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ABSTRACT

The graphon function is fundamental to modeling exchangeable graphs, which
form the basis for a wide variety of networks. In this paper, we introduce the
additive separable model as a new, parsimonious representation of the graphon,
capable of generating a low-rank connection probability matrix for network data.
This model effectively addresses the well-known identification challenges asso-
ciated with graphon functions. We develop an efficient estimation approach that
leverages subgraph counts to estimate the low-rank connection matrix and uses
interpolation to recover the graphon functions, achieving the minimax optimal es-
timation rate. We provide the convergence rate of our method, and validate its
computational efficiency and estimation accuracy through comprehensive simula-
tion studies.

1 INTRODUCTION

With advancements in data collection and analysis techniques, the modeling of network data
has become increasingly prevalent. Examples of network data include brain networks (Maugis
et al.| [2020), co-authorship networks (Istandyari-Moghaddam et al., 2023)), and biological networks
(Kamimoto et al.||2023), among others. A critical challenge in analyzing such data is understanding
the underlying generative mechanisms, which are essential for tasks like studying dynamic evo-
Iution (Pensky} [2019), predicting links (Gao et al., [2016)), and detecting communities (Jin et al.,
2021). One effective modeling framework is that of exchangeable graphs, which represent networks
as graphs where nodes correspond to objects and edges represent connections between them. The
concept of exchangeability implies that the joint distribution of edges remains invariant under any
permutation of the nodes. According to the Aldous-Hoover theorem, any exchangeable graph can
be characterized by a graph function, commonly known as a graphon. The study of graphons has
gained substantial attention in the literature due to their ability to tackle a wide array of challenges,
including explaining the asymptotic normality of subgraphs (Bickel et al., 2011)) and conducting hy-
pothesis testing for the equivalence of two graphs (Maugis et al., 2020). Furthermore, the graphon
model encompasses several widely used models as special cases, such as the stochastic block model
(SBM) (Holland et al., | 1983)), the random dot product graph (RDPG) model (Young & Scheinerman,
2007), and the latent space model (Hoff et al., [2002).

The graphon is a symmetric, measurable bivariate function, which, without additional assumptions,
is not directly estimable from a single observed network. However, by leveraging its eigenvalue-
eigenfunction decomposition, we can impose a highly effective assumption: truncating the decom-
position to retain terms with leading eigenvalues, similar to principal component analysis. A key
benefit of this approach is that the resulting connection probability matrix P-the matrix formed
when the graphon function is evaluated at the nodes—naturally inherits the same low rank as the
truncated graphon.

Building on this insight, we propose the Additive Separable Graphon (ASG) models, which el-
egantly align the low-rank properties of both the graphon and the connection probability matrix.
To estimate this new low-rank network model, we have developed a highly efficient method that
harnesses well-established, scalable techniques for subgraph counting, enabling rapid and practical
implementation. The core idea is intuitive: a matrix of rank r can be decomposed into a sum of r
rank-1 matrices. By counting the number of O(r) subgraphs, we extract the information correspond-
ing to these 7 rank-1 matrices. Solving the associated system of equations allows us to estimate each
matrix individually. By combining these estimates, we reconstruct the final rank-r matrix, which
serves as our estimator for P. The graphon function f is then estimated by utilizing sorting and
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interpolation techniques based on these rank-1 matrix estimates. This method is notable for be-
ing tuning parameter-free, as it does not require bandwidth or other adjustments, and it performs
consistently well across various settings.

In the existing literature, graphon estimation methods can be broadly categorized into two groups:
those focused on estimating the graphon itself, and those targeting the connection probability matrix
P. For graphon estimation, Olhede & Wolfe| (2014) approximate the graphon using blocks, treating
it as a two-dimensional step function. Their method, however, requires finding the argmax of a per-
mutation, and their implementation relies on a greedy search algorithm that can be computationally
slow (see Section [ for more details). [Chan & Airoldi| (2014) refine this by reordering nodes based
on degree and applying total variation minimization, assuming the one-dimensional marginals of
the graphon are strictly monotone. However, this assumption is restrictive, as it excludes SBM. The
resulting P from either of these approaches is generally not low-rank.

On the other hand, methods focused on estimating P include |Chatterjee (2015), who impose a low-
rank assumption on P and propose using Universal Singular-Value Thresholding (USVT), treat-
ing the adjacency matrix as a perturbed version of P. [Zhang et al.| (2017) apply neighborhood
smoothing to estimate P, achieving near-minimax optimality. |Gao et al.| (2016) propose a mini-
max optimal combinatorial least-squares estimator, which is also adopted by [Wu et al.| (2024+)) for
non-exchangeable network. Despite these advances, due to identification issues, graphon functions
cannot be directly recovered from the connecting probability matrix produced by these methods.

The structure of this paper is organized as follows: Section [2]introduces our new low-rank graphon
model, termed the Additive Separable Graphon Model (ASG). Section [3| provides a comprehensive
description of the estimation procedures and algorithms for both » = 1 and » > 2. In Section
we present simulation studies that demonstrate the advantages of the proposed method in terms of
implementation speed and estimation accuracy. Section [5]offers a discussion and outlines potential
directions for future research. Finally, additional simulation results, the proofs of the theoretical
results, and the corresponding technical lemmas are provided in the appendix.

1.1 NOTATIONS

For a real number z, |z] denotes the greatest integer less than or equal to x. For two positive real
numbers a and b, we define @ V b = max(a,b) and a A b = min(a,b). Let ||A||r represent the
Frobenius norm of a matrix A, and let A;; denote the element in the i-th row and j-th column.
For two sequences of positive real numbers a,, and b,,, we write a,, = O(b,,) or a,, < by, if there

exist positive constants N and C' such that = < C for all n > N. For two sequences of random

variables X, and Y,,, we write X,, = O,(Y, ) if for any € > 0, there is a constant C, > 0 such that
supy, P(|Xn| > Cc[Yn[) <e.

2 ADDITIVE SEPARABLE GRAPHON MODEL

We consider a random graph G = (V,E) using the graphon formulation. Specifically, for
i = 1,...,n, where n represents the size of the network, each node ¢ is associated with an in-
dependent and identically distributed (i.i.d.) random variable U; ~ Uniform(0, 1). The edges F;;
are then independently drawn as E;; ~ Bernoulli( f(U;, U;)) fori < j, where f(-, -) is a symmetric,
measurable function f : [0,1]?> — [0, 1] named the graphon. Additionally, we have E;; = 0 and
E;; = E;; for i > j. Although we focus on undirected graphs without self-loops, our methods
and theory can be readily extended to graphs with self-loops or directed graphs. Notably, many
large-scale real-world networks exhibit low-rank characteristics, such as memberships or commu-
nities. The SBM (Holland et al.| [1983)) and the RDPG (Young & Scheinerman, |2007) are popular
approaches for capturing unobserved heterogeneity in networks. For further discussion and real data
examples, we refer to Athreya et al.[(2018)); Thibeault et al.| (2024); [Fortunato| (2010).

To incorporate low-rank structure into graphon models, we propose a new model called the additive
separable graphon model with rank r (ASG(r)), defined as follows:

F(U:,U;) ZAka Uj), M
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where [A1| > |Ao] > -+ > || > 0, Gy is a measurable function, fol Gi(u)du = 1 for

k=1,...,r,and fo G (u)Gi(u) du = 0 for k # [. This can be viewed as a truncated eigen decom-
position of the graphon, as suggested by the Hilbert-Schmidt theorem; see, for example, [Szegedy
(2011). Model (1)) includes the aforementioned SBM and RDPG as special cases. For example, if
the (G, functions are step functions, model reduces to an SBM with r blocks. Moreover, if all A,
values are positive, our model simplifies to a rank » RDPG. The introduction of low-rank structures
in graphons not only enhances the ability of existing graphon models to capture real-world low-rank
features of network data, but also offers computational advantages due to the additive separable
structure. In this paper, we propose a novel, computationally efficient, and theoretically justified
method to estimate the connection probabilities { f(U;, U;)}7.,_; and the full graphon function f.
It is important to note that due to identification issues, effectlve approaches for estimating general
graphon functions in polynomial time are rare in practice (Gao & Ma, [2021).

3 METHODOLOGY AND THEORY

Letp;; = f(U;, U;) be the connection probability between the i-th and j-th nodes, with P = (p;;)
as the connection probability matrix. While we focus on estimating P and f for » = 1 in Section[3.1]
our method is readily extendable to cases where r > 2, which we provide in Section [3.2] for more
detail.

