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Abstract

Common knowledge/belief in rationality is the traditional
standard assumption in analysing interaction among agents.
This paper proposes a graph-based language for capturing
significantly more complicated structures of higher-order be-
liefs that agents might have about the rationality of the other
agents. The two main contributions are a solution concept
that captures the reasoning process based on a given belief
structure and an efficient algorithm for compressing any be-
lief structure into a unique minimal form.

Full version — https://doi.org/10.48550/arXiv.2412.09407

1 Introduction

In the orthodox studies of game theory and game-modelled
multiagent systems, the rationality of agents is usually as-
sumed to be common knowledge (Aumann 1976). Albeit
called “knowledge”, it does not have to be the case. This
is because, as defined in epistemology, knowledge is some-
thing that must be true and justifiable (Steup and Neta 2024).
However, from the perspective of each single agent, it is hard
to verify that the other agents are indeed rational. As dis-
cussed by Lewis (1969), what really matters in the reasoning
process is the agents’ rationality and belief about the other
agents’ rationality, the latter of which, unlike knowledge,
is not necessarily true or justifiable. Indeed, in the discus-
sion of epistemic game theory (Dekel and Siniscalchi 2015),
the assumption of rationality and common belief in ratio-
nality (RCBR) serves as the foundation of the major solu-
tion concepts such as Nash equilibrium (Nash 1950), corre-
lated equilibrium (Aumann 1987; Brandenburger and Dekel
1987), and rationalisability (Pearce 1984; Bernheim 1984).
As Lewis (1969) and Schiffer (1972) interpret, RCBR
consists of the rationality of all agents and a belief hierar-
chy that contains all finite sequences in the form that “a;
believes that ao believes ... that a;_; believes that a; is
rational”, where aj, as, ..., a;—1, a; are (possibly dupli-
cated) agents. Observe that RCBR can be expressed with
a complete digraph. For instance, Figure 1(i) illustrates the
RCBR among agents a, b, ¢, where each node represents the
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Figure 1: Different RBR graphs among agents a, b, c.

rationality of an agent and each path! of at least two nodes
corresponds to a sequence in the belief hierarchy of RCBR.
Specifically, in Figure 1(i), the node labelled with a corre-
sponds to the rationality of agent a; the path labelled with
(b,¢,b,a) corresponds to the belief sequence “agent b be-
lieves that agent c believes that agent b believes that agent
a 1is rational”. We denote this belief sequence by the tuple
(b, ¢, b, a) henceforth. Notice that no self-loop exists due to
the assumption that agents do not have introspective beliefs
about their own rationality (Dekel and Siniscalchi 2015).

Yet, the RCBR assumption is too strong, especially in a
system consisting of different types of agents. For example,
when two adults a and b interact with a child ¢, who is too
young to possess rationality (i.e. the ability to do mathemati-
cal optimisation), the RCBR assumption is satisfied only be-
tween a and b. Then, the belief hierarchy can be captured by
Figure 1(ii). Notice that, the irrational agent c is not included
in the graph because of the assumption that irrational agents
act arbitrarily and do not possess beliefs about the other
agents’ rationality.? This assumption also implies that a be-
lief hierarchy about rationality should be “prefix-closed”. In
other words, if agent a believes that agent b believes that
agent c is rational, then agent a must believe that agent b is
rational, the latter of which further implies that agent @ must
be rational. This property makes it possible to illustrate a
belief hierarchy with a digraph.

Now we consider the situation that the child ¢, although
young, is a genius. The adults a and b neglect the talent of c.
But c not only is rational and believes in the RCBR between

'A path refers to a nonempty sequence of connected and possi-
bly duplicated nodes. Hence, a single node forms a singleton path.

Hrrational agents’ beliefs about others’ rationality, even if exist,
do not influence strategic behaviours since irrational agents always
act arbitrarily. Thus, such beliefs can be disregarded safely when
studying the strategic behaviours in a multiagent system.



a and b, but also notices the arrogance of a and b. In this case,
there is no RCBR among agents a, b, ¢, but there is more
than RCBR between agents a and b. We illustrate the ratio-
nality and beliefs in rationality (RBR) in this system in Fig-
ure 1(iii). We shall call it the “RBR graph” among agents a,
b, c. In this system, compared with the RCBR among a, b, ¢,
there is no belief about the rationality of agent c. Meanwhile,
compared with the RCBR between a and b, there are agent
¢’s beliefs about the rationality and beliefs of a and b.

Let us now consider another situation that, in the above
case, the genius child c fails to identify the arrogance of a
and b. Then, in ¢’s belief, the RCBR among a, b, ¢ still ex-
ists, which, however, is not the reality. In other words, the
agents a and b in c’s belief are not the real agents a and b
in the system. We call such agents by doxastic agents, who
exist in beliefs but are not real. In this case, we visualise the
doxastic agents with dashed cycles as Figure 1(iv) shows. In
this figure, the solid nodes labelled with a and b represent the
real agents a and b between whom the RCBR exists, while
the dashed nodes labelled with a and b represent the doxas-
tic agents a and b, with whom agent ¢ believes the RCBR
exists. In this case, only the solid nodes represent the ratio-
nality of agents; only the paths starting at solid nodes (i.e.
real agents) correspond to belief sequences in the system.

