conclude that:
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* For S-finite spectrum, we have

5%/2| A|log N/CN log N|73|/6

SV, -V S 1)

* For S-polynomial decay, we have

o . p01y|,4|N2+1+13 log N+/C'log N|’P\/6
S VR -ViE S T
n=1

 For g-exponential decay, we have

N . _ CoxplAly/CNog(N|P[/5)(log N) %5
ZVT*,T_VT* ~ (1_ )

This finishes the proof. O

Theorem 9 (PAC Guarantee for Online Setting). After interacting with the environments for N
episodes where

e N=60 (Cﬁ3lé‘i}y(;§(elfl/6) log (Cﬁ |A‘21°g(|73|/6)>) for B-finite spectrum;

v)ie?
Hp
« N = 0| Choy <|A\/f1ig)2|7>|/s Jog®/2 (WW)) for B-polynomial

decay;

« N = @(cexpC\AFlog(\P\/é)l 28 (C\A|210g(\73\/6>

(1-v)%e T—7)iez )) for B-exponential decay;

we can obtain an e-optimal policy with high probability.

Proof. Note that, loglog 2z = O(log x). We consider the case with different eigendecay conditions
separately.

* For j3-finite spectrum, by taking the output policy as the uniform policy over {7; };c[n], We
can obtain a policy with the sub-optimality gap

o (,6’3/2|AlogN«/Clog(N|P|/5)> |

(1-7)VN
Take N = © (053|ﬁ\3<;%(€|27>|/5) log® (Cﬁ |Z4‘3‘;g(€“)|/5))), we can see the sub-optimality

gap is smaller than &, which finishes the proof for S-finite spectrum.

* For 3-polynomial decay, by taking the output policy as the uniform policy over {m;};c[n],
we can obtain a policy with the sub-optimality gap

o ((Jpolyszm log N+/Clog(N[P]|/3) )

(1—=7)?
T g
Take N = 0 [ Cpory (IA CoRPITE) 1o (LDllios(le) 105,)(?/5))) e can see

the sub-optimality gap is smaller than e, which finishes the proof for 3-exponential decay.

* For 3-exponential decay, by taking the output policy as the uniform policy over {m; };c[n},
we can obtain a policy with the sub-optimality gap

1) <Cexp|-'4 Clog(N|7D/5)(10gN)3§§B)
(1-7)2VN '
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Take N = © (C“xpc(lA‘i;Oi(lpl/&) log 7 (%)), we can see the sub-

optimality gap is smaller than &, which finishes the proof for S-exponential decay.

As a result, we finish the proof for the PAC guarantee. O

E.3 PROOF FOR THE OFFLINE SETTING

Similar to the online exploration case, we can obtain the upper bound of the statistical error for 7,
which is stated in the following:

Theorem 10 (PAC Guarantee for Offline Exploitation). Define w := max , 7, ' (als), and
2
i E(S?a)wdw* [(p*('|5»a)’m>Lz(u)]
Cr:= sup .

T 2
z€La(p) E(s,a)Np [<p=|<(|57 a), 'T>L2(ll)}

If the penalty and its corresponding parameters are identical to the bonus we define in Theorem 4, then
with probability at least 1—4, for any competitor policy w including non-Markovian history-dependent
policy, we have

* For B-finite spectrum, we have
wB??logn [CCxlog(|P|/d)

Vi, — Vi, < = -

* For [3-polynomial decay, we have

v v < Coolywn 257 log ny/CC% log(|P]/0)
T*r — VT*r ~

i-p

 For B-exponential decay, we have

3428
ey < Copullogn)™5” [CC7108(PI/0)
T*,r T*r ~ (1_7)2 n

We start by showing that C' can be viewed as a measure of the offline data quality, which can be
demonstrated by the followmg lemma, that was first introduced in ( ):

Lemma 11 (Distribution Shift Lemma). For any positive definite operator A : La(p) — Lo(u), we
have that

E(s,a)~dz. (07 (s, a), Ap™(+]5,@)) 1y (1) < CrE(s,0)mp(P" (|5, @), Ap™ (-], 0)) 1 ()

Proof. We denote the eigendecomposition of A as A = UXU where {0, u;} is the eigensystem of
A. Then we have

E(s,a)ng* <p*('|57 a’)’ Ap*(-|8, a)>L2(,u)
= Z O-iE(S,a)Nd;* <Ui,p*('|5, a)T>%2(u)
icl
SC:; Z UiE(s,a)~p<ui7p* <|S7 a)T>%2(M)
icl
:C:;E(s,a)fvp <p*( |Sa a)v Ap* (|Sv a)>L2(,u),
which finishes the proof. O

We also define the ¥,  : La(p) — Lo(p):
Ep,¢ = nE(s,a)Np [(,25(8, a)¢T(Sa a)} + )‘Tk_lv
where p is the stationary distribution of 7.