3.1 ASG(1): ADDITIVE SEPARABLE GRAPHON WITH RANK-1

To clarify the motivation, we first consider the case where r = 1, ie., f(U;, Uj) =
M G1(U;)G1(Uj). Assume, without loss of generality, that inf,cjo 1] G1(u) > 0; otherwise, we
can replace G'1(u) with |G (u)|. Note that the degree of the i-th node, d; = >, Eyj, satisfies

d; | U;)
) —n_IZ/ F(ULU,) AU, = MG (U /G1 @

which is proportional to G (U;). Moreover, by Lemmal we have

|di —E(d; | U;)]

sup ————— = Op(1/log(n)/n). 3)
i=1,..,n n—1
Therefore, GG1(U;) can be estimated by —“, and consequently, p;; can be estimated by %,

both up to a multiplicative factor. Flnally, we align with the sparsity of the graph G to provide a
moment estimation of the multiplicative factor. We summarize the estimation procedure for p;; in
Algorithm T}

Algorithm 1 Estimation procedure for {p;;}7;_, for ASG(1).

Require: The graph G = (V, E).

cFori=1,....nletdi =3, ., Eij.

: Letep = Zm:i# ”/Zi’j:i# did;.

: For any (4, §) pair, ¢ # j, let the estimator of p;; be p;; = 1 A (c1did;).
: Letp;; =0fori=1,...,n.

: Output {pi; }7 1.

Db W =

Algorlthmﬂ]ls very simple, utilizing the low-rank setting = 1. The time complexity of AlgorithmlT]
is O(n?), which is efficient considering that there are O(n?) values of p;; to be estimated. By
comparison, SVD-based methods (e.g., Xu| (2018)) typically require a time complexity of at least
O(n?). We now present the theoretical results for the estimates p; ;.

Theorem 1. For ASG(1), assume that fo G1(u)du > 0. Applying Algorithm I to obtain the esti-
mates p;j, we have sup; ; |pij — pij| = Op( log( )/n).
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The assumption in Theorem [I]is mild and does not require the continuity of the function G;. This
flexibility allows our model to accommodate block structures, such as the SBM with a rank-1 con-
nection probability matrix. Furthermore, the estimated connection probability matrix P = (Pij)ig
retains a rank of 1, consistent with the rank of P. Additionally, the result sup; ; [p;; — pij| =
0,(y/1og(n)/n) implies the convergence || P— P||%/n? = O,(log(n)/n), a metric commonly used
in the literature, such as by |Zhang et al.|(2017) and |Gao et al.|(2015)). Estimating the graphon func-
tion f(u,v) is generally challenging due to the identification issues caused by measure-preserving
transformations (Borgs et al.| 2015} [Diaconis & Janson, 2007} |Olhede & Wolfe, [2014). Conse-
quently, many popular methods, including those in|Gao et al.| (2016) and [Zhang et al.|(2017), focus
on estimating the connection probability matrix, as we present in Theorem [I]

In the low-rank case with » = 1, we can mitigate the non-identifiability issue by defining a canonical,
monotonically non-decreasing graphon through rearrangement. Specifically, let

Gl(u) =inf{t: p(Gy < t) > u},

where 1u(-) denotes the Lebesgue measure. As shown in|[Barbarino et al{(2022), the function G (u)
is the monotone rearrangement of G (u), making it monotonically non-decreasing, left-continuous,

and measure-preserving. Moreover, Gi(u) is continuous if G (u) is continuous. Consequently, we
can focus on the canonical graphon fT(u,v) := )\1G1(u)Gi(v).

To estimate fT(u,v), we propose a degree sorting and interpolation method. Let o (k) denote the
index i corresponding to the k-th smallest value in the sequence {d;}}"_;,i.e., dy(1) < dy(2) < --- <
dy(n)- Then, for any (u,v) € [0,1]?, we define

FH(u,v) :== 1A (erh(u)h(v)),

where

do(1) if lu(n+1)] =0,
do(lomtn))) ([v(n+1)] +1—=v(n+1))

+ do(lont1))+1) (V(n+ 1) = [v(n+1)]),
do’(n)7 if I_U(?’l + 1)J Z n.

h(v) == ifl1<|v(n+1)] <n,

serves as an estimator of the graphon fT(u,v). Intuitively, U, ;) is close to i/(n + 1), allowing us
to approximate the entire function using a piecewise linear approach. We then have the following
result.

Theorem 2. For ASG(1), assuming that G1(u) is Lipschitz continuous on the interval [0, 1], i.e.,

there exists a constant M > 0 such that for any uy,us € [0,1], |G1(u1) — G1(u2)| < Muy — ual.
Then,

- a.s.,Lo
su[]g . |fT(u,v) — fT(u,v)| =57 0,and = Op(+/log(n)/n).
u,ve|0,

The estimation rate coincides with |(Chan & Airoldi (2014).

3.2 ASG(R): ADDITIVE SEPARABLE GRAPHON WITH RANK-R

For ASG(r), the connection probability p;; = f(U;, U;) is given by
pij = Z MG (Ui)Gr(U;),
k=1

where [Ai| > [Ao| > -+ > [\ >0, [} G2(u)du=1for 1 <k <r and [, G;(u)G;(u)du =0
for 1 <4 # j < r. To estimate p;;, the key idea is to leverage additional subgraph counts to
distinguish between the information derived from G;,1 < k < r. Since subgraph frequencies
represent moments of the graphon, as suggested by Bickel et al.| (2011), our approach can be seen
as a form of moment estimation.

The study of subgraphs, often referred to as “motifs” in complex systems science, is not only theo-
retically significant (e.g.,/Maugis et al.|(2020); Bravo-Hermsdorff et al.|(2023)); |[Ribeiro et al.|(2021))
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but also practically important (e.g., Milo et al.| (2002); |Dey et al.| (2019); |Yu et al.[(2019)). For sim-
plicity, in the case of ASG(r), we use subgraphs consisting of lines and cycles, as their expectations
can be conveniently expressed using the graphon function. Moreover, selecting lines and cycles
allows us to approximate them using paths with repeated nodes, which leads to a variant algorithm
(Algorithm [3) that has the same time complexity as matrix multiplication (which is O(n2-7%)).

Specifically, fori = 1,...,n, let

a

D= ZEma LZ@ = Z E;i, H E;,_ i, fora > 2,
i1

11, ,iq distinct ,ip #1,1<k<a j=2
a—1
(a) _ § :
Ci = EiilEiQ_li H Eij_1ij fOI' a Z 3 (4)
i1, yiq—1 distinet i #4,1<k<a—1 j=2

a)

In other words, LE represents the count of simple paths of length a that have node i

as an endpoint, while Ci(a) represents the count of cycles of length a with node i as a
point. By evaluating the expected counts of these subgraphs, we estimate the parameters

(CSTRREID W fol G1(u) du, - - fo ) du) by solving for (Ay, -+, Ap, 41, -+ , y») in the follow-
ing system of equations:

ye >0, for1 <k <7 [A| > > |\

A= ZC for3<a<r+2, (5)
k=1 H] o(n—1J)i=
Zj‘%ylzzn ZLa)forlgagr. (6)
k=1 Jj= 0 i=1

As in (2), we express the conditional expectations as follows:

1
T S 100 = 60 [ Gulwaufort <<
j=1

Then for every 1 < i < n, we define the point-wise statistics Gk( i), 1 < k <, as the solution for
Gr(U;),1 < k < r, in the following system of equations:

1
W Z )\kyka; fOr 1 < a < r. (7)
j=1

Additionally, we standardize G (U;) as
- G (Us
Ge(U;) = - k(A ) :
dim1 Gi(UZ)/n

We remark that this standardization step typically enhances performance in finite samples, benefit-
ing both dense and sparse graphon settings. Then the estimated connection probabilities are then

®)

given by p;; = [1 A (0 20 /A\kék(Ul)ék(U]))ﬂ The estimation procedure is summarized
in Algorithm 2]

Remark 1. In Section[3.3] we introduce a modified version of Algorithm|that retains all theoretical
guarantees from Theorems [3] and [{] while achieving the time complexity of matrix multiplication,
specifically O(n?373),

‘We impose the following mild conditions for the consistency of p;;.