In this paper, we encode RBR systems with directed la-
belled graphs, as shown in Figure 1, based on which we
study the agents’ strategic behaviours. Notably, the existing
literature on agents’ beliefs concentrates on modelling the
Bayesian beliefs of agents (i.e. agents’ subjective probabil-
ity distributions over the other agents’ behaviours). On the
contrary, the rationality of agents implies a dynamic “best-
response” process (Savage 1954) that cannot be captured by
static distributions. Particularly, the type structure (Harsanyi
1967; Brandenburger and Dekel 1993) is used in epistemic
game theory to implicitly model the hierarchy of Bayesian
beliefs. It is a recursive formalisation of strategic behaviours
based on the RCBR assumption, rather than a formalisation
of beliefs in rationality. Meanwhile, the influence diagram
(Koller and Milch 2003; Howard and Matheson 2005), a
variant of the Bayesian network (Pearl 1988), is used in Al
to model a decision system of agents. Due to its strength
in modelling the probabilistic uncertainty, the influence dia-
gram is also used to model Bayesian beliefs of agents (Milch
and Koller 2000). However, the acyclic nature of the in-
fluence graph makes it impossible to model RCBR as the
RBR graph does. More literature on modelling agents’ be-
liefs can be seen in the review papers (Albrecht and Stone
2018) and (Doshi, Gmytrasiewicz, and Durfee 2020). As far
as we know, no research on explicitly modelling uncommon
RBR (i.e. not RCBR) of agents exists in the literature.

Contribution and Outline We first discuss how RBR
works in agents’ strategic reasoning process in Section 2.
Then, in section 3, we formally define RBR graphs, a graph-
based language to capture RBR systems, and (iterative)
rationalisation, the strategic reasoning process of agents,
based on which we propose doxastic rationalisability, a so-
lution concept in uncommon RBR systems. After this, we
discuss the equivalence of RBR graphs in Section 4, based
on which we design an algorithm that can compress any
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RBR graph to a minimal equivalent form in Section 5. Due
to page limits, we retain formal definitions, theorems, and
some intuitive discussions in the main text, while relegat-
ing all supporting lemmas and tedious formal proofs to the
appendix of the full version (Shi and Pavel 2024).

2 Rationality and Rationalisation

As defined by Savage (1954), a rational agent, when faced
with uncertainty, first forms a subjective probability distri-
bution over all possibilities, and then chooses a strategy that
best responds (i.e. maximises the expected utility) to the sub-
jective probability distribution. This is the commonly ac-
knowledged definition of rationality in economics, game
theory, and multiagent systems. Rationalisability (Pearce
1984; Bernheim 1984) is a solution concept to “what RCBR
exactly implies”. In this concept, a strategy is rationalisable
if it best responds to some subjective probability distribu-
tion. Rational agents take only rationalisable strategies. We
call the process of finding rationalisable strategies rational-
isation. Note that, in a game with compact strategy sets and
continuous utility functions, a (mixed) strategy is rational-
isable if and only if it is not strongly dominated® (Gale and
Sherman 1950; Pearce 1984). In this situation, rationalisa-
tion exactly means the elimination of strongly dominated
strategies. In other cases, the elimination of strongly dom-
inated strategies implies* rationalisation but not the other
way around. For example, Borgers (1993) finds that, if the
preference of agents on outcomes is a total order rather than
defined as utility functions, then rationalisation is a concept
weaker than “eliminating strongly dominated strategies” but
stronger than “eliminating weakly dominated strategies”.

Since our purpose in this paper is not to discuss the
essence of rationality, we simplify the definition of rational-
isation to the elimination of strongly dominated strategies
in pure strategy space. We say that a rational agent chooses
only pure strategies that are not strongly dominated by any
pure strategy (see Section 3 for formal definitions). The ben-
efit is threefold: first, it avoids the computational intractabil-
ity in dealing with mixed strategy space and “best response”
optimisation; second, it allows us to discuss a more general
game frame where the preference of agents is just partial or-
der; third, the simplified definition is more restrictive (but
not too much) than those in the literature, so the technical
results of this paper can potentially be extended to more gen-
eral definitions using similar proof techniques but at the ex-
pense of mathematical complexity. Henceforth, by saying a
strategy is dominated, we mean it is strongly dominated.

To see how rationality interacts with belief, let us consider
the following simplified “guess 2/3 of the average” game
(Moulin 1986; Nagel 1995):

Each agent chooses an integer in the interval [1,10].
The one whose choice is the closest to 2/3 of the av-
erage of the other agents’ choices wins.

3 As standard expressions in game theory, a strategy is strongly
dominated if always worse than another, and weakly dominated if
never better and sometimes worse.

“In the sense that a strongly dominated strategy is never ratio-
nalisable (Pearce 1984).