Lemma 12 (One Step Back Inequality for the Learned Model in Offline Setting). Assume g :
S x A — R, such that ||g||cc < B. Then conditioning on the following generalization bound:

E(s.a)pllT(5,0) — T*(s,a)||? < ¢,
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we have that V't

‘]E(s,a)wd; [9(87 CL)] ’
SV]E(E,E)Nd; Hﬁ(|§v ZI'/)HL2(#)7E;’; \/an/]E(s,a)Np [92(57 a)] + AB2C + nBQC

/(1 = VB 0 pl2(5, ).

Proof. We still start from the following inequality:
E(s,a)fvd”f [9(57 CL)} = VE(g,E)Nd"T,SNﬁn(-\§75)7a~7r(v|s) [g(S, a)] + (1 - ’Y)ESNdo,aNﬂ'('ls) [9(57 CL)} :
For the second term, with Jensen’s inequality and an importance sampling step, we have that
(1 - V)Eswdo,amwr(»\s) [9(8, Cl)] < \/(1 - W)WE(s,a)~p[gz(S7 a)]
For the first term, with Cauchy-Schwartz inequality of Lo (u) inner product, we have that

VE G @) mdg snT(15,a),amm (1) [9(5) 0)]

=YE@a)~ar <25('|575)a/8 Zﬁ(5|')ﬁ(a5)g(5aa)d5>
La(p)

acA

<VEa)~ar [AQEs 5)“@@),2;;

/5 S p(sl)n(als)g(s, a)ds

acA L2(H)72p,1§

Note that
2

[ 3 sl ntalsits. ayis

acA

L?(H)vzp,f’
/ > (sl (als)g(s, a)ds
S a€A
2
<nE(5,3)~p {Esmr([5,a),amn () [9(5, )]} + AB*C +nB*¢
<nE5.3)~p {Esmr([5,8),amn (1) (97 (5, a)] } + AB*C 4+ nB*¢
<nwE G a)mp {Bsmte(5.3),amm (15 [97 (5, )]} + AB*C + nB*¢
§n7wE(s,a)Np[92(s, a)] + AB2C + nB2(.

2
:nE(gva)NP {ESNT(-|§,E),(IN7T(-‘S) [g(s, CL)]} +A

Hr

Substitute back, we have the desired result. O

Lemma 13 (One Step Back Inequality for the True Model in Offline Setting). Assume g : Sx A — R,
such that ||g||co < B. Then we have that V',

‘E(s,a)wd}* [9(37 a)]

VB 97 D a7\ 197 Es -9 [92(5 )] + 202820

+ \/(1 - V)W]E(s,a)fvp[gQ(sa a)]

Proof. The proof for this lemma is nearly identical to the previous lemma, and we omit it for
simplicity. O

Lemma 14 (Almost Pessimism at the Initial Distribution). If we set ( = © (W), A\ for

different eigendecay condition as follows:
o B-finite spectrum: X\ = ©(Blogn + log(|P|/))
* B-polynomial decay: X\ = O(Cporyn/ 5 +1og(|P|/4));

s B-exponential decay: N = O(Cexp(logn)'/? +1log(|P|/6));
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and oo = © (ﬁ Vwlog([P]/68) + )\720), the following events hold with probability at least 1 — §:

wg

Vo, VE VR <
o (1)

T,r—b

Proof. Note that, with the proof of Lemma 17 and a union bound over P (but not over n), we know
using the chosen A\, V1" € P, with probability at least 1 — ¢,

A R -1
15C1s, )l L, )81 = © (||P(-|s, a)||L2(H),2pyﬁ) .
With Lemma 18, we have that

(=) (VE,_, Vi)
:E(s,a)wd’TE _—b(S, a) + ’VET(SI\S’a) [VJZT*,T(S/)} - ’VET*(S/ls,a) [VYT’F*,T(S/)”
S]E(s,a)wd"j_ _7 min {Oé ||ﬁ(|57 a)||L2 (/‘L)_’E;’; 72} + ’YET(S/|S,(1) [V’er*,r(sl)] - FY]ET* (s'|s,a) [VIE*,T(S,)H