Assumption 1. Assume that: (i) |A\] > -+ > |A\;] >0 fo Gi(u)du = 1, for 1 < k < r, and

fo (w)du = 0 for1 <i# j <n, (ii) fo Gr(u)du # 0, for 1 < k < r, (iii) there exists a
comtantK > 0 such that maxi <k<r SUPy¢fo,1] |Gr (1) S K.
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Algorithm 2 Estimation procedure for {p;; }7 j=1 for ASG(r).
Require: The graph G = (V, E).
1: Fori=1,...,n, computeL( o1 <a <randC’( *) ,3<a <r+2deﬁned1n
2: Solve the system of equations in (6)) to obtain ()\1, .- )\r, Y, S Yr)-
3: Fori = 1,2,...,n, compute the estimators Gy (U;), - - - , G,(U;) from . Compute the standardized
estimators G (U;), - - - , G- (U;) from .
4: For each pair (i, ), where ¢ # j, estimate p;; as p;; = [1 A (0 V(> /A\kék(Ul)ék(UJ)))] Set
ﬁiz‘ =0f0ri:1,...,n
5: Output {pi;}i 1.

Assumption (1) is a standard condition ensuring the identifiability of the functions G. Intuitively,
this condition is analogous to the restriction on eigengaps in the RDPG model (see, for example,
Lyzinski et al.| (2014))). Condition (ii) guarantees that the system of equations has a unique
solution, which is a similar requirement found in |Bickel et al.| (2011). Condition (iii) is mild and is
typically satisfied by most graphon functions. We present the theoretical result for p;; as follows.

Theorem 3. For ASG(r), under Assumption [I| when n is suﬁﬁctently large there exists an open
set U C R?" containing the point ()\17 . )‘T’fo G1(u fo ) such that, with
probablllty 1, the system of equations in (@) has a unique solutlon wzthm thls reglon Moreover,
for A, 1 < k < 1, we have maxi<p<, |\ — M| = Op(n~Y/2), and sup, ; [pij — pij| =

Op(y/1og(n)/n).

Importantly, Theoremimplies that || P — P||%./n® = O, (log(n)/n), which matches the minimax
rate (up to a logarithmic factor) that can be derived by following the proof of Theorem 1.1 in |Gao
et al.| (2015). The estimation of graphon functions for ASG(r) presents more challenges than for
ASG(1) due to the additive structure. We consider the following assumptions for estimating the
graphon function of ASG(r):

Assumption 2. Assume that: (i) At least one of Gy, 1 < k < r, is strictly monotonically increasing;
and (ii) All Gy, 1 < k < r, are Lipschitz continuous with Lipschitz constant M.

Assumption [2] serves as a technical condition that establishes an analogy to the “canonical form”
for graphon functions of ASG(r). In this context, we refer to the monotone graphon as the refer-
ence marginal graphon. |Chan & Airoldi| (2014)) proposed an alternative identification condition for
graphon estimation, requiring the existence of a canonical form of the graphon that becomes strictly
monotone after integrating out one of its arguments. It is also important to note that Assumption [2]is
not necessary if the objective is to estimate the connection probability matrix rather than the entire
graphon function.

Under Assumption [2] we proceed without loss of generahty by assuming (1 is the reference

marginal graphon. We first sort the estimated pairs (G1(U;), Go(U;), -, G(U;)) according to
the first coordinate. Let v be a one-to-one permutation such that

G1(Uyy) < Gi(Uyay) <+ < G1(Uymy)-

After sorting, we denote the reordered pairs as (Gl(UW(i)), CAT'Z(UW(U), e aGA’r’(U’y(i)))' We then
define the function

hi(u) = GL(Uya) L (u(n +1) < 1) + G1(Uy ) (u(n+1) > n)

n—1

+ 30 (1= uln + 1) Gr (Uyey) + (uln +1) = k) G1 (U ) ) HLu(n +1)] = k)
k=1
as an estimate of the function GG;. For G,k > 2,, recognizing that Gy, is a function of G, we
define:

hie(w) = Gr(Uy 1)) I(h(u) < G1(Uy1))) + Gr(Uy ) I (ha(u) > G1(Us(my))
S GiUyery) — ha(u) AU hi(u) — Gi(Usy) 4 )
i (Gl( Usiis)) — G1(Usiy) H 7(k))JrG'l(Uw(/«H)) Gr(Uyy) +)
I(él(Uv(k)) < hi(u) < G1(Uy@isn)))-
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Finally, we define

Flu,0) == 1A 0V (Y Mhi(u)hi(v))) ©)
k=1
as an estimate of the graphon f(u,v).
Theorem [ presents the theoretical result for this estimation. Since its proof follows directly from
the proof of Theorem 2] we omit the details.
Theorem 4. For ASG(r), under Assumptions[I|and[2] the estimated graphon given by ([9) satisfies
sup | f(u,v) = f(u,0)] =52 0,and = O, (v/log(n)/n).
u,v€[0,1]

The estimation rate coincides with Chan & Airoldi (2014).

Remark 2. When r is unknown, we can estimate it using a ratio-based method. Due to space
limitations, we provide the detailed description in Appendix|[A.3]

3.3 A VARIANT ALGORITHM AND TIME COMPLEXITY

The primary computational complexity of Algorithm [2)arises from counting lines and cycles within
the graph. Notably, counting paths that allow repeated nodes is considerably simpler than counting
simple paths (where nodes cannot repeat), as the former can be achieved via matrix multiplication
with a complexity of O(n?373), see for example, Williams| (2012). Motivated by this observation,
we define paths that permit node repetition and propose a variant algorithm accordingly.

Fori =1,...,n, define the lines and cycles allowing repeated nodes as

= ZEiil7 ‘Z/Ea) = Z Eiil ﬁ Eij,lij for a 2 27

c = Z Eii Ei. i H Ei, i, fora> 3.

i1, ta—1 Jj=2
El(a), C’i(a) can be computed efficiently. Specifically, let E“ denote the a.; power of the adjacency
matrix [, then we have L) = > i2i(E)igs C') = (E"),;. The variant algorithm (Algorithm
uses L\, C\") instead of L{”), Cfa).

Algorithm 3 Fast estimation procedure for {p;; } " j=1 for ASG(r).

Require: The graph G = (V, E).
1: Fori=1,...,n,let L\ =3
2: Set L{®) = L<“> ol =0,
3: Follow from Line 2 of Algor1thmlto estimate {fi; }; j—1.
4: Output {pi;}7 j—1.

(B 1<a<r, 0 = (B")u,3<a<r+2.

Remark 3 (Time complexity of Algorlthm' Since all L( and C( @) forl<i1<nandl <a<r
can be computed using matrix multiplication, which has a time complexzty of O(n%373), it directly
follows that the overall time complexity ofAlgorzthmI is also O(n?373).

To analyze the theoretical properties, we present a key lemma showing that i§ ) and L (as well

as CN'Z-(Q) and Ci(a)) are sufficiently close, such that their differences do not impact the results of
Theorem [3land Theorem [

Lemma 1. For ASG(r), under the assumptions of Theorem|3| we have

(L = 11| =

max max
1<i<n 1<a<r

1
[[i=a(n =)
o
[T5=1(n =)

max Imax
1<i<n 3<a<r+2

(€49 - o) =
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With Lemmal ] established, it follows straightforwardly that the following theorem holds.

Theorem 5. Theorem|[3|and Theorem[| remain valid when the fast estimation procedure described
in Algorithm3]is applied.

4 SIMULATIONS

In this section, we evaluate the effectiveness of our method through extensive simulation studies.
For estimating the connection probability matrix P, we employ three metrics for assessment:

« Mean squared error (MSE) given by ||[P — P||%/n? (averaged with standard deviation)
across 100 repetitions.

* Maximum error defined as max;; [p;; — pi;| (averaged with standard deviation) across
100 repetitions.

* Average time cost measured in seconds.

The mean squared error is a standard metric commonly utilized in the literature. Additionally, we
incorporate a stricter measure, namely the maximum error, to provide further insight into perfor-
mance. To mitigate the impact of random fluctuations, we average both the MSE and the maximum
error over 100 independent trials. For the estimation of the graphon function f(u,v), we present
visual representations of our estimated functions Gy, 1 < k < r in Figure[I]to illustrate their per-
formance. We generate networks from the seven graphons listed in Table [} with the network size
set to n = 2000.