Informally, we say that 2/3 of the average of the other
agents’ choices is the farget which every agent in this game
aims to approach. Suppose the agents a, b, ¢ as described
in Section 1 play the above game. We analyse the poten-
tial choices of each agent in each of the four RBR systems
illustrated with the RBR graphs in Figure 1.

We first consider the orthodox case that RCBR exists
among agents a, b, ¢, as depicted in Figure 1(i). According to
the description of the game, agent a knows that the choices
of agents b and ¢, denoted by x; and x. henceforth, lie in
the interval [1,10]. Then, the target ¢, of agent a lies in
the interval [2 - 131 2. 104810 — [2/62] Thus, 7 is al-
ways closer to the target than any integer greater than it (i.e.
8,9, 10 are dominated by 7), while every integer in the in-
terval [1,7] might be the closest to the target. Hence, the
rationalisable choice Y, of agent a should be in the interval
[1,7]. Note that, the above analysis works for agents b and
c in a symmetric way. Therefore, the rationalisable choices
are Xa, Xb, Xc € [1, 7] after one rationalisation. We mark this
observation in column 1%¢ of lines (1-3) in Table 1.

Note that, the RCBR assumption implies the belief se-
quences (a, b) and (a, ¢), which represent that “agent a be-
lieves that agent b is rational” and “agent a believes that
agent c is rational”, respectively. Then, agent a, after the
above analysis, believes the choices xp, x. € [1,7]. Thus,
a preciser target of agent a becomes t, € [2,42]. Hence,
the rationalisable choice of agent a is x, € Tl, Sﬁ after the
second rationalisation. Similarly, x, € [1,5] follows from
the belief sequences (b, a) and (b, ¢) and x. € [1, 5] follows
from the belief sequences (c,a) and (¢, a). We mark this
observation in column 2"¢ of lines (1-3) in Table 1. Observe
that, the RCBR assumption also implies the belief sequences
(a,b,¢), (a,b,a), (a,c,b), and (a,c, a). Then, agent a, af-
ter the above analysis, believes the choices X3, x. € [1,5].
Hence, x, € [1, 3] after the third rationalisation, similar for
X» and .. We mark this observation in column 3"¢ of lines
(1-3) in Table 1. Following the same process, after the fourth
rationalisation, X, X», Xc € [1,2] and, after the fifth ratio-
nalisation, X4, X», Xc¢ = 1. Then, more rationalisation will
not eliminate more strategies. We mark these observations
in the corresponding columns of lines (1-3) in Table 1. Con-
sequently, given the RCBR assumption, every agent should
choose 1. The above analysis follows the standard approach
in epistemic game theory (Perea 2012, Example 3.7).

Now we look at the non-trivial cases where RCBR does
not exist. Suppose the RBR among agents a, b, ¢ is as Fig-

1st 2nd 37‘d 4th, 5th 6th
M e 1,77 [1,5] [1,3] [1,2] 1 1
@ b [1,7 [1,5 [1,3] 1,2 1 1
3 ¢ [L,7 [1,5] [1,3] [1,2] 1 1
@ o [1,7] [1,6] [1,5] [1,5]
® b [1,7 [1,6] [1,5] [1,5]
© ¢ [1,10 ...
M ¢ [L,7 [,5 [1,4 [1,3] [1,3]

Table 1: Rationalisations on the RBR graphs in Figure 1.
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ure 1(ii) shows. Since agent c is irrational, her choice is al-
ways X. € [1,10], as depicted in line (6) of Table 1. For
agents a and b, the first rationalisation is identical to the case
with RCBR. That is x,, x» € [1,7], as depicted in column
15 of lines (4-5) in Table 1. Next, note that the belief se-
quence (a,b) is in the RBR system but (a, ¢) is not. Then,
after the above analysis, agent a believes that x;, € [1,7]
and x. € [1,10]. Thus, the target of agent a is t, € [2,53].
Hence, the rationalisable choice of agent a is x, € [1,6]
after the second rationalisation. Symmetrically, x;, € [1, 6]
follows from the belief sequence (b, a) after the second ra-
tionalisation. These results are marked in column 2"¢ of
lines (4-5) in Table 1. Then, due to the belief sequences
(a,b,a) and (b, a,b), the above analysis implies that the pre-
ciser targets of agents a and b are t,,1, € [%7 5%] Thus,
Xa> Xb € [1,5] after the third rationalisation, as marked in
column 3% of lines (4-5) in Table 1. It can be verified that
more rationalisation will not eliminate more strategies. Con-
sequently, the choices are x4, x» € [1,5] and x. € [1,10] in
the RBR system depicted in Figure 1(ii).