Denote f(s,a) = TV(T(s,a),T*(s,a)), we know || f|joc < 2. With Holder’s inequality, we can
obtain that

. . f(s,a)
ET(S’|S,@) [VT*»T(SI)] - ET*(S/LWL) [VT*:T(SI)]‘ < E(Svﬂ)“’d; [1—7 .
With Lemma 12, we have that
f(s,a)
IE(s,a)wd; l: 1_ v
nl |~ ~ nw’YQE(s,a)Np[f2(s7 CL)] 4)"Y2C 4n’y2<
<E@a)~dr 1B([s, a)HLz(M)z;; \/ (1— )2 + IT—7)2 " (1—7)2
+ WE(S,a)~p[f2(sv a)]
1—7v
e~ nwy2(, 4\y2C 4ny2( w(
<]E S T . — .
SEGEE)~ar, [15( |S’a)HL2(M),Zp}) \/(1 — )2 + (1—~)2 + (1—~)2 + 11—
With the choice of «, we can conclude the proof. O

Theorem 15 (PAC Guarantee for Offline Setting). With probability at least 1 — 6, for any competitor
policy m including non-Markovian history-dependent policy, we have

* For B-finite spectrum, we have
wB?logn [CCxlog(|P|/d)
1= n

T T
VT*,T - VT*,T 5

* For B-polynomial decay, we have

15
Vi - V}}*J < Cpolywn 2@+ logn/CC% log(|P|/d)

(1—7)?

* For (B-exponential decay, we have
3428
23

Coxpo(logn)‘# [CCx log([P]/5)
1= n

V’IT’F*,T - V’]?*,r S

Proof. With Lemma 14 and Lemma 18, we have that
V’F*,r - Viir*,r

<Vf,-VI _ +

Tr—b (1—7)3
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7r ﬂ w@
I Y e

> 1 — ]E(s a)wd" [b(s7a) + ’VET*(S’|5,¢1) [V’IT"F*,T(S/)] - V]ET(S/‘S’U‘) [VTZF*,T(S/)}} +

As b = O( ), with Lemma 13, we have that
E(s,a)wd;* [b(& a)]

<E [min {a [5(1s, @)l 52 -2}
w1~ ~ N 2
p ("57(1)“L2(u),2;;* \/nw’yoﬂ]E(s,a)Np [||p(~|s,a)HLQ(#)’E;;3 + \2C

. 2
+ \/(1 — NwoPE (s 0)~p |:||p('|87(1)||L2(N),2;},]'

With the reasoning similar to the proof in Lemma 8, we have that

(1=7)*

SEG a)~dz.

* For [S-finite spectrum,

Essa)ep [[1P(13,0)113, 51| = O (Blogn),
which leads to

Es,a)vaz. [0(s, @) SEG@)~az. [P (1S @)l 1,00, 21, VwyBa2logn + \y2C
1-— 2]
e

n

* For -polynomial decay,

~ 2 1
Ila(s,a)Np |:||p('|s?a)||[,2(u))2;;:| =0 (Cpolynz(prﬂ) log n) )
which leads to

E(Sva)"'d;* [b( )} E(s a)~dz., ||P ( |§» a)||L2(p),E;_;* \/w’prolyaQn%Hﬁ) logn + )\’}/20

1
+ \/ 1 — 7)wCporya®n™ samm log n.

* For g-exponential decay,

~ 2
Essayp [[1P(13: 017, 51 | = O (Coxpllogn) +1/7)
which leads to
E(s,0)~dz.. [b(s,a)] SE, @)~dr.. l[p* (- |§,E)||L2(ﬂ),g;;* \/wWCexpa2(log n)+1/8 + \y2C

+ \/(1 — ’Y)wa2cexp(10g n)l—H/ﬁ
" .