]

\IO\LI\-PUJ[\)'—‘O

Graphon f(u,v) Rank of f(u,v)
0 15 1

(14exp(—u %)(1+exp( v2))
5 (tan (50) + 1) (tan (50) + )
0.95 exp(73u) exp(— 3v) +0.04(3u? — 5u +1)(3v* — 5v + 1)
L(sinusinv + uv)
0.05+ 0.15I(u < 0.4,v <O4)+025I(u> 0.4, v > 0.4)
0.1+ 0.75I(u,v < )+0151( <u,v < 2)
—+0. 5I(u v>2)

(SN ST SIS R

Table 1: List of Graphons. We estimate three rank-1 graphons using Algorithm[I] and four rank > 2
graphons using Algorithm 2]

For comparison, we include the universal singular value thresholding (USVT) method (Chatterjee,
2015)) and the sort-and-smooth (SAS) method (Chan & Airoldi,|2014). Both algorithms demonstrate
consistency and computational efficiency. Additionally, we compare our approach with the network
histogram method (Olhede & Wolfe, [2014), and the neighborhood smoothing method proposed by
Zhang et al| (2017). To streamline the discussion, we denote the following acronyms for these
methods: N.S. for the method of Zhang et al. (2017), Nethist for |Olhede & Wolfe (2014), USVT
for [Chatterjee| (2015), and SAS for [Chan & Airoldi| (2014)). For a fair comparison, we additionally
conducted simulations using the true r for USVT (i.e., retaining only the first r eigenpairs) when
r > 2, which we denote as USVT(r). For the aforementioned methods, we utilize the R functions
provided by the respective authors with their default parameters. All results presented in this section
were generated on an Apple M1 machine equipped with 16GB of RAM, running macOS Sonoma
with R version 4.2.1.

Remark 4. In Algorzthml we employ L( and C'( ) gs approximations for L( ) and c* (a) , enabling
efficient computation. Though their eqmvalence has been proven in Theorem Bl applymg certain
corrections in practice can improve the finite-sample performance Specifically, we let

EO ZE® O _(EM) 6® Z @ (@) _ (F0y2)
~ 1
0(5) 0(5) (Lgl) 0(3) E > ) ) ) ; Esz(S)
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D Method MSE Std. dev of Max. error Std dev.of Run time

(x10™")  MSE (x107%  (x107?) max. error (x1073) (seconds)
Ours 1.826 6.172 12.898 12.559 0.627

N.S. 4.388 8.413 17.902 11.686 108.569
4 Nethist 3.928 16.982 18.649 15.296 22.829
USVT 7.617 17.079 13.637 13.036 10.064
SAS 18.641 90.264 97.064 24.053 1.422
USVT(2) 1.898 6.462 13.408 13.906 10.064
Ours 1.774 6.204 9.676 7.804 1.507

N.S. 7.101 14.996 17.473 9.156 122.995

5 Nethist 7.729 31.838 18.559 15.486 23.804
USVT 1.769 6.078 9.661 7.871 13.684
SAS 28.703 115.215 89.861 49.103 1.104
USVT(2)  5.140 9.234 31.701 38.934 13.684
Ours 2.582 7.017 9.319 7.808 0.682

N.S. 7.527 6.960 18.312 11.119 115.813
6  Nethist 9.548 244.015 22.573 107.570 19.441
USVT 2.383 6.082 10.052 8.343 11.169
SAS 18.456 16.344 95.000 0.000 1.500
USVT(2)  2.383 6.082 10.052 8.343 11.169
Ours 3.768 9.091 12.721 12.233 1.316

N.S. 6.596 6.372 17.611 9.760 126.270

7 Nethist 41.224 1574.245 59.567 96.247 20.238
USVT 3.644 7.580 12.613 11.696 11.640
SAS 20.552 22.529 90.000 0.000 1.701
USVT(@3) 3.644 7.580 12.613 11.696 11.640

Table 2: Results for rank > 2 graphons across 100 independent trials.

and use f/53), 654)’ Cv'i(S) to replace il(.?’), CN'i(4), CN'Z»(S) respectively in Algorithm @ In fact, we have

L£3) = Ll@, 054) = C’Z-(4), and 055) is closer to Ci(") compared to C’Z-(S).

We present a comprehensive summary of the results for rank > 2 settings in Tables[2] with additional
results for the rank 1 settings presented in the appendix. Our method consistently ranks among the
top two across various settings for both MSE and maximum error, achieving the best performance
in the first and fourth settings. Additionally, our method demonstrates comparable speed to the SAS
algorithm while significantly outperforming all other methods in terms of computational efficiency.

Moreover, the accuracy of our method is generally on par with that of the USVT approach. Notably,
under certain regular conditions, the USVT method is nearly minimax optimal regarding MSE, up to
a logarithmic factor (see Theorems 2 and 4 in|Xu|(2018))). Therefore, it is particularly encouraging
that our method achieves accuracy comparable to USVT in practice while maintaining much lower
computational complexity.

Importantly, our method operates without any tuning parameters, enhancing its robustness across
various settings.

To illustrate the accuracy of our graphon estimation, we applied the algorithms for estimating G
and G4 as outlined at the end of Sections and to the third and fourth settings. The results
presented in Figure [T] demonstrate that the estimated G in the third setting aligns almost perfectly
with the theoretical values. Furthermore, both estimated functions G; and G5 closely match their
theoretical counterparts, highlighting the effectiveness of our method. It is noteworthy that the
function G2 in the fourth setting is continuous but not monotonic.

In the remainder of this section, we evaluate the performance of our method in estimating connection
probability matrices derived from sparse graphon models. Specifically, we consider the scenario
where E;; ~ Bernoulli(p,, f(U;, U;)), with p, — 0 indicating the degree of sparsity. We utilize
the functions f(z,y) from the previous 2nd, 3rd, 4th, and 5th settings, setting p,, = n~=1/2. For
comparison, we include the same four methods as before, modifying the USVT method as suggested
by Xu| (2018) to ensure its adaptability to sparse settings. The results are summarized in Tables [3]
which demonstrate that our method consistently outperforms the other four in terms of mean squared
error (MSE).
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Graphon 3: G(u) Graphon 4: G(u) Graphon 4: Go(u)
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Figure 1: Estimation of graphons for the third and fourth settings.

Intuitively, our method is well-suited for handling sparse scenarios, as evident from equation (7)),
which incorporates the sparsity parameter p,,. We plan to explore further modifications of our pro-
posed algorithm specifically tailored for sparse conditions, along with the corresponding detailed
theoretical analysis, in future work.

ID  Method MSE Std. dev ofv Max. error Std dev.of ]
(x10™%) MSE (x107%  (x1072?)  max. error (x107%)
Ours 0.115 0.401 2.560 3.367
N.S. 61.897 249.576 99.161 0.002
2 Nethist 0.391 1.536 2.112 2.926
USVT 0.352 2.524 1.790 0.017
SAS 0.946 5.704 99.16 0.013
Ours 0.075 0.284 3.079 4.494
N.S. 40.084 119.792 99.968 0.093
3 Nethist 0.249 1.056 2.840 14.842
USVT 0.314 0.952 2.093 0.039
SAS 0.200 2.163 99.956 0.426
Ours 0.043 0.398 3.840 8.423
N.S. 14.573 43.039 99.973 0.047
4 Nethist 0.111 0.642 2.485 12.126
USVT 0.102 0.648 2.202 0.075
SAS 0.078 0.945 89.227 253.955
Ours 0.071 0.330 2.910 4576
N.S. 34.490 115.091 99.993 0.039
5  Nethist 0.229 0.948 3.001 20.765
USVT 0.294 0.971 1.906 0.023
SAS 0.118 0.907 75.367 325.895
—-1/2

Table 3: Results for sparse graphons characterized by p,, = n

5 DISCUSSION

In this paper, we present an effective and efficient estimation method for the additive separable
graphon (ASG) model based on subgraph counts. We provide theoretical justifications for the meth-
ods applied to ASG(r) with fixed r, and evaluate their performance through simulation studies.

There are several promising directions for future research. In our simulations, we found that the per-
formance of our method in sparse graphons is competitive. Therefore, investigating the convergence
rate of our method in the context of sparse graphons would be a valuable next step. Additionally,
exploring the selection of “optimal” subgraphs offers another important research avenue. Finally, it
remains an open question whether our method can be extended to cases where r diverges with n.