As the above two cases show, in a given game, RBR im-
plies an iterative rationalisation process until a stable state
where no more strategy can be eliminated is reached. In
essence, the iterative process relies on longer and longer be-
lief sequences. However, since we depict an RBR system
with a digraph, if there is an edge from a node labelled with
a to a node labelled with b, then, for each belief of agent b,
agent a believes that agent b holds this belief. For instance, in
Figure 1(i), for the agent b’s belief sequence (b, ¢, a), agent
a holds the belief sequence (a, b, ¢, a) and agent ¢ holds the
belief sequence (¢, b, ¢, a). This property allows us to do it-
erative rationalisation without explicitly considering the be-
lief sequences. Instead, if an edge from a node labelled with
agent a to a node labelled with agent b exists in an RBR-
graph, then agent a does the i*" rationalisation based on the
result of agent b’s (i — 1)*" rationalisation. In this sense, even
if agent b is a doxastic agent, she is treated the same way as
a real agent. For convenience of expression, we also refer to
the belief sequences of doxastic agents as belief sequences
in the RBR system. This is in line with the model of iterated
strategic thinking (Binmore 1988), which formalises the in-
tuition that “the natural way of looking at game situations . ..
is not based on circular concepts, but rather on a step-by-step
reasoning procedure” (Selten 1998).

It is interesting to observe that, in the RBR system de-
picted in Figure 1(iii), agents a and b hold the same belief
hierarchy as in Figure 1(ii). In other words, agents a and
b cannot distinguish the RBR systems in Figure 1(ii) and
Figure 1(iii). As a result, the iterative rationalisation process
of agents a and b runs identically in Figure 1(ii) and Fig-
ure 1(iii), as lines (4-5) in Table 1 show. Contrarily, agent ¢
in Figure 1(iii), different from agent c in Figure 1(ii), is ratio-
nal and holds a belief hierarchy. In the RBR system depicted
in Figure 1(iii), the first rationalisation of agent ¢, which
relies only on the rationality of ¢, works in the same way
as the case in Figure 1(i). From the second rationalisation,
agent c does the i*" rationalisation based on the results of the
(i — 1)*" rationalisation. We record the process in line (7) of
Table 1. For example, in the fourth rationalisation, based on



the analysis of the third rationalisation, agent c believes that
the choices x4, X» € [1, 5], as marked in column 3" of lines
(4-5) in Table 1. Thus, the target ¢, € [%, 3%} Hence, the ra-

tionalisable choice is . € [1, 3], as depicted in column 4*"
of line (7) in Table 1. Also observe that, in the RBR system
depicted in Figure 1(iv), agents a and b hold the same belief
as in Figure 1(ii), while agent c holds the same belief as in
Figure 1(i). As a result, the iterative rationalisation process
in Figure 1(iv) is as lines (3-5) of Table 1 show.

It is worth mentioning that, our RBR-graph can be used
to model bounded rationality (Simon 1955, 1957) of agents.
In particular, the cognitive hierarchy model (Camerer, Ho,
and Chong 2004; Chong, Ho, and Camerer 2016) is a math-
ematical model of bounded rationality that limits the length
of belief sequences in a belief hierarchy. The model assumes
every agent believes herself to be smarter than everyone else
and thus performs deeper reasoning. Particularly, an i-step
reasoner believes that every other agent is a j-step reasoner
with some probability, where j < ¢, and a O-step reasoner
is an irrational agent. Because of this assumption, the state-
ment that “an agent cannot reason too deeply” is reduced to
the statement that “the agent believes that the other agents
cannot reason too deeply”. The former is the essence of
bounded rationality, while the latter makes it possible to
depict a bounded rationality RBR system with an acyclic
RBR-graph. Moreover, the iterative rationalisation process
in bounded rationality RBR graphs is exactly the step-by-
step reasoning process in the cognitive hierarchy model.
However, the cognitive hierarchy model works implicitly in
a probabilistic approach and is not used to model the explicit
RBR systems as the RBR graphs do.

3 Terminology and Solution Concept

In preparation for the study of the iterative rationalisation
process in games among agents with uncommon RBR, we
next formalise the concepts informally introduced in the pre-
vious sections. Throughout this paper, unless specified oth-
erwise, we assume a fixed nonempty set .4 of agents. We
start with a general definition of (strategic) games that uses
partial orders (Osborne and Rubinstein 1994).

Definition 1 A game is a tuple (A, <) such that

1. A ={A,}aca where A, # O is a finite strategy space
for each agent a € A;

2. X ={=4u}aca, where =, is a partial order on the Carte-
sian product [ ], 4 Ay.

An element s, € A, is called a strategy of agent a. An
outcome is a tuple s € [],c 4 A, consisting of a strategy
for each agent @ € A. Binary relation <, shows agent a’s
preference over the outcomes. For two outcomes s and s’,
if s <, s’ and s’ A, s, then we write s <, s’ and say
that agent a strictly prefers outcome s’ to s. For example, in
our simplified “2/3 game” in Section 2, the strategy space of
each agent is all integers in the interval [1, 10]; an outcome is
a collection of every agent’s choice. An agent strictly prefers
the outcomes where her choice is closer to her target.

Note that, the commonly used definition of games where
preference is defined via utility functions is a special case
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of Definition 1 in which preference <, is a total order for
each agent a € A. In particular, s <, 8" if uy(s) < uy(s’),
where u,(s) and u,(s’) are utilities of agent a toward out-
come s and s’, respectively.