Furthermore, denote f(s,a) = TV(T'(s,a), T*(s, a)), we have || f||oo < 2. With Holder’s inequality,

we have
- f(s,a)
’E(s,a)w;* {ET*<S'|s,a> VEe o ()] = Eioris,ay Vi ( H < E(s a)mdz. [1 — |

With Lemma 13, we have

f(s, a) ~ TMU"Y]E(S@)N [fz(sv a)] 4)"720
Beamag. | 222 < Bsmpmag. 10" (5Dl 551, ke L 08

+ W]E(s,a)wp[fz(sa a’)]
L=y

e nwy(¢ 4)\’)/20 w(
D ('|s7a)||L2(p)7z;,;* ' \/(1 —?) + (1—7)2 + (1—7)
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* (| UJC
P OIS @)y, +yf -

Combine with the previous results and take the dominating terms out, we have that

SanEga)~ar,

¢ For g-finite spectrum,
Vi o = Vis .

1 . e~
S CONTN R PARE VwyBa?logn + \y2C

wBa?logn w(
+\/ (I=7)n +\/(1 —7)%

* For -polynomial decay,

Vi . — Vi
1 — 1
ng(gya)Nd;* ||p*('|37a)||L2(p),E;;* \/wvcpolya2n2(1+ff) logn + Ay2C
n \/prolyaQn_H?(liﬁ) logn n w(
1—1 Q=)

* For B-exponential decay,
Vi = Vi,

<jE(§,E)~d;* p*(-[s, a)”LQ(N)‘,E;;* \/w'yC'expaz(log n)t/Bloglogn + Ay2C

wWCexpa?(logn)t+1/8 w(
+\/ T—n +\/(17)3'

We now deal with the term E (5 ),

P ([s,a)ll 1, (51, - With Lemma 11, we know

E(5,a)~dz.. p*(-|§,5)||L2(u),E;,L*

S\/E(g,a)w;*

ol 1= 12
S\/CE(g,a)Np I ¢35
Applying the identical method used in the proof of Lemma 8§, we have that:

w1~ =\ 12
p ('|3aa)||L2(u),2;;*

* For S-finite spectrum, we have
B s |07 (B0, 5. ] = O (Blogn).
* For g-polynomial decay, we have
EGa)~p [”p*(|§, a)||ig(/i),z;;*:| =0 (C’polynﬁ log n) .
* For -exponential decay, we have

Eear {|p*(~|'§7 5)”2L2(H),E;;J =0 (Cexp (logn)1+1/5> .

Substitute v and A\ back, we have that:

* For (S-finite spectrum, we have
wB??logn [CCxlog(|P|/d)
(1—7) n

T T
VT*,T - VT*,r 5
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* For S-polynomial decay, we have
Vi VA< — Cooywn ™7 log n\/CCx log([P[/6)
" (1=9)?
* For g-exponential decay, we have

Vi, - VTﬁ*’T < C’expw(logn) 25" CClog(|P|/0)

(1—=9)? n
This finishes the proof. O
F AUXILLARY LEMMAS
We first state the MLE generalization bound from ( s ). Note that, when Assump-
tion 1 holds, the MLE generalization bound only depends on the complexity of P.
Lemma 16 (MLE Generalization Bound ( , ). For a fixed episode n, with
probability at least 1 — §, we have that
log(|P|/d
Es~0.5pn+0.5p%,a~l/{(¢4) |: (S a’ H :| | ‘/ )

With a union bound, with probability at least 1 — §, we have that

[(s,a) —

log(n|P|/d
Vn € N+7Es~0.5pn+0.5p%,awu(¢4) H :| | |/ )

Lemma 17 (Concentration of the Bonuses). Let p; be the conditional distribution of ¢ given
the sampled &1, - ,¢;—1, define ¥ : La(p) — Lo(p), X = %Zie[n] Epmp; 90 . Assume

l9ll%, < 1 for any realization of ¢. If X satisfies the following conditions for each eigendecay
condition:

* B-finite spectrum: A = ©(Blog N + log(N/9));
s B-polynomial decay: X\ = O(Cyory N/ 15 4 log(N/6));

* B-exponential decay: X = ©(Coexyp(log N)'/? +1og(N/6)), where Cs is a constant depends
on C1 and Cy;

then there exists absolute constant c1 and co, such that Vx € Hy, the following event holds with
probability at least 1 — §:

Vn € [N], <ac, (nZn + )\Tgl) x>L2(“) < <x, Z (;51-(;5? + )\kal x> ,

i€[n] La(u)

and <:r, Z ¢i¢;'— + )\Tk_1 x> <cy <:c, (nEn + /\Tk—l) x>Lz(u) .
i1€[n] Lo (1)