10
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A APPENDIX

A.1 A REAL DATA EXAMPLE

To demonstrate the effectiveness of our method, we applied it to a real data example of contacts in a
primary school. The data is collected by the SocioPatterns projeclﬂ with active RFID devices, which
generate a new data record every 20 seconds capturing information from the preceding 20 seconds.

'"http://www.sociopatterns.org
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Figure 2: Estimated connection probability matrix for the real data example.

Specifically, on October 1st, 2009, from 8:40 to 17:18, contact data were collected for a total of 236
individuals, with a total of 60623 records. We use these data to construct a undirected simple graph
and use our method to estimate the underlining graphon structure. Specifically, let £/ denote the
contact matrix, i.e.,

B — 1 individuals k and [ contacted at least once,
=90 otherwise,

Firstly, we select the rank r by our Algorithm [3| with the threshold 7 = 0.2. The results, as shown
in Table[d] leads us to select r = 4.

Rank r )\1 )\2 )\3 )\4 )\5
2 0.264 0.159
3 0.266 0.146 0.0593
4 0.271 0.118 0.118 —0.0992
5 0.272 0.117 0.0813 —0.0423 —0.00721

Table 4: Estimated eigenvalues from Algorithm [3] with respect to different choice of rank 7.

Subsequently, we estimated the connection probability matrix using Algorithm 2] and the resulting
heatmap is depicted in Figure[2] The smoothness of the heatmap is consistent with expectations for
real-world in-person interaction scenarios.

Assuming Assumption 2] we estimated the graphon function of the network, taking Gy as the ref-
erence marginal graphon. The estimated functions hy, - - - , hy are plotted in Figure[3] Then for any

(u,v) € [0,1]2, the estimated value of graphon function f(u, v) can be obtained from equation

A.2 RESULTS FOR RANK-1 SETTINGS

We present the results for rank-1 graphons in Table [3]

A.3 SELECTING R WHEN IT IS UNKNOWN

In this section, we propose a method for selecting » when it is unknown. Since 7 approximates r
by Theorem [3] we can start estimating from r = 1 and incrementally increase r. When |\g] is

13
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Estimated graphons for the real-world data

f
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Figure 3: Estimated graphons for the real data example.

D Method MSE Std. dev of Max. error Std dev.of Run time
(x107% MSE (x107%  (x1072) max. error (x10~3) (seconds)
Ours 1.275 3.871 5.817 4.955 0.121
N.S. 7.853 5.175 16.749 9.849 115.076
1 Nethist 4.237 8.330 5.980 11.474 16.705
USVT 1.282 3.863 5.837 4.994 13.587
SAS 19.120 16.865 85.000 0.000 1.273
Ours 2.452 7.806 8.114 5.819 0.539
N.S. 12.033 9.750 17.617 8.275 115.757
2 Nethist 9.867 24.220 16.962 44.037 16.744
USVT 2.403 7.593 7.977 5.740 14.629
SAS 39.888 29.339 78.134 37.486 1.250
Ours 1.973 6.794 10.163 8.537 0.259
N.S. 8.337 14.186 17.329 8.566 114.694
3 Nethist 7.942 27.962 17.094 10.368 20.288
USVT 1.919 6.530 9.395 7.146 13.758
SAS 26.987 77.248 94.849 20.701 1.241

Table 5: Results for rank-1 graphons across 100 independent trials.

14
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significantly larger than 0, but |5\2|7z > k + 1 are close to 0, we select » = k. The detailed selection
procedure is summarized in Algorithm

Algorithm 4 Selection procedure for 7.
Require: The graph G = (V, E), threshold 7.

: Fori=1,...,n, compute C(B) Setk =1.
Gl

: For: = 1, ...,n, compute

: Solve the system of equations in 1| with3 <a < k+3andr =k + 1 to obtain (A1, -+ , Agt1).

o [ M
X

< 7, choose r = k and output r.

k
: Set k = k + 1 and go back to Line 2.
: Output 7.

We apply Algorithm[4]to select r for the third and sixth settings in Table[T] with 7 = 0.2. The results
are summarized in Table[6] From the results, it can be observed that Algorithm f]is effective in most
cases.

Estimated r
ID Truer I > 3 >S4

3 1 100 0 0 O
6 2 0 92 0 8

Table 6: Results for selection of r for the third and sixth settings across 100 independent trials.

A.4 PROOFS

Proof of Theorem[I} By (2) and (3), we have

1
sup |G1(U;) — mdi = 0,(y/log(n)/n) (10)
where ¢ = \; fo G1(u)du.

By the property of U statlstics (see for example, Theorem 4.2.1 in|Korolyuk! (2013))), we have

Z FUUp) = Bf (U, Uy) + Op(n/2). (11)
1J275J
Moreover, note that
2
E\ v N By e ZfUZ,U ‘Ul,---,Un (12)
1,j:1F#] 1,5:17#]
1
Soi 2 E((Bus — (U Ui)(Bisge = f (Ui, Upy) Vs, -+, Un (13)
11,12,71,J2

S o S8 (B - 10,0

U1,~-,Un):0<12), (14)
11,12 n

where the second inequality follows from the fact that the terms are nonzero only when ¢; = 4o, j; =
Jj2. and the last equality is due to the boundedness of each term. By combining (TI)) and (12)), we

have that
Z Eij =\ (/ Gi(u du> + 0, (n~1?). (15)

u i#£]

Similarly,

ﬁ > didj =X (/ Ch(u du)4+0( -1/2y, (16)

1,5:9#]

15
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Combining (T3) and (T6), we obtain that
Dz B _ 1

(n—1)> = 7 T Op(nilﬂ)'
Zi,j:i;ﬁj did; M (fol Gl(u)du)
Hence,
sup | UZ _ 1,J:0F£] 7 (17)
ip 1(Us) Zi7j:#j did; /A1
1 S By d 1
- N 4,j:iF£g ] v B 1
=P ‘Gl(Uﬁ) c(n — 1)dl e Diguing Gidi VAL e(n— 1)dl "
1 Zi "i;é'Eij 1 1
< Sup‘G Ui) = ——di| + || (n = 12 S~FH B {19
p 1( ) c(n — 1) \/( ) Zi,j:i;ﬁj dzdj \/x )\1 fol Gl (U)du
= 0,(y/1og(n)/n). 20)

By the definition of graphon function, sup,, ., e A1G1(u1)Gi(uz) < 1. As a result,
SUP,e0,1] VA1G1(u) < 1. Then for ¢; = Zm:i# E;;/ Ziyj:i#j d;d;, we have

sup bij — pijl < Sup crdid; — MG1(U:)G1(U;)]
<sup\\ﬁd—f01 DVerd; +sup|\rd—\FG1 DVAGL(U
<SUP\\Fd—\/>G1 H\Fd—\ﬁGl
+25up\\/>df\ﬁG1 UV MGL(U,

= Op(Vlog(n)/n).

O
Proof of theorem[2] 1t suffices to show that
1
1‘ a.s.
sup |Gi(u) — h(u)| =0, (1)
welo]| (n—DAs [ Gi(v)dv
1
;
sup |Gy (u) — h(u)| = Op(y/log(n)/n), (22)
wefo]| (n—1)M\ fol G1(v)dv g /

then the theorem holds following the similar proof of Theorem [I] via following from (I0) to to
replace (n — 1)A\; f01 G1(v)dv by \/ZZ ity Bii /(M 225 4.2 didy), and via modifying the argu-

ment on taking maximum over all U; to taking supreme over all v € [0, 1]. To show and ,
we consider the following two steps.