Definition 2 For any agent a € A, areasoning scene O, in
the game (A, =X) is a Cartesian product [ [, 4\ (4} O?Y such

that & C ©b C A, for each agent b # a.

A reasoning scene describes a static context in which a
rational agent rationalises. It captures the uncertainty of an
agent toward the other agents’ strategies. In other words,
given that every other agent b may choose a strategy from
set ©%, agent a reasons about which strategies of her own
are rationalisable. Recall that, when agents a, b, c with RBR
in Figure 1(ii) play the simplified “2/3 game”, in the third
rationalisation, agent a believes x; € [1,6] and x. € [1, 10],
as column 27 of lines (5-6) in Table 1 shows. In this situa-
tion, we say that agent a rationalises in the reasoning scene
O, such that ©% consists of all integers in the interval [1, 6]
and ©¢ consists of all integers in the interval [1, 10]. A tuple
S_q € ©, is a combination of all agents’ strategies except
agent a and thus (s_, $,) is an outcome.

The next definition formalises the notion of dominance as
discussed in Section 2.

Definition 3 For a given reasoning scene ©, of agent a and
any strategies S, s, € A,, strategy s, dominates strategy
Sa If (S—q, Sa) <a (S—q, s,) for each tuple s_, € O,.

We write s, <o, s, if strategy s, is dominated by strategy
! in the reasoning scene ©,. Note that, dominance relation
is asymmetric (i.e. if s, <le, s, then s}, 4 o _54).

The next definition formalises the result of rationalisation
in a given reasoning scene. It is in line with our simplified
definition of rationalisation (i.e. the elimination of domi-
nated strategies) as discussed in Section 2.

Definition 4 In reasoning scene ©,, the rational response
of agent a is a set of strategies

Ra(O4) := {54 € Ay | =3s), € Au(s4 <o, 5,)}-

In other words, the set R, (0,) consists of all rationalis-
able (i.e. not dominated) strategies of agent a in the reason-
ing scene ©,. Note that, i,(0,) # @ for any agent a and
any reasoning scene ©, due to the asymmetry of dominance
relation <lg,. Next, we formally define RBR graphs. In the
rest of the paper, notation n Em is short for (n, m) € E, no-
tation £,, is short for £(n), and notation 7, is short for 7 (a).

Definition 5 An RBR graph is a tuple (N, E, {, ) where:
1. (N, E) is a finite digraph with set N of the nodes and set
E C N x N of the directed edges;
2. 0 : N — Ais a labelling function such that for each
node n,my, ms € N,
(a) if nEmy, then by, # lin, s
(b) if nEmy, nEmy, and p,, = ¥y, then my = my;
3. m: A — N is a partial designating function such that
for each agent a, if 7, is defined, then (., = a;
4. for eachnode n € N, there is an agent a € A and a path
from node T, to n.



An RBR graph defined above represents an RBR system
among all agents in set .A. Note that the nodes in RBR graphs
are not agents but just labelled by agents. This is because
multiple nodes may represent the same agent when doxastic
agents exist, as shown in Figure 1(iv). In particular, item 1
defines the finite digraph structure (N, E') of an RBR graph.
Each node in set NV represents either a real agent or a dox-
astic agent. A sequence of nodes connected by edges in set
E forms a path corresponding to a belief sequence in the
RBR system. Item 2 defines the labelling function ¢ such
that Z,, is the agent that node n represents. Item 2a formalises
the assumption that agents do not have introspective beliefs.
Item 2b captures the intuition that an agent has only one
identity in another agent’s belief, thus preventing belief con-
flicts. Item 3 defines the designating function 7 on the set of
all rational agents such that 7, is the node representing the
real agent a (captured by the solid nodes in Figure 1). Note
that, each node n not in the image of function 7 (captured
by the dashed nodes in Figure 1) represents a doxastic agent
£,,. Item 4 requires that each node in an RBR graph should
be reachable from (i.e. relevant to) a real agent so that every
object satisfying Definition 5 represents an RBR system.

In an RBR graph (N, E, ¢, 7), a path p = (ny,...,nk)
where k£ > 1 is a sequence of k nodes such that n; En; 1 for
each integer ¢ < k. We call the sequence o = (£y,,, ..., 0n,)
of agents the belief sequence of path p and read it as “agent
¢y, believes that ... believes that agent /,,, is rational”. For
a finite sequence o of (possibly duplicated) agents, denote
by |o| the length of sequence o. For any agent ¢ € A and
any sequence o of agents, a:: o is the sequence obtained by
attaching agent a at the beginning of sequence o. A sequence
o is called an alternating sequence if every two consecutive
agents in ¢ are not equal.