In the same event above, the following event must hold as well:
-1

1 _
VYn € [N], . <x, (nZn + )\Tk—l) ! z>L2(#) < <x, Z bid; + )\Tk—l 1:>

1€[n]

T -1 1 ~1y 1
and <$7 Z bip; + ATy, x> Sa <x, (nZn +T;) x>L2(,u)

i€[n]

La(p)

—12

¢||L2(u) = ||¢]|ln, < 1. Hence, the operator norm of operators S, =
T, 1 2EnTk_ /2 that maps from Lo () to Lo(1) are upper bounded by 1. For notation simplicity, we
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define qNS = Tﬁl/ 2(;5 and fz; denotes the conditional distribution of qNS given the sampled 51, RN qNSZ-,l.

Note that Vo € Hy, T, 1/ *r e Hz. We now prove the following equivalent form of the claim:
Vo € Hi,Vn > 1,

c1 <x, (nin + )\Tk_z) x>L2(#) < <x, Z %T + )\Tk_2 x> < co <z, (nin + /\Tk_2> x>L2(ﬂ)

1€[n] La(p)
It is sufficient to consider z with ||z, = 1. Note that, we have

~— ~\ 2
T 2
T, x =(x, < ||z
B (w69 >L2(#) < ¢>Lz(u) #1226
Denote $' := Ey.,,; ¢ " . We have
Vargup, (@8] < 1213000 Bsm, [ D ain] = 1213000 @ i),

we can invoke a Bernstein-style martingale concentration inequality (Lemma 45, , ),
and obtain that with probability at least 1 — ¢

) _ _ 12112, (0 S2n) £y 108(2/8) ]2, o2 (2/6)

E Z |:<1'7¢7,>2L2(p)i| - <xa2$>L2(u) S & \/ 2() n 2 + 2(M§n
i€[n]

where c is an absolute constant. We then show that, if we have A = Q(log(1/4)), we have that

x LL‘E(EZ log(2/6 2 log(2/6 ~ YIFAIE:
\/n Va0 502000 108/ ol 082/0)\ _ o (1 iy Aol )

3n n

where C' < 1 is an absolute constant, following the similar reasoning in the proof of Lemma 39 in

( ; ):

= Mz||2
* (2,32) 1,0 < % It's sufficient to show that ¢,/ og(2/8) < X and <82/%) <
€2, which can be achieved by A = Q(log 1/6).

AllzllZ

o (z, f]a:>L2(u) > 2200 J's sufficient to show that

x log(2/6 =
/\Zélog(2/5) and é\/ ” '““”n / )s (€, 2) 1, (-

= M|z
As (2, 5x) () > w when \ > max{— —} log(2/4), these two conditions

crC?
hold simultaneously.

Hence, for any fixed = with |[z[|]3;, = 1, we have

1 ~ ~ ~ A = A __
- Z [(x,¢i>%2(u)] —(x, E:z:)Lz(M) <C <:I:, <2 + nI> :17> <C <x, (E + ﬁTk 2) x> .
Lo () La(p)

i1€[n]
Now, assume such condition holds for an e-net B, of SHE’ the unit sphere of RKHS H; (i.e.
{@ : ||z[%; = 1}), under || - || 1, (.- Then Vz satisfies ||z[|3;. = 1, let 2’ be the closest point of z in
B. under || - ||, () (note that 2" € H;. by the definition of e-net). We have that

‘(x, Sa) — (o, Sa')

< Ly G >-< LG > <o
16[17 nie["]

<2e
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With a triangle inequality, Vn, V||z||%, < 1, we have

1 o~ ~
N ST EA v S <x (E + 217 2) ”“’>
" " " La(w)

1€[n] La(p)

<C <x (i + )\Tk2> :v> +(4+2C)e
n La(p)

Hence, we can choose £ = O (2), to guarantee that

C <x (i + AT,ﬁ) x> +(4+20)e<C <ac (i + ATk?) x> ,
" La(p) " La(p)

where C’ < 1 is an absolute constant.