(Step 1.) In this step, we prove that

1
sup |h(U/(n+1))/((n71)/\1/0 G (o)) — Gl + 19)] 5 0,

uwe{l,2,---,n}

and

sup | (u/(n+1))/((n = 1A /0 G1(v)dv) — Gl (u/(n +1))| = Op(\/log(n)/n).

ue{l,2,-,n}

Let Uy, - -+, Uy denote the rearrangement of Uy, - -+ , U, bt Uni form(0, 1) such that Uy <
- < Uyy. By Lemma 3} we have sup,_, . ,, [Ug) — i/(n + 1)] “3° 0. By Kawohl (2006)
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(chapter I1.2), the rearrangement function GJ{ is Lipschitz continuous with constant M as long as
(31 is Lipschitz continuous with constant M. As a consequence,

_swp [Gl(U) = G/ + ) <M _sup |Ugy =i/ (n+1)] = 0. (23)

Moreover, via using the proof of Lemma 1 in/Chan & Airoldi|(2014), sup,_; ... ,, [Ugy—i/(n+1)] =
O, (+/log(n)/n), which also shows that

swp |G](U) = G/ (n+1))] = Op(log(n) /). 24)

(2

By definition, fori = 1,--- ,n, h(i/(n+1)) = dy(;). By (more precisely, the similar argument
of (10) applied to GT), and Lemma@ we have that

a.s.

sup — 0.

i 1 a
h 1 -Gy
i€{1,2,--- ,n} n+1 (n — 1))\1 fO Gl(v)dv n+1
Similarly, via (I0), (24) and Lemma 4] we have
sup

) 1 i
h _GT< ) =0 log(n)/n
€12, m} (”“) (n—DA fi Gi(v)do  \n+1 ’ p(Vlog(n)/n)

(Step 2.) In this step, we prove (21). We note that

GJ{u — 11 hu‘
(u) (n—1)A [, Gi(v)dv (®)

sup
u€[0,1/(n+1)]

1 1 1 1
et (o) - e (1Y g
n+1 (n—1)\ fo Gi1(v)dv|  we0,1/(n+1)] n+1
1 1 1 M 4.
<|6] ( ) __ MYt ) 30, and = O, (1/Tog(n)/n)
n+1 (n—1)A1 f, Gi(v)dv| n+1
Similarly, we have
1
T a.s. _
sup Gl(u) — h(u)| = 0,and = O,(1/log(n)/n).
w€ln/(n+1),1] ! (n— 1)\ fol G1(v)dv b

Foru e (1/(n+1),n/(n+1)),letk = |u(n+ 1)], then
h(u)

() — { < (k+1—u(n+1))|Gl(u) - d”(’j)
1) (n—1)As [ Ga(v)dv ( ( ))’ 1) (n— DAy [ Ga(v)dv
uin — t u) — do’(k+l) —un t u) — 1 n
+ (u(n+1) = k) |G1(v) (r— D [ Gr(0)do < (k+1-u(n+1))|Gi(u) — Gi(k/(n+1))|

h(k/(n+1))
(n— 1)1 [y Gi(v)dv
h((k+1)/(n+1))
(n— 1A fy Gi(v)dv
+ (u(n +1) — k) |G (u) = GI((k+1)/(n+1))]

M
sup
nt+1l o ieq12,.n}

+(k+1—u(n+1)|Gl(k/(n+1)) —

+ (u(n+1)— k) |GI((k+1)/(n+1)) —

<

" (nil) (n— DA, }01 G (v)dv -0 (nil)‘

Therefore, by the result from (Step 1),

1

T a.s. _

sup Gi(u) — h(u)| = 0,and = O,(1/log(n)/n).
well /(1) m/ ()] | (n— 1)1 [y Gi(v)dv '

The proof is then complete. O
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Proof of Theorem 3] Without loss of generality, we assume that fol Gr(u)du > 0,1
because we can replace G, by —G}, if fo G (u)du < 0.

IN
N
IN
=3

Fori =1,--- ,n,recall that
1
L( ) Z Alh I
a
LZ(-a) = Z Eiil H Ei];lij for a Z 2,
i1, iq distinet ,ip#4,1<k<a j=2

CZ_(a) _ Z Ei Ei i 1:[ E;,_,i, fora > 3.

i1, yia—1 distinct ,ip#£i,1<k<a—1

Note that P(E;; = 1|U;,U;) = Y"1 MGr(U;)Gr(U;) and fo G?(u)du = 1for1 <i <1, we
then have

1 (a) /
= E(L;" | Uy) MG (U, Gr(u)duforl <a<r,
Hj:l(n —J) Z
1 a) 2
— | U;) MGL(U;) for3<a<r+2. (25)
152 (n— J) Z
We show the theorem via two steps.
(Step 1.) We first prove that max; <<, |\e — Ax| = Op(n~1/2), maxi<p<r [yp — féGk(u)du‘ =
O, (n=1/2).
By (23), we have
1 2
ai )\“( )du) forl1<a<r,
Hj:l(n 7) Z
1 a
E(C! >):ZAgfor3gagr+2. (26)

a—1 . 7
Hj:] (n—j) k=1
Moreover, by implicit function theorem, the system of equations (26) in terms of

( fo Gi(u du) 1 < k < 7, has a unique solution if

)\f )\g )\g M A A
Do A £ 27)
/\;-H /\72“-{-1 L /\:+1 )\71“ )\?2” Ce )\;

which is implied by A, > Ofor1 <k <7, A; # Aj, 4 # j, assumed in Assumptionm By LemmaE],
we have

1 ~ B
T & ~EE) =0 fr1 <a<r,
7= i=1
1

T 7) Z(Ci(a) - ]E(C’i(a))) = 0,(n V%) for3 <a<r+2
7=0
Then by Lemmal6] we have

5 _ —1/2
max A — A = Op(n™7%).

1
yk—/ Gr(u)du| = O
0

18

By Lemmal[7] we have
p(n_1/2)~

max
1<k<r
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We mention that there is no square root ambiguity since we assume | (I)Gi(u)du >0,7=1,2.

(Step 2.) In this step, we prove that sup;;|pi; — pij| = Op(y/log(n)/n). Recall
that (G1(U;),---,G(U;)) is estimated by solving the system of equations with respect to
(Gl(Ui)a T 7Gr(Ui)):

71;(“) AL G Yforl<a<
H? 1('{L—] Z LYk k or a r

with 5\(,;, Yk, 1 <k <7 defined in (@) Note that for the above linear equation, we have
max max |G (U;) — Gr(Uy)| = O,(+/Tog(n) /n) (28)

as long as max; max, |L{" — ]E(LZ(-a)|Ui)\/H;‘:1(n — j) = O,(y/log(n)/n), which is indeed
indicated by Lemma §]

According to , we have forevery 1 <k <,
Gr(Uy) Ay A 1
Z?:l éi(Uz)/” Z;L:l éi(Uz)/n

(29)
Since U;’s are i.i.d., there is >, G%(U;)?/n — 1 = O,(n~'/2). Hence we have

n

Z /n—l—ZGk /n—ZG;C /n—i—ZGk )2/n —1 = 0,(\/log(n)/n),

wh1ch implies that
1

i GR(U) /n
By Assumption [} G}, are all bounded by K. Combining equation (30), (29), (28) and noting that
r = O(1), we have

—1=0,(y/1og(n)/n). (30)

max max | Gy(Us) — Gi(Us)| = Oy (y/Iog(n) /).
Therefore
max max | Gy (Us) — Gi(U3)| = Oy (y/log(n) /).

As a result, in terms of the estimation of connection probabilities, we have

sup|p” Dij| fsup|[1/\ 0V ( Z)\ka (U)GL(U))]
k=1

- (Z MG (Ui)Gr(U;))| = Op(V/log(n) /).
k=1

Proof of Lemmal[l] We only show that

1 (@ _ 1(a)
10 10X | Ty )| =

as the result for C'®) follows similarly.

By definition, we have

Ega) . Lga) _ Z E; i H EZ7 "

i1, ,iqg EM j=2
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where M = {At least two of the values i,141, - - - , i, are identical }. Then
1 () () 1 O(?’La_l)
a |L L | S 1 = =a 7 -
Hj:l(n 7) HJ 1( 7). 7,,,%6/\/‘ Hj:1(n_3)
As a result,
1 _ " a—1 1
max max 7,|L§a) L( | < O(n ) =0, () .
1<i<n 1<a<r H (’I’L — j) HJ l(n — j) n

A.5 TECHNICAL LEMMAS
Lemma 2. For ASG(2) model with f(u,v) = MG1(u)G1(v) + MaGa(u)Ga(v) with G, Ga
bounded by a constant M > 0, then we have
d; — E(d;|U;
sup ld: = E(di|Us)| = 0,(1/1og(n)/n),

i=1,-,n n—1

where d; is the degree of iy, node. Note that the model reduces to ASG(1) when we set Ao = 0.