Definition 6 For each node n in an RBR graph (N, E, ¢, ),
each integer v > 1, and each integer j > 0,

, 0o} ifi=1;
I = {ln} . ’ 1
" {{Zn::a|nEm70€H;;1}, ifi>2; M
o= M )
0<i<j
vy o= 10 3
>0

Informally, for a node n in an RBR graph, set I, con-
sists of the belief sequences of all paths starting at node n
and of length 7; set W/, consists of the belief sequences of
all paths starting at node n and of length at most j; set ¥
consists of the belief sequences of all paths starting at node
n. Intuitively, ¥ denotes the belief hierarchy of the (real or
doxastic) agent represented by node n.

In the rest of this section, we consider solution concepts
of games among agents with (possibly) uncommon RBR.

Definition 7 A solution S of the game (A, <) on the RBR
graph (N, E £, ) is a family of sets {S, }nen such that
@ C S, CAy, foreachnoden € N.

Informally, solution .S describes a type of uncertainty in
the choice of each (real or doxastic) agent in an RBR system:
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the (real or doxastic) agent represented by node n chooses
only strategies in set S,,. We denote the solution {S,, }nen
by S if it causes no ambiguity. Specifically, let

SA = {Ay, fnen 4

be the solution corresponding to the whole strategy space.
Note that a solution does not have to be “reasonable”. For
instance, consider the ‘“2/3 game” in Section 2 and the RBR
graph depicted in Figure 1(iv). A solution S could be such
that S, is the set of all prime integers in the interval [1, 10]
for all five nodes n in the RBR graph, which is obviously
unreasonable. Next, we consider the rationalisation of solu-
tions. To do this, we have the next auxiliary definition.

Definition 8 For any solution S of the game (A, <) on the
RBR graph (N, E £, ), the belief scene ©,,(S) of any node
n € N is the reasoning scene of agent {,, such that for each
agent b # U,

Sy, ifIn' € N(nEn' and £, = b);

Ay, ©

b -
On(8) = { otherwise.

Specifically, for any solution .S and any node » in the RBR
graph, consider the (real or doxastic) agent ¢,, denoted by
node n. For each agent b # £,,, if agent /,, believes b is ra-
tional, then there must be a node n’ labelled with b such that
nEn’ in the belief graph. Moreover, node n’ captures the
agent b in agent £,,’s belief. In this sense, given the solution
S, agent ¢,, believes that agent b chooses a strategy from set
Sr. On the other hand, if agent /,, believes b is irrational,
then no node n’ exists such that ¢,,, = b and nEn’ and,
in agent ¢,,’s belief, agent b choose any strategy from set
Ay. Hence, given solution S, the (real or doxastic) agent ¢,
denoted by node n believes that she rationalises in the rea-
soning scene in statement (5). We refer to such a reasoning
scene as the belief scene of node n. Then, the rationalisation
of solution S is such that every (real or doxastic) agent in an
RBR graph rationalises (i.e. rational response) in her belief
scene, as formally defined below.

Definition 9 The rationalisation of any solution S of the
game (A, <) on the RBR graph (N, E, £, ) is the solution

R(S) = {R(S)n }nen such that R(S),, := Ry, (0,,(S)) for
each noden € N.

Note that, for any solution S, the rationalisation R(.S) is
a solution of the same game on the same RBR graph. It cap-
tures one turn of the iterative rationalisation process as dis-
cussed in Section 2, which is formally defined below.

Definition 10 The i*" rationalisation on solution S is

i S, 1=0;
RY(S) = {R(Ri—l(S)), i> 1.

Recall that, the i** column of Table 1 shows the result of
the i*" rationalisation for our “2/3 game” in the RBR sys-
tems denoted in Figure 1. As shown there, the iterative ra-
tionalisation process may lead to a stable state. We call it
stable solution and define it as follows.

Definition 11 A stable solution S is such that R(S) = S.



Note that, without extra assumptions (e.g. the inaccessi-
bility of strategies), the iterative rationalisation should start
at the solution S® where every agent chooses from the
whole strategy space. Moreover, without extra assumptions
(e.g. the limited mental capacity), the iterative rationalisa-
tion would continue forever because no agent has the incen-
tive to stop it. The definition below captures this idea.

Definition 12 The rational solution S is lim;_, ., R*(S?).

However, as the following theorem shows, this process
does not have to continue forever because a stable state will
be achieved after finite iterations of rationalisation.

Theorem 1 There is an integeri > 0 such that S = R7 (S)
for each integer j > 1.

This theorem shows the rational solution is well-defined.
The intuition behind it is that, with the initial solution S2,
the iterative rationalisation process eliminates more and
more but not all strategies (Lemma 13 in Appendix B of
the full version). Since the strategy space is finite (item 1 of
Definition 1), the elimination process has to reach a stable
solution in finite steps and stays there forever (Lemma 14 in
Appendix B of the full version). Such a stable solution is the
rational solution by Definition 12.

In a sense, rational solution is a solution concept in un-
common RBR systems. It predicts the strategic behaviours
of both real and doxastic agents in a game. Indeed, what
matters are the real agents. The next definition extracts the
elements of the real agents in a rational solution.