Now we consider the covering number A/ (St | - Lo (u)» €)- We start from the entropy number
€i(St;s | - | Lo(ny)- From (A.36) in ( ), we know
ei(BHg7 ” ’ HLz(#)) < ei(S'Hgv H ’ ||L2(IL)) < 261'(87.[%7 ” : ||L2(#))7
where By, is the unit ball in RKHS #j; (i.e. {z : [[#[j3, < 1}). With Carl’s inequality' (
, ) (also see ( , ), Vp > 0,m € N*, we have
sup i'/Pe;(id : Hy — La(p))
i€[m)]
<e, sup P (T2« Lo(n) — La())
elm
=c, sup i"/Pp; (Ty, : Lo(p) — La(p))
1€[m]

where ¢, = 128(32+16/ p)'/P denotes a constant only depending on p. We then consider the entropy
number under different eigendecay conditions:

* For S-finite spectrum, as we have ) ser b <1 from Assumption 3, and Vi > 3, u; (T}, :
Lo(u) — La(p)) = 0, we know for a fixed p,
ei(id : Hy — La(1)) < 128((32+16/p)) /" (8/i)"/*.
Take p = [/, we know that
ei(id : Hy — Lo(n)) < 128(328 + 16) /7.

» For 3-polynomial decay, take p = 2/ and obtain that
ei(id : Mz — La(u)) < 128C,(32 + 88)%/%i~7.

* For 3-exponential decay, note that, for a fixed p, direct computation shows the maximum of
i'/7 exp(—Cai®) is achieved when i = 1. Furthermore, i'/? exp(—Cji) is monoton-
ically increasing with respect to i when i” < ﬁﬁp, while monotonically decreasing with
respect to ¢ when i? > %ﬁp. Hence, for a given i, we can choose p such that %> %ﬁp,
and obtain that

ei(id : Hy — La(p)) < 128(32 + 16/p)*/PCy exp(—Chi®).
As we can take p — oo, we have that
ei(id : Hy — La(p)) < 128C4 exp(—Cyi?).

We now convert the entropy number bound for different eigendecay conditions to the covering number
bound accordingly.

' A more formal claim is on the approximation number of the bounded linear operator, which, as shown in
( ), is identical to the eigenvalue of the bounded linear operator if the bounded
linear operator is compact, self-adjoint and positive.
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* For S-finite spectrum, we fixa d € (0,1) and an ¢ € (0, 128], and assume the integer ¢ > 1
satisfies the condition:

128(1 + 6)(328 + 16)~ (+1/F < e <128(1+6)(328 + 16) /7.
By the definition of the entropy number and covering number, we know
log N (Ba s | | o) €)
<10g N By, | - a0, 128(1 + 6)(326 + 16)"+D/%)

<ilog(2)
S
<slog(2)log () = 0 (3 108(1/2)
* For B-polynomial decay, with Lemma 6.21 in ( , ), we have that
1/8
log./\/'(BH%7 I 2oy, €) < log(4) (12800(352 + 8B)g> / =0 (C’polyafl/ﬁ) )

* For -exponential decay, we fixa § € (0,1) and an ¢ € (0,128C], and assume the integer
1 > 1 satisfies the condition

128C1 (1 4 6) exp(—Cy(i 4 1)) < & < 1280 (1 + 6) exp(—Cyi?).
By the definition of the entropy number and covering number, we know
log N (B | | 2oy, €)
<1og N (Bayy s | [0, 128C1 (1 + 6) exp(=Ca(i +1)7))
<ilog(2)
12801(1+6)) 1/8

(2) log(—s

<log c
2

log (25601

) /8
<log(2) <025> =0 (C’exp log(l/s)l/ﬁ) ,

where C'5 is a constant depends on C and C5.

Note that n < N. Hence, we can choose ¢ for different eigendecay conditions and lead to the first
claim as follows:

e For j-finite spectrum: we choose ¢ = ©(n!), and obtain the first claim with A =
© (Blog N + log(N/4§)) using a union bound over 5. and [N].

* For 3-polynomial decay: we choose ¢ = ©(n~?/(1+#)) and obtain the first claim with
A =0 (Cpoly NY/+8) +10g(N/5)) using a union bound over B and [N].

* For -exponential decay: we choose ¢ = O(n~!), and obtain the first claim with A =
O (Cexp(log N)¥/8 +10g(N/6)) using a union bound over B and [N].