Proof. We first note that

> (MG1(U)GL(U;) + AaGa(Ui)Ga(U;))

JigFi

sup
i=l.n | —1

1 1
*)\1G1(U7)/0 Gl(u)dU7)\2G2(U7)/O Gg(u)du

1
<\ M ‘ZGl / G1 du +71M

+ XM — ZG1 / G1(u)du| + 71M = Op(nfl/Q),

where the last result follows from Slutsky’s Theorem. Then it suffices to show that

~sup — Z (I (Usj < MG1(U;)G1(Uj) + X2G2(U;)G2(Uj)) €2y
=L |0 S
—MG1(Ui)G1(Uj) — A2G2(U;)G2(Uj))| = Op(v/log(n) /n), (32)

where U,;,¢ < j are i.i.d. uniformly distributed random variables on [0, 1], and U;; = U;; fori > j.
Let
1 n
Zi =— D (I (Us; < MGL{U)G1(U;) + MG (Ui)Ga(U;))
j=1

—MG1(Us)G1(U;) = A2G2(Us)Ga(Uj)) -

By Hoeffding’s inequality in Theorem 2.6.2 of |Vershynin (2018), we have for any ¢ > 0,
P(y/n|Z;| > t|Uy, -+ ,U,) < 2exp(—ct?) where ¢ > 0 is an absolute constant. Then
P(yn|Zi| > t) = E(P(/n|Zi| > t|Us, -+ ,Uy)) < 2exp(—ct?). As aresult, \/nZ; are sub-
gaussian random variables. Then we have Emax;—;... , |Z;| = O(y/log(n)/+/n), which indicates

that max;—1... , | Z;| = Op( log(n)/n). O
Lemma 3. Suppose that U; * A Umform(() 1), = 1,--- ,n. Let Uy denote the i-th smallest
value among Uy, -+ Uy, i.e, Uqy < Uy < -+ < Uyy. Then
Z’ a.s.
Uiy — = 0.
wp (U =
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Proof. 1t is obvious that U(;) ~ Beta(i,n — i + 1) with a probability density function p(x) =
(1 —g)nt) fol 2'=1(1— )" dx. Then we derive that for any ¢ > 0, by Markov’s inequality,

. .6
(A
1 5i(n—i+1)A
TS (n+1)5(n+2)(n+3)(n+4)(n+5)(n+6)
1 5n%4
S T

where A = 24(n—i+1)*+2i(n—i+1)3(13n—13i+1) +i*(n—i+1)%(24—8(n—i+1) +3(n—
i+1)2)+2i3(n—i+1)?(3(n—i+1)?—4(n—i+1)—12)+i*(244+26(n—i+1)+3(n—i+1)?).
Note that A < 12n° + 36n° + 24n* < 72n8. Then we have

Soerfro- st 2 S5 (- 5519

360 = 1

Therefore, by the Borel-Cantelli lemma, the result follows. O

Lemma 4. Let G(u),u € [0,1] be a monotonically non-decreasing, Lipschitz continuous function

with Lipschitz constant L > 0. Let a; := G(i/(n + 1)), = 1,--- ,n. Suppose that there exists
a sequence of random variables by, - - - , by, such that sup,_; ... ,, [b; — a4 “20. Let a be a one-
to-one permutation such that by1) < bo2) < -+ < bon). Let a; := bo(;y. Then we have

sup; |a; — a;| “3 0. Moreover, ifsup;_y ... |bi — ai| = Op(gn) then sup; |a; — a;| = O(gn) for
some g, = o(1),ng, — oo.

Proof. Let M,, = sup;_; ... , |bi — a;l, then M, “% 0. Assume without loss of generality that

1/n = 04.5(M,). Let K,, be a non-negative random variable such that ,, “3 0,3M,, < K,, <
AM,,1/n = 045 (Ky,). Forany i = 1,---  n, we have

@i — ai| = [bag) — ail < laa@) — ail + M,.

First, consider the case where «(i) > i. Assume, for the sake of contradiction, that Ay —ai > K.
Then for j = 1,2,--- ,7 + 1, we derive that

L
ba(i)Zaa(i)an>aj7n7+Kn*Manj*

+ K, —2M,,
+1 n+1

where for the second inequality we use the monotonicity. By the construction of K,, with probabil-
ity 1, when n is sufficiently large, we have by ;) > bj,j = 1,2,--- i + 1. This implies that there
are at least ¢ + 1 values that are smaller than b,,;), which contradicts the definition of «. Therefore,
Ay — a; < Kp.

Similarly, for the case where (i) < i, we have that a,;) — a; > — K.

Then we conclude that

sup la; — ai| = Oa.s.(Kp) + M, “3 0.

The statement of O,, follows the exact same argument. O
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Lemma 5. Under the assumptions of Theorem[3] we have

1 n . . )
In—j) STLEY —E(LM)) = 0p(n7V?) for1 <a <,
7=0 =1

1 a a —
) (O B = O ) fors < < 142
where Lga), C’Z-(a) are defined in Section
Proof. We only show that

1 n " "
N (LY —EL) = 0p(n V) for 1 <a <,
Hj:o (n—j) =
as the results for C;a) follows similarly.

Note that E(E;;|U;,U;) = f(U;,U;), and that E;; is conditional independent of E;, ;, when
(,7) # (i1, 1) Then we derive that

2
%E <iL§a)—i:E(L§a)|Uh”'aUn)> Uy, -, Uy,
(H?=0(” *j)) i=1 i=1

a a

o Y E( (B ILE - f0U) [ FW, 00

01,0 i,k ke, K Jj=2 Jj=2

Jj=2

(Ek:kl HEk] 1k f(UkyUkl)Hf(Ukjwakj) ‘U1,~-- U,
S

Since 7, L) < szo(n — 7), we have

1 n o " 1
WZ(LE )_]E(LE )|U17 7Un)):Op () (33)
J=0 i=1

Moreover, by the property of U-statistics (see for example, Theorem 4.2.1 in Korolyuk| (2013)), we
have

Zi,il,m Jia f(UZ7 Uil) H?:Q f(Uij—17Uij) - EZi,il,m Jia f(U“ Uil) H] 2 f( (2. 1>U )

a . - a + O ( 71/2)'
Hj:o(n_J) Hj:o(n J)
(34)
Note that .
ZE(L§“>|U1,---, = > fULU) Hf(Uijfl,Uij).
=1 4,01, yla j=2
Then the result follows by combining (34) with (33). O
Lemma 6. Suppose that 1, . ..,x, are r real numbers that satisfies |x1| > |xa| > -+ > |x,| > 0.
Let €31, ..., €ryarn be T random variables satisfying max; |€; | = Op(nfl/Z). Then the solution
(Z1,...,Z) for the following system of equations:
Zf;:2x2+ea,nfor3§agr+2 (35)
= k=1
satifies

max |Z; — i = Op(1/v/n).
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Proof. Let A; = &; —x;,1 < i < r. By implicit function theorem, the system of equations (33)) has
one unique solution with probability tending to 1. Moreover, by the continuous mapping theorem,
we have A; = op(l). By the definition of ¢; ,,, for any € > 0, there exists a finite M and a finite N
such that
P(max [v/ne;| > M) < &,Yn > N.
K2

Therefore, it suffices to show that

P(max |A;] < Cmax]|e;n|) = 1 (36)
(] K3
for some constant C' > 0. Note that
kz_:i ka = kz:l T + Ag)* — k_lxz = 2 azi 'Ag + Op(m’?x A?).

‘We then calculate that

T
ZaxiflAk =épnfor3<a<r+42
k=1

where €, = 04 + €an,0a = Op(max; A?). For the above linear system of equations, by our
assumption on z; (similar to the arguments in (27)), it has one unique solution with the form

r+2

A; = Z Wi j€jn (37)
where a; ; are constants depend on z1, . .., T only By combining (37) and the fact that max, |d,| =
Op(max; A2),A; = 0,(1), we conclude that (36 . ) follows. O
Lemma 7. Suppose that 1, ..., x, are r real numbers that satisfies |x1| > |x2| > -+ > |z,| >0,
Z1,..., &, are v random variables that satisfies max; |&; — x;| = Op(1/y/n). Let y1,...,y, ber
non-zero real numbers, €1 p, ..., €, be T random variables satisfying max; |€; | = Op(n’1/2).

Then the solution (1, - - - , §r) for the following system of equations with respect to (y1,- -+ , Yr):

T T
Ya >0, FGr =Y afyp +eanforl <a<r (38)
k=1 k=1

satifies

max|i — | = Op(1/ V).