Definition 13 The doxastic rationalisability of the game
(A, <) on the RBR graph (N, E,{,m) is a family of sets
R = {Rq }aca such that

Ry = {Sﬂ“’

Aav
where S is the rational solution of the same game on the
same RBR graph.

if mq is defined;
otherwise;

Doxastic rationalisability, the proposed solution concept,
is the exact extension of rationalisability (Pearce 1984;
Bernheim 1984) into uncommon RBR systems. In other
words, without any other assumption than RBR among the
agents, doxastic rationalisability is the unique reasonable
prediction® of the agents’ strategic behaviours in a game.

4 Equivalence in RBR Graphs

Intuitively, if there is no other assumption than uncommon
RBR, then an agent’s strategic behaviour is only affected by
her own belief. In this sense, if a (real or doxastic) agent al-
ways has the same strategic behaviour in two RBR systems,

Technically, S = {S, }nen such that S, = lim;_,00 R (S2),
where R?, (S2) is a set of strategies for each integer 7 and the limit
of a sequence of sets is defined in the standard way (Resnick 1998,
Section 1.3). In particular, if a sequence of sets stabilises after some
element, then the limit is equal to the stable value.

%In the sense that (1) every strategy not in the doxastic ratio-
nalisability is believed to be dominated by another strategy, so no
agent would like to choose it; (2) more assumptions/beliefs are re-
quired to eliminate a strategy in the doxastic rationalisability.
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then we say that the agent has equivalent beliefs in these
RBR systems. Recall that a (real or doxastic) agent is de-
noted by a node in RBR graphs. For simplicity, we say that
two nodes are doxastically equivalent if the agents denoted
by them have the same strategic behaviour in every game.
Formally, we consider nodes n and n’ in (possibly equal)
RBR graphs B = (N, E,{,7w) and B' = (N',E', ¢/, 7).
For any game G = (A, <), denote its rational solutions
on the RBR graphs B and B’ by S(G) = {S(G)m }men
and S'(G) = {S'(G)m }mrenv, respectively. Then, doxastic
equivalence between nodes is defined as follows.

Definition 14 The nodes n and n’ are doxastically equiva-
lent if S(G),, = S'(G)y for each game G.

Recall that, as discussed in Section 1, agent a in Fig-
ure 1(ii) and in Figure 1(iii) have the same belief: either of
them believes that there is RCBR with agent b and agent c is
irrational. The same goes with agent b in Figure 1(ii) and in
Figure 1(iii), and agent c in Figure 1(i) and in Figure 1(iv).
Note that, by “the same belief” we mean that the belief hi-
erarchy (i.e. the set of belief sequences) is the same. In this
sense, by saying that the agents denoted by nodes n and n’
have the same belief, we mean ¥, Wy

We find that beliefs are equivalent if and only if they are
the same, as formally stated in the following theorem.

Theorem 2 The nodes n and n' are doxastically equivalent
if and only if U} = U*

.

For the “only if” part of Theorem 2, note that ¥} # U,
implies the existence of an integer k such that W% £ Wk,
by Definition 6. Then, we show the existence of a param-
eterised game Gy, such that S(Gy), # S'(Gk)ns (Defini-
tion 18 and Lemma 20 in Appendix C.1 of the full ver-
sion). For the “if” part of Theorem 2, we prove by induc-
tion that, for each integer ¢ > 1, after the it" rationalisation,
Ri;(S2),, = Ry, (S2), in every game (Lemma 25 in Ap-
pendix C.2 of the full version). Then, the “if”” part statement
of Theorem 2 follows from Theorem 1.

Now, we consider the equivalence of RBR systems. Re-
call that an RBR system is a collection of the belief hi-
erarchies of all real agents. The real agents are whom we
care about. In this sense, we say that two RBR systems are
equivalent if no real agents can distinguish them. In other
words, every real agent should always have the same strate-
gic behaviour in two equivalent RBR systems. Note that we
use RBR graphs to denote RBR systems. Formally, we con-
sider the equivalence of two arbitrary RBR graphs B and
B’. For any game G, denote by R(G) = {R(G), }aca and
R'(G) = {R(G)a}aca the doxastic rationalisabilities of
the game G on the RBR graphs B and B’, respectively.

Definition 15 The RBR graphs B and B’ are equivalent if
R(G)a = R (Q), for each agent a € A and each game G.

The next theorem shows the necessary and sufficient con-
dition for two RBR systems to be equivalent. That is, for
each agent q, either a is irrational in both systems, or a is ra-
tional and has equivalent beliefs in both systems. In the RBR
graphs, the former means that agent a is not in the domain of
definition of the designating functions. The latter is formally



expressed with the doxastic equivalence between the nodes
denoting agent a. Proofs of the theorem and its corollary be-
low can be found in Appendix D of the full version.

Theorem 3 RBR graphs (N,E. ¢, 7) and (N',E’ V' ")
are equivalent if and only if, for each agent a € A, either
both 7, and 7!, are not defined, or 7, and 7!, are both de-
fined and doxastically equivalent.