For the second claim, note that,
<9c, (nf)n + )\Tk‘1> x> — <T1;1/2$7Tk1/2 (ninTkl/z I )‘Tk_l) T;/ZTk_l/Qx> ’

<x, (Z bid; + AT,;1> :r> = <T,;1/2:,;,T,§/2 <n2¢i¢f + AT,;1> T;/QT,;”%> .
=1

i=1
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Note that, {7, V2 x e Hy,} spans the Lo (), when the first claim holds, we have that, Va' € Lo(u),
Vn € [N]
-1

1 _ 1o _ _
— (' TPz T T T ) < <x’,Tk VST gl Tt T 1/2x'> :
Co La(u) :
i€[n] La(n)
and
-1
_ _ 1 1,
? PN el AT ) < S (@ A T )

; C1 La(p)

i€[n] La(n)
AsVx € Hy, Trx € La(p) and we can choose 2’ = Tjx, which shows the second claim holds when
the first claim holds. O
Remark 9. Here we follow the idea of ( , Lemma 45) and present a less involved
proof. However, it is also possible to use the Bernstein inequality for matrix martingale with intrinsic
dimension (e.g. s ) to prove the similar results.

Lemma 18 (Simulation Lemma). Suppose we have two MDP instances M = (S, A, P,r,do,~y) and
M = (S, A, P r+0b,dy,~). Then for any policy 7, we have that

s s 1 i T

VP’,r—i-b - VT,T ZEE(s,a)Nd}‘, [b(S, a) + [EP’(S’\S,a) [VP',r+b(S/)] - IE’P(s’\s,a) [VP’J—Q—b(SI)]” )

1 U T
T By, [005:0) +7 [Epeisa V()] = Epgeisa VT (]

T T
VP’,T—i—b - VT,'r‘ - 1

Proof. See ( , Lemma 20). O

Lemma 19 (Potential Function Lemma for RKHS). If o = (1), then for any distribution v
supported on the unit ball of Hy;, we have that,

* For B-finite spectrum:
log det (B, [¢p¢ "] + ) = O (5 log <1 n g)) .
* For B-polynomial decay:
log det (aE, (o] + I)=0 (C’polyal/(zﬁ) log oz) .
* For B-exponential decay:

log det (aE, [66"] + 1) = O ((Cuxp(log @) *1/7).

where operators are in the space of La(p1) — La(p).

Meanwhile, when o = O(1), for any eigendecay conditions, we have that

logdet (aE, [pp "]+ 1) = O(1).

Proof. We consider the optimization problem:
sup log det (I + oEgy [¢¢T]) .

We first consider the optimality condition of v. Note that, log det(X) is concave with respect to
positive definite X and Eg.,, [d)(;ﬁ—r} is linear with respect to v. Direct computation shows that

Alogdet (4 2B~y [90]) 1y (a (1 + aBgms [067]) " 67)

dv(¢')
- <¢', (@ ' T+ By, [p67]) " ¢>’>

La(n)
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Note that, (071] +Egor [gf)q&T])fl = «al. Hence, the inner product is well-defined. As v is a

probability measure over the Bz, and if ¢ > 1,
(ed' (@7 T +Egmy [007]) e’

=2 (¢/, (@7 +Egs [007]) ' ¢')

> (0 (07 T+ By [067]) o)

Hence, we can focus on the v supported on Sy, . Furthermore, with the optimality condition of the
probability measure, we know the optimal v should satisfy that V¢’ € supp(v),

(¢ (a7 T +Eoms [007]) ')

La(u)

La(p)

9

Lo(u)
and V¢’ € Sy, , we have
_ -1
(¢ (a7 T +Epu [007]) ') <C,
La(p)
where C is some constant.

We first show that, C' > %T?;)jl which can be shown by consider the following constraint

A\ -1
inf <¢>’, (nI +Egor [¢>¢T]) ¢>/> ;
La(p)
where v is from the space of probability measure supported on Sp,. As (w, A~1z) is convex with

optimization problem

respect to positive definite A and E4~.,, [#¢ "] is linear with respect to v, straightforward computation
shows that

(o, (21 + By [007]) " o) 2
Lo(p) _ r (A T e
. = (¢ (ST +Epn[007]) &
dv ((;5) La(pn)
With the optimality condition, the optimal v should satisfy that V¢ € supp(v),

<¢', (@' T +Egy [p07]) ¢~6>2 =

Lo(w)

and Va € Sy, we have

12
(¢ (@ T+ B [007)) " 0), <O
2(H
where C” is an absolute constant. With Cauchy-Schwartz inequality, we have

(6, (0 T+ B [907]) ' 5)’