Proof. Note that
Tk — oy = (@ — 20k + TR0 — vi)-
Since max; |%; — ;| = O,(1/y/n), we have max; |Z¢ — z¢| = Op,(1/+/n). Then reduces to

yaZOZJJk —?) )=¢ésnforl<a<r

where max, [€,,,| = O,(n~1/2). Moreover, since maxy, |#¢| = O, (1), by noticing that the above
system of equations is a linear system with respect to 77 — y2,1 < k < r, and that r = O(1),
we have maxy, [j2 — y?| = O,(n~'/2). Finally, recalling that y1, - - - ,y, are non-zero, we have
maxy |k — yx| = Op(n=1/2). O

Lemma 8. Under the assumptions of Theorem[3] we have

1<i<n 1<a<r

max max |L( o) _ (LEQ)\UZ‘)V H(n —J) = Op(y/log(n)/n)

where
a

1 _ ZEma LEG) _ Z Ei;, H Ei;_,i; fora > 2.
i1

i1, i distinct i #i,1<k<a =2
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Proof. We divide the proof into two steps. In Step 1, we show that
1 (a)
= max|L;"”’ — S;o| = Op(+y/log(n)/n)
Hj:l(n —j) ' g
where .
Sio = > U [ #Ws, Uy
i1, yig distinet i £4,1<k<a j=2
In Step 2, we show that
% max|S; 0 — Ti1| = Op(n™1/?)
Hj:l(n —Jj) i
where

a

T,y =E 3> FOL U T] £, U |Us | = B(L|U)).

Q1,0+ ,iq distinct i #1,1<k<a j=2
Then the proof is complete by combining the above two equations and noticing that r is bounded.

Step 1. Let

a—1
Sia—1 = > Eii, [ Biyviy 1 Ui, Us).
i1, ,1q distinct i, #1,1<k<a j=2
Then
;(L(a) = Sial1) = 1 Z B al:[lE (B, i, — f(U, U..))
a . i 1,a— - 7a /N 111 1114 ta—1%aq ta—17 Y4 /))"
[[i=1(n =) [Ij=1(n =) i1, i distinet g i, 1<k<a =2 Y

(39)

Notice that E;, ,;, = I(U;, i, < f(Ui, ,,U;,)) is binary, U;, , ;. ~ Uniform(0,1) indepen-
dently, and that U;; is independent of Uy, for any 1, j, k. By Hoeffding’s inequality in Theorem 2.6.2
of |Vershynin| (2018)), we have for any ¢t > 0,

1
I[D \/’Im Z (Eiaflia - f(Uia,17Ui )) Z t U17 e 7U7I, S 2CXp(_Ct2)

iaFyi1, " la—1

where ¢ > 0 is an absolute constant. Then

1
P| — EZ 1 U7 _1,U7; >t
\/m o ’le: i 71( a—1%a f( a a))

1
=E|P = > (B, — fUi, UL 2 t‘Ul,m JUn | | < 2exp(—ct?).

iaFd,01, a1
1 . .
As aresult, —=— ‘Zia#’ih._ iy By iy — (Ui, U ))) are sub-gaussian random variables,

taFi,i1, a1 Ei, i, — fUi,_,,Ui,)| /(n—a) = O(y/log(n)/n). By
recalling (39) and the fact that F;;’s are binary, we have

1 a
mEm?X|LE )~ Sia—1] = O(y/log(n)/n).
j=1

and we have Emax;,_, ‘Z

Similarly, let

a—2
Si7a—2 = § Eii, H Eij—lijf(Uia—27 Uia—l)f(Uia—l’ Ui )
i1, 4iq distinet ,ip#i,1<k<a j=2
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Then

1 1
= (Sia-1 = Sia-2) = =s—F— Z E;;,
Hj:l(n —J) HJ:l(n —J) i1, yia distinet ,ip#£i,1<k<a

a—2
H Ei]’flij (Eia72ia71 - f(Uiafza Uiafl))f(Uiaflﬂ U; )
j=2

1
= a—1 . z : Eiil X
szl (n—J) i1y yia_1 distinct iy 74, 1<k<a—1

a—2 1

H E'ij—lij (Eia—2ia—1 - f(Uia—za Uia—l))n —a

Jj=2

> FUi, s Usy)
! (40)

By  Hoeffding’s  inequality @ and  noticing that the  terms (Ei,_yi,_y
fWUi,_,, Ui, _, ))ﬁ Zia f(Ui,_,,U;,) are bounded, we have for any ¢ > 0,

1

n—a

1
P N Z(Eikziafl — fUi,_5,Ui,_,))

ta—1

Zf(Uia,17Uia) Zt Ula"' 7Un S 2€Xp(_c/t2)
iq

where ¢’ > 0 is an absolute constant. Then

1 1
\/ﬁ Z (Eia72ia—1 - f(Uiafw Uiafl))n “a Z f(Uia.717UZ. )

ia—l:ia—l#iﬂ.lv'” Jla—2 ia:iafliiﬂ‘l:'” Ja—1
for any 7,41, --- ,%4—2, are sub-gaussian random variables, and

1
E — E’L 2%a—1 Ul _27Ui —1
T My e = | NI DR S R L
1
— > Ui, Ui)| = 0(leg(n)).

laila—178,01, " la—1
By recalling and the fact that F;;’s are binary,, a = O(1), we have
1
o Emax|[Si a1 — Sia-2| = O(/log(n)/n).
Hj:1(” = J) ¢

Similar arguments can be perfomed for .S; .3, - ,.S; 1,50 (We define iy = 7). Since a < ris
bounded, by combining all the results, we have

1 (a)
= —<Emax|L;"” — S; 0| = O(y/log(n)/n) 41)
Hj:l(n —J) t '
where .
Si,O = Z f(Ulv U'Ll) H f(Uij—17 Ul])
i1, iq distinet ,ix#£i,1<k<a j=2
Then
1 (a)
a7 max|L;" — Sio| = Op(v/1og(n)/n).
Hj:l(n —j) i g
Step 2. Let
a—1
Tia1= > FULU) [T £ Wy Ui B (Ui, Us) Ui, ).
i1, 4iq distinet i, #1,1<k<a j=2
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Then
ma e lSi0 ~ Thai]
i Hj:l( —J) 0 !
a—1
1
e ) > F0s ) [ £ Ui, U WUs,,, Us,) = E(F (Ui, Ui UG, )
J=1 I) i e i distinet vin i 1<k<a ale
1 a—1
=max —o— - Z f(Ui»Uil) H f(Uij_l, Ui_j)
i Hj:l(n—J) i1, yiq_1 distinct ,ip#4,1<k<a—1 j=2
1 " 1
P DD MNG(Ui,)[GR(UL,) — / G (u)du]
ia k=1 0
1 < 1
< >\ M 7 - d = 71/2
= n_a; k iZ[Gk(UH,) /O Gr(u)du]| = Op(n~1%),

where we use the fact that f(x,y) are bounded by 1, G}, are bounded by M, and that U; are i.i.d.
random variables.

Similarly, let

a—2
Tyqo2 = > FULU) T 10 U B Uiy Ui ) Ui, Ui Ui, )
i1, yiq distinet i #4,1<k<a j=2
Then
a L T T |
max a 7 -~ i,a—1 — iy —
5 szl(n*.ﬁ 1,a—1 [ 2
1 a—2
:m?XW Z f(Uianl) Hf(Uij_linj)
Jj=1 J i1, yiq distinct ,ip£i,1<k<a j=2

(fUiu_os Uiy E(f Ui U Ui, ) = B(f (Ui, o, Uiy ) f (Ui, Ui Ui, )|

1 r T 1 r 1
1) 3D SD SEERNUARINUARY RENBETED 9 S N LY
ta—1 k1=1ko=1 0 a1 k=1 0
1 — 1 1
$2 Y| S -]+ 1 T | 66| +0 ()
k=1 |ig—1 k1#k2 [ta—1
= Op(n71/2)7

where we use the fact that f(z,y) are bounded by 1, Gj are bounded by M, r is bounded,
fol Gi(u)du =1, fol G;i(u)G,(u)du = 0 for i # j, and that U; are i.i.d. random variables.

Similar arguments can be perfomed for T; ,_3,--- ,T; 1. Since a < r is bounded, by combining all
the results, we have

1
—r—————max|S; o — Tj1| = Op(n~?) (42)
H?:1(n —Jj) i i ?
where

a

Ti,l =E Z f(Ui7Ui1)Hf(Uij—l’Uij)

Q1, ,1q distinet i, #1,1<k<a =2

U;

Then the proof is complete by combining the results from (1)), (#2)), and noticing that r is bounded.
O
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