The next corollary follows directly from Theorem 3 and
Theorem 2. It shows that the core of the equivalence of two
RBR systems is the belief hierarchy (i.e. the set of all belief
sequences, W7 ) of each real agent. This property is used in
the next section for minimising an RBR graph.

Corollary 1 RBR graphs (N,E,¢,7) and (N',E', ¢, 7")
are equivalent if and only if  and 7' have the same domain
D of definition, and V;, = V7, for each agent a € D.

S Minimisation of RBR Graphs

So far we have assumed that RBR systems are given. How-
ever, this is not the case in most situations. Researchers in
behaviour economics study how to elicit the belief of a sin-
gle agent (Schotter and Trevino 2014; Charness, Gneezy,
and Rasocha 2021; Danz, Vesterlund, and Wilson 2022). To
get an RBR system, we probably need to elicit the belief
hierarchy of each agent and combine them as a whole. For
instance, to get the RBR system depicted in Figure 1(iii), we
first know that agent a believes RCBR exists between herself
and agent b, agent b believes RCBR exists between herself
and agent a, and agent c believes that RCBR exists agents a
and b. Then, we depict each agent’s belief with a graph and
combine all of them as a whole, as shown in Figure 2. In
other words, an RBR system is a collection of the belief hi-
erarchy of all (real) agents in it. Recall that, in Definition 5,
we never require an RBR graph to be a connected graph.

Figure 2: The collection of individual beliefs in Figure 1(iii).

It is easily observable and verifiable using Corollary 1
that the RBR systems denoted in Figure 1(iii) and Figure 2
are indeed equivalent. However, the RBR graph in Figure 2
has more than twice the number of nodes than that in Fig-
ure 1(iii). Note that, by Definition 9, the time complexity of
rationalisation is proportional to the number of nodes in an
RBR graph. Minimising an RBR graph is to find an equiva-
lent RBR graph with the fewest nodes. On the one hand, it
reduces the time complexity of computing the doxastic ra-
tionalisability. On the other hand, it helps to find the most
condensed expression of an RBR system. Formally, we have
the next definition for “the most condensed expression”.

Definition 16 An RBR graph (N, E, ¢, ) is canonical if
U* £ U*, for all distinct nodes n,n’ € N.

Intuitively, ¥ denotes the belief hierarchy of the agent
denoted by node n. Then, an RBR graph is canonical if the
nodes represent agents with different belief hierarchies. It
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Algorithm 1: Minimise an RBR graph

Input: RBR graph (N, E, ¢, )
Output: RBR graph (N, E’, ¢/, 7")

1 IP(—{{’RIEN|€”/ :Zn}|n€N}; //\Ifi equivalence
2 stable < false;

3 while not stable do //\I/iL equiv. — \I/ffl equiv.
4 stable + true;

5 P« @;

6 for each set P € P do

7 for each node n € P do

8 | type(n) < {P' € P|nEn’,n' € P'};

9 Q< {{n' € P | type(n’)=type(n)} | n€ P};

10 P« P uUQ

11 if |Q| > 1 then

12 L stable < false;

13 P+ P;

14 N/ — ]P); //equivalent classes as nodes

15 B+ {(P,Q)| (n,m) e E;ne PmeQ};
for each node P € N’ do

17 L pick an arbitrary node n € P and £ < £, ;

18
19

for each agent a € A do
| 7o < P: 7, € Pif 7, is defined;

20 return (N’ E' ¢ 7');

is proved in Appendix E.1 of the full version that a canon-
ical RBR graph is not equivalent to any RBR graph with
fewer nodes (Lemma 29) and two equivalent canonical RBR
graphs must be isomorphic (Definition 19 and Theorem 5).
Due to these properties, to minimise an RBR graph, we only
need to compute an equivalent canonical RBR graph.
Technically, ¥ is the set of “labelling sequences” of all
paths starting at node n. This reveals a similarity between
RBR graphs and automata. Inspired by Myhill-Nerode the-
orem (Myhill 1957; Nerode 1958) and Hopcroft’s algorithm
(Hopcroft 1971), we design Algorithm 1 that works based
on partition refinement and outputs an equivalent canoni-
cal RBR graph of the input RBR graph, which is unique
up to isomorphism. A detailed explanation and formal proof
of its correctness can be found in Appendices E.2 and E.3
of the full version. The time complexity of Algorithm 1 is
O(|A]-|N|?-log|N|), where |.A| is the number of agents and
|N| is the numbers of nodes in the input RBR graph. See
Appendix E.4 of the full version for the a detailed analysis.

6 Concluding Discussion

Generally speaking, the RBR graph proposed in this paper is
a syntactic presentation of an RBR system. It is in line with
our linguistic intuition about beliefs (i.e. the correspondence
between the label sequence of a path and a belief sequence
in the hierarchy). In a sense, doxastic rationalisability, the
solution concept we propose, is a semantic interpretation of
an RBR system in games. From this perspective, Theorem 2
and Corollary 1 reveal the correlation between syntax and
semantics of our graph-based language, based on which, we
design an efficient algorithm that computes the most con-
densed syntactic expression of an RBR system.
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