Lo ()
— _1 - Y
SHTk (@' +Epu [907]) ¢ ) 1T @l o
- HTk (07 + By [067]) " &' La(p)’

where the maximum only achieves when
¢ = (a7 +Ep[po']) T; 2.
where ¢’ is an absolute constant to make sure Hq§||«,¢g = 1. Hence, the optimal v is a point measure
supported on ¢, which further leads to
(a7 14307 T2 = (@ 12 + 1) 6,
Take ¢’ = 1 (T} )e1, as e; is the eigenfunction of T}, 2, we know v should only support on p1 (T} )e1,
and

2
i - ™ oy (T)
Hylfw’ (7 + g [067)) ¢I>L2<u> T (T + 1
which means C' > %{})fl

38



Published as a conference paper at ICLR 2023

Now we consider the constraint optimization problem
-1 T1\y 1
ma (¢, (@ T +Egur [067]) " 0'), st [0l <1.
With the method of Lagrange multiplier, we know that CT} z_ (a’ll —Egpnw [gzﬁng] ) ! = 0,
and for all ¢ in the support of v, we have (C’Tk_2 — (@ '+ Egmn [(bqu])_l) ¢ = 0. Note that
H (@™ + Egpy [0 ] )_1H < o. With Wey!’s inequality, we know that,
op

1 2 —2
i (CT,;2 — (@' T —Egun [00]) ) > Oui(Ty) 2 —a>a (W - 1) 7

which means the support of v is at most i dimension, where 7y is the largest integer that
13 (T )i *(Tr) < api(Ty,) + 1.

When oo = O(1), with Assumption 3, we know 1;(T}) < 1 and i9 = O(1). Combined with Jensen’s
inequality, we finish the proof of the second claim.

We then consider the case when o = (1) under different eigendecay conditions:

* (-finite spectrum: we know ig < 3. As [[@|lr, < @l = 1, we have
|Ep~w [¢07] Hop < 1. With Jensen’s inequality, we have

logdet (I + oy, [¢8"]) = O (5 log (1 + g)) .

* B-polynomial decay: we know iy = O (Cpoya’/??) dimension. As [[¢] 1, <
65z = 1. we have [[Eg, [067]]],,

log det (I +aEgy [(b(b—r}) =0 (Cpolyozl/(w) log a) .

< 1. With Jensen’s inequality, we have

* [-exponential decay: we know the support of v is at most O (Cexp(log a)l/B ) dimension.
As |0l Ly () < ll2; = 1, we have ||Eg, [¢¢ ]|, < 1, With Jensen’s inequality, we
have

lop
logdet (I + By, [¢p67]) = O (Cexp(log a)1+1/5> _

Hence, we obtain the desired results. O

G ADDITIONAL EXPERIMENT RESULT

G.1 TRAINING WITH 1M STEPS

This section provides the learning curves with 1M training steps compared to SAC in four Mujoco
control problems. We only tune the feature-updates-per-step parameter from {1, 3,5} and report the
best result to save computations and running time. The results clearly demonstrate that LV-Rep also
achieves significantly better performance in the long run.

HalfCheetah Walker2d Hopper Ant
—— LVRep — LV-Rep — LVRep 6000 — LV-Rep
10000 __ gac 5000 —— SAC 3000 — SAC — SAC
5000
8000 4000 2500
4000
6000 3000
1500 3000
4000 2000
1000 2000
2000
1000
500 1000
0

00 02 10 00 02 04 06 08 10 00 02 08 1.0 00 02 04 06 08 10

0s o5 o ot o
training steps (1e6) training steps (1e6) training steps (1e6) training steps (1e6)
Figure 3: We show the learning curves in Mujoco control compared to SAC. The x-axis shows the

training iterations and y-axis shows the performance. All plots are averaged over 4 random seeds.
The shaded area shows the standard error.
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G.2 ABLATION STUDY ON LATENT REPRESENTATION SIZE

In this section, we provide an ablation study on the latent representation dimension to show this
parameter affects the performance of LV-Rep. In all our experiments the latent feature dimension
is set to 256. We compare to latent feature dimension 64 and 128 in HalfCheetah. The results are
reported in Figure 4.

feature_dim_ablation
7000 - -

—— LV-Rep-64
6000 —— LV-Rep-128
—— LV-Rep-256

5000
4000
3000
2000

1000

0.0 0.5 1.0 15 2.0
training steps (1e5)

Figure 4: Ablation study on the dimension of latent representations.
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